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Chapter 1

In tro duction

Most tasksin computational geometry are to compute a geometric structure
P (S) from a given input setS of objects. The objects could be for example
points given by their coordinates or planesin the three-dimensional space
given by a point and a normal vector. The desired structure could be a
triangulation of the points with special properties or the subdivision of the
three-dimensional spaceinduced by the planes.

So the structure P(S) consists of a numerical part (for example the
coordinates of the intersection points of the planes) and a conbinatorial
part (the graph induced by the points and lines of intersection).

The basicbuilding blocks generallyusedin computational geometryalgo-
rithms to compute the combinatorial structure are the socalled predicates .
This are simple geometric yes/no-questionsthat causethe computation of
the algorithm to progresson a di erent path depending on their outcome.
Someexamplesfor predicatesare

The Sidednesstest: Is a given point (x;y) to the left of the oriented
line through the points (py; py) and (ox; ay)?

The Incircle test: Is a given point (X;y) inside of the circle through
the three points (px; py); (a; o) and (ry;ry)?

The Intersection test: Do two objects (for example lines, circles, or
polyhedra) intersect?

To be able to implement a predicate in an algorithm, we must formulate
it as a mathematical expression. Then a decision can be made based on
the result of this expression. Generally a positive result meansthat the
predicate is true, while a negative result tells us that it its false.

This however causestwo problems which are often not addressedwhen
an algorithm is dewveloped.
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Numerical Errors

The rst problem are numerical errors. Most algorithms are designedfor the
\real RAM" computation model which provides unlimited precision arith-
metic for real numbers. But this is not achieved by \real world" computers.
Their fundamental data typesonly provide xed precisionarithmetic. Hence
when calculating a predicate numerical errors will occur. Theseerrors can
causea predicate to return the wrong sign. If this happens,the computed
combinatorial structure will of courseno longer match the input and may
not even have the expected properties. Also the result could be inconsistert
with other predicates. This can causean implementation of the algorithm
to enter an unde ned state or even to crash.

Considerthe following simple example. We want to build a triangulation
of a set of points. We start with a big triangle corntaining all input points
and then insert one point after another. For ead point we rst test which
triangle cortains it and then split this triangle into three new onesby con-
necting the new point to ead of its vertices. Sothe predicate neededhere
is \Giv en a triangle and a point, doesthe triangle cortain the point? ".

What happensif this predicate returns the wrong result? Then it either
tells us that atriangle doesnot cortain the point although it does,in which
casethe algorithm doesn't know how to cortinue. Or it wrongly tells us
that an empty triangle cortains the point. In this casethe algorithm may
continue, but the triangulation will be destroyed. The situation is shown
in gure 1.1, where the predicate incorrectly decidesthat the new point p
is inside the left triangle ;. But splitting 1 instead of , givesraiseto
crossinglines and overlapping triangles in the triangulation.

A possible solution to this problem is to implement exact arithmetic
data-typesand usethesein the algorithm. This however causesa signi cant
overhead comparedto using the arithmetic provided by the hardware.

Degeneracies

The secondproblem is degenermcy. What happensif a predicate evaluates
to zero? For the example predicatesgiven above, this is the caseif the point
lies not left nor right but on the line for the sidednesgest, if it lies on the
circle for the incircle test or if the two objects touch for the intersection test.

In our triangulation example from gure 1.1, a degeneracyis causedif
the point p lies on the edgefrom r to s. What should we do in this case?If
we want to maintain a triangulation, we have to connectp to both g and t.

This is often not addressedwhen developing a new algorithm becauseof
two reasons.On the one hand, the set of all degenerateobjects is normally
negligible small. In our triangulation, the edgesof the triangles themseles
(which have area zeroin the plane) form the set of degeneratepoints, and

This predicate can actually be broken down to three sidednesstests.



Figure 1.1: A failed insertion.

we expect that a randomly chosenpoint will newer lie on an edge. On the
other hand, the treatment of degeneracie®ften causesalgorithms to become
cluttered with casedistinctions, without providing much theoretical insight
to the problem.

In real world applications however, it may very well be the casethat the
input contains degeneracies. Also rounding errors in the input can cause
non-degeneratedata to becomedegenerate.Considerfor exampledata sam-
plestaken by a scanner. Such sampleswill likely be placedon a grid, since
the scannerrecordsthem in a regular interval.

Our Approac h

This work exploresthe following approact to solve the above problems in
the computation of Voronoi diagramsand Delaunay triangulations. Sincein
practical applications the input of a computational geometryalgorithm often
only is an approximation to the real situation due to measuring errors or
limited input precision, it may be acceptableif the input is slightly altered.

We exploit this by perturbing the input in such a way that no degenera-
cies or numerical di culties arise during the algorithm. This allows us to
compute the exact Voronoi diagram for the perturb ed sitesusing only xed
precision oating point arithmetic. Hencewe can use algorithms that were
designedfor the real RAM and that disregard degeneraciesAt the end not
only a valid geometric structure is known, but also the input to which this
structure belongs.

This is known as controlled perturbation . It was rst applied to
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arrangemerts of polyhedral surfaces[Ra99 and of circles [HLO3].

Thesis Outline

In the next chapter we will review somebasicsfrom mathematics and com-
puter scienceneededthroughout this thesis. We will alsoshonv how to com-
pute error bounds for xed precision oating point arithmetic, sincethey
will allow us to detect numerical di cult inputs in our algorithm.

In chapter three we will introduce Voronoi diagrams and Delaunay tri-
angulations and show that they are dual. We further will review the ran-
domisedincremerntal algorithm for their construction.

Chapter four then introducescontrolled perturbation and the terminol-
ogy neededfor it. We will give a genericapproad for applying conrolled
perturbation to a given randomised incremertal algorithm. At the end of
the chapter we will then give a short summary of cortrolled perturbation
for arrangemerts of circles and mention the di erences to the computation
of Voronoi diagrams.

In chapter v e we will then apply controlled perturbation to the com-
putation of Voronoi diagrams and Delaunay triangulations. We will analyse
the predicatesusedduring the algorithm and derive a bound on the pertur-
bations needed.

Chapter six will give a short introduction to our implementation of the
cortrolled perturbation algorithm. We will also shov some experimental
data we gathered for our implementation.

Related W ork

Another possiblesolution is to design algorithms in such a way that they
are able to handle all degeneracies. This approat however needs exact
arithmetic, since otherwise it is impossibleto catch degeneraciedor which
the predicate wrongly evaluatesto non-zeroand to recognisenon-degenerate
inputs for which the predicate erroneouslyis zero.

The exact approad livesfrom the fact that to compute the combinato-
rial structure successfullyit is not neededto compute the numerical value of
the predicate exactly, but it suces to know the sign. This can be achieved
by using error bounds for the occurring computations. For the basic arith-
metic operations we will give such boundsin (2.4). Good boundsthat also
handle more complicated operations and algebraic numbers are an active
eld of researfr. Seefor example [BFMSO00], [BFMSSO01], [PY03]. There
also exist padkagesproviding exact arithmetic, for examplethe LEDA data-
type real [LE], [LR] or the CORE data-type expr [CO]. Dewveloping and
implementing exact algorithms for computational geometry that can deal
with degeneraciesand are still fast is a non-trivial task. This is a main goal



of the EXA CUS project [EX]. For Voronoi diagrams an exact algorithm is
given in [Bu96).

Another approad is to usesymbolic perturbation. By adding a symbolic
constart  to the input, degeneraciesre resolved. Then the computation is
done on this input, and afterwards the symbolic part is removed from the
output. An overview of this technique is given in [Se98. Obsene however
that symbolic perturbation only resolves degeneracies.It cannot compen-
sate numerical errors. For someproblemsiit is also harder to compute the
\real" output from the perturb edoutput than it isto computethe perturbed
output itself.

Yet another approad is to assurethat the combinatorial structure of
the output is topological correct while computing it. This hasbeendonefor
Voronoi diagramsin [SII100] and [HeO]]. Sinceit is chedked that the com-
binatorial structure always has the desired qualities during the algorithm,
it can even run without problemsif the results of all predicates are totally
random. Howewer it is not clear if the topological properties maintained by
the algorithm really guarantee that the output is a Voronoi diagram. Fur-
ther it is not known how closeto the real diagram the computed structure
will be.

A similar approact to ours called Epsilon Geometry can be found in
[GSS89]. This approact works by modifying the predicatesto so called -
predicatesthat return true if the original predicate is true for someobject at
least away from the input object. Hencethey have animplicit perturbation
which is bound by , whereasin our approad the perturb ed input objects
are known at the end.
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Chapter 2

Mathematical Foundations

This chapter summarizesthe basic facts from computer scienceand math-
ematics neededthroughout this thesis. Most of this can be found in [We].
We will also give a short description about how to compute error bounds
for xed precision oating point arithmetic.

2.1 Probabilit y Calculus

Probability calculus is the mathematical theory about chance. It provides
us with the methods neededto analyse randomised algorithms and deter-
mine error probabilities. We will now review some basic facts from nite
probability calculus as can for example be found in [Kr02]. In the following
we denote by 2* the power set of a set A.

The basicde nition of nite probability calculusis the following.

(2.1) De nition (Probabilit y Space):
A prolability spaceis atuple ( ;P), wher isa nite setcalled the sample

space and P : 2 | [0;1] is a function called probabilit y measure
with the following properties.
a) P() =1,

by P(A) OforallA22,
c) P(A[ B)=P(A)+ P(B) for all A;B 22 with A\ B = ;.

For A2 2 wecall P(A) the protability of the eventA. A subsetof 2 only
containing one elementis called an atomic event.

In this thesiswe will often encourter problemswhere eat atomic event
has the sameprobability p to appear. Sincewe have
X
1=P() = Plg=pj]
12
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the probability must bep = Jij In this caseP is called a Laplace distribu-
tion or uniform distribution. For arbitrary A 2 2 we then have

JAj
P(A) = —:
(A) i

Let for example S be a set of n input sitesto a randomisedincremertal
algorithm. Then we may be interested in the probability that a specic
permutation of S is chosenby the algorithm. In this casewe can de ne

= f(s1;iiisn)isy;iiiisn2S;s5i6 581 i<] ng

as the set of those permutations. Since there are n! permutations we get
j j=nk

Now we expect eat permutation to be chosenwith the sameprobability,
and henceP must be a Laplace distribution. Thus we get P(A) := }i} and
a probability spacefor this problemis ( ;P). Hencea speci ¢ permutation
(corresponding to an atomic evert) ! 2  of S is chosenwith probability
1
m.

Often we are not interestedin the evert A itself but in somevalue asso-
ciated with A.

(2.2) De nition:
Let ( ;P) be a prokability space and ©an arbitrary set. A random vari-
able X on Oisafunction X := 1 O

Random variables are often usedto map elemers of to valuesin . This
way they can be usedto compressthe data givenby asetA 2 2 .

Let usreturn to the above example. We intro ducethe random variable X
which mapsead elemen of to the number of stepsdoneby the algorithm
on this permutation. Then we can describe the subsetof all inputs that need
at most 2nlogn stepsby \ X  2nlogn". The probability that at most that
much stepsare usedfor a random input can be written asP(X  2nlogn).

A special kind of random variable is the indicator variable or character-
istic function 5 ofasetA 2 2 . It isdened as

1 x2A

X) =
A() 0 otherwise
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Now if X is a random variable on , what can we expect X to be for a
random elemen of ? This questionis answered as follows.

(2.3) De nition  (Exp ected value):

The exp ected value E(X) of a random variable X : ! is de ned as

the sum X

E(X) = P(flg)X ()
12

(2.4) Theorem:
The expected value is linear, i.e. for two random variables X ;Y and two
numbers ; 2 it holdsthat

E(X +Y)=EX)+ E(Y):

Now if we know the expected value of a random variable X, we can
estimate the probability that X is larger than a certain value as follows.

(2.5) Theorem (Mark ov's Inequalit vy):
Let X be a non-negative random variable. Then for all r it holds that

E(X)
r

P(X )

and 1
P(X TrE(X)) F:

2.2 Topology

Now we will review somevery basicfacts from point settopology specialised
to euclidean spaces. Most of this can be found in books on di erential
calculus, for example [F099.
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(2.6) De nition  (Normed Space):
Let X be a vector space over andjj jj: X ! be a function ful | ling the
following properties for all x;y 2 X and 2

a) jixij 0

b) jjxjj=0, x=0

o) lixii=1jj lixij

d) lix+ i ixij + Jiyii (triangle inequality)

Then the tuple (X;jj jj) is called a normed space and jj jj is called a
norm on X.

From the triangle inequality the following inequality can be derived
Ixi i Iixe i
the so called wrong-way triangle inequality

We will only deal with the d-dimensional euclideanspaces( ¢:jj jj) in
this thesis, wherejj jj is the euclideannorm de ned as

Boaedr s (ainxa) 7 x2:

It can be easily proventhat jj jj is indeeda norm.

(2.7) De nition  (Metric Space):
Let X beasetandd: X X ! be a function full ling the following
properties for all x;y;z 2 X.

a) dx;y)=0, x=y
b) d(x;y) = d(y;x)
c) d(x;y) d(x;2)+ d(z;y)

Then the tuple (X;d) is called a metric space and d is called a metric on
X.

Each normed spaceis also a metric space, where the metric is de ned
asd(x;y) := jjx vyjj. For euclideanspaceswe will denote the metric by
dist( ; ).

Let x 2 9and0< 2 . Then we de ne the open ball of radius
with certre x in 9 as

(x) = fy 2 Yjdist(x;y) < g:
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If U2 9isasubsetof 9, then we de ne the boundary of U as
@:=fx2 9%8 >0: x)\U6:;~ X))\ ( “nU)86 g:

U is called open, if U\ @ = ; andit is called closedif @ U. Further
the setU := U n@ is called the interior of U, and U := U[ @ is called
the closureof U.

2.3 Computational Geometry

We will only review somevery basicfacts from computational geometry and
the theory of planar graphs here.

Let G = (V;E) be a graph. Then a drawing of G in 9 is a map
assigning points and Jacobi curves to the vertices and edgesof G, such
that the following holds.

All points are distinct.

The curve assignedto an edge connects the points assignedto its
vertices.

