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Abstra ct. W e in tro duce the concept of tr ansit no des as a means for prepro-

cessing a road net w ork suc h that p oin t-to-p oin t shortest-path queries can b e

answ ered extremely fast. W e assume the road net w ork to b e giv en as a graph,

with co ordinates for eac h no de and a tra v el time for eac h edge.

The transit no des are a set of no des, as small as p ossible, with the prop ert y

that ev ery non-lo c al shortest path passes through at least one of these no des. A

path is called non-lo cal if its source and target are at least a certain minimal

euclidean distance apart. W e precompute the lengths of the shortest paths

b et w een eac h pair of transit no des, and b et w een eac h no de in the graph and its

few, closest transit no des. Then ev ery non-lo cal shortest path query b ecomes

a simple matter of com bining information from a few table lo okups.

F or the US road net w ork, with ab out 24 million no des and 29 million

undirected edges, w e ac hiev e a w orst-case query pro cessing time of ab out 10

microseconds (not milliseconds) for 99% of all queries, namely the non-lo cal

ones. This impro v es o v er the b est previously rep orted times b y t w o orders of

magnitude.

1. In tro duction

The classical w a y to compute the shortest path b et w een t w o giv en no des in a

graph with giv en edge lengths is Dijkstra's algorithm [ 4 ]. The asymptotic running

time of Dijkstra's algorithm is O ( m + n log m ), where n is the n um b er of no des,

and m is the n um b er of edges [ 6 ]. F or graphs with constan t degree, lik e the road

net w orks w e consider in this pap er, this is O ( n log n ). While it is still an op en

question, whether Dijkstra's algorithm is optimal for single-source single-target

queries in general graphs, there is an ob vious 
( n + m ) lo w er b ound, b ecause

ev ery no de and ev ery edge has to b e lo ok ed at in the w orst case. Sublinear query

time hence requires some form of prepro cessing of the graph. F or general graphs,

constan t query time can only b e ac hiev ed with sup erlinear space requiremen t; this is

due to a recen t result b y Thorup and Zwic k [ 18 ]. Lik e previous w orks, w e therefore

exploit sp ecial prop erties of road net w orks, in particular, that the no des ha v e lo w

degree and that there is a certain hierarc h y of more and more imp ortan t roads,

suc h that further a w a y from source and target only the more imp ortan t roads tend

to b e used on shortest paths.
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Figure 1. T ransit no des (red/b old dots) for a part of a cit y (cen-

ter, dark) when tra v elling far (outside the ligh t-gra y area).

Our b enc hmark for most of this pap er will b e an undirected v ersion of the US

road net w ork, whic h has ab out 24 million no des and 29 million edges. On this

net w ork, a go o d implemen tation of Dijkstra's algorithm on a single state-of-the-art

PC tak es on the order of seconds, on a v erage, for a random query . Note that for a

random query , source and target are lik ely to b e far a w a y from eac h other, in whic h

case Dijkstra's algorithm will settle a large p ortion of all no des in the net w ork

b efore ev en tually reac hing the target. F or most of this pap er, edge lengths will b e

tra v el times, so that shortest paths are actually paths with minim um tra v el time.

W e will con tin ue to sp eak of shortest , ho w ev er, b ecause that is more familiar and to

stress the wider applicabilit y of our transit no de idea. A t the end of the pap er w e

will also presen t results for unit edge lengths and when the length of an edge is the

distance along the corresp onding road segmen t, and results for the road net w ork of

W estern Europ e.

2. Our results

W e presen t a new algorithm, named TRANSIT, whic h can answ er non-lo cal

shortest path queries extremely fast, b y com bining information from a small n um b er

of lo okups in a table. On the US road net w ork, w e ac hiev e an a v erage query

pro cessing time of around 10 microseconds (not milliseconds) for 99 % of all queries,

when only the length (tra v el time) of the shortest path is required. The remaining

1 % of the queries are lo cal in the sense that source and target are geometrically

v ery close to eac h other. W e also pro vide a simple algorithm for dealing with the

few lo cal queries e�cien tly . Ho w ev er, the fo cus of this w ork is on the non-lo cal

queries. In fact, w e prefer to view our transit no de approac h as a �lter : the v ast

ma jorit y of all queries can b e pro cessed extremely fast, lea ving only a small fraction
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of lo cal queries, whic h can b e pro cessed b y an y other metho d. Note that already

Dijktra's algorithm can pro cess the lo cal queries b y orders of magnitudes faster

than arbitrary random queries.

Our pro cessing times for the non-lo cal queries b eat the b est previously rep orted

�gure of ab out 1 millisecond, due to Sanders and Sc h ultes [ 15 ], by two or ders of

magnitude . When the full path, with all its edges, is to b e output, w e ac hiev e an

a v erage query pro cessing time of ab out 5 milliseconds on the US road net w ork. W e

remark that all of the previous, more sophisticated algorithms use some form of

path compression, whic h do es not easily allo w them to output the edges along the

shortest path without using extra memory .

The basic idea of TRANSIT is as follo ws. F or a giv en road net w ork, compute a

small set of tr ansit no des with the prop ert y that ev ery shortest path that co v ers a

certain not to o small euclidean distance passes through at least one of these transit

no des. F or ev ery no de in the giv en graph, then compute a set of closest tr ansit

no des , with the prop ert y that ev ery shortest path starting from that no de and

passing through a transit no de at all (whic h it will if it go es su�cien tly far), will

pass through one of these closest transit no des. These sets of closest transit no des

turn out to b e v ery small: ab out 10 on a v erage for our c hoice of transit no des on

the US road net w ork. This allo ws us to precompute, for eac h no de, the distances

to eac h of its closest transit no des. Also, the o v erall n um b er of transit no des turns

out to b e small enough so that w e can easily precompute and store the distances

b et w een all pairs of transit no des.

A non-lo cal shortest path query can then easily b e answ ered as follo ws. F or

a giv en source no de sr c and target no de tr g , fetc h the precomputed sets of closest

transit no des T

sr c

and T

tr g

, resp ectiv ely . F or eac h pair of transit no des t

sr c

2 T

sr c

and t

tr g

2 T

tr g

compute the length of the shortest path passing through these no des,

whic h is d ( sr c ; t

sr c

) + d ( t

sr c

; t

tr g

) + d ( t

tr g

; tr g ). Note that all three distances in this

sum ha v e b een precomputed. The minim um of these j T

sr c

j � j T

tr g

j lengths is the

length of the shortest path.

