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10
Geometry Algorithms

We discusscorvex hulls, triangulationsthe verificationof geometricstructuresPelaunay
triangulationsand Delaunaydiagrams,Voronoi diagrams,applicationsof Delaunayand
Voronoi diagrams,geometricdictionaries,line segmentintersection,polygons,andclose
with a glimpse at higherdimensionalcomputationgeometry For eachproblemwe in-
troducethe requiredmathematicsand derive algorithmsand their implementations.The
books[Meh84h Ede87 PS85,Mul94, Kle97, BY98, dBKOS97 provide a wider view of
computationafjeometry

The chapterusesresultsof all precedingchaptersandis, in this sensethe culmination
point of the book, e.g., we uselists and arraysfrom the basicdatatypes, integersand
rationalsfrom thenumbeitypes dictionariesmapsandsortedsequencesom theadwanced
datatypes,graphsandgraphalgorithms,embeddedjraphs andthe geometrykernels.

Computationajeometryis averyrich areaandLEDA certainlydoesnot provide every-
thing thereis to it. Othergood sourcesof geometricsoftwareare CGAL [CGA] andthe
LEDA extensionpackage$LEP].

10.1 ConvexHulls

Thecorvex hull problemin the planeis oneof the simplestgeometrigoroblemsandhence
agoodstartingpointfor our explorationof geometryalgorithms.It will allow usto address
fiveimportantthemesn a simplesetting:

e Thesweepparadigm In this paradigmtheinput pointsarefirst sortedaccordingto the
lexicographicorderandthenthe desiredgeometricstructureis constructed
incrementallyduringa singlesweepover the points.We will derive andimplementa
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Figure10.1 A corvex andanon-comex set.

Figure 10.2 A pointset,its convex hull, andits width. Thefigurewasgeneratedavith the
xIman-demovoronoidemo.Thewidth of pointsetsis discussedn Section10.1.3.

sweepalgorithmfor corvex hulls. We will seemoreapplicationsof the sweep
paradigmin latersections.

e The(randomized)ncrementakonstructionparadigm In this paradigmtheinput
pointsareconsidereneby onein eitherarbitraryor randomorderandthe desired
geometricstructures constructedncrementally We will derive andimplementan
incrementahlgorithmfor corvex hulls.

o Thecarefulhandlingof degenercies Theliteratureon computationajeometry
frequentlymakesthe so-calledgeneml positionassumptiorwhich stateghatonly
inputsareconsideredor which noneof the geometricpredicatesequiredby the
algorithm(recallthatthe evaluationof a geometrigpredicatecalls for the evaluationof
thesignof anexpressionever evaluatego zero. For example theincremental



4 GeometryAlgorithms
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Figure 10.3 Two pointsetsandtheir convex hulls. Thehulls arerepresentedscyclic lists of
points,namelyvo, v1, v2, v3 for theexampleontheleft andwo, wy for the exampleontheright.

algorithmfor corvex hulls usesthe orientationpredicateandhencethe general
positionassumptiorexcludesall inputscontainingthreecollinearpoints. Of course,
we do notwantto excludeary inputsandhencecannotmake the generabposition
assumptionDroppingthe generalpositionassumptiortypically requiresamore
carefulformulationof the algorithms.The sweepaswell astheincrementahlgorithm
for corvex hulls will work for all inputs.In fact,all algorithmsin this chapterdo.

o \frificationof geometricstructures Geometrigorogramsequirechecking.Although
thecorvex hull problemis oneof the simplestgeometrigporoblemsthe programs
derivedin this sectionwill benon-trivial. We will seehow to partially checkthe output
of corvex hull programsn Section10.3.

e Theimportanceof exactgeometricprimitives In the precedingchaptemwe introduced
therationalgeometrykernel;in this sectionwe will profit fromit.

A setC is calledcorvex if for any two points p andg in C theentireline sgmentpq is
containedn C, seeFigure10.1. Thecorvex hull corv S of a setS of pointsis thesmallest
(with respecto setinclusion)corvex setcontainingS. A point p € Sis calledanextreme
point of Sif thereis a closedhalfspacecontainingS suchthat p is theonly pointin Sthat
liesin the boundaryof the halfspace A point p € Sis calleda weakextremepoint of Sif
thereis a closedhalfspacecontainingS suchthat p lies in the boundaryof the halfspace.
Clearly, an extremepoint is alsoa weak extremepoint, but theremay be weak extreme
pointsthatarenot extremepoints. Thepoint p in Figure10.3is anexample.

From now on we restrictour discussionto the plane. If S containsno threecollinear
pointsthenevery weak extremepoint is alsoextreme,i.e., underthe generalpositionas-
sumptionthereis no needto distinguishbetweenwveakextremepointsandextremepoints.
We definethe corvex hull problemasthe problemof computingthe extremepointsof a
finite setof pointsasa cyclically orderedist of point, seeFigure10.3. Thecyclic orderis
theclockwiseorderin which the extremepointsappeaion the hull.
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Figure 10.4 Adding point p. We determinghetwo tangentdrom p by a clockwiseand
counterclockwisewalk alongthe currenthull startingat the mostrecentlyaddedpointg.

Thefunction

1ist<POINT> CONVEX HULL (const 1ist<POINT>& L);

computeghecorvex hull of thepointsin L andreturnsits list of vertices.Thecyclic order
of the verticesin the resultcorrespondso the clockwiseorderof the verticeson the hull.
The algorithmusesrandomizedncrementakonstructionandits expectedrunningtime is
O(nlogn).

10.1.1 The SweepAlgorithm
Thesweepalgorithmfor corvex hulls consistof thefollowing threesteps:

e Theinputpointsaresortedin increasingexicographicorder
e Thecorvex hull is initialized with the two lexicographicallysmallestpointsin L.

e Theremainingpointsareconsideredn increasingexicographicorderandthe corvex
hull is updatedor eachpoint. Assumethat p is the next pointto beconsideredgnd
thatwe have alreadyconstructedhe corvex hull of the precedingpoints. The new hull
canbe obtainedrom the old hull by constructinghetwo tangentdrom p. The
constructiorof thetangentss simplesincep is guaranteedo seethe pointq added
justbeforep. We only have to walk from g in clockwiseandcounterclockwise

directionalongthehull in orderto determinethe otherendpointsf thetangentssee
Figurel0.4.

We now turnthis strateyy into aprogram.We assumehatthesetSis givenasalist LO of
points. We allow multiple occurrencesf points. We follow the generaloutline above and
proceedn threesteps.We first make alocal copy L of LO andsortL. Next we initialize
thelist of hull verticeswith thefirst two points(in the sortedversion)of L, andfinally, we
addall otherpointsof L. We call the resultingprogramCONVEX_HULL _S sinceit uses
thesweepparadignmto computecorvex hulls.
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(corvex_hull.c)=

1list<POINT> CONVEX_HULL_S(const 1ist<POINT>& LO)
{ 1ist<POINT> CH;

1list<POINT> L = LO;
L.sort();

(initialize hull with two points
(addall otherpointg
return CH;

We prepardor thesweepby sortingthe pointsaccordingo thelexicographicorder A point
p precedes point g in the lexicographic order if eitherits x-coordinateis smalleror the
two x-coordinatesareequalandits y-coordinatas smaller The default orderingon points
is thelexicographicorderingandhencel.sori( ) rearranged in the desiredway.

We cannow startbuilding the hull. We begin with the first two pointsin L andmake
themthe verticesof thefirst hull. As saidabove we representhe hull asa linearlist CH
thatcontainghe hull verticesin clockwiseorder Thelist is to beinterpretedasa cyclic list.
We maintainanitem lastvertex into thelist; it containgthe pointaddedast.

(initialize hull with two pointg =
if ( L.empty() ) return CH;

POINT last_p;
CH.append(last_p = L.pop());

// remove duplicates of first point
while ( !L.empty() &% last_p == L.head() ) L.pop();

if ( L.empty() ) return CH;
list_item last_vertex = CH.append(last_p = L.pop());

We procesgheremainingpoints. If the next point p is equalto thelastpoint addedwe
donothing.If thecurrenthull consistf only two verticesandthenew point p is collinear
with theseverticeswe replacethe secondvertex by p. Otherwise we determingwo items
upitemanddownitemin CH which correspondo the otherendpointsof the two tangents
startingat p. To determineupitemwe scanthehull in counterclockwisedirectionstarting
atlastvertex. If the point storedat the predecessoof upitem, the point storedat upitem,
and p do not form a right turn we move upitemto its predecessovertex. We determine
downitemby the symmetricprocedure.

After having determinedupitem anddownitemwe updatethe hull. We deleteall items
strictly betweerupitemanddownitemandinsert p insteadof them. Notethatupitemand
downitem areguaranteedo be differentsince p seesat leastoneof the edgesncidentto
themostrecentlyaddedvertex.

(addall otherpointg=

POINT p;
forall(p,L)
{ if ( p == last_p ) continue; // duplicate point
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last_p = p;

if (CH.length() == 2 && collinear (CH.head(),CH.tail(),p))
{ CH[last_vertex] = p; continue; }

// the interesting case
// compute up_item

list_item up_item = last_vertex;
while (!right_turn(CH[CH.cyclic_pred(up_item)], CH[up_item], p))
{ up_item = CH.cyclic_pred(up_item); }

// compute down_item

list_item down_item = last_vertex;
while (!left_turn(CH[CH.cyclic_succ(down_item)], CH[down_item], p))
{ down_item = CH.cyclic_succ(down_item); }

// update hull

while (down_item != CH.cyclic_succ(up_item))
{ CH.del_item(CH.cyclic_succ(up_item)); }

last_vertex = CH.insert(p,up_item,after);

Therunningtime of the corvex hull programis O(nlogn). It takestime O(nlogn) to sort
the pointslexicographically After thateverythingis linear asthe following amortization
argumentshavs. Adding a point to the hull takes constantime plus time proportionalto

the numberof pointsremovedfrom the hull. Sinceary point candisappeafrom the hull

at mostonce,thetotal time to addall pointsis linear. The runningtime of the algorithm
is never betterthannlogn sinceit takes ®(nlogn) time to sort the points. The sweep
algorithmfor corvex hulls is dueto Andrew (JAnd79)); it refinesan earlieralgorithm of

Graham([Gra73).

The corvex hull programmakesuseof the primitivesprovided by the geometrykernels.
Therationalkernelguaranteethatall geometrigorimitivesbehae accordingo their math-
ematicalspecificationandhencebinding the programwith the rationalkernelwill yield a
correctexecutable. The programmay behae incorrectlyif boundwith the floating point
kernel.Considerthefollowing example.

We computethecorvex hull of theset{(—M + 1, —M), (0, 0), (M, M + 1), (0, —2)} for
M = 2™ andincreasingvaluesof m. All four pointsareextremeandhencethe following
programwill print “everythingwentfine”, whenexecutedwith therationalkernel.

(corvex hull andkerneh=

for (int m = 20; m < 50; m++)

{ double M = ldexp(1.0,m);
INT_TYPE IM(M);
POINT p(-IM + 1, -IM) , q(0, 0), r(IM, IM + 1), s(0, -2);
1ist<POINT> L;
L.append(p); L.append(q); L.append(r); L.append(s);
1ist<POINT> CH = CONVEX_HULL_S(L);
if ( CH.length() != 4 )
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{ cout << "\n\nlength = " << CH.length() << " for m = " << m;
return O;

}
}

cout << "\n\neverything went fine";

However, whenexecutedwith thefloating point kernelthe programwill print
length = 3 for m = 27,

sincethefloating pointkernelbelievesthatthetriple (p, q, r) is collinearfor m > 27.

10.1.2 Incremental Construction
We will next describean alternatve algorithmto computecorvex hulls. The algorithm
is basedon the paradigmof (randomized)ncrementalconstruction The algorithmhasa
worstcaserunningtime of O(n?), anaveragerunningtime of O(nlogn), anda bestcase
runningtime of O(n).

The algorithmstartsby searchingor threenon-collinearpointsa, b, andc. If thereare
none,thenall pointsarecollinearandthe verticesof the hull aresimply the lexicographi-
cally smallestandlargestpoint.

(corvex_hull.c)+=
(ch_edge clasg

1list<POINT> CONVEX_HULL_IC(const 1ist<POINT>& L)
{

if (L.length() < 2) return L;

1ist<POINT> CH;

POINT a = L.head(), b = L.tail();
POINT c, p;

if (a==b ) { forall(p,L) if (p !'= a) { b = p; break; } }

if (a==Db ) { // all points are equal
CH.append(a);
return CH;

}
int orient;
forall(c,L) if ( (orient = orientation(a,b,c)) '= 0 ) break;
if ( orient == 0 )
{ // all points are collinear
forall(p,L) { if ( compare(p,a) < 0 ) a
if ( compare(p,b) > 0 ) b
}
CH.append(a); CH.append(b);
return CH;

p;
P

}

// a, b, and c are not collinear
if ( orient < 0 ) leda_swap(b,c);
(full-dimensionakase:initialization)
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P2

Figure 10.5 Theinitial corvex hull consistf thepointsa, b, andc. Whenpoint p; is added
theedgese; ande, aredeletedrom the hull andthe edgese, andes areaddedandwhen p; is
addedo the hull theedgese; ande, aredeletedrom the hull andtheedgeses ande; areadded.
Theboundaryof the currenthull consistof edgese;, es, andeg in counterclockwiseorder
Every edgeever deletedrom the hull pointsto thetwo edgeghatreplacedt, e.g.,e3 andes
pointto e andey.

forall(p,L) { (full-dimensionakase:insertionofp) }
(full-dimensionakase:prepalk resultand clean-up

return CH;

}

We cometo the interestingcasethat not all pointsin L arecollinear We have already
determinedhreenon-collineampointsa, b, andc. Theirorientationis positive,i.e.,thethree
pointsform a counterclockwiseorientedtriangle.

Thealgorithmmaintainghecurrenthull asacyclically linkedlist of edgesandalsokeeps
all edgeghatever belongedio a hull. Every edgethatis not on the currenthull anymore
pointsto the two edgesthatreplacedt. More precisely assumehat S is the setof points
alreadyseenandthat p is a point outsidethe currenthull CH(S). Thereis a chainC of
edgesof the boundaryof CH(S) thatdo not belongto the boundaryof CH(SU p). The
chainis replacedby thetwo tangentdrom p to the previoushull. All edgesn C aremade
to pointto thetwo new edgesseeFigurel0.5.

We usea classchedge to representornvex hulls. Every edgestoresits two endpoints,
threelinks sucg pred, andlink to otheredgesanda booleanflag outside We uselink to
collectall edgesnto alinearlist in theorderof their creation;every edgepointsto theedge
createdust beforeit andlastedce pointsto the edgecreatedast. Theonly purposeof this
linearlist is to helpin thedestructiorof edges.
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Theboolearflag outsideindicatesvhetheranedgebelonggo the currenthull or not. All
edgesn thecurrenthull form acyclic doublylinkedlist with succpointingto the clockwise
successoand pred pointing to the clockwise predecessorAll edgesthat do not belong
to the currenthull anymoreusetheir succandpred fields to point to the two replacement
edges.

(ch_edge_clasg=
class ch_edge;
static ch_edge* last_edge = nil;
class ch_edge {
public:

POINT source, target;
ch_edge* succ, pred, link;
bool outside;

ch_edge(const POINT& a, const POINT& b) : source(a), target(b)
{ outside = true;

link = last_edge;

last_edge = this;
}

“ch_edge() {}
};

In orderto initialize the datastructurewe createthe edges(a, b), (b, ¢) and(c, a), store
themin anarrayT, andturntheminto adoubly-linkedcyclic list. We initialize lastedge to
nil beforedoingary of this, suchthatthelist of all edgeshasthe correctanchor

(full-dimensionalkase:initialization)=
last_edge = nil;
ch_edge* T[3];

T[0] = new ch_edge(a,b);

T[1] = new ch_edge(b,c);

T[2] = new ch_edge(c,a);

int i;

for(i = 0; i < 2; i++) TI[il->succ = T[i+1];
T[2]->succ = T[0];

for(i = 1; i < 3; i++) T[i]l->pred = T[i-1];

T[0]->pred = T[2];

We arenow readyto dealwith theinsertionof a point p. We proceedn two steps.We first
determinewvhetherp is outsidethe currenthull andthenupdatethe hull (if p is outside).
In orderto find out whetherp lies outsidethe currenthull, we walk throughthe history
of hulls. We first find out whetherp canseeoneof the edgesof theinitial triangle: p lies
outsidetheinitial triangleif thereis anedgee of theinitial trianglesuchthat p lies to the
right of theedge.
More generally p is outsideoneof theintermediatehulls CH(S) if thereis anedgee on
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e

Figure 10.6 eis a(counterclockwise)edgeof the currenthull and p liesto theright of it; eis
replacedby ro andr1 whenthepointq is added If p lies neitherto theright of ro norto theright
of r1 thenp liesin theshadedegion andhencein CH(SU q).

its boundarysuchthat p lies to theright of the edge. If e is an edgeon the boundaryof
the currenthull then p lies outsidethe currenthull. If e is notanedgeon the boundaryof
thecurrenthull, letrg andr, bethetwo edgeghatreplacede whenCH(S) wasenlagedto
CH(SU Q). pisoutsideCH(SU q) if it liesto theright of eitherrg orry, seeFigurel10.6.

(full-dimensionalkase:insertionof p)=
int i = 0;
while (i < 3 && !right_turn(T[i]->source,T[i]l->target,p) ) i++;
if (i == 3) { // p inside initial triangle
continue;

}
ch_edge*x e = T[i];

while (! e->outside)
{ ch_edge* r0 = e->pred;
if ( right_turn(r0->source,r0->target,p) ) e = r0;
else { ch_edge* r1l = e->succ;
if ( right_turn(rl->source,rl->target,p) ) e = ril;
else { e = nil; break; }
}
}

if (e == nil) continue; // p inside current hull

(insertionof p: p is outsidecurrenthull)

Assumenow that p liesoutsidethe currenthull andto theright of thecounterclockwisehull
edgee. We determineall edgesvisible from p by walking alongthe hull in bothdirections.
Thisis exactly asin the previousalgorithm.Let low bethefirst predecessauf e thatis not
visible andlet high bethefirst successothatis notvisible.

We thenaddthenew tangentdetweerow andhighandmarkall edgeghatweredeleted
from the hull asinsideandmalke thetwo new tangentghereplacemenédgesof all deleted
edges.



12 GeometryAlgorithms

(insertionof p: p is outsidecurrenthull)=
// compute "upper" tangent (p,high->source)
ch_edge* high = e->succ;
while (orientation(high->source,high->target,p) <= 0) high = high->succ;
// compute "lower" tangent (p,low->target)
ch_edge* low = e->pred;
while (orientation(low->source,low->target,p) <= 0) low = low->pred;
e = low->succ; // e = successor of low edge
// add new tangents between low and high

ch_edge* e_l = new ch_edge(low->target,p);
ch_edge* e_h = new ch_edge(p,high->source);
e_h->succ = high;
e_l->pred = low;
high->pred = e_l->succ = e_h;
low->succ = e_h->pred = e_1;
// mark edges between low and high as "inside"
// and define refinements
while (e != high)
{ ch_edge* q = e->succ;
e—->pred = e_1;
e->succ = e_h;
e->outside = false;

e = q;
¥

Having computedthe hull we preparethe outputand deleteall edges.We preparethe
outputby runningaroundthe hull onceandwe cleanup by deletingall edges.

(full-dimensionakase:prepare resultandclean-up=
ch_edge* 1_edge = last_edge;

CH. append (1_edge->source) ;
for(ch_edge* e = 1_edge->succ; e != 1_edge; e = e->succ)
CH.append(e->source) ;

// clean up

while (1_edge)

{ ch_edgex e = 1_edge;
1_edge = 1_edge->link;
delete e;

}

Whatis therunningtime of theincrementaktonstructiorof corvex hulls?
Theworstcaserunningtime is O(n?) sincethetime to inserta pointis O(n). Thetime
toinsertapointis O(n) sincethereareatmost2(k + 1) edgesaftertheinsertionof k points
andsinceevery edgeis lookedat at mostoncein theinsertionprocess.
Thebestcaserunningtime is O(n). An examplefor the bestcaseis whenthe pointsa,
b, andc spanthe hull.
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The averagecaserunningtime is O(nlogn) aswe will shav next. What arewe aver-
agingover? We considera fixed but arbitrary set S of n points and averageover the n!
possibleinsertionorders. The following theoremis a specialcaseof the by now famous
probabilistic analysisof incrementalconstructionsstartedby Clarksonand Shor[CS89.
Thebooks[Mul94, BY98, MR95,dBKOS97 containdetailedpresentationsf themethod.
Thereademay skip the proof of Theoreml. Why do we includea proof at all giventhe
factthatthe methodis alreadywell treatedn textbooks?We give a proof becausehe cited
referenceprove thetheoremonly for pointsin generabosition.We wantto do withoutthe
generalpositionassumptionn this book.

Theorem 1 Theaverage running time of the incrementalconstructionmethodfor convex
hullsis O(nlogn).

Proof We assumdor simplicity thatthe pointsin S are pairwisedistinct. The theoremis
truewithout this assumptionhowever, the notationrequiredin the proofis moreclumsy

The running time of the algorithmis linear iff all pointsin S arecollinear So let us
assumehat S containghreepointsthatarenot collinear In this casewe will first construct
atriangleandtheninserttheremainingpoints.Let p beoneof theremainingpoints.When
p is inserted,we first determinethe positionof p with respecto theinitial triangle (time
0(1)), thensearchfor a hull edgee visible by p, andfinally updatethe hull. Thetime to
updatethe hull is O(1) plus someboundedamountof time for eachedgethatis removed
from the hull. We concludethat the total time (= time summedover all insertions)spent
outsidethe searchor avisible hull edgeis O(n).

In thesearcHor avisible hull edgewe performtestsrightturn(x, y, p) wherex andy are
previouslyinsertedpoints. We call atestsuccessfuf it returnstrueandobsenethatin each
iterationof thewhile-loopat mosttwo rightturntestsareperformedandthatin all iterations
exceptthe last at leastonerightturn testis successful.lt thereforesufficesto boundthe
numberof successfutightturntests.

For anorderedpair (X, y) of distinctpointsin Swe useKy , to denotethe setof points
z in Ssuchthatrightturn(x, y, z) is true plust the setof pointson the line through(x, y)
but not betweerx andy, seeFigure10.7. We usekyy to denotethe cardinalityof Ky y, Fy
to denotethe setof pairs(x, y) with kyy, = K, F<x to denotethe setof pairs (x, y) with
kxy < k, and fx and f_ to denotethe cardinalitiesof F, andF, respectrely. We have

Lemma 1 Theaverage numberA of successfufightturn testsis boundeddy Y, ., 2 -/ K.
Proof Considera pair (x, y) with kyy = k. If somepointin Ky y is insertedbeforeboth

x andy areinsertedthen(x, y) is never constructedasa hull edgeandhenceno rightturn

1 Thesetto bedefinednext is emptyif Sis in generaposition. The probabilisticanalysisof incremental
constructionsisuallyassumegeneraposition. We do notwantto assumet hereandhencehave to modify the
proof somevhat.
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Figure 10.7 Ky y consistof all pointsin the shadedegion plusthetwo solid rays.

tests(x, y, —) areperformed However, if x andy areinsertedbeforeall pointsin Ky y then
upto k successfutightturntests(x, y, z) areperformed.
Theprobabilitythatx andy areinsertedoeforeall pointsin Ky y is

21kl /(K + 2)!

sincethereare (k + 2)! permutationf k + 2 pointsout of which 2!k! have x andy as
their first two elements.Thusthe expectednumberof successfutightturntests(x, vy, z) is
boundedoy

211 /(k+2)! -k =2-k/(K+ 1)(k+2) < 2/(k+1).

Theamumentabove appliesto ary pair (X, y) andhencethe averagenumberof successful
rightturntestsis boundedoy

> 2f/(k + D).

k>1

We next write fx = fox — f<x_1 andobtain

A < kX;Z(ffk—fgk_o/(ku) = k2;2f§k<1/<k+1>—1/(k+z))

= D 2fa/(k+ 1Dk +2).

k>1 O

It remainsto bound .. We userandomsamplingto derive abound.
Lemma?2 f < 2e?n-kforallk,1 <k <n.

Proof Thereareonly n? pairsof pointsof S andhencewe alwayshave f-x < n2. Thus,
theclaimis certainlytruefor n < 10ork > n/4.
Soassumehatn > 10andk < n/4 andlet R bearandomsubsebf S of sizer. We will
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fix r later Clearly, the corvex hull of R consistsof at mostr edges.On the otherhand,if
for some(x, y) € F<, x andy arein R but noneof the pointsin Ky y isin R, then(x, y)
will beanedgeof thecorvex hull of R. The probability of this eventis

—i-2 —k-2
(nrl—z) > (nr—2 )
@ 0
wherei = ky y. Obsenethattheeventoccursif x andy arechoserandtheremainingr — 2

pointsin R arechoserfrom S\ {x, y}\ Ky y. Theexpectedhumberof edgesof the corvex
hull of R is thereforeatleast
(")
e

(7)

Sincethe numberof edgeds at mostr we have

¢ n—k-—2 n <t
(10

n\,(m-k=2y  nn-1) [n—2]_
fgkfr'<r)/< r_o2 )_r'r(r—l)‘[n—k—z]rZ’

where[n]; = n(n—1)---(n —i + 1). Next obsenethat

or

[y

r—

[n— 2} M _ Fon-i _ k
k-2, ~ [n—K, _ gn—k—i = H(l+n—k—i>

i=0

r-1
= exp( In(1+k/(n—k—i))> < exp(rk/(n—k-r)),

i=0
wherethe lastinequality follows from In(1 + x) < x for x > 0 andthefactthatk/(n —
k—i) <k/(n—k-—r)for0O<i <r — 1. Settingr = n/(2k) andusingthe factthat
n—k—r >n/4fork <n/4andn > 10,we obtain

fo < €n?/r = 2e’nk.

O
Puttingour two lemmastogethercompleteghe proof of Theoreml
A < 4¢? Z nk/k? = O(nlogn).
k>1 O

Therearetwo importantsituationswhentheassumptionsf thetheoremabove aresatis-
fied:

e Whenthepointsin Saregeneratecdccordingto a probability distribution for pointsin
theplane.

e Whenthepointsarerandomlypermutedoeforetheincrementatonstructiorprocesss
started We thenspeakabouta randomizedncrementakonstruction
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CONVEX_HULL _RIC realizesherandomizedncrementatonstructiorof convex hulls.

(corvex_hull.c)+=

1ist<POINT> CONVEX_HULL_RIC(const 1ist<POINT>& L)
{ 1list<POINT> L1 = L;

L1.permute();

return CONVEX_HULL_IC(L1);
}

1ist<POINT> CONVEX_HULL (const 1ist<POINT>& L)
{ return CONVEX_HULL_RIC(L); }

It isimportantto understandhedifferencebetweenl|C and_RIC. Theformeris adetermin-
istic proceduravhoseaveragerunningtime is O(nlogn) if theassumptionsf Theoreml
are satisfied. The latter is a randomizedalgorithmwhoseexpectedrunningtime for ary
inputis O(nlogn). Table10.1shows the difference.We generateda list L of n random
pointsfor eachof threedistributions:randompointsin theunit squarerandompointsin the
unit disk, andrandompointscloseto the boundaryof the unit circle. We alsogeneratec
secondnputsetLShby sortingL lexicographically Ontherandominputs_IC doesslightly
betterthan_RIC becausehelatterdoessomethinghatis unnecessarfor randominputs: it
randomlypermutesaninputthatis alreadyrandom.However, for the sortedinputsthe situ-
ationis completelydifferent. _RIC behaesaboutthe sameasfor randominputs. However,
_IC beharesmuchworse. For the points on the circle the behaior seemgo be quadratic
andfor the pointsin the squareandthe disk the behaior seemso ben’ for somes > 1.
For thisreasorRIC is to be preferredoverIC.

We next comparghesweedine algorithmwith therandomizedncrementatonstruction
algorithm. Table 10.2 shows the results. Obsene that we usemuchlargerinputssizesfor
this table. The randomizedncrementalalgorithmis fasterthanthe sweepalgorithmfor
inputswith only few hull verticesandis someavhatslower for pointson the unit circle. Ob-
senethatthe proof of Theoreml impliesthattherunningtime of randomizedncremental
constructioris o(nlogn) if arandomsubsebf theinput pointshasa smallcorvex hull.

Therearemary morecorvex hull algorithmsthansweepand(randomizedjncremental
constructionSchirra[Sch9§ discussefmplementations.

10.1.3 The Width of a Point Set

The width of a point setL is the minimal width of a stripe containingall pointsin L. A
stripeis the region of the plane betweentwo parallellines. Minimum width stripesare
illustratedin the ximan-demovoronoi-demoseeFigure10.2. Thefunction

RAT_TYPE WIDTH(const 1ist<POINT>& L, LINE& 11, LINE& 12)
assumethatL is non-emptyandreturnsthesquaré of theminimumwidth stripecontaining
L andtheboundarie®f the stripe.

We shov how to computethe minimum width stripe by the so-calledrotating caliber
method We startwith a partial characterizatiof the minimumwidth stripe.

2 We returnthe squareof thewidth insteadof thewidth becausehis choiceavoidsthe useof squareroots.
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IC RIC
K n Gen V Random Sorted Random Sorted
S 4000 0.29 18 0.09 0.27 0.11 0.13
S 8000 0.64 23 0.16 0.76 0.22 0.21
S 16000 1.34 29 0.33 2.53 0.42 0.41
D 4000 0.27 59 0.1 0.45 0.11 0.1
D 8000 0.59 66 0.17 1.26 0.23 0.2
D 16000 1.25 87 0.43 3.48 0.5 0.41
C 4000 9.32 4000 0.32 1557 0.34 0.37
C 8000 18.87 7995 0.7 65.93 0.75 0.71
C 16000 37.62 1.599e+04 147 2534 1.53 1.57

Table 10.1 A comparisorof incrementakndrandomizedncrementakonstructionWe
generatedh pointsaccordingo oneof threedistributions,eitherpointswith randominteger
coordinatesn [—R.. R], or randompointswith integercoordinatesn the discwith radiusR
centeredat the origin, or randompointswith integercoordinateshatlie approximatelyon the
circle with radiusR centeredat the origin. We usedR = 16000.The columnsshaw from left to
right thekind of the point set(S for pointsin asquareD for pointsin the disc,andC for points
onacircle),thenumbem of points,thetime to generatehen points,the numberof verticesof
the hull, therunningtime of theincrementahlgorithm(_IC), andthe runningtime of the
randomizedncrementablgorithm(_RIC). For bothalgorithmsthefirst columngivesthetime
for randominputsandthe secondcolumngivesthetime for lexicographicallysortedinputs.
Obsenre thebadbehaior of _IC on sortedinputs. Also obsere thatthe time to computethe hull
is usuallysmallerthanthetime to generate¢he points.

Lemma 3 Let S be a minimumwidth stripe containingL. Thenone of the boundaries
containsan edge of thecorvex hull of L andthe otherboundarycontainsat leastonevertex
of thecorvexhull of L.

Proof Clearly, both boundarieof S mustcontainat leastonevertex of the corvex hull of
S. Assumethat neitherboundarycontainsan edgeof the corvex hull andlet p andq be
thetwo verticesof the corvex hull of L thatarecontainedn the boundaryof S. Sincethe
boundaryof L containsno edgeof the corvex hull we canrotatebothlinesaroundp and
g, respectiely. Let o bethe acuteanglebetweenthe segment pg andthe boundaryof S
incidentto p, seeFigure10.8.Then

width(S) = |pq| - sina

andhencethewidth decreasewhenca is decreased. O
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Sweep RIC
K n Gen V Random Sorted Random Sorted
S 20000 1.72 25 1.68 1.54 0.55 0.55
S 40000 3.77 29 3.6 3.26 1.26 1.43
S 80000 7.92 31 7.72 6.98 2.06 2.07
D 20000 1.62 106 1.75 1.59 0.55 0.56
D 40000 3.49 109 3.76 3.33 1.17 1.25
D 80000 7.32 152 8 7.02 2.42 2.58
C 20000 47 1.999e+04 1.82 1.67 2.13 2.12
C 40000 94.68 3.994e+04 3.96 3.57 446 441
C 80000 188.8 7.979e+04 8.6 7.78 10.31 10.04

Table 10.2 Therunningtimesof the sweepalgorithmandtherandomizedncremental
constructioralgorithmfor convex hulls. Themeaningof the columnsis the sameasfor
Table10.1.

width

Figure 10.8 Thestripe Swith boundarie$; andl, containsall pointsof L, but neitherboundary
containsanedgeof the corvex hull of L. Rotatingits boundarieslecreasethewidth of the
stripe.

We concludefrom thelemmaabove thatthe minimumwidth stripeis definedoy anedge
of the corvex hull andthe vertex of maximumdistancefrom the line supportingthis edge.
Thenext lemmaconstrainghepartof thecorvex hull wherethisvertex of maximaldistance
maylie.

Lemmad4 Letvg, vy, ..., vk—1 betheverticesof thecorvex hull of L, let] = I (vk_1, vo) be
theline passingthroughwvx_; andvg, andlet vy, bethe vertex of maximaldistancefrom|.



10.1 Corvex Hulls 19

Uk—1

Figure 10.9 lllustration of the proof of Lemma4.

Letl’ = I (vg, v1), let vy bethevertex of maximaldistancefrom!’. Thenm <m’ < k — 1.
Alson’ is minimalsud that v,y 1 hassmallerdistanceto I’ thanvyy.

Proof ConsiderFigure10.9. All verticesv; with 1 <i < m arecontainedn thetriangle
with cornersvs, vy, andthe intersectionbetweerl’ andthe line parallelto | throughuvp,.
Any pointin thistrianglehassmallerdistanceo I’ thanvy,. Thusm <m’ < k — 1.

For the secondclaim considerthe distancebetween’ andv; asafunctionof i andasi
rangedrom 1to k — 1. It follows from corvexity thatthisfunctionis first strictly increasing
thenreached#ts maximumfor eitheroneor two verticesandis thenagainstrictly decreasing.

O

It is easyto derive analgorithmfrom the precedingemma. We determinefor eachhull
edgepq the vertex m of maximaldistancefrom theline I (p, q). We initialize p andq to
thefirst two hull verticesandfind m by asearcloverall vertices.Wethenscanoncearound
thecorvex hull of L in orderto checkall otheredges.

We maintainthe squareof the width of the currentlybeststripein minsqrwidth andthe
boundarie®f thestripein I1 andI2.

(width.g=

RAT_TYPE WIDTH(const list<POINT>& L, LINE& 11, LINE& 12)
{
if ( L.empty() )
error_handler (1,"WIDTH applies only to non-empty sets");
1ist<POINT> CH = CONVEX_HULL(L);
if ( CH.length() == 1)
{ 11 = 12 = LINE(L.head(), VECTOR(INT_TYPE(1),INT_TYPE(1)));
return O;

}
if ( CH.length() == 2 )
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{ 11 = 12 = LINE(CH.head(), CH.tail()); return 0; }

list_item p_it = CH.first();
list_item q_it = CH.cyclic_succ(p_it);
list_item m_it = q_it;

list_item it;
LINE 1(CH[p_it]l,CH[q_it]);
RAT_TYPE min_sqr_width = O0; RAT_TYPE sqr_dist;
// find vertex with maximal distance from 1
forall_items(it,CH)
{ if ( (sqr_dist = l.sqr_dist(CH[it])) > min_sqr_width )
{ min_sqr_width = sqr_dist;
m_it = it;
}

}
11 = 1; 12 = LINE(CH[m_it], CH[q_it] - CH[p_it]);

(rotatecaliberaroundCH)

return min_sqr_width;

Letr bethe successovertex of g. We wantto determinethe vertex m” with maximal

distancefrom |’ = I1(q,r). Thelastsentenceof the lemmaabove implies thatnm' is the
closestsuccessoof m (inclusive) suchthatthe successoof m hassmallerdistanceto I’
thanm'.

(rotatecaliber aroundCH)=

do // move caliber to next edge
{
list_item r_it = CH.cyclic_succ(q_it);
LINE 1(CH[g_it],CH[r_it]);
RAT_TYPE cur_sqr_dist = l.sqr_dist(CH[m_it]);
list_item new_m_it = m_it;
it = CH.cyclic_succ(m_it);
while ( (sqr_dist = 1l.sqr_dist(CH[it])) >= cur_sqr_dist )
{ new_m_it = it; it = CH.cyclic_succ(it);
cur_sqr_dist = sqr_dist;
}
if ( cur_sqr_dist < min_sqr_width )
{ min_sqr_width = cur_sqr_dist;
11 = 1; 12 = LINE(CH[new_m_it], CH[r_it] - CH[q_it]);
}
p-it = gq_it; q_it = r_it; m_it = new_m_it;
} while ( p_it != CH.first() );

Therunningtime of the width computationis thetime to computethe corvex hull plusan
amountof time thatis linearin the numberof verticesof the corvex hull. It takeslinear
time to computethe vertex of maximaldistancefrom thefirst hull edgeandit takeslinear
time to computethe vertex of maximaldistancefor all otheredgesThelatterfollows from
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the obsenation that both the edgeandthe vertex of maximaldistance‘travel aroundthe
corvex hull once”.

Exercisesfor 10.1

1  Designanexamplewheretherunningtime of CONVEX_HULL _IC is quadratic.

2  Designanexamplewheretherunningtime of CONVEX_HULL _IC is linear.

3 Redothe proof of Theoreml underthe assumptiorthat the expectednumberof hull
edgesn the corvex hull of r randompointsis r =% for somes > 0.

4 Modify eithercorvex hull algorithmsuchthatit returnsall pointsthatlie ontheboundary
of thecorvex hull.

5 Let P andQ betwo disjointconvex polygonsgivenby their cyclic list of vertices.Write
a programthatcomputegshe commontangentf P and Q.

6  Usethe solution of the previous exerciseto computethe corvex hull by divide-and-
conquer Sort the points lexicographicallyand split theminto two halves. Compute
the hull of both halvesrecursvely. Merge the two hulls by constructingthe common
tangents.

7  Generaten randompointsin the unit squareand computetheir corvex hull. Do sofor
differentvaluesof n andderive aconjectureconcerninghe expectechumberof extreme
pointsin asetof n randompoints. Try to prove your conjectureor do aliteraturesearch
to find out whatis known aboutthe problem.Do the samefor randompointsin the unit
disk.

10.2 Triangulations

A triangulationof Sis a partition of the corvex hull of Sinto triangles.This assumeshat
not all pointsof S arecollinear Eachtrianglein the partition hasthreepointsof S asits
verticesand ary two trianglesin the partition are eitherdisjoint, or sharea vertex, or an
edgeandtwo vertices.The unionof all trianglesis the corvex hull of S, seeFigure10.10
for two examples. Whatis atriangulationof corv S if all pointsof S arecollinear? It is
simply a partitionof corv Sinto line segments, seeFigures10.10and10.11.

Triangulationsarea versatiledatastructure We will usethemfor pointlocationqueries,
nearesheighborqueries andrangequeriesin Section10.6 anddescribetheir usein inter-
polationnow. Assumethatwe are giventhe valuesof somefunction f at somefinite set
S of pointsandwantto interpolatef for all pointsin the corvex hull of S. Triangulations
offer anelegantway to approactthis problem.We computea triangulationT of S andlift
it to three-dimensionatpace.More precisely for every triangle (p, g, r) of T we define
3 More generallyif Shasaffine dimensiond thena triangulationof Sis a partitionof corv Sinto d-dimensional
simplices.A d-dimensionakimpl« is the corvex hull of d + 1 affinely independenpoints. Thus,trianglesare
two-dimensionakimplicesandline sggmentsareone-dimensionaimplicesandhencea triangulationof a
one-dimensionadetSis a partitionof its corvex hull into line sggmentsatriangulationof atwo-dimensionabket

is a partitionof its corvex hull into triangles,anda triangulationof a three-dimensionaletis the partition of its
cornvex hull into tetrahedra.
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Figure 10.10 A triangulationof a two-dimensionaandof a one-dimensiongboint set.

Figure 10.11 A triangulationcomputedby thefunction TRIANGULATE_POINTSdiscussedn
this section.

atriangle ((p, f(p)), (q, f(q)), (r, f(r))) in three-spaceseeFigure 10.12. In this way
we obtaina surfacein three-spaceln orderto determingheinterpolatingvalueat a point
x € corv Swe determinehe heightof the interpolatingsurfaceabore x andreturnit. This
requiresusto find thetriangleof T containingx (a pointlocationquery)andto determine
theheightat x by linearinterpolationfrom theheightatthe verticesof thetrianglecontain-
ing X. Assumethatx lies in thetrianglewith verticesp, q, andr. We write x asa corvex
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p. f(p)

q, f(a)

Figure 10.12 A trianglein theplaneandits lifting to three-space.

combinationof p, q, andr, i.e.,
wherec, + cq + ¢ = 1 andcomputef (x) as

fx)=cpf(p)+cqf(a)+c f(r).

The coeficientscy, ¢q, andc; arecalledthe barycentriccoordinatesof x with respecto
thetriangle(p, g, r).

We next discusshow to representriangulations.We representriangulationsasstraight
line embeddeglanemaps;embeddedraphsarethe subjectof Chapter8 andwe recom-
mendthat you readthe first four sectionsof that chapterbeforeproceeding.Let T be a
triangulationof a setS of points.We useagraphG of type GRAPHPOINT, int> to repre-
sentT; G hasthefollowing propertiesseeFigure10.14:

e Thenodesof G arein one-to-onecorrespondenci® the pointsin S. For anodev of G
thepointin Scorrespondingo it is storedasGJ[v].

e G isadirectedgraphwhoseedgeswill becalleddarts. We usetheword dartinstead
of edgein orderto distinguishthe edgesof therepresentingraphfrom the edgesof
therepresentedeometricobject. Thedartsof G comein pairs. For every dart
e = (v, w) of G thereverseddarteR = (w, v) is alsoa dartof G. Moreover, the
memberfunctionreversal mapseachdartto its reversal,i.e., G.reversale) = eR and
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cyclic.adj succ

cyclic.adj_pred

Figure 10.13 Therelationshipbetweerthecyclic orderingof theadjaceny list A(v) of anodev
andthe counterclockwiseorderingof the edgedncidentto G[v].

G.reversal(eR) = e. We call apair consistingof adartandits reversalauedge(=
undirectededge).Theuedgef G correspondo theedgesof T andadart (v, w) of
G correspondso the orientededge(G[v], G[w]) of T.

For eachnodev of G thelist A(v) of edgesoutof v is orderedcyclically. For anedge
e with sourcev thefunctions

G.cyclic._adj_succ(e);

G.cyclic_adj_pred(e);
returnthecyclic successoandthecyclic predecessasf ein A(v). Thecyclic ordering
of theedgesn A(v) agreewith the counterclockwiseorderingof theedgesncident
to G[v] in thetriangulation,i.e., G.cyclicadjsucde) is thenext dartoutof v in
counterclockwisedirectionandG.cyclicadjpred(e) is thenext dartout of v in
clockwisedirection,seeFigure10.13.

The precedingtemsguaranteghatthe facesof thetriangulationcorrespondo the
facecyclesof G. For eachcounterclockwisetriangle (G[u], G[v], G[w]) of the
triangulationtheedgequ, v), (v, w), (w, u) form afacecycle of G. Thereis alsoa
facecycle correspondingo theunboundedaceof T. As afacecycleis traversedhe
faceliesto theleft of thefacecycle. Thefunctions

G.face cycle_succ(e);
G.face cycle pred(e);

supportthe corvenienttraversalof thefacecyclesof amap.They give thesuccessor
andpredecessaf e in thefacecycle containinge, respectrely. Thefacecycle
successais thecyclic adjaceny predecessanf thereversalof e, seeFigure8.10.

