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Power Efficient Range Assignment in
Ad-hoc Wireless Networks

E. Althaus G. Călinescu� I.I. Măndoiu� S. Prasad� N. Tchervenski� A. Zelikovsky�

Abstract—We study the problem of assigning transmission
ranges to the nodes of ad hoc wireless networks so that to mini-
mize power consumption while ensuring network connectivity. We
give (1) an exact branch and cut algorithm based on a new inte-
ger linear program formulation solving instances with up to 35-40
nodes in 1 hour; (2) a minimum spanning tree (MST) based 2-
approximation algorithm for the case when power requirements
are asymmetric; (3) an improved analysis for two approximation
algorithms recently proposed by C̆alinescu et al. (TCS’02), de-
creasing the currently best factor to��� � �; (4) a comprehen-
sive experimental study comparing new and previously proposed
heuristics with the above exact and approximation algorithms.

INTRODUCTION

Ad hoc wireless networks have received significant attention
in recent years due to their potential applications in battlefield,
emergency disaster relief, and other application scenarios (see,
e.g., [1], [3], [2], [4], [6], [7], [9], [13], [16], [15]). Unlike wired
networks or cellular networks, no wired backbone infrastruc-
ture is installed in ad hoc wireless networks. A communication
session is achieved either through single-hop transmission if the
recipient is within the transmission range of the source node,
or by relaying through intermediate nodes otherwise. When a
transmission is made by a node it can be received by all nodes
within its transmission range. This feature is extremely useful
for energy-efficient multicast and broadcast communications.

For the purpose of energy conservation, each node can (pos-
sibly dynamically) adjust its transmitting power, based on the
distance to the receiving node and the background noise. In the
most commonly used power-attenuation model [10], the signal
power falls as �

��
where � is the distance from the transmit-

ter antenna and � is a real constant dependent on the wireless
environment, typically between � and �. Another common as-
sumption is that all receivers have the same power threshold
for signal detection, typically normalized to one. With this as-
sumption, the power requirement for supporting a link between
nodes � and � separated by a distance � is

���� �� � ���� �� � �� (1)

In practice power requirements may be asymmetric, i.e.,
���� �� �� ���� ��, due to non-uniform receiver sensitivity
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and/or environmental conditions. Unless explicitly stated other-
wise, in this paper we assume symmetric power requirements.

Having every link established in both directions simplifies
one-hop transmission protocols by allowing acknowledgement
messages to be sent back for every packet (see, for example
[14]). This motivates the study of the MIN-POWER SYMMET-
RIC CONNECTIVITY problem, where a link is established only
if both nodes have transmission range at least as big as the dis-
tance between them, and the goal is to ensure that the network
is connected [1], [5].

Formally, let � be a set representing network nodes. A power
assignment is a function � � � � ��. We say that a unidi-
rectional link from node � to node � is established under the
power assignment � if ���� � ���� ��. Similarly, a bidirec-
tional link �� is established under the range assignment � if
���� � ���� �� and ���� � ���� ��. Let 	��� denote the set of
all bidirectional links established between pairs of nodes in �
under the transmission range �.

MIN-POWER SYMMETRIC CONNECTIVITY: Given a set of
nodes � and symmetric power requirements ���� ��, ��� �� �
� � � , find a power assignment � � � � �� minimizing�

��� ���� subject to the constraint that the graph ���	���� is
connected.

Implicit in the work of Clementi, Penna, and Silvestri [4] is
a proof that MIN-POWER SYMMETRIC CONNECTIVITY in 
�

is NP-Hard. Therefore, we study approximation algorithms and
heuristics for the problem. In this paper we make the following
contributions:

� We give an exact branch and cut algorithm based on a new
integer linear program formulation for the problem. Ex-
perimental results show that the branch and cut algorithm
solves instances with 25 nodes in less than one minute and
instances with up to 35-40 nodes in 1 hour. (Section I.)

� We give a minimum spanning tree (MST) based 2-
approximation algorithm for MIN-POWER SYMMETRIC

CONNECTIVITY WITH ASYMMETRIC POWER REQUIRE-
MENTS, to the best of our knowledge this version of the
problem has not been considered before. (Section II.)

� We give an improved analysis for two approximation al-
gorithms from [5], decreasing the currently best approxi-
mation factor to ��� 	 �.1 (Appendix.)

