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Figure1: Real-timerenderingsof complex refractiveobjects– (left) glasswith redwinecastingacolorful caustic,24.8fps. (middle)Amber-
like bunny with black embeddingsshowing anisotropicscatteringandvolumecausticsin the surroundingsmoke andits interior, 13.0 fps.
(right) Roundedcubecomposedof threedifferentlycoloredanddifferentlyrefractingkindsof glassshowing scatteringeffectsandcaustics
in its interior, 6.4fps.

Abstract

We presenta new methodfor real-timerenderingof sophisticated
lighting effects in andaroundrefractive objects. It enablesus to
realisticallydisplayrefractive objectswith complex materialprop-
erties,suchasarbitrarily varyingrefractive index, inhomogeneous
attenuation,aswell asspatially-varyinganisotropicscatteringand
re�ectanceproperties. User-controlledchangesof lighting posi-
tions only requirea few secondsof updatetime. Our methodis
basedon a setof ordinarydifferentialequationsderived from the
eikonalequation,themainpostulateof geometricoptics. This set
of equationsallows for fastcastingof bentlight rayswith thecom-
plexity of a particletracer. Basedon this concept,we alsopropose
an ef�cient light propagation techniqueusing adaptive wavefront
tracing. Ef�cient GPU implementationsfor our algorithmiccon-
ceptsenableusto rendera combinationof visualeffectsthatwere
previouslynot reproduciblein real-time.
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1 Intro duction

Objectswith complex optical properties,suchas a crystal glass
�lled with wine, are fascinatingto look at. This fascinationem-

anatesfrom thebeautyof thelighting andcoloreffectsthatarevis-
ible in, onandaroundtheseobjects.Thevisualbeautyhasits phys-
ical origin in the interplayof the involved light/matterinteraction
processesthat take placewhile light passesmaterialboundaries,
while it travels throughthe interior of an object, and even while
it interactswith theobject's surroundings.At materialboundaries,
light maybere�ectedandtransmittedin acomplex way. A spatially
varyingrefractive index, possiblyin conjunctionwith complex sur-
facere�ectance,can causeinhomogeneousfocusingof light that
becomesvisible as beautiful surfaceand volume caustics. Some
materialsexhibit spatiallyvaryingor wavelength-dependentattenu-
ationwhichleadsto nicecolor-shifts.Finally, anisotropicscattering
effectsalsogreatlycontributeto theoverall look.

The contribution of this paperis a generalframework that allows
usto jointly reproducethemajorityof theaboveeffectsin real-time
oncommoditygraphicshardware.Ourimageformationmodelsup-
portstherenderingof complex light pathsin scenescontainingob-
jectswith arbitrarily varying refractive index, surfaceeffectswith
arbitrary BRDFs, as well as view-dependentsingle-scatteringef-
fectswith arbitraryscatteringphasefunctions. Advancedeffects,
suchastotal re�ection, areimplicitly obtainedatnoadditionalcost.
Furthermore,ourrenderercanreproducerefractivesurfaceandvol-
umecaustics,andrealisticallyrendertheappearanceof translucent
objectsin scatteringparticipatingmedia,suchassmoke.

In thefollowing, we �rst introducea general,physically motivated
imageformationmodelbasedonavolumetricscenerepresentation
that accountsfor all theseeffects,Sect.3. Subsequently, we de-
scribesimpli�cations to thismodelthatef�ciently mapto theGPU.
For rapidsimulationof thelight transport,we employ a simpleset
of ordinarydifferentialequationsthat is derived from the eikonal
equation,the main postulateof geometricoptics [Born andWolf
1999]. Our methodenablesevaluatingcomplex light paths,both
towardsthe viewer and from the light source,using the sameel-
egant mathematicalframework. The distribution of irradiancein
the scenedueto eachlight sourceis quickly pre-computedusing
a wavefront-basedlight propagation scheme,Sect.4. Finally, we
proposenew conceptsand dynamicdatastructuresto ef�ciently
evaluateour imageformationmodelonoff-the-shelfgraphicshard-



ware,Sect.5. In Sect.6, we show resultswith our prototypeGPU
rendererdisplayinga varietyof theabove effectsaroundrefractive
objectsin real-time.

2 Related Work

Severalapproacheswerepublishedin theliteraturethatcanapprox-
imate refractioneffects in real-timeon the GPU [Wyman 2005],
on a specialsignalprocessor[Ohbuchi 2003], or in a CPU-based
real-timeray-tracer[Wald et al. 2002]. HakuraandSnyder [2001]
proposea hybrid ray-tracingbasedapproachthatproducesappeal-
ing resultsbut doesnot run in real-time.Most of thesealgorithms
achieve goodresultsby evaluatingSnell's law at materialbound-
aries. Renderinginhomogenousrefractive index distributionshas
beenmainly consideredin the literatureon modelingatmospheric
effects. Berger et al. [1990] ray-tracemiragesby repeatedappli-
cationof Snell's law in an off-line renderer. Musgrave [1990] in-
cludestotal re�ection which wasignoredin the previous paperto
renderthe samephenomenon.StamandLangúenou[1996] pro-
posetheuseof theray equationof geometricopticsto renderheat
shimmering.Lately, Gutierrezet al. [2006] have alsoappliedthe
rayequationto rendermiragesandotheratmosphericeffects.Zhao
et al. [2007] simulateandrenderheatshimmeringandmirageson
theGPUat interactive framerates.An interestingapproachfor dis-
playing gemstonesthat handlesrefractionandpolarizationeffects
waspresentedby GuyandSoler[2004]. Althoughourmethodcan-
not handlepolarization,it caneasilycaterfor many othereffects
not treatedby theabove approaches,suchasscattering,dispersion
or volumecausticsin participatingmedia.