An embedding of G is a drawing without intersections. If the curvesof an
embedding are straight lines, we call it a straight line embedding. We call
a graph planar , if it can be embeddedinto the plane 2.

A result often usedin the theory of planar graphsis the following formula
that gives a relationship betweenthe number of vertices, edges,and faces
of a planar graph. Here facesare regions of a graph bounded by edges,
including the outer in nitely large region.

(2.8) Theorem (Euler's Formula for Planar Graphs):
Let G = (V;E) be a planar graph with v vertices, e edgesand f faces. Then
it holds that

v e+f 2=0

Various proofs of this theorem and somehistoric informations can be found
in [Ep02].

Later on, we will encourter the so called convex hull of a set of points.
This is what we get \when we try to fencein the set of points with aslittle
fenceas possible".

a contin uous mapping c: [0; 1] ! 4 without self-intersections
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(2.9) De nition  (Con vex Hull):
LetC " be a subsetof the n-dimensional euclidean space.

a) C is called convex if

8p;q2 C;0 l:p+( )q2 C:

b) The convex hull of C is the intersection of all convex sets containing
C.

The convex hull of C is the smallest corvex set cortaining C. Comput-
ing the convex hull of a nite set S of points is a well studied problem in
computational geometry, seefor example [BKOS97. We will encourter the
convex hull of a set S asthe \outer rim" of the triangulations of S.

2.4 Computing Error Bounds

If computations are done using oating point arithmetic, numerical errors
will often occur. Becauseof this errors it is often not possibleto distinguish
degenerateand non-degeneratecases.

Supposea predicate E is degenerateon a given input x, and thus eval-
uatesto zero. If we compute E(x) using oating point arithmetic howewer,
it canresult in a positive or negative value becauseof the occurring errors.
Hence it seemshard to detect the true result of a computation from its
oating point approximation.

Fortunately, the IEEE standard 754 [IE85] guarartees certain bounds
for the error causedby one particular operation when using IEEE oating
point arithmetic. But for expressionsinvolving more than one operator,
those errors are propagated from intermediate results to the nal result.
Thus if we evaluate a complex expressionE using oating point arithmetic,
our result will be an approximation E to E.

241 The IEEE Standard

The IEEE standard statesthat a double oating point number consistsof
asigns 2 f0;1g, an 11 bit exponert 0 e 2047 and a binary mantissa
= fi:::fp of length p = 52. We also write f to denote the number
i fi2 ' Then the number v, represerted by the triple (s;e;f), is de ned
as follows.

If 0< e< 2047andf 6 Othenv:= ( 1) (1+f) 2¢ 1023

If e= Oandf 6 Othenv := ( 1) f 2 1022 3 \denormalised
number".

If e= 0Oandf = Othenv:= ( 1)° O, a\signed zero".
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If e= 2047andf = Othenv:=( 1)° 1.
If e= 2047and f 6 0 then v represerts no number (\NaN").

Sowhile we can represen very large (or small) numbersusing the exponert
of the IEEE double data type, the precision of the numbersis bounded by
the length p of the mantissa.

A real numberawill becalledapproximableif jaj M axDbl+2 53 21023
where M axD bl is de ned asMaxDbl= (2 2 52) 21023 Then the IEEE
standard guararteesthat for any of the arithmetic operations+; ; ;=; P the
following holds: If the exact result z of such an operation is approximable,
then the nearest oating point number round(z) to z is returned. If there
are two oating-p oint numbers equally near to a, then round(z) is the one
where the least signi cant bit is zero.

2.4.2 Error Bounds

A relation betweenapproximable numbers and oating point numbers can
be establishedas long as the number is not too closeto zero (i.e. smaller
than MinD bl := 2 1922), The latter caseis called under ow.

Using this relation, error boundsfor the di erent operationscanbe given.
One possibility is to give a relative error bound g sud that

& Ej e JE]

holds. Sud an error bound is for example given in [BMS96].

Another possibility is to give a semi-static error bound as in [Fu97).
There the computation is split into a static part that can be precomputed
and a dynamic part that is computed during the runtime of the algorithm.
To do this, for every intermediate expressionE not only the approximation
[ is computed, but also an upper bound B, for jEj and an integer indg
called the index of E. Then the following theorem holds, as long as indg
doesnot exceed2"" .

(2.10) Theorem:

Let E be an expression involving operations +; ; ;=;()%¥? and B an ap-
proximation of E computed using o ating point arithmetic with precision
2 P. Then an error bound

can be given such that
JE Ej B
holds.
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Bsup and inde can be computel recursively according to the following
rules.

X+y Xy Xkup  Wup 1+ max(indy;indy)
X 'y Xy Xkup  Wup 1+ max(indy;indy)
Xy Xy Xkup  Wup 1+ indy + indy
— (e ®) OGup Wup) i . j
x=y Xp _y (2 Youp) (indpy+1)pp£ 5 | 1+ max(indy;indy + 1)
x*2g>0| B (Op  ®B) e 1+ indy
x72g=0| " ® U Gup 22 1+ indy
Here : ; ; :P denotethe (inexact) oating point counterparts of the

alove mentioned operations.

If the bound B is computed using xed precision oating point numbers
(as will be the casemost of the time), then this will introduce errors in the
bound itself. To compensatefor theseerrors, B must be multiplied with a
small correction factor corr := 1+ 2 P*1,

2.4.3 Detecting Degeneracies

Now how doesthis bound help us to detect degeneraciesE is degenerateif
it is zero. Sincewe use oating point arithmetic we only know the approxi-
mation E of E. Now let B be an error bound on E. First supposejEj > B.
Then E is not degenerate,sinceotherwisejEE 0j B must hold. Also we
seethat if jEj > B, the sign of I is the sameas the sign of E. Hencethe
bound allows us to certify that a predicate returns the correct result.

If onthe other hand jEj B, then we must suspect E to be degenerate,
sincejE  Q B. In this case,we will speak of a possible degeneracy
becausewe are not able to determine if it is a degeneracyor not. So while
this bound does not help us to reliably detect degeneratecases,we can
recognisenon-degeneratecaseswith it.

Sincefor theoretical considerationsit is easierto deal with E than with
E, we needto know how we can derive from jEj that jE€j > B holds. This
is true if jJEj > 2B becausethen we have

j®j=j( B+E) Ej jEj JE Bj>28B B=8B

Moreover we later will needupper bounds for the worst caseerror of an
expressionE. As the error increaseswith the size of the input, this is only
possibleif we know a bound M on the input and the predicate only uses
addition, subtraction and multiplication. We will try to prevert division and
extracting roots in our expressionsdecauseof this and sincetheseoperations
deteriorate the bound B. Givensuc abound M we canthen derive a worst
caseerror bound by replacing all subtractions by additions in E and setting
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all input variablesto M. The bound B max We get for this modi ed expression
is the worst caseerror bound we seek.

Since Bnax is a fully static error bound, it allows us to do a very quick
chedk on the correctnessof the sign of an approximation E. If jEj is larger
than B max We immediately know that the signis accurate and our computa-
tion costonly increaseshy one comparison,sothis givesus a fast static Iter.
Only if jEj is smaller we needto calculate B, for the given input to get
a better error bound B. This increasesthe running time slightly and gives
us a semi-static Iter, sinceindg and 2 P can still be precomputed. If this
Iter fails too, we can either continue by using higher precision arithmetic
or we can give up and report that the predicate failed.
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Chapter 3

Voronoi Diagrams

The main object of this thesis will be the computation of the Voronoi dia-
gram, resp. its dual, the Delaunay triangulation of a set of sites S. Naively
the Voronoi diagram can be interpreted as the bordersin a map shawing
the in uence regions of various sites. Voronoi diagrams are usedin many
di erent areasfrom anthropology to zoology. A list of them can be found
in [Dr93].

There is also a vast number of literature on Voronoi diagrams and De-
launay triangulations. In many books on computational geometry or algo-
rithms and data structures a chapter about Voronoi diagrams can be found
(for example[BKOS97, [MN99]),and there are even books only dealing with
Voronoi diagrams and Delaunay triangulations, for example [OBS9Z. This
sectionwill mainly review facts given in this books and in [Bu96].

3.1 De nition

Let S be a set of n objects , called sites, in the euclideanspace 9, suc
that ead pair of sites has positive distance. Then we de ne the bisector
B(s;t) of two sitess;t 2 S asthe set of points

B(s;t) = B(t;s) := fx 2 Yjdist(x; s) = dist(x; t)g:

The bisector B(s;t) divides 9 into two disjoint open regions D(s;t) and
D(t;s). We call D(s;t) the region of dominance of s over t. From the
de nition of bisectorswe get that
D(s;t) = fx 2 djdist(x; s) < dist(x; t)g:
If we now return to the caseof n sites, we can de ne the region in which s
dominates over all other sitesin S as
VR(s;S) = D(s;t):
t2S nfsg

connected subsetsof ¢

17
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VR(s;S) is called the Voronoi region of sin S. If we take the union of
the boundariesof all Voronoi regions, we get the Voronoi diagram

V(S) = [ @/R(s;S):
s2S

3.2 Prop erties of Voronoi Diagrams

We now restrict the above de nition in the following way. First we assume
that we are working in the euclideanplane 2. Further our sites will be
points (x;y) 2 2. Then the Voronoi diagram V(S) canbeidentied with a
planar graph. Each vertex of the graph correspndsto the meeting point of
at leastthree di erent boundariesand ead edgecorrespondsto the bound-
ary betweentwo Voronoi regions. Thus a vertex v of the Voronoi diagram
is a point having the samedistanceto at least 3 points.

But the points having a given distancer from v form a circle of radius r
around v. Hencelet p;qandr de ne a Voronoi vertex vpg. Then the circle
through p;q and r has certre vpq and con not cortain any other points
t 2 S, sinceelset would be closerto vpy than the de ning points.

Then there existsa circle around the Voronoi vertex vy passingthrough
the points p;q;r that contains no points of S in its interior. This circle is
called the Voronoi or clearancecircle of vy .

q q

Figure 3.1: t is incircle for the circle through p;q;r, but t%is
incircle for the circle through p;r;q.

To test if a given site t lies in the circle de ned by p;q and r, the so
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called incircle test can be used. It is given by the determinant¥

2
& O G+
rx ry r2+r2

tx ty ti+ té

Px Py p§+p§
% (3.1)

e

which evaluatesto a positive value if t lies to the left of the oriented circle
through p;gandr. See gure 3.1

By de nition the edgesof V(S) must join the Voronoi vertices. If we
recall the de nition of a bisector, we seethat for points this formula gives
the line perpendicular to the segmen pq and cutting it in half. Hencethe
Voronoi diagram V(S) of a site of points S is a straight line planar graph.

If all points in S are co-linear, the Voronoi diagram will consistofn 1
parallel lines, onebetweenead pair of neighbouring points. If this is not the
case,then V(S) is a connectedgraph and the edgesare either line segmets
or rays. The rays are induced by two neighbouring points on the corvex
hull of S, sincethose points have in nite Voronoi regions. A proof of this is
given in [BKOS97.

3.3 Delaunay Triangulations

Now we will considertriangulations of a set S of n points in the euclidean
plane 2. In the following we always assumethat S is in general position
(i.e. it contains no three points that are co-linear and no four points that
are co-circular).

The algorithm given later will compute the Delaunay triangulation of the
union of S with the three points at innity p 1= (1;0),p 2= (0;1) and
p3s=(1 ;1 ). In the following we will call these three points special
points and the points in 9 ordinary points.

Then all ordinary points p 2 2 are contained in the triangle 1 :=
( p 1p 2p 3) spannedby the special points points. In other words, the
corvex hull of the setS; = S| fp 1;p 2;p 30is 1 and soany trian-
gulation includesthe unboundedface ;! onthe outside of . After the
computation of the triangulation we remove the three points and all edges
incident to them to obtain the triangulation of S. The corvex hull of this
adjusted triangulation is then given by those points prior connectedto one
of the special points.

YLater we will seeone way to interpret this determinant.
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(8.1) Theorem:

Let S be a setof n points.

Then any triangulation of S; consistsof 2(n+ 3) 5 trianglesand 3(n+3) 6
edges.

Pro of:

Let T := T(S) bea triangulation of S; with t triangles. Then
T hasf = t+ 1faces,namely the t triangles and the unbounded
face ;1. Now ewry face has exactly three edges,and ead
of this edgesis shared by exactly two faces. Hence there are

e= @ edges.Plugging this into Euler's formula (2.8) gives

3t+3

(n+3)

, 2Nn+3) 3t 3+2t+2 4=0
, t=2n+3) 5

+(t+1) 2=0

and therefore the number of edgesis

+ + 15+
3t23:6(n 3)2 5+3_3n+3 &

Now the triangulations we are interested in are of a special type.

(3.2) De nition (Delauna y Triangulation):

A triangulation D(S) of a setS of n points in the planeis called Delauna vy,
if the interior of the circumcircle of any triangle in the triangulation contains
no point of S.

Sincethe circumcircle of a triangle is the circle passingthrough its three
corner points, this de nition suggestghat there is a strong relation between
Voronoi diagramsand Delaunay triangulations. Both essetially encapsulate
the information which points de ne an empty circle. Henceit is very easyto
translate a Voronoi diagram into a Delaunay Triangulation and vice versa.



3.3. DELAUNAY TRIANGULA TIONS 21

Figure 3.2: The Delaunay triangulation (solid lines) and the
dual Voronoi diagram (dashedlines) of a set of points. (Image
generatedwith [Se03)

(3.3) Theorem (Dualit y):
The Voronoi diagram V := V(S) and the Delaunay triangulation D := D(S)
of a set S of points are dual in the following sense.
Each triangle ( por) of D corresmpnds to the Voronoi vertex vpg of
V.

Each vertex p of D correspnds to the Voronoi region VR(p;S) of p in
V.

Each edge gr shared by two triangles ( pgr) and ( sgr) in D corre-
sponds to the edge Vpgr Vsqr in V.

If the edgeqgr of ( par) lies on the convexhull of D, thenit correspnds
to the ray emanating from v, Which is part of the bisector B(q;r) of
gandr.

Pro of:
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A proof can be found in [MN99] or [BKOS97,.

The above theorem givesa duality relation betweenVoronoi diagrams and
Delaunay triangulations, sinceit maps facesto vertices, edgesto edgesand
vertices to facesof eat other.

