B-splines and Subdivision

B-Splines (Uniform)
Through repeated integration

Box (x) = 1 1f0x<l1 ]
function """ 10 otherwise

B ..(x)= jol B (x—1)dt
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Convolution

m definition:
g®h(x) :/g(t)h(x—t)dt
= translation:
g(.—0)®h(.—j)(x) =g®h(x—i—j)
= dilation:

8(2) 8h(2)(x) = 58 B h(2)

B-Splines

Repeated convolution
with box function Ny

B .(x)=B,®B, (x) u\




B-Splines
Obvious properties
= piecewise polynomial
= unitintegral: [ B, (xdr=1
= non-negative: B, (x)=0
= partition of unity: > B, (x—i)=1
= support: B, (X)ii 0, xe [0, m]

Reflinability of B-Splines

B-Spline refinement equation
= a B-spline can be written as a
linear combination of dilates and
translates of itself
= example
= linear B-spline 1
= and all others... J7AVS




Refinability of B-Splines

Refinement equation for B-splines
= take advantage of box refinement

B,(x) = B,(2x)+ B,(2x—1)

B,(x)= %(BI(Zx) +2B,(2x—1)+B,(2x-2))

B"(X)Z%Si(nzljﬁn(%—k) ...................

k=0

B-Spline Refinement

Examples




Spline Curves

Sum of B-splines
m curve as linear combination

| x@ ] a
7(0—&0}— §,~ B(t—i)p, =B()p
Po

B(t)=[... Bt+1) B(t) B(t-1) ...], p=
. P
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Spline Curves

Refine each B-spline in sum
= example: linear B-spline
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Spline Curves

Refinement for curves
= refine each B-spline in sum

Y= pB-i)=3 p| X sB2—i) —k)]

ZB(ZI_ ) Zsj—Zipi
refined / l refinement

bases of control points
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Refinement of Curves
Linear operation on control points

ﬂﬂ:;mmﬁ4) V1) =B(1)p

B(t) = §Sk8(2r —k) B(t) = B(2t)S

V(1) = B(1)p = B(2t)Sp
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Refinement of Curves
Bases and control points

B(t) = B(2t)S pl=sp°
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Subdivision Operator

Example

= cubic splines B(1) = B(21)S
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Subdivision

Apply subdivision to control points

= draw successive control polygons
rather than curve itself

PM
pj+1(t) Pt = spi

PW
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summary so far

Splines through refinement
= B-splines satisfy refinement eq.

= basis refinement corresponds to
control point refinement

= instead of drawing curve, draw
control polygon

m subdivision is refinement of
control polygon
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Chaikin’s Algorithm 1974

1 3
=—P+-P
Corner Qo= bty
i 3 1
cutting 0=2R+ R
1 3
Q= B+ B
1 3 Q —EP +1P
Apply lterated Q,,=—P+=P_ 3T T,
Function 4 4
System Oy = E})x + lRH 1 3
4 4 Q4=ZP2+ZP3
3 1
41’3
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Limit Curve Surface
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Corner Cutting
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Corner Cutting
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Corner Cutting
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Corner Cutting
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Corner Cutting
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Corner Cutting
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Corner Cutting
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Corner Cutting

A control point

The [imit curve

e
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The control polygon
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Cubic Corner Cutting
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Cubic Corner Cutting
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The 4-point scheme
Dyn, Gregory, Levin 1987
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The 4-point scheme
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The 4-point scheme

30




The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme
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The 4-point scheme

A control point

The Limit curve

|

The control polygon
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Subdivision Curves

Approach Limit Curve Surface through an
lterative Refinement Process.
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Subdivision Surfaces

Same approach works in 3D
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Applications of
Subdivision Surfaces

- E—— % .
e i — D e,

Geri’'s Game (1989) : Pixar Animation Studios
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