Refractionrenderingis relatedto the problemof renderingrealis-
tic caustics. Popularoff-line approachesfor high-quality caustic
renderingarebackwardray-tracing[Arvo 1986],andphotonmap-
ping [Jensenet al. 2001] which can also generatevolume caus-
tics [JensenandChristensen1998]. Either of themstoresphoton
energies in spatial storagedatastructuresand gatherstheir con-
tributionsduring imageformation. Gutierrezet al. [2005] extend
volumetricphotonmappingto non-linearlight pathsusingthe ray
equationof geometricoptics. They simulaterefractive effects in
the atmosphereand in underwater scenes. In addition to the ef-
fectstreatedin this work, they alsorendermultiple inelasticscat-
tering events in an off-line renderer. Real-timeray-tracingsys-
tems[Parker et al. 1999;Carret al. 2002;Wald et al. 2002]enable
the renderingof refractionand photonmappingat discreteinter-
facesat interactive framerates[Wymanetal. 2004],but typically a
clusterof PCsis needed[Güntheretal. 2004]to handlethecompu-
tationalload.

Recently, researchersportedthesealgorithmsto graphicshardware
to achieve real-timeperformance.WandandStrasser[2003] com-
putere�ective causticsby approximatingsurfaceswith uniformly
sampledlight sources.WymanandDavis [2006] proposeaninter-
active imagespacetechniquefor approximatecausticrenderingon
the GPU that is relatedto photonmapping. They alsosuggesta
light shaftstructuresimilar to the illumination volumesof Nishita
andNakamae[1994] thatapproximatestheintensitydistributionof
the�ux of light in a beamin space.A similar conceptis employed
by Ernstetal. [2005] to generatesurfaceandvolumecaustics.

In contrastto the above techniques,we employ a more general
modelof light transportthatpropagateswavefrontsalongarbitrary
trajectorieswith arbitrarycomplex refractioncharacteristics.Sur-
faceandvolumecausticscanbe generatedby computingthe irra-
diancedistribution everywherein a sampled3D volume. We also
obtainlocal light directionsfor every point in space,enablingusto
renderanisotropiclighting effects.Our imageformationpipelineis
basedonthetheoryof geometricopticswhichenablesus,in combi-

nationwith apowerful imageformationmodel,to faithfully handle
a large variety of additionaleffects,suchasdispersion,emission,
scattering,BRDFsandspatiallyvaryingattenuationwithin a com-
monframework.

The scatteringof light in a volumetric scenedescriptionwas in-
troducedto computergraphicsby Blinn [1982]. Kajiya and von
Herzen[1984] derive a generalformulationof scatteringin terms
of volumedensities.They presentgeneralequationsfor singleand
multiple scattering.We usetheir singlescatteringequationin our
imageformationmodel.Lighting interactionbetweensurfacesand
volumesis treatedby RushmeierandTorrance[1987] in aradiosity
style algorithm. Stam[1995] exploresthe limit of multiple scat-
tering and presentsa diffusion approximationto this limit. Re-
cently, real-timesinglescatteringimplementationshave beenpre-
sented. Magnor et al. [2005] usea GPU ray-castingimplemen-
tation to renderre�ection nebulae- this approachis mostsimilar
to our scattering,emissionandabsorptionimplementationbut uses
straightviewing and light rays. Mertenset al. [2003] rendersin-
gle subsurface-scatteringand a dipole approximationto multiple
scatteringin real-timeusingthemodelby Jensenet al. [2001]. Al-
thoughwedonotapproximatemultiplescattering,werendersingle
anisotropicscatteringalongcomplex non-linearlight paths.

Thefundamentalconceptsof our light propagationschemearede-
rived from theeikonalandtransportequations,themainpostulate
of geometricoptics [Born andWolf 1999]. The curved eye rays
are computedas in [Stam and Langúenou1996; Gutierrezet al.
2005;Gutierrezet al. 2006]basedon the ray equationof geomet-
ric optics. This is similar to non-linearray tracing[Gröller 1995;
Weiskopf et al. 2004] that hasbeenusedto simulategravitational
lenses.For the pre-computationof the irradiancedistribution in a
volume we employ adaptive wavefront tracing. Wavefront-based
irradianceestimationtechniqueshave beenusedinfrequently in
computergraphics. Mitchell and Hanrahan[1992] computeFer-
matpathsanalyticallyandevaluatetheirradianceatasurfacebased
onwavefrontcurvaturewhich is trackedalongthecomputedpaths.
Collins [1994] tracesraysfrom the light sourceandevaluatesthe
wavefrontbehavior by examiningthedistributionof rayhitsacross
diffusesurfaces.Bri �ereandPoulin[2000]suggestto usebeamtrac-
ing to rendersurfaceandvolumecausticsin an of�ine approach.
Irradianceestimationis basedontheintensitylaw of geometricop-
tics.

To summarize,we presenta new fastandversatileframework de-
rived from the eikonal equationthat can jointly reproducemany
lighting effectsaroundcomplex refractive objectsfor which, up to
now, individualspecializedalgorithmswererequiredto obtainreal-
time framerates.