A distinguishing feature of the Delaunay triangulation is that it max-
imisesthe minimum interior angle of all triangulations of S.

Now if we are given a triangulation T(S) of S we can ched if it is
Delaunay by applying the de nition and simply test if the interior of the
circumcircle of ead triangle is empty. This ewven gives us the following
simple algorithm to compute the Delaunay triangulation D(S) from T (S),
which works by enforcing that the de nition holds for all triangles.

Figure 3.3: The edgeqgr must be ipp ed sinces is incircle.

Takeatriangle ( par) of T(S) that contains a point sin its circumcircle.
Then w.l.0.g. the quadrilateral (pars) contains the edgeqgr. Sinces is
incircle, the quadrilateral is convex. Thus we can ip the edgeqgr to ps
without generatingany crossingin the triangulation.

Repeating this will compute D(S) in nitely many steps. To seethis,
rst obsene that becauseof symmetry p is in the circumcircle of ( qgrs).
We can obtain the circumcircle of the new triangle ( prs) from the old
circumcircle by reducing its radius while at the sametime assuringthat it
still passesthrough p and r. Henceq is not incircle for ( prs) and thus
both triangles are locally Delaunay. The situation is showvn in gure 3.3
Sinceead ip aects exactly two circumcircles, which both are shortened,
it decreaseghe sum of the radii of the circumcircles in the triangulation.
Becausethere are only nitely many triangulations, termination follows.
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3.4 A Randomised Incremen tal Algorithm

While the algorithm given above terminates, it takestoo long to be of practi-
cal interest. There are however many di erent algorithms that can compute
D(S) in time O(nlogn). Two divide and conquer algorithms and their
implementation are discussedin [MN99]. A plane-sweep algorithm can be
found in [Fo87].

An algorithm with better asymptotic running time than O(nlogn) does

puting the Delaunay triangulation of the points (xj;x?);1 i n andthen
traversing the convex hull of the triangulation.

We will now review the randomised incremertal algorithm given in
[GKS92] which also has expected running time O(nlogn). This algorithm
is conceptually simpler than the above mertioned approadies. It simply in-
sertsthe points in S oneby oneinto the triangulation and takescarethat all
newly generatedtriangles are still Delaunay. Becauseof the duality shavn
in the last section, this algorithm does also compute the Voronoi diagram
V(S).

(3.4) Algorithm:
Input: A setS of n points in the euclidean plane 2.
Output:  The Delaunay triangulation D(S) or the Voronoi diagram V(S).

1. Initialise the triangulation to the triangle 1 .
2. While S 6 ; do

3. Chooset 2 S at random, S := Snftg.

4. Find the triangle ( pog) containing t.

5. Split ( pa) into ( tpa); ( tar); ( trp).

6. Mark ( tpg); ( tgr) and ( trp) as uncheked.

7. While there are unchecked new triangles ( tab) do

8. Find the neightour ( t%b) of ( tab).

9. If t%is inside the circle de ned by t; a; b then

10. Flip the edgeab to obtain the triangles ( tat9; ( tbt9.
11. Mark ( tat® and ( tbt9 as unchekel.

12. End If.

13. End While.
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End While.
Discard all edgesincident to a point at in nity.
If the Delaunay triangulation should be returned
Return the triangles computed in the algorithm.
Else # Return V(S)
Return the circumaentre of each triangle.
Return a seggment for each pair of neightouring triangles.

End If.

How to nd the triangle cortaining t will be explained later. First we
will shaw that the expectednumber of generatedtriangles is linear, and thus
the algorithm (without location step) needsexpected linear time and space.

(8.5) Lemma:
The expected degree of a random point p 2 S in a triangulation T(S; ) is

SIX.

Pro of:

We know by (3.1) that T(S) has3(n + 3) 6 edges,wheren is
the number of ordinary points. Three edgesare given by 1,
thusthereare3(n+ 3) 6 3= 3n edgesincident to ordinary
points. Hencethe total degreeof those points is lessthan 6n. If
we now pick a random point p from S, its expected degreeis

X R 6n
E(deg(p) =  P(fsigdegs) = —  deds) —

i=1 i=1

and so the expected degreeof a random point is at most six.

(3.6) Theorem:
The expected number of triangles created in algorithm (3.4) is at most9n+ 1.

Pro of:

We show this inductively. In the rst step, 1 is created.

Now in stepi, rst the triangle ( par) containing p; is split into
three newtriangles, creating three new edgespp;, qp; and rp;, all
incident to p;. If we ip an edge,we generatetwo new triangles
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and one new edge,alsoincident to p;. Thusif after the ith step
there are k edgesincident to p;, we created2(k 3)+ 3= 2k 3
new triangles in this step. Now accordingto the last lemma, the
expected degreeof p; is six, and thus the expected number of
triangles createdin this step is nine.

So we created one triangle at the beginning and an expected
number of nine in ead step, and hencethe total expectednumber
of triangles is 9n + 1.

The only thing left to do now is to give a method for locating the triangle
( par) cortaining the point p; in the current triangulation.

First obsene the following. Whenevwer a triangle is split into three new
onesin the current triangulation, we know that those new triangles cover
the old triangle. Also if we do a ip, the two new triangles will cover eath
of the old triangles. Henceif we know that a point lies in a triangle, then
when this triangle is destroyed either by a split or by a ip operation, the
point must lie in one of the triangles generatedby this operation. But every
triangle in the Delaunay triangulation, expect the start triangle 1, was
created by those operations.

This suggeststhe following approach. When we do a split or ip opera-
tion, we do not deletethe destroyed triangle(s) completely, but only remove
them from the current triangulation and mark them asold. Furthermore we
keep pointers from ead old triangle to the two resp. three triangles gener-
ated from it. The triangle containing p; can then be located by recursively
going through this acyclic seard graph in the following way. We start at
the triangle 1 cortaining all points. Then we ched which of its children
contains the point p;. If this triangle hasno children, it is in the Delaunay
triangulation and we are done. Else we continue by cheding its children.

Sincethe total expected number of triangles generatedby the algorithm
is linear, this structure only takeslinear storage. Hencethe algorithm (in-
cluding point location) needsexpected space O(n), and we only need to
show that the expectedrunning time is acceptable.

(3.7) Theorem:
Algorithm (3.4) computesthe Delaunay triangulation of S in expected run-
ning time O(nlogn) and needs expected space O(n).

Before we prove this theorem, we rst needto show a lemma. For this
let D; denote the Delaunay triangulation obtained after inserting the rth
point p, and let S, S denote the set of the rst r points inserted by the
algorithm. Denote the set of all triangles that appear as Delaunay triangle
during any step of the algorithm by Dyt .

Further we de ne the scope K () ofatriangle asthe setof all points
in S that lie in the circumcircle of the triangle. Hencethe triangles with
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empty scope are exactly the Delaunay triangles of the nal triangulation.
Triangles with non-empty scope will not bein the nal triangulation.

Moreover the probability that a triangle ( par) appears as Delaunay
triangle during the algorithm gets smaller with increasing scope, since for
this to happen all points in the scope have to be inserted after p;q and r.
More precisely a triangle  with nonempty scope will arise as Delaunay
triangle with probability

3l .
(KO i+ DK j+23GK() j+3)

since the three vertices of the triangle and the points in its scope can be
arrangedin (jK () j+ 3)! ways, and is Delaunay in the 3! jK() j! per-
mutations in which the vertices are inserted rst

Finally let

k(S;p):=jf 2Drjp2 K() 9
be the number of triangles in D, whosescope contains p and let

K(Sr;pipr) == jf ( prst) 2 Drjp2 K(( prst)gj
be the number of triangles in D, incident to p; whosescope cortains p.

(3.8) Lemma:
I
X !
E iK() j = O(nlogn)
2D 1ot

Pro of:

The setof Delaunay triangles createdin the rth stepis D, nD, 1.
Hencethe above sum equalsto

0 1
xXn X _ _
@ iK(Q) jA:

r=1 2DinDy 1

Now, aswe have seenin the proof of (3.6), every Delaunay trian-

gle generatedin the rth stepis incident to p;. Also, the scope of

a Delaunay triangle in D, can only cortain points not inserted

yet. Hencewe can rewrite the inner sum of the last equation as
X X

JK(Q) i= K(Srid;pr):

2D nDy; 1 02S nSy

Now let S, S be xed. If we permute SnS;, this will not
changek(Sy; q;pr). Instead this expressiononly dependson the
choice of p 2 S;. A triangle 2 D; has p as vertex for a
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random point p 2 S; with probability at most r§ Becauseof this
we expect that E (k(Sr;q;pr)) w Plugging this into the
above equation yields

0 1
X X
E@ K() A
2D nD; 1 02S nSy

k(Sr;0):

Slw

To calculate k(S;; g) obsene that every oneof the n r not yet
inserted points is equally likely to appear as p;+1. Hence we
expect the number of triangles with py+; in their scope to be

1 X
E (S = 0 K(Sa:

02S nSy

But these triangles are destroyed in the next step of the algo-
rithm sincethey are no longer Delaunay. So they form the set
Dr nD;+1 and we have E (k(Sr;pr+1)) = E (jDr nDr+1j). By
(3.1) Dj has2(i + 3) 5= 2i + 1 triangles and Dj+; consists
of 20+ 1+ 3) 5 = 2i + 3 triangles, so there are two more
triangles generatedin the rth step than are destroyed, giving us
E (jDr nDy+1j) = E(jDr+1 nD¢j) 2. All in all we get

0 1
X : A 3 X
E@ KO A - kSsa
2DnDy; 1 02S nSy
3
= 20 NE (K(SiiPr1))
n r . .
=3 E (jDr nDr+1])
r
n r . .
=3 (E(jDr+1 nDyj) 2)

r

The number of triangles generatedin the (r + 1)th stepis equiv-
alent to the degreeof pr+1, Which is expectedto be six according
to lemma (3.5). Inserting this givesthe sum

0 1

X X X nh ot
E@ jK() jA 3 —(6 2)=12 —;

r=1 2D nD; 1 r=1 r=1

Xn o

which asymptotically behaveslike nlogn.

Using this lemma we can now easily proof the main result of this section.
Pro of: (of theorem (3.7))
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We have already seenthat the spacerequiremert of the algorithm
is O(n) and that the running time without point location is also
linear.

To locate a point p we must passthrough the seard graph until
we nd the current triangle cortaining p. But only triangles
containing p will be visited. So we need O(1) time (for the
current triangle) plus linear time in the number of destroyed
triangles containing p.

Now a triangle ( qgrs) is either destroyed by a split or by a ip.

If it wasdestroyed by a split, it wasDelaunay in the prior step. If
it was destroyed by a ip, either it or its appropriate neighbour
( art) was Delaunay before. In casethat the neighbour was
Delaunay, it cortained s (and thus ( grs)) in its circumcircle
and therefore also p.

So ead step during the point location can be attributed to a
Delaunay triangle cortaining p in its scope. But ead triangle
can only be charged oncefor ead point in its scope. Hencethe

expectedtotal cost for all point locations doneis
!
X
O n+ ILNON
2D 1ot

By the previous lemma this is O(nlogn).

Remark.

Obsene that the previous theorem does not state that the seart tree
has logarithmic depth.



Chapter 4

Controlled Perturbation

As we have seenbefore, it is not always possibleto detect degenerateor near
degeneratecasesrobustly using only low precision oating point arithmetic
(as for example provided by the double data type). If such a data type is
usednevertheless,it cancauseinconsistert resultsin (near) degeneratecases
and so the output does not match the input and will often not even have
the expected properties.

When computing the Delaunay triangulation of a setof points cortaining
(near) degeneraciesor example,the output often will not only be a triangu-
lation that doesn't match the input, but it might evenbe not a triangulation
at all (possibly not even a planar graph) due to inconsistert humeric results.

However, if speedis paramourt, it is often not desirable to use exact
arithmetic. In sud casesa slight error is often tolerable, as long as the
output still hasthe expected structure (i.e. is a Delaunay triangulation).

In this and the following chapters we give a variation of the randomised
incremertal algorithm for Voronoi diagramsthat, given a setS of points as
input, returns a set of perturbed points § and the Voronoi diagram V(38)
(resp. the Delaunay triangulation D($), which is the dual of V(S8) by (3.3)).

All points in & are derived from the points in S by perturbing them by at
most avalue . Usingthe error boundsgivenin (2.10) ambiguous predicates
are detected and resoled by the perturbation. Sincethe perturbation of a
point is done such that with high probability all predicates neededduring
its insertion can be computed robustly afterwards, we expect that not too
many perturbations are needed.

This algorithm is called a cortrolled perturbation algorithm. Its key in-
grediert is doing the perturbation in such a way that the perturb ed point
does not causenumerical inconsistencieswith at least a given probability.
Then we canbound the expectednumber of perturbations neededand choose
the probability in such a way that the asymptotic running time of the algo-
rithm doesnot change.

Controlled perturbation canbe applied to many geometricproblemsand

29



30 CHAPTER 4. CONTROLLED PERTURBATION

was rst usedfor arrangemerns of polyhedral surfaces[Ra99 and of circles
[HLO3]. Sinceit removesall degeneraciegind numerical problems, the com-
binatorial part of the algorithm can be implemented asif its input is in gen-
eral position and exact arithmetic is used. Only the numerical predicates
must be reimplemerted in such a way that they can detect problematic in-
put sites and the randomised incremertal algorithm must be extended in
such a way that it is able to perturb troublesome points.

4.1 Terminology

In the following let S be a set of sites, P be a geometricproblem with output
P(S) oninput S for which a randomisedincremertal algorithm exists and

be the precision of the oating point numbersused(i.e. p = 52 for IEEE
doubles) .
We now de ne someterminology used later.

(4.1) Denition (lllegal Site):
A site s is called illegal w.r.t .

can neither be safely discerned as positive nor as negative.

b) the set of sites S, if it is illegal for at least one predicate computed
upon its insertion into P (S).

The illegal sites in S are exactly those sites that will be perturbed by
the algorithm. Obsene that all sites causing degeneraciesare illegal by
de nition.

(4.2) De nition (P erturbation Bound):
A perturbation bound for P is a distance := (p;w;S) > 0 for which
it is guaranteed that after randomly perturbing a site in S by at most , this
site will be il legal with probability at most w.