� We present a comprehensive experimental study compar-
ing new and previously proposed heuristics with the above

�The approximation factor of an algorithm � for a minimization problem is
the supremum, over all possible instances � , of the ratio between the cost of the
output of � when running on � and the cost of an optimal solution for � (the
smaller the performance ratio, the better). We say that � is an �-approximation
algorithm if its approximation ratio is at most �.



2

exact and approximation algorithms. Experimental results
show an average of 5-6% reduction in power consumption
compared to the MST based solution. (Section III.)

A. Related Work

Kirousis, Kranakis, Krizanc, and Pelc [6] give a mini-
mum spanning tree (MST) based 2-approximation algorithm
for MIN-POWER SYMMETRIC CONNECTIVITY (their algo-
rithm is actually designed for the COMPLETE RANGE ASSIGN-
MENT problem discussed below). Călinescu et al. [5] im-
prove the approximation ratio under 2 by exploiting similarities
between MIN-POWER SYMMETRIC CONNECTIVITY and the
classic STEINER TREE problem. In particular, [5] gives a fully
polynomial 
 	 �� � approximation scheme2 based on [18] and
a more practical 
��
 approximation algorithm based on [17].

The objective of minimizing the total power has been also ad-
dressed under the specific power requirements given by (1) and
the related asymmetric connectivity model, in which unidirec-
tional links give raise to a directed graph on � . Four problems
have been studied under this model.

1. ASYMMETRIC UNICAST, which requires establishing a
minimum power directed path from a source 
 to a destina-
tion �. ASYMMETRIC UNICAST is easily solved in polynomial
time by shortest-path algorithms. The related MIN-POWER

SYMMETRIC UNICAST problem can also be solved efficiently
by a shortest-path computation in an appropriately constructed
graph [5].

2. ASYMMETRIC BROADCAST, which requires establishing
a minimum power arborescence rooted at a given vertex 
 [13],
[16]. Clementi et al. [3] prove that ASYMMETRIC BROAD-
CAST is NP-Hard when the nodes are in 
 �. The best known
approximation algorithm for ASYMMETRIC BROADCAST [15],
based on computing a minimum spanning tree, has performance
ratio of at most 12 when the nodes are in 
 �. Chu and Niko-
laidis [2] give an experimental study of asymmetric broadcast
algorithms for mobile ad hoc networks. As noted in [5], the re-
lated SYMMETRIC BROADCAST problem is identical to MIN-
POWER SYMMETRIC CONNECTIVITY.

3. ASYMMETRIC MULTICAST, in which one is given a root 

and a set of terminals � , and the goal is to establish a minimum-
power branching rooted at 
 which reaches all vertices of � . As
a generalization of ASYMMETRIC BROADCAST, ASYMMET-
RIC MULTICAST is also NP-Hard, and based on the work of
[15], it is immediate that a minimum Steiner tree would give an
approximation ratio of 
��, where � is the approximation for
Steiner tree in graphs (the best result known at this moment,
given in [11], is � � 
 	 �

� �� � 	 �).
4. COMPLETE RANGE ASSIGNMENT, in which the ob-

jective is establishing a strongly connected subgraph of � .
Kirousis, Kranakis, Krizanc, and Pelc [6] prove that COM-
PLETE RANGE ASSIGNMENT in 
� is NP-Hard and, based
on the minimum spanning tree, give a 2-approximation algo-
rithm. As opposed to the ASYMMETRIC BROADCAST approxi-
mation of [15], the COMPLETE RANGE ASSIGNMENT approxi-

�A fully polynomial �-approximation scheme is a family of algorithms ��
such that, for every � � �, �� (1) has performance ratio at most �� �, and (2)
runs in time polynomial in the size of the instance and ���.

mation of [6] is valid in arbitrary graphs (that is, the distance be-
tween two points could be arbitrary, not necessarily Euclidean).
Clementi, Penna, and Silvestri [4] give an elaborate reduction
proving that COMPLETE RANGE ASSIGNMENT in 
 � is also
NP-Hard. As shown in [5], the power for the asymmetric COM-
PLETE RANGE ASSIGNMENT can be twice less than the power
for MIN-POWER SYMMETRIC CONNECTIVITY.