Giv en an algorithm for length-only shortest path queries, one can easily com-

pute the edges along the shortest path using a few length-only shortest path queries

p er edge on the shortest path. T o see this, assume w e ha v e already found a p ortion

of the shortest path from the source to a no de u . T o �nd the next edge on the path,

w e simply launc h a length-only shortest path query for eac h of the adjancen t no des

of u . Giv en the length of the p ortion of the shortest path w e already kno w, its total

length, and the length of the edges adjacen t to u , it is then easy to tell whic h of

these edges is next on the shortest path. F or details and p ossible impro v emen ts,

see Section 4.5.

W e w an t to stress that there are natural applications, where length-only short-

est path queries are go o d enough, and not all the edges along the path are required.

F or example, most car na vigation systems merely ha v e a lo cal view of the road net-

w ork (if an y). In that case it su�ces to kno w the next few edges on the shortest

path, and these can b e computed b y just a few length-only shortest-path queries,

as describ ed ab o v e.

W e decrib e TRANSIT in more detail in Section 4.
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3. Related W ork

W e giv e a quic k surv ey of w ork directly relev an t to the problem of prepro cessing

road net w orks for subsequen t fast shortest-path querying.

Gutman in [ 9 ] prop oses a general concept of e dge levels (he called it r e ach ,

though). Consider an edge e that app ears \in the middle" of a shortest path, {

shortest with resp ect to tra v el time { b et w een t w o no des that are a certain distance

d apart { distance with resp ect to some arbitrary other metric, e.g., euclidean

distance. Then the lev el of e is the higher, the larger d is. Gutman de�nes lev els

with resp ect to euclidean distance, but he notes that any metric can b e used for

the discrimination of the \in the middle" prop ert y . He presen ts simple algorithms

whic h compute upp er b ounds for the edge lev els and instrumen ts those to obtain

more e�cien t exact shortest path queries on mo derate-size road net w orks. Due to

the use of the euclidean metric as classifying metric, his approac h allo ws for sev eral

v arian ts of Dijkstra, in particular a natural goal-directed (unidirectional) v ersion as

w ell as e�cien t one-to-man y shortest path queries. The { compared to later w ork

lik e [ 14 ] or [ 8 ] { less comp etitiv e running times, b oth for the prepro cessing phase

as w ell as the queries are mainly due to the lac k of an e�cien t compression sc heme.

The latter is v ery imp ortan t for obtaining fast running times since in particular

the net w orks induced b y higher lev el edges con tain v ery long c hains of degree-t w o

no des follo wing whic h is quite exp ensiv e. They can b e easily skipp ed b y suitable

shortcut/path compression edges, though.

Later Sanders and Sc h ultes ha v e adopted a di�eren t classifying metric for their

so-called Highway-Hier ar chies [ 14 ]. In an ordinary Dijkstra computation from a

source sr c , sa y that the r th no de settled has Dijkstra rank r with resp ect to sr c .

Sanders and Sc h ultes sa y that the lev el of an edge ( u; v ) is high if it is on a shortest

path b et w een some sr c and tr g suc h that v has high Dijkstra rank with resp ect

to sr c and u has high Dijkstra rank with resp ect to tr g . They ac hiev e a drastic

impro v emen t b oth in prepro cessing time as w ell as in query times, mainly b ecause

of the use of the Dijkstra rank as classifying metric as w ell as a highly e�cien t

compression and pruning sc heme in the higher lev els of the net w ork. The output of

the algorithm is a path con taining compressed edges, though, and uncompressing

those edges do es require some additional time and space. Their v arian t is also

inheren tly bidirectional, so b oth goal-direction as w ell as one-to-man y queries are

not easily added, though later w ork has tried to address these issues.

Goldb erg et al. in [ 8 ] com bine edge lev els with a compression sc heme and they

use lo w er b ounds, based on precomputed distances to a few landmarks v ertices, to

allo w for a more goal-directed searc h. They rep ort running times comparable to

those of [ 14 ]. Their space consumption is somewhat higher though, b ecause ev ery

no de in the net w ork has to store distances to all landmarks. A non-goal-directed

v ersion of their algorithm exhibits considerably less storage requiremen ts at the

cost of only sligh tly higher query time.

More recen tly , Sanders and Sc h ultes [ 15 ] ha v e presen ted the so far b est com bi-

nation of prepro cessing and query time. They sho w ho w to prepro cess the US road

net w ork in 15 min utes, for subsequen t query times of, on the a v erage, 1 millisecond.

While w e could not y et come close to their extremely fast prepro cessing time, our

length-only sc heme b eats their query time b y t w o orders of magnitude.

M• ohring et al. [ 12 , 10 ], based on previous w ork b y Lauther [ 11 ], explored ar c


ags as means to ac hiev e v ery fast query times. In tuitiv ely , an arc 
ag is a sign that
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sa ys whether the resp ectiv e edge is on a shortest path to a particular region of the

graph. In an extreme case, an edge could ha v e a sign to ev ery no de on the shortest

path to whic h it lies. A shortest path query could then b e answ ered b y simply

follo wing the signs to the target without an y detour. Ho w ev er, to precompute

these p erfect signs requires an all-pairs shortest-path computation, whic h tak es

quadratic time and w ould b e infeasible already for a small p ortion of the whole US

road net w ork, sa y the net w ork of California. It is sho wn in [ 12 , 10 ] and [ 11 ] ho w to

cut do wn on this prepro cessing somewhat, b y putting up signs to su�cien tly large

regions of the graph. The largest net w ork considered in these w orks has ab out one

million no des [ 12 ]. In the initial stages of our w ork, w e exp erimen ted with the arc


ag approac h to o, and w ere not able to ac hiev e query pro cessing times comp etitiv e

with those of [ 15 ] with a reasonable amoun t of prepro cessing time and extra space.