The bound (p;w;S) will get smaller if we increasethe precision p and
larger if we decreasehe probability w. If we can give a perturbation bound
for P, then we can construct a cortrolled perturbation algorithm for the
problem.

Depending on the predicates used, some assumptions about the sites

erwise this would causes to be always illegal, no matter if and how it is

It should be clear when p denotes the precision used and when it is used as point
P = (px;py)
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perturbed, and thus no could be given for any probability w < 1. If for
example E is the predicate calculating the incircle test for four points, and
S1; Sp; S3 are collinear, then E will be degenerateno matter how the fourth
point s is chosen. We will ensurethat this cannot happen by chedking aux-
iliary predicatesin our algorithm. It should however be assuredthat not
too many additional predicates are computed, since otherwise this could
in uence the asymptotic running time of the algorithm.

4.2 A Framew ork for Controlled Perturbation Al-
gorithms

If we want to compute the geometric problem P of a set S of sites we can
use one of the following two modi ed randomised incremertal algorithms
which output a set of perturb ed sites & and the structure B := P(S).

The rst oneperturbs anillegal site on the y and thus canalsobe used
ason-line algorithm. Howewer the proofs for the running time of the unper-
turb ed randomisedincremertal algorithms will not work for this method.

The secondmethod rst perturbs all sitesand then runs the unmodi ed
randomisedincremertal algorithm on this perturb ed sites. Becauseof this
it cannot be usedas on-line algorithm and all points will be perturbed even
if there were only few illegal sites preser.

We usethe notation S (resp. &) for the set of (perturb ed) sites usedin
the ith step of the algorithm and P; (resp. B;) for the structure obtained
after inserting the rst i sites.

4.2.1 On-line Perturbation
The on-line perturbation algorithm works as follows.
(4.3) Algorithm:
Input: A setS of n sites.
Output: A set § containing perturbed versions of the sites and the geo-
metric structure B := P(S8).
Initialise §:= ;.
1. While S 6 ; randomly chaoses 2 S.
2. Setsl:=s,
3. Calculate B’= P(§ [ 9.
4. Ensure that the new objects wont cause degenegrcies later.
5

If a predicate failed during the last two steps
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6 Sets%:= (s randomly perturbed by at most ).
7 Goto 3.

8. EndlIf

9 Set§ =& [ fsh.

10. Set® = B0

11. SetS = Snfsg.
12. End while.
13. Output §:= &, and B := B,.

Step 4 to 8 in the algorithm are what distinguishesit from a \normal"
randomisedincremertal algorithm.

In step 3 we should not compute Iﬁio, but only record the changesthat
needto be doneto B ; to get B®. Then we can throw away those changes
if sQis illegal or apply them in step 10 to get . This is crucial because
most randomisedincremertal algorithms actually do very small changesin
ead step, while the ertire structure may be rather large.

The perturbations donein step 6 only resolwe the degeneracie®ccurring
for the random permutation of the sites chosenby the algorithm. Henceif
§ is given to the algorithm again, it may needto perturb somesites of &
that areillegal under the new permutation.

Further note that in the ith iteration of the loop the already inserted
sites(thosein & 1) areleft untouched. Only the current site s; is perturb ed
if it is illegal. Becauseof this step 4 is needed(as mertioned above) if some
predicates may be degeneratedue to the already inserted sites, no matter
what the new site is.

The perturbation bound can either be given by the user, in which case
we calculate the precision p neededto ensurethat the probability w holds,
or the algorithm canrun with a xed precision,in which case is calculated
onthe y.

The failure probability w is chosenas % so we know that an iteration
of the algorithm will fail at most about ewvery secondtime (after the rst
perturbation). Hencewe expect ead iteration to be repeated twice in the
worst case.

Unfortunately we cannot arguethat this will increasethe total expected
running time of the algorithm by two, sincethe perturbation of the site s
can causethe algorithm to take a di erent computation path for s°

Furthermore if we do the perturbations on the y, the set & will likely
be dierent ead time the algorithm is executed. Due to this, the classical
proofs for the running time of randomised incremertal algorithms won't
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work, sincethey assumethat permuting the order of S and rerunning the
algorithm yields the sameresult.

4.2.2 O-line Perturbation

This suggeststhe following alternativ e algorithm.

(4.4) Algorithm:

Input: A setS of n sites.

Output: A set § containing perturbed versions of the sites and the geo-
metric structure B := P($).

Initialise §:= S.

Perturb all sitesin S.

Run the unmadi e d randomisel incremental algorithm for P on S.

w npoR

If the computation is bad, alort the alove stepand restart from scratch.
4. Output § and .

What exactly a bad computation is dependson the randomisedincremertal
algorithm for the problem. Howeer if a predicate fails the computation will
be bad in any case.

In this algorithm the perturbations are done at the beginning and the
randomised incremertal algorithm is run on the perturbed input. Hence
the expected running time of step 2 is at most the expected running time
of the randomisedincremertal algorithm on input sizen and ewven lessif a
computation is bad and the algorithm is aborted.

Now what is the running time of this algorithm? To answer this let S
be the set of permutations of S, hencejS j = n!, and let S be the set of
perturbations of S. Sincewe use oating point arithmetic, which can only
represen a nite setof numbers, we can assumethat S is a nite set.

For the unmodi ed randomisedincremertal algorithm with exact pred-
icates we de ne

Te(S; ) for 2 S ;$ 2 S asthe running timeY on input & with
permutation

Te(S) for §2 S asthe expectedrunning time (over all permutations)
oninput §,

Te(n) asthe expectedrunning time on arbitrary input of sizen.

YObserve that for a xed permutation 2 S the running time is xed.



34 CHAPTER 4. CONTROLLED PERTURBATION

Analogously we de ne T;() asthe time spend during one execution of step
2 in algorithm (4.4). SinceT;(S, ) is at most the time spend by onerun of
the unmodi ed algorithm on (%) and may even be lessif the computation
turns out to be bad, we have Ti(§; ) Te(S; ).

We now seekthe expectedrunning time T(S) of the whole algorithm on
input S. The time neededis the time of one execution of step 2 plus the
time neededfor a rerun, if the computation is bad. To get the expected
running time we sum this over all possibleperturbations and permutations
of S to get the recurrencerelation

X
T(S) = P& ) Ti(S )+ (S )T(S) (4.1)
$2s ; 25

where is an indicator variable for the failure of step 2, i.e.

1 if the computation on (S) is bad,

X($; )= :
0 otherwise
and p(§; ) is the probability that the algorithm will be run oninput (S).
Sincethe permutation and perturbation are chosenindependerily and uni-
formly at random, p(§; ) = n!jg T
Now we can split the sum (4.1) in two parts. The rst part gives

X 1 X 1
P&, )Ti(S; ) S —lTe(gi )
i n!
€S ; 2S $2s 25
X 1
2s
Te(n) 4.2)

This leavesus with the secondpart of the sum (4.1). We want to de ne bad
computations in such a way that

s ) (& ) c (4.3)

§2S ; 2S

for a constart 0 < c¢c< 1 independert of S. Then (4.1) givesus

T(S) Te(n)+ cT(S)
Te(n)

, OB

(4.4)

and thus algorithm (4.4) hasthe sameexpectedasymptotic running time as
the unmodi ed algorithm. How the sum (4.3) can be calculated, and which
inputs causebad computations, dependson the geometric problem P. For
Delaunay triangulations we will cortinue the analysisin section (5.6).



4.3. FORBIDDEN AREAS 35

Remark. Observethat the o -line algorithm does not need to evaluateany
auxiliary predicates. Without them, we still have T;  Te, and the number
of bad computations worlt increase either.

4.2.3 On-line Calculation of

Assume that there exists a perturbation bound with failure probability
p< % for the problem P. Then we can compute during the algorithm in
the following way:

We start our perturbations with a parameter o > 0. Whenewer a per-
turbation fails, we double g.

After someiterations we have 2 > , and hencethe the failure
probability is at most p at this time. The probability that ¢ is doubled
exactly i times afterwardsis (1 p)p'. Hencethe expected value of ¢ can
be calculated as

x :
E()<2+ ()@ p o
i=1

o

2+l p (20
i=1

2+ P g

= 0();

wherethe in nite seriescorvergessince2p < 1. Sothe expected number of
iterations neededis O(log ).

4.3 Forbidden Areas

How can we derive the perturbation bound neededfor controlled perturba-
tion? Our approad is to bound the size of the area cortaining all illegal
sites. Then can be derived from this. There may howewer be other ways
to compute , depending on the predicatesusedin an algorithm.

Since we will use the rules from (2.10) to compute this area, we need
an upper bound M on the numerical input. For points this the absolute
value of the maximum possible coordinates. Obsene that the coordinates
are changedby the perturbation, hencewe have for a set S of n points

M= + TZ%X(Jpr;JDyJ)Z
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(4.5) De nition (Forbidden Area):
The forbidden area induced by a predicate E is the area Ag containing all
illegal sitesw.r.t. E.

Now how can we compute the forbidden areafor a predicate E? It surely
includes all degeneratesite positions for E. Also sites closeto degenerate
positions must be included, sincethose cannot be handled by xed precision
oating point arithmetic. Therefore the forbidden areais given by a stripe
around the degeneratepositions of E. The width of this stripe dependson
the precision and the predicate. Since moving a degeneratesite away \in
the right direction” by this width will placeit outside the forbidden area,
not only the degeneracyis resoled by this, but the site also becomedegal.
So this value givesus a bound on the minimum separation of sites needed
to resolwe problems. This suggeststhe following de nition.

(4.6) De nition (Resolution Bound):

A resolution bound for E isadistance g := g(p;s1;:::;Sk 1) > Oguar-
anteeing that the site s will not be illegal if its distance from any degeneate
position for E(= E(s1;:::;Sk; )) is at least g.

The resolution bound must clearly be smaller than the perturbation bound

, elsewe are not allowed to move a degeneratesite far enoughaway to make
it legal. Observethat moving anillegal site g away in an arbitrary direction
doesnot necessarilymake it legal, sinceit will not be moved outside of the
forbidden areain most cases.

Now if we know the shape of the region A4eq of degeneratepoints for E
and a resolution bound g for E then we can construct a forbidden region
Ag by erveloping Ageg With a strip of width g. In other words we compute
the Mink owski sum

AE = Ageg e = IX+YIX2 AgegiY2 (O

As mertioned before,auxiliary predicatesfor E may be neededto ensure
that the previously inserted sites do not causeall inputs to E to beillegal.
Sud an auxiliary predicate E °will be positive for sitesnot causingproblems
during the ewvaluation of E and negative otherwise. Hencewe can be forced
to perturb a site becauseof E although it is not illegal in the strict sense
for EC

As example considerthe predicate E , which is usedto ensurethat two
points are at least a given distance apart. It is usedasauxiliary predicate
both in our algorithm and in [HLO3]. Now E will be degenerateif two
points are exactly apart. Howewer, if is a resolution bound for this
predicate, then points being lessthan apart will causeE to evaluate
without problems. But these points still needto be perturb ed, since they
are too close.

Becauseof this we de ne the forbidden area of an auxiliary predicate as
the areanot only cortaining the sitesillegal for E°but also cortaining the
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sitesfor which E%< 0 holds. Hencethe resolution bound go for an auxiliary
predicate is given by the sum go+ go, where go is the actual resolution
bound for E?and go is a value ensuring that E°will be positive.

4.4 Controlled Perturbation for Arrangemen ts of
Circles

In this section we give a short overview of [HLO3]. There the geometric
problem is to compute the arrangemen A(C) of a collection of circles in
the euclideanplane. An arrangemen of Cis the subdivision of the plane
into vertices, edgesand facesinduced by the objects in C. Arrangemerts
are widely usedin computational geometry There exists a wide variety of
algorithms for computing arrangemers, starting for simple objects like lines
[BKOS97 up to complicated algebraic curves[Ew03].

To compute an arrangemert of circles, rst the intersection points of the
circlesmust be computed. During this a degeneracyoccurs as soon as more
than one intersection point coincide. This is either the caseif two circles
have a tangertial intersection, i.e. they touch ead other in a single point,
or if three or more circlesintersect in the samepoint. There however arises
an additional predicate E that is usedto ensurethat two points have at
least a given distance .

o (
‘o
S

Figure 4.1: A setof circlesshawving the possibledegeneraciesnd
a perturbation of the circles.

Eadch Circle C; = (c¢;r;) is given by the coordinates of its certre ¢ =
(xi;yi) 2 2 andits radiusr; 2 *. Perturbations will only be doneto the
certre coordinates, the radius of the circle will stay xed. An exampleis
showvn in gure 4.1

The arrangemert is then build in an incremental fashion, and if anillegal
point is encourtered it is perturbed. So the algorithm is a variant of the



38 CHAPTER 4. CONTROLLED PERTURBATION

on-line algorithm (4.3).

Now let M be an upper bound on the coordinates and the radii of the
circlesand let R := max; i nfrig M bethe maximum radius of a circle.
We will review the computation of the forbidden areainduced by the outer
tangency of two circlesC;; Cj, wherewe assumethat C; wasalready inserted
earlier and thus stays xed.

An exact outer tangency occurs if the certres of the circles are exactly
ri + rj away from ead other. Henceif is a resolution bound for outer
tangencies,the forbidden areais given by the points having distance between
ri+1; andr; + rj + from ¢. Sothe forbidden areaforms an annulus
around ¢;. To get a worst casebound on the area, both r; and r; are setto
the maximum possibleradius M, yielding

Amax ((ri+rj+ )2 (ri+r; )> 8M:

To getthe total forbidden areafor the test, this areamust be multiplied with
the number of outer tangenciesthat canoccur. In the worst casethis canbe
n 1circles. But it is possibleto compute a density parameterk n 1,
giving the maximum number of possibletangenciesthat can occur. If is
the perturbation bound for a given instance of the problem, this parameter
can be computed in the following way.

Since only the certres of the circles are perturb ed, their radii will not
change. Now a perturbation of the certre by at most translates to a
perturbation of ead point on the circle by the samevalue. Thusthis induces
an annulus of radii max(O; r; ) and r; + around ¢;. Now the density
parameter k is the maximum number of those annuli intersecting a single
annulus.

