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Figurel: Real-timerendering®f comple refractve objects- (left) glasswith redwine castinga colorful caustic,24.8fps. (middle) Amber
like bunry with black embeddingshaving anisotropicscatteringand volume causticsin the surroundingsmole andits interior, 13.0fps.
(right) Roundedcubecomposedf threedifferently coloredanddifferently refractingkinds of glassshaving scatteringeffectsandcaustics

in its interior, 6.4fps.

Abstract

We presenta new methodfor real-timerenderingof sophisticated
lighting effectsin and aroundrefractve objects. It enablesus to
realisticallydisplayrefractve objectswith comple« materialprop-
erties,suchasarbitrarily varying refractve index, inhomogeneous
attenuationaswell asspatially-\arying anisotropicscatteringand
re ectance properties. Usercontrolled changesof lighting posi-
tions only requirea few secondf updatetime. Our methodis
basedon a setof ordinary differentialequationsderived from the
eikonal equation the main postulateof geometricoptics. This set
of equationsallows for fastcastingof bentlight rayswith thecom-
plexity of aparticletracer Basedon this conceptwe alsopropose
an efcient light propagtion techniqueusing adaptve wavefront
tracing. Ef cient GPU implementationdor our algorithmic con-
ceptsenableusto rendera combinationof visual effectsthatwere
previously notreproduciblen real-time.
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1 Intro duction

Objectswith complex optical properties,suchas a crystal glass
lled with wine, arefascinatingto look at. This fascinationem-

anatedrom thebeautyof thelighting andcolor effectsthatarevis-
ible in, onandaroundtheseobjects.Thevisualbeautyhasits phys-
ical origin in the interplay of the involved light/matterinteraction
processeshat take place while light passesnaterial boundaries,
while it travels throughthe interior of an object, and even while
it interactswith the objects surroundings At materialboundaries,
light maybere ectedandtransmittedn acomplecway. A spatially
varyingrefractive index, possiblyin conjunctionwith comple sur
facere ectance,can causeinhomogeneou$ocusingof light that
becomesrisible as beautiful surface and volume caustics. Some
materialsexhibit spatiallyvaryingor wavelength-dependeattenu-
ationwhichleadsto nicecolor-shifts. Finally, anisotropicscattering
effectsalsogreatlycontributeto the overall look.

The contritution of this paperis a generalframework that allows
usto jointly reproducehemajority of theabove effectsin real-time
oncommoditygraphicshardware. Ourimageformationmodelsup-
portstherenderingof comple light pathsin scenesontainingob-
jectswith arbitrarily varying refractive index, surfaceeffectswith
arbitrary BRDFs, aswell asview-dependensingle-scatteringef-
fectswith arbitrary scatteringphasefunctions. Advancedeffects,
suchastotalre ection, areimplicitly obtainedatnoadditionalcost.
Furthermorepurrenderecanreproduceefractive surfaceandvol-
umecausticsandrealisticallyrenderthe appearancef translucent
objectsin scatteringparticipatingmedia,suchassmole.

In thefollowing, we rst introducea general physically motivated
imageformationmodelbasedn avolumetricscenerepresentation
that accountsfor all theseeffects, Sect.3. Subsequentlywe de-
scribesimpli cations to this modelthatef ciently mapto theGPU.
For rapid simulationof thelight transportwe employ a simpleset
of ordinary differential equationghatis derived from the eikonal
equation,the main postulateof geometricoptics [Born and Wolf
1999]. Our methodenablesevaluatingcomple light paths,both
towardsthe viewer and from the light source,usingthe sameel-
egant mathematicaframewvork. The distribution of irradiancein
the scenedueto eachlight sourceis quickly pre-computedising
a wavefront-basedight propa@tion schemeSect.4. Finally, we
proposenen conceptsand dynamic datastructuresto ef ciently
evaluateourimageformationmodelon off-the-shelfgraphicshard-



ware,Sect.5. In Sect.6, we shaw resultswith our prototypeGPU
renderedisplayinga variety of the above effectsaroundrefractve
objectsin real-time.

2 Related Work

Severalapproachewerepublishedn theliteraturethatcanapprox-
imate refractioneffectsin real-time on the GPU [Wyman 2005],
on a specialsignal processofOhbuchi 2003], or in a CPU-based
real-timeray-tracefWald et al. 2002]. Hakuraand Srnyder[2001]
proposea hybrid ray-tracingbasedapproactthat producesappeal-
ing resultsbut doesnot run in real-time. Most of thesealgorithms
achieve goodresultsby evaluatingSnell's law at materialbound-
aries. Renderinginhomogenousefractive index distributions has
beenmainly consideredn the literatureon modelingatmospheric
effects. Berger et al. [1990] ray-tracemiragesby repeatedappli-
cationof Snell's law in an off-line renderer Musgrave [1990] in-
cludestotal re ection which wasignoredin the previous paperto
renderthe samephenomenon.Stamand Languenou[1996] pro-
posethe useof the ray equationof geometricopticsto renderheat
shimmering. Lately, Gutierrezet al. [2006] have alsoappliedthe
ray equatiorto rendemiragesandotheratmospherieffects.Zhao
etal. [2007] simulateandrenderheatshimmeringand mirageson
theGPUatinteractive framerates.An interestingapproactior dis-
playing gemstoneshat handlesrefractionand polarizationeffects
waspresentedby Guy andSoler[2004]. Althoughour methodcan-
not handlepolarization,it caneasily caterfor mary other effects
not treatedby the above approachessuchasscatteringdispersion
or volumecausticsn participatingmedia.