I. INTEGER LINEAR PROGRAM FORMULATION

In this section we give an integer linear program (ILP) for-
mulation for MIN-POWER SYMMETRIC CONNECTIVITY and
describe a branch and cut algorithm based on it. The results
in Section III show that the algorithm is practical for instances
with up to 35-40 nodes.

We begin by reformulating MIN-POWER SYMMETRIC

CONNECTIVITY in graph theoretical terms. Let � � ���
� ��
be an edge-weighted graph and �� denote the undirected edge
between nodes � and �. The cost ����� of an edge �� � 

corresponds to the (symmetric) power requirement ���� �� �
���� ��. For a node � � � and a spanning tree � of �, let ���
be the maximum cost edge incident to � in � , i.e., ��� � � and
����� � � ����� for all �� � � . The power cost of a spanning
tree � is

��� � �
�

���

����� �

Since any connected graph contains a spanning tree, an equiv-
alent formulation of MIN-POWER SYMMETRIC CONNECTIV-
ITY is to ask for a spanning tree with minimum power-cost in
the complete graph on � with edge costs given by ����� �
�����. Thus, MIN-POWER SYMMETRIC CONNECTIVITY can
be reformulated as follows:

MINIMUM POWER-COST SPANNING TREE: Given a con-
nected edge-weighted graph � � ���
� ��, find a spanning
tree � of � with minimum power-cost.

To formulate MINIMUM POWER-COST SPANNING TREE as
a linear integer program we use two types of binary decision
variables:
��� for all �� � 
; ��� is set to 1 if �� belongs to the

selected spanning tree � and to 0 otherwise. We call
these variables the tree variables.

��� for all �� � 
 �� ���� �� � �� � 
	; ��� is set to 1
if �� � � (i.e., if �� � � and ����� � ����� for all
�� � � . We call these variables the range variables.

Note that there are �
� tree variables and �
� � ��
� range
variables. Let �� be set of the incidence vectors of all spanning
trees of � (viewed as subsets of 
). Our ILP formulation is as
follows.

min
�

����

��������

s.t.
�

��� �����

��� � 
� 
� � � (2)

��� �
�

�����	�����	����

���� 
�� � 
 (3)
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Fig. 1. Let �� � ��� for all edges in the picture (�� � �, if there are two
parallel edges). Let range variables �

���
be equal to 1/2 for 	 � 
�� 
�,

and to 0 otherwise. Then constraints of type (2) and (3), are satisfied, but the
constraint (5) is violated for � � �
�� 
��.

� � ������� � (4)

� � ��� 
	���

� � ��� 
	���

The constraints (2) enforce that we select exactly one range
variable for every node � � � , i.e., we properly define the range
of each node. The constraints (3) enforce that an edge �� is in-
cluded in the tree only if the range of each endpoint is at least
the cost of the edge. The constraints (4) enforce that the tree
variables indeed form a spanning tree. There are several well
known linear descriptions for � � ������� �. We use the fol-
lowing, most famous formulation: � � ������� � � � �
��
�


�� �
 � �� � 
 
 and
�


����� �
 � ��� 
 
 for all � �

.

To solve the ILP we use branch and cut, i.e., we drop the in-
tegrality constraints and solve the corresponding LP relaxation.
If the solution of the LP is integral, we found the optimal so-
lution, otherwise we pick a variable with a fractional value and
split the problem into two subproblems by setting the variable
to � and 
 in the subproblems. We solve the subproblems recur-
sively and disregard a subproblem if its LP bound is worse than
the best known solution.

Since there are an exponential number of inequalities in this
formulation of spanning trees, we can not solve the LP directly.
Instead, we start with a small subset of these inequalities and al-
gorithmically test whether the LP solution violates an inequal-
ity which is not in the current LP. If so, we add the inequality
to the LP, otherwise we found the solution of the LP with the
exponential number of inequalities. The inequalities added to
the LP if needed are called cutting planes, algorithms that find
violated cutting planes are called separation algorithms.

In our case, the initial LP consists of the constraints (2)
and (3), the constraint

�

�� �
 � �� � 
 
, and the bound

constraints, i.e., the constraints � � � � 
 and � � � �

. The only constraints added on demand are the constraints�


����� �
 � ��� 
 
 for all � � 
. A separation algorithm
for these inequalities is due to Padberg and Wolsey [8].