3 Image Formation Mo del

3.1 General Image Formation

Weareconcernedwith therealisticandef�cient renderingof trans-
parentobjectswith varyingmaterials.To this end,we assumethat
the complex materialdistribution is storedin a 3D volume. Our
generalmodelof imageformationaccountsfor emission,absorp-
tion, re�ection andscattering. A mathematicalformulation for a
particular, potentiallycurved,ray thatpassesthroughthevolumeis
givenby

L(c) =
Z

c
Lc(x;v)a (t;c)dt + Lbga (t¥ ;c) , (1)

whereLc denotesradianceon the ray c that is scattered,emitted
or re�ected into the direction of the eye. Lbg is the background
radianceanda (t;c) the absorptionof light at positiont alongthe



ray. Lc is composedof different componentscontributing to the
radianceon a given ray. FunctionLc dependson the position in
spacex = c(t) andthe local ray directionv = dc

dt . In generalit is
wavelength-dependentandcanbecomputedusingdifferentparam-
etersfor eachwavelengthl . We canexpressLc in termsof these
variables:

Lc(x;v) = ŵLs(x;v) + d(x)r Lr (x;v) + Le(x;v) . (2)

HereLs denotesradiancedueto inscatter, ŵ = ss
sa+ ss

is thealbedo
of the participatingmedium,Lr the radiancere�ected in the eye
direction, and Le the locally emitted radiance. The Dirac delta
function d(x) servesasa boundaryindicator, i.e. it integratesto
oneoveraboundarybetweentwo differentobjectsandis zeroelse-
where. This accountsfor the fact that re�ections occuron bound-
ariesbetweendifferentmaterials.r is theFresnelre�ection factor
for unpolarizedlight [Born andWolf 1999]. TheFresneltransmis-
sionfactort enterstheabsorptionequation(5) throughfactorT(t),
aswewill describelater.

Ls, Lr andLe all dependon the positionin spacex andon the lo-
cal ray directionv andcanbe evaluatedlocally given volumetric
descriptionsof their distributions.Thelastpoint is important.The
locality of Lc, givenappropriatepre-computations,allowsusto par-
allelizethecomputationsin anef�cient way.

We formulateinscatterin termsof thescatteringphasefunction p.
It mayvary in spaceanddependsfurtheron thelocal ray direction
v andthelocaldifferentialirradiancedEw from directionw.

Ls(x;v) =
Z

W
p(x;v;w)dEw . (3)

The light contributions due to inscatterare integrated over the
sphereof incomingdirectionsto yield Ls. Similarly wewrite

Lr (x;v) =
Z

W+

fr (x;v;w) cosqdEw , (4)

wherefr describesaBRDFandcosq is thecosineof theanglebe-
tweenthe surfacenormalandthe incident light directionw. The
normalof thesurfacecaneitherbeprovidedasanadditionalfunc-
tion or bederivedfrom therefractive index �eld n. Lr thusgivesus
the radiancecontribution dueto re�ection on a boundarybetween
two differentmaterials.Pleasekeepin mind that this term is only
valid on theboundaryof objectsandits contribution is triggeredby
d(x).

Le is justafunctionLe(x;v) in its mostgeneralform. In conjunction
with the light sourcede�nitions, it canbe usedto modelmultiple
scatteringeffectsor self-emissiondueto �uorescenceor phospho-
rescence.

Finally, we have a closer look at the absorptionfunction a in
Eq. (1). If arbitraryabsorptiondistributionsareconsidered,it de-
pendson thedistancealongtheray andtheray's shape,andthusit
evaluatesto

a (t;c) = T(t)e�
Rt

0 s t (c(s))ds , (5)

i.e. theabsorptionfunctiondescribestheexponentialattenuationof
radianceat positionx = c(t) dueto a spatiallyvaryingattenuation
function s t = sa + ss, wheresa is the absorptioncoef�cient and
ss thescatteringcoef�cient describingtheamountof radiancelost
dueto out-scatter. T(t) is the productof all Fresneltransmission
factorst encounteredalongtherayup to positiont.

3.2 Simpli�ed Image Formation

In its generalform, our imageformationmodelis too complex to
beevaluatedin real-time.Therefore,we make two simplifying as-
sumptions:

Figure2: 2D illustrationof our complex imageformationscenario
– dueto inhomogeneousmaterialdistribution, light raysandview-
ing rays are bent on their way throughthe scenevolume. Light
raysalwaystravel orthogonallyto thelight wavefronts,i.e. theiso-
surfacesof constanttravel time.

1. The light in the sceneoriginatesfrom a discretenumberof
light sources,and

2. for eachpoint in thescene,thereis only a discretenumberof
incominglight raysfrom eachof thelight sources.

Theserestrictionsallow us to develop an ef�cient renderingalgo-
rithm for a fairly complex imageformationmodel, sincewe can
convert the integralsof Eqs.(3) and(4) into discretesumsover all
incominglight directions:

Ls(x;v) = å
j

p(x;v; l j )DEw j (6)

Lr (x;v) = å
j

fr (x;v; l j ) cosqDEw j . (7)

Thus,if we canpre-computetheincominglight directionsanddif-
ferential irradiancevalues,we canevaluateEq. (1) with local op-
erationsonly. In thefollowing section,we derive themathematical
recipesfor viewing ray traversalandirradiancecomputation.

4 Light Transport

In thissection,wedeveloptheequationsfor thetransportof light in
thescene.Thepropagationof viewing raysis describedin Sect.4.1
andlight transportis discussedin Sect.4.2. Viewing raysandlight
rays,Fig. 2, behave very similarly andthegoverningequationsare
derivedfrom thesamebasicequation,therayequationof geometric
optics[Born andWolf 1999].However, weusedifferentparameter-
izationsto accountfor speci�cs in the two processes.Pleasenote
that for light rays,we have to take the irradiancefall-off into ac-
countwhereasviewing rayscarryradiance.