Refractionrenderingis relatedto the problemof renderingrealis-
tic caustics. Popularoff-line approachegor high-quality caustic
renderingarebackward ray-tracing[Arvo 1986],andphotonmap-
ping [Jenseret al. 2001] which can also generatevolume caus-
tics [Jenserand Christenser1998]. Either of them storesphoton
enepies in spatial storagedata structuresand gatherstheir con-
tributions during imageformation. Gutierrezet al. [2005] extend
volumetricphotonmappingto non-linearlight pathsusingthe ray
equationof geometricoptics. They simulaterefractive effectsin

the atmosphereand in undervater scenes. In additionto the ef-

fectstreatedin this work, they alsorendermultiple inelasticscat-
tering eventsin an off-line renderer Real-timeray-tracingsys-
tems[Parker etal. 1999;Carretal. 2002;Wald et al. 2002] enable
the renderingof refractionand photonmappingat discreteinter-

facesatinteractive framerates[Wymanetal. 2004], but typically a
clusterof PCsis neededGuintheretal. 2004]to handlethe compu-
tationalload.

Recentlyresearcherportedthesealgorithmsto graphicshardware
to achieve real-timeperformance Wandand Strassef2003] com-
putere ective causticsby approximatingsurfaceswith uniformly
sampledight sources WymanandDavis [2006] proposeaninter
active imagespaceechniquefor approximatecausticrenderingon
the GPU thatis relatedto photonmapping. They alsosuggesta
light shaftstructuresimilar to the illumination volumesof Nishita
andNakamad1994]thatapproximatesheintensitydistribution of
the ux of light in abeamin space A similar concepts employed
by Ernstetal. [2005]to generatesuriaceandvolumecaustics.

In contrastto the above techniqueswe emplgy a more general
modelof light transporthat propagteswavefrontsalongarbitrary
trajectorieswith arbitrary complex refractioncharacteristics Sur
faceandvolume causticscanbe generatedy computingtheirra-
diancedistribution everywherein a sampled3D volume. We also
obtainlocallight directionsfor every pointin spacegnablingusto
renderanisotropidighting effects. Ourimageformationpipelineis
basednthetheoryof geometrimpticswhichenableais,in combi-

nationwith a powerful imageformationmodel,to faithfully handle
a large variety of additionaleffects, suchasdispersion.emission,
scatteringBRDFsandspatiallyvarying attenuatiorwithin a com-
monframenork.

The scatteringof light in a volumetric scenedescriptionwas in-
troducedto computergraphicsby Blinn [1982]. Kajiya andvon
Herzen[1984] derive a generalformulation of scatteringin terms
of volumedensities.They presengenerakequationdor singleand
multiple scattering.We usetheir single scatteringequationin our
imageformationmodel. Lighting interactionbetweersurfacesand
volumesis treatecby RushmeieandTorrancg1987]in aradiosity
style algorithm. Stam[1995] exploresthe limit of multiple scat-
tering and presentsa diffusion approximationto this limit. Re-
cently, real-timesingle scatteringmplementation$have beenpre-
sented. Magnor et al. [2005] use a GPU ray-castingimplemen-
tation to renderre ection nelulae - this approachis mostsimilar
to our scatteringemissionandabsorptionmplementatiorbut uses
straightviewing andlight rays. Mertenset al. [2003] rendersin-
gle subsuréce-scatteringind a dipole approximationto multiple
scatteringn real-timeusingthe modelby Jenseretal. [2001]. Al-
thoughwe do notapproximatamultiple scatteringwe rendersingle
anisotropicscatteringalongcomple non-lineadight paths.

Thefundamentatonceptof our light propagtionschemearede-
rived from the eikonal andtransportequationsthe main postulate
of geometricoptics [Born and Wolf 1999]. The curved eye rays
are computedasin [Stam and Langlenou1996; Gutierrezet al.
2005; Gutierrezet al. 2006] basedon the ray equationof geomet-
ric optics. This is similar to non-linearray tracing [Groller 1995;
Weislopf et al. 2004] that hasbeenusedto simulategravitational
lenses.For the pre-computatiorof the irradiancedistribution in a
volume we employ adaptve wavefront tracing. Wavefront-based
irradianceestimationtechniqueshave beenusedinfrequentlyin
computergraphics. Mitchell and Hanrahan1992] computeFer
matpathsanalyticallyandevaluatetheirradianceata surfacebased
onwavefrontcurvaturewhichis tracked alongthe computedpaths.
Collins [1994] tracesrays from the light sourceand evaluatesthe
wavefrontbehaior by examiningthe distribution of ray hits across
diffusesurfaces BriereandPoulin[2000] suggesto usebeantrac-
ing to rendersurfaceand volume causticsin an of ine approach.
Irradianceestimations basedn theintensitylaw of geometricop-
tics.

To summarizewe presenta new fastandversatileframewnork de-
rived from the eikonal equationthat can jointly reproducemary
lighting effectsaroundcomple refractive objectsfor which, up to
now, individual specializedilgorithmswererequiredto obtainreal-
time framerates.