Most recen tly , follo wing the �rst app earance of our pap er, Sanders and Sc h ultes

ha v e com bined the transit no de idea with high w a y hierarc hies [ 16 ]. They rep ort to

ha v e w ork ed indep enden tly on similar ideas, but with a �v e times larger n um b er of

closest transit no des (called ac c ess no des in their w ork) p er no de. Note that the

a v erage query time of an y sc heme based on the transit no de idea gro ws quadr atic al ly

in the a v erage n um b er of closest transit no des p er no de. The idea of precomputing

all-to-all distances b et w een a small subset of all no des w as already used in [ 15 ], to

terminate lo cal searc hes when they ascended far enough in the hierarc h y . Prompted

b y our form ulation of the transit no de idea and the observ ation that an a v erage of

ab out 10 closest transit no des p er no de su�ce for a road net w ork lik e that of the

US, Sanders and Sc h ultes w ere able to dev elop their ideas further to ac hiev e v ery

fast pro cessing times comparable to those w e rep ort in this pap er. They ac hiev e

these pro cessing times for b oth non-lo cal and lo cal queries. (W e w ould get a similar

result b y using the original high w a y hierarc hies as a fallbac k for the lo cal queries,

but their implemen tation is more in tegrated as it uses high w a y hierarc hies b oth for

the lo cal queries and for the computation of transit no des.) Their prepro cessing

is an order of magnitude faster than what w e rep ort in this pap er. The price is a

more complex algorithm and implemen tation, and an increased space consumption.

More details on the comparison b et w een b oth approac hes, our simple geometric one

and the one based on high w a y hierarc hies, are giv en in a join t follo w-up pap er [ 1 ].

In retrosp ect, the w ork of [ 13 ] (whic h later b ecame [ 2 ]) can b e tak en as another

alternativ e to computing transit no des. In a n utshell, they use a hierarc h y of

separators to partition a giv en road net w ork (making use of its almost-planarit y).

Their separator no des could b e tak en as transit no des, in whic h case lo cal queries

w ould b e those with b oth endp oin ts in the same comp onen t. Ho w ev er, just lik e for

the early attempts of Sanders and Sc h ultes, this approac h giv es rise to an inheren tly

m uc h larger n um b er of closest transit no des (access no des), whic h implies one to

t w o orders of magnitude larger prepro cessing time, space consumption and query

pro cessing times.

4. The TRANSIT algorithm

4.1. In tuition. The basic in tuition b ehind our approac h is v ery simple: imag-

ine y ou liv e in a big cit y and in tend to tra v el long-distance b y car. What y ou will

observ e is that irresp ectiv ely of where y our �nal destination is (as long it is rea-

sonably far a w a y) and where exactly y ou liv e in the cit y , there will b e few roads

via whic h y ou will actually lea v e the urban area when tra v elling on a shortest path
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Figure 2. T ransit neigh b orho o d of a cell in a 64 � 64 sub division

of the US.

Figure 3. T ransit neigh b orho o d of a cell in a 1024 � 1024 sub di-

vision of the US.

to y our destination. In Figure 1 w e ha v e depicted these roads for the cen ter part

of a cit y . No matter where y ou start y our journey inside the cen tral region (in

dark) { if y our �nal destination lies outside the ligh t-grey area and y ou tra v el on a

shortest path, y ou will pass through one of the 14 mark ed roads (red/b old dots).

This prop ert y , that long-distance trips (where the length is to b e seen relativ e to

the "starting region") pass through few tr ansit no des , is in fact to some degree

in v ariable to scale. The example in Figure 1 sho ws the transit no des for a cell in a

256 � 256 sub division of the road net w ork of the US; there are 14 of them. Figures

2 and 3 sho w transit no des (or more precisely transit neigh b orho o ds b y whic h w e

compute transit no des) for cells of a 64 � 64 and 1024 � 1024 sub division of the US

resp ectiv ely . They exhibit 17 and 8 transit no des resp ectiv ely .

In essence our approac h is then to construct a (geometric, in our case) sub di-

vision of the net w ork in to cells and determine their transit no des, suc h that the

total n um b er of transit no des is small enough to allo w us to precompute and store

all pairwise distances b et w een transit no des in O ( n ) space, i.e., in ab out the same

amoun t of space as used for the original graph itself. F urthermore eac h no de stores

distances to the transit no des of its residen t cell. A t query time a simple lo okup

yields the exact distance b et w een an y source-target pair pro vided they are not to o

close to eac h other.

4.2. Computing the Set of T ransit No des. Consider the smallest enclos-

ing squar e of the set of no des (coming with x and y co ordinate eac h), and the
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Figure 4. De�nition and computation of transit no des in the grid-

based construction.

natural sub division of this square in to a grid of g � g equal-sized square cells, for

some in teger g . W e de�ne a set of transit no des for eac h cell C as follo ws. Let

S

inner

and S

outer

b e the squares consisting of 5 � 5 and 9 � 9 cells, resp ectiv ely ,

eac h with C at their cen ter. Let E

C

b e the set of edges whic h ha v e one endp oin t

inside C , and one outside, and de�ne the set V

C

of what w e call cr ossing no des b y

pic king for eac h edge from E

C

the no de with the smaller id. De�ne V

outer

and V

inner

accordingly

1

. See the left side of Figure 4 for an illustration. The set of closest

tr ansit no des for the cell C is no w a set of no des T

C

� V

inner

with the prop ert y that

for an y pair of no des p; q | one in V

C

, one in V

outer

| there exists a shortest path

from p to q whic h passes through some no de v 2 T

C

. Note that w e also could ha v e

demanded that al l shortest paths from p; q pass through some no de in T

C

, but this

w ould ha v e p oten tially increased the n um b er of transit no des with the only b ene�t

of a sligh tly easier routine for rep orting all shortest paths b et w een a pair of no des

later on.

The o v erall set of transit no des is just the union of these sets o v er all cells. It is

easy to see that if t w o no des are at least four grid cells apart in either horizon tal or

v ertical direction, then the shortest path b et w een the t w o no des m ust pass through

one of these transit no des. By \four grid cells apart" w e mean that b et w een the

grid cell con taining the one no de and the grid cell con taining the other no de there

are at least four other grid cells. Also note that if a no de is a transit no de for some

cell, it is lik ely to b e a transit no de for man y other cells, eac h of them t w o cells

a w a y , to o.

A naiv e w a y to compute these sets of transit no des w ould b e as follo ws. F or

eac h cell, compute all shortest paths b et w een no des in V

C

and V

outer

, and mark all

no des in V

inner

that app ear on at least one of these shortest paths. Figure 4 will

again help to understand this. Suc h a naiv e computation is to o time-consuming,

though, for example for a 128 � 128 grid it required sev eral da ys on the US net w ork.