Eachdarthasanintegerlabel (availableasG[€]) thatgivesinformationaboutthedart.
Thelabelscomefrom theenumerationype
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e0

Figure 10.14 A graphG representin@ triangulation.For eachedgeof thetriangulationthere
aretwo dartsin G, e.g.,theedgeG[v]G[w] is representetdy thedartse; = (v, w) and

& = (w, v). Wehave G.reversal(e;) = & andG.reversal(e;) = e1. For eachdartits nameis
shavn nearthe sourceof thedartandto theleft of thedart. Thelist A(w) of edgesoutof w isa
cyclic shift (it is not specifiedwhich) of (es, e3, €2). Thetwo trianglescorrespondo theface
cycles(ey, €3, &) and(es, €7, e1). Theunboundedacecorrespondso thefacecycle

(es, €2, €10, €g).

enum delaunay edge_info{ DIAGRAM EDGE = O, DIAGRAM DART = O,
NON_DIAGRAMEDGE = 1, NON_DIAGRAMDART = 1,
HULL_EDGE = 2, HULLDART = 2
};

definedin <LEDA/geaglobalenumdh>. We discusghemin Section10.4.

A dartis calleda hull dart if the unboundedaceof G liesto its left. If hulLdart is any
hull dart,thefollowing linesof codetraverseall hull darts.

edge e = hull dart;
do { e = G.facecycle_succ(e); } while (e != hull dart);

We next extendthe hull programof the precedingsectionto a triangulationprogram.
This algorithmwasfirst describedn [Meh844. Again, we startby sortingthe pointslexi-
cographically Thenwe setup the triangulationof thefirst two pointsandfinally addpoint
by pointto thetriangulation.

(triangulation.g=
inline int left_bend(const POINT& p, const GRAPH<POINT,int>& G,
const edge& e)
{ return (orientation(p,G[source(e)],G[target(e)]) > 0); }
edge TRIANGULATE_POINTS (const 1ist<POINT>& LO, GRAPH<POINT,int>& G)

{
G.clear();
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if (LO.empty()) return nil;

1ist<POINT> L = LO;

L.sort();

if ( L.empty() ) return nil;

// initialize G with a single edge starting at the first point

POINT last_p = L.pop(); // last visited point
node last_v = G.new_node(last_p); // last inserted node

while (!L.empty() && last_p == L.head()) L.pop();
if (!L.empty())

{ last_p = L.popQ);
node v = G.new_node(last_p);
edge x = G.new_edge(last_v,v,0);
edge y = G.new_edge(v,last_v,0);

G.set_reversal(x,y);
last_v = v;

}

(triangulatepoints: scanremainingpoints
}

In orderto facilitatethe additionof pointswe maintainthedartelast; it is the hull dartthat
leavesthemostrecentlyaddedvertex. Let p bethe pointto beaddedandlet eup andelow
be hull dartssuchthat exactly the hull verticesbetweernthe target of eup andthe source
of elow arevisible from p, seeFigure10.15. All edges betweereup andelow aresuch
that p, the sourceof e, andthe targetof e form a left turn, but eup andelow do not have
this property Moreover, eup is a properfacecycle predecessoof elast, andelow is a
facecycle successoof elast Thusit is easyto determinezup andelow. For example the
formeris thefirst properfacecycle predecessag of elast suchthat p, the sourceof e, and
targetof e do notform aleft turn.

Having determineceup we walk to elow andextendthe triangulationby addingedges
betweerw, wherev is a nev nodecorrespondindo point p, andthe hull verticesvisible
from p. We mustbe carefulto addthe new edgesin a way that reflectsthe triangulation.
We iterateover the hull dartsbetweeneup inclusive and elow exclusive, startingat eup
andwalking towardselow. Considerary suche andlet esuccbe its facecycle succes-
sor. We addthe dart (source(esucg, v) afteresuccto A(source(esucg) andwe append
the dart (v, source(esucq) to A(v). Obsenre that this way of addingdartsbuilds A(v)
in counterclockwiseorderandaddsthe dart (soulce(esuco, v) at the properpositionto
A(source(esuco).

Theupdatestepjust describedvorks correctlyevenif the new pointis collinearwith all
precedingpoints. In this situationonly aline segmentis addedo the triangulation.

(triangulatepoints: scanremainingpointg =

POINT p;
forall(p,L)
{ if (p == last_p) continue;

edge e = G.last_adj_edge(last_v);
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e low

Figure 10.15 Edgese_last, e_up, ande_ | ow.

last_v = G.new_node(p);

last_p = p;

// walk up to upper tangent

do e = G.face_cycle_pred(e); while (left_bend(p,G,e));
// now e = e_up

// walk down to lower tangent and triangulate

do { edge succ_e = G.face_cycle_succ(e);
edge x = G.new_edge(succ_e,last_v,after,0);
edge y = G.new_edge(last_v,source(succ_e),0);
G.set_reversal(x,y);
e = succ_e;

} while (left_bend(p,G,e));
}

(markedgesof corvex hull asHULL _DARTS

In the piecesof codeabove we labeledall nenv edgeswith zero. We now relabelall hull
dartsassuch. Thelastedgeaddedto the triangulationis a hull dartandall otherhull darts
arereachedy tracingthefacecycle containingit. Thelabelingof the hull dartswill prove
usefulin the sectionon Delaunaydiagrams.

We returna hull dart.

(markedgesof convex hull asHULL_DARTS=
edge hull_dart = G.last_edge();

if (hull_dart)
{ edge e = hull_dart;
do { G[e] = HULL_DART;



28 GeometryAlgorithms

K n Gen V  Hull  Hullcheck Triang Triangcheck
S 20000 0.44 25 171 0 3.1 23.7
S 40000 0.92 29 3.65 0 6.43 47.35
S 80000 1.84 35 7.52 0 13.04 94.31
D 20000 0.41 91 1.9 0 3.13 24.72
D 40000 0.73 123 3.6 0 6.26 47.29
D 80000 1.47 147 7.72 0 13.15 94.36
C 20000 47.3 19992 1.69 0.17 2.62 21.19
C 40000 95.59 39958 3.59 0.42 5.47 42.01
C 80000 190.9 79756 8.08 132 11.65 86.39

Table 10.3 Therunningtimesof the sweepalgorithmsfor corvex hulls andtriangulations We
generatedinsortedists of n pointsaccordingto the samedistributionsasin Table10.1. The
meaningof thefirst four columnsis asin Table10.1. Thecolumn“Hull” shavsthetimeto
computethe corvex hull, the column“Hull check”showvsthetimeto verify thatary three
consecutie verticesof CH form aright turn, the column“Triang” shavs the time to computethe
triangulation,andthe column“Triang check”shows thetime to run Is Triangulation(G).

e = G.face_cycle_succ(e);
} while (e '= hull_dart);
}

return hull_dart;

Table10.3comparesherunningtimesof the sweepalgorithmsfor convex hulls andtri-
angulationsWe generateah randompointsin asquareadisc,andonacircle,respectiely,
Thetriangulationalgorithmtakesabouttwice aslong asthecorvex hull program.Thetable
alsoshaws thetime for partially checkingthe outputof eitherprogram.For the corvex hull
programwe checled thatary threeconsecutie verticesform a right turn andin the case
of triangulationswe calledthe checler Is Triangulation(G), which will bediscussedn the
next section.

Both checksareonly partial. In the caseof triangulationswve do not checkthat exactly
the input pointsappearas verticesof the triangulation. This omissioncould be corrected
by the useof a dictionary In the caseof the corvex hull programwe do not verify thatall
input pointslie insidethe producedcorvex chain. This is anomissionwhich is not easily
correctedthe obviousapproachakesquadraticime.

Exercisesfor 10.2
1  Write a programthat verifiesthat the nodesof a GRAPHPOINT, int> agreewith the
pointsin alist<POINT>. Add thisto the checkof thetriangulationprogram.
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2 Extendtherandomizedncrementakonstructiorof corvex hulls to anincrementakon-
structionof triangulations.

10.3 Verification of Geometric Structur es,Basics

We have by now seenprogramsto computecorvex hulls, minimum width stripes,and
triangulations. The programsare non-trvial andwe will seemore complex programsin
latersections.Althoughwe wrote the documentatiormndthe correctnesgroofsin parallel
to the developmentof theseprograms we neverthelessnademistakes, someminor, like
testingfor positive orientationinsteadof non-neative orientation,and somemajor, like
assuminghat every setof points containsthree non-collinearpoints. Visual detugging,
i.e., displayingthe outputof a geometriccomputationwasan indispensibleaid in getting
the programscorrect,but visual dehugginghasits limits. Visualdehuggingis mostuseful
in the plane;alreadydisplayinga partition of three-spacés next to impossible.Also, the
representatiomnderlyinga geometricobject may be incorrect, althoughthe objectitself
“looks correct”.

Oneof ourkey experiencesvasthedevelopmenbf aprogramto computecorvex hullsin
arbitrarydimensionslt took sometime to gettheprogramsworking for pointsin theplane,
but aftersometime it producedcorvex hullswhich“lookedright”. We movedto three-space
andafew hourslaterthecornvex hullsin three-spacéokedright. We got adwenturousand
tried an examplein seven-dimensionaspace.The programranto completionandclaimed
thatit had computedthe corvex hull. Given our pastexperiencewe hadevery reasonto
believe the contrary At thattime we hadno way to checkthe resultof the corvex hull
computation. We teamedup with somecolleguesand wrote [MNS*96]. In this paper
we discusshow to verify corvex hulls, triangulations,Delaunaydiagrams,and Voronoi
diagrams Alternative checlersarediscussedn [DLPT97).

In this sectionandin Sectionsl0.4.3,10.4.6,and10.5.3we derive procedureso verify
propertiesof geometricgraphs A geometricgraphis a straightline embeddednap. Ev-
ery nodeis mappedto a pointin the planeandevery dartis mappedto the line segment
connectingts endpoints.We startwith procedureso checkthatthe edgesaroundvertices
arecyclically orderedthatfacecyclesdefinecorvex polygons,andthata graphdefinesa
cornvex subdvision or a triangulation. In later sectionswe will extendthesefunctionsto
checkDelaunaytriangulationsPelaunaydiagramsandVoronoidiagrams.

We use geagraph as a templateparameterfor geometricgraphs. Any instantiation
geagraphinst of geagraphmustprovide a function

VECTOR edge_vector(const geo_graph_ inst& G, const edge& e)

that returnsa vectorfrom the sourceto the target of e. We will usetwo instantiationsof
geagraphin this chapter: GRAPHPOINT, int> for triangulations,Delaunaytriangula-
tions, and Delaunaydiagrams and GRAPH CIRCLE POINT> for Voronoidiagrams.In
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thefirst case the positionof anodev is givenby the point G[v] andhencethe edgevector
functioncanberealizedas

(GRAPHPOINT,int): edge vectorfunction=

static VECTOR edge_vector(const GRAPH<POINT,int>& G, const edge& e)
{ return G[G.target(e)] - G[G.source(e)]; }

In the secondcase the positionof a nodevw is given by the centerof the circle G[v]. We
will definethe correspondingdgevectorfunctionin the sectionon Voronoidiagrams.
All functionsthatcheckpropertiesof geometriographsarecollectedin thefile

(geoachek.ty=
(comparingedgesby angle
(cyclically orderedlists)
(verifyingthe order of adjacencylists andthe corvexity of faces

in directoryLEDA/templates.This file mustbeincludedto useary of thesefunctions.

10.3.1 Monotoneand Cyclically MonotoneSequences
Let X = (X1, X2, ..., Xn) be a sequencef elementsfrom someorderedset; x is called
non-deceasingif xi < xjy1 foralli, 1 <i < n, andx is calledincreasingif xi < Xj11
foralli, 1 <i < n, x is calledcyclically non-deceasingiff somecyclic shift of x is non-
decreasingandx is calledcyclicallyincreasingiff somecyclic shift of x is increasingThe
notionsnon-increasinggdecreasinggyclically non-increasingandcyclically decreasingre
definedanalogously

Thefunctionsls C_Nondeceasingandls C_Increasingcheckwhetherasequencés cycli-
cally non-decreasingr increasing. They take alist L of elementsof sometype T anda
compareobjectcmpfor typeT.

The implementationis simple. We iterateover the elementsof L and compareevery
elementwith its cyclic successorWe counthow oftenthe successois smaller(smalleror
equalfor thesecondunction). If the countreacheswo, the sequenceiolatestheproperty

(cyclically orderedlists)=

template <class T>
bool Is_C_Nondecreasing(const list<T>& L, const leda_cmp_base<T>& cmp)
{ list_item it;
int number_of_less = 0;
forall_items(it,L)
if ( cmp(L[L.cyclic_succ(it)],L[it]) < O ) number_of_less++;
return (number_of_less < 2);
}
template <class T>

bool Is_C_Increasing(const list<T>& L, const leda_cmp_base<T>& cmp)
{ list_item it;
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int number_of_lesseq = O;

forall_items(it,L)
if ( emp(L[L.cyclic_succ(it)],L[it]) <= 0 ) number_of_lesseq++;
return (number_of_lesseq < 2);

}

The functionsls.C_Nonincreasingand s C_decreasingare definedanalogously We leave
theirimplementatiorto thereader

10.3.2 ComparingEdgesby Angle

For a non-zeratwo-dimensionalectorv let o (v) be the anglebetweerthe positve x-axis
andv, i.e., theangleby which the positive x-axis hasto be turnedcounterclockwiseuntil
it alignswith v. Thegeokernelsprovide functions

int compare_by_angle(const VECTOR& v1,const VECTORZ v2)

thatcomparevectorsby angle,i.e., the functionsreturn—1 if v1 precedes2, 0 if vl and
v2 definethe sameangle,and+1 if vl succeeds2. Thezerovectorprecedesll non-zero
vectorsin theorderingby angle.

In ageometrigraphG thefunctionedgvecton G, e) returnsthevectorfrom thesource
to the target of edgee. The compareobjectcmpedgesby angle compareghe edgesof
ary geagraph G accordingto the vectorsdefinedby the edgesof G. It is derived from
ledacmpbaseedge>, hasa constructorthattakesa geometricgraphG andstoresa refer
enceto it in the object,andafunctionoperatorthattakestwo edgese and f andcompares
themaccordingo the vectorsdefinedby them.

(comparingedgesby angle=
template <class geo_graph>
class cmp_edges_by_angle: public leda_cmp_base<edge> {

const geo_graph& G;
public:
cmp_edges_by_angle(const geo_graph& g): G(g){}

int operator() (const edge& e, const edge& f) const
{ return compare_by_angle(edge_vector(G,e), edge_vector(G,f)); }
};

10.3.3 Counter-ClokwiseOrderedAdjacencyLists
Thefunction

bool Is_CCW._Ordered(const geo_graph& G)

returnstrueif for all nodesv the neighborsof v arein increasingcounterclockwiseorder
aroundv, andthefunction

bool Is_CCW._Ordered Plane Map(const geo_graph& G)

returnstrueif, in addition,G is a planemap. Thefunction
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void SORT_EDGES(geo graph& G)

reorderghe adjaceng lists suchthatfor every nodev of G the edgesn A(v) arein non-
decreasingrderby angle.

All threefunctionsarevery easyto implement.For thefirst function,we defineacompare
objectcmpto comparghedartsof G by angle andthencheckwhetherthedartsoutof every
nodev arecyclically increasing.The secondunction callsthefirst andcheckswhetherG
is aplanemap,andthethird functionsortsthesetof dartsandthenrearrangetheadjaceng
lists.

(verifyingthe order of adjacencylists andthe corvexity of faces=
template <class geo_graph>
bool Is_CCW_Ordered(const geo_graph& G)
{ node v;
cmp_edges_by_angle<geo_graph> cmp(G) ;
forall_nodes(v,G)
if ( !'Is_C_Increasing(G.out_edges(v),cmp) ) return false;
return true;
}
template <class geo_graph>
bool Is_CCW_Ordered_Plane_Map(const geo_graph& G)
{ return Is_Plane_Map(G) && Is_CCW_Ordered(G); }
template <class geo_graph>
bool Is_CCW_Weakly_Ordered(const geo_graph& G)
{ node v;
cmp_edges_by_angle<geo_graph> cmp(G) ;
forall_nodes(v,G)
if ( !Is_C_Nondecreasing(G.out_edges(v),cmp) ) return false;

return true;
}
template <class geo_graph>
bool Is_CCW_Weakly_Ordered_Plane_Map(const geo_graph& G)
{ return Is_Plane_Map(G) && Is_CCW_Weakly_Ordered(G); }
template <class geo_graph>
void SORT_EDGES(geo_graph& G)
{
cmp_edges_by_angle<geo_graph> cmp(G) ;
list<edge> L = G.all_edges();
L.sort (cmp) ;
G.sort_edges(L);
}

10.3.4 CorvexFaces
We define functionsthat checkfor corvexity of faces. Considerary facecycle f of a
geometricgraphG; f definesa closedpolygonalchainC in the plane. We wantto know
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Figure 10.16 A strictly corvex counterclockwisepolygonalchain,aweakly corvex clockwise
polygonalchain,anda chainwhichis notsimple.

whetherthe polygonalchainis the boundaryof a cornvex region. More precisely we call C
a weaklycorvex counterclockwisepolygonalchainif C is simple,i.e., doesnot intersect
itself, andtheregionto theleft of C is corvex. We call C astrictly corvex counterclockwise
polygonalchainor simply corvex counterclodkwisepolygonalchainif, in addition,any two
consecutie edgesof C do not have the samedirection, seeFigure 10.16. For clockwise
chainstheregionto theright of C mustbecorvex.

In a corvex subdvision, e.g.,a triangulation,the facecyclesof all boundedfacesform
corvex counterclockwisepolygonalchains andthefacecycle of theunboundedaceforms
aweakly convex clockwisepolygonalchain.

Let po, p1, .-, Pk—1 bethepointsassociateavith thenodesof C.

Lemma 5 C is a counterclockwiseweaklycorvex polygonalchain iff the sequences =
(pP1 — Po, P2 — P1,---, Po — Px_1) is cyclically non-deceasing

Proof If C isacounterclockwiseweaklycorvex polygonalchainthensis clearlycyclically
non-decreasing.

Assumenext thats is cyclically non-decreasing.Thenno pair of consecutie vectors
formsaright turn andthe anglesbetweenall pairsof consecutie vectorssumto 2. We
concludethatC is simple,i.e, doesnotintersecitself, andthattheregionto theleft of C is
COIVex. O

Thefunctions

bool Is_CCW_Convex Face Cycle(const geo_graph& G,const edge e)
bool Is_CCW._Weakly Convex Face Cycle(const geo_graph& G, const edge e)
bool Is_CW_Convex Face Cycle(const geo_graph& G, const edge e)
bool Is_CW Weakly Convex Face Cycle(const geo_graph& G, const edge e)

returntrueif the facecycle of G containinge hasthe statedproperty i.e., if thefacecycle
formsa cyclically increasingnhon-decreasingjecreasingor non-increasingrespectiely,
sequencef edgesaccordingto thecompare-by-anglesrdering.

We give the implementatiorof thefirst function. We collectthe edgesof the facecycle
in alist L, definea compareobjectcmpthatcomparesdgesf G, andthencheckwhether
L is cyclically increasing.
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(verifyingthe order of adjacencylists andthe corvexity of faces+=

template <class geo_graph>

bool Is_CCW_Convex_Face_Cycle(const geo_graph& G, const edge& e)

{
list<edge> L;
edge el = e;
do { L.append(el);
el = G.face_cycle_succ(el);
} while (el '= e );

cmp_edges_by_angle<geo_graph> cmp(G) ;

return Is_C_Increasing(L,cmp);

10.3.5 Cornvex Subdivisions
A geometriggraphG is acorvex planar subdivisionif G is aplanemapandif thepositions
assignedo thenodesof G defineastraightline embeddingf G in whichall boundedaces
arestrictly corvex andin which the unboundedaceis weakly corvex.

Thefunction

bool Is_Convex_Subdivision(const GRAPH<POINT,int>& G)
returnstrueif G is aconvex planarsubdvision,andthefunction

bool Is_Triangulation(const geo_graph& G)

returnstrueif G is a corvex planarsubdvisionin which every boundedaceis a simplex.
More preciselyif all nodesof G lie onacommonline, thenevery facecycle of a bounded
faceis simply a pair of anti-paralleledgesandif the nodesof G do not lie on a common
line, thenevery boundedaceof G is atriangle.

Both functionsareimplementedn termsof thefunction

bool Is_Convex_Subdivision(const GRAPH<POINT,int>& G,
bool& is_triangulated)

thatreturnstrueif G is a corvex subdvision andsetsis triangulatedto trueif, in addition,
G is atriangulation.

We discusghetheorybehindthelatterfunctionandthengiveits implementationlf G is
acorvex subdvision, thenthefollowing conditionsarecertainlysatisfied:

e G isaconnecteglanemap.
e All nodesof G have counterclockwiseorderedadjaceny lists.

e If all verticeslie onacommonline, i.e.,theunderlyingpoint sethasaffine dimension
lessthan2, thenG is a pathwhich reflectsthe orderingof its verticeson theline.

o If theunderlyingpoint sethasaffine dimensiorn2, theneachfaceis eitherabounded
counterclockwiseorientedcorvex polygonor a clockwiseorientedweakly corvex
polygon.Thereis only onefaceof thelatterkind.
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Lemma 6 If G satisfieghefour conditionsabove thenG is a corvex planar subdivision.

Proof Assuméfirst thatall verticesof G lie onalinel andlet vy, v, ..., v, betheordering
of theverticeson|. Thenthe pointsassignedo adjacentverticesmustbe distinct, v, and
vn Musthave degreeone,andv; musthave neighborsvi_1 andvj; for1 < i < n. The
numberof edgesof G is 2n — 2 wheren is the numberof nodesof G.

Assumenext thatnot all verticesof G lie onacommonline. Let R betheregion thatis
enclosedy theuniquefacecycle f whichis aweaklycorvex clockwisepolygon.Weclaim
thatall verticesthatarenot partof f lie in theinterior of R. Assumeotherwise.Thenthere
mustbeavertex v thatis notpartof f andadirectiond suchthatv isamaximalvertex of G
in directiond (notethatwe said“a maximalvertex” andnot “the maximalvertex”). Since
v IS maximaltheremustbe a pair of edgesncidentto v which spananangleof at leastr
andhencev mustbe partof aweaklycornvex chain. Thusv belongso f, acontradiction.

Every facecycle of G differentfrom f definesa counterclockwise orientedcorvex
polygonalregion in the plane. We needto shav that theseregionsform a partition of R.
Considempoint p movingin theplanesuchthatit avoidsverticesof G. Whenever p crosses
adirectededgee it will enteranothermregion (namely the oneto theleft of reversal(e)) ex-
ceptwhenreversal(e) belongsto f. This shaws that all pointsin the interior of R are
coveredby the samenumberof regions. Also, sinceall verticeson the boundaryof R are
partof f, exactly oneboundedregionis incidentto eachedgeof f. Altogetherwe have
shawvn thattheregionsdefinedby thefacecyclesdifferentfrom f partition R. Thenumber
of edgesof G mustbeatleast2n sinceevery nodemusthave degreeat leasttwo. O

We turn to the implementation.We first checkwhetherG is a connecteglanemapin
which all adjaceng lists are counterclockwiseordered. Thenwe comparem andn. If
m = 2n— 2 we mustbein thesituationthatall verticesof G arecollinearandif m > 2n—2
we mustbein thesituationthatthe underlyingpoint sethasaffine dimension2.

(subdivisionchek.c)+=

static bool False(const string& s)
{ cerr << "Is_Convex_Subdivision: " << s; return false; }

bool Is_Convex_Subdivision(const GRAPH<POINT,int>& G,
bool& is_triangulated)

{

is_triangulated = true;
if ( !'Is_Connected(G) ) return False("G is not connected");

if ( !Is_CCW_Ordered_Plane_Map(G) )
return False("G is not a CCW-ordered plane map");

G.number_of_nodes();
G.number_of _edges() ;

cmp_edges_by_angle<GRAPH<POINT,int> > cmp(G);
if ( m == 2*n - 2) { (ICS:collinearpoints ¥
(ICS: affinedimensioris two)

int n
int m
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If m = 2n — 2, thefactthat G is a connectedidirectedgraphguaranteethatG is atree.
It thereforesufficesto checkthatthereis no vertex of degreethreeandthatfor every vertex
of degreetwo the two incidentedgeointin oppositedirections.

(ICS: collinear points =
node v;
if ( n <=1 ) return true;

forall_nodes(v,G)
{ if ( G.outdeg(v) > 2 ) return False("G is a tree but not a chain");

if (G.outdeg(v) == 1) continue;

edge el = G.first_adj_edge(v), e2 = G.last_adj_edge(v);
node w = G.target(el);
node u = G.target(e2);
if ( G[v]l] == GIw] || GLv] == G[ul )
return False("nodes at equal positions");
if ( cmp(el,G.reversal(e2)) != 0 )
return False("direction not opposite");

}

return true;

It remaingo dealwith thesituationthattheaffine dimensiorof theunderlyingpoint setis
2. Wetraceall facecyclesof G. Onefacecycle mustbeaweaklycorvex clockwiseoriented
polygonandall otherfacecyclesmustbe stronglycornvex counterclockwisepolygons.We
make thedistinctionby consideringhreeconsecutre nodesof afacecycle anddetermining
their orientation. If the orientationis positive, the face cycle mustbe a strongly corvex
counterclockwisepolygon,andif the orientationis non-positve, thefacecycle mustbethe
boundaryof theunboundedace.

If the numberof edgesof the facecycle is three,the orientationtestitself guarantees
strongcorvexity andthereis no needto tracethefacecycle to checkcorvexity.

(ICS: affinedimensioris two)=
edge e;
edge_array<bool> considered(G,false);
bool already_seen_unbounded_face = false;
forall_edges(e,G)
{ if ( !considered[e] )
{ // check the face to the left of e

POINT a = G[source(e)];
POINT b = G[target(e)];
POINT c¢ = G[target(G.face_cycle_succ(e))];

int orient = orientation(a,b,c);
int n = 0;
edge e0 = e;
do { considered[e] = true;
e = G.face_cycle_succ(e);
n++;
} while ( e != e0);

if ( orient > 0 )
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{if (n > 3)
{ is_triangulated = false;
if ( !'Is_CCW_Convex_Face_Cycle(G,e) )
return False("non-convex bounded face'");
}
}
else
{ if ( already_seen_unbounded_face )
return False("two faces qualify for unbounded face");
already_seen_unbounded_face = true;
if ( !'Is_CW_Weakly_Convex_Face_Cycle(G,e) )
return False("unbounded face is not weakly convex");
}
}
}

return true;

Exercisesfor 10.3

1  Improve theimplementatiorof Is CWWOrdered andthe functionscheckingcornvexity
of faces.In ourimplementatiorwe first constructa list of edgesandthencheckthis list
for cyclic monotonicity Avoid the constructiorof thelist.

2  Improve thetheoryunderlyingls CorvexSubdivision Is it necessaryo checkwhether
theedgedn A(v) areCCW-orderedor doesthis propertyfollow from the conditionthat
all boundedacesarecounterclockwisestronglycorvex polygonalchains?

3  Extendthefunctionls Corvex Subdivisiorsuchthatit worksfor geagraphandnotonly
for GRAPHPOINT, int>.

10.4 DelaunayTriangulations and Diagrams

A point setmayin generalbe triangulatedn mary differentways. Dependingon the ap-
plicationonetriangulationis preferableoveranother A triangulationthatis usefulin mary
contets s the so-calledDelaunaytriangulation. A triangulationof a pointsetSis called
Delaunayif the interior of the circumcircleof ary triangle in the triangulationcontains
no point of S. Figure 10.17 shavs a Delaunaytriangulation. The voronoidemoandthe
pointsetdemoin xImanillustrate Delaunaydiagrams.

In this sectionwe will first shav the existenceof Delaunaytriangulations. The exis-
tenceproofis constructve andyields a simplealgorithmsfor the constructiorof Delaunay
triangulation,the so-callingflipping algorithm We give an implementationof the algo-
rithm basedon the so-calledincircle test a powerful geometricprimitive. The Delaunay
triangulationof a point setis in generalnot unique (if the point setcontainsco-circular
points);it has,however, a substructuravhich is unique,the so-calledDelaunaydiagram
We characterizédelaunaydiagramsandgive someapplicationsof Delaunaydiagramsand
triangulations.



38 GeometryAlgorithms

g~

Figure 10.17 A Delaunaytriangulation.Thefigurewasproducedwith thevoronoidemoin
xlman.

10.4.1 DelaunayTriangulations andthe Flipping Algorithm
Our immediategoal is to prove that Delaunaytriangulationsexist. Considerthe simplest
situationfirst, four points p, q, r, ands forming the cornersof a corvex quadrilateral.
Therearetwo triangulationsorrespondingo the chordspr andgs, respectiely, seeFigure
10.18. We shaw that at leastone of the two triangulationsis Delaunay Assumethatthe
triangulationcorrespondingo thechordpr is notDelaunaysaybecauss is containedn the
circumcircleof triangle A(p, g, r). Thenq is alsocontainedn the circumcircleof triangle
A(p, r,s). We canobtainthe circumcircleof triangle A(p, g, s) from the circumcircleof
A(p, g,r) by reducingthe size of the circle while simultaneouslyinsistingthatit passes
throughp andq. This shows thatr is outsidethe circumcircleof triangle A(p, g, s) and
thattheradiusof thecircumcircleof A(p, q, s) is smallerthantheradiusof thecircumcircle
of A(p, g, r). Thesymmetricagumentshavs that p is outsidethe circumcircleof triangle
A(q, r, s) andthatthe radii of both circlesin the Delaunaytriangulationare smallerthan
theradii of thecirclesin the othertriangulation.

Let usnext turnto point setsof larger cardinality We shaw thatary triangulationwhich
is not Delaunaycontainstwo adjacentriangles,i.e., trianglessharingan edge thatform a
corvex quadrilateraandsuchthatthecircumcirclesf bothtrianglescontainthethird vertex
of the othertriangle. Clearly, a triangulationwhich is not Delaunaycontainsa triangle,
say A(p, g, r) whosecircumcircleis non-empty Assumew.l.0.g. that thereis a point s
containedn theregion R formedby the chordpq andthe circulararc connectingp andq
andnot containingr, seeFigure10.19. Considerthe othertriangleincidentto edgepaq. If
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Figure 10.18 Thetwo triangulationof a corvex quadrilateral.

p

Figure 10.19 A triangle A(p, g, r) with non-emptycircumcircle.Region R is shovn shaded.

thethird vertex of thistriangleis alsocontainedn R, we have identifiedthe desiredpair of

triangles.If thethird vertex, sayt, is outsideR thens is alsocontainedn the circumcircle
of triangleA(p, g, t) ands is closerto A(p, g, t) thanto A(p, q, r). Here,thedistanceof a
pointto atriangleis thedistanceo the closespoint of thetriangle. We repeatheargument
with triangle A(p, g, t) andpoints. After afinite numberof stepswve mustarrive atthefirst

case.

We have now shavn thatary triangulationthatis not Delaunaycontainsa corvex quadri-
lateralformedby two adjacentrianglessuchthatthe triangulationof this quadrilaterals
not Delaunay The deletionof the commonedgeof bothtrianglesandtheinsertionof the
otherdiagonalof the quadrilateralis called a diagonal-flip or simply flip. A flip makes
thetriangulationlocally Delaunayandalsodecreasethe sumof theradii of the circumcir
clesof all triangles.We have thusarrived at the so-calledflipping algorithmfor Delaunay
triangulations:
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T = sometriangulation;

while (T is notDelaunay)

{ find apair of adjacentrianglesthatform a corvex quadrilaterabndwhosetriangula-
tion is not Delaunay;

flip thediagonalof the quadrilateral;

Thealgorithmterminatesinceeveryflip reduceghesumof theradii of all circumcircles
and henceno triangulationcan repeat. The maximal numberof flips performedby the
flipping algorithmis © (n?). We askyou in the exercisedo constructaworstcasepoint set.
Theupperboundfollows from thefactthatoncea segmentpqis flipped away it will never
bereintroducednto thetriangulation.Theflipping algorithmis dueto Lawson([Law72]).

For pointsin corvex positiorf thereis alsoa so-calledfurthestsite Delaunaytriangula-
tion. In afurthestsite Delaunaytriangulationof a setSthe circumcircleof ary trianglehas
nopointof Sin its exterior. Theflipping algorithmcanalsobeusedto construcfurthestsite
Delaunaytriangulation.We startwith anarbitrarytriangulationof a setof pointsin corvex
positionandflip aslong asthe triangulationis not furthestsite Delaunay Of course this
timewe flip thediagonalof a corvex quadrilateralf thethird vertex of the othertriangleis
outsidethe circumcircle.

Whenit is necessaryo emphasizahe differencebetweenordinary Delaunaytriangu-
lations andfurthestsite Delaunaytriangulationswe call the former nearessite Delaunay
triangulations Somealgorithmswork for nearesandfurthestsite Delaunaytriangulations.
In thesealgorithmswe usethe enumeratiortype

enum delaunay voronoi kind { NEAREST, FURTHEST };

definedin LEDA/geaglobalenums.hto distinguishbetweenthe two kinds of triangula-
tions.

As in the precedingsectionwe usethe type GRAPHPOINT, int> to representrian-
gulations. For every nodev of G the associateghoint is given by G[v]. For every edge
e of G, G[€] is an integer in the enumerationtype delaunayedcgeinfo. In the Delau-
nay triangulationall hull dartsare labeledHULL _DART, and every otherdartis labeled
either DIAGRAM_DART or NON_DIAGRAM_DART. A non-hull dart is labeled DIA-
GRAM_DART if the circumcirclesof the trianglesincidentto it are distinct andis la-
beled NON_DIAGRAM_DART otherwise. The reversalsof hull dartsare labeledDIA-
GRAM _DART.

Thefunctions

void DELAUNAY TRIANG( const 1ist<POINT>& L, GRAPH<POINT,int>& G);
void F_DELAUNAY TRIANG(const list<POINT>& L, GRAPH<POINT,int>& G);

computethe nearessite andthe furthestsite Delaunaytriangulationof alist L of points.

4 A setSof pointsis in convex positionif every pointin Sis avertex of the corvex hull of S.
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10.4.2 TheFlipping Algorithm
We turn the flipping algorithminto a progran?. The flipping algorithmworks for nearest
andfurthestsite Delaunaytriangulations.

We assumehatwe startwith atriangulationG in whichall hull dartsarelabeledwith the
labelHULL DART andin which all otherdartshave a label differentfrom HULL DART.
The algorithm terminateswith a Delaunaytriangulationand returnsthe numberof flips
performed.For furthestsite triangulationswe assumdurther thatthe verticesof G arein
corvex position.

The algorithm maintainsa set S of dartswhich may potentially violate the Delaunay
property Initially, S consistsof onedartin eachuedgeof G. The algorithmterminates
whenSis empty As longasSis non-emptyanarbitrarydarte of Sis chosenlf it violates
the Delaunayproperty aflip is performed.

We definetheinteger f to be +1 if we areaimingfor a nearessite diagramandto be
—1if we areaimingfor afurthestsite diagram.It will beusedin thetestfor the Delaunay

property

(flip_delaunayc)=

int DELAUNAY_FLIPPING(GRAPH<POINT,int>% G, delaunay_voronoi_kind kind)
{

if (G.number_of_nodes() <= 3) return O;
int £ = ( kind == NEAREST ? +1 : -1);
list<edge> S;
edge e;
forall_edges(e,G) if ( index(e) < index(G.reversal(e)) ) S.append(e);
int flip_count = 0;
while ( !S.empty() )
{ edge e = S.pop();
edge r = G.reversal(e);
(ched e for the Delaunaypropertyandflip if necessary

}

return flip_count;

Let e be a dart of the currenttriangulation. If e is a hull dartor the reversalof a hull
dart,thenno actionis requiredashull dartsbelongto every Delaunaytriangulation.If e is
notahull dart,defineedges, e;, andes, andpointsa, b, ¢, andd asin Figure10.20;r is
thereversalof e, e is the facecycle successoof r, e; is the facecycle successoof e, a
andb aresourceandtamgetof e;, andc andd aresourceandtargetof e;. Thequadrilateral
(a, b, c, d) is corvex if andonly if theinterior anglesat verticesa andc arelessthan18(,
i.e.,if (d, a, b) and(b, c, d) areleft turns.

5 Theprogramdelaunayflip_animin LEDAROOCT/book/Geoanimateghe algorithm.
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Figure10.20 Theedges, r, e, &, €3, andey, andthe pointsa, b, ¢, andd.

(ched e for the Delaunaypropertyandflip if necessan=
if (G[e] == HULL_DART || G[r] == HULL_DART) continue;

G[e] = DIAGRAM_DART;
G[r] = DIAGRAM_DART;

// el,e2,e3,ed4: edges of quadrilateral with diagonal e
edge el = G.face_cycle_succ(r);

edge e3 = G.face_cycle_succ(e);
// flip test

POINT a = G[source(el)];

POINT b = G[target(el)];

POINT c = G[source(e3)];

POINT d = G[target(e3)];

if ( left_turn(d,a,b) && left_turn(b,c,d) )
{ // the quadrilateral is convex

(ched circle propertyandflip if necessary
}

Assumenow thatthequadrilaterala, b, c, d) is corvex. Thetriangulationis locally Delau-
nayif d doesnotlie insidethecircle definedby (a, b, ¢), andcanbeimprovedby aflip if d
liesinsidethecircle. For thefurthestsite triangulationthe situationis reversed.Thetest

side_of_circle(a,b,c,d)

returns
+1 if dis left of the orientedcircle througha, b, andc,
0 if |[{a, b, c}| < 2 ord liesontheorientedcircle througha, b, andc,
—1 if d is right of the orientedcircle througha, b, andc.

Letsoc= f - sideof_circle(a, b, c, d). If socis zero,thefour pointsareco-circular and
noflip is required.However, e andr haveto berelabeledvith NON_DIAGRAM_DART. If
socis positive,d liesinsidethecircumcircleof thetriangle(a, b, ¢) (outsidefor furthestsite
triangulationsandaflip is required.Let e; ande, betheothertwo edgesf thequadrilateral
(a, b, c, d). Wemove e andr to theotherdiagonalof the quadrilateral More preciselywe
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inserte after e, into A(source(e;))® andmake source(ed) the target of e, andwe insertr
afterey into A(souice(es)) andmalke source(e?) thetargetof r. We alsoaddall four sides
of the quadrilaterako S to make surethattheir Delaunaypropertyis rechecled. Obsene
thatflipping e may affect the “Delaunay-nessbf the sidesof the quadrilateral.

(ched circle propertyandflip if necessary=
int soc = f * side_of_circle(a,b,c,d);

if (soc == 0) // co-circular quadrilateral(a,b,c,d)
{ G[e] = NON_DIAGRAM_DART;

G[r] = NON_DIAGRAM_DART;
¥

if (soc > 0) // flip
{ edge e2 = G.face_cycle_succ(el);
edge e4 = G.face_cycle_succ(e3);

S.push(el);

S.push(e2);

S.push(e3);

S.push(e4);

// flip diagonal
G.move_edge(e,e2,source(ed));
G.move_edge(r,e4,source(e2));
flip_count++;

In orderto constructhe Delaunaytriangulationfor a setof pointswe first triangulatethe
setof pointsandthencall the flipping algorithmto turn the triangulationinto a Delaunay
triangulation.

In the caseof the furthestsite Delaunaytriangulationwe first extractthe verticesof the
corvex hull, thenconstructa triangulationof them,andfinally usetheflipping algorithmto
obtainafurthestsite Delaunaytriangulation.

(flip_delaunayc)+=

int DELAUNAY_FLIP(const 1list<POINT>& L, GRAPH<POINT,int>& G)
{ TRIANGULATE_POINTS(L,G);

if (G.number_of_edges() == 0) return O;

return DELAUNAY_FLIPPING (G,NEAREST);
}

int F_DELAUNAY_FLIP(const list<POINT>& L, GRAPH<POINT,int>& G)

{
1ist<POINT> H = CONVEX_HULL(L);
TRIANGULATE_POINTS(H,G);
if (G.number_of_edges() == 0) return O;
return DELAUNAY_FLIPPING(G,FURTHEST);

6 Recallthatfor anodev, A(v) is the counterclockwiseorderedcyclic list of dartsout of v.
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10.4.3 Verifying DelaunayTriangulations
Thefunction

bool Is Delaunay Triangulation(const GRAPH<POINT,int>& G,

delaunay voronoi kind kind);

checkswhetherG is a Delaunaytriangulationof the pointsassociatedvith its nodes.The
flag kind allows usto choosebetweemearestandfurthestsitediagrams.

Let S bethesetof pointsassociatedavith thenodesof G. G is a Delaunaytriangulation
of S, if G is atriangulationandeverytriangleof G hasthe Delaunayproperty

Thus the implementationis simple. First we checkwhetherG is a triangulation. If
the affine dimensionof Sis lessthan? this suflices;the affine dimensionis lessthan?2 if
m = 2n — 2. Otherwise we walk over all edges.If an edgeseparateswo trianglesthat
form a corvex quadrilateraive checkthe Delaunayproperty

(delaunaychek.c)+=

static bool False(const string& s)
{ cerr << "Is_Delaunay_Triangulation: " << s; return false; }

bool Is_Delaunay_Triangulation(const GRAPH<POINT,int>& G,
delaunay_voronoi_kind kind)
{ if ( !Is_Triangulation(G) ) return False("G is no triangulation'");
if (G.number_of_edges() == 2*G.number_of_nodes() - 2) return true;
(ched Delaunayproperty)

return true;

}

where

(ched Delaunayproperty =
edge e;
edge_array<bool> considered(G,false);
forall_edges(e,G)
{ if (!'considered[e])
{ // check the faces incident to e and reversal(e)
considered[e] = considered[G.reversal(e)] = true;

POINT a = G[source(e)];

POINT b = G[target(G.cyclic_adj_pred(e))];

POINT c = G[target(e)];

POINT d = G[target(G.face_cycle_succ(e))];

if (left_turn(a,b,c) && left_turn(b,c,d) &&
left_turn(c,d,a) && left_turn(d,a,b) )

{ // the faces to the left and right of e are bounded

int s = side_of_circle(a,b,c,d);

/* +1 for inside, -1 for outside */
if ( (kind == NEAREST && s > 0) || (kind == FURTHEST && s < 0) )
return False("violated Delaunay property");
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K n Flipping Guibas-Stolfi Dwyer Check
S 20000 26.4 17.36 8.57 25.63
S 40000 56.89 37.45 17.44 51.66
S 80000 122.1 79.61 36.35 102.7
D 20000 26.13 17.22 8.71 2553
D 40000 56.28 371 17.62 51.09
D 80000 120.8 78.49 36.92 102.7
C 20000 14.66 10.6 11.09 27.72
C 40000 29.74 21.73 22.89 55.87
C 80000 60.74 4455  45.29 111

Table 10.4 Therunningtimesof Delaunaytriangulationalgorithms.Thefirst columndesignates
thekind of input (S for randompointsin asquareP for randompointsin adisk, C for random
pointsnearacircle), andthe othercolumnsshav the numberof points,therunningtime of the
flipping algorithm,the runningtime of the algorithmof GuibasandStolfi, the runningtime of

the algorithmof Dwyer, andthetime to verify the correctnessf theresult,respectrely.

10.4.4 Other Algorithmsfor DelaunayTriangulations

The flipping approachyields a simple but not the most efficient Delaunaytriangulation
algorithm. Thereare O(nlogn) algorithmsbasedon sweeping[For87], on divide-and-
conquer[GS85,Dwy87], and on randomizedncrementalconstruction[BT93]. The pa-
per[SD97] comparesnary Delaunayalgorithms.

In LEDA thedivide-and-conquealgorithmsof GuibasandStolfi andof Dwyer areavail-
able. Table10.4shavs anexperimentalcomparisorof the flipping algorithmwith thetwo
divide-and-conquealgorithms.The algorithmof Dwyer is consistentlythe bestandthere-
fore we useit asour defaultimplementationFor thefurthestsite diagramwe only have the
flipping algorithm.

(delaunayc)=

void DELAUNAY_TRIANG(const 1ist<POINT>& L, GRAPH<POINT,int>& G)
{ DELAUNAY_DWYER(L,G); }

void F_DELAUNAY_TRIANG(const list<POINT>& L, GRAPH<POINT,int>& G)
{ F_DELAUNAY_FLIP(L,G); }

10.4.5 DelaunayDiagrams
TheDelaunaytriangulationof asetSis in generahotunique,e.g.,if Sconsistof the cor
nersof a squarepor moregenerallyof four co-circularpoints,thenbothtriangulationsof S
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Figure 10.21 st is essentiabut st is not.