3 Image Formation Model

3.1 General Image Formation

We areconcernedvith therealisticandef cient renderingof trans-
parentobjectswith varying materials.To this end,we assumehat
the complex materialdistribution is storedin a 3D volume. Our
generalmodel of imageformationaccountsor emission,absorp-
tion, re ection and scattering. A mathematicaformulationfor a
particular potentiallycurved, ray thatpasseshroughthevolumeis
givenby
z
L(c)= Le(xv)a(t;c)dt+ Lyga(ty;c), 1)
C

whereL. denotesradianceon the ray c thatis scatteredemitted
or re ected into the direction of the eye. Lpg is the background
radianceanda (t;c) the absorptionof light at positiont alongthe



ray. Lc is composedf differentcomponentsontrituting to the
radianceon a givenray. FunctionL; dependsn the positionin
spacex = c(t) andthe local ray directionv = %. In generalit is
wavelength-dependemaindcanbe computedusingdifferentparam-
etersfor eachwavelength/ . We canexpressL. in termsof these

variables:
Le(x;v) = Whs(x;v) + d(X)r Le(X;V) + Le(X;V) . (2)

HereLs denotesadiancedueto inscattey w = safjss is thealbedo

of the participatingmedium,L; the radiancere ected in the eye
direction, and Le the locally emitted radiance. The Dirac delta
function d(x) senesasa boundaryindicator i.e. it integratesto

oneover aboundanbetweertwo differentobjectsandis zeroelse-
where. This accountdor the factthatre ections occuron bound-
ariesbetweendifferentmaterials.r is the Fresnelre ection factor
for unpolarizedight [Born andWolf 1999]. The Fresnekransmis-
sionfactort entersheabsorptiorequation(5) throughfactorT (t),

aswe will describdater.

Ls, Ly andLe all dependon the positionin spacex andon the lo-
cal ray directionv and can be evaluatedlocally given volumetric
descriptionf their distributions. Thelastpointis important. The
locality of L, givenappropriatgre-computationsgllows usto par
allelizethecomputationsn anef cient way.

We formulateinscatterin termsof the scatteringophasefunction p.
It mayvary in spaceanddependgurtheron thelocal ray direction
v andthelocal differentialirradiancedE,, from directionw.

4

Ls(x;v) = Wp(x;v; w)dEy, . 3)

The light contritutions due to inscatterare integrated over the
sphereof incomingdirectionsto yield Ls. Similarly we write
z

Lr(x;v) = w fr(x;v; w) cosqdEy , (4)

wheref, describea BRDF andcosq is the cosineof theanglebe-

tweenthe surfacenormal andthe incidentlight directionw. The

normalof the surfacecaneitherbe provided asanadditionalfunc-

tion or bederivedfrom therefractiveindex eld n. L; thusgivesus
the radiancecontritution dueto re ection on a boundarybetween
two differentmaterials. Pleasekeepin mind thatthis termis only

valid ontheboundaryof objectsandits contritutionis triggeredoy

d(x).

LeisjustafunctionLe(x; V) in its mostgeneraform. In conjunction
with the light sourcede nitions, it canbe usedto modelmultiple
scatteringeffectsor self-emissiordueto uorescenceor phospho-
rescence.

Finally, we have a closerlook at the absorptionfunction a in
Eq. (1). If arbitraryabsorptiondistributionsare consideredit de-
pendson the distancealongtheray andtheray's shapeandthusit
evaluatego R,
a(t;c)= T(t)e oS(eSNds, (5)

i.e. theabsorptiorfunctiondescribesheexponentialattenuatiorof

radianceat positionx = c(t) dueto a spatiallyvarying attenuation
function st = sa+ Ss, Wheres, is the absorptioncoefcient and

Ss the scatteringcoefcient describingthe amountof radiancedost

dueto out-scatter T(t) is the productof all Fresneltransmission
factorst encounteredlongtheray up to positiont.

3.2 Simplied Image Formation

In its generalform, our imageformationmodelis too comple to
be evaluatedin real-time. Therefore we make two simplifying as-
sumptions:

orthogonality
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Figure2: 2D illustration of our complex imageformationscenario
— dueto inhomogeneoumaterialdistribution, light raysandview-
ing rays are benton their way throughthe scenevolume. Light
raysalwaystravel orthogonallyto thelight wavefronts,i.e. theiso-
surfacesof constantravel time.

1. Thelight in the sceneoriginatesfrom a discretenumberof
light sourcesand

2. for eachpointin the scenethereis only a discretenumberof
incominglight raysfrom eachof thelight sources.

Theserestrictionsallow usto develop an ef cient renderingalgo-
rithm for a fairly complex imageformation model, sincewe can
converttheintegralsof Egs.(3) and(4) into discretesumsover all
incominglight directions:

Ls(X; V) é p(X;V; 1) DEw; (6)
i

Lr(X;V) é fr(X;v;1}) COSGDEyj . 7
i

Thus,if we canpre-computeheincominglight directionsanddif-
ferentialirradiancevalues,we canevaluateEq. (1) with local op-
erationsonly. In thefollowing section we derive the mathematical
recipesfor viewing ray traversalandirradiancecomputation.

4 Light Transport

In this sectionwe developtheequationgor thetransporof light in

thescene Thepropagtionof viewing raysis describedn Sect.4.1
andlight transporis discussedn Sect.4.2. Viewing raysandlight

rays,Fig. 2, behae very similarly andthe governingequationsare
derivedfrom thesamebasicequationtheray equationof geometric
optics[Born andWolf 1999]. However, we usedifferentparameter
izationsto accountfor speci csin the two processesPleasenote
thatfor light rays, we have to take the irradiancefall-off into ac-
countwhereass/iewing rayscarryradiance.