1

That is, w e consider the set of edges that ha v e one endp oin t inside S

inner

/ S

outside

, the other

outside. Note that those edges migh t not necessarily ha v e endp oin ts in the cells directly adjacen t

to the crossing p oin t with S

inner

/ S

outside

.
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As a �rst impro v emen t, consider the follo wing simple swe ep-line algorithm ,

whic h runs Dijkstra computations within a radius of only thr e e grid cells, instead

of �v e, as in the naiv e approac h. Consider one v ertical line of the grid after the

other, and for eac h suc h line do the follo wing. Let v b e one of the endp oin ts of

an edge in tersecting the line. W e run a lo cal Dijkstra computation for eac h suc h

v as follo ws: let C

left

b e the set of cells t w o grid units left of v and whic h ha v e

v ertical distance of at most 2 grid units to the cell con taining v . De�ne C

righ t

accordingly . See Figure 4, righ t; there w e ha v e C

left

= f C A; C B ; C C ; C D ; C E g

and C

righ t

= f C 1 ; C 2 ; C 3 ; C 4 ; C 5 g . W e start the lo cal Dijkstra at v un til all no des

on the b oundary of the cells in C

left

and C

righ t

resp ectiv ely are settled; w e remem b er

for all settled no des the distance to v . This Dijkstra run settles no des at a distance

of roughly 3 grid cells. After ha ving p erformed suc h a Dijkstra computation for all

no des v on the sw eep line, w e consider all pairs of b oundary no des ( v

L

; v

R

), where

v

L

is on the b oundary of a cell on the left and v

R

is on the b oundary of a cell on the

righ t and the v ertical distance b et w een those cells is at most 4. W e iterate o v er all

p oten tial transit no des v on the sw eep line and determine the set of transit no des

for whic h d ( v

L

; v ) + d ( v ; v

R

) is minimal. With this set of transit no des w e asso ciate

the cells corresp onding to v

L

and v

R

, resp ectiv ely .

It is not hard to see that t w o suc h sw eeps, one v ertical and one horizon tal,

will compute exactly the set of transit no des de�ned ab o v e (the union of all sets

of closest transit no des). The computation is space-e�cien t, b ecause at an y p oin t

in the sw eep, w e only need to k eep trac k of distances within a small strip of the

net w ork. The consideration of all pairs ( v

L

; v

R

) is negligible in terms of running

time. As a further impro v emen t, w e �rst do the ab o v e computation for some

r e�nement of the grid for whic h w e actually w an t to compute transit no des { let's

sa y 128 � 128 is the grid w e are �nally aiming for. F or some �ner grid { sa y

256 � 256, w e consider ev ery second grid line (those also b elonging to the 128 � 128

grid) and emplo y the computation describ ed ab o v e to decide whether the resp ectiv e

b oundary no des are transit no des in the �ner grid. This computation is c heap er

than in the coarser grid since the Dijkstra computations ha v e to reac h only half as

far. Then, when computing the transit no des for the coarser 128 � 128 grid, w e

can restrict ourselv es to no des from the sets of transit no des computed for the �ner

grid and hence sa v e Dijkstra computations. This easily generalizes to a sequence

of re�nemen ts of 512 � 512, 1024 � 1024, . . . grids where the �ner grid essen tially

pro vides a "preselection" of the no des that ha v e to b e considered for b eing a transit

no de in the coarser grid.

4.3. Computing the Distance T ables. F or eac h no de v , the distances to

the closest transit no des of its cell can b e easily computed and memorized from the

Dijkstra computations whic h had these transit no des as source. In particular, eac h

transit no de th us kno ws the distance to all its (few) closest transit no des. F rom this

w e can construct a graph with only the transit no des as no des, and an edge from

eac h transit no de to its closest transit no des w eigh ted b y the resp ectiv e distance.

A standard all-pairs shortest-path computation on this auxiliary graph giv es us the

distances b et w een eac h pair of transit no des. Since the n um b er of transit no des

is small (less than 8 000 for the US road net w ork, using a 128 � 128 grid), this

tak es negligible time. The space consumption of these distance tables is discussed

in Sections 4.7 and 4.8 b elo w.
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4.4. Shortest-path queries (length only). W e next describ e ho w to com-

pute the length of the shortest path b et w een a giv en source no de sr c and a giv en

target no de tr g , based on the prepro cessing describ ed in the previous t w o subsec-

tions. W e here giv e a description for the scenario where w e ha v e precomputed only a

single lev el of transit no des. The extension to a hierac h y of grids is straigh tforw ard,

and will b e explained in Section 4.7.

0. If sr c and tr g are less than four grid cells (with resp ect to the grid used in

the precomputation) apart, compute the distance from sr c to tr g via an

algorithm suitable for lo cal shortest-path queries; a n um b er of p ossibilities

are describ ed in Section 4.6. Otherwise, p erform the follo wing steps:

1. F etc h the lists T

sr c

and T

tr g

of the closest transit no des for the grid cells

con taining sr c and tr g , resp ectiv ely . Also fetc h the lists of precomputed

distances d ( sr c ; t

sr c

) ; t

sr c

2 T

sr c

and d ( tr g ; t

tr g

) ; t

tr g

2 T

tr g

.

2. F or eac h pair of t

sr c

2 T

sr c

and t

tr g

2 T

tr g

compute the sum of the lengths

of the shortest path from sr c to t

sr c

, from t

sr c

to t

tr g

, and from t

tr g

to

tr g , whic h is d ( sr c ; t

sr c

) + d ( t

sr c

; t

tr g

) + d ( t

tr g

; tr g ). Note that w e ma y ha v e

t

sr c

= t

tr g

, in whic h case d ( t

sr c

; t

tr g

) = 0.

3. Compute the length of the shortest path from sr c to tr g as the minim um

of the j T

sr c

j � j T

tr g

j distances computed in step 2.

The algorithm is easily seen to b e correct. Steps 1-3 will only b e executed if source

and target are more than four grid cells apart. Then, b y the de�nition of the transit

no des in Section 4.2, the shortest path b et w een source and target m ust pass through

at least one transit no de. But then, b y the de�nition of closest transit no des, the

shortest path from sr c to tr g will pass through one of the closest transit no des of

sr c as w ell as through one of the closest transit no des of tr g . The shortest path will

therefore b e among those tried in step 2, and w e pic k the shortest of these.

Since w e ha v e precomputed the distances from eac h no de to its closest transit

no des and the distances b et w een eac h pair of transit no des, steps 1-3 tak e time

O ( j T

sr c

j � j T

tr g

j ). The a v erage n um b er of closest transit no des of a no de is a small

constan t | ab out 10 for the US road net w ork.

4.5. Shortest-path queries (with edges). In this subsection, w e describ e

ho w w e can enhance the pro cedure giv en in the previous subsection to also output

the edges along the shortest path from a giv en source no de sr c to a giv en target

no de tr g .