The running time of a branch and cut algorithm can improved
by tightening the LP relaxation, i.e., by finding additional in-
equalities which are valid for all integer points, but may be
violated by solutions to the LP relaxation (Figure 1 shows an
example). We use the following class of valid inequalities. Let
� � � . For every � � � let �� � � �� so that ����
� � �����

for all � � � � �. The inequality
�

���

�

��� �	�����	�����

��� � 
 (5)

is valid for the problem above. We can argue as follows. There
is at least one edge in the spanning tree � crossing the cut �.
Let �� be such an edge and � � �. Then ����� � ������ and
the range of � is at least �����. Thus

�
��� �	�����	�����

��� is
one and the inequality is valid.

Since we do not have a separation algorithm for these in-
equalities, we use the following heuristic to separate some of
them. We chose an arbitrary node �. For every node � �
� � ��	, we compute the minimal directed cut from � to �
and from � to �, where the capacity of an edge �� is given by�

���	�����	���� ���. For all computed cuts, we test whether
the corresponding inequality is violated.

II. APPROXIMATION ALGORITHMS

In this section we give a 2-approximation algorithm for MIN-
POWER SYMMETRIC CONNECTIVITY WITH ASYMMETRIC

POWER REQUIREMENTS, and give an improved analysis for
two approximation algorithms proposed in [5] for MIN-POWER

SYMMETRIC CONNECTIVITY.
Theorem 1: The minimum spanning tree with respect to

edge weights given by ���� ��	���� �� has a power cost within
twice of optimum for MIN-POWER SYMMETRIC CONNECTIV-
ITY WITH ASYMMETRIC POWER REQUIREMENTS.

Proof: Let ��� be the minimum spanning tree with
respect to edge weights given by ���� ��	���� �� and let ���
be the tree with minimum power cost. Then the power cost of
��� is

����� � �
�

���

���
��������

���� ��

�
�

���

�

��������

���� �� � ����� � � ����� �

where ��� � �
�

���� ����� ��	���� ���. The theorem follows
by observing that, for every tree � , ��� � � ���� �. Indeed,
let � be an arbitrary node of � , and let � �� and ���� be the
two arborescences obtained from � by directing all edges to-
wards, respectively away from �. Since the power range of each
node � of � must exceed the power requirement of the unique
edge leaving � in ���, respectively entering � in ����, it follows
that ��� � �

�
������

���� �� and ��� � �
�

�������
���� ��.

Hence,

���� � �
�

����

����� �� 	 ���� ��� � ��� �

Remark. The following example from [5] shows that the factor
of 2 in Theorem 1 cannot be improved, even in the case of sym-
metric power requirements. Consider �� points located on a
single line such that the distance between consecutive points al-
ternates between 1 and � � 
 (see Figure 2) and let � � �. Then
the minimum spanning tree MST connects consecutive neigh-
bors and has power-cost ����� � � ��. On the other hand,
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Fig. 2. Tight example for the performance ratio of the MST algorithm (
 � �).
(a) The MST-based range assignment needs total power ��. (b) Optimum range
assignment has total power ��� � ��� � ��� ���� � �� �� �.

Input: Edge-weighted graph � � ���
� ��
Output: Spanning tree of �

� ���� ���
� � �
Repeat forever

Find a fork � with the maximum � � � !�� ���
If � � � then exit repeat
� � � ��
�� ���
� � ���

Output � ��

Fig. 3. The greedy fork-contraction algorithm.

the tree � with edges connecting each other node (see Figure
2(b)) has power-cost equal ��� � � ��
 	 ��� 	 ��
 
��� 	
.
When ��� and �� �, we obtain that ����� ����� �� �.

Recently, [5] proposed an algorithm with approximation ratio
of ���	 � based on polynomial time approximation scheme for
computing the minimum-weight spanning cactus in a 3-uniform
hypergraph, and a more practical greedy algorithm with approx-
imation ratio of 15/8. In the appendix we improve the approx-
imation factors of these two algorithms to ��� 	 � and 11/6,
respectively.

The greedy algorithm in [5] (see Figure 3) iteratively im-
proves the MST by inserting the best fork, i.e., pair of edges
of � sharing a node. Note that the power cost of fork � �
�"�� "�	 is ���� � �������"��� ��"��	 	������"��� ��"��	.
The edges of fork � added to the MST replace the highest cost
edges in the two created cycles. As a result the power cost may
decrease. The gain of fork � is defined by

� !���� � �#
����
 �#
������
 ����

where#
���� the minimum cost of a spanning tree of �, ���
is the graph obtained from � by collapsing all nodes of � into
a single node.