4.1 Viewing Ray Propagation

The ray equationof geometricopticshasbeenpreviously usedin
computergraphicse.g.by StamandLangúenou[1996]andGutier-
rezet al. [2005]. Theequationdescribesthemotionof a light 'par-
ticle' in a �eld n of inhomogeneousrefractive indices:

d
ds

�
n

dx
ds

�
= 5 n . (8)

It is derived from the eikonal equationandthe motion of a mass-
lessparticlealongthegradientof theeikonalsolution. ds denotes
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Figure3: The intensity law of geometricoptics(left) andits dis-
cretizedversion(right) in theform of astreamtube. Theproductof
areaanddifferentialirradianceis constantalonga tubeof rays.

an in�nitesimal stepin the direction tangentialto the curved ray.
Eq. (8) canbere-writtenasa systemof �rst orderordinarydiffer-
entialequations

dx
ds

=
v
n

(9)

dv
ds

= 5 n (10)

whichcanbediscretizedusingasimpleEulerforwardscheme

xi+ 1 = xi +
Ds
n

vi (11)

vi+ 1 = vi + Ds5 n (12)

or somehigherorderintegrationmethodlike theRunge-Kuttafam-
ily [Pressetal. 1992].Theequations(9) and(10)have theproperty
thatthespatialstepsizeis equalfor all ray trajectories,seetheAp-
pendixfor aproof. Thisprovesadvantageousfor rendering,Sect.5,
wherethenumberof iterationsfor eachparticletraceshouldbeap-
proximatelyequalto ensureoptimal performance.Conveniently,
ray bendingandtotal re�ection arenaturallysupportedby the ray
equationof geometricoptics.

4.2 Mo deling Light Sources

We modela light sourcewith a three-dimensionalvector �eld of
local light directionsl(x) andascalar�eld of differentialirradiance
valuesDEw(x) (c.f. Sect.3.2).These�elds canbecomputedin sev-
eralways.A popularchoiceamongcomputergraphicsresearchers
is photonmapping[Jensen2001] of which GPU implementations
areavailable[Purcelletal. 2003]. In thecomputationalphysicsand
numericalanalysisliteraturea hugerangeof methodshave been
proposedto solve this problem. Choicesrangefrom purely Eule-
rian formulationsusingtheeikonalandtransportequations[Buske
andKästner2004],phasespacemethods[Osheretal.2002]andhy-
brid Lagrangian-Eulerianapproaches[Benamou1996] to adaptive
wavefront tracing [EnquistandRunborg 2003]. All methodsex-
ceptfor thepurelyEulerianapproachdealwith theinherentmulti-
valuednessof thesolutionof theunderlyingequations.

We use adaptive wavefront tracing [Enquist and Runborg 2003;
Collins 1997] for thecomputationof the local light directionsand
differentialirradiancevaluesbecauseit offersthebesttrade-off be-
tweencomputationtime andaccuracy of thesolution.A wavefront
is an iso-surfaceof constanttravel time of light originating from
a light source,seeFig. 2. In accordancewith Fermat's Principle
light raystravel alwaysnormalto thesewavefronts.Thewavefront
is discretizedby a set of connectedparticles. Theseare propa-
gatedthroughthe inhomogeneousrefractive index �eld. In case
thewavefrontbecomesunder-resolvednew particlesareinsertedto

preserve a minimum samplingrate,Fig. 4. The local light direc-
tionsarerepresentedby thetravelingdirectionsof theparticlesand
the differential irradiancevaluescanbe computedfrom the areas
of wavefrontpatches,seeSect.4.2.2. Thepre-computationof the
three-dimensionallight distribution takesthefollowing subsequent
steps:

I wavefrontpropagation,

II irradiancecomputation,

III wavefrontre�nement,

IV voxelizationof the local light directionsanddifferentialirra-
diancevalues.

This processis repeateduntil the wavefront leavesthe volumeof
interest.Theindividual stepsaredetailedin thefollowing.

4.2.1 Wavefront Propagation

We discretizethe wavefront into a setof inter-connectedparticles
which are propagatedindependently. This way, the wavefront is
subdividedinto so-calledwavefrontpatcheswhosecornersarede-
�ned by light particles,Fig. 4 (right). Theconnectivity information
is neededfor the differential irradiancecomputation.The propa-
gationof theparticlesis performedaccordingto Eq. (8) similar to
eye ray propagation,Sect.4.1. We reparameterizeit to yield equi-
temporaldiscretizationsteps:

n
d
dt

�
n2 dx

dt

�
= 5 n . (13)

A proofof thispropertyis givenin theAppendix.Thereparameter-
izationis necessaryto enablea simpleformulationof thedifferen-
tial irradiancecomputationdescribedin Sect.4.2.2. It ensuresthat
all particlesstayon a commonwavefront over time which is nec-
essaryto applythesimpleintensitylaw of geometricopticsinstead
of wavefrontcurvaturetrackingschemesasin [Mitchell andHanra-
han1992;Collins 1994]. Similar to Eqs.(9) and(10) we canwrite
Eq.(13)asasystemof �rst orderordinarydifferentialequations

dx
dt

=
v
n2 (14)

dv
dt

=
5 n
n

. (15)

This formulationenablesa fastGPUimplementationof thewave-
front propagation schemeasa particletracer. Oncethe wavefront
canbetrackedover timewecancomputethedifferentialirradiance
at every point in spacefrom theareaof thewavefrontpatchesthat
connecttheparticles.

