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Incomplete information is an omnipresent issue when dealing with real-
world optimization problems. Typically, such limitations concern the
uncertainty of given data or the complete lack of knowledge about fu-
ture parts of a problem instance. Our work is devoted to investigations
on how to cope with incomplete information when solving scheduling
problems. The particular problem class we consider is the class of ma-
chine scheduling problems which plays an important role within combi-
natorial optimization. These problems involve the temporal allocation
of limited resources (machines) for executing activities so as to optimize
some objective. Scheduling problems are apparent in many applications
including, for example, manufacturing and service industries but also
compiler optimization and parallel computing.

There are two major frameworks for modeling limited information
in the theory of optimization. One deals with stochastic information,
the other with online information. Within these models, we design
algorithms for certain scheduling problems. Thereby we provide first
constant performance guarantees or improve previously best known
results.

Both frameworks have their legitimacy depending on the actual ap-
plication. Nevertheless, problem settings are conceivable that comprise
both, uncertain information about the data set and the complete lack
of knowledge about the future. This rouses the need for a general-
ized model that integrates both traditional information environments.
Such a general model is designed as a natural extension that combines
stochastic and online information. The challenging question is whether
there exists any algorithm that can perform well in such a restricted
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information environment. More precisely, is there an algorithm that
yields a constant performance guarantee? We successfully treat this
intriguing question and give a positive answer by providing such al-
gorithms for certain machine scheduling problems. In fact, our results
are competitive with the performance guarantees best known in the
traditional settings of stochastic and online scheduling. Thus, they do
not only justify the generalized model but also imply — at least in the
considered problem settings — that optimization in the general model
with incomplete information does not necessarily mean to give up per-
formance.

1 Stochastic Scheduling

In stochastic scheduling we assume uncertainty about job processing
times. Any job j must be processed for P; units of time, where P; is
a random variable. We assume that all random variables of processing
times are stochastically independent. This restriction on the probability
functions is not part of the stochastic scheduling model; still, the inde-
pendence of random variables is crucial for our and previously known
results.

The solution of a stochastic scheduling problem is not a simple
schedule, but a so-called scheduling policy; see [10]. A policy must not
anticipate information about the future, such as the actual realizations
of the processing times of the jobs that have not yet been completed;
we say a stochastic scheduling policy must be non-anticipatory.

Various research on stochastic scheduling has been published con-
cerning criteria that guarantee the optimality of simple policies for
rather special, restricted scheduling problems. Only recently research
interest addressed also approximative policies [11, 13, 2]. While all of
the results hold for non-preemptive scheduling, we are not aware of any
approximation results for problems that allow job preemption except
from the optimality of the Gittins index priority policy [12, 15, 4] for
the problem 1 |pmtn|E [ w;C;].

We derive first constant approximation guarantees for preemptive
stochastic scheduling policies on multiple machines and/or individ-
ual release dates. For jobs with general processing time distributions,
we give a 2-approximative policy for minimizing the expected sum of
weighted completion times.

In order to derive our results we introduce a new non-trivial lower
bound on the expected value of an unknown optimal policy. This bound
is obtained borrowing ideas for a fast single-machine relaxation [1]. The
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crucial ingredient to our investigations is then the application of the
above mentioned Gittins index priority policy which solves a relaxed
version of our fast single-machine relaxation optimally [12, 15, 4]. The
priority index used in this policy also inspires the design of our poli-
cies. Thereby, our preemptive policies extensively utilize information
on processing time distributions other than the first (and second) mo-
ments, which distinguishes them significantly from approximative poli-
cies known in the non-preemptive setting.

The Gittins index is defined as follows. Given that a job j has been
processed for y time units and it has not completed, we define the
expected investment of processing this job for ¢ time units or up to
completion, which ever comes first, as

Ii(q,y) = E[min{P; —y,q} [P; > y].
The ratio of the weighted probability that this job is completed within
the next ¢ time units over the expected investment, is the basis of the

Gittins index priority rule. We define it as the rank of a sub-job of
length q of job j, after it has completed y units of processing:
Rilq,y) — wiPrP; —y <q|P; > y].
Ii(q,y)

This ratio is well defined if we assume that we compute the rank only
for ¢ > 0 and P; > y, in which case the investment I;(g,y) has a value
greater than zero.

For a given (unfinished) job j and attained processing time y, we are

interested in the maximal rank it can achieve. We call this the Gittins
index, or rank, of job j, after it has been processed for y time units.

R;(y) = max R;(q,y).
i(y) = max R;(g,9)

With the definitions above, we define a policy based on the rank for
scheduling on parallel machines where jobs have release dates.

