
The Simplex Algorithm

FailBounds
(E ;B;β;S;>) ⇒SIMP (E ;B;β;S;⊥)

if there are two contradicting bounds x ≤ c1 and x ≥ c2 in B ∪ S
for some variable x

Example:
if {x ≥ 5, x ≤ 0} ⊆ B ∪ S, then

(E ;B;β;S;>)⇒SIMP (E ;B;β;S;⊥)
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The Simplex Algorithm

EstablishBound
(E ;B ] {x ◦ c};β;S;>) ⇒SIMP (E ;B;β;S ∪ {x ◦ c}; IV)

Example:

E :=

{
u ≈ x + 2y ,
v ≈ x − y

}
,

B := {x ≥ 0, y ≤ −1,u ≥ 1, v ≥ 2, v ≤ 3}
β := {x 7→ 0, y 7→ 0,u 7→ 0, v 7→ 0}
S := {}

(E ;B;β; {};>) ⇒SIMP (E ;B \ {x ≥ 0};β; {x ≥ 0}; IV)
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The Simplex Algorithm

AckBounds
(E ;B;β;S;V ) ⇒SIMP (E ;B;β;S;>)

if LRA(β) |= S, V ∈ {IV,DV}

Example:

E :=

{
u ≈ x + 2y ,
v ≈ x − y

}
,

B := {y ≤ −1,u ≥ 1, v ≥ 2, v ≤ 3}
β := {x 7→ 0, y 7→ 0,u 7→ 0, v 7→ 0}
S := {x ≥ 0}

(E ;B;β;S; IV) ⇒SIMP (E ;B;β;S;>)
⇒SIMP (E ;B \ {y ≤ −1};β;S ∪ {y ≤ −1}; IV)
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The Simplex Algorithm

FixIndepVar
(E ;B;β;S; IV) ⇒SIMP (E ;B;upd(β, x , c,E);S; IV)

if (x ◦ c) ∈ S, LRA(β) 6|= x ◦ c, x independent

Example:

E :=

{
u ≈ x + 2y ,
v ≈ x − y

}
,

B := {u ≥ 1, v ≥ 2, v ≤ 3}
β := {x 7→ 0, y 7→ 0,u 7→ 0, v 7→ 0}
S := {x ≥ 0, y ≤ −1}

β′ := upd(β, y ,−1,E)
:= {x 7→ 0, y 7→ −1,u 7→ (0 + 2 ∗ (−1)), v 7→ (0− (−1))}
:= {x 7→ 0, y 7→ −1,u 7→ −2, v 7→ 1}

(E ;B;β;S; IV) ⇒SIMP (E ;B;β′;S; IV)
⇒SIMP (E ;B;β′;S;>)
⇒SIMP (E ;B \ {u ≥ 1};β′;S ∪ {u ≥ 1}; IV)
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The Simplex Algorithm

AckIndepBound
(E ;B;β;S; IV) ⇒SIMP (E ;B;β;S;DV)

if LRA(β) |= x ◦ c, for all independent variables x with bounds
x ◦ c in S

Example:

E :=

{
u ≈ x + 2y ,
v ≈ x − y

}
,

B := {v ≥ 2, v ≤ 3}
β := {x 7→ 0, y 7→ −1,u 7→ −2, v 7→ 1}
S := {x ≥ 0, y ≤ −1,u ≥ 1}

(E ;B;β;S; IV) ⇒SIMP (E ;B;β;S;DV)
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The Simplex Algorithm

FixDepVar≥
(E ;B;β;S;DV) ⇒SIMP (E ′;B;upd(β, x , c,E ′);S;DV)

if (x ≥ c) ∈ S, x dependent, LRA(β) 6|= x ≥ c, there is an
independent variable y and equation (x ≈ ay + t) ∈ E where
(a > 0 and β(y) < c′ for all (y ≤ c′) ∈ S) or
(a < 0 and β(y) > c′ for all (y ≥ c′) ∈ S) and E ′ := piv(E , x , y)

Example:

E :=

{
u ≈ x + 2y ,
v ≈ x − y

}
,

B := {v ≥ 2, v ≤ 3}
β := {x 7→ 0, y 7→ −1,u 7→ −2, v 7→ 1}
S := {x ≥ 0, y ≤ −1,u ≥ 1}

E ′ :=

{
x ≈ u − 2y ,
v ≈ u − 3y

}
,
β′ := upd(β,u,1,E ′)

:= {u 7→ 1, y 7→ −1, x 7→ 3, v 7→ 4}
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Example:

E :=

{
x ≈ u − 2y ,
v ≈ u − 3y

}
,

B := {v ≥ 2}
β := {u 7→ 1, y 7→ −1, x 7→ 3, v 7→ 4}
S := {x ≥ 0, y ≤ −1,u ≥ 1, v ≤ 3}
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