4.2.2 Irradiance Computation

Theirradiancecomputationis basedontheintensitylaw of geomet-
ric optics[Born andWolf 1999], seeFig. 3 (left). The law states
thatin anin�nitesimal tubeof raystheenergy staysconstant:

dEw1dS1 = dEw2dS2 . (16)

We usea discretizedversionof the intensitylaw to updatetheen-
ergy contribution of wavefront patchesduring propagation. The
motion of each patch through the scenedescribesa so-called
stream-tube,Fig. 3 (right). Eq.(16) thenreads

DEw(t) =
DEw(0)A(0)

A(t)
. (17)



Figure 4: Adaptive wavefront re�nement – (left) 2D illustration:
the wavefront is representedby particles(red dots) that are con-
nectedto form a wavefront (blue lines). While advancingthrough
thevoxel volume(shown in gray)thewavefront is tessellatedsuch
that its patchesspanlessthana voxel. – (right) 3D illustration of
thetessellationfor onewavefrontpatch.

Here A(t) denotesthe areaof a wavefront patch at time t and
DEw(t) the discretizeddifferential irradianceassociatedwith it.
Sincewe aremodelingabsorptionin our imageformationmodel
this effecthasto beincludedin theirradiancecomputationaswell.
Therefore,the �nal discretizeddifferential irradiancefor a wave-
front patchis givenby

DEw(t) =
DEw(0)A(0)

A(t)
e�

Rt
0

st (c(t̂))
n dt̂ . (18)

4.2.3 Wavefront Re�nement and Voxelization

In order to obtain a continuousvolumetric representationof the
light distribution thewavefrontpatcheshave to bevoxelized.How-
ever, due to divergentcornersthe patchescan in generalbecome
arbitrarily large while they arepropagated. If a patchareaslides
througha voxel without touchingit with oneof its corners,it ef-
fectively ignoresthein�uence of this voxel's refractionvalue.The
wavefront will thusbe undersampled. To alleviate this, we adap-
tively split the wavefront patchesoncethey grow larger thanone
voxel, seeFig. 4. Sinceat the sametime, graphicshardware is
not able to rasterizearbitrarily sizedquadsinto 3D volumes,we
usetheadaptive samplingandequatewavefrontpatcheswith their
midpoints,storingthedifferentialirradianceanddirectionalinfor-
mationasa singlevoxel sample.Undersamplingof thewavefront
is thussolved in conjunctionwith implementingGPU-basedvox-
elization.

5 Implementation Issues

After thetheoreticalfoundationhasbeenset,wenow haveacloser
look athow to maptheoutlinedconceptsontotheGPU.Fig.5 illus-
tratesthework-�o w of our renderer. In thefollowing, we detail its
most importantcomponents,the employed dataformat, Sect.5.1,
thelight simulator, Sect.5.2andtheview renderer, Sect.5.3.

5.1 Input Data Format

Input scenesarestoredasa setof 3D volumetextures.In a �rst set
of volumes,thespatiallyvaryingrefractiveindex �eld, aswell asits
gradient�eld arestored.Theobjectsin ourtestsceneswerecreated
as solids of revolution, implicit surfaces,or triangle meshesthat
we rasterizedinto the 3D volume. Refractive index distributions
canbe derived directly from the implicit functionsof the objects

or they canbede�ned interactively. Prior to gradientcomputation,
we smooththe volumes. We usea uniform Gaussian�lter kernel
with a standarddeviation of typically 0:5� 1:0 voxels,resultingin
objectboundariesthat extendover 2 � 3 voxels. The problemof
blurry boundariescanbealleviatedby employing a suitableproxy
geometryto start the ray casting. While improving the sharpness
of theboundariesandresultingin higherframerates,participating
mediasurroundingtheobjectcanno longerberendered.

Other 3D texturescontainthe spatially varying RGB attenuation
function,thematerialboundaryindicator, aswell asBRDF param-
etersor emissiondescriptions.Theboundaryindicatoris adiscrete
versionof theDiracdeltain Eq.(2). Wecomputeit by voxelizinga
meshor usethegradientstrengthof therefractive index gradients.
For someof our testobjects,we simulatedspatiallyvaryingatten-
uationin theinterior by applyinga noisefunctionor by paintingit
into the2D input for thesurfaceof revolution. For approximating
anisotropicscatteringeffects,weemploy thescattering-phasefunc-
tion modelby Henyey andGreenstein[1941]. Its parametersare
alsostoredin volumetrictextures.

5.2 Light Simulator

Ourimplementationfollowstheadaptivewavefrontpropagationde-
scribedin Sect.4. However, sinceweaimfor anef�cient simulation
also on pre-ShaderModel 4.0 hardware, we introduceadditional
concepts.

Basically, after initialization at the light source,the wavefront is
representedasa particle system. Thedifferenceto a standardpar-
ticle systemis that theparticlesareboundinto packetsof four and
thusspana wavefront patch, Fig. 4 (right). This allows usto simu-
latethestreamtubeconcepton graphicshardware.All thepatches
arestoredin textures,which hold thefour corners'positions,their
propagationdirectionsandaRGBenergy value,seeSect.4.2.2.