Hencethe total forbidden areafor outer tangencyis

AF 8 kMR:

Now the resolution bound can be computed using the rules given in
(2.10). As we have seenabove outer tangency occurs if the certres of the
circles are exactly ri + rj away from ead other. Hencethe predicate for
outer tangency for two circles ((px; py); rp) ((ax;ay);rq) will be

E:=(x &)+ (py @) (rp+rg®>0 (4.5)

Each squarehasindex ind; 2 = 1+ ind, p+ inda p = 3, and hencethe
whole expressionhas index

indg 1+ max(lnd(a b)2;1+ max(ind (a b)z;ind(a b)z))

1+ max(3;1+ max(3;3)) = 5:

Setting ead term to M and replacing subtractions by additions gives the
error bound

B=52P 12v 2 (4.6)
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Now jEj > 2B is required to ensurethat (4.5) can safely be calculated.
Which distance must the certres of the circles have to ensurethat this
inequality holds? If E = 0 then the circles are exactly tangent and the
distance betweentheir certres is rp + rq. If the circles are far enoughapart
to full jEj > 2B, then they must be at leastr, + rq+ apart. This gives

(Px G2+ (py Q)2=rp+rg+
and after squaring and rearranging terms becomes
(P Q)2+ (py Qy)2 (rp+ rq)2 = 2(rpt+rg) + 2
But the left hand sideis exactly E, sothis can be rewritten as
j 2(rp+rg + %=E>2B:

Sothere are two inequalities to be considered.For j+ 2(rp,+ rq) + 2 >
2B, the term rp + rq canbe very small. To get a worst caseestimate assume
rp+ rq= 0. Then the inequality simplies to j % > 2B.

For the secondinequality j 2(rp+ rq) + 2j > 2B, it must be assumed
that all radii are at least . Thenrp+ rq 2 and hencethe inequality

io2rptre + % j 22) + %>

holds. Soif j 2j > 2B is chosen,thenj 2(rp+rq) + 2> 2B holds.
Togetherwith the error bound (4.6) this givesthe resolution bound

O
1> 10 2P 12M2:

The sameis done for the other degeneraciesand the forbidden areas
are summed up to get the size of the total forbidden area AF. Then s
computed for error probability % as

2> 2AF
r

) S 2AF

4.4.1 Dierences to Voronoi diagrams

Thereis a big di erence betweenthe computation of Voronoi diagrams(resp.
Delaunay triangulations) and the arrangemeri of circles. While the latter
may appearharderon rst sight becauseof higher time complexity and more
complicated objects (circles instead of points), this is not true.

The objects we dealwith when computing Voronoi diagramsare not only
the input points, but mainly the triangles and circumcircles of these points.
Since there are O(n®) dierent circles that can be induced by this points,
we cannot hopeto nd and clear all illegal points in the input. Fortunately
we only needto remove those points that are illegal for the given insertion
order. But since the objects we deal with change all the time, it seems
impossibleto derive a density parameter k for Voronoi diagrams.
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Chapter 5

Controlled Perturbation for
Voronoi Diagrams

While the last chapter dealt with cortrolled perturbation in general, we
will now apply it to the computation of Voronoi diagrams resp. Delaunay
triangulations. For this recall that the randomised incremertal algorithm
(3.4) usestwo geometric operations. The incircle test, to classify edgesthat
needto be ipp edand an\in-triangle" test to locate the triangle containing
a new point. In this chapter we will rst deal with the incircle test. We
will show that two auxiliary predicatesare neededby the incircle test and
classify the forbidden areasof ead of this three predicates. With this we
will then determine the total forbidden areainduced by the incircle test and
its auxiliary predicatesduring oneinsertion, and shaw that for ead incircle
test only a constart number of additional predicatesis evaluated.

After this we will shav how we can decideif a point is inside a triangle
and analysethe predicate neededto test this. With this wethen give abound
on the total forbidden areainduced by all predicates during one insertion
and deducea perturbation bound from this.

At the end of this chapter we will nish the analysis (4.2.2) of the run-
ning time for o -line perturbation specialisedto the randomisedincremertal
Delaunay algorithm (3.4).

5.1 The Incircle Test

The main predicate used in the randomised incremertal algorithm for
Voronoi diagrams and Delaunay triangulations is the incircle test:

Given three points p = (px;Py);d = (Ok;q);r = (rx;ry) and a
query point t = (ty;ty), is t inside or outside the circle de ned
by p;gandr?

This test is degenerateif t lies on the circle itself.

41
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As we have seenin (3.1), the incircle test for the points p;qg;r and the
query point t, wherep;q;r are oriented in courterclockwise (short ccw) order
can be done by computing the sign of the determinant

Px Py pg+p§ 1

E= & & &+q 1 (5.1)
rx Ty r§+r§ 1
tx ty tZ+td 1

This determinant can be deducedas follows. Considerthe projection of the
four points onto the paraboloid of revolution P : x2+ y2 z = 0. The
projection is given by the function

i o 20 S 06y) Ty X2+ yA):

Figure 5.1: The projection for the incircle-test

Then t lies outside the circle de ned by p;qg;r i it (1) lies above the
plane de ned by i (p); it (Q); 1 (r) (see gure 5.1). The above deter-
minant evaluates to (six times) the signed volume V (S) of the simplex S
de ned by the four lifted points. If the rst three points are in ccw or-
der, then this volume is positivei t lies beneaththe plane and therefore is
incircle.

In the following let  bethe triangle de ned by p;q;r (with areaA()),
let iz () be the triangle de ned by the lifted points i (p), ir (Q),

ife (r) (with area A( iz ())) and let E be the plane de ned by % (p),
ife (), i (r) (and thus containing % ()).  Further denote by the
angle betweenE and the (X; y)-plane.
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(X; y)-plane

Figure 5.2: Projecting t

Then V(S) can be computed as V(S) = %A( it ()) h where h is the
distance of i (t) from the plane E. A( i ()) can be computed as

A( 4w () = ﬁA(), sincethe distancesbetweenthe lifted points are

scaledby $

On the other hand the height h of i (t) can be calculated as h =
cos( )hy, where hy is the vertical distance of t from E. Using this we get

V()= JAC () h= 3

—_ 1 .
300 )A() cof )hy = zA0) M (5.2)

To compute hy we can comparethe z-coordinates of % (t) and the projec-
tion of t onto E. If E hasthe equation z = ax + by+ c this yields

hy= (tZ+1t7) (atc+ bty + ¢

2 03 2
_ 42 a 2 a
=t atx+z+ty bty+z+c 7 7
a 2 b2 a
= -+ — -+ — .
tx > ty 5 777 c (5.3)

Now we needto derive the equation for the plane E. First let us take a
closerlook at the intersection of it with the paraboloid P, which is the set
of all points (x;y;z) fullling the equationsfor both objects. If we equate
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them we get

x?+ y?= ax+ by+ ¢

x2 ax+a—2+y2 by+E:a—2+§+c

' 22 22 4 4
X §2+ y Pzza_2+_+c

' 2 2 4 4

and thus E \ P is given by the two equationsz = ax + by+ c and (X

a2+ (y 52 (% + % + ¢) = 0. The projection of E\ P bad onto the
(x; y)-plane consistsof those points (x;y) for which there is a z such that
(x;y¥;2) is a point of E\ P. For all (x;y) there is a z such that the rst
equation is ful lled, namely z := x?+ y?. (Geometrical this is true sincethe
projection of the paraboloid onto the (x;y)-plane gives the whole plane.)
The secondequation doesn't contain z (it de nes a cylinder perpendicular
to the plane), thus the projection is given by all (x; y) ful lling the equation

. 22, b2_a2+b2+c_
2 YV 2 Tatate
which is the circle with certre (2;8) and radius R := &+ 2 + ¢ Note

that i (P); e (Q); r (r) arein P by de nition of the lifting map and in
E by de nition of E. Thus the projection of E\ P onto the (X;y)-plane
must contain p;q;r and henceit is the Voronoi circle de ned by the points
with the Voronoi vertex v = (&;2) as certre.

Using this and equation (5.3) we get

dist’(v;t) R?

j(dist(v;t) + R) (dist(v;t) R)j

= (dist(v;t) + R) jdist(v;t) Rj

R jdist(v;t) Rj: (5.4)

hy

5.1.1 The Resolution Bound

E is degeneratei the above determinant (5.1) evaluates to zero. This
happensi t lies on the Voronoi circle de ned by p;q;r, i.e. i the distance
of v to t and the radius of the Voronoi circle are equal. We are searting
for a minimal such that if the distance of t varies by at least  from
the radius (and thus from the degeneratecase),t won't be illegal, i.e. the
absolute value of E  will be larger than 2B for a bound B . By equation
(5.2) and equation (5.4) we have

E =6 V(S)=2A() hy, 2A() R jdist(vit) Rj:
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Obsene that by de nition is equal to the term jdist(v;t) Rj, henceif
2A() R > 2B holdsthen E > 2B holds, too. Thus we can choose
B

> A0 R (5.5)
But A() (and alsoR) can get arbitrary small, forcing us to make  arbi-
trary large. If for examplethe tree points are collinear, the triangle will even
have an areaof zero, and thus any query point will beillegal. Therefore we
needto bound A() (and R) from below. By doing this in equation (5.5) we
enlargethe right hand side,and any  still valid for this modi ed equation
will alsofull the above equation.

To bound A() we choosea value in our algorithm and ensurethat
the area of ead triangle is at least . This is done by an additional
predicate which we discussin the next section (Rementber step 4 in the
cortrolled perturbation algorithm (4.3)).

To bound R from below obsene that the greatest distance betweentwo
points on the circle can be at most 2R. Sincethe cornersof lie on the
circle, the length of the largest side of is a lower bound for 2R.

(5.1) Lemma:

Among all triangles  with area A the largest side of the triangle is min-
imised if  is an equilateral triangle.

With this lemma we can bound the radius R from belowv by % times the
length of one side of the equilateral triangle with areaA(). For the area
A of an equilateral triangle with sidesof length | we have

giving us S

The radius R° of the circumcircle of such a triangle can be calculated as
RO= 5L, yielding

S s
| 2 A() 2
R RY% p—=p— Z _ p_
P37 P53 P53 P35 P3
Henceif we choose as
R—
27 B B
> 5.6
.1 CA) R ©0

it will alsofull inequality (5.5).
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Now the only thing left is to compute B . The index of E can be
calculated asindg = 9. Further note that setting all coordinates in the
determinant to M and ewaluating it using only additions in place of sub-
tractions gives48M 4. ThuswegetB = indg 48M* 2 P= 432m4 2 P,
Putting ewverything together yields

(5.2) Theorem:

Let 2 P be the precision of the o ating point numbers, and > 0 be such
that all triangles havearea greater than . Then a resolution bound for the

incir cle predicate (5.1) is given by
R 4
27 432m* 2 P =—= 3
> - -1l 57 M4 2P .

2 2

5.1.2 The Forbidden Area

When doing an incircle test a degeneracyoccurs if the distance betweenv
and t is equal to the radius R of the Voronoi circle. If the distance of t
to the Voronoi vertex v diers by more than the  computed above from
the radius of the Voronoi circle, then t will be legal w.rt. E . Thus the
forbidden region is included in the annulus with radii R and R +
around v.

Figure 5.3: The maximum forbidden area.
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For deriving an upper bound we needto know the maximum possible
forbidden areathat can occur, in other words the maximum possiblesize of
an annulus with width 2 . While the areaof the annulus can get arbitrary
big if the points de ning it are nearly co-linear, we are only interestedin the
part of the annulus that lies inside the square y, sincewe don't perturb
any points to the outside of this square. Even more, we know that for a
given point t we are not allowed to perturb t by more than a constart value

Therefore an upper bound is given by the 2 -annulus which has the
largest intersection with a -disc.

(5.3) Theorem (Forbidden Area for the Incircle Predicate):
The annulus of width 2 , having the biggestintersection with the disc  (t),
is the unique annulus K nax centred at t and with radii 2 and (See
gur e 5.3). Thus the forbidden area induced by a computation of E hassize
at most

AT =4 ()

Pro of:

Obviously any annulus with smaller radii will alsohave a smaller
intersection. Furthermore K max hasthe biggestintersectionwith
for all annuli certred at t.

Now consideran annulus with radii greater than K nax and not
certred at t. If the inner ring of this annulus doesnot crossthe
border of , it is of no interest of us, sinceits whole area is
outside of the disc. It also cannot crossthe border only once,
sinceit must leave the disc again. If it crossesthe border more
than two times, it is identical to the border, sinceboth arecircles
sharingat leastthree points (the crossingpoints), and thuswould
have certre t which is impossible. Thusit must crossthe border
exactly two times, i.e. the intersection consists of one circular
arc of the annulus. Sinceit has greater radius than the disc,

its curvature is smaller than that of . But in this casethe
intersection will be biggest if the crossing points are opposite
points on the border of . Becauseof this and the smaller

curvature the arc has arealessthan half the size of K max.
Thus K max is the annulus with the biggest possibleintersection.

The area of K nax €an be calculated as di erence between the
area of its outer circle (with radius ) and the area of its inner
circle (with radius 2 ).

AMax .— 2 ( 2)2: (2 2+4 42):4( )

Obsene that we need > 2 for this proof to work.



48 CHAPTER 5. CONTROLLED PERTURBATION

5.2 The Area Test for Triangles

(5.4) Condition:
Each triangle ( pa) use in the calculation of a predicate E  must have
area at least

Let r be a newly inserted point. We want to ensurethat the triangle
( par), where p and g are already inserted points, hasareaat least . To
do this we rst derive a predicate E which testsif ( par) hassize and
compute a resolution bound  for this predicate. Using this bound we can
then determine the distance by which we must relocate a point away
from the degeneratepositions of E  to ensurethat it generatesa triangle
with areaat least
Now the (signed) areaof the triangle ( par) is given by the determinant

Px py 1
o o 1
rx ry 1

1
NI -

A(( pa))

1
=§(py Q)rx+ (o  Bx)ry + PxQy  PyGk:

This must be big enoughto ensurethat the triangle ( par) hasareagreater
than , and thus our predicatesare

E =@y al)rx+(k PIry+psy px 2 >0 (5.79)
E® = (py g)rx+ (& POy + PG Pyok+2 <O (5.7b)

Two predicatesare neededbecausehe areacould be negative and hencewe
not only needto test if it is greaterthan , but if this fails we alsoneedto
test if it is smaller than

5.2.1 The Resolution Bound

Predicate (5.7a) is degenerate,i.e. E = 0, it the triangle has size exactly

. Sincethe points p and g have already beeninserted, we want to perturb
r. Now another formula to calculate A(( par)) is givenby A = %gh, where
g = dist(p;q) is the length of the basesideand h = dist(L pq;r) is the height
of the triangle. Rearranging shows that the distance of r from the baseline
is ZM, and hence2— in the degeneratecase.