4.1 Viewing Ray Propagation
The ray equationof geometricoptics hasbeenpreviously usedin
computemgraphicse.g. by StamandLangienou[1996]andGutier

rezetal. [2005]. Theequationdescribeshe motionof alight ‘par-
ticle' in a eld nof inhomogeneoueefractive indices:

— n— =5n. (8)

It is derived from the eikonal equationandthe motion of a mass-
lessparticlealongthe gradientof the eikonal solution. ds denotes



Figure3: Theintensitylaw of geometricoptics (left) andits dis-
cretizedversion(right) in theform of a streamtube Theproductof
areaanddifferentialirradiances constantlongatubeof rays.

anin nitesimal stepin the directiontangentialto the curved ray.
Eq. (8) canbere-writtenasa systemof rst orderordinarydiffer-
entialequations

dx %

E - n 9)
dv

s - 5n (10)

which canbediscretizedusinga simpleEulerforwardscheme

Xj + %Svi (11)
vi+ Ds5 n (12)

Xi+1 =

Viel =

or somehigherorderintegrationmethodlik e the Runge-Kuttafam-
ily [Pressetal. 1992]. Theequationg9) and(10) have the property
thatthe spatialstepsizeis equalfor all ray trajectoriesseethe Ap-
pendixfor aproof. This provesadvantageousor renderingSect.5,
wherethe numberof iterationsfor eachparticletraceshouldbe ap-
proximately equalto ensureoptimal performance. Corveniently
ray bendingandtotal re ection arenaturally supportecby the ray
equationof geometricoptics.

4.2 Modeling Light Sources

We modela light sourcewith a three-dimensionavector eld of
locallight directiond(x) andascalareld of differentialirradiance
valuesDE,(x) (c.f. Sect.3.2). Theseelds canbecomputedn sev-
eralways. A popularchoiceamongcomputergraphicsresearchers
is photonmapping[Jenser?001] of which GPU implementations
areavailable[Purcelletal. 2003]. In thecomputationaphysicsand
numericalanalysisliterature a hugerangeof methodshave been
proposedo solwe this problem. Choicesrangefrom purely Eule-
rian formulationsusingthe eikonalandtransportequationgBuske
andKastner2004],phasespacenethodgOsheretal. 2002]andhy-
brid Lagrangian-EuleriamapproachefBenamoul996]to adaptve
wavefront tracing [Enquistand Runbog 2003]. All methodsex-
ceptfor the purely Eulerianapproactdealwith theinherentmulti-
valuednessf the solutionof theunderlyingequations.

We use adaptie wavefront tracing [Enquist and Runbog 2003;
Collins 1997]for the computatiorof the local light directionsand
differentialirradiancevaluesbecausét offersthe besttrade-of be-
tweencomputatiortime andaccurag of the solution. A wavefront
is aniso-surficeof constanttravel time of light originating from
a light source,seeFig. 2. In accordancevith Fermats Principle
light raystravel alwaysnormalto thesewavefronts. The wavefront
is discretizedby a set of connectedparticles. Theseare propa-
gatedthroughthe inhomogeneousefractve index eld. In case
thewavefrontbecomesinderresohednew particlesareinsertedto

presere a minimum samplingrate, Fig. 4. The local light direc-
tionsarerepresentedly thetraveling directionsof the particlesand
the differentialirradiancevaluescan be computedfrom the areas
of wavefront patchesseeSect.4.2.2. The pre-computatiorof the
three-dimensiondight distribution takesthe following subsequent
steps:

I wavefrontpropagtion,
Il irradiancecomputation,
Il wavefrontre nement,

IV voxelizationof thelocal light directionsanddifferentialirra-
diancevalues.

This processs repeateduntil the wavefront leavesthe volume of
interest.Theindividual stepsaredetailedin thefollowing.

4.2.1 Wavefront Propagation

We discretizethe wavefrontinto a setof inter-connectedarticles
which are propagitedindependently This way, the wavefront is
subdvidedinto so-calledwavefront patchesvhosecornersarede-
ned by light particles Fig. 4 (right). The connecwity information
is neededor the differentialirradiancecomputation. The propa-
gation of the particlesis performedaccordingto Eq. (8) similar to
eye ray propagtion, Sect.4.1. We reparameterizé to yield equi-
temporaldiscretizatiorsteps:

nd 2% _gp (13)

A proofof this propertyis givenin the Appendix. Thereparameter
izationis necessaryo enablea simpleformulationof the differen-
tial irradiancecomputatiordescribedn Sect.4.2.2. It ensureghat
all particlesstayon a commonwavefront over time which is nec-
essaryto applythesimpleintensitylaw of geometricopticsinstead
of wavefrontcunaturetrackingschemessin [Mitchell andHanra-
han1992;Collins 1994]. Similar to Egs.(9) and(10) we canwrite

Eq. (13) asasystemof rst orderordinarydifferentialequations

dx Y
@ - W (14)
dv 5n

This formulationenablesa fast GPU implementatiorof the wave-
front propagtion schemeasa particletracer Oncethe wavefront
canbetrackedovertime we cancomputethedifferentialirradiance
atevery pointin spacefrom the areaof the wavefront patcheghat
connectheparticles.