III. EXPERIMENTAL STUDY

We have implemented the exact branch and cut algorithm de-
scribed in Section I (OPT), the greedy fork-contraction algo-
rithm of [5] (GFC), and three new heuristics:

� A simple edge-switching (ES) heuristic that starts from the
MST, and repeatedly replaces a tree edge with a non-tree

edge re-establishing connectivity. At every step, the algo-
rithm chooses the pair of edges that results in the largest
reduction in power cost; the process is repeated as long as
improvement is still possible. We simulated a distributed
implementation of the algorithm in which only non-tree
edges that connect nodes within a small number of tree-
hops from each other can be considered.

� A heuristic performing both edge and fork switching
(EFS). At every step the algorithm chooses the edge or the
fork whose addition to the tree leads to the largest reduc-
tion in power cost. Unlike GFC, forks are not contracted,
which means that an edge in an added fork can later be
removed from the tree by other edge or fork switches.

� A Kruskal-like heuristic (KR) that starts with isolated
nodes and iteratively adds an edge connecting two differ-
ent components with minimum increase in power cost. A
similar heuristic (called incremental search) was studied
by Chu and Nikolaidis for computing low-power ASYM-
METRIC BROADCAST trees in a mobile environment.

We included in our comparison faster versions of OPT and
GFC, OPT-D and GFC-D, which speed-up the computation by
working on the Delaunay graph defined by the nodes instead of
the complete graph. For EFS we also implemented a faster ver-
sion, EFS-D, in which only forks consisting of Delaunay edges
(but still all non-tree edges) can be considered for switching.

All algorithms were implemented in C++, including the
branch and bound algorithm whose implementation is built on
SCIL [12]. The heuristics were compiled using gpp with -O2
optimization, and run on an AMD Duron 600MHz PC. The ex-
periments were run on randomly generated testcases. For each
instance size � between 10 and 100, in increments of 5, 50 dif-
ferent instances were generated by chosing � points uniformly
at random from a grid of size 
�� ���� 
�� ���.

In Table I and Figure 4 we report the percent improvement
over MST, i.e.,


���
����� �
 ��$%�&�

����� �

for the compared algorithms. Running times are reported in Ta-
ble II. The results show that OPT has practical running time up
to 35 nodes, and produces an average improvement over MST
of 5-6%. The Delaunay version of OPT has practical runtime
up to 60 nodes, but gives slightly worse solutions.

The provably good GFC algorithm, its faster Delaunay ver-
sion, GFC-D, as well as the natural Kruskal-like heuristic KR
are all very fast, but give less than half of the optimum im-
provement. In contrast, EFS, EFS-D, and even the distributed
ES heuristic, come on the average within a fraction of a percent
of the optimal improvement with very well scaling runtime.
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APPENDIX

The proof of the approximation ratios in [5] is based on on
the notion of 3-restricted decomposition of a tree � , which is
a partition of the edges of � into forks and individual edges.
The power-cost of a 3-restricted decomposition ', ��'�, is the
sum of power-costs of its elements, i.e., forks and individual
edges. It is proved in [5] that, if there exists a 3-restricted de-
composition ' with � �'� � ���� �, then the greedy algorithm
in Figure 3 has approximation ratio 
 	 ��� and there is PTAS
with approximation ratio � 	 �. In the rest of the appendix we
prove that � � ��� improving the ratio ��� from [5].

Theorem 2: For any tree � , there is a 3-restricted decompo-
sition ' of � such that

��'� �
�

�
��� � (6)

Proof: Without loss of generality, we assume that no two
edges have the same cost (if there are ties, then we brake them
arbitrarily).