Figure 10.22 An essentiasegmentst with its disk D andanedgee = (a, b) of aDelaunay
triangulationintersectingst.

areDelaunay We now characterizéhe segmentghatbelongto all Delaunaytriangulations.
Let s andt betwo distinctpointsin S. A sggmentstis calledessentialf thereis a closed
disk D with SN D = {s,t}. In otherwords,thereis a circle passinghroughs andt such
thats andt aretheonly pointsof S containedn the closureof thecircle, seeFigure10.21.
We have

Lemma 7 Let S be a finite setof pointsin the planeandlet s andt bedistinctpointsin S.
Thesegmentstis essentialf andonly if it belongsto every Delaunaytriangulationof S,
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Figure 10.23 ThediscsDg, Dp, andD.

Proof Wefirst shav thatessentiasegmentsbelongto all Delaunaytriangulations Assume
otherwise sayst is essentiabut doesnot belongto someDelaunaytriangulationT. Then
st cannotbe an edgeof the corvex hull of S becauseary suchedgebelongsto every tri-
angulation. The opensagmentst is thereforecontainedn the interior of corv S. Imagine
travelling alongthe segmentst from s to t. In thevicinity of s the segmentst runsinside
sometriangleof T andin thevicinity of t it runsinsidesomeothertriangleof T. We con-
cludethatthe sggmentst mustintersectanedgee = (a, b) of T. Sincestis essentiathere
is acloseddisk D with SN D = {s,t}. Leta andb’ betheintersection®f the boundary
of D with edgee, seeFigure10.22. Thefour pointsa’, s, b/, andt form the cornersof a
cornvex quadrilateralandare co-circular This impliesthatany closeddisk containingthe
sggmenta’b’ mustalsocontaineithers ort. Considemext ary of thetrianglesof T incident
toe. Thecircumcircleof thistrianglecontaingheseggmenta’t’ in its interiorandhencealso
containseithers or t in its interior. Thetriangleis thereforenot Delaunaya contradiction.
This provesthatessentiaekdgesarepartof every Delaunaytriangulation.

To show the corverseconsidera non-essentiadeggmentst. We will constructa Delaunay
triangulationthatdoesnot containst Let T beary Delaunaytriangulationof S. If stis not
anedgeof T we aredone.Otherwise considerthetwo trianglesA andA’ incidentto stin
T; it is easyto seethat st is not a hull edgeandhencethetwo trianglesexist. Let a andb
be the third verticesof A andA’, respectiely. If thefour pointss, a, t, b areco-circular
thenwe may replacest by ab andstay Delaunay So,assumehatthe four pointsare not
co-circular Thenb is outsidethe closeddisk D, having s, a, andt on its boundaryanda
is outsidethecloseddisk Dy, having s, b, andt onits boundaryseeFigure10.23.Consider
thecloseddisk D having s andt onits boundaryandhaving its centeratthemidpointof the
centersof D, and Dy; all of D (exceptfor s andt) is containedn theinterior of D4 U Dy,
Thus,D N S C {s, t} andstis essentiala contradiction. O
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We cannow definethe Delaunaydiagram of a setS of points. It consistsof all essential
sgmentsdefinedby the pointsin S andis denotedDD(S). The Delaunaydiagramis a
subgraplof every Delaunaytriangulation. The Delaunaydiagramis a planargraphwhose
boundedacesare corvex polygonsall of whoseverticesare co-circular If no four points
of S areco-circularthenall boundedfacesare trianglesand the Delaunaydiagramis a
triangulation.

It is trivial to constructthe Delaunaydiagramfrom a Delaunaytriangulation. We only
haveto deleteall edgeghatarelabeledNON_DIAGRAM_DART.

(delaunayc)+=
void DELAUNAY_DIAGRAM(const 1list<POINT>& L, GRAPH<POINT,int>& DD)

{
DELAUNAY_TRIANG(L,DD) ;

list<edge> el;
edge e;
forall_edges(e,DD) if ( DD[e] == NON_DIAGRAM_DART) el.append(e);

forall(e,el) DD.del_edge(e);

For furthestsitediagramsheconstructioris completelyanalogousindthereforenotshowvn.

10.4.6 Verifying DelaunayDiagrams
We shav how to verify Delaunaydiagrams.Thefunction

bool Is Delaunay Diagram(const GRAPH<POINT,int>& G,
delaunay_voronoi kind kind);

checkswhetherG is a Delaunaydiagramof the pointsassociateavith its nodes.Theflag
kind allows us to choosebetweennearestand furthestsite diagrams.Let S be the setof
pointsassociatedavith the nodesof G.

It is clearly necessarythat G is a corvex subdvision in which the verticesof every
boundedface (= a facewhosefacecycle is a corvex counterclockwise polygon)are co-
circular Assumehisisthecase.ThenG is a Delaunaydiagramif anarbitrarytriangulation
of G is aDelaunaytriangulation.lt thereforesufficesto checkthe Delaunaypropertyof all
edgef G asin (ched Delaunayproperty).

(delaunayche&.c)+=
static bool False_IDD(const string& s)
{ cerr << "Is_Delaunay_Diagram: " << s; return false; }

bool Is_Delaunay_Diagram(const GRAPH<POINT,int>& G,
delaunay_voronoi_kind kind)
{
if ( 'Is_Convex_Subdivision(G) )
return False_IDD("G is no convex subdivision");
edge e;
edge_array<bool> considered(G,false);
forall_edges(e,G)
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{ if ('considered[e])
{ // check the face to the left of e

POINT a = G[source(e)];
POINT c = G[target(e)];
POINT d = G[target(G.face_cycle_succ(e))];

if ( left_turn(a,c,d) )
{ // face is bounded
CIRCLE C(a,c,d);
edge e0 = e;
do { considered[e] = true;
if ( !C.contains(G[source(e)]) )
return False_IDD("face with non-co-circular vertices");
e = G.face_cycle_succ(e);
} while (e '= €0 );
}
else
{ // face is unbounded
edge e0 = e;
do { considered[e] = true;
e = G.face_cycle_succ(e);
} while (e '= e0 );
}
}
}
{ (chedk Delaunayproperty) }
return true;

}

10.4.7 Applications
Delaunaytriangulationshave sereralusefulproperties We mentionthree:

e ForatriangulationT let u(T) bethesmallesinterior angleof ary trianglein T.
Delaunaytriangulationamaximize (T).

e Delaunaytriangulationgendto produce‘rounder” trianglesthanothertriangulations,
seeFigurel0.24,a propertydesirablefor numericalapplicationof triangulations For
example theinterpolationschemepresentedt the beginning of Section10.2is
numericallymorestableif thetriangulationcontainsno “skinny” triangles.

e TheEuclidianminimumspanningreeof asetSis atreeof minimumcostconnecting
all pointsin S, wherethe costof anedgeis its Euclidianlength. The Euclidian
minimumspanningreeis a subgraplof the Delaunaydiagram.

Thefunction
void MIN_SPANNING_TREE(const 1ist<POINT>& L, GRAPH<POINT,int>& T)

computeghe Euclidianminimum spanningtreefor the pointsin L. It first constructghe
DelaunaydiagramT for L, thenrunsthe minimum spanningtree algorithmon T, and
finally deletesall edgedrom T thatdo notbelongto the minimum spanningree.
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29 0

Figure 10.24 A Delaunaytriangulationanda triangulationproducediy sweeping.The
Delaunaytriangulationis shovn ontheleft. Thetrianglesin the Delaunaytriangulationare
“rounder” thanin thetriangulationby sweeping.Thefigure wasgenerateavith the
triangulationdemo(seeLEDAROQOT/demo/book/Geo).

-
(LW;

Figure 10.25 A pointsetandits Euclidianminimumspanningree. Thefigurewasgenerated
with the voronoidemoin xIman.

Exercisesfor 10.4
1  Show thattheflipping algorithm constructsa furthestsite Delaunaytriangulationfor a
setof pointsin corvex position.
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2  Extendthefunctionsfor checkingDelaunaytriangulationsandDelaunaydiagramssuch
thatthey alsochecktheedgelabels.

3 Write aprogramthattakesa Delaunaytriangulationanddrawsit into agraphicsvindow
For eachtrianglethe circumcircleshouldalsobedisplayed.

4  Considetthepoints(i,i?),0 < i < n. Shav thatthe Delaunaytriangulationof this point
sethasafan-like shape Show thattheflipping algorithmmayperforms (n?) flips when
startingwith the “oppositefan”.

5  (Euclidianminimumspanningree (EMST)) For a setS of pointsin the planeatreeT
of minimumcostconnectingall pointsin Sis calleda Euclidianminimumspanningree
of S. Thecostof anedgeis definedasits Euclidianlength.

a) Show thatevery edgeof an EMST is essential.(Hint: For anedgee with endpoints
a andb considerthe circle centeredat the midpoint of e and passingthrougha andb.
Assumethatit containsapointc € S\ {a, b}. Shov thata bettertreecanbeobtainedby
removing e andaddingeither(a, c) or (c, b).)

b) Concludefrom parta) thatan EMST is a subgraphof the Delaunaydiagram. Write
a programto computean EMST. Make use of programsfor Delaunaydiagramsand
minimum spanningrees.Try to work with the squaredengthof edgesnsteadof their
length.

6  ForatriangulationT let«(T) bethesortedtupleof all interior anglesof all trianglesin
T. ConsiderFigure10.18andlet T; andT; bethetwo triangulationshovn with T, being
Delaunay Shov thata(Ty) < «(T2) wherethe orderingon tuplesis the lexicographic
one. Considernext ary triangulationT of a set S thatis not Delaunayandlet T’ be
obtainedfrom T by adiagonalflip. Shav thata(T) < «(T’). ConcludethatDelaunay
triangulationamaximizethe smallestinterior angle.

7 Improve the implementatiorof the flipping algorithmby ensuringthat, for any pair of
dartsin a uedge,at mostoneis in S. Obsene thatwe ensurethis propertyonly at the
time of initialization. Doestherunningtime improve?

10.5 Voronoi Diagrams

We discussVoronoidiagrams.We definethemanddiscusgheir representatiotvy graphs.
We relatethemto Delaunaytriangulationsandshav how to obtainVoronoidiagramsrom

Delaunaytriangulations. Finally, we discussapplicationsandthe verificationof Voronoi

diagrams.

10.5.1 Definition and Representation

A structurecloselyrelatedto the Delaunaydiagramis the so-calledvoronoi diagram Let
S be a setof pointsin the plane. We will referto the elementof Sassites For ary point
p of theplanelet closg p) bethesetof sitesthatrealizethe closestdistancebetweenp and
thesitesin S, i.e.,s € closd p) if dist(s, p) < dist(t, p) forallt € S. In otherwords,there
is a circle with centerp passingthroughall pointsin closg p) andhaving no pointsof S
in its interior, seeFigure 10.26. For mostpoints p of the planeclosg p) consistof only a
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Figure 10.26 Sitesareshavn asdots. Thepoint p; hasi sitesin closgp;).

Figure 10.27 A Voronoidiagram.Thefigurewasgeneratedvith thevoronoidemoin ximan.

singlesite. For somepoints p, closg p) containstwo or moresites. Thesepointsform the
so-calledvoronoidiagramVvD(S) of S.

VD(S) = {p € IR% |closd&p)| > 2}.

Figure 10.27shaws a Voronoi diagram. The Voronoi diagramis a graph-like structure.
Its verticesareall points p with |clos€p)| > 3, its edgesare maximal connectedsetsof
points p with |clos€p)| = 2, andits facesare maximal connectedsetsof points p with

|clos€p)| = 1.

We derive somemorepropertiesof edgesandfaces.Considerany edgee of the Voronoi
diagram,andlet s andt bethetwo sitesof S suchthatclosgp) = {s, t} for all points p
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®,

Figure 10.28 TheVoronoiregion of d is theintersectiorof threeopenhalfspaced/R(d, a),
VR(d, b), andVR(d, c).

of e. Any suchp lies onthe perpendiculabisectorof s andt andhencee is a straightline
segmentcontainedn the perpendiculabisectorof s andt.

Considernext ary face f of the Voronoi diagramandlet s be the site of S suchthat
closgp) = {s} for all points p of f. Thendist(s, p) < dist(t, p) forallt € S\ {s} and
hencef is containedn theopenhalfplaneboundecdby the perpendiculabisectorof s andt
andcontainings. We useVR(s, t) to denotethis halfplane seeFigure10.28,andcall it the
halfplanewheres dominatesovert. We havejustshavnthat f C VR(s, t) forallt € S\ {s}
andhence

f CVR) == () VRGD.
teS\{s}
We evenhave equalitysincep € VR(s) impliesp € VR(s, t) forallt € S\ {s} whichin turn
impliesthat p is closerto s thanto ary othersitein S. We call VR(s) the Voronoi region of
sites. It is theintersectiorof openhalfspacegandhenceanopencorvex polygonalregion.
How arewe goingto represenyoronoidiagramsaNVe useplanemapsof type

GRAPH<CIRCLE,POINT>.

We definedthe VoronoidiagramVD(S) asasetof points.Weturnit into agraphG by plac-
ing a“vertex atinfinity” onevery unboundeadgeof VD(S)’” andby deletingthe portionof
the edgethatgoesbeyondthe vertex atinfinity, seeFigure10.29.A nodev of G haseither
degreeoneor degreethreeor more. We call v a nodeat infinity in the formercaseanda
propernodein thelattercase.

The nodeandedgelabelsgive informationaboutthe positionsof the nodeof G in the
planeandaboutthe VVoronoiregions:

e Everydartis labeledwith thesitewhoseregionliesto its left.

e Everypropernodev is labeledby acircle CIRCLEa, b, ¢), wherea, b, andc are

7 I all sitesarecollinearandhenceVD(S) consistf a setof parallellines, we puttwo verticesatinfinity on every
line.
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CIRCLE(C, b, b)

c |b
c o @b CIRCLED, ¢, d)

od

[ 2P CIRCLEa,c, ¢) CIRCLED, a, a)

VDS G

Figure 10.29 A Voronoidiagramfor a setof four sitesandits graphrepresentation.

distinctsiteswhoseregionsareincidentto v. Thecenterof this circle is the positionof
v in theplane.

e Everynodew atinfinity lies onthe perpendiculabisectorof two sitesa andb. We
labelv by CIRCLEa, x, b), wherex is anarbitrarypoint collinearto a andb (e.g.,a)
andv liesto theleft of the orientedseggmentfrom a to b.

Thefunction
void VORONOI(const 1ist<POINT>& L, GRAPH<CIRCLE,POINT>& VD);

computegheVoronoidiagramof thesitesin L in time O(nlogn).

Thereis alsoa so-calledfurthestsite Voronoi diagram, seeFigure10.30for anexample.
Its definitionis the sameasfor (nearessite) Voronoidiagramsexceptfor replacingclosest
by furthest.Forany point p letfurthest p) bethesetof sitesthatrealizethefurthestdistance
betweenp andthesitesin S, i.e., s € furthest p) if dist(s, p) > dist(t, p) forallt € S.
In otherwords,thereis a circle with centerp passinghroughall pointsin furthes{p) and
having no pointsof Sin its exterior. For mostpoints p of the planefurthest p) consistsof
only a singlesite. For somepoints p, furthes{p) containstwo or moresites. Thesepoints
form the so-calledfurthestsite VoronoidiagramFVD(S) of S.

FVD(S) = {p € R?; |furthestp)| > 2}.
Thefurthestsite Voronoiregion of asites is givenby

FVR(s) = (] FVR(,Ss).
teS\{s}
Only verticesof thecorvex hull have non-emptyregionsin thefurthestsite Voronoidigram.
Therulesfor the graphrepresentationf furthestsite diagramsarethe sameasfor nearest
sitediagrams.
Thefunction

void F_VORONOI(const 1ist<POINT>& L, GRAPH<CIRCLE,PQINT>& FVD);
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Figure 10.30 A furthestsite Voronoidiagram.The figure wasgeneratedvith the voronoidemo
in xlman.

computeghefurthestsite Voronoidiagramof the pointsin L.
We recommendhatthe readersexercisethe Voronoidemoin xImanbeforeproceeding.

10.5.2 The Duality betweenVoronoi and DelaunayDiagrams

Voronoidiagramsand Delaunaydiagramsare closelyrelatedstructures.In fact, eachone
of themis easilyobtainedfrom the other Let S be a setof sitesandlet VD(s) andDD(S)
be its Voronoi and Delaunaydiagram,respectrely. We shov how to obtain VD(S) from
DD(9).

(1) For every boundedface f of DD(S) thereis a vertex c(f) of VD(S) locatedat the
centerof the circumcircleof f.

(2) Consideranedgest of DD(S) andlet f; and f, bethefacesincidentto thetwo sides
of theedge.
a)If f; and f, arebothboundedthentheedgec( f1)c(f,) belongsto VD(S).
b) If f; is unboundedand f, is boundedthena ray with sourcec( f;) andcontained
in the perpendiculabisectorof s andt belongsto VD(S). It extendsinto the halfplane
containingtheunboundedace.
c) If f; and f, areunbounde8andhencef; = f,, thentheentireperpendiculabisector
of s andt belongsto VD(S).

8 Casec arisesonly if all sitesin Sarecollinear Thencases) andb) do notarise.



56 GeometryAlgorithms

Figure 10.31 A Voronoidiagramanda Delaunaydiagramfor the samesetof sites. This figure
wasgeneratedavith the voronoLdemoin xIman.

(3) That'sall.

Figure 10.31 shawvs a Delaunayand a Voronoi diagramfor the sameset of sites. Use
the Voronoi demoto constructyour own examples. The rulesabove are called a duality
relationbecausahey mapfaces(= 2-dimensionabbjects)into vertices(= 0-dimensional
objects),edgesinto edges,andverticesinto faces. The latter mapis implicit. Thereis a
correspondingetof rulesthatconstructthe Delaunaydiagramfrom the Voronoi diagram.
We leave themto the exercises.

Theorem 2 Therulesabove constructthe Voronoi diagramfromthe Delaunaydiagram.

Proof We proceedn two steps. We first show that everythingthatis constructedoy the
rules doesindeedbelongto the Voronoi diagramandin a secondstepwe shav that the
completeVoronoidiagramis obtained.

Considerary boundedace f of DD(S). Theverticesof f areco-circularandhencethe
circumcenterc(f) is apointwith |closgp)| > 3,i.e.,avertex of VD(S).

Considemext ary edgest of DD(S). View it asorientedfrom stot andlet f; and f, be
the facesto its left andright, respectiely. Assumefirst that f; and f, areboth bounded.
Thecentersc( 1) andc( f,) of thecircumcirclesof f; and f, bothlie onthe perpendicular
bisectorof s andt andary point betweenc(f1) andc(f,) is the centerof a disk D with
D N S= {s, t}, seeFigure10.32.Thus,c( f1)c( f2) is anedgeof VD(S).

Assumenext that f; is unboundedand f; is boundedj.e, stis a clockwisecorvex hull
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Figure 10.32 An edgee = (s, t) of DD(S), thetwo incidentfacesf; and f, andthe
circumcirclesof f; and f,. Eachpointontheopenline sgmentc( f1)c( f,) is thecenterof an
emptycircle passinghroughs andt.

Figure 10.33 st is a clockwisecorvex hull edgeandtheface f; to its right is bounded.

edge,seeFigure10.33. Thenthe sameargumentshows thattheray startingin c( f;), con-
tainedin the perpendiculabisectorof s andt, and extendinginto the left halfplanewith
respecto st belongsto VD(S).

Finally, if f; and f, arebothunboundedhenthe entireperpendiculabisectorof s andt
is anedgeof VD(S).

We have now shavn thattherulesabove construcionly featuresof the Voronoidiagram.
We shaw next thattheentireVoronoidiagramis constructedConsiderary edgee of VD(S),
sayseparatingheregionsVR(s) andVR(t). Thenclosgp) = {s, t} for everypointp € ¢,
i.e.,every p € e witnesseshatthe sgmentst is essentiabndhenceis anedgeof DD(S).
Imaginea disk centerecdat p andhaving s andt in its boundaryas p movesalonge. When
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p movesinto an endpointof e (e may have 0, 1, or 2 endpoints),clos€ p) grows to at
leastthreepoints,namelythe verticesof afaceof DD(S) incidentto st Thus,applyingthe
appropriateule 2a,2b, or 2cto styieldse. Moreover, applyingrule 1 to theboundedaces
incidentto st produceghe endpointsof e (if any). We have now shawvn thatall edgesof
VD(S) areconstructedndsinceevery vertex of VD(S) is incidentto atleastone (actually
three)edgewe have alsoshawn thatall verticesareconstructed. O

We next give the programthat constructsa Voronoi diagramfrom a Delaunaydiagram.
TheVoronoidiagramis emptyif the numberof sitesis lessthantwo. Soassumehatthere
areat leasttwo sites. We first determinea hull edge,thencreateall nodesof the Voronoi
diagramandfinally all dartsof the Voronoidiagram.We usean edgearrayvnodein order
to associatavith eachdarte of DD thenodeof VD thatliesin thefaceto theleft of e.

(voronoi.c=
void DELAUNAY_TO_VORONOI(const GRAPH<POINT,int>& DD,
GRAPH<CIRCLE,POINT>& VD)

{
VD.clear();

if (DD.number_of_nodes() < 2) return;

// determine a hull dart

edge e;

forall_edges(e,DD) if (DD[e] == HULL_DART) break;
edge hull_dart = e;

edge_array<node> vnode(DD,nil);

(DD to VD: createVoronoinode$

(DD to VD: createVoronoi darts)

We createthe Voronoinodesin two phases.We first createthe nodesat infinity andthen
the propernodes.

Thereis onenodeat infinity for eachhull dart. If e is ahull dartanda andb arethesites
associatedavith the sourceandtargetof e, respectiely, thenthelabelof the nodeat infinity
is CIRCLHKa, x, b), wherex is ary pointcollinearwith a andb. We usethe midpointof a
andb for x.

If eis notahull dartthenthereis a propernodev associateavith thefacecycle of e. We
labelv with CIRCLEKa, b, c), wherea, b, andc areary threeverticesof thefacecycle,and
associate with every dartof thefacecycle.

(DD to VD: createVoronoinodes$=
// create Voronoi nodes for outer face

POINT a = DD[source(e)];
do { POINT b = DD[target(e)];
vnode[e] = VD.new_node(CIRCLE(a,center(a,b),b));
e = DD.face_cycle_succ(e);
a = b;
} while ( e '= hull_dart );
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Figure 10.34 Tracingafacecyclein forward directiongenerateshe dartsincidentto thenode
dualto thefacein counterclockwiseorder

// and for all other faces

forall_edges(e,DD)
{ if (vnode[e]) continue;

edge x = DD.face_cycle_succ(e);
POINT a = DD[source(e)];

POINT b = DD[target(e)];

POINT ¢ = DD[target(x)];

node v = VD.new_node(CIRCLE(a,b,c));

vnodel[e] = v;

do { vnode[x] = v;
x = DD.face_cycle_succ(x);

} while( x != e );

We cometo theconstructiorof theVoronoidarts.Let e beadartof DD, letr beits reversal,
andlet p bethe point associatedavith the targetof e. The dartdualto e startsat the node
associateavith e, endsatthenodeassociateavith r, andis labeledby p.

We want to constructthe dartsincidentto any node of VD in their proper counter
clockwiseorder For the nodesat infinity this is no problemsincethey have degreeone.
We thereforeconstructhe Voronoidartsin two phasesWe first constructhe VVoronoidarts
out of the nodesat infinity andthenthe Voronoidartsout of the propernodes.Finally, we
link thetwo dartsin each. For eachdarte of DD we recordthe dartdualto it in the edge
arrayvedg.

Considera propernodew. It corresponds$o a boundedfaceof DD andhasoneincident
dartfor eachdartof thefacecycle. We constructhedartsin their propercounterclockwise
orderif we tracethefacecycle in forwarddirection,seeFigure10.34.
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(DD to VD: createVoronoidarts)=
edge_array<edge> vedge(DD,nil);
// construct Voronoi darts out of nodes at infinity

e = hull_dart;
do { edge r = DD.reversal(e);
POINT p = DD[target(e)];
vedge[e] = VD.new_edge(vnode[e],vnode[r],p);
e = DD.cyclic_adj_pred(r); // same as DD.face_cycle_succ(e)
} while ( e '= hull_dart );

// and out of all other nodes.

forall_edges(e,DD)
{ node v = vnodel[e];
if (VD.outdeg(v) > 0) continue;
edge x = e;
do { edge r = DD.reversal(x);
POINT p = DD[target(x)];
vedge[x] = VD.new_edge(v,vnode[r],p);
x = DD.cyclic_adj_pred(r);
} while ( x != e);

}

// assign reversal edges

forall_edges(e,DD)
{ edge r = DD.reversal(e);
VD.set_reversal(vedgel[e],vedgel[r]);

}

This completeghe constructionof Voronoi diagramsfrom Delaunaydiagrams.The con-
structionrunsin lineartime.

In orderto constructthe Voronoi diagramfor a setL of pointswe first constructthe
Delaunaydiagramandthenthe Voronoidiagramfrom the Delaunaydiagram.

(voronoi.c+=

void VORONOI(const 1ist<POINT>& L, GRAPH<CIRCLE,POINT>& VD)
{ GRAPH<POINT,int> DD;

DELAUNAY_DIAGRAM(L,DD);

DELAUNAY_TO_VORONOI (DD, VD) ;
}

Theconstructiorof furthestsite Voronoidiagramdrom furthestsite Delaunaytriangula-
tionsis completelyanalogous\We leave it to the exercises.

10.5.3 Verifying Voronoi Diagrams

Let G be a graphof type GRAPHCIRCLE POINT>. We wantto verify that G is the
Voronoi diagramof the sitesassociatedvith its nodes. The procedureo be describeds
fairly complicatedand we wishedwe hada simplerone. The procedures probablythe
leastelegantpieceof codecontainedn this book. We consideredo dropthis section,but
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decidedagainsit for two reasonsWe hadinvestedalot of timein it, andmoreimportantly
thecheckdiscoveredsereralmistales.

G mustsatisfythefollowing conditions:
e G isaCCWorderedplanemap.

e Thesiteinformationassociatedvith edgess consistenti.e.,if e and€e’ are
consecuire edgeson somefacecycle thenbothedgeshave the sameassociatedite.

e Thesitesassociateavith e andreversal(e) aredistinct.

e Call avertex whoseassociatedircle is non-degenerataon-trivial andcall it trivial
otherwise Every non-trivial vertex hasdegreeatleastthreeandeverytrivial vertex has
degreeone.

e Foreachnon-trivial vertex eachof thethreepointsdefiningtheassociatedircle is
associateavith oneof theincidentedgesandthe sitesassociateavith all incident
edgedie ontheassociatedircle.

e Eachtrivial vertex hasanassociatedircle of theform CIRCLEa, _, ¢), wherea andc
aredistinct. Let e betheuniqueoutgoingedge.ln a nearessite diagramthe site
associatedavith thefaceto theleft of e is ¢ andthe site associatedvith thefaceto the
right of e is a andin afurthestsite diagramtherolesof a andc areinterchanged.

e Foreveryedgee = (v, w) suchthatv andw arenon-trivial, the centersof thecircles
associateavith v andw aredistinct. Let p andq bethesecentersaandlet a bethesite
associatedvith e. In anearessitediagrama liesto theleft of thesegmentpq andin a
furthestsite diagrama liesto theright of the segmentpq.

e Eachfaceis a corvex polygonalregion andtheregionsassociatedavith thedifferent
sitespartitiontheplane.

In the implementationwe first checkthe first six conditionsandthendistinguishcases
accordingto whetherG is connectedr not. For thefirst item we wantto usethe function
IsCCWOrdered PlaneMap andthereforewe needto definethe edgevector function for
circle-points. Let e be anedgeandlet C and D be the circlesassociatedvith the source
andthetargetof e, respectiely. If bothcirclesarenon-dgenerateheedgevectoris simply
the vector from the centerof C to the centerof D. So assumehat one of the circlesis
degenerate.If D is degeneratehen D = CIRCLHa,_, ¢) and D representsa point at
infinity on the perpendiculabisectorof a andc andto the right of the line sgmentac.
Let m be the midpoint of a andc andlet a; be the point obtainedby rotatinga by 90°
in a clockwisedirectionaboutm. We may returnthe vectorm — a;. The casethatC is
degeneratés symmetric.
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(voronoi_ched: edge vectorfunction=

static VECTOR edge_vector(const GRAPH<CIRCLE,PQOINT>% G, const edge& e)
{ const CIRCLEZ C = G[G.source(e)];
const CIRCLEZ D = G[G.target(e)];
if ( D.is_degenerate() ) { POINT a = D.pointl1();
POINT ¢ = D.point3();
POINT m = midpoint(a,c);
return m - a.rotate90(m);
}
if ( C.is_degenerate() ) { POINT a = C.pointl1();
POINT ¢ = C.point3();
POINT m = midpoint(a,c);
return a.rotate90(m) - m;
}
// both circles are non-degenerate
return D.center() - C.center();

and

(voronoi_chek.c)+=
(voronoi_ched: edge vectorfunction)

static bool False_IVD(const string& s)
{ cerr << "Is_Voronoi_Diagram: " << s; return false; }

bool Is_Voronoi_Diagram(const GRAPH<CIRCLE,POINT>& G,
delaunay_voronoi_kind kind)
{ if ( G.number_of_nodes() == 0 ) return true;
node v,w; edge e;

if ( !'Is_CCW_Ordered_Plane_Map(G) )
return False_IVD("G is not CCW-ordered plane map");

forall_edges(e,G)
{ if ( G.outdeg(target(e)) != 1)
{ // e does not end at a vertex at infinity
if ( G[e] !'= G[G.face_cycle_succ(e)] )
return False_IVD("inconsistent site labels");
}
if ( G[e] == G[G.reversal(e)] )
return False_IVD("same site on both sides");

}

forall_nodes(v,G)
{ CIRCLE C = G[v];
if ( C.is_degenerate() )
{ // vertex at infinity
if ( G.outdeg(v) != 1)
return False_IVD("degree of vertex at inf");
edge e = G.first_adj_edge(v); edge r = G.reversal(e);
POINT a = C.point1(); POINT ¢ = C.point3();
if ( (kind == NEAREST) && (c != G[e] || a != G[r]) ||
(kind == FURTHEST) && (a!= G[e] || ¢ !'= G[r]) )
return False_IVD("vertex at inf: wrong edge labels");
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}

else
{ // finite vertex
if ( G.outdeg(v) < 3 )
return False_IVD("degree of proper vertex") ;
forall_adj_edges(e,v)
{ if ( 'C.contains(G[e]) )
return False_IVD("label of proper vertex");

}
for (int i = 1; i <= 3; i++)
{
POINT a = ( i == 1 ? C.pointl1() :
(i == 2 7 C.point2() : C.point3() ) );
bool found_a = false;
forall_adj_edges(e,v) if ( a == G[e] ) found_a = true;
if ( !'found_a ) return False_IVD("wrong cycle");
}

forall_adj_edges(e,v)
{ w = G.target(e);
if ( G.outdeg(w) == 1 ) continue;
if ( C.center() == G[w].center() )
return False_IVD("zero length edge");
int orient = orientation(C.center(),G[w].center(),G[el);
if ( kind == NEAREST && orient <= 0 ||
kind == FURTHEST && orient >= 0 )
return False_IVD("orientation");
}
}
}

if ( Is_Connected(G) )
{ (Gisconnected }
else
{ (Gisnotconnectedl }

return true;

WhenG haspassedill testsabove we canconstructa geometricobjectfrom it asfollows.
We assigna positionpogv) to eachnon-trivial vertex v anda segment,ray, or line geo(e)
to eachedgee. For a non-trivial vertex v let poSv) be the centerof the circle associated
with v. For anedgee = (v, w) let a andc be the sitesseparatedy e, i.e., oneof a and
c is associateavith e andthe otherwith reversal(e). If v is non-trivial thena andc lie on
thecircle associatedavith v andhencepoqv) lies onthe perpendiculabisectorof a andb.
Definegeo(e) asfollows. Firstassumehatv andw arebothnon-trivial. Thengeo(e) is the
sggmentdirectedfrom pogv) to pogw). Note thatthis segmenthasnon-zerolengthand
is part of the perpendiculabisectorof a andc. Next assumehatexactly oneof v andw
is non-trivial. Assumew.l.0.g. thatthetriple of pointsassociatedvith thetrivial vertex is
of theform (a,_, ¢). If w is trivial thengeao(e) is theray startingat pogv), runningalong
the perpendiculabisectorof a andc, andextendingto infinity to the right of the segment
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ac. If w istrivial thengeo(e) is theray endingin pogv), runningalongthe perpendicular

bisectorof a andc, andcomingfrom infinity to theright of thesegmentac. Finally, assume

thatv andw aretrivial andassumew.l.0.g. thatthetriple of pointsassociatedavith v is of

theform (a,_, ¢). Thengeo(e) is the bisectorof a andc orientedsuchthata liesto its left.
Now we distinguishcasesaccordingto whetherG is connectedr not.

G isconnected: Defineafacechainasaminimal sequencey, €y, ..., & of edgessuchthat
e ,1 isthefacecyclesuccessoof g foralli, 0 <i < k, andeithertarget(ex) = source(ey)
or souice(ey) andtarget(ey) have degreeone. We call facechainsof theformerkind closed
andfacechainsof thelatterkind open.All facechainsarestrictly corvex counterclockwise
oriented. Moreover, the raysgoingto infinity wind aroundthe origin onceand openface
chainscover only a half-circle. Thereis no needto checkthe seconchalf-sentenceasit is
implied by thefirst half-sentence.

Below, we first searchfor a vertex of degreeone andthen checkthe openfacechains
oneby one. Simultaneouslyve build thelist of all rays;notethatthey will wind clockwise
aroundthe origin. Having checledall openfacechainswe turnto the closedfacechains.

(G is connectefi=
cmp_edges_by_angle<GRAPH<CIRCLE,POINT> > cmp(G);
node v;
forall_nodes(v,G) if ( G.outdeg(v) == 1 ) break;

edge_array<bool> considered(G,false);
list<edge> rays;

edge e = G.first_adj_edge(v);
do { rays.push(e);

list<edge> D;
do { considered[e] = true;
D.append(e) ;
e = G.face_cycle_succ(e);
} while ( G.outdeg(source(e)) != 1);

if ( !'Is_C_Increasing(D,cmp) ) return False_IVD(": wrong order");
} while ( G.source(e) != v);

if ( !'Is_C_Nondecreasing(rays,cmp) )
return False_IVD("wrong order, rays");

forall_edges(e,G)
{ if ( !considered[e] )
{ edge €0 = e;
do { considered[e] = true;
if ( G.outdeg(target(e)) == 1)
return False_IVD("unexpected vertex of degree one");
e = G.face_cycle_succ(e);
} while ( e != e0);
if ( !'Is_CCW_Convex_Face_Cycle(G,e) )
return False_IVD("wrong order");
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We claim that we are doneat this point. Let us seewhy. Considerary facechain f. All
edgeson the boundaryof f have the sameassociatedite, say a, the circles associated
with all non-trivial verticesof f passthrougha, for eachedgee of f, geo(e) is partof the
perpendiculabisectorof a andthe site associatedvith the othersideof e, anda liesto the
left of gea(e) if kindis NEARESTandto theright of it if kindis FURTHEST Define

reg(f) = N H (a, siteof_reversale)),
e eis anedgeof f

whereb = siteof_reversal(e) is thesiteassociateavith thereversalof e andH (a, b) is the
halfplanedefinedby a andb andcontaininga if kind is NEARESTandnot containinga

otherwise.Thenreg( f) is a corvex polygonalregion which containsthe Voronoiregion of

sitea (sincein the definition of a Voronoiregion the intersectionis over all sitesdifferent
from a). We still needto show thattheregionspartitionthe plane.Considera point moving

in the planeandavoiding verticesof regions. Sucha pointis alwayscoveredby the same
numberof regions. Moreover, whenthe point travels alonga cycle atinfinity it is always
coveredby exactly oneregion sincethe raysof the diagramwind aroundthe origin once.
Altogetherwe have shavn thattheregionspartitionthe plane.

G is not connected: If G is not connectedt canonly be the Voronoidiagramof a setof
collinearsites.As suchit musthave thefollowing additionalproperties:

e All nodeshave out-degreeone.

e All sitesarecollinear

e No siteis associateavith threeedgesof G.

e Thenumberof distinctsitesis equalto m/2 4 1.

We shaw thattheseconditionssuffice. Clearly, the geometridnterpretatiorof G is a setof
parallelline segments.Consideitheplacementf thesitesontheircommonunderlyingline.
For eachsite s which is associateavith two edgesit is guaranteedhat the two adjacent
sites(= sitesfor which thereis anedgehaving s ononeof its sides)lie on oppositesidesof
s; thisfollows from thefactthatwe have alreadychecledthateachedgeincidentto atrivial
nodeseparateghe sitesit is supposedo separate We concludethat the conditionsabove
suffice.

(G is not connectef=

forall_nodes(v,G)
if ( G.outdeg(v) > 1 ) return False_IVD("degree larger than 1");

d_array<POINT,int> count(0);
int n_dual = 0;

edge e = G.first_edge();

LINE 1(G[e],G[G.reversal(e)]);
forall_edges(e,G)

{ if ( !l.contains(G[e]) )
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Figure 10.35 Thesmallestcircle enclosinga setof points. Thefigurewasgenerateavith the
voronoiLdemoin xlman.

return False_IVD("non-collinear sites");
int& pc = count[G[el];

if (pc == 0) n_dual++;
pct+t;
if (pc == 3) return False_IVD(": site mentioned thrice");

}
if ( n_dual != (G.number_of_edges()/2 + 1) )
return False_IVD(": two many sites");

10.5.4 Applicationsof Voronoi Diagrams
We discusssomeapplicationsof Voronoi diagrams. All of them areillustratedin the
voronoi-demaof xIman.

Extremal Circles: The smallestenclosingeircle for asetL of pointsis thecircle with the
smallestradiuscontainingall pointsin L, seeFigure10.35. The smallestenclosingcircle
is thebestapproximatiorof L by acircle. It is easyto seethatsuchacircle hasatleasttwo
pointsin L onits boundaryandhenceits centeries on the furthestsite Voronoidiagramof
L.

We concludethat the centerof the minimum enclosingcircle is eithera vertex of the
furthestsite diagram(andthen hasthreepointsin L on its boundary)or lies on an edge
of the furthestsite diagram(andthenis the circle of minimum radiuspassingthroughthe
two sitesdefiningthe edge). In this way eachedgeandvertex of the furthestsite Voronoi
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Figure 10.36 Thelargestemptycircle for a setof points. Thefigurewasgenerateavith the
voronoiLdemoin xlman.

diagramdefinesa candidatecircle. The minimum enclosingcircle is the smallestof these
circles.
Thefunction

CIRCLE SMALLEST ENCLOSING CIRCLE(const 1ist<POINT>& L);

computesa smallestenclosingcircle accordingto the strateyy just described.

Thelargestemptycircle for asetL of pointsis the circle with the largestradiuswhose
interior is void of pointsin L andwhosecenterlies inside the corvex hull of L, seeFig-
ure 10.36.We know of no goodmotivationfor consideringargestemptycircles. It is easy
to seethatsucha circle hasatleasttwo pointsin L onits boundaryandhenceits centerlies
onthenearessite Voronoidiagramof L.

We concludethatthe centerof thelargestemptycircleis eitheravertex of thenearessite
diagram(andthenhasthreepointsin L onits boundary)r liesonanedgeof thenearessite
diagram(andthenis the circle of maximumradiuspassingthroughthe two sitesdefining
the edgeandhaving its centerinsidethe corvex hull). In this way eachedgeandvertex of
the nearessite Voronoidiagramdefinesa candidatecircle. The largestemptycircle is the
largestof thesecircles.

Thefunction

CIRCLE LARGEST EMPTY CIRCLE(const list<POINT>& L);

computesa largestemptycircle accordingo the strateyy justdescribed.
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Figure 10.37 Theminimumwidth andthe minimumareaannulusfor a setof points. Thefigure
wasgenerateavith the voronoLdemoin xIman.

Theapplicationof Voronoidiagramso find enclosingandemptycirclesis dueto Shamos
andHoey ([SH75).

Minimum Width and Minimum AreaAnnuli: An annulusA is the region betweenwo

concentriccircles. Whenthe commoncenterof the circlesis a point atinfinity, anannulus
degenerateso a stripebetweenparallellines. Annuli areclosedsets. An annuluscovers
asetL of pointsif all pointsin L arecontainedn the annulus. The width of anannulus
is the differencebetweerthe radiusof the outercircle andthe radiusof theinner circle of

theannulug(in the caseof a stripethewidth is the distancebetweernthe two boundarieof

thestripe). Theareaof anannuluss the areaof theregion betweerthe outerandtheinner
circle (it is infinite in the caseof a stripeof non-zerowidth andis zeroin thecaseof astripe
of width zero). We areinterestedn computingminimumwidth andminimum areaannuli
coveringa givenset L of points, seeFigure 10.37for an example. Minimum width and
minimumareaannuliareusedto estimatethe “roundness’of a setof points.

It canbe showvn thatthereis alwaysa minimumannuluscoveringa givensetL of points
thatis either:

e theminimumwidth stripecoveringthe points,or

e apairof concentriccircleswhosecenteris eithera vertex of the nearessite Voronoi
diagram,or a vertex of thefurthestsite diagram,or anintersectiorbetweeran edgeof
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thenearessite diagramandan edgeof the furthestsite diagram.This obsenationwas
madein [SH75.

The ideafor the proof is asfollows. Consideran annuluscovering the pointsin L.
Clearly, if one of the boundariesdoesnot containa point in L thenthe annuluscan be
improved. Sobothboundariesnustcontainat leastonepointin L. If thetwo boundaries
togethercontaina total of four pointsof L thenthe centerof the annulusis eithera vertex
of onethe diagramg(if one boundarycontainsthreepointsandthe othercontainsone)or
anintersectiorbetweenedgedif both boundariesontaintwo points). Soassumehatthe
boundariesogethercontainlessthanfour points,saytherearetwo points p andq on one
of the boundariesand one pointr on the otherboundary Thenthe centerc lies on the
perpendiculabisectorof p andq. Let d beavectorin the directionof the perpendicular
bisectorandconsiderthe annulusA(e) with centerc + € - d andhaving p, g andr onits
boundaries.For small enoughe, A(e) coversL. Considerthe optimizationcriterion as
a function of ¢ and concludethat the centercan be moved eitherin the direction+d or
thedirection—d without increasinghe objective value. Move until a further point lies on
oneof the boundaries.For example,if the objective valueis the area,the areaof A(e) is
proportionalto

dist(p,c+ ¢ -d)? —dist(r,c+ e -d)?> =(p—c)> —(r —c)>+2e(p—r) - d,

i.e.,isalinearfunctionof e. If (p—r)-d # 0thentheannuluscanbeimprovedby moving
thecenterandif (p —r) - d = 0 thenthe centercanbe movedin eitherdirectionwithout
increasinghe areaof theannulus.

The two itemsabove suggest stratgy to computeminimum width andminimumarea
annuli. Onesimply checksall the candidatedisted. This resultsin quadraticalgorithms.
Thefunctions
bool MIN_AREA_ANNULUS(const 1ist<POINT>& L, POINT& center,
POINT& ipoint, POINT& opoint, LINE& 11);

bool MIN_WIDTH_ANNULUS(const 1ist<POINT>& L, POINT& center,
POINT& ipoint, POINT& opoint,
LINE& 11, LINE& 12);

computeminimum areaandminimumwidth annulicoveringthe pointsin L, respectiely.
Thefunctionsreturntrue, if theoptimalannulugs theregionbetweertwo circles,andreturn
falseif the optimal annulusis a stripe. In the former casethe centerof the annulusanda
pointontheinnerandtheoutercircle arereturnedn center, ipoint andopoint, respectiely.
In the latter casethe boundariesof the stripearereturnedin I1 and|2. In the caseof the
aminimumareaannulusa stripecanonly be optimalif it haswidth zero. Henceonly one
line is returnedn theformerfunction.

