1 Interior Point Methods

The interior point method for linear programming was introed by Karmakar in 1984. It runs
in polynomial time and is a practical method. For many profdet is competitive or superior
to the simplex method. Many LP packages, e.g., CPLEX, off@nmlex as well as an interior
point method. Links to implementations can be found on MatHiaick’s web page. We give a
brief account and refer the readers to [GT89] for more detail

We describe the approach for problems in the form

maximizec'x subjectto Ax <b.

Let fo(x) = c"x and let fj(x) = bj — &' x wherea/ is thei-th row of A, 1<i<m. LetP=
{x; Ax< b} be the feasible set, lat be an optimal solution, and lgt = c"x* be the optimal
objective value.

The simplex method walks along the boundary of the feas#tgtlse interior point method
walks through the interior. It replaces the constrdj(x) > 0 by a penalty term in the objective
function. For real parametér> 1, consider the function

The second term
d(x) = In fij(x) = In |_| fi (X)

1<i<m 1<i<m

is called dogarithmic barrier function; ®(x) is undefined for points outside and on the boundary
of P. It assumes large negative values for points inside buedioshe boundary oP; larget
dampen these large negative values. Up to a scale factot issha factor?)f;(x) is the distance

of x from the hyperplanef; = { x; a'x= bj }. Thus®(x) is the (weighted) sum of the distances
to the defining hyperplanes &t

The interior point methods determines the minimizer x*(t) of g; for larger and larger values
of t. This minimizer converges against x*.

We now give more details.
1. For any reaC, consider the level set
Lc ={x ®(x) =C}.

ThenLc is the boundary of the convex detc = {x; ®(x) >C}. ForC — —oo, Lc ap-
proaches the boundary Bf see Figure 1.

Let us see a concrete example. Pet { (x,y) € R%; x> —1, x<1,y>-1,y<+1}be
a square and let us maximize-y. Then

G (XY) = X+y+%ln (1=x*)(1—¥?)
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Figure 1: The solid line indicates the boundary of the fdasskt, the dashed lines indicate level
sets of the potential function (my appologies that the lse&d are not convex). The normal of the
objective function is indicated by an arrow axidis an optimal solution. The red path indicates
the set of approximate solutiond(t). If Lc is the level set of the barrier function containing
X*(t), the tangent thc atx*(t) is orthogonal to the normal of the objective function.

and hence
Le={ ey @3-y =€ .

The following points belong tbc as a simple calculation shows:

(V1—€,0) and (V1—€/2,\/1—€/2).

Observe that the former point converge$10) and the latter point converges(tb, 1) for
C— —oo,

2. Letx*(t) be the unique minimizer of;(x). Fort — oo, X*(t) converges to an optimal
solution of the LP. In particular

fo(X"(t)) > p* —m/t.

We continue with our example. In order to find the optimizegofit suffices to find the
zero of the partial derivatives. The partial derivativehwiéspect to is

1 —2x

t 1-x2

1+
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This has zero

1 1 1 1
X= "4 [1+ Sl +—
Y. t T2

where the approximation is valid for largeThus the optimizer of has coordinates

1 /1 1 [ 1 1 1 1 1
- 1+=. —= 1+ )~ (1l-4+—=.1-=4+—=—
( t+ +t2’ t+ +t2) ( t+2tz’ t+2tz)

This point converges t@l, 1) for t — c. Also the objective value dk*(t),y*(t) is approx-
imately 2— 2/t +1/t2. This is slightly better than claimed.

3. The functiong:(x) is a strictly concave function oR. Given a reasonably good approx-
imation for x*(t), an excellent approximation fo¢(t) is easy to find, e.g., by Newton
iteration.

4. x*(t) is a reasonably good approximation $6£ ut) andu not too large, say < 20.

5. The full algorithm is then as follows:
Input: The LP plus a tolerance parameter

Output: a feasible pointsuch thatp* —c'x < &.

solve the auxiliary LP migs, Ax< b+sl} where 1 is the all-ones vector aisds a
scalar. If the minimum is larger than 0, the LP is infeasib@therwise we have a
feasible poinkg for our LP. If the minimum is smaller than zerg, lies in the interior of
the feasible region. I§= 0, the feasible region is lower dimensional and specialsstep
have to be taken. We ignore this complication.

sett = 1 and findx*(1) by Newton iteration fronxg.

while t/m> € do

t = ut; U is a small constant larger than one
find x*(t) from x*(t/u); Newton iteration
end while
outputx*(t)

We prove some of the items.

At (1): Let Xp andx; be two points inL>c and letx = axp+ (1 —a)x; with 0 < a <1 be
any point on the line segment with endpoirggndx;. We showd(x) > min(®(xg), P(x1)); the
inequality is strict for < a < 1. Indeed

o(x)= Y In(bi— a (axo+(1—a)x)

1<i<m
= Y In(a(bi—a'xo)+(1—a)(bi—alx))
1<i<m
>a 5 In(bi—a'x)+(1-a) In (bi — & xq)
1<m 1<i<m

= a®(x0) + (1 a)P(xq)
> min(P(xg), P(X1)).



The non-trivial step is the inequality. It holds since foyarands
In(ar+(1—a)s) >alnr+(1—a)lns.

