Polar forms

Every polynomial curve P(u) of degree <7 can
be associated with a unique n-variate symmetric
polynomial P[ul,---,un] such thatP[M,---au]: P(“)
The polynomial is referred to as the polar form or
blossom of P(ut)

Polar forms: properties

-P[ul,. : .,un] agrees with p(u) on its diagonal

P[u,...,u]z plu)
m P[ul,. o un]is symmetric in its variables
which means that for any permutation (u U )
Of(ul,...,u " "

n

p[ul,...,un]= pluil,...,uin
= p[ul,...,un] is affine in each variable:
plav+ Bu,u,,....u,]=
apluu,,....u |+ Bpluu,,....u,]




Polar forms: examples I

=1, Pu)=1, pu)=1

=1, P(u)=u, pu)=u

2, Pw)=1, p(u,u,)=1

2, Pw)=u, pu,u,)=/u+u,)l2
n=2, Pw)=u’, p(u,u,)=uu,

2, P(w)=u’, pu,u,)=uu,

2, P(u)=a,+au+au’,

pQuuy) = a,+a,(u, +u,)/ 2+a,uu,

Polar forms: examples II

n=3, Pw)=1, pQu,u,,u,)=1

n=3, Pu)=u, p(ul,uz,u3)=(u1+u2+u3)/3

n=3, Pu)=u®, pQu,u,,u)=/(ui,+uu,+uu)l3
n=3, Pu)=u’, p(u,u,)=uu,u,

pw)=u’ +6u’ +3u+1

U, tu, +uy U, U U+ U,

+6

pluuyu]=1+3

+ Uu,Us




Polar forms: examples III

P(u)=u",

n I<ji<..<ji<n

k

p(ul,...,un)—(lj Zuh U

Bézier Curves over arbitrary interval

A=[a,b] @:la,b]=[01] @u)=""5
b—a
B (u):= B:(qo(u)):(z )" (1-pu))"™

IR EIE

:




Polar forms and Bézier curves I

Polar forms and Bézier curves 11

Any polynomial curve P () defined over interval
[0,1] can be considered as a Bézier curve with

control points Pk =p [O,. .0, 1,...,1]
n—k times k times
For example:
Pu)=u’+6u’+3u+1, 0<u<l
p(ul sUH Us ) =Ul,Us + 2(u1u2 + U,y + U, )+ (l/t1 + u, + U, )+ 1
B, = p0,0,0]=1, P =pl00]]=2,
P, =plo11]=5 P =p[L11]=11




Polar forms and Bézier curves 111

Any polynomial curve p(u) defined over interval
[a,b] can be considered as a Bézier curve with

control points p —p[a a. b b]
k_ 9000 ° 9 ey

n—k times k times
For example:

(u, +u,)/2
uu, +1 |

u
P(u) = . we 11, pQu,u,) =

P, =p(-1-1)= {ﬂ P =p(-11)= m P, =p(L1)= m

Polar Forms in de Casteljau Algorithm 1

p(0,1)=p(1,0)

p(0,0)=p0)  p(1.1)=p(1)

00 01 1

SN

b/
uu

p(u) = p(u,u) = (1-u)>PO + 2u(1-u) P1 + u? P2

1




Polar Forms in de Casteljau Algorithm II

001  Oul 011

000

111

Degree Elevation

pluy,...ou,]  plu)=plu,....u]
1 L *
q[uo,...,un]zm;p[uo,...,uk,...,un]

0. =4la,...,ab,...,b]
%,_JQ—J

n+l-k k
:Lp[a,...,a,b,...,b]+n+1_k pla,...,a,b,...,b]
n+l ——— n+l1 R

n+l-k k-1 n—k k

k k
=——PFP +|1-——|P,
n+l ( n+1j ¢




Subdividing Bézier Curve By

Variation Diminishing property ke

001 0%41 011




C*-Continuity of two Bézier Curves I

C?-continuity = continuous, no jumps
C’-continuity = C’%-continuity + same tangent vector
C?-continuity = C’-continuity + same osculating circle

/—\/ “ /‘v ¢

C*-Continuity of two Bézier Curves II

A =la,b] A,=[b,c] a<b<c

P)=Y PB" (W) Q)= QB>

Pw)=Y B*"w)pla.,...,ab....,b]

n—i i

pla,...,a
H_/
n—i—1 i+l n—i

n-1
P'(u) :LZBiA"”l(u)[ ,b,....b]— p[a,...,a,b,...,b]}
b_a ary —_ H,_/%l/_/

n—k

(k) _ n! A, n—k Sk Nk
P (”)_(b—a)k(n—k)!zB" (u);(J( D" pla,...,a.b,...,b]

i=0

n—i—j i+j




Ck-Continuity of two Bézier Curves 111

k

plb,...,b,c,...,cl=qlb,...,b,c,...,c]

n—k

n—k k

Ck-Continuity of two Bézier Curves IV

A A, P
2 C'-Continuity

bn:(f[]

d

bn =Cp

C?-Continuity
“A-frame property”

C2