4.2.2 Irradiance Computation

Theirradiancecomputatioris basedntheintensitylaw of geomet-
ric optics[Born andWolf 1999], seeFig. 3 (left). Thelaw states
thatin anin nitesimal tubeof raysthe enegy staysconstant:

dEwldS_'l_ = dszdSZ . (16)

We usea discretizedversionof the intensitylaw to updatethe en-
ergy contritution of wavefront patchesduring propagtion. The
motion of each patch through the scenedescribesa so-called
stream-tubefrig. 3 (right). Eq. (16) thenreads

DEw(0)A(0)

DEL) = 25
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Figure 4: Adaptive wavefront re nement— (left) 2D illustration:
the wavefront is representedby particles(red dots) that are con-
nectedto form a wavefront (bluelines). While advancingthrough
thevoxel volume(shawvn in gray)the wavefrontis tessellateguch
thatits patchesspanlessthana voxel. — (right) 3D illustration of
thetessellatiorfor onewavefrontpatch.

Here A(t) denotesthe areaof a wavefront patchat time t and
DE(t) the discretizeddifferential irradianceassociatedwith it.
Sincewe are modelingabsorptionin our imageformation model
this effect hasto beincludedin theirradiancecomputatioraswell.
Thereforethe nal discretizeddifferentialirradiancefor a wave-
front patchis givenby

DE,,(0)A(0) R R sLeld) i

DEW() = =3 0

(18)

4.2.3 Wavefront Re nement and Voxelization

In order to obtain a continuousvolumetric representatiorof the
light distribution the wavefrontpatchesave to bevoxelized. How-

ever, dueto divemgentcornersthe patchescanin generalbecome
arbitrarily large while they are propagted. If a patchareaslides
througha voxel without touchingit with one of its corners,it ef-

fectively ignoresthein uence of this voxel's refractionvalue. The
wavefrontwill thusbe undesampled To alleviate this, we adap-
tively split the wavefront patchesoncethey grow larger thanone
voxel, seeFig. 4. Sinceat the sametime, graphicshardware is

not able to rasterizearbitrarily sizedquadsinto 3D volumes,we
usethe adaptve samplingandequatewavefront patcheswith their
midpoints,storingthe differentialirradianceand directionalinfor-

mationasa singlevoxel sample.Undersamplingf the wavefront
is thussolvedin conjunctionwith implementingGPU-based/ox-

elization.

5 Implementation Issues

After thetheoreticafoundationhasbeenset,we now have acloser
look athow to maptheoutlinedconceptontothe GPU.Fig. 5illus-

tratesthework- o w of our renderer In thefollowing, we detailits

mostimportantcomponentsthe emplo/ed dataformat, Sect.5.1,
thelight simulator Sect.5.2andtheview rendererSect.5.3.

5.1 Input Data Format

Inputscenesrestoredasa setof 3D volumetextures.In a rst set
of volumes thespatiallyvaryingrefractveindex eld, aswell asits
gradienteld arestored.Theobjectsin ourtestscenesverecreated
as solids of revolution, implicit surfaces,or triangle mesheghat
we rasterizednto the 3D volume. Refractie index distributions
canbe derived directly from the implicit functionsof the objects

or they canbede ned interactvely. Prior to gradientcomputation,
we smooththe volumes. We usea uniform Gaussianlter kernel
with a standarddeviation of typically 0:5 1:0 voxels, resultingin
objectboundarieghat extendover 2 3 voxels. The problemof
blurry boundariecanbe alleviatedby emplgying a suitableproxy
geometryto startthe ray casting. While improving the sharpness
of the boundariesandresultingin higherframerates participating
mediasurroundinghe objectcannolongerberendered.

Other 3D texturescontainthe spatially varying RGB attenuation
function,the materialboundaryindicator aswell asBRDF param-
etersor emissiondescriptionsThe boundaryindicatoris adiscrete
versionof theDirac deltain Eq. (2). We computet by voxelizinga
meshor usethe gradientstrengthof the refractive index gradients.
For someof our testobjects,we simulatedspatiallyvarying atten-
uationin theinterior by applyinga noisefunctionor by paintingit
into the 2D input for the surfaceof revolution. For approximating
anisotropicscatteringeffects,we employ the scattering-phastinc-
tion modelby Heryey and Greensteir{1941]. Its parametersre
alsostoredin volumetrictextures.

5.2 Light Simulator

Ourimplementatioriollowstheadaptve wavefrontpropagtionde-
scribedn Sect4. However, sinceweaimfor anef cient simulation
alsoon pre-ShadeModel 4.0 hardware, we introduceadditional
concepts.

Basically after initialization at the light source,the wavefrontis
representedsa particle system The differenceto a standardpar
ticle systemis thatthe particlesareboundinto pacletsof four and
thusspanawavefont patc, Fig. 4 (right). This allows usto simu-
late the streamtubeconcepton graphicshardware. All the patches
arestoredin textures,which hold the four corners'positions.their
propagtiondirectionsanda RGB enepy value,seeSect.4.2.2.