Both functions have quadraticrunning time and henceshouldbe usedonly for small
input size. Therearemuchfasteralgorithms:the minimum areaannuluscanbe computed
in linear time by linear programming([Sei9]]) andthe minimum width annuluscan be
computedn time O(n®>+<) by parametricsearch([AST94]).
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Figure 10.38 A setof pointsin theplaneandthe curve reconstructetty CRUST. Thefigure
wasgeneratedby the Voronoi-deman xlman.

CurveReconstruction: Thereconstructiorof acurvefrom asetof samplepointsis anim-
portantproblemin computewision. We describeareconstructioralgorithmdueto Amenta,
Bern,andEppsteifABE98]. Figure10.38shaws a point setandthe curvesreconstructed
by theiralgorithm.

Thepreciseproblemformulationis asfollows. Let F bea smoothcurvein the planeand
let S C F beafinite setof samplepointsfrom F. A polygonalreconstructiorof F is a
graphthatconnectsvery pair of samplesadjacentilongF, andno others.

ThealgorithmCRUST to bedescribedakesalist Sof pointsandreturnsagraphG. The
graphG is guaranteedo be a polygonalreconstructiorof F if F is sufficiently densely
sampledby S. Wereferthereadeito [ABE98] to thedefinitionof sufiicientdensesampling
density

Thealgorithmproceedsn threesteps:
e It first constructgheVoronoidiagramVD of the pointsin S.
e It thenconstructasetL = SU V, whereV consistf all properverticesof VD.

e Finally, it constructghe DelaunaytriangulationDT of L andmakesG thegraphof all
edgesof DT thatconnectpointsin L.

Thealgorithmis very simpleto implement.

9 In 1997the authorsattendech conferencewhereNina Amentapresentedhe algorithm. We weresupposedo
give a presentatiorof LEDA laterin theday We startecthe presentationvith ademoof algorithmCRUST.
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(crust.o+=
void CRUST(const 1list<POINT>& S, GRAPH<POINT,int>& G)

{
1list<POINT> L = S;

map<POINT,bool> voronoi_vertex(false);
GRAPH<CIRCLE,POINT> VD;

VORONQI(L,VD);

// add Voronoi vertices and mark them

node v;

forall_nodes(v,VD)

{ if (VD.outdeg(v) < 2) continue;
POINT p = VD[v].center();
voronoi_vertex[p] = true;
L.append(p);

DELAUNAY_TRIANG(L,G);

forall_nodes(v,G)
if (voronoi_vertex[G[v]]) G.del_node(v);

The programabove owesmuchof its eleganceto the factthatwe usegraphsto represent
Delaunaydiagramsand hencehave the full power of the graphdatatype availableto us.
Obsene that after having constructedhe Delaunaytriangulationof L in G, we treatG as
an“ordinary graph”. We simply deleteall auxiliary nodedrom it, a stepthatdoesnot make
sensenthelevel of Delaunaytriangulations.

10.5.5 Voronoi Diagramsof Line Segments

The Voronoidiagramof a setof point sitesunderthe Euclidianmetricis just oneinstance
in awide classof Voronoidiagrams.Otherdiagramsare obtainedby choosinga different
metricand/ora differentclassof sites.

Figure10.39shawvs a Voronoidiagramof line sggments.In sucha diagramthe sitesare
pointsandopenline sggmentstheendpointof everyline sggmentmustbelongto thepoint
sites.Theedgeof aVoronoidiagramof line segmentsarepartof angulaisectordetween
line sggmentspf parabolaandof linesperpendiculato segmentsat their endpoints.

Michael Seel[See9T haswritten a packageto computeVoronoi diagramsof line sey-
ments.It is availableasa LEDA extensionpackage.

TheVoronoidiagramof line segmentshasplayedanimportantrole in thedevelopmenbf
thenumbertypesin LEDA, seeSectiond.4. Ourfirst programfor Voronoidiagramsof line
sggmentsusedfloating pointarithmeticin a nave way andworkedonly for asmallnumber
of examples.The maindifficulty wasa correctimplementatiorof theincircle test. Obsene
thatthe coordinatesof Voronoi verticesare non-rationalalgebraicnumbersand hencethe
incircle testrequiresto computethe sign of certainalgebraimumbersThis computatioris
very errorpronewhenexecutedwith floatingpoint arithmetic.

In [Bur96, BMh94, BFMh97] we laid the theoreticalbasisfor an efficient and correct
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Figure 10.39 A Voronoidiagramof line sggments.Thefigurewasgeneratedavith Michael
Seels extensionpackagdor Voronoidiagramsof line segments.

signtestof simplealgebraicnumberswhichis usedin [BMh96] to implementthe number
typereal. Michael Seelusesthis numbertypein hisimplementation.

Exercisesfor 10.5

1

2

N

ConstructasetSwheretheVoronoidiagramcontainsno verticesand S hasatleastthree
points.Whatis the Delaunaydiagramof S?

Give the rulesfor obtainingthe Delaunaydiagramfrom the Voronoi diagramfor the
samesetof sites.

Write a programthat constructghe Delaunaydiagramof a set S givenits Voronoidia-
gram.

Write aprogramto computethe largestemptycircle.

Write a programto computethe smallestenclosingeircle.
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10.6 Point Setsand Dynamic Delaunay Triangulations

The classPOINT.SET? maintainsa setof pointsin the planeunderinsertionsand dele-
tions. It offersdictionaryoperationsnearesneighborqueries,pointlocationqueries,and

circular, triangularandrectangularangequeries.A point setis maintainedasa Delaunay
triangulationof its elementsand hencethe classmay equallywell be calleddynamicDe-

launaytriangulatiort!. Theclassis derivedfrom GRAPHPOINT, int> andhenceall graph
algorithmsandall operationgor graphsareavailablefor point seté?.

In this sectionwe will first give animpressiorof the functionality andthengive partof
theimplementationThefull implementatiorcanbefoundin [MN98]. We closethesection
with someexperimentaddata.POINT_SET Sareillustratedby the point. setdemoin xIman,
seeFigure10.40.

10.6.1 Functionality

Theconstructors
point_set T; // set of points
point_set T(list<point> L);
rat_point_set RT; // set of rat_points

rat_point_set RT(list<rat point> L);

createa point setfor the emptysetandthe setof pointsin L, respectiely. We mentional
alreadythat POINT_SET is derived from GRAPHPOINT, int>. Every instanceof class
POINT.SETis anembeddeglanarmap. The positionof a vertex v is givenby T.pogv)
andalsoby T[v] andwe use

S={T.pogw) | v e T}

to denotethe underlyingpoint set. Eachedgeis labeledby an elementin the enumeration
type delaunayedgeinfo definedin Section10.2. If thelist L in the constructorcontains
multiple occurrencesf equalpoints,only the lastoccurrenceof eachpointis retainedand
theothersarediscarded.

Thefunction

int T.dim()

returnstheaffine dimensiorof thepointset,i.e.,—1if Sisempty 0if Sconsistof only one
point, 1 if Sconsistof atleasttwo pointsandall pointsin Sarecollinear and2 otherwise.

Thefunctionslookup insertanddel give point setsthe functionality of a dictionary for
points

node T.lookup(POINT p)

10 Theinstantiationsarepointsetfor pointsandratpointsetfor ratpoints

11 |n anearlierversionof LEDA we calledthe classdelaunaytriang. We found, however, thatthetypical useof the
classemphasizethe queryoperationsandhencewe now find the namepoint setmoreappropriate.

12 Only constgraphoperationsndgraphalgorithmsshouldbe usedasothersmaydestrgy theadditionalinvariants
imposedby POINT_SET.
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{Lil Delaunay Diagram
mode insert | delste [[Tlocate | _nearest | range |

input [T point | segment | cirde | triang | rect |
display [Delaunay _Voronoi | MS Tree | ConvHull |
X grid |7 rand | ¥ lattice | _ clear | GraphWin | quit |
124.80 79.54

Figure 10.40 A screenshoof the point-set-demadn xlman. A locatequeryfor the highlighted
pointwasperformed.Theedgereturnedby thequeryis highlighted.

returnsanodev of T with T.poqv) = p, if thereis sucha node,andreturnsnil otherwise.
node T.insert(POINT p)

insertsp into T and returnsthe correspondinghnode. More precisely if thereis already
anodewv in T positionedat p (i.e., pogv) is equalto p) thenpogv) is changedto p
(i.e., pogv) is madeidenticalto p) andif thereis no suchnodethena new nodev with
pogv) = pisaddedo T. In eithercaseyp is returned.

void T.del(node v)

removesnodev, i.e.,makesT apointsetfor S\ {pogv)}.
We cometo pointlocationandneaestneighborqueries.Thefunction

edge T.locate(POINT p)
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performspoint location. It returnsa darte (nil if T hasno edge)suchthat p liesin the
closureof thefaceto theleft of e, seeFigure10.40.
Thefunctions

node T.nearest_neighbor (POINT p);
list<node> T.k nearest neighbors(POINT p, int k);

returnanodev of T thatis closesto p, i.e.,

dist(p, posv)) = min{dist(p, pogu)) ;ue T }
andthelist of themin(k, |S|) closestpointsto p, respectiely. The pointsin the resultlist
areorderedby distancdrom p. Onecanalsoaskfor the nearesneighbor(sjpf anode.

node T.nearest neighbor (node w) ;

list<node> T.k nearest neighbors(node w, int k);

returnanodev of T thatis closesto T[w], i.e.,
dist(p, pogv)) = min{dist(p, poqu)) ;ue T\ w }

andthelist of the min(k, |§| — 1) closestpointsto T[w], respectiely. The pointsin the
resultlist are orderedby distancefrom T[w]. Figure 10.41illustratesnearesineighbor
gueriesandthedeletionof nodes.

Thenext threefunctionsconcermrange queries

list<node> T.range search(const CIRCLE& C);

list<node> T.range search(node v,const POINT& b);

list<node> T.range search(const POINT& a,const POINT& b,const POINT& c);
list<node> T.range search(const POINT& a,const POINT& b);

returnthelist of pointscontainedn the closureof disk C, in theclosureof thedisk centered
at T[v] andhaving b in its boundary in the closureof the triangle (a, b, ¢), andin the
closureof therectanglewith diagonal(a, b), respectiely. Figure10.42illustratescircular
rangequeries.

list<edge> T.minimum spanning tree()
returnsalist of edgesof T thatcomprisea minimumspanningreeof Sand
void T.compute_voronoi (GRAPH<CIRCLE,POINT>& V)

computeshe Voronoi diagramV for the sitesin S. Eachnodeof V is labeledwith its
definingcircle andeachedgeis labeledwith thesitelying in thefaceto its left.

The classPOINT_SET also provides functionsthat supportthe draving of Delaunay
triangulationsPelaunaydiagramsandVoronoidiagrams For example,

void T.draw_nodes(void (*draw_node) (const POINT&))

callsdrawnodégpogv)) for everynodev of T.
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Figure 10.41 lllustrationof nearesheighborsearchinglusdeletion.We generatec point set
of 500randompointandthenperformedthefollowing operationaboutthirty times: Locatethe

nearesheighborof a pointin the centerof thescreeranddeleteit. Theresultingpoint setis
displayed.

10.6.2 Implementation
We startwith anoverview andexplain how pointsetsarerepresented.

(POINT.SETh)+=

class __exportC POINT_SET : public GRAPH<POINT,int>
{
private:

edge cur_dart;

edge hull_dart;

bool check; // functions are checked if true

// for marking nodes in search procedures
int cur_mark;
node_map<int> mark;

(handlerfunctionsfor animatior
(functionsto marknode$
{(auxiliary functions
public:
{public membeirfunctions
(public membeffunctionsfor cheding)

(inline functions
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Figure 10.42 We generated point setof 500 randompointsandthenperformeda circular
rangequery Thepointsreturnedby the queryarehighlighted.

We storea POINT_SET asa planarmapGRAPHPOINT, int> T plustwo edgescur.dart
andhullLdart. For eachnodev of T we storeits positionin the planein T[v] andfor each
edgee westoreits typein T[g]. Theedgetypeis anelemenbf theglobalenumeratiortype
delaunayedgeinfo definedin geaglobalenums.
enum delaunay.edge_info { DIAGRAM.EDGE = O, DIAGRAMDART = O,
NON_DIAGRAM EDGE = 1, NON_DIAGRAMDART = 1,

HULL_EDGE = 2, HULLDART = 2
X

Thedartsof T arelabeledasdefinedin Section10.4 on static Delaunaydiagrams. Hull
dartsarelabeledHULL DART and non-hull dartsare labeledeither DIAGRAMDART or
NONDIAGRAMDART. The former label is usedfor non-hull dartsthat belongto the
Delaunaydiagram.

In hulLdart we alwaysstorea dartof thecornvex hull andin cur.dart we storeanarbitrary
dartof thetriangulation.We usecur.dart asthe startingpoint for searches.

Many memberfunctionsof POINT_.SET comewith a checler. The booleanched con-
trols whethercheckingis doneor not.

Most query operationsrequiregraph searches.We usea nodemagxint> mark and an
integercur_markto markvisitednodesn thesesearchesMore preciselyanodev is marked
if marljv] == cur.markandin orderto unmarkall nodeswe increaseur markby one.We
startwith curmark equalto zeroandall nodemarksequalto —1 andhencethis solutionis
safeaslongascur.markdoesnotwraparoundby overflow. Overflow occursafterMAXINT
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searcloperationsAssumingthata querytakesat least100instructionsonecando at most
10° (about2??) queriesper second.Thusthe solutionwould work for at least2'? seconds
or aboutanhour. We concludethatwe shouldguardagainsthis error, in particular sinceit
will bevery difficult to locateonceit occurs. The solutionis simple. Whenezer cur.mark
reacheMAXINT we reinitialize.

(functionsto marknodes$=

void init_node_marks() { mark.init (*this,-1);
cur_mark = 0;

}
void mark_node(node v) const { ((node_map<int>&)mark)[v] = cur_mark; }

void unmark_node(node v) const
{ ((node_map<int>&)mark) [v] = cur_mark - 1; }

bool is_marked(node v) const { return mark[v] == cur_mark; }

void unmark_all_nodes() const
{ ((int&)cur_mark)++;

if ( cur_mark == MAXINT)

((POINT_SET*)this) -> init_node_marks(); //cast away constness
¥

Checking: We have two generakoutinesfor purpose®f checking:

o savestatgPOINT p) savesthecurrentstateof thedatastructureandthe point p
(whichis typically theagumentof a queryoperation)o afile, and

e chedstatdstringloc) checkshe stateof the datastructureandprints diagnostic
informationto cerr if anerroris found.

Checkingis controlled by the booleanflag ched, i.e., if ched is true, savestate and
chedcstate perform as described,and if ched is false they do nothing and ched<state
returnstrue.

A typical function F of classPOINT_SET hasa body of thefollowing form.

if ( check ) save_state(POINT p);
/* proper body of F */

if ( check && !check_state("POINT._SET::F") )
{ cerr << additional information ; }

Assumenow thatcheckis setto true andthatsomefunction F containsanerror. Theerror
will be caughtby ched state Sincethe statebeforethe executionof F was saved, the
erroris reproducible.We addedthis featureto POINT_SET becausen earlierversionof
POINT_SET containederrorswhich arosevery infrequently For example,atonepointwe
ranatestprogramfor morethananhourbeforeit failed.



10.6 PointSetsandDynamicDelaunayTriangulations 79

Auxiliary Functions: The function markedce is usedto assigna delaunayedgeinfo to
anedge. The call to markedge handleris for the purposef animationwhich we do not
discusshere.Readersénterestedn theanimationof thepointsetclassshouldread[MN98].

(auxiliary functions=
void mark_edge(edge e, delaunay_edge_info k)
{ assign(e,k);
if (mark_edge_handler) mark_edge_handler(e);
}

The Constructors: Theconstructorallow usto constructa point setfor eitherthe empty
setof pointsor for asetS of points.In thelatter casethe Delaunaytriangulationalgorithm
of Sectionl0.4isusedj.e.,anarbitrarytriangulations constructedy planesweepandthen
Delaunayflips are performedto obtaina Delaunaytriangulation. The work horsefor the
secondstepis amemberfunctionmaledelaunayE) thattakesalist of edgeqit is required
thatall edgesnotin E have the Delaunayproperty)andturnsthe currenttriangulationinto
a Delaunaytriangulation.

Locate: Thefunction
edge T.locate(POINT p)

is the basisfor all queryfunctions.It returnsanedgee of T (nil if T hasno edge)with the
following properties:

e If thereisanedgeof T containingp, suchanedgeis returnedIf p liesonthe
boundaryof the corvex hull thena hull dartis returnedlandnot thereversalof a hull
dart).

e |If pliesintheinteriorof afacef of T (if p liesoutsidethecorvex hull of S, f isthe
unboundedace)thenadartontheboundaryof f is returned.Thisdarthasp to its
left, exceptif all pointsin Sarecollinearand p lies ontheline passinghroughthe
pointsin S. In thiscasetarget(e) is thepointin S closestto p.

Theimplementatiorof locateis non-trivial. We thereforedefinea functionchedlocate
thatchecksthe outputof locate

(auxiliary functions+=

void check_locate(edge answer,const POINT& p) const;

Theimplementatiorof ched<locateis left to the reader;it canbe foundin [MN98]. We
turn to the implementatiorof locate We distinguishcasesaccordingto the dimensionof
thetriangulation.

(POINTSETq)+=

edge POINT_SET::locate(POINT p) const
{

if (number_of_edges() == 0) return nil;
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if (dim() == 1) { (locate:one-dimensionatase }

(locate:two-dimensionatase
}

If thedimensionis lessthanonewe returnnil.

Let usassumenext thatthe affine dimensionof Sis one. If p doesnot lie in the affine
hull of S, i.e., p doesnot lie on theline supportinghulLdart, we returneitherhulLdart or
its reversal.lIf p liesontheline supportinghulLdart we determinethe answery awalk in
thetriangulation.triangulations!valk througha triangulation

Weinitialize e to eitherhullLdart or its reversalsuchthat p lies in the halfspaceorthogo-
nal'® to e. We walk in the directionof e. Let e1bethefacecycle successoof e. As long
aselpointsinto the samedirectionase, i.e., is notthereversalof e, andcontainsp in the
halfspaceorthogonato it, we advancee to el

Thewalk endswhenelis eitherthe reversalof e or doesnot containp in the halfspace
orthogonatoit. In theformercasep liesone or target(e) is thepointin S closesto p and
in thelattercasep liesone. In eithercasewe maythereforereturne.

(locate:one-dimensionatase=

edge e = hull_dart;
int orient = orientation(e,p);

if (orient != 0) { if (orient < 0) e = reversal(e);
if (check) check_locate(e,p);
return e;
}

// p is collinear with the points in S. We walk
if ( !'IN_HALFSPACE(e,p) ) e = reversal(e);
// in the direction of e. We know IN_HALFSPACE(e,p)

edge el = face_cycle_succ(e);
while ( el != reversal(e) && IN_HALFSPACE(el,p) )

{e=el;
el = face_cycle_succ(e);
}
if (check) check_locate(e ,p);
return e;

We cometo the two-dimensionakase. Assumew.l.o.g that cur.dart is not a hull dart
(otherwisereplacecur.dart by its reversal).

If pis equalto the sourceof cur.dart, we aredoneandreturnthe reversalof cur.dart;
recallthatwe wantto returnahull dartif p lies onthe boundaryof the corvex hull.

So assumethat p is distinct from the sourceof curdart. The facecycle containing
curdart is a triangle sincecur.dart is not a hull dartand hencep eitherdoesnot lie on
the line supportingcur.dart or the line supportingfacecyclepred(cur.dart). Let e bethe

13 Thehalfspaceorthogonato e hasnormalvectore, hassource(e) in its boundaryandcontainsthetamyetof e. We
needthis definitiononly for this paragraph.
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Figure 10.43 In orderto locate p we walk alongthe segments from source(ep) to p; s
intersectghehalf-closuref thedartsey, ey, ..., &5, €y, ..., & aredirecteddownwards.

appropriatedart and assumethat p lies in the positive halfspacé® of e (replacee by its
reversalotherwise).

We walk alongtheray s startingin the sourceof e andendingin p, seeFigure10.43.We

will maintainthefollowing invariantduringthewalk:

p liesin the positive subspacavith respecto e.

s intersectghe half-closureof e, wherethe half-closureof e consistf theinterior of
e plusits source However, thetargetof thedartdoesnot belongto the half-closure.

(locate:two-dimensionatase=

edge e = is_hull_dart(cur_dart) ? reversal(cur_dart) : cur_dart;
if (p == pos_source(e) ) return reversal(e);
int orient = orientation(e,p);
if (orient == 0) { e = face_cycle_pred(e);

orient = orientation(e,p);

}

if (orient < 0) e = reversal(e);
SEGMENT s (pos_source(e),p);
while ( true )

{
if (is_hull_dart(e)) break;

(locate: determinghenext edge e or breakfromtheloop)
}

if (check) check_locate(e ,p);

((edge&) cur_dart) = e;
return e;

The while-loop performsthe walk. We distinguishcasesaccordingto whethere is a hull
dartor not. If eis ahull dart,we stopandreturne.

Otherwiselet e, e1, e; bethefacecycle of thetriangle F to theleft of e. We needto find

outwhetherthewalk endsin F or whetherwe areleaving thetrianglethroughe; or through

14 The positive halfspacewith respecto e is the halfspaceo theleft of the orientedline supportinge.
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Figure 10.44 A stepof thewalk throughthetriangulation:In theleft partof thefigure,c liesto
theright of s andin theright partit doesnot.

&. Let c bethecommonendpointof e; ande,. We distinguishcasesaccordingto whether
c liesto theright of s or not.

Assumefirst thatc lies to theright of s, i.e., s intersectghe half-closureof the reversal
el of &, seeFigure10.44.1f p liesto theleft of R, we replacee by e} andcontinue.If p
lieson eR, we returneR, andif p lies to theright of e} andhencein theinterior of F, we
returne.

Assumenext thatc doesnot lie to theright of s, i.e., s intersectghe half-closureof the
reversalell of e, seeFigure 10.44. If p lies to the left of eR, we replacee by et and
continue. If p liesonel, we returnef, andif p lies to the right of e} andhencein the
interior of F or on e, (thelattercasecanonly occurwhens passeshroughthe sourceof e
andp lieson &), we returne in theformercaseandey} in thelatter.

(locate: determinghenext edge e or breakfromtheloop)=

edge el = face_cycle_succ(e);
edge e2 = face_cycle_pred(e);

int 4 = ::orientation(s,pos_target(el));

edge e_next = reversal( (d < 0) 7 e2 : el );

int orient = orientation(e_next,p);

if ( orient > 0 ) { e = e_next; continue; }

if ( orient == 0 ) { e = e_next; break; }

if (d == 0 &% orient < 0 &% orientation(e2,p) == 0 ) e = reversal(e2);
break;

This completeghe descriptionof locate We still needto arguetermination.We clearly
make progresswhenthe new dart e intersectss closerto p thanthe old darte. It may,
however, be the casethat the intersectionsarethe same. In this situationthe new darte
formsasmalleranglewith s thantheold one.

Having locate we caneasilyimplementthe lookupoperation.
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€& € € €3

Figure 10.45 Thenodea liesin theinterior of dartey but infinitesimally closeto the source
nodeof ey. Thedartsey, €1, ... have p ontheir left andaredirecteddowvnwards.Theray s’
intersectnly theinterior of darts.

(POINT.SETq)+=

node POINT_SET: :lookup(POINT p) const
{ if (number_of_nodes() == 1) { node v = first_node();
return (pos(v) == p) ? v : nil;
}
edge e = locate(p);
if (pos(source(e)) == p) return source(e);
if (pos(target(e)) == p) return target(e);
return nil;

It took usalong time to comeup with the shortandelegantinnerloop for locategiven
above. Earlier attemptswerelongerandlesselegant(andsomewere plain wrong). Why
did we have suchdifficulties andhow did we finally arrive at the programgiven above?
Thedifficulties stemmedrom degeneraciesyve haddifficulties handlingthe casethatthe
ray s passeshroughsomenodeof the triangulationor even runson top of an edgeof the
triangulation. Underthe additionalassumptiorthat thereare no degeneraciesi.e., that s
entersandleavestrianglesthroughrelative interiorsof edgesijt waseasyto write a correct
program.We haddifficultiesextendingthe solutionto the casewheres entersand/orleaves
througha vertex. Our original solutionwas clumsybecauseve usedthe wealer invariant
that s intersectghe closureof e (andnot only the half-closureaswe statedabove). This
resultedn alengthycasedistinction.

The key to the simpler programwas a thoughtexperimentusing perturbation Recall
thatwe locate p by a walk throughthe triangulationstartingat the sourcenodeof some
dartey. Theideaof perturbations to simulatethewalk alonga perturbedray s’ thatstarts
in anodea thatlies in the interior of ey but infinitesimally closeto the sourceof ey, see
Figure10.45. The perturbeday will only passthroughtheinterior of darts(exceptmaybe
at p); it maypassnfinitesimally closeto thesourceof adartbut notinfinitesimally closeto
thetarget. We concludedhatsourcenodesof dartsplay a differentrole thantargetnodesof



84 GeometryAlgorithms

dartsandcameup with the conceptof the half-closureof a dart. Oncewe hadthe concept
of ahalf-closurewe arrivedat a correctprogramwithin anhour.

We closethis sectionwith a remarkaboutthe efficiency of locate Clearly, the running
time of locateis proportionalto the numberof dartsof the Delaunaytriangulationcrossed
by the sgments. Boseand Devroye [BD95] have shown that the expectednumberof
edgef aDelaunaytriangulationof randompointscrossedy aline sggmentof lengthl is
O(l/y), wherey is the pointdensity

Insert: Thefunction
node T.insert (POINT p);

insertsthe point p into T andreturnsthe correspondingnode. More precisely if thereis
alreadyanodev in T positionedat p (i.e., pogv) is equalto p) thenpogv) is changedo
p (i.e., pogv) is madeidenticalto p) andif thereis no suchnodethena new nodev with
pogv) = pisaddedo T. In eithercaseyp is returned.

We first defineour returnstatement

(insert::ched andreturnv)=

if ( check && !'check_state("POINT_SET::insert") )

{ cerr << "The point inserted was " << p;
exit(1);

}

return v;

andthengive an overviewn. We first dealwith the casethat T hasat mostonenode. If T
hasmorethanonenode,we locate p in the triangulation. Let e be the edgereturnedby
locate(p). If pis equalto anendpointof e, we replacethe endpointoy p andreturn.

Otherwise,we determinewhetherp lies on e andthendistinguishcasesaccordingto
the dimensionof the triangulationafter the insertion. The dimensionis oneif the current
dimensionis oneand p liesin theaffine subspacef S.

(POINT_SETc)+=

node POINT_SET: :insert (POINT p)
{ if ( check ) save_state(p);

node v;
(T haszeio or onenode

edge e = locate(p);
if (p == pos_source(e)) { assign(source(e),p); return source(e); }
if (p == pos_target(e)) { assign(target(e),p); return target(e); }

bool p_on_e = seg(e).contains(p);

if ( dim() == 1 && orientation(e,p) == 0 )
{ (dimensions oneaftertheinsertion }

(dimensioris two after theinsertion)
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Assumefirst that T hasat mostonenode. If T hasno node,we createa node,labelit
with p andreturnit, if T hasonenode,we eitherrelabelthis nodewith p or we createa
new nodewith label p andconnectt to the old node.

(T haszeio or onenode=

if (number_of_nodes() == 0)
{ v = new_node(p); (insert::chekandreturnv) }
if (number_of_nodes() == 1)
{ node w = first_node();
if (p == pos(w))
{ assign(w,p);
v = w;
(insert::chedk andreturnv)
}

else

{ v = new_node(p);
edge x = new_edge(v,w); edge y = new_edge(w,Vv);
mark_edge (x ,HULL_DART) ; mark_edge (y,HULL_DART) ;
set_reversal(x,y);
hull_dart = cur_dart = x;
(insert::chedk andreturnv)

If dimis oneand p liesin the affine hull of Stherearetwo cases.If p is on e thenwe
split e into two edgesandif p doesnot lie on e we simply addnew edgeshetweenp and
target(e).

(dimensionis oneaftertheinsertion=
v = new_node(p);
edge x = new_edge(v,target(e)); edge y = new_edge(target(e),v);
mark_edge (x ,HULL_DART) ; mark_edge (y ,HULL_DART) ;
set_reversal(x,y);
if (p_on_e)
{ x = new_edge(v,source(e));
y = new_edge(source(e),v);
mark_edge (x ,HULL_DART) ;
mark_edge (y ,HULL_DART) ;
set_reversal(x,y);
hull_dart = cur_dart = x;
del_edge(reversal(e));
del_edge(e);
¥

(insert::chedk andreturnv)

In theremainingcasethehull is guaranteetb betwo-dimensionaaftertheinsertion.We
now have to triangulatethe facethatcontainsp. p liesin theinterior of the corvex hull iff
eisnotahull dart.

If p liesin aboundedface(= triangle),we connectit to all (three)nodesof the face.
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Oneof the threenew trianglescould have heightzero. We madesurethat male delaunay
handleghis casecorrectly

If pliesintheouterfaceor onits boundarywefirst determinghesetof hull dartsvisible
from p by walking in both directionsalongthe hull startingin e. We call the two extreme
dartsreachedy thesewalkselande2 Wethenaddanedgefor eachvisible vertex, i.e. for
all verticesfrom target(el) to source(e?).

Thereis onesubtlepoint. It is importanthow tiesarebrokenwhen p lies on a hull dart.
Only onetriangle shouldbe addedto the triangulationand not three(the latter would be
the caseif we breakthetie in favor of the triangle incidentto the hull dart). In orderto
guarante¢hattiesarebrokencorrectly we have locatereturna hull dartif p doesnotlie in
theinterior of thetriangulation.

In the implementatiorwe retriangulatethe outerfaceand boundedfacesin a uniform
way; we addnew edgedor all nodesfrom target(el) to source(e2) for two dartselande2
In thecaseof aboundedacewe choosee1= e2= e andin the caseof theouterfacewe set
elande2to theextreme(tangent)dartsasdescribedabove.

(dimensioris two aftertheinsertion=

v = new_node(p);
edge el = e;
edge e2 = e;

list<edge> E;
bool outer_face = is_hull_dart(e);

if (outer_face)
{ // move el/e2 to compute upper/lower tangents
do el = face_cycle_pred(el); while (orientation(el,p) > 0);

do e2 = face_cycle_succ(e2); while (orientation(e2,p) > 0);
}
// insert edges between v and target(el) ... source(e2)
e = el;

do { e = face_cycle_succ(e);
edge x = new_edge(e,v);
edge y = new_edge(v,source(e));
set_reversal(x,y);
mark_edge (e ,DIAGRAM_DART) ;
E.append(e);
E.append(x);

} while (e !'= e2);

if (outer_face)

{ // mark last visited and new edges as hull edges
mark_edge (face_cycle_succ(el) ,HULL_DART) ;
mark_edge (face_cycle_pred(e2) ,HULL_DART) ;
mark_edge (e2,HULL_DART) ;
hull_dart = e2;

}

make_delaunay(E); // restores Delaunay property
(insert::chek andreturnv)
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Deletion: Thefunctions

void T.del(node v)
void T.del(POINT p)

remove the nodev andthe point p, respectiely, i.e., make T a Delaunaytriangulationfor
S\ {pogv)} andS\ p, respectiely.

The strateyy to remove a nodeis simple. Removal of a nodefrom theinterior of atwo-
dimensionatriangulation(of course the programalsohasto handletheremoval of anode
from a triangulationthatis not two-dimensionabr of a nodewhich lies on the boundary
of the corvex hull) createsa cavity in the triangulation. The cavity is retriangulatedn an
arbitraryway andthenmaledelaunayE) is calledto restorethe Delaunayproperty where
E is thesetof new edgesandthe setof edgesonthe boundaryof the cavity.

After this generaloutline we define our return statementand give an overview of the
deletionprocedure.

(del: chedk andreturn)=
if ( check && !check_state("POINT_SET: :del(node v)") )
{ cerr << "deleted the node with position " << pos(v);
exit(1);
}

return;

(POINT.SETq)+=

void POINT_SET: :del(node v)
{
if (v == nil) error_handler(1,"POINT_SET::del: nil argument.");
if (number_of_nodes() == 0)
error_handler (1,"POINT_SET::del: graph is empty.");

if (check) save_state(inf(v));

if ( dim() < 2 )
{
if ( outdeg(v) == 2)
{ node s = target(first_adj_edge(v));
node t = target(last_adj_edge(v));
edge x = new_edge(s,t); edge y = new_edge(t,s);
mark_edge (x,HULL_DART) ; mark_edge(y,HULL_DART) ;
set_reversal(x,y);

}

del_node(v);
cur_dart = hull_dart = first_edge();

(del: ched andreturn)

}
(remaoval of v froma two-dimensionatriangulation)

(del: ched andreturn)
}
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Figure 10.46 Theright partof thefigure shavs the effect of flipping theedgeqv, a), (v, ¢) and
(v, €).

If the dimensionof the triangulationis lessthantwo, the removal of v is trivial. If the
dimensionis zeroor thedimensioris oneandv is anextremenodeof thetriangulation(i.e.,
theoutdegreeof v is one),we simply remove v. If v hasoutdegreetwo, we connecthetwo
neighborof v by anew edgeandthendeletev. Of coursecur.dart or hulLdart couldhave
beenincidentto v andhencehave to be givennew values.

We cometo theinterestingcase theremoval of v from atwo-dimensionatriangulation.
We first discusghe casethatv liesin theinterior of thetriangulation.We will laterseethat
thesamestratayy alsohandleghe casewherev lies onthe boundaryof the corvex hull.

Removal of v createsa faceP thatis, in generalnot a triangle. It is only a triangleif
thedegreeof v is three. We needto retriangulatethis face. A naturalapproachwould be
to remove v andto retriangulateafter the removal of v. However, this approachdoesnot
exploit thefactthat P is a so-calledstar-shapedpolygonwith respecto v, i.e., thatv can
seeall verticesof P. We will exploit this fact asfollows in the retriangulationprocess.
We will shav below thatthereis alwaysanedgee incidentto v suchthatthe two triangles
incidentto v form a corvex quadrilateral. We “flip e away from v” by replacingit by the
otherdiagonalof thetriangle.In thisway thedegreeof v is decreasetly one.We continue
until thedegreeof v is three. At this point, v is removedandthe createdaceis atriangle,
seeFigurel0.46.

We now give the details. We needa slightly more generaldefinition of starshapedness
thanwasalludedto in the text above. The moregeneraldefinitionis neededo copewith
the casethatthreeor morepointsof Slie onacommonline.

We call apolygon P star-shapedwith respecto apointv if either:

e v liesin theinteriorof P andfor everyvertex p of P theopenline segmentvp is
containedn theinterior of P, or

e v liesin therelative interior of anedgee of P andfor everyvertex p of P thatis not
anendpointof e the openline segmentvp is containedn theinterior of P.

Lemma 8 Let P be a polygonwhich has at leastfour verticesand is star-shapedwith
respectto somepoint v. Thenthere are three consecutivererticesp, q, r of P sud that
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Figure 10.47 (p, q, r, v) formsacorvex quadrilateralIn the situationontheleft v will lie on
anedgeof P’ aftertheflip of edge(v, q) andin thesituationontherightit will still lie in the
interior of P’. Thequadrupleq, r, r’, v) doesnot qualify for aflip.

(v, p, q, r) formacorvex quadrilateral. In thisquadrilateral theangleat v maybeequalto
7. Theangleat v canbeequalto = onlyif v liesin theinterior of P, seeFigure 10.47.

Let P’ bethepolygonobtainedfrom P by replacingtheedges pq andqr bytheedge pr.
ThenP’ is starshapedwith respecto v.

Proof Considerary triangulationT of P. T consistof atleasttwo triangles.Sincethedual
of atriangulationis a treeandevery treehasat leasttwo leaves,theremustbe at leasttwo
trianglesin T whoseedgesconsisiof two consecuire edgef P plusthechordconnecting
the sourceof the first edgewith the target of the secondedgeandhencetheremustbe at
leastone suchtrianglewhich, in addition,doesnot containv in its interior. Considerone
suchtriangle,sayt, andlete; = (p, q) ande; = (q, r) betheedgesf P thatarecontained
in its boundary Since(p, g, r) is atriangleof T theangleatq is lessthanz.

Sincev is not containedin the interior of t, (v, p, q,r) forms a corvex quadrilateral.
In this quadrilaterathe anglesat p andr mustbelessthann sinceP is starshapedvith
respecto v. Also by the starshapednesshe angleat v canbeequalto = only if v liesin
theinterior of P.

P’ is clearly starshapedvith respecto v. O

Callanedgeincidentto v flipableif thetwo trianglesincidentto it form a corvex quadri-
lateral. As long asthereis aflipableedgeincidentto v flip it. Thelemmaabove guarantees
thatthe processloesnotterminatebeforev hasdegreethree.

How canwe find flipable edgesquickly? We scanthroughthe edgesncidentto v. Lete
bethecurrentedge.If eis notflipable,we advancee to the cyclic successoof e, andif eis
flipable,weflip it andsete to the cyclic predecessanf e.

Whendo we terminate AVe terminatewhenv hasdegreethree.Sincewe wantto usethe
sameproceduralsofor nodesonthehull we developamoregeneraterminationcondition.
We terminatewhenthedegreeof v reachesnindeg, wheremindeg is threefor nodesn the
interior andis two for hull nodes.We alsokeepa countercountwhichis alower boundon
thenumberof edgesout of v thatarecertainlynotflipable. We incremenicountwhenerera
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non-flipableedgeis found,we decrementountby two wheneveraflip is performedasthis
may make the two neighborsf theflipped edgeflipable,andwe terminateif countreaches
outdey(v).

Why is this correct?Call an edgecertified non-flipableif it hasbeentestedfor flipping
andits two neighborshave not changedsince.In the procedurgust outlinedthe edgeghat
are certified non-flipableare consecutie in the cyclic adjaceng list of v andcountis a
lower boundon their number This shavs correctness.

Therunningtime of retriangulatioris linearin theinitial degreeof v. Thisfollows from
the fact that the total decremenbf countis boundedby twice the initial degreeof v and
hencethetotal increaseof countis boundedoy thricetheinitial degreeof v.

We obtainthefollowing code.

(remaoval of v froma two-dimensionalriangulation)=
list<edge> E;
int min_deg = 3;
edge e;
forall_adj_edges(e,v)
{ E.append(face_cycle_succ(e));
if (is_hull_dart(e)) min_deg = 2;
}

int count = O;
e = first_adj_edge(v);

while ( outdeg(v) > min_deg && count < outdeg(v) )
{ edge e_pred = cyclic_adj_pred(e);
edge e_succ = cyclic_adj_succ(e);
POINT a = pos_target(e_pred); POINT c¢ = pos_target(e_succ);

if ( !right_turn(a,c,pos(v)) && right_turn(a,c,pos_target(e)) )
{ // e is flipable
edge r = reversal(e);

move_edge (e, reversal (e_succ) ,target (e_pred));
move_edge (r,reversal(e_pred) ,target (e_succ) ,LEDA: :before) ;

mark_edge (e ,DIAGRAM_DART) ;
mark_edge (r ,DIAGRAM_DART) ;
E.append(e);
e = e_pred;
count = count - 2;
if ( count < 0 ) count = 0;
}
else
{ e = e_succ;
count++;
}
}
if ( min_deg == 2 )
{ (adjustmarksof new hull dartsandtheir reversaly }
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cur_dart = E.head();

del_node(v);
make_delaunay (E) ;

We give somemoreexplanations.Thewhile-loop performstheretriangulation During the
retriangulatiorwe build up alist E of edgesvhoseDelaunaypropertyneedgo bechecled:
E consistsof all edgesin the boundaryof the cavity createdby the removal of v andall
edgesreatedduringretriangulation.

After retriangulatiorwe remove v andaddcall male delaunayE) torestoreheDelaunay
property

We alsohave to take careof curdart. It may have beenincidentto v. We setit to an
arbitraryedgein the boundaryof the cavity createdby theremoval of v.

This completeghe discussiorof the casewhenanodein theinterior of thetriangulation
is removed. We will next arguethatthe sameretriangulationstrateyy works whenv is a
nodein the boundaryof thetriangulation.

Again we flip edgesaway from v until no further edgesareflipable. Whenthis is the
case,the neighborsof v form a chainthatis concae asseenfrom v andhenceremoval
of v leavesuswith a triangulationof the remainingnodes.Remaoal of v alsoturnssome
dartsinto hull darts.Their labelshave to be changedo HULL DART andthe edgesof their
reversalhave to be changedo DIAGRAMDART. Thereis a small exceptionto the latter
rule, namelywhena reversalis a hull dartitself. Thiswill bethe casewhentheremoval of
v reduceghe dimensionof the triangulationfrom two to one.

(adjustmarksof new hull dartsandtheir reversalg =

edge e,x;
forall_adj_edges(e,v)
{ x = face_cycle_succ(e);
mark_edge (x,HULL_DART) ;
if ( !is_hull_dart(reversal(x)) ) mark_edge(reversal(x) ,DIAGRAM_DART);

¥
hull_dart = x;

NearestNeighbor Searching: Thefunctions

node T.nearest_neighbor (POINT p);
list<node> T.k nearest neighbors(POINT p, int k);

returnanodev closestto p, i.e., dist(p, pogv)) = min{dist(p, posu)) ;u € T }, andthe
list of the min(k, |§]) closestpointsto p, respectiely. The pointsin the resultlist are
orderedby distancerom p. Onecanalsoaskfor the nearesneighbor(spf anode.

node T.nearest neighbor (node w) ;
list<node> T.k nearest neighbors(node w, int k);

returna nodev differentfrom w thatis closestto T[w] andthelist of themin(k, |S| — 1)
closestpointsto T[w], respectiely.
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Thefollowing obsenation pavesthe way for a simplealgorithmfor both problemsand
is alsothe basisof therangequeryalgorithmsto be discussedh the next section.

Lemma9 Letsandt betwonodesofa DelaunaytriangulationT andletd betheir distance
Thenthereisapathfromstot in T sudithatall intermediatenodeshavedistancdessthan
d froms.

Proof We useinductionond. Let D bethediskwith radiusd centeredats. If st isanedge
of T, we aredone. Otherwiselet a andb be the two neighborsof t suchthatthe segment
st runsbetweenhe edgesta andtb of T. The pointsa, b, andt form atriangleof T. If
oneof a andb hasdistancdessthand from s, we canapply the inductionhypothesisand
aredone.Soassumetherwisej.e., neithera nor b liesin theinterior of D. The sggments
st andab interseci(sinces cannotlie in theinterior of thetrianglewith cornersa, b, andt)
andhence(s, a, t, b) is acornvex quadrilateral Thedisk D provesthatthe segmentab does
not belongto the Delaunaytriangulationof {a, b, s, t} andhencecannotbe anedgeof T.
O

The lemmasuggesta simple stratgy to find the k-nearesheighborsof p = T[v]. If
the numberof pointsin T is no morethank, we simply returnall nodesin T. Soassume
otherwise.We starta graphsearchstartingin v. We keepall reachedhodesin a priority
queueaccordingto their (squared)distancefrom v and always continuethe exploration
from anodewith smallestdistance Thelemmaabove guaranteethatthis strateyy explores
thenodesof T in orderof increasingdistancerom v.

(POINT_SETo)+=
#include <LEDA/p_queue.h>
list<node> POINT_SET: :nearest_neighbors(node v, int k) const

{ list<node> result;
int n = number_of_nodes();

if ( k <= 1 ) return result;

if (n+1<=k)

{ node w;
forall_nodes(w,*this) if ( w != v ) result.append(w);
return result;

¥

POINT p = pos(v);

unmark_all_nodes();

p_queue<RAT_TYPE,node> PQ;

PQ.insert(0,v); mark(v);

while (k > 0 )

{ pg_item it = PQ.find_min();
node w = PQ.inf(it); PQ.del_item(it);
if (w !'= v ) { result.append(w); k--; }
node z;
forall_adj_nodes(z,w)



10.6 PointSetsandDynamicDelaunayTriangulations 93

{ if ( !'is_marked(z) ) { PQ.insert(p.sqr_dist(pos(z)),z);
mark(z) ;
}
}
}

return result;

}

We cometo the casewherewe wantto searchHor the nearesheighborsof a point p. We
simplyinsertp into T andthenusethe procedureabove.

