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Chapter 1

In tro duction

Most tasks in computational geometryare to compute a geometricstructure
P(S) from a given input set S of objects. The objects could be for example
points given by their coordinates or planes in the three-dimensional space
given by a point and a normal vector. The desired structure could be a
triangulation of the points with special properties or the subdivision of the
three-dimensionalspaceinduced by the planes.

So the structure P(S) consists of a numerical part (for example the
coordinates of the intersection points of the planes) and a combinatorial
part (the graph induced by the points and lines of intersection).

The basicbuilding blocks generallyusedin computational geometryalgo-
rithms to compute the combinatorial structure are the socalled predicates .
This are simple geometric yes/no-questionsthat causethe computation of
the algorithm to progresson a di�eren t path depending on their outcome.
Someexamplesfor predicatesare

� The Sidednesstest: Is a given point (x; y) to the left of the oriented
line through the points (px ; py) and (qx ; qy)?

� The Incir cle test: Is a given point (x; y) inside of the circle through
the three points (px ; py); (qx ; qy) and (r x ; r y)?

� The Intersection test: Do two objects (for example lines, circles, or
polyhedra) intersect?

To be able to implement a predicate in an algorithm, we must formulate
it as a mathematical expression. Then a decision can be made based on
the result of this expression. Generally a positive result means that the
predicate is true, while a negative result tells us that it its false.

This however causestwo problems which are often not addressedwhen
an algorithm is developed.

1



2 CHAPTER 1. INTR ODUCTION

Numerical Errors

The �rst problem are numerical errors. Most algorithms are designedfor the
\real RAM" computation model which provides unlimited precision arith-
metic for real numbers. But this is not achieved by \real world" computers.
Their fundamental data typesonly provide �xed precisionarithmetic. Hence
when calculating a predicate numerical errors will occur. These errors can
causea predicate to return the wrong sign. If this happens, the computed
combinatorial structure will of courseno longer match the input and may
not even have the expectedproperties. Also the result could be inconsistent
with other predicates. This can causean implementation of the algorithm
to enter an unde�ned state or even to crash.

Considerthe following simple example. We want to build a triangulation
of a set of points. We start with a big triangle containing all input points
and then insert one point after another. For each point we �rst test which
triangle contains it and then split this triangle into three new onesby con-
necting the new point to each of its vertices. So the predicate neededhere
is \Giv en a triangle and a point, doesthe triangle contain the point? � ".

What happensif this predicate returns the wrong result? Then it either
tells us that a triangle doesnot contain the point although it does,in which
casethe algorithm doesn't know how to continue. Or it wrongly tells us
that an empty triangle contains the point. In this casethe algorithm may
continue, but the triangulation will be destroyed. The situation is shown
in �gure 1.1, where the predicate incorrectly decidesthat the new point p
is inside the left triangle � 1. But splitting � 1 instead of � 2 gives raise to
crossinglines and overlapping triangles in the triangulation.

A possible solution to this problem is to implement exact arithmetic
data-typesand usethesein the algorithm. This however causesa signi�cant
overheadcomparedto using the arithmetic provided by the hardware.

Degeneracies

The secondproblem is degeneracy. What happens if a predicate evaluates
to zero? For the examplepredicatesgiven above, this is the caseif the point
lies not left nor right but on the line for the sidednesstest, if it lies on the
circle for the incircle test or if the two objects touch for the intersection test.

In our triangulation example from �gure 1.1, a degeneracyis causedif
the point p lies on the edgefrom r to s. What should we do in this case?If
we want to maintain a triangulation, we have to connect p to both q and t.

This is often not addressedwhen developing a new algorithm becauseof
two reasons.On the one hand, the set of all degenerateobjects is normally
negligible small. In our triangulation, the edgesof the triangles themselves
(which have area zero in the plane) form the set of degeneratepoints, and

� This predicate can actually be broken down to three sidednesstests.
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Figure 1.1: A failed insertion.

we expect that a randomly chosenpoint will never lie on an edge. On the
other hand, the treatment of degeneraciesoften causesalgorithms to become
cluttered with casedistinctions, without providing much theoretical insight
to the problem.

In real world applications however, it may very well be the casethat the
input contains degeneracies.Also rounding errors in the input can cause
non-degeneratedata to becomedegenerate.Consider for exampledata sam-
ples taken by a scanner. Such sampleswill likely be placed on a grid, since
the scannerrecordsthem in a regular interval.