During initialization, we usethe 2D-parameterizatioof the patch
list texture to eitherproducea planarwavefront (directionallight
source)or asphericawavefront(pointlight source).Theinitializa-
tion ensureghat the wavefrontis large enoughto cover the simu-
lation volume. Otherlight sourcetypes(asmulti-directionallight)
canbeimplementedasthe wavefrontpatchesareindependenand
thus canbe stacled on top of eachother The propagtion of the
wavefrontsthroughthe sceneand the logging into the output 3D
volumeis performedn threesubsequerdtepsdescribedn thefol-
lowing.

5.2.1 Patch List Update

For every time step,we updatethe patches'cornerpositionsand
directionsaccordingto Egs.(14) and(15). We further updatethe
patchesheldRGB enegiesaccordingo Eqg. (18).

5.2.2 Patch List Voxelization

After eachupdatestep,we needto protocolthe wavefront patches
into the 3D outputvolumesfor irradianceanddirection.On graph-
ics hardware, this is accomplishedising point primitives and the
conceptof Flat 3D texturesintroducedby Harrisetal. [2003]. We
limit ourselhesto storingonly one incoming light direction, cor-
respondingto the highestenegy ray passinga particularvoxel.
Thisis justi ed by a statisticalanalysis.For the wine glassmodel,
Fig. 8 (right), only 5:6% of thevoxelsreceve light from morethan
onedirection. For theseb:6% of voxelsthe highestenegy ray con-
tributesa meanof 81:6% of the total enegy arriving at thesevox-
els. Similar numbershold for the othermodels.Beforewe commit
a patchto the 3D volume, we checkif it is allowed to overwrite
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Figure5: Work- o w of ourrenderingsystem.

the one alreadystoredthere(if ary), basedon the highestenegy
criterion.

5.2.3 Patch List Tessellation Analysis

After eachsimulationstep,the patchlist hasto bereoiganizeddue
to variousreasons:

Divergencetessellation Sincethe wavefrontdivergesat placesof
varyingrefraction,it mustbetessellatedo staybelov a minimum
samplingbound,asoutlinedin Sect.4.2. We alsohave to tessellate
the wavefront patchedargerthanonevoxel dueto GPU voxeliza-
tion restrictions. Our simpletessellatiorcurrently dividesa patch
into four smalleronesif its cornersspanmorethanonevoxelin ary
direction,Fig. 4.

Patch termination: If a patchholdstoo little enegy, we applyan

enepy thresholdto eliminatethe patch,assumingt will not con-

tract again andthus nevermoreyield a notevorthy enegy contri-

bution. Terminationtypically happensaftertoo muchtessellation
or loss of enegy dueto repeatedattenuation. We also eliminate
patcheswhich leave the simulationvolume, sincewe assumehat
they will notre-enterit. The physical modelof ray opticsbreaks
down at wavefrontsingularitiegBorn andWolf 1999],resultingin

in nite enepgy at catastrophigoints, giving rise to non-plysical

caustics.We detecttheseareasy examiningthe patchorientation
with respectto its propagtion direction. In casethe orientation
changesa singularpoint hasbeencrossedy the wavefront patch
andwe discardit from furthersimulation.

Effectively, this meanghata patchcanhave threepatchlist states:
Eliminate(0), Retain(1) or Tessellat€4). Thenumbersn braclets
de ne the spacethateachinput patchoccupiesn the outputpatch
list generatedor the next simulationstep.We conductthetessella-
tion analysisafterthepatchescornerdirectionshave beenupdated.
We thusneedto reoganizethe patchlist, which facesus with the
non-trivial problemof datacompactionand expansionon graph-
ics hardware. Datacompaction(i.e. patchelimination) hasbeen
solvedin theGPUalgorithmpresentedby Ziegleretal.[2006]. The
algorithmusesa mipmap-like datastructure the HistoPyramid to

constructa list of retaineddataentries(here: patcheswithout in-

volving the CPU.We extendthealgorithmto handlepatchtessella-
tion (dataexpansiof. It utilizesthefactthatthe original algorithm
allocatesmultiple outputpositionsto aninput entry; if this entryis

marlkedwith avaluelargerthanoneduringtheHistoPyramidbuild-

ing process.This resultsin a numberof equalcopiesof theinput

entry. Insteadof receving four equalpatchcopies,we thenintro-

ducespeci ¢ behaior in theoutputgeneratoto tessellateéheinput

into four smallerpatches.Doing this, we effectively implementa

simple,but very fastadaptve wavefronttessellationOur algorithm
runswithout geometryshaderswhich areonly availableon Shader
Model 4.0graphicshardvare.

After the new patchlist hasbeengeneratedit is forwardedto the

Figure 6: (top) The refractve index volume of the glassis ap-
proachedby a sphericalwavefront from the right. The adaptve

tessellationof the wavefront is alsovisible. — (bottom) When it

passeshroughthe object, causticpatternsappeaitin its irradiance
distribution.

patchlist updateto adwancethe simulation. This repeatsuntil no
patchesremainin the simulationvolume. In Fig. 6, we shov a
wavefront propagting througha wine glass. The computedirra-
diancevaluesare usedascolors,a preview on the yielded caustic
patternsn andaroundthe object.

5.3 View Renderer

Giventhe outputfrom the light simulator we canrenderarbitrary
userviews of a comple refractive object. The view renderelim-
plementsafastray-castefor arbitrarily bentviewing raysbasecon
theupdateequationg11) and(12). Pleasenotethatno explicit ray-
surfaceintersectionsrerequired.Theradiancealongviewing rays
is computedaccordingto Eq. (1), usingthe simpli ed imagefor-
mationmodelandthe scengparameterstoredin theinputtextures.