Assume that w e ha v e executed the pro cedure from the previous subsection, that

is, w e already kno w the length of the shortest path from sr c to tr g . Assume that

w e ha v e already found the part of the shortest path from sr c to some u (initially ,

u = sr c ). Let d ( u; tr g ), whic h w e can compute as d ( sr c ; tr g ) � d ( sr c ; u ), b e the

length of the part of the path whic h w e ha v e not found y et. Then the next no de on

the shortest path is that no de v adjacen t to u with the prop ert y that d ( u; tr g ) =

c ( u; v ) + d ( v ; tr g ), where c ( u; v ) is the length of the edge from u to v . This no de can

therefore b e easily iden ti�ed from the no des adjacen t to u , if only w e can compute

the distances d ( v ; tr g ). But these are just instances of the problem w e solv ed in

the previous subsection: giv en t w o no des, compute the length of the shortest path

b et w een them.

As describ ed so far, the computation of d ( v ; tr g ) w ould resort to the sp ecial

algorithm for lo cal shortest-path queries when v and tr g are less than four grid cells
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apart. W e can a v oid this, if w e compute the shortest path from sr c only un til four

grid cells a w a y from tr g , and, symmetrically , compute the shortest path from tr g

un til four grid cells a w a y from sr c . This will giv e us the full path if sr c and tr g are

at least eigh t grid cells apart, and parts of the path if they are more than four grid

cells apart. F or the remaining parts, or when sr c and tr g are no more then four

grid cells apart, w e need to run the lo cal algorithm.

This simple sc heme can b e impro v ed in sev eral w a ys. F or example, w e could

store for eac h no de, for eac h of its closest transit no des, the index of the edge to

that closest transit no de. W e w ould then obtain the next edge along the shortest

path b y a simple table lo okup. The price w ould b e a factor of t w o in the space

consumption of the precomputed information.

Another idea w ould b e to store for eac h transit no de, the full path to eac h of its

closest transit no des. Using compression (edge ids along a shortest path t ypically

do not di�er m uc h from one edge to the next, so some kind of gap enco ding could

b e used), this could b e ac hiev ed with relativ ely little extra space.

In our exp erimen ts, w e restricted ourselv es to length-only shortest-path queries.

4.6. Dealing with the Lo cal Queries. If source and target are v ery close to

eac h other (less than four grid cells apart in b oth horizon tal and v ertical direction

for length-only shortest-path queries; less than eigh t grid cells apart in that w a y

when computing the edges along the path), w e cannot compute the shortest path

via the transit no des. This mak es sense in tuitiv ely: there is hardly an y hierarc h y

of roads in an area lik e, for example, do wn to wn Manhattan, and a shortest path

b et w een t w o lo cations within the same suc h area will mostly consist of (small) roads

of the same kind. In suc h a situation, no small set of transit no des exist.

The go o d news is that most shortest-path algorithms are m uc h faster when

source and target are close to eac h other. In particular, Dijkstra's algorithm is

ab out a thousand times faster for lo cal queries, where source and target are at

most four grid cells apart, for an 128 � 128 grid laid o v er the US road net w ork,

than for arbitrary random queries (most of whic h are long-distance). Ho w ev er, the

non-lo cal queries are roughly a million times faster and the fraction of lo cal queries

is ab out 1 %, so the a v erage running time o v er all queries w ould b e sp oiled b y the

lo cal Dijkstra queries.

Instead, w e can use an y of the recen t sophisticated algorithms to pro cess the

lo cal queries. High w a y hierarc hies, for example, ac hiev e running times of a fraction

of a millisecond for lo cal queries, whic h w ould then only sligh tly a�ect the a v erage

pro cessing time o v er all queries. The dra wbac k is that w e w ould need the full

implemen tation of another metho d, and that this metho d requires additional space

and precomputation time.

F or our exp erimen ts in Section 5, w e used a simple extension of Dijkstra's

algorithm using geometric edge lev els and shortcuts, as outlined in Section 3. This

extension uses only six additional b ytes p er no de. An edge e = ( p; q ) has lev el l if

lies on a shortest path from s to t , and b oth p and q are at least f ( l ) far a w a y from

b oth s and t in euclidean distance along that path. Here f ( l ) is a monotonically

increasing function. F or eac h no de u , w e insert at most t w o shortcuts as follo ws:

consider the unique lev el, if an y , where u lies on a c hain of degree-2 no des (degree

with resp ect to edges of that lev el) for the �rst time ; on that lev el insert a shortcut

from u to the t w o endp oin ts of this c hain. In eac h step of the Dijkstra computation

for a lo cal query , then consider only edges ab o v e a particular lev el (dep ending on the
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curren t euclidean distance from source and target), and mak e use of an y a v ailable

shortcuts suitable for that lev el. This algorithm requires an additional 5 b ytes p er

no de.

4.7. Multi-Lev el Grid. In our implemen tation as describ ed so far, there is

an ob vious tradeo� b et w een the size of the grid and the p ercen tage of lo cal queries

whic h cannot b e pro cessed via precomputed distances to transit no des. F or a v ery

coarse grid, sa y 64 � 64, the n um b er of transit no des, and hence the table storing the

distances b et w een all pairs of transit no des, w ould b e v ery small, but the p ercen tage

of lo cal queries w ould b e as large as 10 %. F or a v ery �ne grid, sa y 1024 � 1024,

the p ercen tage of lo cal queries is only 0.1 %, but no w the n um b er of transit no des

is so large, that w e can no longer store, let alone compute, the distances b et w een

all pairs of transit no des. T able 1 giv es the exact tradeo�s, also with regard to

prepro cessing time, for the US road net w ork. The a v erage query pro cessing time

for the non-lo cal queries is around 10 microseconds, indep enden t of the grid size.

2

jT j jT j � jT j /no de a vg. j A j non-lo cal prepro c.

64 � 64 2 042 0 : 1 11 : 4 91.7% 498 min

128 � 128 7 426 1 : 1 11 : 4 97.4% 525 min

256 � 256 24 899 12 : 8 10 : 6 99.2% 638 min

512 � 512 89 382 164 : 6 9 : 7 99.8% 859 min

1 024 � 1 024 351 484 2 545 : 5 9 : 1 99.9% 964 min

T able 1. Num b er jT j of transit no des, space consumption of the

distance table, a v erage n um b er j A j of closest transit no des p er

cell, p ercen tage of non-lo cal queries (a v eraged o v er 100 000 random

queries), and prepro cessing time to determine the set of transit

no des for the US road net w ork (excluding the computation of all-

pair distances b et w een transit no des), TIGER v ersion (see Section

5.2 for the di�erences to the DIMA CS v ersion).