During initialization, we usethe2D-parameterizationof thepatch
list texture to eitherproducea planarwavefront (directionallight
source)or asphericalwavefront(point light source).Theinitializa-
tion ensuresthat the wavefront is large enoughto cover the simu-
lation volume. Otherlight sourcetypes(asmulti-directionallight)
canbeimplemented,asthewavefrontpatchesareindependentand
thuscanbe stacked on top of eachother. The propagation of the
wavefrontsthroughthe sceneand the logging into the output3D
volumeis performedin threesubsequentstepsdescribedin thefol-
lowing.

5.2.1 Patch List Update

For every time step,we updatethe patches'cornerpositionsand
directionsaccordingto Eqs.(14) and(15). We further updatethe
patches'heldRGBenergiesaccordingto Eq.(18).

5.2.2 Patch List Voxelization

After eachupdatestep,we needto protocolthewavefrontpatches
into the3D outputvolumesfor irradianceanddirection.On graph-
ics hardware, this is accomplishedusingpoint primitivesand the
conceptof Flat 3D texturesintroducedby Harriset al. [2003]. We
limit ourselves to storing only one incoming light direction, cor-
respondingto the highestenergy ray passinga particularvoxel.
This is justi�ed by a statisticalanalysis.For thewine glassmodel,
Fig. 8 (right), only 5:6%of thevoxelsreceive light from morethan
onedirection.For these5:6%of voxelsthehighestenergy raycon-
tributesa meanof 81:6% of the total energy arriving at thesevox-
els.Similar numbershold for theothermodels.Beforewe commit
a patchto the 3D volume,we checkif it is allowed to overwrite



Figure5: Work-�o w of our renderingsystem.

the onealreadystoredthere(if any), basedon the highestenergy
criterion.

5.2.3 Patch List Tessellation Analysis

After eachsimulationstep,thepatchlist hasto bereorganizeddue
to variousreasons:

Divergencetessellation: Sincethewavefrontdivergesat placesof
varyingrefraction,it mustbetessellatedto staybelow a minimum
samplingbound,asoutlinedin Sect.4.2.Wealsohave to tessellate
thewavefrontpatcheslarger thanonevoxel dueto GPUvoxeliza-
tion restrictions.Our simpletessellationcurrentlydividesa patch
into four smalleronesif its cornersspanmorethanonevoxel in any
direction,Fig. 4.

Patch termination: If a patchholdstoo little energy, we applyan
energy thresholdto eliminatethe patch,assumingit will not con-
tract again and thusnevermoreyield a noteworthy energy contri-
bution. Terminationtypically happensafter too muchtessellation
or lossof energy due to repeatedattenuation.We alsoeliminate
patcheswhich leave the simulationvolume,sincewe assumethat
they will not re-enterit. The physical modelof ray opticsbreaks
down at wavefrontsingularities[Born andWolf 1999],resultingin
in�nite energy at catastrophicpoints, giving rise to non-physical
caustics.We detecttheseareasby examiningthepatchorientation
with respectto its propagation direction. In casethe orientation
changes,a singularpoint hasbeencrossedby thewavefrontpatch
andwediscardit from furthersimulation.

Effectively, this meansthata patchcanhave threepatchlist states:
Eliminate(0), Retain(1) or Tessellate(4). Thenumbersin brackets
de�ne thespacethateachinput patchoccupiesin theoutputpatch
list generatedfor thenext simulationstep.Weconductthetessella-
tion analysisafterthepatches'cornerdirectionshavebeenupdated.
We thusneedto reorganizethepatchlist, which facesuswith the
non-trivial problemof datacompactionand expansionon graph-
ics hardware. Datacompaction(i.e. patchelimination)hasbeen
solvedin theGPUalgorithmpresentedby Ziegleretal. [2006]. The
algorithmusesa mipmap-like datastructure,theHistoPyramid,to
constructa list of retaineddataentries(here: patches)without in-
volving theCPU.Weextendthealgorithmto handlepatchtessella-
tion (dataexpansion). It utilizesthefactthattheoriginalalgorithm
allocatesmultiple outputpositionsto aninput entry, if this entry is
markedwith avaluelargerthanoneduringtheHistoPyramidbuild-
ing process.This resultsin a numberof equalcopiesof the input
entry. Insteadof receiving four equalpatchcopies,we thenintro-
ducespeci�c behavior in theoutputgeneratorto tessellatetheinput
into four smallerpatches.Doing this, we effectively implementa
simple,but veryfastadaptivewavefronttessellation.Ouralgorithm
runswithoutgeometryshaders,whichareonly availableonShader
Model4.0graphicshardware.

After the new patchlist hasbeengenerated,it is forwardedto the

Figure 6: (top) The refractive index volume of the glassis ap-
proachedby a sphericalwavefront from the right. The adaptive
tessellationof the wavefront is also visible. – (bottom) When it
passesthroughthe object,causticpatternsappearin its irradiance
distribution.

patchlist updateto advancethe simulation. This repeatsuntil no
patchesremain in the simulationvolume. In Fig. 6, we show a
wavefront propagating througha wine glass. The computedirra-
diancevaluesareusedascolors,a preview on the yieldedcaustic
patternsin andaroundtheobject.

5.3 View Renderer

Given theoutputfrom the light simulator, we canrenderarbitrary
userviews of a complex refractive object. The view rendererim-
plementsa fastray-casterfor arbitrarilybentviewing raysbasedon
theupdateequations(11)and(12). Pleasenotethatnoexplicit ray-
surfaceintersectionsarerequired.Theradiancealongviewing rays
is computedaccordingto Eq. (1), usingthe simpli�ed imagefor-
mationmodelandthesceneparametersstoredin theinput textures.