Our Approac h

This work explores the following approach to solve the above problems in
the computation of Voronoi diagramsand Delaunay triangulations. Sincein
practical applications the input of a computational geometryalgorithm often
only is an approximation to the real situation due to measuring errors or
limited input precision, it may be acceptableif the input is slightly altered.

We exploit this by perturbing the input in such a way that no degenera-
cies or numerical di�culties arise during the algorithm. This allows us to
compute the exact Voronoi diagram for the perturb ed sites using only �xed
precision 
oating point arithmetic. Hencewe can usealgorithms that were
designedfor the real RAM and that disregard degeneracies.At the end not
only a valid geometric structure is known, but also the input to which this
structure belongs.

This is known as controlled perturbation . It was �rst applied to
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arrangements of polyhedral surfaces[Ra99] and of circles [HL03].

Thesis Outline

In the next chapter we will review somebasicsfrom mathematics and com-
puter scienceneededthroughout this thesis. We will also show how to com-
pute error bounds for �xed precision 
oating point arithmetic, since they
will allow us to detect numerical di�cult inputs in our algorithm.

In chapter three we will introduce Voronoi diagrams and Delaunay tri-
angulations and show that they are dual. We further will review the ran-
domisedincremental algorithm for their construction.

Chapter four then introducescontrolled perturbation and the terminol-
ogy neededfor it. We will give a generic approach for applying controlled
perturbation to a given randomised incremental algorithm. At the end of
the chapter we will then give a short summary of controlled perturbation
for arrangements of circles and mention the di�erences to the computation
of Voronoi diagrams.

In chapter �v e we will then apply controlled perturbation to the com-
putation of Voronoi diagramsand Delaunay triangulations. We will analyse
the predicatesusedduring the algorithm and derive a bound on the pertur-
bations needed.

Chapter six will give a short introduction to our implementation of the
controlled perturbation algorithm. We will also show some experimental
data we gathered for our implementation.

Related W ork

Another possiblesolution is to design algorithms in such a way that they
are able to handle all degeneracies. This approach however needsexact
arithmetic, sinceotherwise it is impossibleto catch degeneraciesfor which
the predicate wrongly evaluatesto non-zeroand to recognisenon-degenerate
inputs for which the predicate erroneouslyis zero.

The exact approach lives from the fact that to compute the combinato-
rial structure successfully, it is not neededto compute the numerical value of
the predicate exactly, but it su�ces to know the sign. This can be achieved
by using error bounds for the occurring computations. For the basic arith-
metic operations we will give such bounds in (2.4). Good bounds that also
handle more complicated operations and algebraic numbers are an active
�eld of research. Seefor example [BFMS00], [BFMSS01], [PY03]. There
alsoexist packagesproviding exact arithmetic, for examplethe LEDA data-
type real [LE], [LR] or the CORE data-type expr [CO]. Developing and
implementing exact algorithms for computational geometry that can deal
with degeneraciesand are still fast is a non-trivial task. This is a main goal
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of the EXA CUS project [EX]. For Voronoi diagrams an exact algorithm is
given in [Bu96].

Another approach is to usesymbolic perturbation. By adding a symbolic
constant � to the input, degeneraciesare resolved. Then the computation is
done on this input, and afterwards the symbolic part is removed from the
output. An overview of this technique is given in [Se98]. Observe however
that symbolic perturbation only resolves degeneracies.It cannot compen-
sate numerical errors. For someproblems it is also harder to compute the
\real" output from the perturb edoutput than it is to compute the perturb ed
output itself.

Yet another approach is to assurethat the combinatorial structure of
the output is topological correct while computing it. This hasbeendonefor
Voronoi diagrams in [SII I00] and [He01]. Since it is checked that the com-
binatorial structure always has the desired qualities during the algorithm,
it can even run without problems if the results of all predicatesare totally
random. However it is not clear if the topological properties maintained by
the algorithm really guarantee that the output is a Voronoi diagram. Fur-
ther it is not known how closeto the real diagram the computed structure
will be.

A similar approach to ours called Epsilon Geometry can be found in
[GSS89]. This approach works by modifying the predicates to so called � -
predicatesthat return true if the original predicate is true for someobject at
least � away from the input object. Hencethey have an implicit perturbation
which is bound by � , whereasin our approach the perturb ed input objects
are known at the end.
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Chapter 2

Mathematical Foundations

This chapter summarizesthe basic facts from computer scienceand math-
ematics neededthroughout this thesis. Most of this can be found in [We].
We will also give a short description about how to compute error bounds
for �xed precision 
oating point arithmetic.