In theory we canhandlearbitrary BRDF models,including para-
metric or talulatedrepresentationsHowever, sinceour glassob-
jects come closeto perfectre ectors and a good approximation
of the rst re ection is alreadyvisually pleasing,we use sim-
ple dynamic environmentmapping. The Fresneleffect and the
anisotropicscatteringphasefunction are computedon-the-y in
the fragmentshader Throughspatially varying aswell as color
channel-dependentttenuation peautifully coloredobjectscanbe
reproducedOptionally emissioncanbe added.anddispersioref-
fectscanbesimulatedf theinputdatacontaina separateefractive
index eld for eachRGB channel. After the viewing ray has n-
ishedvolumetraversal,we useits exit directionto conductalookup
into adynamicernvironmentmapto approximatehebackgrounda-
diance. All lighting computationsare performedin high dynamic
rangeand an adaptve tone-mappingbasedon [Krawczyk et al.
2005]is appliedprior to display

6 Results and Discussion

We renderedesultsequencewith ve differentobjectsin several
surroundingstherebyvisualizingdifferentcombinationf effects.
Theresultsareshovn in Figs.1 and8 aswell asin the accompa-
nying video. Our rst objectis a glassblock with an embedded
coloredSIGGRAPHIogo. It demonstratethereproductiorof spa-



Figure 7: Comparisorbetweena ray-tracedimagerenderedwith
the Persistencef Vision raytracer(left) andour algorithm (right).
The differencesin the refractionand shadev size aswell asthe
slightly displacedcausticpatternare dueto the smoothingof the
refractve index eld.

tially varyingrefractionandattenuatiorbehaior, in particularclose
to thelogo symbolandthetext, Fig. 8 (left). On the boundaryof

the object,total re ection canbe obsered. Anotherinterestingob-

ject is the solid roundedcubewhich is composedf glasslayers
with differentattenuatiorcharacteristicsaswell asvaryingrefrac-
tion indices,Fig. 1 (right). It alsoshavs anisotropicscatteringin

its interior visible assparkles.Focusingof light in the glassleads
to volume causticsin its interior. Similar effects canbe seenon

the glasssphererenderednto a capturedreal-world ervironment,
Fig. 8 (middle). In additionto all otherlighting effects, it hasa

slight emissve component.We alsoshav a glass lled with red
wine, Fig. 1 (left). Theglassis illuminatedwith a directionallight

sourcethatcastscoloredcausticontothetable. It alsoshawvsinter-

estingandcomple refractioneffects,aswell asappealingsurface
re ections, Fig. 8 (right). We canalsorenderobjectsin scattering
participatingmedia. Fig. 1 (middle) depictsthe glassbunry in a
shaving caselled with anisotropicallyscatteringsmole. Wetuned
the attenuatiorparameterso lendtheimpressiorthatit is madeof

amberwith blackembeddingslt alsoanisotropicallyscatterdight

in its interior.

In the video we rst shav a light moving behinda SIGGRAPH
logo. Thisis implementedby renderinga particle systeminto the
dynamicernvironmentmap. No lighting simulationwasperformed
for this part. The wine glasssceneshavs the temporalbehaior
of our wavefront-basedrradiancecomputationscheme.Theiirra-
diancedistributions are pre-computed.The pre-computatioriook
around90 minutesfor 600 frames.Note thatno temporalsmooth-
ing hasbeenappliedto theirradiancedistributions. In themuseum
scenewe simultaneouslyrender5 refractve objects,and alsody-
namicallyupdatethe ervironmentmaps.By this meansyefractve
objectscanbeseerthroughotherrefractve objects seeFig. 8 (left).

To compareour algorithmagainstgroundtruth we rendereda sim-
ple testsceneFig. 7, consistingof a planeanda refractive sphere
illuminated by a directionallight source. For the purposeof this
renderingwe replacedhe ervironmentmaplookup by aray-plane
intersectionin the fragmentshader More comple nearbyge-
ometry can be renderedaccuratelyusing the approachof Hu and
Qin [2007]. The differencebetweenthe referencesolution and
our rendereiis an artifact of the volumetric discretizationandthe
smoothingof therefractive index elds prior to gradientcomputa-
tion.

Our testdataarestoredin 128 voxel volumes.OnanAMD Dual
CoreAthlon with 2.6 GHz equippedvith anNVidia GeForce8800
GTX and768MB of video RAM, we obtaina sustainedendering
framerate of around25 fps at a resolutionof 800 600 pixels if

oneobjectis displayedandif the light sourceremainsin a x ed

position,Fig. 1 (left) andFig. 8 (middle)*. Mind thattheframerate
decreasewhenzoomingin very closely sincemoreraysneedto be

castfrom theviewpointinto thevolume. Also notethatthe screen-
shotsin Fig. 1 (middle) and(right) andFig. 8 (left) and(right) are
taken from a scenecontaining5 refractve objectsfor which dy-

namicervironmentmapshave to be rendered. Theseframerates
arethusnot representatke for renderinga singlerefractive object.
After moving a light sourceto a new position, the lighting simu-
lation hasto be re-runonce. This typically takes around5 to 10

seconds.