In theory, we canhandlearbitraryBRDF models,including para-
metric or tabulatedrepresentations.However, sinceour glassob-
jects comeclose to perfect re�ectors and a good approximation
of the �rst re�ection is alreadyvisually pleasing,we use sim-
ple dynamic environment mapping. The Fresneleffect and the
anisotropicscatteringphasefunction are computedon-the-�y in
the fragmentshader. Throughspatially varying aswell ascolor-
channel-dependentattenuation,beautifully coloredobjectscanbe
reproduced.Optionally, emissioncanbeadded,anddispersionef-
fectscanbesimulatedif theinputdatacontainaseparaterefractive
index �eld for eachRGB channel.After the viewing ray has�n-
ishedvolumetraversal,weuseits exit directionto conductalookup
intoadynamicenvironmentmaptoapproximatethebackgroundra-
diance. All lighting computationsareperformedin high dynamic
rangeand an adaptive tone-mappingbasedon [Krawczyk et al.
2005]is appliedprior to display.

6 Results and Discussion

We renderedresultsequenceswith � ve differentobjectsin several
surroundings,therebyvisualizingdifferentcombinationsof effects.
The resultsareshown in Figs.1 and8 aswell asin the accompa-
nying video. Our �rst object is a glassblock with an embedded
coloredSIGGRAPHlogo. It demonstratesthereproductionof spa-



Figure7: Comparisonbetweena ray-tracedimagerenderedwith
thePersistenceof Vision raytracer(left) andour algorithm(right).
The differencesin the refractionand shadow size as well as the
slightly displacedcausticpatternaredueto the smoothingof the
refractive index �eld.

tially varyingrefractionandattenuationbehavior, in particularclose
to the logo symbolandthe text, Fig. 8 (left). On the boundaryof
theobject,total re�ection canbeobserved.Anotherinterestingob-
ject is the solid roundedcubewhich is composedof glasslayers
with differentattenuationcharacteristics,aswell asvaryingrefrac-
tion indices,Fig. 1 (right). It alsoshows anisotropicscatteringin
its interior visible assparkles.Focusingof light in theglassleads
to volumecausticsin its interior. Similar effectscanbe seenon
the glasssphererenderedinto a capturedreal-world environment,
Fig. 8 (middle). In addition to all other lighting effects, it hasa
slight emissive component.We alsoshow a glass�lled with red
wine,Fig. 1 (left). Theglassis illuminatedwith a directionallight
sourcethatcastscoloredcausticsontothetable.It alsoshowsinter-
estingandcomplex refractioneffects,aswell asappealingsurface
re�ections,Fig. 8 (right). We canalsorenderobjectsin scattering
participatingmedia. Fig. 1 (middle) depictsthe glassbunny in a
showingcase�lled with anisotropicallyscatteringsmoke. Wetuned
theattenuationparametersto lendtheimpressionthatit is madeof
amberwith blackembeddings.It alsoanisotropicallyscatterslight
in its interior.

In the video we �rst show a light moving behinda SIGGRAPH
logo. This is implementedby renderinga particlesysteminto the
dynamicenvironmentmap. No lighting simulationwasperformed
for this part. The wine glasssceneshows the temporalbehavior
of our wavefront-basedirradiancecomputationscheme.The irra-
diancedistributionsarepre-computed.The pre-computationtook
around90 minutesfor 600frames.Notethatno temporalsmooth-
ing hasbeenappliedto theirradiancedistributions.In themuseum
scenewe simultaneouslyrender5 refractive objects,andalsody-
namicallyupdatetheenvironmentmaps.By this means,refractive
objectscanbeseenthroughotherrefractiveobjects,seeFig.8 (left).

To compareour algorithmagainstgroundtruth we rendereda sim-
ple testscene,Fig. 7, consistingof a planeanda refractive sphere
illuminatedby a directionallight source. For the purposeof this
renderingwe replacedtheenvironmentmaplookupby a ray-plane
intersectionin the fragmentshader. More complex nearbyge-
ometrycanbe renderedaccuratelyusing the approachof Hu and
Qin [2007]. The differencebetweenthe referencesolution and
our rendereris an artifact of the volumetricdiscretizationandthe
smoothingof therefractive index �elds prior to gradientcomputa-
tion.

Our testdataarestoredin 1283 voxel volumes.On anAMD Dual
CoreAthlon with 2.6GHzequippedwith anNVidia GeForce8800
GTX and768MB of videoRAM, we obtaina sustainedrendering
framerateof around25 fps at a resolutionof 800� 600 pixels if
oneobject is displayedand if the light sourceremainsin a �x ed

position,Fig. 1 (left) andFig. 8 (middle)1. Mind thattheframerate
decreaseswhenzoomingin veryclosely, sincemoreraysneedto be
castfrom theviewpoint into thevolume.Also notethatthescreen-
shotsin Fig. 1 (middle)and(right) andFig. 8 (left) and(right) are
taken from a scenecontaining5 refractive objectsfor which dy-
namicenvironmentmapshave to be rendered.Theseframerates
arethusnot representative for renderinga singlerefractive object.
After moving a light sourceto a new position, the lighting simu-
lation hasto be re-runonce. This typically takesaround5 to 10
seconds.