For any vertex �, we denote by # ���� the maximum edge
in � incident to � (see Figure 5(a)). An edge �� � 
 is called
a root if �� � # ���� � # ����. Let � be the set of all roots

�Average does not include two intances not solved within one day.
�Average does not include one intance not solved within one day.
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Fig. 5. (a) The original graph � : each vertex has a single outgoing arc denoting its maximum incident edge, double arcs are roots and dashed edges are bridges.
(b) The corresponding line graph �: vertices represent edges of � and edges represent forks of � . (c) The partition of � into partition components: the dashed
bridge is attached to the partition component �.

in � . An edge �� � 
 is called a bridge if �� �� # ���� and
�� �� # ����. Let 	 be the set of all bridges in � . In the
power-cost of � , each non-bridge and non-root edge is counted
once, each root is counted twice (for both its endpoints) and
each bridge is not counted at all:

��� � � ��� � 	 ����
 ��	�( (7)

Note also that ���� � ��	� simply because ��� � � ��� �.
Let ) � �� �)�� 
�)�� �� be the weighted line graph of �

(see Figure 5(b)), such that
– the vertices of ) correspond to edges of � , � �)� �


�� �;
– two vertices "� "� � � �)� are adjacent if the correspond-

ing edges " and "� are adjacent in � ;
– the edge �"� "�� � 
�)� has weight ��"� "�� �

������"�� ��"��	

Note that any edge of) corresponds to a fork in � . Similarly,
an arbitrary matching* of) corresponds to the 3-restricted de-
composition of � (edges of * correspond to forks and isolated
vertices correspond to isolated edges in � ) which we denote
'� . It is easy to see that ��'�� � ���� �
��*�. The rest of
the proof of (6) constructs a matching * in ) satisfying

��*� �
��� �
 ���� 	 ��	�

�
(8)

which yields (6). Indeed, ��	� � ����, and (7) implies that

��'�� � ���� �
 ����

�
�

�
��� � 	




�
����





�
��	�

�
�

�
��� �

Note that each connected component of � 
 	 (and, there-
fore )
	) has a single root (see Figure 5(a)-(b)). We say that
connected components are adjacent if there is a bridge connect-
ing them. We order the connected components of ) 
 	 such
that each component, except the first one, is adjacent to a single
previous component by so called attached bridge; such order-
ing is possible since � is a tree. Thus we partition all edges of T
into edge subsets each consisting of a connected component of
� 
 	 and (possibly) an attached bridge. Let + be a partition
component, i.e., a subgraph of ) induced by any of these edge
subsets (see Figure 5(c)). The matching * is constructed as a

union of matchings *� for each partition component +. Then
(8) will follow from the following inequality

��*�� �
��+�
 ���&&�� 	 ��,�!-�"�

�
� (9)

where �&&� is the root of + and ,�!-�" is the attached bridge of
+.

By Edmonds’ Theorem it is sufficient to construct a frac-
tional matching *� satisfying (9). A fractional matching is
an LP relaxation of matching with weight equal to

�

�
�
�������

��"� "����"� "��

where ��"� "�� is an assignment of nonnegative fractions to ev-
ery edge �"� "�� � 
�+� such that

(i) The sum of fractions assigned to all edges incident to the
same vertex " � � �+� is at most 1.

(ii) The sum of fractions assigned to all edges with both end-
points in the same set of �. 	 
 vertices in � �+� is at
most ..

We construct an initial fractional matching *� with all non-
zero fractions assigned to the following edges: for any vertex
� � +, let # ���� � "� / "� / "� / ( ( ( / "� be the
edges incident to � which are in the same component as �. We
set the fraction ��"�� "���� � 
��, ! � �� ( ( ( � 0 
 
, while
the fraction � assigned to all other edges of ) equals 0. It is
immediate that � is a valid fractional matching since any vertex
of ) is fractionally matched with at most three other vertices.
Every non-root edge contributes 
�� of its cost to the weight of
this fractional matching (when the edge is fractionally matched
with a bigger edge), thus making the weight of *� equal to
���+�
 ���&&�����.

We now will modify the fractional matching *� increasing
its weight by ��,�!-�"���. Note that the both vertices ,�!-�"
and �&&� have degree at most 2 in *�. Therefore, in case of
�&&� being adjacent to ,�!-�" in *�, we can simply add 1/3 to
the fraction ��,�!-�"� �&&�� without violation (i)-(ii) obtaining
claimed fractional matching. If �&&� is not adjacent to ,�!-�"
we modify the ,�!-�"-to-�&&� path � in *�: if the next after
,�!-�" edge 1 has a degree 2 we are done, otherwise, if 1 is
adjacent to an edge " which is not on � we recursively increase
by ��"� by 1/3.