For our particularapplication the ODE-baseday propagtionand
adaptve wavefronttracingformulationhave a coupleof intriguing
adwantagesThevoxel representatioallows for fastnon-linearray
casting.Expensieray/geometryntersectionslikein [Purcelletal.
2003], would leadto performancebottleneckson comple curved
light paths.Adaptive wavefronttracingalsoenablesisto simulate
non-linearlight transportwith a fastparticletracerwhile simulta-
neouslyavoiding undersamplingroblems.Our updatetimesafter
light positionchangesrecomparabléo otherstate-of-theart GPU
methodsreproducingfewer effects, e.g. only causticsin isotropic
media[Ernst et al. 2005]. We seean adwantageover alternatve
methodsdik e photon-mappinglenser?2001]becauseveonlyinsert
particleswhenneededj.e. whenthe wavefrontis undersampled.
We obtaindenselysampledrradianceanddirectionalinformation
throughout3D space suchthatwe cancaterfor anisotropicvisual
effectsatary pointin thescene Also, nospeciakeconstructiorker-
nelsarerequired. Furthermorewe obtaina physically plausibleé
light distributionwith signi cantly reducedsamplingproblems.An
adwantageover PDE approachegs the fastsimulationandthe abil-
ity to pick a particularsolutionin caseof multi-valuednessf the
light distribution. For a particularpointin spacewe choosetheray
carryingthe highestenegy. With additionalmemoryconsumption
andhigheralgorithmiccompleity multi-valuedsolutionscould be
computedaswell, e.g.usingmultiple renderingargets.

Despitetheseadwantagedor refractive objectrendering,on gen-
eral sceneour algorithmdoesnot matchthe power of relatedap-
proachedik e photonmapping,which canef ciently producefull
globalillumination solutions. The requiredlevel of discretization
malkesour methodonly suitablefor a simulationof spatially con-
ned refractive objects.Theseobjectsmay appearspartof larger
scenedy computingstandardrradiancefall-offs for meshbased
objectsand lighting surfacesfalling into our simulationvolume
with the pre-computedrolumetric irradiancevalues. Due to the
volumetricrepresentatiorthe scenes sizeis mainly limited by the
available video memory Octreerepresentationsan help to fur-
therreducememoryconsumptionBesideswith futuregenerations
of graphicsboards,memorylimits will becomelessof an issue.
Furthermorewe are dependenbn decentgradient elds to yield
visually pleasingresults. To this end, we pre-smooththe refrac-
tive index volumesprior to gradientevaluation. Here, one needs
to take careto not over-smoothwhich would leadto halo-efects
aroundmaterialboundaries A sufciently high voxelizationlevel
is neededor extremeclose-uprenderings.Otherwise discretiza-
tion artifactsin thelighting effectsmayoccur

7 Conclusions

We presented fastandversatilemethodto rendera variety of so-
phisticatedighting effectsin andaroundrefractive objectsin real-
time. It is basedon a sophisticateanodelof light transportin vol-
umetricscenerepresentationthataccountdor avariety of effects,

seecaptionsfor exactfpsin individual scenes
2within the limits of geometricaboptics, see[Born and Wolf 1999 for
details



Figure8: (left) Glassblock with embedde®IGGRAPHIogo of differentrefractionandattenuation15.5fps, (5 objectsin scene).(middle)
Coloredsphererenderednto an HDR ervironmentmapshaving slight emissionin additionto all othereffects,26.2fps. (right) Comple
refractionpatternsn theglass,13.71ps, (5 objectsin scene)— Also notethe surfacere ectionsandthetotal re ectionswithin, aswell asthe

roundedcubebeingvisible throughthe glassblock.

includingrefraction re ection, anisotropicscatteringemissiorand
attenuationlt emplgys afastparticletracingmethodderived from
the eikonal equationthat enablesus to efciently simulatenon-
linear viewing rays and complex propagting light wavefrontson
graphicshardware. To implementadaptve wavefronttracingonthe
GPU,we have developednew datastructurego performgeometry
tessellatiorthatevenrunson pre-ShadeModel 4.0 architectures.
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Appendix

We derive a constantspatialanda constantemporalstepsize pa-
rameterizatiorof the ray equationof geometricoptics. Eq. (8) is
derivedby combiningthe eikonalequation

j59=n (19)
andtheequationof a particlemoving normalto thewavefrontsS=
cong: q 5s

X

Sis asolutionof theeikonalequationandiso-surficesof this func-
tion are called wavefronts. They are surfacesof constanttravel
time from the light source.The derivation of Eq. (8) canbe found
in [Born andWolf 1999].

Parameterization with constant spatial step size

UsingEg. (20) we immediatelyhave

Jdx.o _dxodx _

dsj = ds 1 (21)
InsertingEg. (19) into Eq. (20) yields
dx
ne=5S (22)

Settingv = 5 Swe obtaina parameterizatiowith constantspatial
stepsizeds, Egs.(9) and(10).

Parameterization with constant temporal step size

We arelooking for a parameterizatiowhere

ds dx

—_— = — =1 2

dt °S dt ' (23)
i.e. thein nitesimal changeof the eikonal function Swith respect
totheparametet is constantlnsertingeq. (22)into Eq. (23) yields

1 dx dx _dx dxds_ds

nTds dt ds dsdt dt e4)
wherethe last identity is due to Eq. (21). Using this resultwe
perform a changeof parametersising the chain rule and obtain
Egs.(14) and(15) from Eqgs.(9) and(10).
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