If we ensurethat the predicate evaluatesto a positive value,i.e. E >
2B , thenr lies 2 + away from Lpq for a positive . We seekthe
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smallestpossible sud that E > 2B holds, sowe start with
dist(Lpgir) = B0t (& POV DG P& ., ., .
(Px &)+ (py o) g

Multiplying this equation by g = P (P« )%+ (py ay)? and moving 2
to the left side yields

q
(py adrx+ (o POy Pk 2 = (Px )2+ (py @)%

Now the left sideis exactly E , and sincewewant E > 2B this yields
q

(px )%+ (py @)%2>2B

To nd the minirB um possible sud that this equation holdswe needa lower
boundong =" (px )%+ (py q)° Otherwise g could be arbitrary
closeto zero (obsere that g is always nonnegative) forcing us to choose
arbitrary large. To do this we introduce yet another predicate, namely a
test that two points p;q are not too closetogether. We usethis predicate to
ensurethat two points are at least a given distance > 0 apart from eadh
other. It will be consideredin detail in the next section. With this we get

> 2B and thus we have > 22—, To calculate B , We replace eah
subtraction by an addition and set ead coordinate to its maximum in the
predicate to get

B =2P inde (6M2%2+2 ):
Using the rules from (2.10) we calculate indg as4. All in all we get

L 16 2 P 3M2+ )

(5.8)

For the predicate (5.7b) the calculations are analogous. Furthermore we get
the sameerror bound sinceall subtractions in E° are replacedby additions
in its calculation. Thus is alsoa resolution bound for E° .

The distance  can now be calculated as the sum of the distance of r
from Lpq neededto ensurethat that the areaof the triangle is  and the
resolution bound neededto safely determine this.

(5.5) Theorem:

Let 2 P be the precision of the oating point numbers, and > 0 be a
lower bound for the distance of two points. Then a resolution bound for the
predicate E  (and E°) is given by

2
>+

>2 1 ( +(@2P@BM%+ )):
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5.2.2 The Forbidden Area

The forbidden area for this predicate is the stripe with width 2 around
the line L pq, and thusin nite. But asbeforewe can arguethat sincewe are
only allowed to perturb r by at most , we only needto considerthe area
of the intersection with  (r).

Figure 5.4: The maximum forbidden areafor E

(5.6) Theorem (Forbidden Area for the Area Test):
The worst caseforbidden area for E is contained in the rectangle with side
lengths2 and 2 . Thus its sizeis smaller than

AMX .= 2 2 =4
Pro of:

The biggest possible forbidden area is clearly achieved if r lies
on the line Lpg. In this casethe part of Ly passingthrough

(r) is 2 long. Thus the intersection of  (r) and the stripe
is cortained in its intersection with the 2 squarearound r. But
this intersection has size exactly A™&,

The situation of the theoremis shovn in gure 5.4. The hatched areais
the maximum possibleforbidden area. It is enclosedin the dashedrectangle
with area AMaX,



5.3. THE DISTANCE TEST FOR TWO POINTS 51

Remark. a) This predicate does not only ensute that there is no triangle
with area smaller than , but also that no three points are co-linear,
since then they would induce a zer-area triangle.

b) Sincethe stripeis  wide alove and below L pq, it is the forbidden area
for both E and E°.

c) Note that E® only needs to be checked if E  fails, and can be computed
with low additional cost by just comparing

(py a)rx+ (o PIry+ pxdy Pk < 2

instead of checking if the left hand side is greater than 2

5.3 The Distance Test for two Points

(5.7) Condition:
Each two points p;q usal in the calculation of a predicate E must be at
least apart.

© @
O @.

Q@ O,

Figure 5.5: A set of points and the forbidden area induced by
the -balls around them.

This is already taken care of in [HLO3] and yields the predicate
2

E = %)+ (py q)°

and the resolution bound

p
> + 14 2P (8 M2+ 2y
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Each point inducesa ball of radius  around it as forbidden area, so the

forbidden areais
Amax — 2:

5.4 The Perturbation Bound

Now we needto calculatethe worst caseforbidden areathat canoccur during
the insertion of a new site. This can be done by determining the number of
forbidden areasthat can occur in the worst caseduring the insertion step.
From this we then derive the perturbation bound neededto guarartee that
a point is illegal with probability at most w after perturbing it.

Further we must count how many additional predicatesneedto be eval-
uated to ensurethat the conditions (5.7) and (5.4) hold. We will seethat
only a constart number of additional predicatesis neededadditional to eadt
incircle test, and thus the asymptotic running time of an iteration of the al-
gorithm is not changed.

In the following denote the point chosenin the ith step by p;. Further
recall that S; denotesthe set of the rst i inserted sitesand V; := V(S) its
Voronoi diagram. We rst give two lemmata neededlater.

(5.8) Lemma:
Each Voronoi vertexin Vi nV, 1 hasp; asone of its de ning sites.

Pro of: (by cortradiction)

Let vpgr 2 Vi nV; 1 be a Voronoi vertex with de ning sites
p;g;r 6 pi. Then the Voronoi circle through p;q;r does not
contain any other point in S;j. But p;q;r are already in S; 1,
and thus vpqr 2 V; 1, sinceits clearancecircle cannot cortain
any point in §; 1 ( Sj . Thus vpg cannot bein VinV; ; and
therefore all verticesin V; nV; ; must have p; asa de ning site.

(5.9) Lemma:
Let pj;px;pi be the de ning sites of a Voronoi vertexv 2 V, j < k < I.
Then there is already a Voronoi vertexin Vi which hasp; and p, amongits
de ning sites.

Pro of:

If pj and px are de ning sites of a Voronoi vertex, then they
sharea bisector B := B(pj; pk), and thus by the de nition of the
bisector no point (in S;) can be closerto B. But then no point
in S (S can be closerto B either.
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Thus p; and py already share a bisector in Vi, and since all
bisectorsare nite p; and px must be among the de ning sites
of a Voronoi vertex in V.

First we considerthe predicate E for the incircle test. By (5.8) all incircle
tests computed in the ith step concern the point p;, thus perturbing p
su ces to resolwe probable degeneracies.Since no additional incircle tests
are done, the running time is not a ected.

Now we need to estimate the total size of the forbidden area for p;
induced by the predicate E . When we insert a new point into the Voronoi
diagram all Voronoi circles present in that diagram can causea possible
degeneracy Thus we needto nd a bound on the maximum number of
Voronoi circles.

Each Voronoi circle de nes a vertex in the Voronoi diagram (and vice
versa), and since by (3.1) the Voronoi diagram has linear complexity, the
maximum forbidden areainduced by E has sizeat most

AF = (2(i + 3) 5)A™*  (2(n+ 3) B)AMX:

Next we considerE . Each time the predicate E is computed for vy
and a site p; we needto ensurethat p;q;r full condition (5.4) by evaluating
E (par). Howewer this neededwhen p; is inserted, but p;q and r were
already insertedin an earlier step. Thuswe are not longerallowed to perturb
any one of this three points in this step. Hencewe must ensurethat p;q;r
full the condition as soon asthe last of this three points (w.l.o.g. r = p;)
is inserted. But how do we know at stepj for which points p;q the above
situation could occur later?

The simplest solution would be to ched p; against all pairs of points
in § 1 in the jth step. But this would cost O(i?) cheds in eadh step
thus leading to O(n?®) cheds for the whole algorithm. Sincethe unmodi ed
randomisedincremertal algorithm has running time O(nlogn), this would
render our algorithm useless.(Further note that this would also causeAF
to be cubic in n.)

However whenewaluating E the points for which E  must hold are those
already forming a Voronoi vertex in V; 1. Thususinglemma (5.8) and (5.9)
it is sucient to chedk that every time a (successful,i.e. p; is inside the old
circle) incircle test is done, the points generating a new Voronoi vertex ful |
E . Weseethat E is calculate at most asmany times asE , and therefore
the running time of an iteration of the algorithm doesn't change.

Now we needto calculate the total forbidden areainducedby E . The
new point p; will beillegal assoon asit is too closeto the line through two

in the randomised incremental algorithm this is ensured by placing three arti cial
points far enough outside of .
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points p;g. Howewer if p;q and p; don't de ne a Voronoi vertex at this time,
they never will do so later by (5.9), and thus by the above considerations
condition (5.4) newer has to be chedked for them. Therefore we are only
interested in those lines de ned by two points forming a Voronoi vertex.

Figure 5.6: The forbidden areasinduced by three points de ning
a Voronoi vertex.

Each Voronoi vertex vpq is de ned by three points p;qg,r and thus gives
rise to the three lines L pq,L or,L o . Henceead vertex generatesthree forbid-
den regions (see gure 5.6). Now again by (3.1) we seethat the maximum
forbidden areafor this caseis at most

AF =32+ 3) B5A™X:

This leavesus with the last predicate E . It is usedto ensurethat two
points p;q have at least a given distance and thus full condition (5.7).
As above the condition needsto be cheded for p and q when they form a
Voronoi vertex with a new point p; and thus p and g were already inserted.

Again the naive approacd would be to ched p; in step i against eah
point p; for j < i. This would need O(i) cheds in the ith step and thus
give O(n?) asrunning time.

Obsene however that we only want to ched condition (5.7) for points
causingan evaluation of E (and thus of E ), therefore forming a Voronoi
vertex. By (5.9) we know that p and g formed a Voronoi vertex since the
insertion of the last of them (w.l.o.g. q= p;). Henceif we ensurethat as
soon as a new Voronoi vertex is generatedits points full condition (5.7),
then ead pair of old points, for which condition (5.7) would have to be
cheded later, already ful Is it.
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This causesthe ewaluation of three additional predicates per Voronoi
vertex Vpgr, Sincewe needto ched the condition for the pairs (p;d), (g;r)
and (r;p). Thus we needto calculate at most three times E for eadh
evaluation of E , thus our asymptotic running time doesnot change.

To estimate the maximum forbidden areainduced by E , simply obsene
that at stepi we don't want to perturb p; into oneofthe discs  (pj);j < i
around the already inserted points. (Remember gure 5.5). Hence the
forbidden areais at most

AF = nA™&:

All in all the total forbidden areafor the incircle test and its auxiliary
predicateshas sizeat most

AF = AF + AF + AF :

To get the perturbation bound remenber that we want to perturb our
points in such a way that they will be illegal with probability at most w
afterwards. Thus the area of the disc with radius must be at least 1=w
times as big as the forbidden area AF. This ensuresthat at most every
(1=w)th of the points in this discis illegal. Sowe have

2 AR
W
AF

) >

All in all we seethat in ead iteration of the algorithm we calculate at
most 4 additional predicatesfor every incircle test made: One evaluation of
E and three evaluations of E . Hencethe asymptotic cost of an iteration
doesn't change. Further obsenethat the additional predicatesare numerical
lesscomplex than E .

5.5 The Sidedness Predicate

Another predicate often usedin computational geometry is the Sidedness
predicate.

Given two points p = (px;Py);d = (G;qy) and a query point
t = (tx;ty), is t to the left of the oriented line L.q from p to ¢?

This predicate can be calculated by evaluating the determinant

Px py 1
E = o« g 1 >0 (5.9)
tx ty 1
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Figure 5.7: t is on the same side of all segmems, thus inside
( par), t%is on the right of Ly but on the left of the other
segmets, thus outside ( par).

In our algorithm the information given by E is neededto gure out two
di erent properties of the input points.

First let p;q;r be the cornersof a triangle and t a query point. If the
point t lies on the sameside of all three oriented lines L pq; Lor; Lyp then it
is contained in the triangle ( par). If onthe other hand t doesnot lie on
the sameside of the lines, it must be outside the triangle (This is showvn in
gure 5.7). Thus we can test if a triangle cortains a point by doing three
sidednesstests. This will be neededsince for ead new point t we needto
identify the triangle cortaining it.

courterclockwise
’K,f[,\l\eft of Lpg -
| \‘\\
J I T~

~ f -

J(pa)

Figure 5.8: If one Point is left of the segmem formed by the
other points, the triangle is ccw.

For the seconduseof the sidednesgest, let p;g;r again be the cornersof
atriangle ( par). Now if r lies to the left of the oriented line L ,q then the
points of the triangle are in courterclockwise (short ccw) order, otherwise
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they arein clockwise order’. This is shavn in gure 5.8 Remenber that we
assumedthe points p;q;r to be in ccw order when calculating the incircle
predicate E . Sowith the help of the sidednesstest we can now test the
order of a triangle in the algorithm.

Howewer, if a triangle ( par) fulls condition (5.4), we can derive E
from it, sinceE and E are essetially the sameexpression. Recall that
the condition is ful lled by triangles ( pagr) passingone of the tests (5.7a)
or (5.7b) with equations

E =@y alrx+(k pPIry+pty Pyt > 2

and
E:=(py a)rx+ (& PIry* Gy Pyok< 2 ;

wherethe left hand sidesare equalto the determinant from (5.9). Since

is a positive constart, a triangle ( par) for which E  holds will also cause
E to betrue. If on the other hand E° holds for ( por), it will causeE
to be false.

Howewer all triangles generatedin the algorithm must satisfy one of the
predicatesE or E?. Hencewe can decideif the corners of a triangle are
in ccw order without ewaluating E

While we can deducethe order from E , we still needE to locate the
triangle containing a new point. Suc a location must be done for ead new
point, sincewe needto know whereto start in our structure. Hencewe need
to deducea resolution bound  and an upper bound A™& on the forbidden
areainduced by E in order to usethe predicate.

5.5.1 Forbidden Area of the Sidedness Predicate

Becauseof the above mentioned similarity of E and E , the calculation of
and AM™® can be done analogouslyto that of and AM&,
We just repeat the calculations with setto zeroto get

2B 2B
dist(p;q)

Calculating B is also done as before by setting all variablesto M and
replacing all subtractions by additions. According to the rules from (2.10)
the index of E is four, sowe have

>

B =4 2P 6Mm?