This can be seen as follows. Consider the line segment wipants(r,Inr) and(s,Ins). The
LHS is the value of the In-function atr + (1— a)s, the RHS is the value of the line segment.
The In-function is above the line segment and strictly abexeept at the endpoints. We have
now shown the convexity of the skt.c. The argument above also shows that pointsith
®(x) > C lie in the interior ofL>c. Thus any point in the boundary belongdtg In fact, Lc is
equal to the boundary (Please complete the argument).

If ®(x) =C, then there must be arsuch that Irfj(x) < C/nor fj(x) < /M. Thus ifC — —oo,
the level sets converge to the boundaryof

At (2): Considerg;(x) restricted to a segment with endpoimgsandx;. The functionfg is
linear and hence concave. We showed in the previous itentithgtis strictly concave. Thus
at(X) is the sum of a concave function and a strictly concave fonaid hence strictly concave.
Strictly concave functions have unique maxima.

The gradient vector (= vector of partial derivativesppfs given by

1

Ogi(X) = Ofo(X) + — —[fi(x
el Lo
tlggmbi—aix '

Observe thatb—aI is a scaled version of the vectey. It is instructive to compute the
2-norm (= Iength) of this vector. We have

1 1 a;
| ‘a2 = || 2
by — aix b
A L~ &R ”a”
1
=|— — || 2
LS I -
EIEREIRS ”‘""”
B 1
b &
EIREI
1
~ dist(x,H))’

wheredist(x, H;) is the distance ok from the hyperplanex = b;. We still need to argue the
sequence of equalities. The first equality is a simple rewfihe second equality holds since the
norm of a scaled vector is the absolute value of the scalicrfaime the norm of the vector.
The third equality holds sinca/||a||2 is a unit vector and hence has norm 1. The last equality
holds since the value df— ax is the distance from the hyperplabe- axif ais a unit vector.

At x*(t) the functiong; (x) must have a gradient vector equal to zero, i.e.,

1 aj
0=Og(X'(t))=c— = S —
(X(1)) t,2 b-ax ()

4



O

Figure 2:cTx*(t) > cTx* — m/t.

So atx*(t), the vectortc is a linear combination of the normal vectors of the constsai The
scalar fora; is 1/(bj — ax*(t)) which by the above is the inverse of the distancg*df) from the
hyperplaneH;.

We next show that the objective valuexft) is at mosim/t away from the optimal objective
value. Consider the function

1 bi —ax
L(X) =c'x+—
t, Lmbi —ax (t)
=7 + += X
tifzmbi—alx () ( t Lo mbi—alx(t)
1 i * T
=7 —————+ g (X"(t)) ' X
L —al x:(t) O(L)
O L
t 1<=m bi _aiTX*(U.

Observe that the denumerator of the terms in the sum doesepend orx and hencé-(X) is
linear inx. Its gradient ak*(t) is equal tollg: (X" (t)) and hence is zero. Sint£x) is linear, this
implies thatl(x) is a constant function. Thus

fo(X(t)) < fo(X") < L(X) = L(X(t)) = fo(X' (1)) + m/t,

where the first inequality uses the fact thx&ft) is feasible and* is an optimal feasible point
and the second inequality uses the fact tiiaandx*(t) satisfy all constraints and hen¢ls —
a'x*)/(bi —alx*(t)) is positive for alli. Figure 2 captures this reasoning.



At (3): In (2), we have already shown thgtis strictly concave. For strictly concave func-
tions, a Newton iteration will find the maximum. We refer otudents to their course in numer-
ical methods.

At (4): Consult your course on numerical methods.

1.1 A Word on Newton lteration for Unconstrained M aximization

Newton’s method is an iterative method for finding the maximi@@r minimum) of a function
a:(X). Assume we have a current approximatigfior the maximizer. We modej by a quadratic
function whose value, derivative and second derivativetlamse ofg; at xg. We compute the
maximizer of the quadratic function and take it as the negtaxmation.

Let us first study the one-dimensioncal case, say we want ianmze the functionf (x) of
one variable. The quadratic functions is

f//(xo)

a(h) = f(x0) + F'(xo)h+ ——h"
If f(x0) <0, qis a parabola with a unique maximum at
)
f//(xo) :
Thus the next iterate is (%)
_ . "X

The generalization to a function is several variables @igitforward. Assume thdt is a
function ofn variables. The quadratic function is

q(h) = f(xo) + (Of (x0)) Th-+h" (02f (x0))h

where 0?f is the matrix of partial second derivatives. If the matrixnisgative definite, i.e.
hT (0?%f (x0))h < 0 for all h # 0, the quadratic function is a paraboloid with a unique maxm
at

h=—(0%f (%)) "10f (x0)-

Thus the next iterate is
x1 = X0 — (0%f (x0)) *Of (%o).
Observe that the stdpis computed by solving a linear system.
Let us work out the details for the functign The gradient ofy; atx is

1 1
Ogi(x) =c—— - a.
t 15=m bi —ax
The matrix of second derivatives is
1 1
Pax)=—> ¥ w0y ad.
t Lo (b — ajx)?



This matrix is negative definite, i.e., for any vectog 0 we haveh' 0%g (x)h < 0. Indeed,

1 1 1 1
ot Bax? Maah=—¢ ———(a'h)(a"h) <o.
tlsuzgm(bi—aix)z A tlgzgm(bi—aix)z (& h)(a'h)

The value zero is attained d{Th = 0 for alli. This impliesh = 0 (assuming that the rows &éf

span the full space). Thus the quadratic function is a pdoabwith a unigue maximum. This
maximum can be obtained by solving a linear system.
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