For our particularapplication,theODE-basedray propagationand
adaptive wavefront tracingformulationhave a coupleof intriguing
advantages.Thevoxel representationallows for fastnon-linearray
casting.Expensiveray/geometryintersections,likein [Purcelletal.
2003],would leadto performancebottleneckson complex curved
light paths.Adaptive wavefronttracingalsoenablesusto simulate
non-linearlight transportwith a fastparticletracerwhile simulta-
neouslyavoiding undersamplingproblems.Our updatetimesafter
light positionchangesarecomparableto otherstate-of-theartGPU
methodsreproducingfewer effects,e.g. only causticsin isotropic
media[Ernst et al. 2005]. We seean advantageover alternative
methodslikephoton-mapping[Jensen2001]becauseweonly insert
particleswhenneeded,i.e. whenthe wavefront is undersampled.
We obtaindenselysampledirradianceanddirectionalinformation
throughout3D space,suchthatwe cancaterfor anisotropicvisual
effectsatany pointin thescene.Also,nospecialreconstructionker-
nelsarerequired. Furthermore,we obtaina physically plausible2

light distributionwith signi�cantly reducedsamplingproblems.An
advantageover PDEapproachesis thefastsimulationandtheabil-
ity to pick a particularsolutionin caseof multi-valuednessof the
light distribution. For aparticularpoint in space,wechoosetheray
carryingthehighestenergy. With additionalmemoryconsumption
andhigheralgorithmiccomplexity multi-valuedsolutionscouldbe
computedaswell, e.g.usingmultiple renderingtargets.

Despitetheseadvantagesfor refractive object rendering,on gen-
eral scenesour algorithmdoesnot matchthepower of relatedap-
proacheslike photonmapping,which canef�ciently producefull
global illumination solutions. The requiredlevel of discretization
makesour methodonly suitablefor a simulationof spatiallycon-
�ned refractive objects.Theseobjectsmayappearaspartof larger
scenesby computingstandardirradiancefall-offs for meshbased
objectsand lighting surfacesfalling into our simulation volume
with the pre-computedvolumetric irradiancevalues. Due to the
volumetricrepresentation,thescene's sizeis mainly limited by the
available video memory. Octreerepresentationscan help to fur-
therreducememoryconsumption.Besides,with futuregenerations
of graphicsboards,memorylimits will becomelessof an issue.
Furthermore,we aredependenton decentgradient�elds to yield
visually pleasingresults. To this end, we pre-smooththe refrac-
tive index volumesprior to gradientevaluation. Here,oneneeds
to take careto not over-smoothwhich would lead to halo-effects
aroundmaterialboundaries.A suf�ciently high voxelizationlevel
is neededfor extremeclose-uprenderings.Otherwise,discretiza-
tion artifactsin thelighting effectsmayoccur.

7 Conclusions

We presenteda fastandversatilemethodto rendera varietyof so-
phisticatedlighting effectsin andaroundrefractive objectsin real-
time. It is basedon a sophisticatedmodelof light transportin vol-
umetricscenerepresentationsthataccountsfor a varietyof effects,

1seecaptionsfor exactfps in individual scenes
2within the limits of geometricaloptics,see[Born andWolf 1999] for

details



Figure8: (left) Glassblock with embeddedSIGGRAPHlogo of differentrefractionandattenuation,15.5fps, (5 objectsin scene).(middle)
Coloredsphererenderedinto anHDR environmentmapshowing slight emissionin additionto all othereffects,26.2fps. (right) Complex
refractionpatternsin theglass,13.7fps,(5 objectsin scene).– Also notethesurfacere�ectionsandthetotal re�ectionswithin, aswell asthe
roundedcubebeingvisible throughtheglassblock.

includingrefraction,re�ection, anisotropicscattering,emissionand
attenuation.It employs a fastparticletracingmethodderivedfrom
the eikonal equationthat enablesus to ef�ciently simulatenon-
linear viewing raysandcomplex propagating light wavefrontson
graphicshardware.To implementadaptivewavefronttracingonthe
GPU,we have developednew datastructuresto performgeometry
tessellationthatevenrunsonpre-ShaderModel4.0architectures.
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Appendix

We derive a constantspatialanda constanttemporalstepsizepa-
rameterizationof the ray equationof geometricoptics. Eq. (8) is
derivedby combiningtheeikonalequation

j 5 Sj = n (19)

andtheequationof aparticlemoving normalto thewavefrontsS=
const:

dx
ds

=
5 S

j 5 Sj
: (20)

Sis asolutionof theeikonalequationandiso-surfacesof this func-
tion are called wavefronts. They are surfacesof constanttravel
time from the light source.Thederivationof Eq. (8) canbefound
in [Born andWolf 1999].

Parameterization with constant spatial step size

UsingEq.(20)we immediatelyhave

j
dx
ds

j2 =
dx
ds

�
dx
ds

= 1: (21)

InsertingEq.(19) into Eq.(20)yields

n
dx
ds

= 5 S: (22)

Settingv = 5 Swe obtaina parameterizationwith constantspatial
stepsizeds, Eqs.(9) and(10).

Parameterization with constant temp oral step size

Wearelooking for aparameterizationwhere

dS
dt

= 5 S�
dx
dt

= 1; (23)

i.e. the in�nitesimal changeof theeikonal functionSwith respect
to theparametert is constant.InsertingEq.(22) into Eq.(23)yields

1
n

=
dx
ds

�
dx
dt

=
dx
ds

�
dx
ds

ds
dt

=
ds
dt

; (24)

where the last identity is due to Eq. (21). Using this result we
perform a changeof parametersusing the chain rule and obtain
Eqs.(14)and(15) from Eqs.(9) and(10).
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