T o ac hiev e a small fraction of lo cal queries and a small n um b er of transit no des

at the same time, w e emplo y a hier ar chy of grids . W e brie
y describ e the t w o-lev el

grid, whic h w e used for our implemen tation. The generalization to an arbitrary

n um b er of lev els w ould b e straigh tforw ard.

The �rst lev el is an 128 � 128 grid, whic h w e precompute as describ ed so far.

The second lev el is an 256 � 256 grid. F or this �ner grid, w e compute the set of

all transit no des as describ ed, but w e compute and store distances only b et w een

those pairs whic h are lo cal with resp ect to the 128 � 128 grid. This is a fraction of

ab out 1 = 200th of all the distances, and can b e computed and stored in negligible

time and space via standard hashing. Note that in this simple approac h, the space

requiremen t for the individual lev els simply add up. A more sophisticated approac h

to m ulti-lev el transit no de routing is describ ed in [ 1 ].

2

According to our exp erimen ts, the bulk of the pro cessing time for the non-lo cal queries is

sp en t in step 2 (trying out all com binations) of the pro cedure describ ed in Section 4.4 and not in

step 1 (fetc hing the relev an t information for source and target no de), that is, cac hing e�ects do

not seem to pla y a dominan t role here.
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Query pro cessing with suc h a hierarc h y of grids is straigh tforw ard. In a �rst

step, determine the coarsest grid with resp ect to whic h source and target are at

least four grid cells apart in either horizon tal or v ertical direction. Then compute

the shortest path using the transit no des and distances computed for that grid, just

as describ ed in Sections 4.4 and 4.5. If source and target are at most four grid cells

apart with resp ect to ev en the �nest grid, w e ha v e to resort to the sp ecial algorithm

for lo cal queries.

4.8. Reducing the Space F urther. As describ ed so far, for eac h lev el in

our grid hierarc h y , w e ha v e to store the distances from eac h no de in the graph to

eac h of its closest transit no des. F or the US road net w ork, the a v erage n um b er of

closest transit no des p er no de is ab out 10, indep enden t of the grid size, and most

distances can b e stored in t w o b ytes. F or a t w o-lev el grid, this giv es ab out 40 b ytes

p er no de.

T o reduce this, w e implemen ted the follo wing additional heuristic. W e observ ed

that it is not necessary to store the distances to the closest transit no des for every

no de in the net w ork. Consider a simpli�cation of the road net w ork where c hains of

degree 2 no des are con tracted to a single edge. In the remaining graph w e greedily

compute a vertex c over , that is, w e select a set of no des suc h that for ev ery edge

at least one of its endp oin ts is a selected no de. Using this strategy w e determine

ab out a third of all no des in the net w ork to store distances to their resp ectiv e

closest transit no des. Then, for the source/target no de v of a giv en query w e �rst

c hec k whether the no de is con tained in the v ertex co v er, if so w e can pro ceed as

b efore. If the no de is not con tained in the v ertex co v er, a simple lo cal searc h along

c hains of degree 2 no des yields the desired distances to the closest transit no des.

The a v erage n um b er of distances stored at a no de reduces from 11 : 4 to 3 : 2 for the

128 � 128 grid of the US, without signi�can tly a�ecting the query times

3

. The total

space consumption of our grid data structure then decreases to 16 b ytes p er no de.

5. Implemen tation and Exp erimen ts

5.1. Exp erimen tal results. W e tested all our sc hemes on the US road net-

w ork, publically a v ailable via http://www.censu s. go v/g eo /ww w/ tig er . This is

an undirected graph with 24 ; 266 ; 702 no des and 29 ; 049 ; 043 edges, and an a v erage

degree of 2.4. Edge lengths are tra v el times. W e implemen ted our algorithms in

C++ (compiled with gcc 3.3.5 -O3) and ran all our exp erimen ts on a Dual Opteron

Mac hine with t w o 2.4 GHz pro cessors, 8 GB of main memory , running Lin ux 2.6.14

(64 bit); only one pro cessor w as used. T able 2 giv es a summary of our exp erimen-

tal results. Exp erimen ts on the DIMA CS b enc hmark collections and for other edge

lengths than tra v el time are pro vided in Section 5.2

TRANSIT ac hiev es an a v erage query time of 12 microseconds for 99% of all

queries. T ogether with our simple algorithm for the lo cal queries, describ ed in

Section 4.6, w e get an a v erage of 63 microseconds o v er all queries. This o v erall

a v erage time could b e easily impro v ed b y emplo ying a more sophisticated algorithm,

e.g. the one from [ 15 ], for the lo cal queries, ho w ev er at the price of a larger space

3

Observ e that w e do not ha v e to p erform t wice or four times the n um b er of lo okups in the

distance table since the n um b er of transit no des for either s or t t ypically do es not c hange at all

(the transit no des of nearb y no des are most of the time exactly the same). F ollo wing the degree-2

c hains and obtaining the distances to the transit no des costs no time compared to the few h undred

table lo okups.
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non-lo cal (99%) lo cal (1%) all prepro c. space/no de

12 � s 5112 � s 63 � s 15 h 21 b ytes

T able 2. Av erage query time (in microseconds), prepro cessing

time (in hours), and space consumption (in b ytes p er no de in ad-

dition to the original graph represen tation) for our new algorithm

TRANSIT, for the US road net w ork, TIGER v ersion (see Section

5.2 for the di�erences to the DIMA CS v ersion).

requiremen t and a more complex implemen tation. The space consumption of our

algorithm is 21 b ytes p er no de, whic h comes from 16 b ytes p er no de for the distance

tables of the t w o grids (Section 4.7) plus 5 b ytes p er no de for the edge lev els and

shortcuts for the lo cal queries (Section 4.6).

If w e also output the edges along the shortest path, our a v erage query pro cessing

b ecomes ab out 5 milliseconds (whic h happ ens to b e the a v erage pro cessing time for

the lo cal queries, to o). This is still comp etitiv e with the pro cessing times rep orted

in [ 15 ] and its closest comp etitors [ 14 ] [ 7 ] [ 8 ]. All of these sc hemes do not output

edges along the shortest path, though outputting actual paths for these sc hemes

w ould incur mostly a sligh t p enalt y in terms of space.