YImagine yourself standing on the rim of a clock and walking in the reverse direction
of the watch hands. Then you are always turning left.
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(5.10) Theorem:

Let 2 P be the precision of the oating point numbkers, and > 0 be a
lower bound for the distance of two points. Then a resolution bound for the
predicate E is given by

482 2 P
> —

The maximum forbidden areais again given by the intersection of and
a strip e around L pq of width

(5.11) Theorem (Forbidden Area for the sidedness test):
The worst caseforbidden area for E is contained in the rectangle with side
lengths2 and 2 . Thus its sizeis smaller than

AT = 4

To seehow the perturbation bound is a ected by this predicate, we must

court the total number of forbidden regions that can appear during the
algorithm. The predicate is only neededto ched a point against the three
base lines of an existing triangle. Hence (again analogousto E ) ead
triangle inducesthree forbidden regions.

If wedo the point location the trivial way by cheding all current triangles
until we nd the onecontaining the query point t, we get a forbidden region
of size AF (2(n+ 3) 5)3AM py (3.1).

Unfortunately if we do point location usingthe point location data struc-
ture discussedbeforein (3.4), we needto test against destroyed triangles
as well, thus increasingthe area. But we know by (3.6) that the expected
number of triangles generated by the algorithm still is linear in n, more
preciselyit is at most 9n + 1. For reasonsexplained later, we will actually
suspect that there are four times that many triangles. Soif we usethis more
sophisticated point location approad, we have to usethe inferior bound

AF  4(9n + 1)3Amax (5.10)

for the forbidden areainduced by E and thus the total forbidden area for
the algorithm is
AF := AF + AF + AF + AF

Obsene that the evaluation of E doesnot causethe evaluation of ad-
ditional predicatesto ensurethat all points ful | condition (5.7). Sincewe
only call E (p;q;t) on points p;q already forming a triangle, the condition
was ensuredfor them during the creation of the triangle.



5.6. RUNNING TIME 59

(5.12) Theorem (P erturbation Bound for the randomised incre-
mental construction of Delauna y diagrams):
LetO< w< landlet > 0 besuchthat the inequality

r —
AF

w

holds,wher the area AF is thesumAF +AF +AF +AF oftheindividual
forbidden areas

AF = (2(n+ 3) BAM =(2(n+3) 54 ( )
AF = 3(2(n+3) B5)AT = 32(n+3) 5)4

AF = 12(9n + 1)A™ = 12(n + 1)4

AF = pAm =n 2

Then is a perturbation bound for the randomisal incremental algorithm
ensuring that a perturbed point is il legal with probability at most w.

5.6 Running Time of Controlled Perturbation for
Voronoi Diagrams

Now we will cortinue where we stopped in (4.2.2) and complete the analysis
of the running time for the cortrolled perturbation Delaunay algorithm.
First we needto de ne which computations are bad. All computations
during which a predicate fails will be bad computations. Are there more
to consider? Remenber that in the calculation of AF  we used the fact
that the randomised incremertal algorithm (3.4) constructs an expected
number of 9n + 1 triangles by (3.6). But there can be permutations for
which this expected number is exceeded. Hencethose computations must
alsobe consideredas bad computations. Recall howewer that in the formula
for AF  (5.10) we accounted for four times as many triangles as expected.
Thus by Markov's inequality (2.5) at most a fourth of the computations will
be bad becauseof the number of triangles created.

Now we introduce the indicator variables ;i = 1;2 for the above cases
as follows. For an execution of the unmodi ed randomised incremertal
algorithm oninput $2 S and permutation 2 S we de ne

1 if too many triangles are generated,

S )=
i ) 0 otherwise

2An example where ( n?) triangles will be constructed can be found in [GKS92]



60 CHAPTER 5. CONTROLLED PERTURBATION

and

8 : .

< if not too many triangles are generated
S )= but a predicate fails,

" 0 otherwise

Recall that (4.2.2) is used as indicator variable for bad computations.
Henceif is equalto 1, at least one of the indicator variables 1 and -
must be equalto 1 aswell. Thus we have the inequality 1+ 2. With
this we can now nally rewrite the sum (4.3) as

s ) (S )
$§2S ; 2S
X 1

jS jn!

(8 )+ S )

%25 ; 25

1 X 1 X 1 X 1 X
"5 o (S )+ 5 5] A% ) =S+ s

25 28 28 $25
and evaluate eat of the two resulting sumsindividually .

As we have seenabove, at most one fourth of the computations will
create too many triangles. Becauseof this we expect that for xed § the
indicator variable ; is equalto 1 for at most every fourth permutation.
Hencethe inner sum of

1 X 1 X
S1 = — Pl 1(§; )
iSj n!
$2s 2S
evaluatesto at most zn!, and thuss;  %.

Now for the secondsum we needto know with which probability a com-
putation will fail, assumingthat not too many triangles are generated. This
of coursedependson the failure probability w of one insertion in the algo-

1

rithm. Assumethat w = ;-. Then the expected value of insertions that fail

during one execution of the unmodi ed algorithm is

X 1
E (jfailed insertiong) = w = nE =
i=1

Al

sincethe algorithm inserts n points. Hencefor a xed permutation we can
expect that at most every fourth perturbation fails due to predicate errors.
Thus we expect , to be equalto 1 for at most every fourth input. Because
of this the inner sum of

1 X
N JSJ§ 2(S; )
2S

1 X
Sz.—H
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evaluatesto at most 1jSj, and thuss; 3.

All in all we seethat the sum (4.3) is at mostc= 3 < 1.

(5.13) Theorem:

Let S be a set of n points. Assumethat is chosensuch that the failure
probkability of an insertion is at most %. Then the o -line controlled pertur-
bation algorithm for Voronoi diagrams has expected running time O(n logn).

Remark. Observethat in the on-line algorithm the perturbations depend
on the permutation the algorithm has chosen. Because of this we cannot
proof an expected running time of O(nlogn), but must assumethat it has
complexity ( n?). This also deteriorates AF , since we no longer know that
only linearly many triangles are constructed.
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Chapter 6

The Implemen tation

We have implemented a variant of the randomised incremertal algorithm
for Delaunay Triangulations (3.4) using cortrolled perturbation in C++. It
is basedon three classesrepreseting the three geometric objects we deal
with: Points, Segmeits and Triangles. The predicatesare implemented suc
that they do not return true of false,but 1 or 1. If the point is illegal, O
is returned.

We have implemerted both the on-line version (4.3) and the o -line ver-
sion (4.4) of the randomised incremertal Delaunay algorithm. Since the
bound derived in the previous chapter is very pessimistic, we further de-
cidedto usethe strategy givenin (4.2.3) to compute the perturbation bound
during the algorithm.

6.1 Changing the Behaviour of the Implemen ta-
tion

Various aspects of the algorithm can be controlled through settings in the
le defines.h . First of all the on-line version can be selectedby #define
_ONLINE In this context #define _AUXIL determinesthat the auxiliary
predicatesE and E should be cheded.

Another thing that can be speci ed in this le is the arithmetic usedby
the algorithm. Via typedef double numbertype; the basic number type
can be changedfrom double to higher precision. Further the following three
mechanismscan be selected.

#define _STATICBOUNIRIIs the algorithm to usethe fully static error
bounds B derived in the last chapter.

#define _INTERVALtells the algorithm to use boost interval arith-
metic (see[BO])).

63



64 CHAPTER 6. THE IMPLEMENT ATION

#define _INEXACT tells the algorithm to use standard arithmetic
without cheding for inconsistert results.

6.2 The Class Point

This classrepresens a basic input point with coordinates x;y. It also can
represen the three points at innity p 1 := (1;0), p 2 := (0;1) and
p 3:=(1 ;1 ) usedascornersofthe starting triangle.

An object of this classcanbe perturb edby a call to the member function
Point* perturb(double delta) , where delta is the maximum perturba-
tion allowed. The perturbation is always done to the original coordinates
of the point, ensuringthat a repeated call of the function can not move the
point more than delta from its origin.

Moreover the class keepstrack of the variables M and n, usedin the
calculation of the bounds, via the static classvariables double maxval and
unsigned long totalPoints

6.3 The Class Segment

A segmemn encapsulatestwo objects of type Point. When a segmeh is
generated,it is chedked that condition (5.7) is ful lled by its endpoints. If
this is the case,the ag const bool ok is set.

Furthermore the classprovides a member function char isLeft(const
Point& c) const to evaluate the predicate E for the segmem and a query
point c. In the casesthat the point ¢ or one of the segmen endpoints is
a point at in nit y, the predicate is computed by using a simpli ed formula
obtained by a limiting process. If for example the endpoints s = (sx;Sy)
and t = (ty;ty) are points with nite coordinates, and the query point c is
the in nite point p » = (0;1 ), the appropriate predicate would be

Sx sy 1
Cy!l{n E (s;t;c) = Cy!lm ty ty 1
0 ¢ 1

sign(tx sx) 1:

Sincewe are only interestedin the sign of the predicate, we seethat in this
caseit su ces to comparethe x-coordinates of the segmem end points.

If morethan onepoint is at in nit y, the test caneven be decidedwithout
using numerical computations at all. In the casethat the endpoints of the
segmenm are both at in nit y, every ordinary point (and alsothe third point
at in nit y) lies on the sameside of the segmem, and the result only depends
on which in nite points the endpoints are. The sameholds if one endpoint
and the query point are at in nit .
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6.4 The Class Triangle

The class Triangle cortains most parts of the algorithm. It not only rep-
resens a triangle by encapsulatingthree segmets, but also its position in
the triangulation by three pointers Triangle *neighbourl, *neighbour2,
*neighbour3 to its neighbours. Furthermore the position in the searh
graph is recordedvia pointers Triangle *childl, *child2, *child3 to
the children of this triangle.

When a triangle is created, condition (5.4) is cheded for it. As we have
seenin section 5.5, its orientation can also be deducedfrom this test. The
result is stored in the variable const char ccw. If the test failed, and thus
the triangle is illegal, the variable is setto zero.

We decided to mark ead triangle as ordered ccw or not, instead of
enforcing an order on the endpoints during its creation. This allows us to
simplify the creation of new triangles if a ipping or splitting of the current
triangle has to be performed. Since only the sign of the incircle test E
depends on the order, we can simply invert its result if the orientation of
the triangle is not ccw.

Figure 6.1: E (r;p;t) is degenerate but we can deducethat t is
outside ( par).

The member function char haslinside(const Point& t) const tests
if aquery point t isinside the triangle. Recall from section5.5, that this can
be done by calling Segment::isLeft(t) for eadh segmen of the triangle.
Assumingthat all calls succeedwe canthen decidethe test. However what
should we do if the point t is illegal for one of the tests? If this is the casewe
are still able to deducethat t is outside the triangle, if the other two tests
are successfuland give di erent results. An example for this caseis shown
in gure 6.1. Howewer if the other function calls both return the sameresult,
or if t is illegal for more than one segmem, we cannot derive anything.

Obsenethat all numerical computations (and alsothe handling of points
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at in nit y) are donein the callsto Segment::isLeft(t) . Sohaslinside()
can be implemented in a purely combinatorial way.
The member function char isIncircle(const Point& t) const is

the second predicate provided by the class. It implemernts the predicate
E for the vertices of the triangle and the query point t. If one or more
of the points are at in nit y, we can again derive a simpli ed version of the
predicate by a limiting process.In this casethe predicate degenerateso a
sidednesdest, which is evaluated by a call to Segment::isLeft(t)

To locate a point t in the history graph, the member function Triangle
*locate(const  Point& t) is used. The location step is started with the
triangle ( p 1p 2p 3) which cortains all points and recursively searhesthe
history graph until the triangle of the current triangulation that contains t is
found. Thusit is always ensuredthat locate(t) is only called for triangles
known to cortain the point. There are three casesthat can occur during
this recursive seard.

If atriangle hasno children, then it is a triangle of the current triangu-
lation. Sincewe know that it cortains the point t we return this triangle.

q

Figure 6.2: After ipping the edgepsto rq, the point t°becomes
illegal. t 2 ( rsq) cannot betested directly, but can be deduced
from t 62( rgp).

If atriangle hastwo children, then the triangle and one of its neighbours
were removed from the triangulation by an edge ip. In this casewe need
to ched if oneof the children corntains the point t by calling haslnside(t)
for both. Sincewe know that the point must bein one of the child triangles,
the failure of one of the tests can be compensated. This is shovn in gure
6.2. Here the edgeps is ipp ed for rg. Assumethat after the ipping t
will be illegal if tested against ( rsq) due to its vicinity to L. Then we
can still deducethat t is contained in ( rsqg) if the test against ( rqp) is
successfuland returns that it doesnot contain t. If howewer the point lies
too closeto the new edge,asit is the casewith t%in the picture, both calls
to haslnside(t)  will fail, sincethey both test if t%is left of the new edge.
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Figure 6.3: t 2 ( psr) andt 2 ( grs) cannot be tested, but
t 2 ( pos). t°2 ( pos) cannot be tested directly, but can be
derived from t°62( psr) and t°62( ars).

If atriangle hasthree children, then it wassplit into three new triangles
for which a call to hasInside(t) must be made. Again we know that the
old triangle contained the point, soit must be inside one of the children. If
one of the calls locatesthe point directly, we are of coursedone. This may
even happen if the other two calls fail, asit is the casefor the point t in
gure 6.3. If on the other hand one call fails and the other calls state that
the point is outside, then it must beinside the triangle that causedthe failed
call. In the gure this is shavn by t® While it is too closeto L pq and thus
is illegal if tested against ( pgs), we can still deducethat it is corntained in
this triangle if the calls to haslinside(t)  for ( psr) and ( grs) succeed
and return false.