A smallcomplicationarisesfrom thefactthat p maylie onanodeof T. We testfor this
caseby performingalookupfor p. If p doesnotlie onanodeof v, we insertit. Of course,
it hasto removedagainaftercalling the procedureabove and p hasto beremovedfrom the
list of answers.

(POINT.SETq)+=

list<node> POINT_SET: :nearest_neighbors(POINT p, int k)
{ list<node> result;
int n = number_of_nodes();

if ( k <= 0 ) return result;
if ( n <= k ) return all_nodes();

// insert p and search neighbors graph starting at p

node v = lookup(p);

bool old_node = true;

if ( v == nil ) { v = ((POINT_SET*)this)->insert(p);
old_node = false;

}

else k--;
result = nearest_neighbors(v,k);

if ( old_node )
result.push_front(v);

else
((POINT_SET*)this)->del(v);

return result;

The nearesheighborof a nodev in a Delaunaydiagramis a nodeadjacento v. Thus
oneonly hasto find the minimum (squaredyistancebetweerwv andits neighboringnodes.

(POINT_SETc)+=

node POINT_SET: :nearest_neighbor(node v) const
{

if (number_of_nodes() <= 1) return nil;

POINT p = pos(v);
edge e = first_adj_edge(v);

node min_v = target(e);

while ((e = adj_succ(e)) != nil)
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n I NN NNA

50000 128.2 2.32 18.08

Table 10.5 We constructed point setof n randompointsin the unit squareandperformeda
nearesheighborqueryfor eachnodein thetriangulation.NN shows thetime for the function
neaestneighborandNNA shavs thetime with alternatve implementatiorof theinnerloop.
Columnl shaws thetime for then insertions. Thetablewasmadewith therationalkernel.

{ node u = target(e);
if ( p.cmp_dist(pos(u),pos(min_v)) < 0 ) min_v = u;

}

return min_v;

}

An alternative way to write theinnerloopis:

(alternativeinnerloop)=
node min_v = target(e);
RAT_TYPE min_d = p.sqr_dist(pos(min_v));

while ((e = adj_succ(e)) != nil)
{ node u = target(e);
RAT_TYPE d_u = p.sqr_dist(pos(u));
if ( d_u < min_d ) { min_v = u;
min_d = d_u;

}

Thisis muchslower, seeTable10.5. Why is the alternatve somuchslower; arent thetwo
programsdoingexactly the samething? Both programsomputethe squaredlistancerom
v to all its neighborsandfind the minimum.

The differenceis that the alternatve versioncomputesall squareddistancesexactly as
rationalnumbers® andfinds the minimum of theserationalnumbers.The original version
asksthe kernelto comparedistances. The kernel first computesfloating point approxi-
mationsto the squareddistancesand usesthemin the comparisons.If the floating point
approximatiorsufiicesto decidethe comparisonthe exactsquaredlistances never com-
putedandalot of work is saved.

RangeSearches: We havefunctionsfor circular, triangular andrectangularangesearches.

In orderto performacircularrangequerywith centerv we performa DFS startingat v.
Thesearchs restrictedio the nodesthatlie in thecircularrange.Correctnes$ollows from
Lemmas9.

15 We assumdor this paragraphihattherationalkernelis used.
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(POINT_SETc)+=
void POINT_SET::dfs(node s, const POINT& pv,

{

}

const POINT& p, list<node>& L) const
L.append(s);
mark_node(s) ;
node u;
forall_adj_nodes(u,s)
if (!is_marked(u) && pv.cmp_dist(pos(u),p) <= 0 ) dfs(u,pv,p,L);

list<node> POINT_SET::range_search(node v,const POINT& p) const

{

list<node> L;

POINT pv = pos(v);
unmark_all_nodes();
dfs(v,pv,p,L);

return L;

The othertwo kind of queriescanbe reducedto circular queriesby first performinga
rangequerywith thecircumcircleof thetriangleor rectangleandthenfiltering thereturned
list of pointswith the triangle or rectangle respectrely. We leave the implementatiorof
theotherqueriesto thereader

Experimental Data: Table 10.6 containsrunning times. The table shaws that nearest
neighborqueriesfor nodesare very efficient in comparisonto nearestneighborqueries
for points. This comedrom thefactthatthelatterinvolve alookup,aninsertion,adeletion,
aswell asanearesheighbomueryfor anode.For querieshataskfor thetennearesheigh-
borsthe differenceis not aspronounced.This stemsfrom the factthatk-nearesheighbor
queriesnvolve rationalarithmetic.

Exercisedfor 10.6

1
2
3

Implementcircularrangequeries.
Implementriangularandrectangularangequeries.Youmayusecircularrangequeries.
Animatethe Delaunayclasssuchthatthe actionsperformedaftertheinsertionof a point
arevisualized.

Theneatestneighbos algorithmusesa pqueugRAT_TYPE node>. The codebecomes
slightly simplerif a nodepg<RAT_TYPE is used. Why is it betterto usea p.queue
insteadof a nodepq? Time both programsandexplain.

Developaversionof thek-nearesneighborsearchthatcutsdown on the useof rational
arithmetic.

Ourimplementatiorof neaestneighbo(POINT p) modifiesthe Delaunaytriangulation
by aninsertionanda deletion. It is not guaranteedhat the original Delaunaytriangu-
lation is restored. Canyou modify the implementationsuchthat it becomesa const-
operation?Try to determinethe setL of all edgesof the currenttriangulationwhose
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K n | L NNP NNV NNP(10) NNV(10) D

S 1000 1.14 0.66 2.15 0.05 10.22 7.07 1.16

2000 2.79 1.83 4.92 0.09 21.25 1406 2.77

4000 6.83 5.36 11.68 0.2 44.4 28.29 6.65

D 1000 1.15 0.68 2.22 0.03999 10.27 7.03 1.18

2000 2.78 1.89 4.99 0.11 21.21 14.04 2.75

4000 6.76 5.23 1153 0.2 44.25 28.25 6.65
C 1000 0.82 0.41 0.99 0.03 5.43 465 284
2000 1.75 0.9 2.08 0.06 11.09 9.31 8.2

4000 3.78 2.03 4.42 0.13 22.35 18.48 29.09

Table 10.6 The performancef pointsets.As in the othertablesof this chaptemwe usedthree
kindsof inputs:randompointsin the unit squarerandompointsin theunit disk, andrandom
pointsontheunit circle. We generatedwo setsL andLQ of n points,built a pointsetT by
insertingthe pointsin L (1), performedn lookupsfor the pointsin LQ (L), performedhearest
neighborqueriesfor the pointsin LQ (NNP), performedhearesheighborgueriesor the nodesof
T (NNV), computedhetennearesheighborqueriesfor the pointsin LQ (NNP(10)),computed
thetennearesheighborqueriesfor nodesof T (NNV/(10)), andfinally deletedall points.

Delaunaypropertyis destrggedby p. Thenearesheighborof p mustbeavertex of the
trianglecontainingp or anendpointof anedgein L.

10.7 Line Segmentintersection

The line segmentintersectionproblemasksto computethe setof intersectionof asetS
of line sgmentsin the plane. It is oneof the basicgeometricproblemsandhasnumerous
applicationse.g.,in computerideddesign geographiénformationsystemsandcartogra-
phy. We will seeanapplicationto booleanoperationson polygonsin Section10.8. Many
differentalgorithmshave beendesignedor the problemandseveralof themareavailablein
LEDA. Theline segmentintersectiorproblemcomesin mary differentflavors asdifferent
applicationshave differentoutputrequirements.One may be interestedn the numberof
intersectionspr onemay wantto triggeran actionfor every pair of intersectingsegments,
or onemaywantto computethe graphinducedby the segments,or onemaywantto com-
putethe trapezoidaldecompositionnducedby the setof sgments.In LEDA we provide
functionsfor several outputcornventionswhich we surwey in Section10.7.1. We alsogive
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Figure 10.48 A screershotof theintersectsggmentsdemoin xIman. The sweepline algorithm

wasusedto computethe graphinducedby a setof 203randomsegments.Theinducedgraphhas
1424nodesand2638edges.

someexperimentaldatain this section.In theremainingsectionsve discusghe sweepine
algorithmfor segmentintersection.

Thealgorithmsdiscussedh this sectionareillustratedby theintersectsegmentsdemoin
xIman. Figure10.48shavs a screershot.
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S G(S)

Figure 10.49 A setS of sggmentsandtheinducedplanargraph.

10.7.1 Functionality

We first introducesometerminology Two segmentss; ands, intersectif they have at
leastonepointin commonandoverlapif they have morethanonepointin common.Two
sgmentss; ands; aresaidto have a properintersectionif they shareexactly onepointand
this pointliesin therelative interior of bothseggments.A sggmentof lengthzerois calleda
trivial sggment.

TheundirectgraphU (S) inducedby Sis definedasfollows. Theverticesof U (S) areall
endpointof segmentsandall properintersectiompointsbetweersggmentsn S. Theedges
of U arethemaximalrelatively openandconnectedubset®f sgmentdn Sthatcontainno
vertex of U (S). Figure10.49shavs anexample.NotethatthegraphU (S) containgparallel
edgesf S containsseggmentsthatoverlap. We usen to denotethe numberof segmentsin
S, s to denotethe numberof nodesof U, m to denotethe numberof edgesof U, andk to
denotehenumberof pairsof intersectingsegments.f Scontainsno overlappingsegments,
m = O(n + s). If Scontainsoverlappingsegmentsm may beaslargeasn(n + s) since
aninputsegmentmaybedividedinto n 4 s piecesbhy theendpointsandintersectiorpoints.
The numberof nodesof U is at mostn + k < n + n(n — 1)/2. If mary sggmentshave
acommonintersectionk maybe muchlargerthans. For example,if all n segmentspass
throughacommonpointthens = n+ 1 andk = n(n — 1)/2.

Thefunction

void SEGMENT_INTERSECTION(const 1ist<SEGMENT>& S,
GRAPH<POINT,SEGMENT>& G, bool embed = false)

computesa directedgraphG(s) representindgJ (S). The algorithmmakesno assumption
aboutthe sggmentsin S. They may be overlapping,they may have multiple intersections,
they mayshareendpointsthey mayhave lengthzero,... .

G andU have the samesetof nodes;eachnodeof G is labeledby its positionin the
plane.

Theedgesf G correspondo theedgesof U. If embeds false,thereis exactly onedart
in G for eachedgein U; the dartis labeledby the segmentin S containingit andinherits
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its directionfrom the sggmentcontainingit, i.e, if e = (v, w) is adartof G thenGJe] is
directedfrom G[v] to G[w].

If embeds true, G is aplanemap. For eachedgeof U therearetwo dartsin G andthe
two dartsarereversalof eachother For eachnodev of G the cyclic list of dartsout of v
arecounterclockwiseordered.

Thefunction

void SEGMENT_INTERSECTION(const 1ist<SEGMENT>& S, list<POINT>& P)

returnsthe list of pointsthat correspondo nodesof G of degreetwo or more and the
function

SEGMENT_INTERSECTION (const list<SEGMENT>& S,
void (*report) (const SEGMENT&, const SEGMENT&) )

callsreport(s;, sp) for every pair (s;, s) of intersectingsegments.Obsene thatthe points
in P area subsebf the pointsfor which reportis called. For example,if S consistf two
identicaltrivial sgmentsthenG(S) consistf asinglenodeandno edgeandhenceP will
beempty Ontheotherhand,reportwill becalledfor this pair of segments.

For all functionsabove severalimplementationgreavailable. The implementationsre
basedn the algorithmsof Bentley andOttmann([BO79]), Mulmuley ([Mul90]), andBal-
aban([Bal95]). For the reportingversionof segmentintersectiorwe also have the trivial
implementatiorwhich simply checksevery pair of sggmentsin Sfor anintersection.

void MULMULEY SEGMENTS (const 1ist<SEGMENT>& S, GRAPH<POINT,SEGMENT>& G,

bool embed = false);

void SWEEP_SEGMENTS (const 1ist<SEGMENT>& S, GRAPH<POINT,SEGMENT>& G,
bool embed = false, bool use_optimization = true);

void SWEEP_SEGMENTS (const 1ist<SEGMENT>& S , 1list<POINT>& P);

void BALABAN_SEGMENTS (const 1ist<SEGMENT>& S,
void (*report) (const SEGMENT&, const SEGMENTE));

void TRIVIAL_SEGMENTS (const 1ist<SEGMENT>& S,
void (*report) (const SEGMENT&, const SEGMENT&));

Theasymptotiacunningtime of the Bentley—Ottmanralgorithmis O(m+ (n+s) log n), the
asymptotiaunningtime of the Mulmuley algorithmis O(m+ s+ nlogn). Bothalgorithms
canbe usedfor all functionsabove. If embedis true the runningtime of the Bentley—
Ottmannalgorithmincreasedy O(mlogm), sincean additionalsorting stepis required.
The asymptoticrunningtime of the Balabanalgorithmis O(nlog?n + k). It canonly be
usedfor the functionsthatreportintersections.The asymptoticrunningtime of thetrivial
implementatioris O(n?).

Table10.7 compareghe runningtime of our variousimplementationsin the examples,
Balabans algorithmis alwaysbetterthanthe trivial algorithm. Mulmuley’s algorithmis
betterthanthe Bentley—Ottmanralgorithmwhenthenumberof intersectionss large. It also
incursasmalleradditionalcostfor turningG(S) into aplanamap(asit alwayscomputesan
undirectedplanarmap). Whenthe numberof intersectionss small, the Bentley—Ottmann
algorithmandMulmuley’s algorithmbehare aboutthe same.
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n d \Y E S S+E M M+E T B

2000 22 4007 2014 114 13 174 176 1513 1.94
2000 23 4026 2052 118 137 2.25 229 1487 2.07
2000 24 4136 2272 125 142 291 291 1526 217
2000 25 4428 2856 139 163 3.44 3.47 15.06 2.33
2000 26 5857 5714 181 237 4.44 45 1531 248
2000 27 10954 15908 3.03 5.02 5.93 6.02 15.41 274
2000 28 29683 53366 7.57 16.43 9.71 10.02 16.01 3.22
2000 29 91789 177578 22.84 58.31 20.04 20.94 16.62 5.38
2000 30 267045 528090 70.24 193.7 48.96 51.95 1842 1154

Table 10.7 Therunningtime of the functionsrelatedto sggmentintersectionsS standdor the
sweepline algorithmof Bentley andOttmann([BO79]), M andB standfor the algorithmsof
Mulmuley andBalaban([Mul90, Bal95), andT standdor thetrivial algorithmthatchecksevery
pair of segmentdor anintersection.The“+ E” indicatesthatthegraphG(S) is returnedasa
planarmap. Thefirst threecolumnscontainthe numberof input sggmentsthe numberof nodes
of G, andthenumberof edgef G, respectiely.

We chosen segments.For eachsegmentwe choserandomk bit integerfor the Cartesian
coordinate®f thefirst endpointandobtainedthe secondendpointfrom thefirst by addinga
vectorwith randomd bit integer coordinatesWe usedk = 30 anddifferentvaluesof d. The
numberof intersectionss anincreasingunctionof d.

Let us interpretthe experimentalfindingsin termsof asymptoticrunningtime. When
the numberof intersectionds very large, the O(k logn) term'® in the time boundof the
sweepalgorithmdominateghe O(k) termin thetime boundof the otheralgorithms. The
trivial algorithmhasa runningtime ®(n? + k - Treport), WhereTieport is the costof calling
thefunctionreport In ourtests,reportincreases counterandhencedoesminimal work.
Thusthe constanffactorin the big-O expressionis small. This explainswhy the running
time of the trivial algorithm dependsvery little on the numberof intersectionsand why
the trivial algorithmis competitve whenthe numberof intersectionds large. Whenthe
numberof intersectiongs smallthe Bentley—OttmannralgorithmandMulmuley’salgorithm
have runningtime O(nlogn) andBalabans algorithmhasrunningtime O(nlog®n). We
shouldthereforeexpectthat the former two algorithmsare superiorwhenthe numberof
intersectiongs small. Thisis confirmedby the experiments.

10.7.2 The SweepLine Algorithm
We discusghe Bentley—Ottmanrsweeplinalgorithmfor line segmentintersectiorandgive
animplementatiorof the function

16 |n ourexamplestherearehardlyary intersectionsf threeor moresegmentsandhences ~ k. Obsere thatif all
nodesareendpointor properintersection®f exactly two sggmentshenE = n + 2(V — 2n), asU (S) contains
2n nodesof degreeoneand(V — 2n) nodesof degreefour. In ourexampleswve have E ~ n 4+ 2(V — 2n). We
will thereforereplaces by k in the discussiorto follow.
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SWEEP_SEGMENTS (const 1ist<SEGMENT>& S, GRAPH<POINT,SEGMENT>& G,
bool embed, bool use optimization)
thattakesalist S of sgmentsandcomputeghe graphG inducedby it. For eachvertex v
of G it alsocomputedts positionin the plane,andfor eachedgee of G it computeghe
segmentcontainingit.

If embed= true, thealgorithmturnsG into a planarmap,i.e., G is madebidirectedand
theadjaceny lists aresortedaccordingto the geometricembeddingn clockwiseorder

If useoptimization= true, anoptimizationdescribecelow is used.

Thealgorithmrunsin time O((n+s) log(h4+m)+m), wheren is thenumberof segments,
s is the numberof nodesof G, and m is the numberof edgesof G. If S containsno
overlappingsegmentsthenm = O(n + s). If embeds true, therunningtime is increased
by anadditive factorof O(mlogm). Notethats < 3(n + k) andthatk canbe aslarge as
2,

We want to stressthat the implementationmakes no assumption@boutthe input, in
particular ssgmentanayhavelengthzero,maybeverticalor mayoverlap,severalsegments
may intersectin the samepoint, endpointsof segmentsmay lie in the interior of other
sgments,.. .

We achieve this generalityby reformulatingthe plane sweepalgorithm so that it can
handleall geometricsituations. The reformulationmakesthe descriptionof the algorithm
shorterandit alsomakesthe algorithmfaster sincek is replacedby s in thetime bound”’.
The only previous algorithmthat could handleall degeneraciess dueto Myers [Mye85.
Its expectedrunningtime for randomsegmentsis O(n logn + k) andits worstcaserunning
timeis O((n + k) logn).

In the sweeplineparadigma vertical line is moved from left to right acrossthe plane
andthe output(herethe graphG(9)) is constructedncrementallyasit evolvesbehindthe
sweepine. Onemaintainsgwo datastructurego keepthe constructiorgoing: the so-called
Y-structure containsthe intersectionof the sweepline with the scene(herethe set S of
line segments)andthe so-calledX-structue containsthe eventswherethe sweephasto be
stoppedn orderto addto theoutputor to updatethe X- or Y-structure.In the line sggment
intersectiorproblemaneventoccurswhenthe sweegine hits anendpointof somesegment
oranintersectiorpoint. Whenaneventoccurs somenodesandedgesareaddedo thegraph
G(9), the Y-structureis updatedandmaybesomemore eventsare generated Whenthe
inputis in generaposition(nothreelinesintersectingn acommonpoint,no endpointying
on a sggment,no two endpointsor intersectiondiaving the samex-coordinate no vertical
lines, no overlappingsegments,...) thenat mostoneeventcanoccurfor eachpositionof
thesweegine andtherearethreeclearlydistinguishableypesof events(left endpoint right
endpoint,ntersection)with easilydescribableassociate@ctionscf. [Meh84h VII.8]. We
wantto placenorestrictionson theinputandthereforeneedto proceedslightly differently.
We now describetherequiredchanges.

We definethe sweepline by apoint p.sweep= (x_sweep, y_sweep). Let ¢ beapositive

17 Bentley andOttmannformulatedtheir algorithmfor line symentsin generapositionandstateda time boundof
O((n + k) logn).
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infinitesimal(readeraot familiar with infinitesimalsmay think of € asanarbitrarily small
positive real). Considerthe directedline L consistingof a vertical upward ray endingin

point (Xx_sweep+ €2, y_sweep+¢) followedby a horizontalsegmentendingin (x_sweep —

€2, y_sweep + ¢) followedby averticalupwardray. We call L the sweegine. Notethat®

no endpointof any segmentlies on L, thatno two sggmentsof S intersectL in the same
point exceptif the segmentsoverlap,andthat no non-\ertical segmentof S intersectshe
horizontalpartof L. All threepropertiedollow from thefactthate is arbitrarily small but
positive. Figure10.50illustratesthedefinitionof L andthe maindatastructuresisedin the
algorithm:the Y-structurethe X-structure andthegraphG.

The Y-structurecontainsall segmentsintersectingthe sweepline L orderedastheir in-
tersectionsvith L appeaonthedirectedine L. Overlappingsegmentsareorderedby their
ID-numbes. Every sgmenthasanassociatetD-number;distinctsegmentsareguaranteed
to have distinctIDs.

The X-structurecontainsall endpointsthat areto the right of the sweepline and also
someintersectionpoints betweenseggmentsin the Y-structure. More precisely for each
pair of segmentsadjacenin the Y-structuretheir intersectionpoint is containedn the X-
structure(if it exists andis to the right of the sweepline). The X-structuremay contain
otherintersectionpoints. The graphG containsthe part of G(S) thatis to theleft of the
sweepine.

Initially, the Y-structureandthegraphG areemptyandthe X-structurecontainsall end-
pointsof all inputsegments.Theeventsin the X-structurearethenprocesseth left to right
order Eventswith the samex-coordinateareprocesseth bottomto top ordet

Assumethat we needto processan event at point p and that the X-structureand Y-
structurereflectthe situationfor p.sweep= (p.x, p.y — 2¢). Notethatthisis trueinitially,
i.e., beforethefirst eventis removedfrom the X-structure.We now shov how to establish
theinvariantsfor p.sweep= p. We proceedn sevensteps.

1. We addanodev atpositionp to ourgraphG.

2. We determineall segmentsin the Y-structurecontainingthe point p. Thesesegments
form a possiblyemptysubsequencef the Y-structure.

3. For eachsegmentin the subsequencee addanedgeto thegraphG.

4. We deleteall sgmentsendingin p from the Y-structure.

5. We updatethe orderof the subsequencia the Y-structure. This amountsto moving
the sweepine acrosghepoint p.

6. Weinsertall segmentsstartingin p into the Y-structure.

7. We generateaventsfor the sggmentsin the Y-structurethat becomeadjacenty the
actionsabove andinserttheminto the X-structure.

This completeghe descriptionof how to procesghe event p. The invariantsnow hold
for p.sweep= p andhencealsofor p.sweep= (p’.x, p’.y — 2¢) wherep’ is the new first
elementof the X-structure.

18 \We definedthe sweepline in this seeminglycomplicatedvay in orderto be ableto write this “Note that”. The
notewill allow usto definealinearorderonthe sggmentsintersectinghe sweepline.
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Figure 10.50 A sceneof ninesggments.The sggmentss; andsg overlap. Thesweepine is
shavn in bold. The partof G(S) to theleft of the sweepline is alreadyconstructedlIts nodesare
shawn filled. Thesweepline intersectdhesegmentssy, g, S2, S, &4, andsz andin this order
The Y-structurecontainsoneitem for eachoneof them. The X-structurecontainspointsa, b, c,
d, e f, g, h,andi andin thisorder

Theinformationassociatedvith theitemsin the X- andY-structurewill be explainedin the next
section.

10.7.3 TheImplementationof the SweepLine Algorithm
Thissectionis joint work with Ulrik e Bartusdika.

The implementatiorfollows the algorithmclosely It makes useof several datatypes
discussedn earlierchapters.The main “ingredients”are the basicgeometricobjectsand
primitives,sortedsequencefor the X- andY-structure priority queuedor storingevents,
andgraphsfor representinghe output.

To make this sectionself-containedve briefly review the datatypesused.

Points and Segments:Thetypesrat point andratsegmentrealizepointsandsegmentsin
theplanewith rationalcoordinatesndarepartof therationalkernel. A rat pointis specified
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by its homogeneousoordinatef type integer — the type of arbitrary precisionintegers.
If pis aratpointthen p.X(), p.Y(), and p.W() returnits homogeneousoordinates
and p.xcood( ) and p.ycood( ) returnits Cartesiancoordinates.If x, y, andw are of

type integer with w # 0 thenratpoint(x, y) andratpoint(x, y, w) createthe ratpoint

with homogeneousoordinategx, y, 1) and (x, y, w), respectiely. Two pointsareequal
(operator==) if they agreein their CartesiarcoordinatesA ratsggmentis specifiedby its

two endpoints;soif p andq areratpoints thenratsegmentp, q) is the directedsegment
with sourcep andtametq. If sis aratsegmentthens.source( ) andstarget( ) returnthe

sourceandtargetof s, respectiely.

Therearealsopoints(classpoint) with coordinatef type double The corresponding
sgmentclassis called sggment The classegoint and sggmenthave the sameinterface
asratpoint andratsegment However, the internalrepresentatiois different: insteadof
storingthe homogeneousoordinatesas integers, the Cartesiancoordinatesare storedas
doubles

Thesweepprogramcanbeexecutedwith eithertherationalor thefloatingpointgeometry
kernel. Be aware,however, thatthe instantiationwith the floating point kernelis not fully
reliable, seeSection10.7.2. In the sequelwe use POINT to denotethe point classand
SEGMENTto denotethe segmentclass.

POINTS and SEGMENTScomewith a large numberof geometricprimitives. In the
sweepprogramthe following primitivesareused:

e int compae(POINT p, POINT q)
comparepointsby theirlexicographicorder; p precedes if either
p.xcood( ) < g.xcoord( ) or
p.xcood( ) = g.xcood( ) and p.ycood( ) < g.ycood( ). Thefunctionreturns—1 if
p precedes), returns0 if p andq areequal,andreturns+1 otherwise.The
lexicographicorderof pointsis thedefaultorderon points.

e int orientationPOINT p, POINT g, POINTT)
computeghe orientationof points p, g, andr in theplane,i.e.,0 if thepointsare
collinear —1 if they definea clockwiseorientedtriangle,and+-1 if they definea
counterclockwiseorientedtriangle.

e int orientationSEGMENTSs, POINT p)
computesorientations.source( ), starget( ), p).

e int cmpslopesSEGMENTs1, SEGMENTs2)
comparesheslopesof slands2 If oneof the segmentds degeneratei.e., haslength
zero,theresultis zero.Otherwise theresultis the signof slopgsl) — slopgs?).

e boolintersectionof_ lines(SEGMENTs1, SEGMENTs2 POINT& p)
returnsfalseif sggmentsslands2areparallelor oneof themis degenerate.
Otherwisejt computegshe point of intersectiorof thetwo straightlines supportingthe
sgmentsassignst to thethird parameteq, andreturnstrue.
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Ourprogrammaintaingts own setof sggmentsavhichwe call internal segmentsor simply
sgmentsandstorein thelist internal; input segmentsarecalledinput segmentsor original
sgmentswhenthe needfor distinctionarises. Internalsggmentsaredirectedfrom left to
right; vertical sgmentsaredirectedupwards. Thereis oneinternalsegmentfor every non-
trivial input segment. The mapxSEGMENT SEGMENT original storesfor eachinternal
seggmentthe correspondingriginal segment.

(local declarationg =
1ist<SEGMENT> internal;
map<SEGMENT ,SEGMENT> original;

Sorted Sequences:The type sortsegK, 1> realizessortedsequencesf pairsin K x

I, seeSection5.6; K is calledthe key type and | is calledthe informationtype of the
sequenceThekey type mustbelinearly ordered,.e., thefunctionint compae(constK &,

constK &) mustbe definedfor thetype K andtherelation< on K definedby k; < Kk iff

compar e(ky, ko) < 0 mustbealinearorderon K. An objectof type sortsegK, 1> isa
sequencef items(type seqitem) eachcontaininga pairin K x |. We use<k, i > to denote
anitem containingthe pair (k, i) andcall k thekey andi theinformationof theitem. The
keysin a sortedsequenceky, i1), (ko,i2), ..., (km, im) form anincreasingsequencei.e.,
ki <kyiforl<l <m.

Let S be a sortedsequencef type sortsegK, 1> andlet k andi be of type K and I,
respectrely. TheoperationSlookup(k) returnstheitemit = (k, .) in Swith key k if thereis
suchanitemandreturnsnil otherwise.lf Slookup(k) == nil thenSinsert(k, i) addsanew
item (k, i) to Sandreturnsthisitem. If Slookupk) == it then Sinsert(k, i) changeghe
informationin theitemit toi. If it = (k, i) isanitemof SthenSkey(it) and Sinf (it) return
k andi, respectiely, andSsucgit) andSpred(it) returnthesuccessoandpredecessadtem
of it, respectiely; thelatter operationgeturnnil if theseitemsdo not exist. The operation
Smin( ) returnsthefirstitemof S, Sempty ) returnstrueif Sis emptyandfalseotherwise.
Finally, if itl andit2 areitemsof Swith it1l beforeit2 thenSreverseitemgitl, it2) reverses
thesubsequencef S startingatitemitl andendingatitemit2.

In our implementationthe X-structurehastype sortsegPOINT, seqiterm> and the Y-
structurehastype sortsegSEGMENT seqiten>. The Y-structurehasoneitem for each
sgmentintersectingthe sweepline. The informationfield in the Y-structureis usedfor
cross-linkswith the X-structureandfor linking overlappingsegments.

The X-structureis orderedaccordingto the default orderof pointsandthe Y-structureis
orderedaccordingto theintersection®f the sggmentswith thedirectedsweepine L. The
positionof thesweegine is determinedy p.sweepandthe comparisorobjectcmprealizes
theorderin the Y-structure.The classsweepmpwill bedefinedbelow.
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(local declamationg+=

POINT p_sweep;
sweep_cmp cmp(p_sweep) ;

sortseq<POINT,seq_item> X_structure;
sortseq<SEGMENT, seq_item> Y_structure(cmp);

In the exampleof Figure 10.50the sweepline intersectdhe segmentss,, S, S, So, 4, and
s3. TheY-structurethereforeconsistsof six items,oneeachfor sgmentss;, S, S, So, S4,
andss.

TheX-structurecontainsanitemfor eachendpointof aninputsegmentthatis to theright
of thesweedine andanitem for eachintersectiorpointbetweersegmentshatareadjacent
in the Y-structureand that intersectto the right of the sweepline. It may also contain
intersectiorpointsbetweersegmentsthatarenot adjacenin the Y-structure!® The points
in the X-structureare orderedaccordingto the lexicographicorderingof their Cartesian
coordinatesAs mentionedabove thisis the default orderon points.

In the exampleof Figure10.50the X-structurecontaindtemsfor theendpointd, ¢, d, e,
g, h, i andfor intersections and f. Here,a and f aretheintersectiondetweersegments
s4 andss, ands; ands,, respectiely.

Theinformationsassociatewvith theitemsof bothstructuresene ascross-linkbetween
thetwo structures:he informationassociatedavith anitemin the X-structureis either nil
or anitem in the Y-structure;the informationassociatedavith anitem in the Y-structureis
eithernil or anitem of eitherstructure Theprecisedefinitionfollows: consideffirst anitem
(s, it) in the Y-structureandlet s’ be the segmentassociateavith the successoitemit’ in
theY-structure.lf s ands’ overlapthenit = it’. If sands’ do notoverlapands N s’ exists
andlies to theright of the sweepline thenit is theitem in the X-structurewith key sN' s'.
In all othercaseave haveit = nil.

Considemext anitem (p, sit) in the X-structure. If sit # nil thensit is anitem in the
Y-structureandthe segmentassociatedvith it containsp. Moreover, if thereis a pair of
adjacensggmentsn theY-structurehatintersecin p thensit # nil. We mayhavesit # nil
evenif thereis no pair of adjacenseggmentsintersectingn p.

In our example,the Y-structurecontainstheitems (sy, Sitg), (Ss, Xits), (S, nil), (Sg, nil),
(4, Xity), and (ss, nil) wheresitg is the item of the Y-structurewith associatedegmentsg
andxity andxit; aretheitemsof the X-structurewith associategbointsa and f, respec-
tively. Let's turnto theitemsof the X-structurenext. All itemsexcept(d, nil) point back
to the Y-structure. If sitj denotesheitem (s,...),i € {1, 2,9, 4, 3}, of the Y-structure
thenthe itemsof the X-structureare (a, sits), (b, sits), (c, sity), (d, nil), (e, sitg), (f, Sity),
(g, sity), (h, sitz), and(i, sit).

The Order on the Y-structur e: The segmentsin the Y-structureareorderedaccordingto

theirintersectiorwith the sweepine. Overlappingsegmentsareorderedaccordingto their

19 OurX-structuremay containintersectiorpointsbetweersegmentsthatareno longeradjacenin the Y-structure.
Theseeventscould beremovedfrom the X-structure.Remwing theseeventswould guaranteen X-structureof

linearsize,hawever, atthe costof complicatingthe code.Sincethesizeof the X-structureis alwaysboundecdby
the sizeof the outputgraphwe do notremove theseevents.
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ID-number All segmentsin the Y-structureare non-trivial andthe position of the sweep
line is determinedy psweep

The Y-structureis realizedasa sortedsequenceln a sortedsequenceomparisonde-
tweenkeys areonly madeduringinsertionsandlookupsandthenoneof thekeysinvolved
in thecomparisors anargumentof the operation. We concludethatcompards only called
for sggmentss; ands, whereone of the segmentshasits sourcepoint equalto p.sweep
Also, at leastone of the segmentsis non-trivial andif oneof the segmentsis trivial it has
bothendpointsequalto p.sweep Let usassumdirst thatbothsegmentsarenon-trivial.

Assumes hasits sourcepoint equalto p.sweep If psweepdoesnot lie ons j, i.e.,
orientations;_;, p.sweep # 0, thenthe orientationtestis alsothe outcomeof compare.

If both segmentscontainp.sweepwe comparethe slopesof s; ands, (orientations2
sltarget( ))). Only overlappingsegmentsareequalafterthis comparisonThey areordered
accordingto their ID-numbers. Sinceonly internalsegmentsare storedin the Y-structure
and sinceinternal sggmentsare pairwise non-identical,ary two internal segmentshave
differentID-numbers.

The compareclasssweepcmpis derived from ledacmpbase seeSection2.10. It hasa
privatedatamembem.sweepvhosevaluewill alwaysbeequalto the positionof the sweep
line; in theconstructothedatamembeiis initialized to theinitial positionof thesweegine
andsetpositionis usedto inform the compareobjectaboutany advanceof the sweepline.

(geometricprimitiveg =

class sweep_cmp : public leda_cmp_base<SEGMENT>
{
POINT p_sweep;

public:
sweep_cmp (const POINT& p) : p_sweep(p) {}
void set_position(const POINT& p) { p_sweep = p; }

int operator() (const SEGMENT& s1, const SEGMENT& s2) const
{ // Precondition:
// p_sweep is identical to the left endpoint of either sl or s2.

if (identical(s1,s2)) return O;
int s = 0;

if ( identical(p_sweep,sl.source()) ) s = orientation(s2,p_sweep);
else

if ( identical(p_sweep,s2.source()) ) s = orientation(sl,p_sweep);
else error_handler(1,"compare error in sweep");

if (s || sl.is_trivial() || s2.is_trivial()) return s;

s = orientation(s2,sl.target());

// overlapping segments will be ordered by their ID_numbers :
return s ? s : (ID_Number(sl) - ID_Number(s2));

We still needto explainthe purposeof thetestsis trivial. We will alsohave to locatetrivial
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sgmentsin the Y-structure. Thesesegmentswill have both endpointsequalto p.sweep
We wantthe searchto be successfuiff the Y-structurecontainsa segmentpassinghrough
psweep In the orderdefinedabore, the trivial sggment(p.sweeppsweep is larger than
all sggmentsintersectingthe sweepline beforep.sweep is equalto all sggmentspassing
throughp.sweep andis largerthanall segmentsintersectinghe sweepline afterp.sweep
We concludethat a searchfor the trivial segmentwill returna segmentpassingthrough
psweepf thereis one.

It is importantto obsere thatthe comparefunctionfor segmentschangesasthe sweep
progressesWhat doesit meanthenthatthe keys of the itemsin a sortedsequencéorm
an increasingsequence?The requiremenis that whenerer a lookup or insertoperation
is appliedto a sortedsequencethe sequenceanust be sortedwith respectto the current
comparefunction. The otheroperationsnay be appliedevenif the sequencés not sorted.

The Graph G: ThegraphG hastype GRAPHPOINT, SEGMENTP, i.e., it is a directed
graphwherea POINT, respectiely SEGMENT is associatedvith eachnode,respectiely
edge,of the graph. The graph G is the part of G(S) thatis left of the sweepline. The
point associatedvith a vertex definesits positionin the planeandthe sgmentassociated
with anedgeis aninput segmentcontainingthe edge.We usetwo operationgo extendthe
graphG. If pis aPOINT thenG.nenxnodd p) addsa new nodeto G, associatep with
thenode,andreturnsthe new node. If v andw arenodesof G ands is a SEGMENTthen
G.nenedge(v, w, s) addstheedge(v, w) to G, associates with the edge,andreturnsthe
new edge.In orderto facilitatetheadditionof edgesve maintainamap SEGMENT node
lastnode it givesfor eachsegmentin the Y-structurethe rightmostvertex lying on the
segment.

(local declamationg+=
map<SEGMENT ,node> last_node(nil);

The Priority Queue: We usea priority queueseg queueto drive theinsertionof segments
into the Y-structure.The queuecontainsall internalsegmentsthat areaheadof the sweep
line orderedaccordingto their left endpoint. In particular the first segmentin sequeue
is always the sggmentthat is encounterechext by the sweepline. Sejqueuehastype
pqueugPOINT, SEGMEN.

Thedatatype p.queu&P, | > realizespriority queueswith priority type P andinforma-
tiontypel. P mustbelinearly ordered.Priority queuesareanitem-basediatatype. Every
item (of typepqitem) storesapair (p, i) from P x |, p is calledthepriority andi is called
the information of the item. The usualoperationson priority queueg(insert, deletemin,
findmin) areavailable.

(local declamtiong+=
p-queue<POINT, SEGMENT> seg_queue;

We arenow readyfor the program.It hasthefollowing structure:
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(sweepsegments.g+=

(geometricprimitives

(embedding

void SWEEP_SEGMENTS(const list<SEGMENT>& S, GRAPH<POINT, SEGMENT>& G,
bool embed, bool use_optimization)

{ (local declamtions

initialization)

sweep

postprocessing

o~ o~~~

Initialization: We describetheinitialization of the datastructures.We clearthe graphG,
we computea coordinatelnfinity thatis larger thanthe absolutevalue of the coordinates
of all endpointsandthat playsthe role of oo in our program,we insertthe endpointsof
all input sggmentsnto the X-structure,andwe createfor eachnon-trivial input segmentan
internal sggmentwith the sameendpointsjnsertthis sggmentinto seg queueandlink the
input sggmentto it (throughmap original), we createtwo sentinelsggmentsat —oco and
+o0, respectiely, andinserttheminto the Y-structure we put the sweepline at its initial
position by settingp.sweepto (—oo, —o0), andwe add a stopperpoint with coordinates
(400, +00) to s@queue The sentinelsavoid specialcasesand thus simplify the code.
Finally, weintroduceavariablenext sey thatalwayscontainghefirst sgmentin seg.queue

(initialization)=

G.clear();
COORD Infinity = 1;
SEGMENT s;
forall(s,S)
{
COORD x1 = s.xcoordl(), yl = s.ycoordl();

COORD x2 = s.xcoord2(), y2
if (x1 < 0) x1 = -x1;
if (y1 < 0) y1 = -y1;
if (x2 < 0) x2 = -x2;
if (y2 < 0) y2 = -y2;
while (x1 >= Infinity || y1 >= Infinity ||

x2 >= Infinity || y2 >= Infinity ) Infinity *= 2;

s.ycoord2();

seq_item itl = X_structure.insert(s.source(), seq_item(nil));
seq_item it2 = X_structure.insert(s.target(), seq_item(nil));
if (itl == it2) continue; // ignore zero-length segments

POINT p = X_structure.key(itl);

POINT q = X_structure.key(it2);

SEGMENT s1 = ( compare(p,q) < O ? SEGMENT(p,q) : SEGMENT(q,p) );
original[sl] = s;

internal.append(sl);

seg_queue.insert(sl.source(),sl);

}
SEGMENT lower_sentinel (-Infinity,-Infinity,Infinity,-Infinity);
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SEGMENT upper_sentinel (-Infinity, Infinity,Infinity, Infinity);

p_sweep = lower_sentinel.source();
cmp.set_position(p_sweep);

Y_structure.insert (upper_sentinel,seq_item(nil));
Y_structure.insert(lower_sentinel,seq_item(nil));

POINT pstop(Infinity,Infinity);
seg_queue. insert (pstop,SEGMENT (pstop,pstop) ) ;
SEGMENT next_seg = seg_queue.inf (seg_queue.find _min());

Thereis onesubtlepointin thecodeabove. An insertoperationnto a sortedsequenceavith
a key thatis alreadypresentn the sortedsequenceeturnsthe item containingthe key; it
doesnotaddanew itemto thesequencandits doesnotchangehekey of theitemreturned.
We exploit this featureof sortedsequencet ensurehatinternalsegmentsshareendpoints.
Assumefor concretenesthats; ands, aretwo input segmentswith acommonsourcepoint
andassumehats; is processedirst. Whenthe sourcepoint of s; is insertedinto the X-
structure theitem containingthe sourcepoint of s; will bereturnedandhencetheinternal
segmentscorrespondingo s; ands, have the same(not just equal)sourcepoint.,

Processingevents: We now cometo the heartof proceduresweep:processingvents.Let
event= (p, sit) be thefirst eventin the X-structureandassumenductively thatour data
structures correctfor p.sweep= (p.x, p.y — 2¢). Ourgoalis to changega.sweepo p, i.e.,
to move the sweepline acrosgoint p. As long asthe X-structureis notemptywe perform
thefollowing actions.

We first extractthe next eventpoint p. sweeprom the X-structureby assigninghe min-
imal key in the X-structureto p.sweep adjustingthe compareunctionfor sggmentsto the
new positionof the sweepline, andaddinga vertex v with positionp.sweepto the output
graphG. Then,we handleall sggmentspassingthroughor endingat psweep Finally,
we insertall sggmentsstartingat p.sweepinto the Y-structure checkfor possibleintersec-
tionsbetweerpairsof sgmentsnow adjacentn the Y-structureandupdatethe X-structure.
Finally, we deletethe eventfrom the X-structure.

(sweep=

while ( !X_structure.empty() )

{ seq_item event = X_structure.min();
p_sweep = X_structure.key(event);
cmp.set_position(p_sweep);
node v = G.new_node(p_sweep) ;

(handlepassingand endingsegment$
(insertstarting segments$
(computenew intersectionsand updateX-structue)

X_structure.del_item(event);

}

20 A pointis realizedasa pointerto arepresentatioslass.Two pointsareequalif they have the sameCartesian
coordinatesindtwo pointsareidenticalif they sharethe representationTestingtwo pointsfor identity is faster
thantestingthemfor equality
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Handling Passingand Ending Segments:Wefirst determingheseggmentgpassinghrough
or endingin p.sweepandthenhandlethemby reversingtheir orderin the Y-structure.

(handlepassingandendingsegment$=
seq_item sit = X_structure.inf (event);

if (sit == nil) sit = Y_structure.lookup (SEGMENT (p_sweep,p_sweep));

seq_item sit_succ = nil;
seq_item sit_pred = nil;
seq_item sit_pred_succ = nil;
seq_item sit_first = nil;

if (sit != nil)

{ (determingpassingandendingseggment$
(reverseorder of passingsggment$

}

We first determinewhetherthereis arny segmentpassingthroughor endingin p.sweep
Recallthatthe currenteventis (p.sweepsit).