Man y previous w orks pro vided a �gure that sho w ed the dep endency of the

pro cessing time of a query on the Dijkstr a r ank of that query , whic h is the n um b er of

no des Dijkstra's algorithm w ould ha v e to settle for that query . The Dijkstra rank is

a fairly natural measure of the di�cult y of a query . F or TRANSIT, query pro cessing

times are essen tially constan t for the non-lo cal queries, b ecause the n um b er of

table lo okups required v aries little and is completely indep enden t from the distance

b et w een source and target. T able 3 therefore giv es details on whic h p ercen tage of

the queries with a giv en Dijkstra rank are lo cal. Note that for b oth the 128 � 128

grid and the 256 � 256 grid, all queries with a Dijkstra rank of 2

9

= 512 or less are

lo cal, while all queries with Dijkstra rank ab o v e 2

21

� 2 ; 000 ; 000 are non-lo cal.

grid size � 2

9

2

10

2

11

2

12

2

13

2

14

128 � 128 100% 100% 100% 99% 99% 99%

256 � 256 100% 99% 99% 99% 97% 94%

grid size 2

15

2

16

2

17

2

18

2

19

2

20

� 2

21

128 � 128 98% 94% 85% 64% 29% 5% 0%

256 � 256 84% 65% 36% 12% 1% 0% 0%

T able 3. Estimated fraction of queries whic h are lo cal with re-

sp ect to the giv en grid, for v arious ranges of Dijkstra ranks. The

estimate for the column lab eled 2

r

is the a v erage o v er 1000 random

queries with Dijkstra rank in the in terv al [2

r

; 2

r +1

).
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5.2. Results for the DIMA CS b enc hmark data. W e also conducted ex-

p erimen ts with additional b enc hmark data as pro vided b y the DIMA CS shortest

path c hallenge w ebsite [ 5 ]. W e used the same kind of mac hine as sp eci�ed at the

b eginning of the previous section. F or the sak e of comparabilit y with the results of

other authors, T able 4 giv es the results of the DIMA CS core b enc hmark on suc h a

mac hine.

Clearly , the e�cacy of our grid-based approac h do es not dep end on the metric

used for computing the shortest paths; that is, for a giv en road net w ork and res-

olution of the grid { sa y 128 � 128 the fraction of all queries that are considered

"long range" do es not c hange when v arying the edge w eigh ts. What do es c hange,

though, is the n um b er of transit no des necessary to pro vide correct answ ers to

these long range queries. In particular, when the cost measure is c hanged from

tra v el time along an edge to distance along an edge or unit distance, the prop ert y

of road net w orks to canalize tra�c is w eak ened, hence the n um b er of transit no des

necessary for a certain grid size increases. Lik ewise the a v erage n um b er of closest

transit no des p er no de increases and hence the query times; the increase is more

pronounced for the distance w eigh ts than for the unit w eigh ts. In our b enc hmarks

for the additional datasets w e restricted to one lev el of transit no des and only re-

p ort the results for the non-lo cal queries, whic h, for all the exp erimen ts in T able 5

and 6, w ere 97% of all queries.

T able 5 sho ws our results for di�eren t metrics and (sub)net w orks of the road

net w ork of the US. The astute reader will notice a di�erence in the n um b er of

transit no des as w ell as in the prepro cessing and a v erage query time b et w een the

�gures of T able 1 (TIGER data) and T able 5 (DIMA CS data). This di�erence is

due to the fact that the con v ersion from road t yp es to sp eeds (and hence tra v el

times) whic h w e used for the TIGER data is di�eren t from the con v ersion used for

the DIMA CS data. In our con v ersion the di�erence in sp eed b et w een slo w and fast

roads is more pronounced, and hence the canalizing prop ert y of the net w ork with

our tra v el times is stronger (fast roads are ev en more attractiv e). F or the CTR

net w ork with the distance metric, the n um b er of transit no des for the 128 � 128

grid w as to o large, so w e pro vided the results for a 64 � 64 grid instead.

T able 6 sho ws our results for the road net w ork of W estern Europ e ( n =

18 ; 010 ; 173, m = 42 ; 560 ; 279)

4

. A particularit y of this net w ork is a n um b er of

v ery slo w ferry connections. Without sp ecial treatmen t of the corresp onding edges

(w e tried a few heuristics but then decided to lea v e the data as is), the prepro-

cessing time go es up signi�can tly . This is so, b ecause whenev er one of the lo cal

Dijkstra computations in our transit no de precomputation (Section 4) has to settle

a no de that can only b e reac hed via a v ery long (slo w) path, then almost al l no des

in the net w ork will b e settled in that computation. Lik e this, the ferry connections

giv e rise to a signi�can t n um b er of v ery time-consuming global Dijkstra computa-

tions in our precomputation. Note that the straigh tforw ard heuristic of splitting up

v ery long edges in to man y short edges do es not solv e this problem: there will still

b e no des whic h are geometrically close but with a v ery long shortest path b et w een

them. In T able 6, note that the problem indeed do es not o ccur for unit edge lengths

(in whic h case a ferry connection costs just as m uc h as an y other edge), and that

4

W e ha v e considered an undirected v arian t of this net w ork where the edge w eigh ts of rev erse

edges are equalized b y taking the maxim um of b oth since our curren t implemen tation do es not

allo w for directed edges.
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metric

graph #no des #edges time distance

NY 264346 733846 59.47 62.09

BA Y 321270 800172 66.08 72.17

COL 435666 1057066 96.44 100.48

FLA 1070376 2712798 238.27 257.97

NW 1207945 2840208 282.40 328.19

NE 1524453 3897636 407.42 457.07

CAL 1890815 4657742 469.54 544.74

LKS 2758119 6885658 731.10 836.44

E 3598623 8778114 1042.63 1241.10

W 6262104 15248146 1988.49 2401.79

CTR 14081816 34292496 8934.93 9906.62

T able 4. Query times (ms) for the DIMA CS core exp erimen t

(Opteron 240, 2.4 GHz, Lin ux 2.6.14, gcc 3.3.5, 64bit)

it is w orst for the tra v el time metric (relativ e to other edges, tra v el time along a

ferry connection is w orse than distance).