Follow Gittins Index Priority Policy (F-Gipp): At any time ¢,
process an available job j with highest rank R;(y; r+1), where (j, k) is
the last quantum of j that has completed and y; 41 is the amount of
processing that has been completed before the next quantum (j, k4 1)
starts. Define k£ = 0 if no quantum of job j has been completed.

The policy F-GI1PP is a 2-approximation for the preemptive stochas-
tic scheduling problem P |, pmtn | E [ )" w;C; |. However, on restricted
problem instances it coincides with policies whose optimality is known;
see [9, 6].
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2 Online Scheduling

In online scheduling we assume that jobs and their characterizing data
become known to the scheduler only piecewise. Thus, an online algo-
rithm must take scheduling decisions based only on the partial knowl-
edge of the instance as it is given so far.

We investigate algorithms for scheduling with the objective to mini-
mize the total weighted completion time on single as well as on parallel
machines. We consider both, a setting with independent jobs and one
where jobs must obey precedence relations.

For independent jobs arriving online, we design and analyze algo-
rithms for both, the preemptive and the non-preemptive setting. These
online algorithms are extensions of the classical Smith rule [14] and
yield performance guarantees that are improving on the previously
best known ones. A natural extension of Smith’s rule to the preemp-
tive setting is 2-competitive. For the non-preemptive variant of the
multiple-machine scheduling problem, we derive a 3.281-competitive
algorithm that combines a processing time dependent waiting strategy
with Smith’s rule.

We are not aware of any existing results for the scenario in which
precedence constraints among jobs are given. We discuss a reasonable
online model and give lower and upper bounds on the competitive ratio
for scheduling without job preemptions. In this context, previous work
on the offline problem of scheduling jobs with generalized precedence
constraints, the so called AND/OR-precedence relations [3], appears to
be adoptable to a certain extent.

3 Stochastic Online Scheduling

We consider the stochastic online scheduling (SOS) model that gener-
alizes both traditional models for dealing with incomplete information,
stochastic scheduling and online scheduling. Like in online scheduling,
we assume that the instance is presented to the scheduler piecewise,
and nothing is known about jobs that might arrive in the future. Even
the number of jobs is not known in advance. Once a job arrives, we as-
sume, like in stochastic scheduling, that the probability distribution of
its processing time is disclosed, but the actual processing time remains
unknown until the job completes.

The goal is to find an SOS policy that minimizes the expected ob-
jective value. Our definition of a stochastic online scheduling policy in-
tegrates the traditional definition of stochastic scheduling policies into
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the setting where jobs arrive online. In order to decide, such a policy
may utilize the complete information contained in the partial schedule
up to time ¢t. But it must not utilize any information about jobs that
will be released in the future and it must not use the actual processing
times of scheduled (or unscheduled) jobs that have not yet completed.
In the performance evaluation we also generalize the definitions of an
approximative policy for stochastic scheduling and a competitive algo-
rithm in online scheduling; see [8, 6]. In this view, our model somewhat
compares to the idea of a diffuse adversary as defined by Koutsoupias
and Papadimitriou [5].

Various (scheduling) problems can be modeled in this stochastic
online setting. We consider the particular settings of preemptive and
non-preemptive scheduling with the objective to minimize the expected
total weighted completion times of jobs.

For the problem where jobs must run until completion without in-
terruption, P|r;|E[>  w;C;], we analyze simple, combinatorial on-
line scheduling policies and derive performance guarantees that match
the currently best known performance guarantees for stochastic and
online parallel-machine scheduling. For processing times that follow
NBUE distributions, a MININCREASE policy even improves upon pre-
viously best known performance bounds from stochastic scheduling,
even though it is feasible in a more general setting. This policy assigns
each job j to the machine where it causes the least increase in the ex-
pected objective value, given the previously assigned jobs (when release
dates are ignored). In the analysis we exploit the fact that the lower
bound for an optimal policy in the traditional stochastic scheduling
environment in [11] is by definition also a lower bound for an optimal
policy in the SOS model.

In the preemptive setting we can argue that the 2-approximative
policy for preemptive stochastic (offline) scheduling in Section 1 for
P|rj,pmtn|E[> w;C;] also applies in this more general model be-
cause the preemptive policy is feasible in an online setting as well.
Moreover, the currently best known online algorithm for deterministic
processing time has also a competitive ratio of 2; see [7].

Conclusion.

These results do not only justify the general model for scheduling with
incomplete information. They also show for certain scheduling problems
that policies designed to deal with stochastic and online information,
can achieve the same theoretic performance guarantee as policies that
can handle only one type of limited knowledge.
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