If sit # nil, the sqgmentassociateavith sit containgasweepIf sit = nil, thereis no pair
of adjacenhon-overlappingsegmentsin the Y-structureintersectingn p.sweep However,
theremaybeabundleof overlappingsggmentsn the Y-structurethatcontainp.sweep We
candecidewhetherthereis sucha bundle and determinesomesegmentin the bundle by
locating the point p.sweepin the Y-structurél. We definedthe comparisorfunction for
sgmentssuchthata searchor thetrivial segment(p.sweepp.sweep in the Y-structureis
successfuiff the Y-structurecontainsa segmentcontainingp.sweep

If thereis no segmentin the Y-structurecontainingp.sweepthereis nothingto do. As-
sumeotherwise.Thensit pointsto onesuchsegment.We determineall suchseggments.The
correspondingtemsform a subsequencef the Y-structure seeFigure10.51.We compute
the first (sitfirst) andlast (sitlast) item of this bundle of itemsandalsothe predecessor
(sitpred) and successofsitsucq item of the bundle. We also storein sitpredsuccthe
successoof sit predbeforetheinsertion,i.e, sitfirst.

Theitemsin thebundleareeasilyrecognizedy their informations. The informationof
every item in the bundle exceptfor the lastis eitherequalto the currenteventitem event
or equalto thesuccessoitemin the Y-structure(in the caseof a segmentoverlappingwith
its successor)The informationof the lastitem in the bundleis eithernil or anitemin the
X-structuredifferentfrom event(suchanitem standdor anintersectiorwith sitsucg.

We determinethe itemsin the bundle asfollows. Startingat sit we first walk up until
sitsuccis reached.Thenwe walk down to sitpred During the downward walk we also
startto updatethe datastructuresFor every sggments in the bundlewe do the following:

e Weaddanedgeto G connectingastnodds] andv andlabelit with s. Thenew edge
getsits directionfrom the original sggmentcontainingit, if embeds falsg andis
directedfrom v to lastnodds], if embeds true.

21 TheY-structurecontainssegmentsandhenceonly segmentscanbelocatedin it. In orderto locatethe point
psweepn the Y-structure we locatethe zero-lengttsggment(p.sweepp.sweep instead.
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sit_succ

st_last
p_sweep

sit_first
sit_pred

Figure 10.51 Theitemssitpred, sitfirst, sitlast, andsitsucc

uz
_Sweep

Figure 10.52 Theedgesout of v areconstructedn the order(v, u1), (v, Uz), (v, Uz), (v, Usg).

If s endsatp.sweephenwe deleteit from the Y-structure.If the predecess@seggment
overlapswith s, we copy theinformationaboutthe successosggmentof s (if any) to
the predecessandsetaflag thatthe downwardwalk is not finishedyet.

If s continueghroughp sweephenwe changeheintersectiorinformationassociated
with it to nil andsetlastnodeto v.

We explain why we directthe edgeconstructedor a segments from v to lastnodgs] if
embedis true. Sincenenedge appendghe edgeconstructedo thelist of outgoingedges
of v andsincewe constructedgesduring the downward walk the edgesout of v will be
constructedn their propercounterclockwiseorder, seeFigure10.52. We will exploit this
factwhenwe constructhe planarembeddingf G in the post-processingtep.

Theidentificationof the subsequencef segmentsncidentto p.sweegakesconstantime
per elementof the sequence Moreover, the constantis small sincethe testof whetherp
is incidentto a segmentinvolvesno geometriccomputatiorbut only identity testsbetween
items. The codeis particularly simpledueto our sentinelsggments:sit cannever be the
first or lastitem of the Y-structure.
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(determingpassingandendingsggment$=

// walk up
while ( Y_structure.inf(sit) == event ||
Y_structure.inf(sit) == Y_structure.succ(sit) )

sit = Y_structure.succ(sit);

sit_succ = Y_structure.succ(sit);
seq_item sit_last = sit;

if ( use_optimization ) { (optimizationpartl) }
// walk down

bool overlapping;
do
{ overlapping = false;
s = Y_structure.key(sit);
if ( !embed && s.source() == original[s].source() )
G.new_edge(last_node[s], v, s);
else
G.new_edge(v, last_node[s], s );
if ( identical(p_sweep,s.target()) ) // ending segment
{
seq_item it = Y_structure.pred(sit);
if ( Y_structure.inf(it) == sit )
{ overlapping = true;
Y_structure.change_inf (it, Y_structure.inf(sit));
}
Y_structure.del_item(sit);
sit = it;
}
else // passing segment
{

if ( Y_structure.inf(sit) != Y_structure.succ(sit) )
Y_structure.change_inf(sit, seq_item(nil));

last_node[s] = v;

sit = Y_structure.pred(sit);

}
} while ( Y_structure.inf(sit) == event || overlapping ||
Y_structure.inf(sit) == Y_structure.succ(sit) );

sit_pred = sit;
sit_first = Y_structure.succ(sit_pred);
sit_pred_succ = sit_first;

All sggmentsin the bundlestartingwith sit firstandendingin sitlast passthroughnode
v andmoving the sweepline throughp sweepchangegshe orderof theseseggmentsin the
Y-structure. More precisely if s ands’ aretwo segmentspassingthroughp.sweepthen
moving thesweepine throughp.sweepreversegheir orderiff s ands’ do notoverlap.

If the bundleis non-empty we updateits orderasfollows: first we reverseall subse-
quence®f overlappingsegmentsandthenwe reversethe entirebundle,seeFigure10.53.

Thebundleof sggmentspassinghroughp sweeps emptyiff sitfirstis equalto sitsucc
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Figure 10.53 Threesggmentgpassinghroughp.sweeptwo of themoverlapping.The orderof
the segmentss reversed put the orderwithin the sub-tundleof overlappingsegmentss retained.

(reverseorder of passingsggment$=
sit = sit_first;

// reverse subsequences of overlapping segments (if existing)

while ( sit !'= sit_succ )

{

}

seq_item sub_first = sit;
seq_item sub_last = sub_first;

while (Y_structure.inf(sub_last) == Y_structure.succ(sub_last))
sub_last = Y_structure.succ(sub_last);

if ( sub_last != sub_first )
Y_structure.reverse_items(sub_first, sub_last);

sit = Y_structure.succ(sub_first);

// reverse the entire bundle

if ( sit_first != sit_succ )

Y_structure.reverse_items(Y_structure.succ(sit_pred),
Y_structure.pred(sit_succ));

Insertion of Starting Segments:Thelaststepin handlingthe eventpoint psweeps to in-
sertall sgmentsstartingatp.sweepnto the Y-structureandto testthe new pairsof adjacent
items(sitpred ...) and(..., sitsucg for possiblentersectionslf therewereno segments
passinghroughor endingin p.sweeghentheitemssit succandsit predstill have thevalue
nil andwe have to computethemnow.

We usethe priority queueseay.queueto find the segmentsto be inserted.As long asthe
first sqgmentin sy queuestartsat p.sweepi.e., nextsesource ) is identicaf? to p.sweep
weremoveit from thequeueandlocateit in the Y-structure Let sit betheitemreturnedby
locateandlet p.sit beits predecessor

Weinsertnext seg aftersit into theY-structurethiswill addanitemsitto theY-structure.
We settheinformationof sit to s sitif thenew segmentoverlapswith thesegmentassociated

22 Recallthatwe ensuredhatendpointsof internalsegmentsthatareequalareidentical.
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with ssit andwe setit to nil otherwise. Similarly, if the new segmentoverlapswith the
sgmentassociatedvith p.sit we changeheinformationof p.sit to sit.

We associatehe new item sit with theright endpointof next seg in the X-structure;note
thatthepointis alreadytherebut it doesnothave its link to the Y-structureyet. We alsoset
lastnoddgs] to v, andif sitsuccandsitpred arestill undefinedj.e, therewasno seggment
passinghroughor endingin p.sweepwe setthemto the successoandpredecessaof the
new item, respectiely, andwe setsit predsuccto sitsucc

(insertstartingsegments=

while ( identical(p_sweep,next_seg.source()) )
{ seq_item s_sit = Y_structure.locate(next_seg);
seq_item p_sit = Y_structure.pred(s_sit);

s = Y_structure.key(s_sit);

if ( orientation(s, next_seg.start()) == 0 &&
orientation(s, next_seg.end()) == 0 )
sit = Y_structure.insert_at(s_sit, next_seg, s_sit);
else
sit = Y_structure.insert_at(s_sit, next_seg, seq_item(nil));

s = Y_structure.key(p_sit);

if ( orientation(s, next_seg.start()) == 0 &&
orientation(s, next_seg.end()) == 0 )
Y_structure.change_inf (p_sit, sit);

X_structure.insert(next_seg.end(), sit);
last_node[next_seg] = v;

if ( sit_succ == nil )

{ sit_succ = s_sit;
sit_pred = p_sit;
sit_pred_succ = sit_succ;

}

// delete minimum and assign new minimum to next_seg

seg_queue.del_min();
next_seg = seg_queue.inf (seg_queue.find min());

Computing New Intersections: If sitpred still hasthe valuenil, therewere no ending,
passingor startingsegmentsandhencep.sweepis anisolatedpoint andwe aredone. Iso-
latedpointsresultfrom segmentsof lengthzero.

So assumehat sit pred exists. We have to updateits informationfield (which still has
thevaluefrom beforethe event). We setit to nil if thereis no intersectiorbetweersit pred
andits successor If the intersectionexists, we insertit into the X-structureand setthe
informationfield of sitpredto it. If thereare segmentsleaving p.sweep i.e, sitpred is
not the predecessoof sitsucg we alsocheckfor an intersectionbetweensit succandits
predecessor
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(computenew intersectionsand updateX-structue)=

if ( sit_pred != nil )
{ if ( !'use_optimization )

{ Y_structure.change_inf (sit_pred,seq_item(nil));
compute_intersection(X_structure, Y_structure, sit_pred);
sit = Y_structure.pred(sit_succ);
if ( sit != sit_pred )

compute_intersection(X_structure, Y_structure, sit);

}

else
{ (optimizationpart2) }
}

The function computéntersectiontakes an item sitO of the Y-structureand determines
whetherthe sggmentassociatedvith sitO intersectsthe sggmentassociatedvith its suc-
cessolitem sitl to theright of the sweepline. If so,it updateghe X- andthe Y-structure.
Let 55 ands; bethe segmentsassociatedavith sitO andsitl, respectiely, andlet £ and 41
bethesupportinginesof 55 ands;, respectiely.

We know thatsy intersectghesweegine L befores;. Thussy ands; intersectight of the
sweepine if theright endpointof s; lies below or on £ (orientations0, sltarget( )) > 0)
andtheright endpointof sy liesabove or on ¢, (orientationsl, sQtarget( )) < 0).

If the segmentsintersect,we computethe point of intersection,call it g, by a call of
sQintersectionof_lines(sl, ), inserta new pair (q, sit0) into the X-structureandassociate
this pair with sitO in the Y-structure.

(geometricprimitiveg +=

static void compute_intersection(sortseq<POINT,seq_item>& X_structure,
sortseq<SEGMENT,seq_item>& Y_structure, seq_item sit0)
Y_structure.succ(sit0);
Y_structure.key(sit0);
Y_structure.key(sitl);

{ seq_item sit1l
SEGMENT sO
SEGMENT s1

if ( orientation(sO,sl.target()) <= 0 &&
orientation(sl,s0.target()) >= 0 )
{ POINT q;
s0.intersection_of_lines(sl,q);
Y_structure.change_inf (sit0, X_structure.insert(q,sit0));
}
}

Post Processing:We associatevith eachedgeof G aninput segmentcontainingit. Thisis
easilydoneaseachedgehasaninternalsggmentassociatedavith it. Thuswe only have to
replaceGJ[e] by original[ G[€]].
ThegraphG constructediuringthe sweeps planarbut is notin theform of aplanarmap
yet. In particular the orderof theadjaceng lists depend®ntheinsertionorder
Whenembeds true, weturn G into a planarmap.
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a

Figure 10.54 Beforethe call of embeddinghereis only oneedgeleaving nodel, namely the
edgee. Therearethreeparalleledges2, 1); their counterclockwiseorderaroundnode2 isin
decreasingrderof ID-number We needto addthereversalsof theedges, b, ¢, andd to thelist
of edgesutof 1. Sortingtheedgedy increasingslopeandedgesf equalslopeby ID-number
givesthedesiredorder

(postprocessing=
if (embed) construct_embedding(G);

edge e;
forall_edges(e, G) G[e]l = original[G[el];

Whenembeds true all edgef G aredirectedfromright to left (verticaledgesaredirected
downwards). Moreover, the edgesout of any node are alreadyin their propercounter
clockwiseordet

In orderto turn G into a planarmapwe needto addthe reversalof every edgeandto
insertthe new edgesattheir properpositioninto theadjaceng lists.

Edgereversalsaredirectedfrom left to right (the reversalof a vertical edgeis directed
upwards). The properorderof edgereversalsis thereforeby slope. Reversalsof parallel
edgesshouldbe orderedby ID-number ConsiderFigure10.54.

Let Rbeacopy (I!!) of thesetof all edgeof G. We useR insteadof E toindicatethat R
representthe setof edgereversals We sorttheedgesn R accordingo slopeandthenadd
for eachedgee in R theedge(target(e), source(e)) to G. Sincenew edgesareappendedo
thelists of outgoingedgesthis will resultin properlyorderedadjaceny lists.

(embedding=
class sweep_cmp_edges : public leda_cmp_base<edge>
{
const GRAPH<POINT,SEGMENT>& G;
public:

sweep_cmp_edges (const GRAPH<POINT,SEGMENT>& g): G(g) {3}

int operator() (const edge& el, const edge& e2) const
{ SEGMENT s1 = G[ell;
SEGMENT s2 = G[e2];
int ¢ = cmp_slopes(sl,s2);
if (c == 0) ¢ = compare(ID_Number(sl),ID_Number(s2));
return c;
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static void construct_embedding(GRAPH<POINT,SEGMENT>& G)
{
list<edge> R = G.all_edges();

sweep_cmp_edges cmp (G) ;
R.sort (cmp) ;

edge e;
forall(e,R)
{ edge r = G.new_edge(target(e) ,source(e),G[e]);
G.set_reversal(e,r);
}
}

In the post-processingtepwe first computethe embeddingandthenreplaceinternal seg-

mentsby input segments.It would beincorrectto changethe orderof two steps:first, the
orderingof the Y-structureis an orderingon internalsggmentsandwe mustusethe same
orderingin the embeddingstep. Second,the input may containmultiple occurrence®f

the samesggmentand the orderingby ID-numberdoesnot breakties betweenidentical
seggments.

An Optimization: Therunningtime of SWEERSEGMENTSIis O((n+s) log(n+m)-+m)

wheren is the numberof segments s is the numberof nodesof G andm is the numberof

edgesof G. If thereareno overlappingsegmentsthenm = O(n + s) sinceG is planar
In the presencef overlappingsegmentsm maybeaslargeasn(n + s). Thetime bound
canbeseenasfollows. Thereare O(n + k) lookups,insertionsanddeletionsn the X- and
Y-structure,eachfor a costof O(log(n + m)). Obsene thatn + m is an upperboundon
the numberof itemsin the Y-structureandthatn + s is an upperboundon the numberof

itemsin the X-structure.Sinces < n® we havelog(n + s+ m) = O(log(n 4+ m)). Thetotal
numberof itemshandledby thereverseitemsoperationnthe Y-structureis O(m). Since
the costof reverseitemsis proportionalto the numberof itemsreversed the total costfor

all reverseitemsoperationss O(m). Thenumberof operation®n G is O(n+k + m), each
for acostof O(1).

Experimentshaw thata significantfractionof therunningtimeis spentin thegeometric
primitivessweepcmpandcomputdntersection in particular if the rationalkernelis used
(whichwe recommend) Therationalkernelhasa built-in floating pointfilter, i.e., all geo-
metrictestsarefirst performedn floating point arithmetic,the roundingerroris estimated,
andonly if the error estimationindicatesthat the resultof the floating point computation
may be wrong, the computatioris repeatedvith exactarithmetic. Thefloating point filter
is discussedh detailin Section8.7.

The function computentersectionperformsorientationtestsand computesan intersec-
tion point. Thefloating pointfilter appliesto the orientationtestsbut doesnot applyto the
computatiorof intersectiorpointssinceconstruction®f new pointsarealwaysperformed
with exactarithmetic.

Thefunction computdntersectionis calledwheneer two sggmentsbecomeadjacenin
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Figure 10.55 Theintersectionp is first discoreredwhent is insertednto the Y-structureandis
rediscoeredwhens is removedfrom the Y-structure.

the Y-structure. Segmentsmay becomeadjacentin the Y-structuremore than once, see
Figure10.55.We shov how to avoid therecomputatiorof intersections.

We maintaina dictionary inter.dic which mapspairs of sggmentsto itemsin the X-
structure.Theappropriatedatatypeis a two-dimensionamap.

(local declamtiong+=
map2<SEGMENT , SEGMENT,seq_item> inter_dic(nil);

Wheneer a pair of segmentsthatis adjacentin the Y-structurebecomesion-adjacentve
storetheirintersectiorin thedictionaryandwheneer a pair of sggmentshecomesdjacent
we consultthedictionaryto find outwhethertheir intersectionwasalreadycomputed.

When processingan event two intersectionamay get lost. Considerthe sequenceof
itemscorrespondingo sggmentspassinghroughor endingin p.sweep Let sitlast bethe
lastitem in this sequencend let sitpred and sitsuccbe the items before and after the
sequencerespectiely; sitlast doesnot exist if thereareno segmentspassingthroughor
endingin p.sweep

Sweepingthrough p.sweepreversesthe subsequencstartingwith sitfirst and ending
with sitlast andhencetwo intersectionsangetlost, the intersectionstoredin sitlast and
the intersectionstoredin sitpred The intersectionstoredin sitlast is with the segment
associateavith sit succandtheintersectiorstoredn sit predis with thesegmentassociated
with the successoof sit pred Thisis theitem sit predsucc

(optimization part 1)=

seq_item xit = Y_structure.inf(sit_last);

if (xit) { SEGMENT s1 = Y_structure.key(sit_last);
SEGMENT s2 = Y_structure.key(sit_succ);
inter_dic(s1,s2) = xit;

}

(optimization part 2)

seq_item xit = Y_structure.inf(sit_pred);
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if ( xit )

{ SEGMENT s1 = Y_structure.key(sit_pred);
SEGMENT s2 = Y_structure.key(sit_pred_succ); // sit_first
inter_dic(s1,s2) = xit;
Y_structure.change_inf (sit_pred, seq_item(nil));

}

compute_intersection(X_structure, Y_structure,inter_dic,sit_pred);
sit = Y_structure.pred(sit_succ);
if ( sit != sit_pred )

compute_intersection(X_structure, Y_structure,inter_dic,sit);

Wealsoneedio changehefunctioncomputantersection Beforecomputinganintersection
point we checkwhetherthe two seggmentsalreadyhave an intersectioneventin the X-
structureby alookupin intermap If thelookupfails we computetheintersectiorandadd
it to the X-structure.

(geometricprimitiveg +=
static void compute_intersection(sortseq<POINT,seq_item>& X_structure,
sortseq<SEGMENT,seq_item>& Y_structure,
const map2<SEGMENT,SEGMENT,seq_item>& inter_dic,
seq_item sit0)
{ seq_item sitl = Y_structure.succ(sit0);
SEGMENT sO = Y_structure.key(sitO);
SEGMENT s1 = Y_structure.key(sitl);
if ( orientation(s0,sl.target()) <= 0 &&
orientation(sl,s0.target()) >= 0 )

{

seq_item it = inter_dic(s0,sl);

if ( it == nil)

{ POINT q;
s0.intersection_of_lines(sl,q);
it = X_structure.insert(q,sit0);

}

Y_structure.change_inf (sit0, it);

10.7.4 ExperimentalEvaluation of the SweepLine Algorithm

We reportabouttestsfor threekindsof testdata hamelyrandom difficult, andhighly de-
generaténputs,threedifferentimplementationsf pointsand segmentsnamelythefloating
point kernel (FK), the rationalkernel(RK) andthe rationalkernelwith turned-of floating
point filter (FK™), andwith and without the optimization We describethe testdata, list
runningtimes,andcommenin theresults.

Randomlnputs: Therandomdatasetconsistof n sggmentsvhoseendpointharerandom
k bit coordinatesTable10.8givesthe numberof nodesandedgesof the outputgraphand
therunningtime for n = 200 anddifferentvaluesof k. The experimentsndicatethatthe
optimizationdescribedabove andthe floating point filter are effective. The optimization
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k \ E RK™ RK™O RK RKO FK FKO

10 4813 9028 2.27 2 12 109 073 0.67
20 4742 8884 2.63 219 131 11 0.7 0.67
30 5467 10334 3.07 257 152 126 0.8 0.77
40 5478 10356 3.78 3.13 169 138 081 0.77
50 5168 9736 3.66 3.13 1.62 1.3 076 0.73
60 5558 10516 4.36 359 181 143 0.82 0.79
70 5909 11218 5.2 423 2.13 16 0.86 0.83
80 5174 9748 4.75 378 186 143 0.78 0.74
90 4808 9016 4.86 3.82 177 134 071 0.68
100 5080 9560 5.92 45 212 154 075 0.73

Table 10.8 200randomsggments coordinatesarerandomk-bit integers.An “O” indicatesthe
useof theoptimization.

is moreeffective for the rationalkernelsbecausehe computationof intersectionss more
costlyin exactarithmetic. Floatingpoint arithmeticis fasterthanexactarithmeticbut the
differences never morethanafactorof two in runningtime. We have to admitthoughthat
thedifferencecanbe madearbitrarily largerby choosingargervaluesof k.

Difficult Inputs: Let size= 2 andlet y = 2size/(n — 1). Therandomdatasetconsists
of n sgmentswherethei-th sggmenthasendpoints(size+ rx1, size+i -y + ryl) and
(3-size+rx2, 3-size—i - y+ry2) andrxl, rx2, ryl, ry2 arerandomintegersin [—s, s] for

somesmallintegers. For s = 0 all sggmentsin the difficult datasetpassthroughthe point
(2-size 2-size, andfor smallbut non-zerovaluesof s they intersecin theneighborhoowf

this point. Table10.9givestheresultsfor the difficult datasetwith s = 10,k = 10, 20,...

, 100,andn = 200. Thefloating point filter andthe optimizationareagainquite effective.

Thefloatingpointimplementatiorproducedncorrectresultsfor all valuesof k; thefloating

pointimplementatiordoes,however, work correctlyfor smallervaluesof n and/orlarger
valuesof s.

Highly Degeneratelnputs: The highly degenerateest set consistsof n segmentswith
randomcoordinatesn a small grid with sidelengths. For example,for n = 100 and
s = 10 oneshouldexpecta large numberof degeneraciesWe usedthis testsetto support
our claim thatthe algorithmhandlesall degeneraciesWe do not reportrunningtimesfor
the highly degeneraténputs.

Thereaderanay performtheir own experimentsoy runningeitherthe sweep-sgments-
demoin xImanor the sweeptime programin the demodirectory

We weresurprisediy two outcomesf our experiments.

First, we expectedthe implementatiorusingthe rationalkernelto be muchslower than
thefloatingpointcomputatiorandnotjustby afactorof two. We achievzethesmallfactorby
theuseof thefloatingpointfilter, by theoptimizationwhich avoidsthecostlyrecomputation
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k \ E RK™ RK™O RK RKO FK  FKO

10 20134 39669 9.84 8.29 5.07 4.46 error error
20 20298 39997 11.75 9.71 5.65 4.64 error error
30 20296 39994 12.33 10.5 6.04 4.88 error error
40 20298 39997 14.79 11.71 6.5 5.13 error error
50 20300 40000 16.12 125 6.7 5.22 error error
60 20298 39997 16.32 1295 6.91 5.45 error error
70 20300 40000 18.77 14.84 751 5.69 error error
80 20300 40000 19.82 1591 7.62 5.72 error error
90 20298 39997 21.27 16.25 7.68 5.71 error error
100 20296 39994 24.61 18.39 8.58 6.24 error error

Table 10.9 Thedifficult examplewith 200segments.An “O” indicateshe useof the
optimizationanderrorindicatesthatthe computatiorwith the floating point kernelgave the
incorrectresult.

of intersectionsandby the obsenationthatmary equalitytestsfor pointscanbe replaced

by testsfor identity of points.

Secondwe expectedthe floating pointimplementatiorto have difficulties with the dif-
ficult example. However, we were surprisedby the factthat it never crashed. It always
producedan output, albeitanincorrectone. We try to explain this phenomenorby argu-
ing thatthe programdoesnot crashaslong asthe sentinelsare handledcorrectly i.e, the
sgmentslower sentinelanduppersentinelhave all segmentsbetweernthemandall inter-
sectionpoints precedepstop We do not carewhat the geometrictestsdo with segments
thatarenotsentinelsIf sentinelsarehandledcorrectly everylookupin the Y-structurewill
returnanitem differentfrom thefirst itemin the Y-structuré?. Also thewalksperformedn
the Y-structurewill determinea subsequencthatdoesnotincludethe sentinelitems. For
this reasomoneof the operationn the Y-structurewill fail; i.e., it will never happerthat
we askfor the successoof thelastor the predecessanf thefirst item. Also sincepstopis
handledcorrectly we will never attemptto extractnextsey from anemptyseag.queue
Exercisesfor 10.7
1 LetGgandG; begraphsof type GRAPHPOINT, SEGMENT. Write afunctionthat

checkswhetherthe graphsareisomorphic,i.e., whethertherearebijectionsiy : Vo —
Vi andig : Eg — Ej suchthatGg[v] = Gy[iv(v)] for all nodesof Gg andsuchthat
ie(e) = (iv(v),iv(w)) andGg[e] = G;[ig(e)] for all edgese = (v, w) of Gg.

2  Usethe solutionto the previous exerciseto write a function that runstwo implemen-
tationsof SEGMENT.INTERSECTIONandthenchecksthe computedgraphsfor iso-
morphism.

23 This sentenceequiresknowledgeof theimplementatiorof sortedsequencesTheimplementatioris suchthatif

the comparisonsvith thefirst andthelastelemenbf the sortedsequencarecorrectandthe outcomeof ary other
comparisonis arbitrary lookupwill notreturnthefirst element.
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3 Write atrivial implementationof SEGMENTINTERSECTIONG, repor) that simply
checksevery pair of segmentsfor anintersection.

4  Extendthesweepine algorithmor ary of the otheralgorithmssuchthatit computeghe
trapezoidadecompositioninducedby a setof segments.

10.8 Polygons

We definethe typespolygonandgeneralizegolygon. A polygonis an openregion of the

planewhoseboundaryis a closedpolygonalchair?* anda generalizegolygonis anything

thatcanbe obtainedfrom polygonsby regularizedsetoperations Both classeoffer func-

tions for point location, for intersectionwith lines and segments,andfor moving objects
around.Generalizegbolygonsoffer, in addition,theregularizedsetoperationcomplement,
union,intersectiondifference andsymmetricdifference.

This sectionis structuredasfollows: in Section10.8.1we discussthe functionality of
polygonsand generalizedpolygons,in Section10.8.2we give the essentialof the im-
plementatiorof polygons,in Section10.8.3we give the mathematicainderlyingthe rep-
resentatiorof generalizedoolygons,andin Section10.8.4we give the highlights of the
implementatiorof generalizegolygons.

We adviseyou to exercisethe polygondemoin xIman beforereadingthis section,see
Figure10.56.

10.8.1 Functionality

A closedpolygonalchain P is a cyclic sequencépo, p1, ..., Pn_1) Of points. The points
arecalledtheverticesof the chainandthe numberof verticesis calledthesizeof thechain.
The verticesof a closedpolygonalchain are indexed modulo the size n of the chain, in
particular pn = po. A closedpolygonalchaininducesa set S(P) of segments,namely
the setof sgmentsp; pi;1, 0 < i < n — 1, connectingconsecuire vertices. A closed
polygonalchainis calledsimpleif all nodesof thegraphG(S(P)) definedby the segments
in S(P) have degreeequalto two, i.e., if notwo segmentsin S(P) exceptfor consecuire
sgmentssharea point. A closedpolygonalchainP is calledweaklysimpleif the segments
in S(P) aredisjoint exceptfor commonendpoints® andif the chaindoesnot crossitself.
Figure10.57shonvs someexamples.

A weakly simple polygonalchainsplits the planeinto an unboundedegion andoneor
more boundedregions. For a simple polygonal chainthereis just one boundedregion.
Whenaweakly simplepolygonalchain P is traversedeitherthe boundedegionis consis-
tently to theleft of P or theunboundedegion is consistentlyto theleft of P; this follows
from the factthata weakly simple chaindoesnot crossitself. We saythat P is positively
orientedin the former caseand negatively orientedin the latter case. We call the region

24 A precisedefinitionis givenbelaw.
25 1t is allowedthatsegmentsthatarenot consecutie on P shareanendpoint.



124 GeometryAlgorithms

LEDA Polygon Demo

&
®
Y

&0,

5
TuRN
@ o=l

complement

P.intersect{®) 3 polygons 1 hole area =126800.00

Figure 10.56 A screershotof the polygondemoin xIman. Thedisplayshovs ageneralized
polygon. Theboundarycyclesareindicatedby arravs andtheinsideof the polygonis shaded.
Thevarioushuttonsallow the userto constructpolygonsby mouseinputor by calling
generatorsto force verticesto a grid, to computeintersectionsynions,differencesand
symmetricdifferencesto performpointlocationqueriesandto computecomplements.

to the left of P the positive sideof P. We overloadnotationanduse P alsoto denotethe
positive side of P, seeFigure 10.58. The positive side of P is anopensetand P is its
boundary

Frequentlywe do not wantto distinguishbetweena polygonalchainandthe polygonal
region definedby it. We usetheword polygonto cover bothaspects.

We have two classesof polygons: rat polygonshave ratpoints as their verticesand
polygonshave points astheir vertices. Both classeoffer essentiallythe samefunction-
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Figure 10.57 P is simpleand Q is weakly simplebut notsimple. R is notweaklysimple
becausédt crossedtselfatr =r; = ra, andSis notweaklysimplesinces; liesin theinterior of
anothersegment.

Figure 10.58 Theboundedegionis to theleft of P; P is positively oriented. Theunbounded
regionis to theleft of Q, Q is negatively oriented.

ality, but, of coursepnly rat polygongguaranteeorrectresults.We userat polygonsn this
section.
Thedeclarations

rat_polygon P1;

rat_polygon P2(const list<rat_point>& pl,
CHECK_TYPE check = rat_polygon::SIMPLE,
bool respect_orientation =
rat_polygon: :RESPECT_ORIENTATION) ;

introducepolygonsP1 and P2, P1 is initialized to the empty polygonand P2 is initial-
izedto the polygonwith vertex sequencgl. The secondargumenttakesoneof the values
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NO_CHECK, SIMPLE, WEAKLY _SIMPLE of alocal enumeratiortype CHECK TYPE.
If chedk is SIMPLE, the polygon must be simple, andif chedk is WEAKLY _SIMPLE,
the polygon must be weakly simple. The third agumenttakes one of the valuesRE-
SPECTORIENTATION or DISREGARD.ORIENTATION. If respecbrientationis DIS-
REGARD_ORIENTATION, the orientationof pl is chosensuchthat the boundedregion
with respectto pl lies to the left of pl. The meaningof this flag is undefinedif pl is not
weaklysimple.
Simplicity andweaksimplicity canalsobe checled by thefunctions

bool P.is simple();
bool P.is weakly simple();

Assignmentindcopy constructorareavailablefor polygons.Thefunctions

list<rat point> P.vertices();

list<rat_segment> P.edges();
returnthelist of verticesandthelist of sgmentsof P, respectiely. Thesecondunctionis
alsoavailableas P.segments ).

Letl bealine andlet s beasggment.Thefunctions

list<rat_point> P.intersection(l);
list<rat_point> P.intersection(s);

returnthe crossingdetweerthechain P andl| or s, respectiely. Thefunction
rat_polygon P.complement ()

returnsthe polygonwhoselist of verticesis thereversalof P’slist. If P is weaklysimple,
the positive sideof thecomplements the negative sideof P andvice versa.

Theremainingfunctionsfor polygonsassumehat P is weaklysimple Their meaningis
undefinedf P is notweaklysimple RecallthataweaklysimplepolygonP splitstheplane
in anunboundedegion andone or moreboundedregions. Also recallthatwe designated
theregion(s)to theleft of P asthepositive sideof P anduseP alsofor the positive sideof
P.

Let p beapoint. Thefunction

int P.side_of (p);
returnsthe sideof P to which p belongsii.e., +1if p belongsto the positive side,0 if p
lieson P,and—1if p belonggto the negative side,seeFigure10.59.Thefunction
region kind P.region of (p);
returnstheregionwith respecto P to which p belongsj.e.,BOUNDED_REGIONIf p lies

in theboundedegion of P, ON_REGIONIf p lieson P, andUNBOUNDED_REGIONIif
p lies in the unboundedegion. Onecanalsoaskfor the containmenin a specificregion
by

bool P.inside(p);

bool P.on boundary(p);
bool P.outside(p);
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Figure 10.59 Side-oftests:We performedside-oftestswith respecto the generalizegolygon
of Figure10.56for 5000randompoints. The pointson the differentsidesareshowvn at different
grey level.

Figure 10.60 Theintersectiorof P andQ is aline sgment;R \ (P N Q) is arectangleminusa
line sgment.

Thefunction
RAT_TYPE P.area();

returnsthe signedareaof the boundedegion of P. The signof theareais positiveif P is
positively orientedandis negative if P is negatively oriented.

We cometo generalizedolygons. The classof polygonsis not closedunderboolean
operationsln fact, very strangeobjectscanbe generatedrom polygonsby booleanopera-
tions,seeFigure10.60.The classof generalizegolygonsencompasseall setsthatcanbe
constructedrom polygonsby the so-calledregularizedsetopertions see[Req8Q TR80,
Hof89]. Wereferthereaderto [Nef78] for thegenerakase.

In orderto definethe regularizedset operationswe needto review someelementary
conceptof topology For asetX we useint X, cl X, bd X, andcpl X to denoteits interior,
closur, boundary andcomplementrespectiely. An opensetX is calledregular if X =
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Figure 10.61 In (a), the polygonsPand Q shareanedge,P N Q is aclosediine sggment,and
reg(P N Q) istheemptyset.In (b), P \ Q is the half-closedregion betweerthecyclesP andQ;
thechain P doesnotbelongto P \ Q andthechainQ belongsto it. Theregularizedset
differencereg(P \ Q) is theopenregionwith boundaries® and Q.

intcl X. The following setsare non-regular: the planeminusa single point or the plane
minusaline. A setis calledpolygonalif its boundaryconsistsof a finite numberof points
andopenline segments. Theregularizationof a set X is definedasintcl X; we usereg X
asa shorthandor intcl X. We show thatregularizationgeneratesegular setsandthatthe
regularizedsetoperation$® appliedto regularpolygonalregionsgenerateegularpolygonal
regions,seeFigure10.61.

Lemma 10

(a) Let X beanyset.Thenreg X is regular.

(b) Let X beanyopenset. X is regular iff X andintcpl X havethe sameboundary

(c) Let P beaweaklysimplepolygonalchain. Thentheboundedegionandtheunbounded
region with respecto P areregular polygonalsets.

(d) If P andQ areregular polygonalregionsthensoareregcpl P, reg(PNQ), reg(PUQ),

reg(P \ Q), andreg(P & Q).

Proof We startwith part(a). Let X beary setandlet Y = reg X. We needto show thatY
isregular WehaveY C clY andhenceY C intclY sinceY isopen.WehaveY C cl X by
definitionof Y andhencecl Y C clcl X = cl X. ThusintclY Cintcl X =Y.

We turnto part (b). Assumefirst that X is regular, i.e., X = intcl X, andlet x beary
pointin the boundaryof X. Thenx € cl X \ X since X is open. Assumethatthereis a
neighborhoodJ of x suchthatU Nintcpl X = @. ThenU C cl X andhencex € intcl X,
acontradictionto theregularity of X.

To prove the corversewe obsene that X C intcl X since X is open. We needto shaov
that the containmentis not proper Considerary point x € bdX. By assumptiorevery
neighborhoodJ of x hasU Nintcpl X # @. Thusx ¢ intcl X andhenceintcl X C X.

For part (c) we obsene that the boundaryof the boundedas well as the unbounded
region with respecto P is equalto P andhencebothregionsarecertainlypolygonal. The
regularity of bothregionsfollows from part(b) andthefactthat P is weakly simple.

26 Theregularizedunionof two setsX andY is definedasreg(X U Y); thedefinition of the otherregularizedset
operationss analogous.
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The resultsof the regularizedsetoperationsare certainly polygonal; regularity follows
from part(a). O

Theclassesat genpolygonandgenpolygonrepresentegularpolygonalregionsoverthe
rationalandthefloatingpointkernel,respectiely. In ourexamplesve useratgenpolygons
genpolygonstanddor generalizegolygon.

Theconstructors

rat_gen polygon P;
rat_gen polygon Q(rat_polygon R);

constructhe emptygeneralizegolygonandthe generalizegolygoncorrespondingo R,
respectrely. Thesecondconstructorequiresthat R is aweaklysimplepolygon. Thereare
two specialgeneralizegolygons,the emptyoneandthe full one. Thefull polygonis the
entireplane.

Thefunctions

bool P.is_empty();
bool P.is_full();

returntrueif P is theemptysetor the entireplane respectiely.
If pisapointandP is ageneralizegolygonthen

bool P.side_ of (p)

returns+1if p € P, returns0if p lieson P, andreturns—1 otherwise seeFigure10.59.
Thefunction

region kind P.region of (p);

returnstheregionwith respecto P to which p belongsj.e.,BOUNDED_REGIONIf p lies
in theboundedegion of P, ON_REGIONIf p lieson P, andUNBOUNDED_REGIONIif
p liesin theunboundedegion. Theboundedegion of theemptypolygonis emptyandthe
boundedegion of thefull polygonis theentireplane.

Thefunction

RAT_TYPE P.area();
returnsthe signedareaof the boundedregion of P. The sign of the areais positive if P

is boundedandis negative if P is unbounded.This function cannotbe appliedto the full

polygon.
For thefollowing operationdet P and Q begeneralizegolygons.

rat_gen polygon P.complement ()
returnstheregularizedcomplemenof P and

gen rat polygon P.unite(Q);

gen rat_polygon P.intersection(Q);
gen rat_polygon P.diff (Q);

gen rat_polygon P.sym diff (Q);
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Figure 10.62 Two polygonsP andQ andtheresultsof thethreebooleanoperations), U, and\.
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Figure 10.63 Two polygonsP and Q andtheresultsof thethreebooleanoperations), U, and
\. Obsere thatthe positive sideof Q is unbounded.

returnreg(P U Q), reg(P N Q), reg(P \ Q), andreg(P & Q), respectiely. Theword union
is a resened word of C++, hencethe nameunite for the union-operation.Figures10.62
and10.63shov someexamples.

A generalizegolygoncanberepresentetly its boundarycyclesaswill beexplainedin
Section10.8.3.Thefunction
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Figure 10.64 The complemenbf thegeneralizegolygonof Figure10.56.0bsere thatthe
orientationof all boundarycyclesis reversed.

list<rat_polygon> P.polygons();

returnsthelist of boundarycyclesof P. Thelist is orderedaccordingto nesting,i.e., if a
boundancycle D is nestedn aboundarycycle C, thenC is beforeD in thelist of boundary
cycles.

10.8.2 TheImplementationof Polygons

Polygonsarea handletype,i.e., a polygonis realizedasa pointerto a representatioglass
(calledpolygonrepandrat.polygonrep respectiely) which containgheactualrepresenta-
tion. Thememberfunctionptr( ) of classpolygonreturnsthe pointerto therepresentation
object.

The representatiortonsistsof a list of points, a list of segments.four extremepoints,
andanintegerwhich storesthe orientationof the polygon. The orientationis positiveif the
boundedegionis to theleft of the polygonandis negative otherwise.

1ist<POINT> pt_list;

1ist<SEGMENT> seg list;

POINT xmin, ymin, xmax, ymax;

int orient;

Here,ptlist containghelist of points,seg list containghelist of sggmentgthei -th segment
in saylist connectghei-th pointin ptlist to thei + 1-th pointin ptlist), andxmin ymin,
xmax andymaxare verticeswith minimal x-coordinate minimal y-coordinate maximal
x-coordinateandmaximaly-coordinaterespectiely.
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We will next discusssomeof the memberfunctionsof polygon

The SignedAreaof a Simple Polygon: Assumethatseylist is thelist of boundaryseg-
mentsof a simple polygon P. We shov how to computethe signedarea A(P) of the
boundedaceof P. Thesignof theareais positive if theboundedacelies to theleft of P
andis neggative otherwise.

LemmallLet P beasimplepolygonandlet n bethenumberof sggmentdn theboundary
of P. For0 < i < n, let p; be the source point of the i-th boundarysegment. Let p
be an arbitrary pointin the planeandlet A, = A(A) bethe signedarea of the triangle
Ai = (p, pi, Pi+1). Then
AP)= ) A
O<i<n

is thesignedareaof A.

Proof We useinductionon n andassumew.l.0.g. thatthe signedareais positve. Assume
first that P is a triangle, seeFigure 10.65. If p lies in the boundedfaceof P or on P,
the boundedfaceof P is partitionedby thetrianglesAg, A1, and A, andhenceA(P) =
A(Ap) + A(A1) + A(AL). If pliesin theunboundedaceof P, then p canseeeitherone
ortwo edgef P. If p canseeoneedgeof P, say pops1, then

A(P) = |A(AD] + [A(A2)| — [A(Ao)| = A(A1) + A(A2) + A(Lo),

wherethe seconcequalityfollows from thefactthat A; and A, arepositively orientedand
Ao Is negatively oriented.If p canseetwo edgesof P, say pop1 and p1p2, then

A(P) = [A(A2)| = [A(AD)] = [A(Ao)| = A(A2) + A(A1) + A(Ao),

wherethe secondequality follows from the factthat the orientationof A, is positive and
theorientationsof Ag andA; arenegative. This completeghe basestepof theinduction.

Assumenext thatn > 4. Thenthereis ani suchthatthe segmentp; pi» is contained
in the interior of P 27, Let Q bethe polygonobtainedfrom P by replacingthe sggments
Pi pi+1 and piy1 pi+2 by thesegmentpi piy2. Then

A(P) = A(Q) + A(L)

whereA = (pi, pi+1, Pi+2). Applying theinductionhypothesigo Q yields

i—1 n—1

AQ) =Y AL + AWM. pi. P2 + Y, AA))

j=0 j=i+2

andapplyingtheinductionhypothesido A yields
A(A) = A(A1) + A(Ait1) + A(Pi+2, Pi, P) = A(A) + A(Ai+1) — AP, Pis Pi+2).

27 Consideranarbitrarytriangulationof P. Thedualof thetriangulationis atreeandhencethereis atleastone

trianglein thetriangulationwhich hastwo edgesf P in its boundary Thetwo edgesare pj pj1and pj+1 pj+2
for somei.
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Figure10.65 Let Aj = (p, pi, pi+1) fori =0, 1, 2,andlet P = (po, p1, p2). Then
A(P) = A(Lp) + A(A1) + A(A) in all threecases.

Adding thetwo equationcompletegheinductionstep. O
Theimplementatiorfollows directly from thelemmaabove.

(polygon:computearea)=

static RAT_TYPE compute_area(const 1ist<SEGMENT>& seg_list)
{
if (seg_list.length() < 3) return 0;

list_item it = seg_list.get_item(1);
POINT p = seg_list[it].source();

it = seg_list.succ(it);
RAT_TYPE A = 0;

while (it)

{ SEGMENT s = seg_list[it];
A += ::area(p,s.source(),s.target());
it = seg_list.succ(it);

}

return A;

Thetime to computethe signedareaof a polygonis O(n). The constanfactorin the O-
expressioris fairly large,in particular with the rationalkernel. Obsene thatthe areasof n
trianglesarecomputecandthatanareacomputatiorof atriangleamountdo the evaluation
of a3 x 3 determinant.

Determining the Orientation: Thesimplestway to computethe orientationof a polygon
P is to take thesignof thearea.This takeslineartime but is slow; seetheremarkattheend
of the precedingsection.A fasterapproachs asfollows.