In general, the space-e�ciency of our approac h impro v es with gro wing net w ork

size, the reason for that b eing that there is only little correlation b et w een the n um-

b er of transit no des necessary for a 128 � 128 grid and the size of the resp ectiv e road

net w ork. In fact the n um b er of transit no des can b e ev en lar ger for subnet w orks if

they exhibit a w orse canalizing prop ert y or the resp ectiv e subnet w ork co v ers more

area of the square grid area (as observ ed for some subnet w orks of the US). F or

amortizing the cost of storing the all-pairs distance table o v er the transit no des,

a large net w ork size is b ene�cial. In particular, if the complete road net w ork of

the whole world w as a v ailable, the p er-no de space requiremen t to store a transit

no de data structure of the same gran ularit y w ould b e considerably lo w er than for

the US road net w ork and still the same fraction of queries could b e pro cessed via a

few table lo okups. In that case one could probably ev en a�ord to create and store

transit no des based on a 512 � 512 grid whic h w ould resolv e 99 : 8% of all queries b y

fast table-lo okups.

5.3. Graphical User In terface. W e ha v e gone to quite some pain to im-

plemen t a relativ ely comfortable graphical user in terface (GUI) for displa ying our

road net w orks plus a n um b er of additional elemen ts. The GUI is implemen ted in

C++ using the gtkmm library , whic h giv es instan t resp onse times for dragging and

zo oming also for large road net w orks lik e that of the US. The GUI runs in its o wn

thread, so that user and redra w ev en ts can b e in terlea v ed with computation and

other co de.

The GUI supp orts seamless dragging and zo oming with the mouse (wheel), as

in to ols lik e Go ogle Maps. This is v ery con v enien t for na vigating in a large net w ork

quic kly , but that w as also the part that cost us the most w ork. The graph has to b e

divided in to relativ ely small c h unks, and only those c h unks m ust b e dra wn whic h

are actually visible from the curren t p ersp ectiv e and p osition. Also, there ha v e to

b e priorities b et w een edges, b ecause alw a ys dra wing all edges tends to clutter up

the displa y and is an e�ciency problem, to o. The GUI also supp orts the dra wing
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graph metric grid #tr.no des closest query time prepro c.

USA time 128x128 10 084 14 17.8 � s 7 h

USA dist 128x128 31 536 36 69.4 � s 9 h

USA unit 128x128 17 699 22 30.3 � s 9 h

BA Y time 128x128 10 077 8 9.1 � s 20 min

BA Y dist 128x128 13 269 13 11.6 � s 20 min

BA Y unit 128x128 10 314 9 9.2 � s 20 min

CAL time 128x128 15 087 9 8.9 � s 30 min

CAL dist 128x128 21 230 16 16.0 � s 30 min

CAL unit 128x128 15 747 11 10.6 � s 30 min

E time 128x128 10 477 12 12.2 � s 1h

E dist 128x128 23 842 26 46.0 � s 2h

E unit 128x128 13 915 15 19.0 � s 1h

FLA time 128x128 6 248 9 7.8 � s 10 min

FLA dist 128x128 9 937 14 12.3 � s 10 min

FLA unit 128x128 6 404 9 7.7 � s 10 min

LKS time 128x128 7 447 12 12.2 � s 30 min

LKS dist 128x128 20 222 30 46.1 � s 1h

LKS unit 128x128 10 257 16 17.5 � s 1h

NE time 128x128 11 542 11 11.1 � s 20 min

NE dist 128x128 22 937 23 28.0 � s 40 min

NE unit 128x128 13 675 13 13.1 � s 25 min

NW time 128x128 19 429 10 10.2 � s 30 min

NW dist 128x128 23 963 15 14.8 � s 35 min

NW unit 128x128 19 096 11 11.3 � s 25 min

NY time 128x128 19 133 12 10.1 � s 10 min

NY dist 128x128 24 435 15 14.3 � s 15 min

NY unit 128x128 18 598 12 10.3 � s 10 min

W time 128x128 19 107 10 10.6 � s 2h

W dist 128x128 36 214 19 22.8 � s 2h

W unit 128x128 25 554 14 15.2 � s 1h

CTR time 128x128 24 540 14 17.5 � s 6h

CTR dist 64x64 24 359 39 88.2 � s 12 h

CTR unit 128x128 40 282 20 32.0 � s 7.5h

COL time 128x128 10 502 9 7.0 � s 5 min

COL dist 128x128 13 199 14 11.5 � s 10 min

COL unit 128x128 10 686 10 7.9 � s 5 min

T able 5. Results for (sub)net w orks of the US road net w ork with

three kinds of edge lengths: tra v el time, distance along the corre-

sp onding road segmen t, and unit length.

of custom ob jects, lik e cross hairs (to visualize imp ortan t lo cations), arro ws along

roads (to visualize something lik e edge signs), etc.

6. Conclusions

T ransit no des are a simple, y et p o w erful idea: they reduce the shortest-path

computation for all but a small fraction of lo cal queries to a few table lo okups. In

this pap er w e ha v e fo cused on presen ting this idea and giving a simple geometric

algorithm realizing it.
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graph metric grid #tr.no des closest query time prepro c.

Europ e time 128x128 10 394 14 13 � s 58h

Europ e dist 128x128 20 126 38 56 � s 29h

Europ e unit 128x128 7 708 14 12 � s 17h

T able 6. Results for the road net w ork of W estern Europ e (undi-

rected, including ferry connections).

Figure 5. Screenshot of our in teractiv e graphical user in terface.

The algorithms in this pap er w ork for undirected graphs. A generalization to

directed graphs is not trivial but feasible. During the construction of the transit

no des one w ould ha v e to distinguish b et w een "incoming transit no des", i.e., transit

no des that are visited b y long paths ending in some no de, and "outgoing transit

no des", i.e., transit no des that are visited b y long paths starting in some no de. This

can b e tak en care of b y considering the rev erse net w ork during the construction

step of the transit no des. Of course, then the distance table is also not symmetric

an ymore and no des w ould ha v e to store "incoming" and "outgoing distances" to

their closest transit no des. The high w a y hierarc hies from Sanders and Sc h ultes, in

particular their com bination with the transit no de idea [ 16 ], also w ork for directed

graphs.

A more di�cult op en problem is ho w to design a data structure that yields

similarly fast query times as our data structure but at the same time allo ws dynamic

c hanges in the graph, lik e an increase of a few edge lengths due to a tra�c jam.
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Tw o solutions ha v e recen tly b een prop osed in [ 3 ] and [ 17 ]; ho w ev er, these do not

ac hiev e the ultrafast pro cessing times rep orted in this pap er.

Ac kno wledgemen ts

W e are grateful to the anon ymous referees, esp ecially one of them, for an ex-

tremely careful pro of reading job and man y constructiv e commen ts, whic h help ed

a lot in making the pap er more precise and more readable.
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