To insert a new point into the triangulation the menber function char
insert(Point& t) is used. Sincet could be illegal for any of the tests done
during the insertion, no changesare doneto the neighbour and child pointers
of the triangle. Instead ead triangle has additional pointers
Triangle *potNeighbourl, *potNeighbour2, *potNeighbour3 and
Triangle *potChildl, *potChild2, *potChild3 linking it to potential
neighbours and children. During the whole insertion, only those pointers
are used. If the insertion nishes successfully then those pointers are used
to update the parent and child pointers of the newly generatedtriangles and
their neighbours and parernts. This assuresthat at any point the insertion
can abort without needto restore the old triangulation.

char insert(Point& t) starts by locating the triangle of the current
triangulation corntaining the point t using the above mentioned function
locate(t) . Then this triangle is split into three new triangles and they
are marked as potertial children of it. It is then tested for ead of these
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new triangles and its appropriate neighbour  if they are Delaunay by a
call to isIncircle(t) . Heret' is the point of § which is opposite to
t. If they are not Delaunay, then the edgebetweenthem is ipp ed. The
two triangles created during this ip are marked aspotential children of the
old triangles and then cheded themseles. This is repeateduntil either one
of the predicatesfails, in which casethe whole insertion aborts, or until all
newly created triangles are Delaunay. In the latter case,the changesto the
triangulation are made permanent as mentioned above, and the insertion
nishes successfully

6.5 The Main Algorithm

Now the main algorithm is straight forward. First we permute the input
points. Then we createthe start triangulation consistingonly of the triangle
Twith cornerpointsp 1;p 2 andp 3. After this we caninsert the points by
calling T.insert(*p) . If oneof this callsreturns 0, we know that a predicate
failed during the insertion. Now dependingon the algorithm chosenwe either
perturb the point by calling p = p->perturb(delta) andtry againto insert
it, or we restart from scratch. Hencethe main part only consistsof few lines.
We alsoimplemented a simple routine for drawing the triangulation and the
dual Voronoi diagram using LEDA [LE].

6.6 Exp erimental Results

For the experimental part we tried to calculate \good" values of ; ;
under the constraint that > 2 ; ; ; using Maple. Unfortunately we
were not able to derive an useful for precisionp = 52. Even for only ten
points with coordinates smallerthan M = 100the best perturbation bound
for probability w = 3 was = 7:307for = 0:0075and = 0:75.

Increasing the precision howewer, we can bring the perturbation under
cortrol. If we useprecisionp = 112 for example , we get the perturbation
bound = 0:768for n = 10000points inside the box 1900. The separation
constarts for this boundare = 10 ® and = 0:0025.

For our experimental results we neverthelessdecided to utilise the 64
bit double data type, since the above calculated seemsvery pessimistic.
We used the following bendimarks to determine the characteristics of the
algorithm and to get a practical perturbation bound.

crce for x = 400 2k; 10k corntains x random points on the circle with
certre 0 and radius 1000.

Precision p = 112 is for example provided by the 128 bit long double data type on
Sparc/Solaris.
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|Bendmark [ min | max | ag |
CrCa00 0:01709| 0:08650| 0:03674
CrCok 4:98789| 16:8341 | 10:02563
Crciok aborted
f Iwao0 0:001 0:001 0:001
f Iwoy 0:001 | 0:00760| 0:00231
f lwqok 16:8341| 127834 | 51.76492
Sethoo 0:12974| 0:65684 | 0:34254
Sek 16:8341 | 56:8151 | 32206901
sed ok aborted
grdigo 0:001 0:001 0:001
grdag 0:0015 | 0:00760| 0:00429
grdyg 0:02563| 0:29193| 0:10492
| gds | aborted \

Table 6.1: Results for the o -line perturbation algorithm.

f lwy for x = 400 2k; 10k corntains x random points on the \ o wer"
consisting of the eight intersecting circles with certres symmetrically
arranged with distance 450 from (0; 0) and radii 550.

seg for x = 400 2k; 10k contains X random points on the segmen
from ( 90G 1000)to (800; 1000).

grdy for x = 10040;20;5 cortains the (2922 + 1)? points in 1000
on the grid with point distance x. Obsere that the points in these
bendhmarks are placed completely deterministic.

In the crcy; flwy and seg, benchimarks the points are densein the sense
that they are placedin a small part of the square 1900.

First we tried the various benchmarks with the o -line algorithm. While
the bounds computed by us bode ill for even the smallest benchmark, the
experimental results are much better. For ead input we ran the algorithm a
coupleof times. We give the average over all runs aswell asthe maximum
and the minimum value for which a run succeeded.

The crcygx and segox tests were aborted as soon asthe perturbation ex-
ceededl50. The grds test wasaborted assoon asthe perturbation exceeded
the point distance 5 of the example. Obserwe that the grd,y bendmark,
which actually contains 10201 points, has a very low perturbation bound
comparedto the other tests with ten thousand points. This is the casesince
the point are sparselyarranged with distance 20.
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| Benchmark || avg. pert. | max | jpertptsj| j j |jlocateg |
Crcao0 0:21885 | 3:08373 475 3578 4595
CrCyk 0:79445 1806 10546 22220 37786
CrCiok 2:39472 | 31.3722| 73956 112563 | 328307
f lwago 0:05877 | 2:29586 344 3396 6220
f lwoy 0:20473 | 11:5563 1773 17319 43065
f lwqok 0:79845 | 347528 | 50343 100389 | 284043
Sseioo 0:44841 | 2:32117 3857 5068 10306
sedk 2:46786 | 122423 19324 23632 76721
Setiok 1344709 | 118666 99256 103616 | 641488
grdigo 0:00308 | 0:02026 3283 3867 7516
grdao 0:00675 | 0:03736| 18948 23255 62217
grdxg 0:01299 | 0:11349| 73197 91981 | 293882

[ ords | 005181 | 0:88338] 1134316 | 1448884] 6514681

Table 6.2: Results for the on-line perturbation algorithm.

Next we ran the on-line algorithm on our bendmarks. During the algo-
rithm we slowly decreased if we encourtered no problemsfor a longertime.
The results are shown in table 6.2. Sincewe no longer know if the expected
number of generatedtriangles given in (3.6) for the unmodi ed algorithm
still holds, we also monitored the total number of triangles generatedin the
column\j j". Further we recordedthe number of nodesvisited during all
locate stepsas\jlocateg". The number of perturb ed points and the average
perturbation done’ (averagedover all perturbed points, not over all input
points) are given as \jpert.pts.j" and \avg. pert.". Finally we recorded

max ., the maximum perturbation bound readted.

While the maximum perturbation used during the algorithm is rather
large, we seethat the averageperturbation over all perturb ed points is quite
small. Only for the denseseg ok bendhmark it is above 1% of the input size.
Even the grds bendhmark with 160801points needsvery low perturbation.

Further we seethat the number of triangles per point indeed is roughly
equivalent to the expected number givenin (3.6). While the table givesthe
averageover all runs, even for single runs we encouriered no outlier in our
data. Also the total humber of nodes visited during all locatesis roughly
4 (nlogn), and no individual outlier were encourtered here either.

Hence we expect the asymptotic runtime of the on-line algorithm to
behare no worse than the original algorithm. If we choose adaptively as
explained above, the algorithm actually yields quite small perturbations.

YThe averagedistance the perturb ed points were moved, not the averagebound used.
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Obsene that the above benchmarks were all run with 64 bit doubles
and fully static error bound. If we useinterval arithmetic, the perturbation
bound computed in the oine algorithm gets much better. With double
intervals we were able to compute the grds and f lwygc bendhmarks with

ag 1. For the crcigx bendimark we got 5 10, while the sego still
needed o9 25. Howewer the time neededwhen using interval arithmetic
increases. While the nal iteration of the o-line algorithm using static
boundsneedsabout 0:3 secondgor ten thousand points, the interval version
takesbetween0:85 and 0:9 second$ for the sameinput size. For the on-line

algorithm howevwer, using interval arithmetic did not decreasethe average
perturbation done very much.

“Timings were done on a 3.06GHz Intel Xeon.
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Figure 6.4: A Delaunay triangulation of the f lwy bendimark
computed by the on-line perturbation algorithm.

Figure 6.5: A Delaunay triangulation of the grdipo bendmark
computed by the o -line perturbation algorithm.



Chapter 7

Conclusion and Outlo ok

In the previous chapters we gave an algorithm for Delaunay triangulations
resp. Voronoi diagrams that is able to handle degeneraciesand numerical
errors using perturbation. While the theoretical boundsderived for the per-
turbation are rather bad, our experimental results show that the algorithm
is feasible.

If using 2-fold precision howewer, the theoretical bound on the pertur-
bation becomesusable,too. In cortrast to this, a Voronoi algorithm using
exact arithmetic would needmore than 4-fold precisionto decidethe incircle
test, sincethis predicate is given by an expressionof degreefour. Further-
more such an algorithm must be able to detect and handle all degenerate
caseswhile in our algorithm degeneraciesre resolved by perturbation, and
thus no additional casedistinctions are needed.

In chapter four wetried to factor out asmuch of our approac aspossible
and castit into a generalframework for arbitrary geometricproblems. Hence
we hope to apply it to other randomisedalgorithms.

7.1 The d-dimensional Incircle Test

The rst question that may crossone's mind is if our approad can be
generalisedto higher dimensional Voronoi diagrams. This can indeed be
done and we will give a short sketch of it in the following.
The incircle test (3.1) and its derivation in 5.1 can be extendedto a
\inh ypersphere-test"in d dimensions. It cheds if the hyperspherethrough
d
cortains the query point t = (t1;:::;tq) 2 9. Again we do this by project-
ing the points onto the paraboloid of revolution in 9" and calculating the
signedvolume of the simplex given by thesepoints. It will be positive if the
query point is in-sphere,and negative otherwise.

Let & be the this projection. It mapsa point p= (p1;:::;pg) 2 ¢

73
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P
onto the point (p1;:::;Pd; | p?) 2 41  This givesus the determinant
P
P11 0 Prd iPLi 1
Ed= ¢ p o (7.1)
Pg+1:1 i1 Pd+1:d Ij)pd+1;i 1
th ity 121
The d+ 1 lifted points & (p1);:::; & (Pa+1) de ne a d-dimensional hy-

perplanein 91, As for the incircle test let this hyperplane be denoted
asEY = ajxq + 111+ agxg + ¢ and let  be the angle between E¢ and
the hyperplane 9 in %1 The d+ 1 points dene a simplex 9 in

d with volume V( 9). The lifted version of this simplex has volume

V(& (9 = YU Asin the two-dimensional casewe can compute

the volume of the )d + 1)-dimensional simplex S given by the lifted points

1
V(S) = mv( (9 h;
where h is the distance of & (t) from EC.
Let h, denote the vertical distance of EY and & (t). Then we have
h = cos( )h, (Recall gure 5.2). Hencewe get
1 1

V()= gV i ) h= g5V 9) hy

asin equation (5.2). We continue analogouslyto the two-dimensional case
by calculating

xd .
hy = dist( fi (1);E) = i L+c
i=1 i=1
which is the d-dimensional equivalent to equation (5.3).

We can calculate the intersection of E ¢ and the paraboloid of revolution
and project it back onto 9 to get

ST S
| 2 - ' 4 1]
i=1 i=1
whichqis the hyperspherewith certre v := (&;:::;%) 2 9 and radius

f a2 . . . d o . .
R:= i + + C. Sincethe intersection of E® with the paraboloid cortains

the d + 1 lifted points, the hyperspheremust cortain the original points
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From this we can derive the d-dimensional equivalent to equation (5.4)
as

hy = jdist?(v;t) R? R jdist(vit) Rj:

On the other hand E® evaluatesto (d+ 1)V (S), and henceputting the
above together we get

Ed=(d+ DV(S)=dV( % h, dVv( 9 R jdist(v;t) Rj:

Now let 9 and BY be the resolution bound resp. the error bound for the
d-dimensional case(and not a dth power). We seethat jdist(v;t) Rjis
exactly zeroif t lies on the Voronoi sphereand thus causesa degeneracy
Hence (again analogousto the two-dimensional case)this can be replaced
by the resolution bound 9. We want to ensurejE% > 2BY. This is surely
the caseif we choosethe resolution bound suc that

q 2B ¢

> 7(1!\/( N R (7.2)
holds. Now as beforewe bound V(%) from below by 9. Obsene that for
this we need a higher dimensional version E9 of the predicate E , which
can be derived analogouslyto the two-dimensionalcase.

To continue we needto further bound the radius R. This canbe doneby
using the extension of lemma (5.1) to the n-dimensional caseand with this
bound the radius R from below by a value R( 9) asin the two-dimensional
case.

If we then choose ¢ such that

d 2Bd
> -
dd R( )

holds, then this resolution bound will alsoful | inequality (7.2).

This leavesus with the problem of calculating B 9. For this we needgood
methods for computing the determinant (7.1) and boundson the errors done
during this calculation. The determinant canfor examplebe evaluated using
Gaussianelimination or other methods from numerical analysis (see[St99)).

Now what about the test E9? To ensurethat a d-dimensional simplex
has at least a given volume, we must bound the volume of its lower dimen-
sional features. The d-dimensional simplex has d + 1 sub-faces(see[W¢],
under \Simplex"). Hencewe needto evaluate d + 1 times the predicate
EY 1. But for ead of the d + 1 sub-faceswe of courseneedto bound the
volume of the (d 2)-dimensionalfeaturesagain. All in all (d+ 1)! auxiliary
predicatesare needed.
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7.2 Future Work

Aside from working out the details of the above approad there are a couple
of other problemsthat may benet from cortrolled perturbation. While for
higher predicatesdouble precisionmay no longer be good enough,cortrolled
perturbation will mostlikely still needlower precisionthan exactalgorithms.

First of all it would be interesting to regard Voronoi diagrams of line
segmens. For this we needto considerthe calculation of segmen intersec-
tions, since even if the input segmes do not intersect, it is possiblethat
intersections occur after the perturbation.

Further it should be possibleto extend the approac to the computation
of convex hulls, sincea Delaunay triangulation is essetially the convex hull
of the lifted input points.

Another interesting question is if cortrolled perturbation can be ex-
tended for computing arrangemens of algebraic curves. First we needto
nd a good de nition what perturbation meansin the context of algebraic
curves. Then we must work out how to apply it to the algebraictools used,
like root nding and resultants. If we nd a way to apply cortrolled per-
turbation to algebraic curves,it is probably a simple exerciseto extend this
schemeto algebraic surfaces.

Finally it is an interesting challenge to expand the general framework
for controlled perturbation. What characteristics must a geometric problem
have to enableus to apply cortrolled perturbation?
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