Let q be the lexicographicallysmallestvertex of P andlet p andr bethe predecessor
andsuccessoverticesof g on P. Thenthe orientationof P is equalto the orientationof
thetriple (p, q, r), seeFigure10.66.0Obsene thatthis statements nottruefor anarbitrary
vertex q; it is only truefor avertex thatis extremein somedirection.
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Figure 10.66 Thetriple (p, g, r) haspositive orientation.If g is thelexicographicallysmallest
vertex of the polygon,theregion to theleft of the polygonalchainis bounded This conclusion
cannotbedrawn for anarbitraryvertex.

Theimplementatiorof orientationfollows directly from the precedingparagraph.

(polygon:computeorientation=

static int compute_orientation(const list<SEGMENT>& seg_list)
{ list_item q_it = seg_list.first();
POINT q = seg_list[q_it].source();
list_item it;
forall_items(it,seg_list)
if ( compare(seg_list[it].source(),q) < 0 )
{ q_it = it;
q = seg_list[q_it].source();
}

POINT p
POINT r

return ::orientation(p,q,r);

seg_list[seg_list.cyclic_pred(q_it)].source();
seg_list[seg_list.cyclic_succ(q_it)].source();

Point Containment: Let P beaweaklysimplepolygon.Thefunction
region kind P.region of (const POINT& p) const

returnstheregionof P containingp. In orderto decidecontainmentve first usetheextreme
verticesfor a quick test. If p liesto theleft of xminor to theright of xmaxor beloxy ymin
or above ymax we returnUNBOUNDED_REGION. Next we checkwhetherp lieson P.
Assumethis is notthecasej.e., p lies eitherin theboundedaceor the unboundedaceof
P.

We usethe following obsenation. Considera vertical upwardray r, startingin p and
assumehatr , doesnot passthroughary vertex of P. Thenr , intersectsanodd numberof
sgmentsof P iff p liesin theboundedegion of P. The obsenationsolvesthe problemiff
I, doesnot passthroughary vertex of P.

We useperturbationto extendthe solutionto arbitrarypoints p. If p doesnotlie on P,
the point g obtainedfrom p by moving p by aninfinitesimalamountto the right belongs
to the samefacewith respecto P as p. Moreover, the verticalupwardray rq startingat g
doesnot passthroughary vertex of P. In particulayrq doesnotintersectary verticaledge
of P.
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Considera sggments of P. If s is vertical,ry doesnotintersectit. Soassumehats is
notvertical. Let a bethe endpointof s with the smallerx-coordinateandlet b bethe other
endpointof s. Thenrg intersectss if Xa < Xq < Xp andq lies to theright of the oriented
line ¢ througha andb. Here,we usedx; to denotethe x-coordinateof a point z. Since
Xq = Xp + € for aninfinitesimale, thefirst conditionis equivalentto x, < X, < X, andthe
secondconditionis equivalentto p beingto theright of £.

We obtainthe following code.

(polygon:region_of andside of )=

region_kind POLYGON: :region_of (const POINT& p) const
{

// use extreme vertices for a quick test.

int cx1 = POINT::cmp_xy(p,ptr()->xmin);

int cx2 = POINT::cmp_xy(p,ptr()->xmax);

int cyl = POINT::cmp_yx(p,ptr()->ymin);

int cy2 = POINT::cmp_yx(p,ptr()->ymax);

if (cx1 <0 |l cx2>0 || cy1 <0 || cy2 > 0) return UNBOUNDED_REGION;
1ist<SEGMENT>& seglist = ptr()->seg_list;

// check boundary segments

list_item it;
forall_items(it,seglist)
{ SEGMENT s = seglist[it];
if (s.contains(p)) return ON_REGION;
}
// count intersections with vertical ray starting in p
int count = 0;
forall_items(it,seglist)
{ SEGMENT s = seglist[it];
POINT a = s.source(); POINT b = s.target();
int orient = POINT::cmp_x(a,b);
if ( orient == 0 ) continue;
if ( orient > 0 ) { // a is right of b
leda_swap(a,b);
}
if ( POINT::cmp_x(a,p) <= 0 && POINT::cmp_x(p,b) < 0
&& ::orientation(a,b,p) < 0 )
count++;

}
return ( count % 2 == 0 ? UNBOUNDED_REGION : BOUNDED_REGION );

Given the function regionof it is easyto implementsideof. The positive side of P is
equalto theboundedegionif P is positively orientedandis equalto theunboundedegion
otherwise.
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(polygon:region_of andside of)+=

int POLYGON::side_of (const POINT& p) const
{ region_kind k = region_of(p);
switch (k) {
case ON_REGION: return 0;
case BOUNDED_REGION: return ptr()->orient;
case UNBOUNDED_REGION: return -(ptr()->orient);
default: assert( 0 == 1); return O;

}
}

The Complement of a Polygon: The complementof a weakly simple polygonis easy
to compute. We simply reversethe list of sggments. The complementhasthe opposite
orientation.

(polygon:complement

POLYGON POLYGON: :complement() const

{ 1ist<SEGMENT> R;
SEGMENT s;
forall(s,ptr()->seg_list) R.push(SEGMENT(s.target(),s.source()));
return POLYGON(R, - orientation());

10.8.3 The Mathematicsof GeneralizedPolygons
The purposeof this sectionis to give the mathematicalinderpinningor the representation
of regular polygonalsets. We shaw that a regular polygonalsetcanbe representedby its
list of boundarycycles.

If X is aregular polygonalsetand p is an arbitrarypoint in the planethe intersection
U N X for U asufficiently smallneighborhooaf p hasoneof thefollowing threeforms:

e If piscontainedn (theinteriorof) X thenU N X C X.
e If piscontainedn theinterior of thecomplemenbf X thenU N X = @.

e If piscontainedn theboundaryof X thenU N X andU N intcpl X areunionsof
“piecesof pie” asshown in Figure10.67.

We call asetX trivial if eitherX = ¢ or X = IR?. Let X beanon-trivial polygonalset.
We call acollection P4, ..., P« of weaklysimplepolygonsarepresentatiorof X if:

e thesetof sggmentsn theboundaryof X is thedisjoint union of the setof segmentsof
the P’s,and

e theorientationof eachP, is suchthat X is locally to theleft of P, and

e the P arepairwisenon-crossingi.e.,thereareno consecutie sgmentspq andqr on
someP; andxq andgy onsomeP; withi # j andthesegmentsinterleaving around
g, seeFigure10.68.
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Figure 10.67 Theshadedartof the planebelongsto the polygonalregion X and p liesin the
boundaryof X. If pisavertex of X andU is asufiiciently smallneighborhooaf p thenU N X
andU nNintcpl X areunionsof piecesof pie. If p liesin therelative interior of aboundary
segmentof X then X lookslike anopenhalf-planein thevicinity of p.

X p

Figure10.68 Thechains(..., p,q.r,...) and(..., x,q, Y, ...) Crossin q.

Figure10.69shovs anexample.
Lemma 12 Everynon-trivial polygonalsethasa representation.

Proof Consideraboundarysegments of X. SinceX is regular, X lies on only oneof the
sidesof s andhences canbe orientedsuchthat X is locally to theleft of s.

Considemext a point p asshown in Figure10.67.Since X is the unionof piecesof pie
in the neighborhoof p we canjoin the boundarysegmentsof X incidentto p suchthat
ary two consecutre sggmentsdefineoneof the piecesof the pie. In this way no crossings
areintroduced.Also, sincenoneof the piecesof the complemenbf X is degeneratedo a
line, every boundarysegmentincidentto p is usedonly once.

The constructiorguaranteethatthe polygonsformedareweakly simpleandsatisfythe
two propertief arepresentatiostatedabove. O

Therepresentationf a polygonalsetis not uniqueasFigure10.69shavs. We still need
to justify the choiceof the namerepresentationin what sensedoesa representationf a
polygonalset“represent'the set?

We startwith theobsenationthatthepolygonsin arepresentatioform aso-callechested
family. Let P, and P; be two polygonsin arepresentationSince P, and P; do not cross,
we have eitherbRP, N bRP; = ¥ or bRP C bRP; or bRP; C bRPF;, wherebRP
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P3 Pe

Ps

P4

P1

Figure 10.69 Theopenshadedegion consistf two connectedets,oneof whichis simple. X

canberepresentedy (po, P, P2, P4, Ps, Ps, P2, P3, Po, Ps, Pz, P3) or by (Po, P1, P2, P3),
(P2, Pas Ps. Pe), (P3. Po. P8, P7), Or by (Po, P1, P2, Pa, P, Pe, P2. P3), (P9, P8, P7, P3)-

denoteghe boundedregion with respecto a polygon P. We saythat P; is nestedn P, if
bRP; C bRP,.

We cannow definea forest F on the polygonsin a representationA polygon P; is a
child of apolygonP; if P; isnestedn P, andthereis no P, suchthat P; is nestedn P and
P« is nestedn P,. If P; isachild of P, in F, we saythat P; is directly nestedn P;. We
have:

Lemma 13If P; is achild of P in F thenP; and P; havedifferentorientations.All roots
of F havethe sameorientation.

Proof If P, is positively orientedthenbR P, belongsto X in thevicinity of P, andto the
left of P. SinceP; is directly nestedin P, andsinceit is partof the boundaryof X, P;
mustbe negatively oriented.If P, is negatively orientedthenbR P, belongsto intcpl X in
thevicinity of P andto theleft of P,. SinceP; is directly nestedn P, andsinceit is part
of theboundaryof X, P; mustbe positively oriented.

If X is boundedall rootsof F arepositively orientedandif X is unboundedall rootsof
P arenegatively oriented. O

It is corvenientto turn the forestF into a treeby addingan artificial root. The polygon
associateavith therootrepresentshe“circle atinfinity”. Thecircle atinfinity is positively
orientedif X is unboundedndis negatively orientedif X is boundedWe useP, to denote
theatrtificial polygonrepresentinghecircle atinfinity. Every pointof theplaneis contained
in theboundedegion with respecto thecircle atinfinity.

We assumdrom now onthatthe polygonsPy, Pi, ..., Pk in arepresentatioareordered
suchthatno P, is nestedn a P; fori < j. In otherwords,parentgrecedeheir children.

Lemmal4Llet Py, Py, ..., P« bearepresentatiorof a polygonalsetX andlet p bea point
in the planethat doesnotlie onanyof the polygonsn therepresentationLeti bemaximal
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sudthat p € bRP. If B is positivelyorientedthenp € X andif P, is negativelyoriented
thenp & X.

Proof Obsene first thati exists sinceevery point is containedin the boundedregion of
the circle at infinity. Assumew.l.0.g. that P; is positvely oriented. Let P;, to P;, bethe
childrenof P, in F. We have

bRP \ (bRP;,, U...UbRP;) C X

andi < ji,...,1 < ji. Thusp ¢ (bRPj, U...UDbRP;,) by thedefinitionof i. Thisshavs
thatp € X. O

10.8.4 Thelmplementationof GeneralizedPolygons
Generalizegbolygonsareahandletype,i.e.,ageneralizegbolygonis realizedasa pointerto
arepresentationlass(calledgenpolygonrepandratgenpolygonrep respectiely) which
containsthe actualrepresentation.The memberfunction ptr( ) returnsthe pointerto the
representingbject.

Therepresentationonsistof aflag k which indicateswhetherthe polygonis trivial and
a list pollist of polygons. More precisely we have a local enumeratiorntype kind with
elementEMPTY, FULL, andNON_TRIVIAL andk is equalto EMPTY or FULL iff the
polygonis emptyor full andis equalto NON_TRIVIAL, otherwise.f thepolygonis trivial,
pollist is empty andif the polygonis non-trivial, pollist is thelist of boundarycycles.

enum kind { EMPTY, FULL, NON_TRIVIAL };

kind k;
list<rat_polygon> pol_list;

We next discusssomemembeifunctionof generalizegolygons.
Checking a Representation: We definea function ched<representatiorthat appliesto a
list pollist of polygons.It returnstrueif pollist is alegal boundaryrepresentation,e., if:

e thesagmentsof thepolygonsin pollist meetonly atendpointsj.e, the planarmapG
definedby themhas2m edgeswherem is the numberof sggmentsandno parallel
edges.

e thereareno crossingdetweerpolygons,

e if Disdirectlynestedn C thenD andC have alternateorientationsandC is before
D in thelist of polygons,and

e all outermospolygonshave the sameorientation.
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In the following programwe checkonly the first two items. We know of no methodto
checkthe otheritemsthatis substantiallydifferentfrom our methodto computeboundary
representationslhelattermethodwill bedescribedn Section10.8.4.

(genpolygon:che representatiof=

static bool check_rep(const 1list<POLYGON>& pol_list)
{ GRAPH<POINT,SEGMENT> G;

1ist<SEGMENT> seg_list;

POLYGON P;

forall(P,pol_list)

{ 1ist<SEGMENT> SL = P.segments();
seg_list.conc(SL);

}

SEGMENT_INTERSECTION(seg_list,G,true);

if ( G.number_of_edges() != 2xseg_list.length() )
return False("check_rep: wrong number of edges");

// no parallel edges

node v; edge e;

forall_edges(e,G)
if ( target(e) == target(G.cyclic_adj_succ(e)) )

return False("check_rep: parallel edges");
(ched representationched for crossing$
return true;

}

bool GEN_POLYGON::check_representation() const
{ if ( trivial() ) return polygons().empty();
return check_rep(polygons());

}

We describehow to checkfor crossings.Considerary nodev of G. Eachedgee out
of v correspondso a segments of one of the polygonsin pollist. The polygonsrunning
throughv introducea pairingon theedgesncidentto v, wheretwo edgesarepairedif they
correspondo consecuire edgesof oneof the polygons.We numberthe pairsandreplace
eachedgeby the label of its pair. Thenit mustnot happenthat we have distinct labelsa
andb interlacingaroundv, i.e.,thecyclic sequencef labelsinducedby the edgesout of v
mustnot containa subsequencef theforma, ..., b, ..., a, ..., b. Thisis easilychecled
by meansof a pushdown storeS. We iterateover the edgese out of v. If theedgelabelof
e agreeswith thelabelon thetop of S, we pop S, if it doesnot agree we pushthe label of
e. Thereis no crossingat v iff the pushdown storeis emptyatthe endof theiteration.

(ched representationched edee labelg =

forall_nodes(v,G)
{ stack<int> S;
forall_adj_edges(e,v)
{ if ( S.empty() || labelle] !'= S.top() )
S.push(labelle]);
else
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S.pop(Q);
}

if ( !S.empty() ) return False('"check_rep: crossing");

}

It remainsto computethe edgelabels.We do soin atwo stepprocessWe first constructa
dictionarythatstoresfor every segments theedgee(s) in G correspondingoiit, i.e., having
the samesourceandsink. We theniterateover all pairs(s, t) of consecutie segmentsand
give e(s)'® ande(t) thesamelabel.

(ched_representationched for crossing$=
map<SEGMENT, edge> segment_to_edge;

forall_edges(e,G)
{ SEGMENT s = G[e];
node v = G.source(e);
segment_to_edge[s] = ( s.source() == G[v] ? e : G.reversal(e) );

}

edge_array<int> label(G);
int count = 0;
forall(P,pol_list)
{ list_item it;
const 1ist<SEGMENT>& seg_list = P.segments();
forall_items(it,seg_list)
{ edge e = segment_to_edgel[seg_list[it]];
e = G.reversal(e);
edge f = segment_to_edge[seg_list[seg_list.cyclic_succ(it)]];
label[e] = label[f] = count++;
}
}

(chedrepresentationched edge labels

Point Containment: Theimplementatiorof sideof follows directly from Lemmal4. If
P is eitheremptyor full, theanswelis obvious. If P is non-triial, we scanthroughthelist
of polygonsin therepresentationf p liesononeof thepolygonswereturnON_REGION.
Otherwisewe find the last P, suchthat p lies in the boundedregion of P;; P, might not
exist, i.e., beequalto thefictitious polygon Py. We returnthe orientationof P,.

(genpolygon:sideof)=
int GEN_POLYGON::side_of (const POINT& p) const
{ if ( empty() ) return -1;
if ( full() ) return +1;
POLYGON P, P_i;
bool P_i_exists = false;

forall(P,polygons())
{ region_kind k = P.region_of (p);

if ( k == ON_REGION ) return O;

if ( k == BOUNDED_REGION ) { P_i = P; P_i_exists = true; }
}
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if ( P_i_exists ) return P_i.orientation();
P = (ptr()->pol_list).front();
return -P.orientation(); // = PO.orientation()

}

Boolean Operations: We only discussthe binary booleanoperationsand leave the im-

plementationof complements an exercise. The implementationsf all binary boolean
operationdollow a commonprinciple. Let Py and P; betwo generalizegolygonsandlet

R betheresultof thebooleanoperation.We constructR in stages:

(1) Wefirst dealwith the casethateither Py or P; is trivial. Theremainingstagesarenot
neededf thisis thecase.

(2) We constructheplanarmapG inducedby Py and P;.

(3) We classifythe facecyclesof G, i.e., computefor eachfaceits statuswith respecto
Plande.

(4) Giventheclassificatiorof theedgesomputedn theprecedingtagewe markall edges
of G thatarerelevantfor theresultR of thebooleanoperation.An edgeis relevantif the
faceto its left belongsto R.

(5) We simplify the graphG by deletingedges.We keeponly thoseedgeshat separate
facebelongingto R from afacebelongingto the complementf R.

(6) Wetracethefacecyclesof G andcomputetherepresentatioof R.

Only thefirst andthe fourth stagedependon the booleanoperation.All otherstagesare
genericandapplyto all boolearoperationsin thesequelwve concentraten theintersection
routine.

We defineconstant®0_face, non PO _face, P1 face, andnon P1 face whichweuse
tolabeledgesn stagetwo andthree.Theconstantarechosersuchthatboolearoperations
are possibleon them. After stagestwo and three every edgee of G will have a label
describinghe statusof thefaceto its left with respecto Py and P;.

Thefunctionsdefinedin (constructlabeledmap realizestageswo andthree,the func-
tions definedin (simplify graph) realize stagefive, and the functionsdefinedin (collect
polygon realizestagesix. Wewill discusgshembelow.

Stageoneis easy If eitheramgumentis emptythe intersectionis empty andif either
argumentis full theresultis the otherargument.

In stagefour we labelthoseedgesasrelevantwhich borderafaceof G which belongsto
P, and P;1. Thesearepreciselythe edgesvhoselabelis equalto PQface+ Plface

(genpolygon:booleanopemations+=
1;

3

static int PO_face
static int not_PO_face
static int P1_face
static int not_P1_face

(constructlabeledmap
(simplify graph)

o nn
o N

)
)
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(collectpolygon

GEN_POLYGON GEN_POLYGON: :intersection(const GEN_POLYGON& P1) const
{ // stage I

if ( empty() || Pl.empty() )

return GEN_POLYGON (GEN_POLYGON_REP::EMPTY) ;
if ( full() ) return P1;
if ( P1.full() ) return *this;

// stages II and III
(genbooleanoperations: setup labeledmap
// label relevant edges, stage IV
edge_array<bool> relevant (G,false);

int d = PO_face + P1_face;
edge e;
forall_edges(e,G) if (label[e]l == d) relevant[e]l = true;

// stages V and VI
(genbooleanopetations: extract resuly

We cometo stageswo andthree. We definethe graph G, we introduceP0 asa syn-
onym for the this-argumentof the intersection,we definean edgearray label, and call
constructlabeledmap It computeghe planarmapdefinedby the segmentsof Py and Py
andlabelsall edgesof thismap.

(genbooleanoperations:setup labeledmap =
GRAPH<POINT,SEGMENT> G;
const GEN_POLYGON& PO = *this;
edge_array<int> label;
construct_labeled_map (PO,P1,G,label);

Thefunctionconstruciabeledmaprealizesstageswo andthree.lt first callsconstructinitial_map
for stagetwo andthenusesextendlabeling for stagethree. A call of extendlabeling with
argumente labelsthe edgesf thefacecycle of G containinge.

(constructlabeledmap=
(constructinitial map
(extendlabeling)

static void construct_labeled_map(const GEN_POLYGON& PO,
const GEN_POLYGON& P1,
GRAPH<POINT,SEGMENT>& G,
edge_array<int>& label)
{ construct_initial_map(PO,P1,G,label);

edge_array<bool> visited(G,false);

edge e;
forall_edges(e,G)
{ if (visited[e]) continue;
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extend_labeling(PO,P1,G,e,visited,label);
}
}

Stagetwo is realizedby constructinitial_map It takestwo generalizegolygonsPy and Py
andcomputeghe planarmap G inducedby their segmentsusingthe segmentintersection
algorithmof Section10.7. It alsocomputesa labelfor every dartof G. Thelabelof adart
e= (v, w) of PyisP0_face if Py islocally to theleft of e andis non_PO_face otherwise.
Theanalogoustatemenholdstruefor dartsof P;.

We proceedn several steps.In the first stepwe collectthe segmentsof Py and P; into
alist saylist andlabel eachsegmentwith the genpolygonto which it belongs.Notethata
segmentmaybelongto Py and P;. Wethereforeusethelabelsl, 2 and3, where3 indicates
thata sgmentbelongsto both polygonsandlabeli, 1 < i < 2, indicateshatthe segment
belongsto P_1.

In a secondstepwe computethe planarmap inducedby the segmentsin seglist. In
this planarmapevery nodemusthave evendegree. If the floating point kernelis usedthe
mapreturnedby SEGMENT.INTERSECTIONmay be non-planeor have a vertex of odd
dagree;if thisis the casewe recommendiseof therationalkernel.

In thethird stepwe computethe label of eachdart. We discusst below.

(constructinitial map+=

static void construct_initial_map(const GEN_POLYGON& PO,
const GEN_POLYGON& P1,
GRAPH<POINT, SEGMENT>& G,
edge_array<int>& label)

1ist<SEGMENT> seg_list;
map<SEGMENT,int> seg_label(0);

const 1ist<SEGMENT>& LO = PO.edges();
const list<SEGMENT>& L1 = P1l.edges();

SEGMENT s;
forall(s,L0) { seg_label[s] = 1;
seg_list.append(s);
}

forall(s,L1) { seg_label[s] += 2;
seg_list.append(s);
¥
SEGMENT_INTERSECTION(seg_list,G,true);

node v;
#if ( KERNEL == FLOAT_KERNEL )
if ( Genus(G) != 0 ) error_handler(1,mes + "Genus(G) != 0.");
forall_nodes(v,G)
{ int deg = G.outdeg(v);
if (deg % 2 != 0) error_handler(l,mes + "odd degree vertex.");

}



10.8 Polygons 145

#endif

(constructinitial_map: computedart labels
}

It remaingo computethedartlabels.

Considera dart e andits reversal. We assigna polygonto e asfollows. If the segment
s = GJe] belongsto a uniquepolygon,e inheritsthe polygonfrom G[e]. Otherwise gither
the cyclic adjaceng predecessaoor the cyclic adjaceng successoof e mustbe parallelto
e, i.e., have the sametaigetase. We arbitrarily assigne to Py in theformercaseandto P,
in thelattercase.

The polygon P is locally to theleft of e if s ande pointinto the samedirection,i.e., if
thedot productof the underlyingvectorsis positive.

(constructinitial_map:computedart labels=
label.init(G,0);
edge e0;
forall_edges(e0,G)
{ if ( label[e0] != 0 ) continue;
edge e = e0; edge e_rev = G.reversal(e);

POINT a = G[source(e)];
POINT b = G[target(e)];
SEGMENT s = G[el;

if ( (b - a) * (s.target() - s.source()) <= 0 )
leda_swap(e,e_rev);
// now s and e point into the same direction
switch ( seg_labell[s] )
{ case 1: labell[e] = PO_face;
label[e_rev] = not_PO_face;
break;
case 2: label[e] = P1_face;
label[e_rev] = not_P1_face;
break;
case 3: { edge f = G.cyclic_adj_pred(e);
if ( target(f) != target(e) ) f = G.cyclic_adj_succ(e);
label[e] = PO_face;
label[e_rev] = not_PO_face;
label[f] = P1_face;
label[G.reversal(f)] = not_P1_face;

The function extendlabeling classifiesghe face F to theleft of darte. It scangheface
cycle containinge, marksall dartsof the cycle asvisited,andcomputeghe“or” of all dart
labelsonthecyclein d.
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If all dartsof the facecycle originatefrom either Py (d is lessthanfour) or P; (d is
divisible by four), we still have to classifythe facecycle with respecto the otherpolygon
andupdated accordingly Thiswill bediscussedbelow.

Finally, thelabeld is propagatedo all dartsof thecycle. If thelabelis contradictoryi.e.,
claimsthatthefaceis a P,-faceanda not-P,-face,we raiseanerror.

(extendlabeling)=
static void extend_labeling(const GEN_POLYGON& PO,const GEN_POLYGON& P1,
const GRAPH<POINT,SEGMENT>&% G, edge e,
edge_array<bool>& visited,
edge_array<int>& label)
{ int d = 0; int length = 0;
edge x = e;
do { visited[x] = true; length++;
//node v = source(x);
//if (G.outdeg(v) == 2) v2 = v;
d |= label[x];
x = G.face_cycle_succ(x);
} while (x !'= e);
if (d%4==01ld<4)
{ (extendlabeling: facecyclehasonly dartsfromonepolygon }

X = e;
#if ( KERNEL == FLOAT_KERNEL )
if ( d % 4 == PO_face + not_PO_face ||

(d/4)*4 == P1_face + not_P1_face )
error_handler(1,mes + "contradicting edge labels.");
#endif

do { labell[x] = d;
x = G.face_cycle_succ(x);
} while (x !'= e);

It remainsto deal with the casethat all dartsof the facecycle F belongto the same
genpolygon say P,. Let v bethe sourceof e. We distinguishtwo cases:eitherno dart
out of v hasa determinedstatuswith respecto P;_; or thisis notthe case.In theformer
casev cannotlie ontheboundaryof P;_j andhencev’ssidewith respecto P,_; determines
the statusof F with respecto P,_;. In thelattercaselet f bethe nearestdjacenyg pre-
decessoof e suchthatthe statusof f with respecto P;_; is alreadyknown. For all darts
betweereand f thestatuds still unknavn andhencenoneof themcanbe containedn the
boundaryof P,_;; f maybecontainedn theboundaryof P;_; or not(in thelattercase, f
belongsto a facecycle which wasalreadyconsideredandhenceits statuswith respecto
bothpolygonsis known). In eithercasethe statusof F with respecto P, _; is givenby the
statusof f with respecto P;_j, seeFigurel0.70.
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Figure 10.70 Thedart f is thenearestdjacenyg predecessaof e whosestatuswith respecto
P1_j isknown. Theedgedetweere and f do notbelongto theboundaryof P;_; andhenceF
andthefaceto theleft of f have the samestatuswith respecto Py_;.

(extendlabeling: facecyclehasonly dartsfromonepolygon=
edge f;
for ( £ = G.cyclic_adj_pred(e); f != e; £
{if (d % 4 == 0 && label[f] % 4 '= 0 ||
break;

= G.cyclic_adj_pred(f) )
d <4 && labell[f] > 4 )
¥
if (f ==e)
{ node v = source(e);
if (d%4==0)
d |= ( PO.side_of(G[v]) == 1 ? PO_face : not_PO_face );
if (d<4)
d |= ( Pl.side_of(G[v]) == 1 ? P1_face : not_P1_face );

}
else
{if (d¥% 4==0)4d |= ( label[f] % 4 );
if (d<4) d I= ( ( labellf]l / 4 ) * 4 );
}

We cometo stagefive. At this pointall dartsof G arelabeledasrelevantor non-releant.
A dartis labeledrelevantif thefaceto its left belongsto theresultR of the booleanopera-
tion.

We simplify the graphby removing darts. We proceedin two steps. In the first step
we remove paralleldartsthatcomefrom overlappingsegmentsn the two agumentsof the
booleanoperation,seeFigure 10.71. This turnsall facecyclesof G into weakly simple
polygons. In the secondstepwe remove all edgesfrom the graphthatdo not separateR
from its complement.

Thedetailsof thefirst stepareasfollows. Let e and f betwo paralleldartsandassume
that f isthecyclic adjacenyg successoof e. Thisimpliesthatwe have afacecycle (e, f"®)
of lengthtwo. This facecycle definesa polygonof areazerowhich we canremove. We
removethefacecycle by remaoving its two constituentiartsandmaking f ande’™ reversals
of eachother Therecannotbe a setof threeparalleldartsandhencethetargetof f should
bedifferentfrom thetargetof its cyclic adjaceng successor
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Figure 10.71 Thedartse and f comefrom asggmentof Py and P, respectiely. Thefacecycle
(e, f'®) consistwof only two darts.Weremove eand f ™ andmalke f ande™ reversalsof each
other

Thefirst simplificationstepleavesuswith a planarmapwithout paralleldarts. Thisim-
pliesthatall facecyclesareweakly simplepolygons.In the secondstepwe meige adjacent
faceshatbelongto the samesideof theresultpolygon.

A darte doesnotseparater from its complementf e ande'™ areeitherbothrelevantor
bothirrelevant. In the formercaseR existson bothsidesof the edgeandin thelatter case
thecomplemenbf R liveson bothsidesof theedge.

Thesecondstepmayremove all edgesrom thegraph.Thiswill bethe casef theresult
is eitherempty or full. We needto distinguishthesecases.We have the former caseif
therearenorelevantedgeseforesimplificationandwe have the latter casef all edgesare
relevantbeforesimplification. We returntruein thelatter case.

(simplifygraph)=
static bool simplify_graph(GRAPH<POINT,SEGMENT>& G,
edge_array<bool>& relevant)
{ edge e; node v;
forall_nodes(v,G)
{ list<edge> E = G.out_edges(v);
forall(e,E)
{ edge £ = G.cyclic_adj_succ(e);
if ( target(e) != target(f) ) continue;
edge e_rev = G.reversal(e);
G.del_edge(e); G.del_edge(G.reversal(f));
G.set_reversal(e_rev,f);
}
}

bool non_trivial_result = false;

forall_nodes(v,G)
{ list<edge> E = G.out_edges(v);
forall(e,E)
{ if ( relevant[e] || relevant[G.reversal(e)] )
non_trivial_result = true;
if ( relevant[e] == relevant[G.reversal(e)] )
{ G.del_edge(G.reversal(e)); G.del_edge(e); }
}
}

return non_trivial_result;
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After simplificationevery uedgeof G separate®R from its complementand hencebe-
longsto the boundaryrepresentation.Also all facecycles are weakly simple polygons.
We concludethatthe facecyclesof G form the representationf the resultof the boolean
operation.

Thefollowing functioncollectpolygontakesa darte, marksall dartsin thefacecycle of
e asvisited,andcollectsthe segmentscorrespondingo thefacecyclein alist pol.

(collectpolygon=

static void collect_polygon(const GRAPH<POINT,SEGMENT>& G, edge e,
edge_array<bool>& visited,
1ist<SEGMENT>& pol)

{ pol.clear();

edge x = e;

do { visited[x] = true;
node v = source(x);
node w = target(x);

POINT a = G[v];
POINT b = G[w];

pol.append (SEGMENT (a,b)) ;
x = G.face_cycle_succ(x);
} while (x !'= e);

The function above is the mainingredientfor the last stage. We first simplify G. If this
trivializes G, i.e., removesall edgesfrom it, we eitherreturnthe full genpolygonor the
emptygenpolygon;thereturnvalueof simplifygraphtells uswhich.

(genbooleanoperations: extractresuly=
bool non_trivial_result = simplify_graph(G,relevant);

if (G.number_of_edges() == 0 )
{ if ( non_trivial_result )
return GEN_POLYGON(GEN_POLYGON_REP::FULL);
else
return GEN_POLYGON (GEN_POLYGON_REP: :EMPTY);
¥

edge_array<bool> visited(G,false);

1ist<POLYGON> result;

(genbooleanopemations:form boundarycycles

return GEN_POLYGON(result,GEN_POLYGON: :NO_CHECK) ;

Soassumehat G is non-trivial. We cycle over all dartsof G andcollectall facecycles
consistingof relevantdarts.

(genbooleanoperations:form boundarycycles firsttry)=
forall_edges(e,G)
{ if ( visited[e] || !relevant[e] ) continue;
1ist<SEGMENT> pol;
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(b)

Figure 10.72 Thedashedoundarycycle is nestedn the solid cycle andbothcycleshave v as
theirleadingnode.In situation(a) theleadingdartof the solid cycle is e andtheleadingdartof
thedashectycleis . In situation(b) the leadingdartof the solid cycle is €"®’ andtheleading
dartof thedashedtycleis f. In eithercasetheleadingdartof the solid cycle hassmallerslope.

collect_polygon(G,e,visited,pol);
POLYGON P(pol);
result.append(P);

}

Thecodeabove generatethe boundarycyclesin no particularorder We wantanorderthat
reflectsnesting,i.e., no polygonshouldbe nestedn apolygonfollowing it.

Thereareseveralwaysto achieve a properordering. Our first solutiontook time O(n +
klogk) and,morewer, wasburdenedwith afairly large constanfactor We exploitedthe
factthatif D is nestedn C then D hassmallerunsignedareathanC. We generatedhe
polygonsin an arbitrary order and then sortedthe polygonsin decreasingrder of their
unsignedarea.

We describeanalternatve approachWe show thatonecanrearrangehedartsof G such
thatthe codeabove generateshe polygonsin the properorder Our approackhis basedon
the following definition and obsenation. Definethe leadingnodeanddart of a boundary
cycle asfollows:

e Theleadingnodev(C) of aboundarycycle C is thelexicographicallysmallestnodeof
theboundarycycle.

e Theleadingdarte(C) of aboundarycycle is the shallovest(= smallestslope)dartof
C startingin v(C) if C is positively oriented andis thereversalof the shallovestdart
in C endingin v(C) if C is negatively oriented.

Lemma 15If D is nestedn C theneither:
e v(C) islexicographicallysmallerthanv (D) or

e v(C)isequalto v(D) ande(C) hassmallerslopethane(D).
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Proof Clearlythe leadingnodeof C cannotbe lexicographicallylarger thanthe leading
nodeof D. If C andD havethesamdeadingnode thesituationis asshovnin Figure10.72
andtheleadingdartof C hassmallerslopethantheleadingdartof D. O

Considerthe following orderon darts. A darte = (v, w) precedesdart f = (x, y) if
eitherv lexicographicallyprecede or v is equalto x ande hassmallerslopethan f. This
orderhasthefollowing properties:

e Forary boundarycycle C theleadingdartof C precedesll dartsof C.
e If Disnestedn C thentheleadingdartof C precedesheleadingdartof D.

The following compareclassrealizesthe dart ordering; the baseclassledacmpbaseis
discussedn Section2.10.

(collectpolygon+=
template <class POINT, class SEGMENT>
class cmp_for_cycle_tracing : public leda_cmp_base<edge> {
const GRAPH<POINT,SEGMENT>& G;
public:
cmp_for_cycle_tracing(const GRAPH<POINT,SEGMENT>& g): G(g) {}
int operator() (const edge& el, const edge& e2) const
{ node v = G.source(el);
node w = G.source(e2);
if (v !'= w ) return compare(G[v],G[w]);
SEGMENT s1 = G[ell;

SEGMENT s2 = G[e2];
return cmp_slopes(sl,s2);

}
};

It is now easyto generatehe boundarycyclesin the appropriateorder We sortthe darts
of G accordingto the orderingabove andtheniterateover all dartsof G. Whenever we
encounter uedgethatis not containedin a boundarycycle yet, we collect the boundary
cycle. Theuedgeis a pair {e, €’} andeithere or its reversalis relevant (but not both). If
e is relevant, the cycle to be tracedis positively oriented,andif € is relevant,the cycle
to be tracedis negatively oriented,seeFigure 10.72. Thusthereis no needto compute
the orientationsof the boundarycycles; our methodof generatingooundarycyclesin an
orderedfashionyieldsthe orientationsasa by-product.
We obtain:

(genbooleanoperations:form boundarycycles=
cmp_for_cycle_tracing<POINT, SEGMENT> cmp (G);
list<edge> E = G.all_edges();

E.sort (cmp) ;
edge e0;
forall(e0,E)
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PNQ Q\P

P\Q cplP NncplQ

Figure 10.73 Thevertex v is anintersectiorbetweertheboundarieof P andQ. Therearefour
facesincidentto v andatleastonebut not all of thembelongto theresultof theboolean
operation.

{ edge e = 0;

if ( visited[e] || visited[G.reversal(e)]) continue;
int orient;
if ( relevant[e] )

{ orient = +1; }
else

{ e = G.reversal(e); orient = -1; }
1ist<SEGMENT> pol;
collect_polygon(G,e,visited,pol);
POLYGON P(pol,orient);
result.append(P);

We concludeour treatmenbf booleanoperationson polygonswith a discussiorof their
asymptoticrunningtime. Considera booleanoperationwith input polygonsP and Q and
resultpolygonR. Let n bethetotal numberof verticesof P, Q, andR, andlet G bethe
graphinducedby the two input polygons.Any vertex of G is eithera vertex of oneof the
input polygonsor is anintersectionbetweenthe boundarieof the input polygons. In the
lattercaset will beavertex of theresultpolygon,asFigure10.73showvs. We concludethat
G hasat mostn verticesandhencecanbe computedn time O(nlogn). Thetime required
to sorttheedgedeforetracingtheboundarycyclesis alsoO(nlogn). Let f bethenumber
of facecyclesof G which have dartsfrom only one of the polygons; f canbe aslarge
as O(n). For eachsuchfacecycle we spendtime O(n) to classifyit with respectio the
otherpolygonfor atotal time of O(fn) (this time boundcould be reducedo O(f logn)
by usinga morerefineddatastructurefor pointlocation). All otherstepstake time O(n).
We concludethatthetotal time to computebooleanoperationss O(n + nlogn + fn).

A DemoProgram: We giveasmalldemoprogram.We construcann-gonP with vertices
nearthe unit circle. We alsoconstructan affine transformationl thatrotatesthe planeby



10.8 Polygons 153

n m P T Q PNnQ [PNQJ

5000 6.175e+06 1.35 0 036 1292 20000

5000 2.47e+07 1.33 0 037 13.06 20000

5000 9.88e+07 1.35 0.01 0.39 13.44 20000

5000 3.952e+08 1.35 0 035 1371 20000

5000 1.581e+09 1.35 0.36 - -

147 56.13 80000

20000 2.47e+07 5.65

oO| o] ©

20000 9.88e+07 5.71 161 - -

Table 10.10 Executiontimeswith floating point kernel: Thefirst two columnsshav n andm,
respectiely, thenext four columnsshaw thetime to constructP, T, Q = T(P), andP N Q,
respectrely, andthelastcolumnshavs the numberof verticesof P N Q. A dashin thenext to
lastcolumnindicatesthatthe programproducedan errormessag@andrecommendedseof
rat polygons.

ananglea = 27 /(2nm) + epsabouttheorigin, whereeps= 1/(10nm). Let Q = T(P) be
theresultof turning P by anglex andlet R betheunionof P and Q.

(n_gontime=
double eps = 1/(10.0*n*m) ;
POLYGON P = N_GON(n,C,eps);
GEN_POLYGON PG(P,GEN_POLYGON: :NO_CHECK) ;
report_time("time to generate P = ");
TRANSFORM T = rotation(ORIGIN, LEDA_PI/(n * m), eps);
report_time("time to generate the transformation T = ");

POLYGON Q = T(P);
GEN_POLYGON QG (Q,GEN_POLYGON: : NO_CHECK) ;

report_time("time to compute T(P) = ");
GEN_POLYGON R = PG.unite(QG);
report_time("time to compute P union T(P) = ");

Tables10.10and 10.11 show the executiontimes for the floating point and the rational
kernelanddifferentvaluesof n andm. Obsene thatwe ran extremeexamples. We took
5000-gonsand 20000-gonsandrotatedthem by angles2sz/(2 * n x m), wherem ranges
betweerl(® and10°. Thisamountdo rotationsby anglesbetweeril0-® and10~1° degrees.

Thefloatingpoint kerneldid not alwaysobtainaresult.In thetwo casewhereit did not
obtaina result,it discoveredthatthereis a problem. For n = 5000andn = 1.581- 10°
it reportedthatthe map computedoy SEGMENTINTERSECTION:Is not planarandfor
n = 20000andm = 9.88- 10’ it reportedthatthereis a nodeof odd degreein themap.
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n m P T Q PNQ [|PNQ]
5000 6.175e+06 1.69 0 14 30.8 20000
5000 2.47e+07 1.73 0 141 31.45 20000
5000 9.88e+07 1.74 0.01 14 3393 20000
5000 3.952e+08 1.77 0 1.41 34.01 20000

5000 1.581e+09 1.78 0.009995 1.41 34.7 20000

20000 2.47e+07 7.25 0 566 1409 80000
20000 9.88e+07 7.37 0 569 1416 80000
20000 3.952e+08 7.45 0 566 1432 80000

20000 1.581e+09 7.52 0.01001 5.58 145.1 80000

20000 6.323e+09 7.53 0 56 1492 80000

Table 10.11 Executiontimeswith rationalkernel: The meaningof the columnsis the sameas
for Table10.10.

It is instructive to studythe outputof the programwhenthe testfor the planarityof G
is notmade.The graphG constructedby SEGMENT.INTERSECTIONhad19994nodes
(andso6 nodesaremissing)and59952edges;10012nodeshaddegreetwo (12 too mary)
and9982nodeshaddegreefour (18 too few). Thegenusof G wasone. G hadfacecycles
of lengthtwo andthreeandonly onefacecycle of lengthlargerthanthree(thereshouldbe
two). All edgesof the graphweredeclaredelevantandhenceremoved by simplifygraph
The full polygonwasreturned. It took several hoursof detectve work to discover this
explanationfor the behaior of thefloating pointimplementation.The detectve work was
considerablyhelpedby the fact that the executionwith the rational kernel producedthe
correctresultandhencewe knew thatthe errormustbein thefloatingpoint arithmetic.

It would be fantasticif the floating point implementationvould always degradegrace-
fully, i.e., either computethe correctresultor tell that the problemis too difficult for a
floating point computation We arenot makingthis claim.

Althoughthefloating pointimplementatiordid not alwaysobtainthe correctresultit can
handlesurprisinglydifficult cases.

The rational kernelalwaysworked correctly asit is supposedo do. Thereis abouta
factorthreeoverheador the useof therationalkernel.

Exercisesfor 10.8

1 Implementthefunctioncomplementor generalizegolygons.

2 Implementthe function unite for generalizecolygons. Startfrom the implementation
of intersectionanddescribethe requiredmodifications.



10.9 A Glimpseat HigherDimensionalGeometricAlgorithms 155

10.9 A Glimpseat Higher-Dimensional Geometric Algorithms

We give anoverview of theextensionpackagdor higherdimensionatomputationagjeom-
etry, exhibit a relationshipbetweerncorvex hulls andDelaunaytriangulationsanduseit to
derivetheformulafor theside-of-spheréest.For adetailedtreatmenbdf higherdimensional
geometrywe referthereaderto [Ede87.

10.9.1 The ExtensionPackagefor Higher-DimensionalGeometry
The extensionpackagg MMN *9§] featuresa higherdimensionakernel,simplicial com-
plexes,corvex hullsandDelaunaydiagrams.

Thehigherdimensionakernelofferspoints,lines, segmentsrays,vectors hyperplanes,
spheresaffine transformationsand geometricoperationsand predicatesn d-dimensional
Euclidianspacefor arbitrarydimensiond. Examplesfor geometricpredicatesrethe ori-
entationtest, the side-of-spheréest, the testof whethera pointis containedn a simplex,
andthe computatiorof the affine rank of a setof points. Exampledor geometricconstruc-
tions arethe constructionof a hyperplandrom a setof points, or the computationof the
intersectiorof aline anda hyperplane.

The extensionpackageoffers three geometricdatastructures:regular simplicial com-
plexes,corvex hulls andDelaunaydiagrams.

A simplicial comple is a collection of simplicesin which the intersectionof ary two
simplicesin the collectionis a faceof both?®. A simplicial complex is regular iff all max-
imal simplicesof the collectior?® have the samedimensionandif its maximalsimplices
areconnectedinderthe neighboringrelation’®. Thedatatype regL.complex realizesregular
simplicial complees. It supportsnavigationin the complex (go to thei-th neighbor)and
updateoperationson the complex (adda new simplex and make it the neighborof some
existing simplices).Regular simplicial complexesgeneralizdriangulationgo arbitrarydi-
mension.

Corvex hulls arerepresentedsregularsimplicial complexes,namelyby a complex aris-
ing from a triangulationof the hull. Figure10.11shovs an examplein two-dimensional
space.

Thecorvex hull compleis built by anaturalgeneralizatiorof theincrementahull algo-
rithm of Section10.1.2.Wheneerapoint p is addedo acornvex hull, asimplex with peak
p is addedto the corvex hull for every facetof the hull visible from p.

Thedatatypecorvexhull supportsavigationthroughthe underlyingtriangulation navi-
gationovertheboundaryof thehull, visibility querieqfind all facetsvisible from apoint p),
pointlocationqueries(doesa point p lie in theinterior, on the boundaryor in the exterior
of the hull) andinsertionof new points.

Delaunaytriangulations are also representeds simplicial complexes. The datatype

28 Theemptysetis afaceof any simplex.
29 A simplex is maximalif it is not containedn ary othersimplex.
30 Two simplicesof dimensiork areneighborsf they shareafaceof dimensionK — 1.
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delaunayextendsthe functionality of the type pointsetof Section10.6to higherdimen-
sions.It supportsavigationin the comple, insertionof new points,pointlocationqueries
(returnthe simplex containinga querypoint p), nearesneighborqueries(returnthe point
closesto aquerypoint p), andrangesearchesvith spheresandsimplices(returnall points
containedn aquerysphereor querysimplex, respectiely).

10.9.2 DelaunayDiagramsand Corvex Hulls

Theimplementatiorof Delaunaydiagramsn higherdimensionakpaces basedn a pow-
erful relationshipbetweerDelaunaydiagrams Voronoidiagramsandcorvex hullsin one
higherdimension.

Letd beapositiveinteger We usexo, X1, ..., X4_1, andz for the Cartesiarcoordinate ®f
ad+ 1-dimensionaspace Our Delaunaytriangulationdive in thed-dimensionakubspace
with coordinateg, X1, ..., Xq—1 andthecorrespondingornvex hullswill livein thed + 1-
dimensionakpacewith coordinatesg, X, ..., X4—1, andz. We call the former spacethe
basespace

Theparaboloidof revolution P is definedby

Z=XG+ X34 ...+ X3 .

It is obtainedby rotatingthe two-dimensionaparabolaz = xg aboutthe z-axis. The key
for the entiresectionis thefollowing obseration.

Lemma 16 TheintersectionbetweenP and any hyperplaneh that is not parallel to the
z-axisis a curve C whoseprojectioninto the basespaceis a sphee andany spheein the
basespacecanbe obtainedin thatway.
Proof Sinceh is notparallelto the z-axisit is definedby anequation
Z=agXp+ aiX1 + ... +ag—1Xd—1 + aq-

Any point (Xo, X1, ..., X4_1, Z) in theintersectiorbetweenP andh satisfies

Xo+ X2+ .. .+ X5  =z=aXo+aXy +...+ a4 1Xd 1+ &g
andhence

(Xo —@0/2)* + ...+ (Xa-1—8d-1/2)° = ag + (@ + ... + a5 1)/4

Thisis theequationof aspheren basespacewith centerc andradiusr where

c=(ag/2,...a4-1/2) andr = \/ad +@%+...+aj /4

Thusthe projectionof P N h into basespaces a sphere.Corversely if we startwith ary
sphereB with centerc andradiusr in basespaceanddefinecoeficientsag, a, ..., ag
throughc = (a9/2, ...a4-1/2) andr? = ag + (a3 + ... + a3 _,)/4 thenthe hyperplane
Z=aoXp + a1X1 + ...+ ag_1Xq—1 + aq will intersectP in acurve projectinginto B. [
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Figure 10.74 TheconnectiorbetweerDelaunaydiagramsn theplaneandcorvex hullsin
three-spaceThelifting mapis indicatedby dashedines. Thefour pointson theleft arenot
co-circularandhencethe corvex hull of thelifted pointsis a tetrahedronThe Delaunaydiagram
is the projectionof the lower partof thetetrahedron.

Thefour pointson theright areco-circularandhencethelifted pointslie in acommonplane.
Theconvex hull of thelifted pointsis arectanglecontainedn this plane.The Delaunaydiagram
is the projectionof therectangleandthe projectionof ary triangulationof therectangles a
Delaunaytriangulation.

For apoint p = (Xo, X1, ..., X4—1) in basespacewe call
lift (P) = (X0, X1, -+ +» Xd—1, X3 + X2 + ... +X5_,)

its lifting onto P, i.e., theintersectiorof P with averticalupwardray startingin p. We use
thelifting mapto establisha surprisingconnectiorbetweerDelaunaydiagramsandcornvex
hulls.

Let S beary full-dimensionalfinite setof pointsin basespaceandlet pg, p1, ..., pg be
d + 1 affinely independenpointsin S. Thelifted pointslift (pg), lift (p1), ..., lift (pg) define
ahyperplanéh. By the above, this hyperplandntersectsP in a curve C whoseprojection
into the basespaceis a sphereB. Of course,B passeshroughpg, p1, ..., pP4. In other
words, B is the circumspher®f the simplex spannedy po, p1, ..., Pd.

Next consideranarbitraryadditionalpoint p in basespacelf p liesinside B thenlift (p)
lies below h, if p lies on B thenlift(p) lies on h, andif p lies outsideB thenlift(p) lies
above h. We concludethat the interior of the circumspheref po, p1, ..., pg IS void of
pointsof Sif andonly if no point of

lift (S) = {lift(p) | p € S}
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{LLI Delaunay Diagrams and 3D Convex Hulls
input |n0n co—circular,  co—circular |
number of points 32 |
setup | elim | solid |  edges
gen | run | view from —infty | arhitrary view
exit |

left: zoom up middle: zoom daown right: stop

Figure 10.75 A screershotof the delaunayand.corvex_hull_demo(in demo/book/Geo)The
screershotshavs thelower corvex hull of 32 randompointsin theunit squardifted to the

paraboloidof revolution.

lies below h, or in otherwords,if h supportsthe lower corvex hull of lift (S). The lower
corvex hull of a point setconsistsof all pointsof the corvex hull which arevisible from
Z=—00.

Let ustake acloserlook atthelower corvex hull. We needto distinguishcasesiccording
to whetherthe pointsin Sareco-sphericabr not, seeFigures10.74and10.75.

If the pointsin S are not co-sphericalthe dimensionof list(S) is one higherthanthe
dimensionof Sandhencdist(S) is full-dimensional. The corvex hull of lift (S) isad + 1-
dimensionabbject. Thelower corvex hull consistsof all facetswith adownwardnormal.

If the pointsin S areco-sphericalthe pointsin lift (S) lie in a commonhyperplaneand
the dimensionof lift (S) is the sameasthe dimensionof S. The Delaunaydiagramof S
is identicalto the corvex hull of S andary triangulationof the corvex hull is a Delaunay
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triangulation.The corvex hull of lift (S) is ad-dimensionabbject;it is simply thelifting of
thecorvex hull of Sto aplanein d + 1-dimensionaspace.
We summarize.

Theorem 3 For any finite point set S in basespacethe Delaunaydiagram DD(S) is the
vertical projectionof the lower corvex hull of lift (S) into basespacé!. A Delaunaytrian-
gulationis thevertical projectionof a triangulation of thelower hull.

The precedingtheoremis the basisfor the implementatiorof Delaunaydiagrams.We
maintainthe corvex hull of the lifted points. All queriesaboutDelaunaydiagramsare
translatednto queriesaboutthe correspondindnull.

10.9.3 Sidednessnd Orientation
In this sectionwe showv how the resultsof the precedingsectioncanbe usedto definethe
orientation side-of,andregion-of predicatefor spheres.

Let po, P1, ..., Pg bed + 1 pointsin basespaceandlet p be an additionalpoint in
basespaceandlet S bethe spherepassinghroughpg, p1, ..., pq. Defineorientation(S),
sideof_spheg(S, p), andregionof_spheg(S, p) by

orientationS) = orientationpo, p1, ..., Pd),

sideof_sphege(S, p) —orientation(lift (po), lift (p1), ..., lift(pq), lift (p)),
boundedegion if o(§ -0(S, p)>0
regionof sphee(S, p) = onregion if o(S)-0(S, p)=0
unboundedegion if o(S)-0o(S, p) <0

wherewe usedo asanabbreviation for orientationin thelastformulato save space.
We will next shav that sideof_sphee(S, p) andregionof_sphege(S, p) have their in-
tendedmeaning.

Lemma 17 Let po, p1, ..., pa bed + 1 affinelyindependenpointsin basespaceandlet p
bean additional pointin basespace Thenwe have

+1 if pliesinsideS
sideof_spheg(S, p) = 0 if pliesonS
—1 if pliesoutsideS

if orientation'S) > 0 and

+1 if pliesoutsideS
sideof_spheg(S, p) = 0 ifpliesonS
—1 if pliesinsideS
31 |n thediscussiorabove we assumedhat Sis full-dimensional.lf Sis containedn alower dimensionakubspace,
we only needto restrictthe discussiorto this subspaceMore preciselyassumeéhat Sis containedn a

k-dimensionakubspaceWe mayassumen.l.o.g thatthefirst k coordinatespanthis subspac@andcanthenuse
theargumentabore with d replacedoy k.
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if orientation(S) < 0. Also

boundedegion if pliesinsideS
regionof_sphee(S, p) = { onregion if pliesonS
unboundedegion if p liesoutsideS

Proof Obsenefirstthattheassumptiorthat po, ps1, ..., pg areaffinely independenimplies
that

orientationS) = orientation(po, p1,..., Pg) # 0.

Furthermorepy symmetry we may assumewithout loss of generalitythat the points po,
p1, ..., Pqg arepositively oriented.Underthe assumptiorthat po, p1, ..., pg arepositively
orientedthefollowing threestatementsreequvalent:

(a) pisinside(on,outside)thesphereS.

(b) lift (p) liesbelow (on,above)thehyperplanghroughpointslift (po), lift (p1), ..., lift (pq).
(c) dlift(po), lift(pa), ..., lift (pg), lift (p)) is negatively oriented.

We arguedthe equivalenceof thefirst two itemsin the precedingsection.The equivalence
betweerthelasttwo itemsfollowsfrom Lemma3 in Section8.2.2. This establishethefirst
claim. The seconcclaim follows directly from thefirst. O

Exercisesfor 10.9

1 Letpg, p1,..., Ppg bed + 1 affinely dependenpoints(orientation po, p1, ..., pd) = 0)
in basespaceandlet p beanadditionalpoint. Discusghepossiblevaluesof sideof_sphee
andregionof_spheefor thed + 2 tuple (po, p1, .- -, Pd, P)-

2  Assumethatthe basespaceis two-dimensionabndthat all pointsin S lie on theline
Xo + X1 = 1. Whatdoesthe corvex hull of lift (S) look like?

3 Assumethatthe basespaceis two-dimensionakndthatall pointsin Slie onacircle.
Whatdoesthe corvex hull of lift (S) look like?

4  Consideracircularrangequerywith a squareC in asetS. Translatethe queryby the
lifting map.Whatis theresult?

5  Show how to implementa nearesheighborqueryby useof thelifting map.

10.10 A CompleteProgram: The Voronoi Demo

We discusghe voronoidemoin xlman. The demoillustratesmary of the geometricalgo-
rithmsavailablein LEDA andwe have alreadyseerseveralscreershots.Thedemois alsoa
representatie examplefor the designof geometricdemosin LEDA andusefulasastarting
pointfor thedevelopmenbf furtherdemos.We startwith anoverview, thengive thedetails
of theimplementationandendwith a discussiorof whatcango wrongwhenthe demois
runwith thefloating pointkernel.

It is bestto have the demorunningwhile readingthis section. Figure 10.76 shaws yet
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anotherscreenshotof the demo. The window consistsof a panelpartanda display part.
Thepanelpartin turnis structuredn four parts.Thereis alist of elevenchoiceitemswhich
control which geometricstructuresare to be displayed;in the situationshavn only the
buttonfor the Delaunaydiagramis pressedndhenceonly the Delaunaydiagramis shown.
Thereis alist of threechoiceitemswhich control how mouseclicks in the displaypart of
thewindow areto beinterpretedln thesituationshown every click of theleft mousebutton
addsa point. The othertwo buttonsallow the userto input pointsandcirclesrespectiely.
Thereis a choiceitem which allows the userto switch betweertherationalkernelandthe
floating point kernel,andthereis a booleanitem anda slideritem thatcontrolwhetherthe
input pointsareroundedto a grid andhow mary grid linesthereare. Finally, therearesix
buttonsfor openingsub-menusfor clearingthewindow, for askingfor help,andfor exiting
thedemo.

10.10.10werview

The Voronoi demoallows the userto constructa sceneof pointsandto visualizeseveral
fundamentajeometricdatastructuredor it: thenearesandfurthestsite Delaunaydiagram,
the nearesandfurthestsite Voronoidiagram the corvex hull andthewidth, the minimum
spanningree,the minimumenclosingandthe maximumemptycircle, the minimumwidth
andtheminimumareaannuli,andthe crustof the point set.

The point setis constructeckither by mouseinput or by calling one of the generators
(sub-menypoints). For mouseinput thereis the choice betweensingle points, points on
a line sgment,and points on a circle. The currentsetof pointsis maintainedas a list
plist of ratpoints Thelist is initially emptyandis clearedby the clearbutton. Any newly
constructegointis addedto it. It is importantto remembethataddinga line sggmentor
addinga circle addspointsthatlie exactlyonaline or acircle.

The geometricstructurego be displayedcanbe computedwith the useof threediffer-
entgeometrykernels: the rational kernelwith the built-in floating point filter (this is the
default), the rationalkernelwithout the built-in floating point filter, andthe floating point
kernel. This allows the userto compareherelative speed®of the kernelsandalsoto check
visually whetherthe floating point kernelworked correctly Whenthe floating point kernel
is used the programmayabortor produceincorrectresults.

Thegeometricstructuresrenotcomputedlirectly for thepointsin plist but for aderived
setof points. The derived setof pointsis calledrp_list for usewith the rationalkerneland
is calledfplist for usewith thefloating point kernel. Thefollowing procedureaddsa point
to rp.list andfplist.

(manipulatep_list, rp_list, andfp_list)=
void move_point(const rat_point& p)
{ point fp = p.to_point();
if ( !round_to_grid )
{ fp_list.append(fp); rp_list.append(p); return; }
double x
double y

truncate(fp.xcoord() ,truncation_prec);
truncate(fp.ycoord() ,truncation_prec);
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Figure 10.76 A screershotof the Voronoidemo.A Delaunaytriangulationis displayed.

point tp(x,y);

fp_list.append(tp);

rp_list.append(rat_point(tp));
}

Theadditionof a pointis controlledby variablesroundta grid andtruncationprec Let p
bearatpoint If roundtagrid is false,p is addedto rp_list andfp = p.tapoint( ) is added
to fplist; the Cartesiancoordinatesof fp are the optimal approximationsof the rational
coordinatef p by doubles Obsene that whenroundtagrid is false,the points p and
fp arein generaldistinct. In particular if plist containspointson a circle or sggment,the
correspondingpointsin fplist will lie closeto the circle or segmentbut not exactly on it.
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Suchinputswill frequentlyoverburdenthe floating point kernel,e.g.,try to constructthe
crustof co-circularpoints.

Whenroundtagrid is true,the mantissa®f the Cartesiarcoordinate®f fp aretruncated
totruncationprechinaryplacesj.e.,all butthefirst truncationprecbits aresetto zero. This
movesthepointson agrid with 2t uncation-prec griq lines. The pointwith thetruncateccoor
dinatesis thenaddedto fp.list andrp_list. Truncationwith smallvaluesof truncationprec
will visibly move the points. Whenroundtagrid is true, rp_list andfp.list containthe same
setof points.

Thedemoalsogivesa feelingfor the runningtime of the variousalgorithms.Whenever
the userrequestdo changethe display (for example,by requestingfor an additionalge-
ometricstructure by droppinga requestor by switchingto anotherkernel)all requested
structuresarerecomputed.

The democanmake mistakeswhenrun with the floating point kernel. Whenusingthe
floatingpointkernel,setroundtagrid to true andplay with truncationprecto getafeeling
for thelimits of the floating point kernel. You canalwaysswitch to the rationalkernelfor
avisual comparisorof theresult. We wantto point out onefrequentlyoccurringmistale.
Whenthe crust of pointson a circle is constructedand a high value of truncationprec
is used,the outputis frequentlycompletelywrong. This comesfrom the fact that crust
constructghe Delaunaydiagramof fplist U VD(fplist), whereVD(fp.list) denoteghe set
of verticesof the Voronoidiagramof fplist. The latter setcontainsmary pointscrowding
nearthe centerof the circle andthis confuseghe computatiorof the Delaunaydiagram.

Whenthe scenecontainsmary pointson circlesor segmentsthe runningtime with the
rationalkernelmaygo up sharply Thereasoris thattheseinputsarevery difficult, because
ourgeneratorguaranteghatthe pointslie exactly on acircle or line, respectiely.

10.10.2Implementation
We startwith the global structureof the program.

We usea globalvariablep/list to storethe currentsetof points,a list fplist to storethe
correspondingjst of float points,a pointerWpto the displaywindow, andintegersdisplay
andinputthatgovernwhich geometricstructureto displayandwhich kind of geometricob-
jectis selectedor input. Thevariablekernelcontrolswhich kernelis usedandthe variable
usefilter controlswhetherthefilter is usedin the rationalkernel(it canbe changedn the
settingsmenu).We have alreadyexplainedtherole of useta grid andtruncationprec

In the main programwe first setup the displaywindow W andthengo into aninfinite
loop. At the beginning of the loop we wait for a mousebutton to be pressed.The mouse
buttonis eitherpressedn one of the seven buttonsin the lower row of the panelsection
(caseszeroto six) or in the display part of the window (caseMOUSE BUTTON(1)); the
buttonsin thetop row of thedisplaypartarehandledelsevhereaswill beexplainedbelow.

In caseof theeventMOUSE_BUTTON(1) we putbacktheevent,sothatthe mouseclick
canbeprocessea@gain,andcall getinput(W, input) to further processhe mouseclick.

At theendof theinnerloop we draw thewindow asgovernedby the variabledisplay:.
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(voronoi.demo.¢=

#include <LEDA/plane_alg.h>
#include <LEDA/vector.h>

#include <LEDA/rat_vector.h>
#include <LEDA/window.h>

#include <LEDA/graphwin.h>
#include <LEDA/bitmaps/button32.h>
#include <math.h>

#include <LEDA/rat_window.h>
(definitionof bit maps
(definitionof displaymask

static list<rat_point> p_list, rp_list;
static list<point> fp_list;

static window* Wp;

static int display = O0;

static int input = O;

enum { RK = 0, FK = 1};

static int kernel = RK;

static bool use_filter = true;
static int truncation_prec = 40;
static bool round_to_grid = true;

(further global variables

(manipulatep_list, rp_list, andfp_list)
#include <LEDA/rat_kernel_names.h>
(displayinggeometricstructuies
(grapheditfor graphwin

#include <LEDA/kernel_names_undef.h>
#include <LEDA/float_kernel_names.h>
(displayinggeometricstructues
(grapheditfor graphwin)

#include <LEDA/kernel_names_undef.h>
(global drawingfunctions

(actionfunctions

(point genemtors)

(addinga geometricobject

int main()

¢ window W(630,720,"VORONOI DIAGRAMS");
Wp = &W;
(setup window

for(;;)

{

int but = W.read_mouse();
rat_point::use_filter = use_filter;
if (but == 0) break;
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switch (but) {
case MOUSE_BUTTON(1): put_back_event();
get_input (W, input) ;
break;
1: { (genematepointsmeny; break; }
2: { (settingsmenuy; break; }
case 3: clear_all(); break;
4: // start GraphWin
if ( kernel == FK )
graph_edit(display,fp_list);
else
graph_edit(display,rp_list);
break;
case 5: // help
help_win.open(W); break;

case

case

case

}
draw(display) ;
}
rat_point: :print_statistics();

return 0;

}

Thedrawing functionsareneededor both kernelsandhenceareincludedtwice. We com-
mentbelonv why we did not usetemplates.
We give moredetails.

Settingup the Window: We startby definingahelpstringandthe panelhelpwin thatpops
upwhenthe“about’-buttonis pressedWe thendefinethe panelsectionof W. It consistsof
threesetsof choiceitems a booleanitem, a slideritem, anda setof six buttons. We come
backto thembelow.

Having definedthe panelpartwe openthedisplay statethatwindow coordinategor the
x-coordinatearebetweerf and1000andthatthey startat O for the y-coordinatgtheupper
boundfor the y-coordinatedepend®ntheactualgeometryof W, statethatnodesaredravn
with width two, andthatcoordinatesreto be shaovn.

(setupwindow =
string help_string;
help_string += "This program demonstrates some of the algorithms ";
help_string += "for two dimensional geometry of points based on ";
help_string += "Delaunay triangulations and Voronoi Diagrams.";

panel help_win;

help_win.text_item("\\bf Voronoi Demo");

help_win.text_item("");

help_win.text_item("K. Mehlhorn and S. Naeher (1997)");
help_win.text_item("");

help_win.text_item("see LEDAROOT/demo/documentation/voronoi_demo.ps");
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help_win.text_item(help_string);
help_win.button("ok");

W.set_bitmap_colors(black,blue);
W.choice_mult_item("",display,11,32,32,display_bits,draw);
W.choice_item("",input,3,32,32,input_bits);

list<string> kernel_choices;
kernel_choices.append ("RK"); kernel_choices.append("FK");
W.choice_item("kernel",kernel,kernel_choices,change_kernel);

W.bool_item("round_to_grid",round_to_grid,change_round_to_grid);
W.int_item("# of grid lines = 2°x, where x =",truncation_prec,
2,52, change_truncation_prec);

W.button("points", 1, "Opens a point generator panel.");
W.button("clear", 3, "Clears point set and window.");
W.button("graphwin", 4, "Loads graph into GraphWin.");
W.button("settings", 2, "Opens an option setting dialog.");
W.button("exit", 0, "Exits the program.");
W.button("about", 5, "Displays information about this program.");
W.display();

W.init(0,1000,0);

W.set_redraw(redraw) ;

W.set_node_width(2);

W.set_show_coordinates(true);

We needto say a few morewords aboutthe panelpart of the window. The first choice
item controlsthe variabledisplay and consistsof elevenitems. Wheneer thei-th button
is pressedhe i-th bit of display is flipped and the function call draw(display) is made.
Eachitemis dravn asa 32x32pixel maptakenfrom the collectionof pixel mapsdefinedin
LEDA/bitmaps/lutton32.h. The pixel mapsselectedare definedby the array displaybits.
The pixel mapsareshovn blackwhenthe correspondindputtonis releasedandareshavn
in bluewhenthebuttonis pressed.

The secondchoiceitem controlsthe variableinput. The effect of pressingone of the
buttonsin this collectionof buttonsis to setinputto the numberof the button.

Thethird choiceitem controlsthe useof thefilter, the booleanitem controlswhetherthe
inputis roundedto a grid, andthe slideritem controlsthe numberof grid lines.

Theotherbuttonsareaddedby the sevenbuttonstatementsEachbuttonis givenaname,
anumber anda help string thatis displayedwhenthe mouserestsover the button for an
extendedperiodof time.

(definitionof bit maps=
static char* input_bits [] = { point_bits, line_bits, circle_bits };

static char* display_bits [] = { triang_bits, voro_bits, f_triang bits,
f_voro_bits, tree_bits, hull_bits, empty_circle_bits,
encl_circle_bits, w_annulus_bits, a_annulus_bits, help_bits };
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Action Functions: Someof theitemsin themenupartof thewindow have actionfunctions
associatedvith them. Recall that action functionsare called with the new value of the
variableassociateavith theitem (thevalueof thevariableitself is only changedafterreturn
from theactionfunctionsuchthatnew andold valuesof thevariableareavailableduringthe
action). All actionfunctionsfollow the samescheme.They setthe correspondingariable
to thenew value(sincewe wantthe new valueduringthe executionof theaction),clearthe
window andredraw the sites,recomputep_list andfp.list, andrecomputehe display The
functiondrawwill bediscussedbelow.

(actionfunctions=

void change_truncation_prec(int new_prec)

{ truncation_prec = new_prec;
Wp->clear();
draw_sites(p_list);
recompute_rp_and_fp_list();
draw(display) ;

}

void change_round_to_grid(int new_mode)

{ round_to_grid = new_mode;
Wp->clear();
draw_sites(p_list);
recompute_rp_and_fp_list();
draw(display);

}

void change_kernel(int new_kernel)

{ kernel = new_kernel;
Wp->clear();
draw_sites(p_list);
draw(display) ;

}

Thefunctionrecomputep_andfplist clearsbothlists andthenmovesall pointsfrom p.list.
Thefunctionaddpoint will be calledwhenerer a new pointis addedto plist andclearall
clearsthewindow andall lists.

(manipulatep_list, rp_list, andfp_list) 4=
void add_point(const rat_point& p)
{ p_list.append(p);

move_point (p) ;

}

void recompute_rp_and_fp_list()

{ fp_list.clear(); rp_list.clear();
rat_point p;
forall(p,p_list) move_point(p);

}

void clear_all()

{ Wp->clear();

p_list.clear(); fp_list.clear(); rp_list.clear();
}
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Global Drawing Functions: Thefunctiondrawarea(disp, x0, y0, x1, y1, L) drawsthepart
of W coveredby the rectanglewith lower corner(x0, y0) anduppercorner(xl, yl). It is
our masterdrawing function. The geometricstructuresshavn aregovernedby dispandL
is eitherplist or fplist. If L is plist thedrawing functionsusethe rationalkernelandif L
is fplist the drawing functionsusethefloating point kernel.

(global drawingfunctiong=

template <class POINT>
void draw_area(int disp, double x0, double yO, double x1, double y1,
const 1ist<POINT>& L)
{
if (L.empty()) return;
Wp->start_buffering();
Wp->clear();

if (disp & MWA_MASK) draw_min_width_annulus(L);

if (disp & SEC_MASK) draw_min_encl_circle(L);
if (disp & MST_MASK) draw_min_span_tree(L);
if (disp & CRUST_MASK) draw_crust(L);
draw_sites(L);

Wp->flush_buffer (x0,y0,x1,y1);
Wp->stop_buffering();

if (disp & MAA_MASK) draw_min_area_annulus(L);

if (disp & HULL_MASK) draw_convex_hull(L);

if (disp & DT_MASK) draw_delaunay (L) ;

if (disp & VD_MASK) draw_voronoi(L);

if (disp & FDT_MASK) draw_f_delaunay(L);

if (disp & FVD_MASK) draw_f_voronoi(L);

if (disp & LEC_MASK) draw_max_empty_circle(L);
&
&

If ourcurrentsetof sitesis empty drawareahasnothingto do. Otherwisewe clearthewin-
dow, draw theselectedjeometricstructuregtheconstanttMWA _MASK, MAA MASK, ...
aredefinedin anenumeratiortype anddenote2°, 2%, 22, ...), anddraw the sites. The ap-
pearancef thewindow is betterif thesitesaredisplayedaftertheselectedyeometricstruc-
tures.We wantthe new drawing to appeain asingleblow andthereforeputthewindow in
buffering modebeforeconstructinghe drawings of the selectedyeometricstructures.
Onceall drawingsareconstructedve flushthe buffer andstopthe buffering mode.

(definitionof displaymask=

enum display_mask {

DT_MASK = 1, VD_MASK = 2, FDT_MASK = 4,

FVD_MASK = 8, MST_MASK = 16, HULL_MASK = 32,

LEC_MASK = 64, SEC_MASK = 128, MWA_MASK = 256,
= 512, CRUST_MASK = 1024

MAA_MASK
};

Themasterdrawing functionis usedby thefunctionsdraw area draw andredraw.
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Drawarea (now without the list<POINT>-argument)makesthe distinctionbetweerthe
useof therationalkernelandthefloating pointkernel.

Draw is calledwhenerer one of the choiceitems changingdisplayis calledandat the
endof eachiterationof the mainloop andredraw is calledwheneer the geometryof the
window is changed Accordingly, we redrav eitheronly the displaypartof thewindow (in
draw) or theentirewindow (in redraw).

(globaldrawingfunctions+=

void draw_area(int disp, double x0, double yO, double x1, double y1)
{

if ( kernel == FK ) draw_area(disp,x0,y0,x1,y1,fp_list);

else draw_area(disp,x0,y0,x1,yl,rp_list);
}

void draw(int disp)
{ draw_area(disp,Wp—>xmin() ,,Wp->ymin() ,Wp->xmax () ,Wp—>ymax()); }

void redraw(window* wp, double x0, double yO, double x1, double y1)
{ draw_area(display,x0,y0,x1,y1); }

Displaying SpecificGeometric Structur es: For eachof ourgeometricstructuresve have
afunctionthatdisplaysit. We discusonly arepresentatie sampleof thefunctions.

We draw eachsiteasafilled nodeof color sitecolor, wheresitecolor is aglobalvariable
definedin (furtherglobalvariables. Thiscodeis notshavn. Thedefaultvalueof sitecolor
is red;thecolor canbe changedn the settingsmenu.

(displayinggeometricstructuies =
void draw_sites(const 1ist<POINT>& L)
{ POINT p;
forall(p,L) Wp->draw_filled_node(p.to_point(),site_color);
}

Most of our geometricstructuresaregraphs.We have to dealwith two kinds of graphs.
Voronoidiagramshavetype GRAPHCIRCLE POINT> andDelaunaydiagramshave type
GRAPHPOINT, int>. We defineadrawing functionfor eachkind of graph.Recallthatwe
usebidirectedgraphsto represenDelaunaydiagramsandVoronoidiagrams We therefore
haveto drav uedgesandnotedges.

In orderto draw a GRAPHPOINT, int> we simply draw eachuedgeas the segment
definedby the endpointsof theedge.

(displayinggeometricstructues +=

void draw_graph_edges(const GRAPH<POINT,int>& T, color col)
{ edge_array<bool> drawn(T,false);
edge e;
forall_edges(e,T)
if (!drawn[el)
{ drawn[e] = true;
edge r = T.reversal(e);
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if (r) drawn[r] = true;
POINT p = T[source(e)];
POINT q = T[target(e)];
Wp->draw_edge(p.to_point () ,q.to_point(),col);

Voronoi diagramsare a bit harderto draw. The positionsof the nodesare determined
by the circlesassociatedavith them. A propernode,i.e., a nodeof degreeat leastthree,is
positionedatthecenterof thecircle associatewvith it. A nodeof degreeoneis positionedat
thecircle atinfinity. If its circleis CIRCLHa, _, b) thenthe nodelies on the perpendicular
bisectorof a andb, andto theleft of theorientedsegmentfrom a to b. Eachedgeis labeled
by the site owning theregion to theleft of theedge.An edgee is partof the perpendicular
bisectorof sitesa andb, wherea = G[¢e] andb = G[G.reversal(e)].

After thesepreliminariesit is clearhow to drav a Voronoiedge(v, w). An edgecon-
nectingtwo impropernodess drawvn asthe perpendiculabisectorof the pointsa andb, an
edgeconnectinga propemodeandanimpropernodeis dravn asaray startingatthe proper
node,runningalongthe perpendiculabisectorof pointsa andb andextendingtowardsthe
positionof the impropernodeat the circle at infinity, andan edgeconnectingiwo proper
nodess dravn asa segmentconnectinghe nodes We obtainthe following code.

(draw_voro_edges =

void draw_voro_edges(const GRAPH<CIRCLE,POINT>& VD, color col)
{

edge_array<bool> drawn(VD,false);

edge e;

forall_edges(e,VD)

{ if (drawnl[el) continue;

drawn[VD.reversal(e)] = drawn[e] = true;

node v source(e) ;

node w = target(e);

POINT a = VD[e];

POINT b = VD[VD.reversal(e)];
VECTOR vec = (b - a).rotate90();
line 1 = p_bisector(a,b).to_line();

if (VD.outdeg(v) == 1 && VD.outdeg(w) == 1){ Wp->draw_line(l,col); }
else
if (VD.outdeg(w) == 1)
{ POINT cv = VD[v].center();
VECTOR vec = VD[w].point3() - VD[w].point1();
POINT rp = cv + vec.rotate90();
Wp->draw_ray(cv.to_point(),rp.to_point(),col);

}
else
if (VD.outdeg(v) == 1)
{ POINT cw = VD[w].center();
VECTOR vec = VD[v].point3() - VD[v].point1();
POINT rp = cw + vec.rotate90();
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Wp->draw_ray(cw.to_point () ,rp.to_point () ,col);

}

else

{ POINT cv = VD[v].center();
POINT cw = VD[w].center();
Wp->draw_segment (cv.to_point () ,cw.to_point(),col);

}

The procedureaborve hasseriousnumericaldifferences.Considerthe following example.
Assumethatwe computethe Voronoidiagramof threepointsthatlie almostonacommon
line. The Voronoi diagramconsistsof one vertex and threerays. The vertex hasvery
large coordinateandevenif its coordinatesarecomputedexactly (asthey will bewith the
rationalkernel)the corversionto pointin drawray will suffer somelossof accurag. We
arenow drawing aray from adistantpoint. It is unlikely thatthis ray intersectshewindow
in thedesiredform.

Thewindow classoffers drawing functionsthatareappropriatefor this situationasdis-
cussedn Section8.1. The modifieddrawing functionshave an additionalargumentl of
typeline, whichis supposedo be the line underlyingthe segments or ray r to be dravn.
In our casel is the bisectorof a andb and hencedeterminedwith high precision. The
additionalargumentis usedasfollows.

If thesourceofr liesin W or thetwo endpointof s lie in W, | isignored.Otherwisethe
intersectiort betweer andthewindow is determinecandthe partof t which alsobelongs
tor orsisdravn.

(displayinggeometricstructues +=
// template <class POINT, class CIRCLE, class VECTOR, class LINE>
void draw_voro_edges(const GRAPH<CIRCLE,POINT>& VD, color col)
{

edge_array<bool> drawn(VD,false);
edge e;

forall_edges(e,VD)

{ if (drawn[e]) continue;

drawn[VD.reversal(e)] = drawn[e] = true;

node v = source(e);

node w = target(e);

POINT a = VD[e];

POINT b = VD[VD.reversal(e)];

line 1 = p_bisector(a,b).to_line();

if (VD.outdeg(v) == 1 && VD.outdeg(w) == 1){ Wp->draw_line(l,col); }
else
if (VD.outdeg(w) == 1)
{ POINT cv = VD[v].center();
VECTOR vec = VD[w].point3() - VD[w].point1();
POINT rp = cv + vec.rotate90();
Wp->draw_ray(cv.to_point(),rp.to_point(),1l,col);
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}
else
if (VD.outdeg(v) == 1)
{ POINT cw = VD[w].center();
VECTOR vec = VD[v].point3() - VD[v].point1();
POINT rp = cw + vec.rotate90();
Wp->draw_ray(cw.to_point() ,rp.to_point(),1,col);

}

else

{ POINT cv = VD[v].center();
POINT cw = VD[w].center();

Wp->draw_segment (cv.to_point () ,cw.to_point(),1,col);
}

Thefunctionabove usespoints, lines, circles,andvectorsandhencewould requirefour
templateargumentsMoreover, we would have to addartificial agumentsof type LINE and
VECTOR suchthattheappropriateéypeinferencecanbemadeby thecompiler Wedecided
to useour primitive renamingmechanismnstead.An alternatve would be to introducea
classratkernel

class rat _kernelq{
typedef rat_point POINT;
typedef rat_segment SEGMENT;
// and so on

}

andasimilar classfloatkernel to usea singletemplateargumentcalledkernel andto use
qualifiedtype namessuchaskernel::POINT andkernel.: SEGMENTiIn drawvoraedges
This designis usedextensively in CGAL [CGA].

We cometo the drawing functionsfor the individual geometricstructures.Nearestand
furthestsitesDelaunaydiagrams crusts,and minimum spanningtreesare dravn by first
computingthe structureandthencalling drawgraphedges For example,

(displayinggeometricstructues +=

void draw_delaunay(const 1ist<POINT>& L)

{ GRAPH<POINT,int> DT;
DELAUNAY_TRIANG(L,DT);
draw_graph_edges (DT, triang_color);

}

Nearestindfurthestsite Voronoidiagramsaredrawvn by computingthestructureandcalling
drawvoraedges For example,
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(displayinggeometricstructues +=

void draw_voronoi(const 1ist<POINT>& L)

{ GRAPH<CIRCLE,POINT> VD;
VORONOI(L,VD);
draw_voro_edges(VD,voro_color) ;

}

In orderto displaythecorvex hull andthewidth of our setof pointswe computethe convex
hull (alist of POINTSs),corvert thelist to a list of points anddraw the list of pointsasa
filled polygonof hulLcolor andasa black polygonalline. We alsocomputethe minimum
width slabcontainingour setof pointsanddisplaythetwo linesboundingthe slah

(displayinggeometricstructues +=
void draw_convex_hull (const 1ist<POINT>& L)
{ 1ist<POINT> CH = CONVEX_HULL(L);
list<point> pol;
POINT p;
forall(p,CH) pol.append(p.to_point());

Wp->draw_filled_polygon(pol,hull_color);
Wp->draw_polygon(pol,black) ;

// width

LINE 11,12;

WIDTH(L,11,12);
Wp->draw_line(11.to_line() ,blue);
Wp->draw_line(12.to_line() ,blue);

In orderto draw a minimum width annuluswe eitherdraw the two circlesor the two
parallellines definingthe annulus. In the first casewe want the annulusto be showvn in
orange We thereforedraw thelargerdiskin orangefirst andthenthe smallerdiskin white.
Thisleavestheannulusn orange.

(displayinggeometricstructues +=

void draw_min_width_annulus(const 1ist<POINT>& L)
{ POINT a,b,c; LINE 11,12;
if ( MIN_WIDTH_ANNULUS(L,a,b,c,11,12) )
{ // proper annulus
circle cil(a.to_point(),b.to_point());
circle c2(a.to_point(),c.to_point());
Wp->draw_disc(c2,orange) ;
Wp->draw_disc(cl,white);
Wp->draw_circle(cl,black);
Wp->draw_circle(c2,black);
Wp->draw_point(a.to_point () ,orange) ;
}
else
{ // strip
Wp—>draw_line(1l1.to_line(),black);
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Wp->draw_line(12.to_line(),black);
}
}

Adding a Geometric Object: We cometo the mouseinput of points,lines, andcircles.
The function getinput(W, input) readseithera point, or a segment,or a circle andthen
callstheappropriatensertionfunction.

(addinga geometricobject=
(addinga point, sgmentor circle)

void get_input(window& W, int inp)
{ rat_point p; rat_segment s; rat_circle c;

switch (inp) {
case 0: if (W >> p) insert_point(p); break;
case 1: if (W >> s) insert_segment(s); break;
case 2: if (W >> c) insert_circle(c); break;

}
}

(addinga point, sgmentor circle)=

void insert_point(rat_point p)

{ Wp->draw_filled_node(p.to_point(),site_color);
add_point (p) ;

}

Addition of a point doesthe obvious. In orderto add pointson a segmentwe generaten
pointsonthesggmentwheren is determinedy theratio betweerthelengthof the sgment
andtheglobalvariablepointdist

In orderto add a circle we generaten uniformly spacedpointson the circle, wheren
is determinedby theratio betweerthe circumferenceof the circle andthe global variable
pointdist

(addinga point, sgmentor circle)+=

void insert_segment(rat_segment s)

{
double 1 = s.to_segment().length();
int n = Wp->real_to_pix(1l)/point_dist + 1;
list<rat_point> L;
points_on_segment (s,n,L);
rat_point p;
forall(p,L)
{ add_point(p);

Wp->draw_filled_node(p.to_point(),site_color);

}

}

void insert_circle(rat_circle C)
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double L = 2 * C.to_circle().radius() * LEDA_PI;
int n = Wp->real_to_pix(L)/point_dist + 1;
double d = (2*LEDA_PI)/n;

double eps = 0.001;

double a = 0;

for(int i = 0; i < n; i++)

{ rat_point q = C.point_on_circle(a,eps);
add_point(q);
Wp->draw_filled_node(q.to_point(),site_color);
a += d;

}

}

Point Generators: The pointgeneratomenuallows the userto selectbetweerthreegen-
erators.A generatofor randompointsin a squarea generatoffor regularly spacedooints,
anda generatofor randompointsnearacircle. Thethird generatoproducesnputswhich
areusefulto illustratethe computatiorof annuli.

(genemtepointsmeny=

panel P;

P.text_item("\\bf Generate input points");
.text_item("");
.choice_item("",k_gen,"random","lattice","near circle");
.int_item("",n_gen,0,500);

.button("create",0);

.button("cancel",1);

if (P.open(W) == 0)

{ switch (k_gen) {

case 0: random_square(n_gen); break;

ja= e v Bia v e o e v

case 1: lattice_points(n_gen); break;

case 2: near_circle(n_gen,point_dist); break;
}
}

We only showv thenearcircle generatarlt generatepointsin anannuluswith innerradius
rmin andouterradiusrmax rmaxis chosersuchthatthe annulusfits nicely on the screen
andrmin is choseras90% of rmax

For eachpoint to be generatedve generatea randompoint on a circle of radiusr where
r is randomlychoserbetweerrmin andrmax

(pointgenertors)+=

void near_circle(int n, int point_dist)

{
double x0 = Wp->xmin(), yO = Wp->ymin();
double x1 = Wp->xmax(), yl = Wp->ymax();

point cent ((x0+x1)/2, (yO+y1)/2);
int rmax = int(0.35 * (x1-x0));
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int rmin = int(0.9 * rmax);

clear_all();

for(int i=0; i < n; i++)

{ //circle C(cent,rand_int (rmin,rmax));
circle C(cent, (double)rand_int(rmin,rmax));
double a;
rand_int >> a;
point q = C.point_on_circle(2*a*LEDA_PI);
int x = (int)q.xcoord();
int y = (int)q.ycoord();
add_point (rat_point(x,y,1));
Wp->draw_filled_node(x,y,site_color);

ng GraphWin: Thefunctiongrapheditvisualizeghegraphsunderlyingourgeomet-

ric structuresWe do notdiscusst here.

Setti

ngs: Thesettingsmenuallows the userto setsomeof the global variables.lt is self-

explanatory

(setti

ngsmeny=

panel SP("SETTINGS");

SP
SP

SP.
SP.
SP.
SP.
SP.
SP.
SP.

SP
SP
W.
W.
W.
dr
re
dr

10.1

.bool_item("use filter in rat kernel", use_filter);
.bool_item("draw lines with width 2",thick_lines);
int_item("grid", grid_width,0,50,10);

int_item("pix dist", point_dist,1,64);
color_item("sites ", site_color);
color_item("voro ", voro_color);
color_item("triang", triang_color);
color_item("hull", hull_color);
color_item("tree", tree_color);
.button("continue");

.open(W) ;

set_grid_mode(grid_width);
clear();

set_line_width( thick_lines ? 2 : 1);

aw_sites(p_list);
compute_rp_and_fp_list();
aw(display);

0.3Floating Point Errors

Whatcango wrongwhenthe demois executedwith thefloating pointkernel?

W

henasegmentor circleis addeda certainnumberof pointsonthesegmentor circle are

addedto plist. Therationalkernelguaranteeghatthesepointslie exactly onthe segment
or circle, respectiely. Whentherat pointsarecorvertedto points they will lie only almost
onthecircle or sggment.
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Considemow a scenghatconsistsof pointson two segments.The Delaunaytriangula-
tion will containextremelyflat triangles. This cancausethe computationof the Delaunay
diagramandthe Voronoidiagramto fail.

Crustis alsoa goodsourceof error. It computeghe Delaunaydiagramof the pointsis
fplist plustheverticesof the Voronoidiagramof plist. Whenfplist containgpointsthatlie
almoston a circle therewill be mary Voronoiverticesnearthe centerof the circle andthe
Delaunaydiagramcomputatiorwill getconfused.This canleadto strangecrusts.
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