2.1 Probabilit y Calculus

Probabilit y calculus is the mathematical theory about chance. It provides
us with the methods neededto analyse randomised algorithms and deter-
mine error probabilities. We will now review somebasic facts from �nite
probabilit y calculus as can for examplebe found in [Kr02]. In the following
we denote by 2A the power set of a set A.

The basic de�nition of �nite probabilit y calculus is the following.

(2.1) De�nition (Probabilit y Space):
A probability space is a tuple (
 ; P), where 
 is a �nite set called the sample
space and P : 2
 ! [0; 1] �

�

is a function called probabilit y measure
with the following properties.

a) P(
) = 1,

b) P(A) � 0 for all A 2 2
 ,

c) P(A [ B ) = P(A) + P(B ) for all A; B 2 2
 with A \ B = ; .

For A 2 2
 we call P(A) the probability of the event A. A subsetof 2
 only
containing one element is called an atomic event .

In this thesis we will often encounter problems where each atomic event
has the sameprobabilit y p to appear. Sincewe have

1 = P(
) =
X

! 2 


P(f ! g) = p � j
 j

7
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the probabilit y must be p = 1
j
 j . In this caseP is called a Laplace distribu-

tion or uniform distribution. For arbitrary A 2 2
 we then have

P(A) :=
jAj
j
 j

:

Let for exampleS be a set of n input sites to a randomisedincremental
algorithm. Then we may be interested in the probabilit y that a speci�c
permutation of S is chosenby the algorithm. In this casewe can de�ne


 := f (s1; : : : ; sn )js1; : : : ; sn 2 S; si 6= sj 81 � i < j � ng

as the set of those permutations. Since there are n! permutations we get
j
 j = n!.

Now we expect each permutation to bechosenwith the sameprobabilit y,
and henceP must be a Laplace distribution. Thus we get P(A) := jA j

j
 j and
a probabilit y spacefor this problem is (
 ; P). Hencea speci�c permutation
(corresponding to an atomic event) ! 2 
 of S is chosenwith probabilit y
1
n! .

Often we are not interested in the event A itself but in somevalue asso-
ciated with A.

(2.2) De�nition:
Let (
 ; P) be a probability space and 
 0 an arbitrary set. A random vari-
able X on 
 0 is a function X := 
 ! 
 0.

Random variablesare often usedto map elements of 
 to valuesin
�

. This
way they can be usedto compressthe data given by a set A 2 2
 .

Let us return to the aboveexample. We introducethe random variable X
which mapseach element of 
 to the number of stepsdoneby the algorithm
on this permutation. Then we can describe the subsetof all inputs that need
at most 2n logn stepsby \ X � 2n logn". The probabilit y that at most that
much stepsare usedfor a random input can be written as P(X � 2n logn).

A special kind of random variable is the indicator variable or character-
istic function � A of a set A 2 2
 . It is de�ned as

� A (x) =

(
1 x 2 A

0 otherwise:
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Now if X is a random variable on
�

, what can we expect X to be for a
random element of 
? This question is answered as follows.

(2.3) De�nition (Exp ected value):
The exp ected value E(X ) of a random variable X : 
 !

�

is de�ned as
the sum

E(X ) :=
X

! 2 


P(f ! g)X (! )

(2.4) Theorem:
The expected value is linear, i.e. for two random variables X ; Y and two
numbers �; � 2

�

it holds that

E(�X + �Y ) = �E (X ) + �E (Y ):

Now if we know the expected value of a random variable X , we can
estimate the probabilit y that X is larger than a certain value as follows.

(2.5) Theorem (Mark ov's Inequalit y):
Let X be a non-negative random variable. Then for all r it holds that

P(X � r ) �
E (X )

r

and
P(X � r E(X )) �

1
r

:

2.2 Topology

Now we will review somevery basicfacts from point set topology specialised
to euclidean spaces. Most of this can be found in books on di�eren tial
calculus, for example [Fo99].
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(2.6) De�nition (Normed Space):
Let X be a vector space over

�

and jj � jj : X !
�

be a function ful�l ling the
following properties for all x; y 2 X and � 2

�

.

a) jjxjj � 0

b) jjxjj = 0 , x = 0

c) jj �x jj = j� j � jjxjj

d) jjx + yjj � jjxjj + jjyjj (triangle inequality)

Then the tuple (X ; jj � jj ) is called a normed space and jj � jj is called a
norm on X .

From the triangle inequality the following inequality can be derived

jjxjj � jjyjj � jjx � yjj ;

the so called wrong-way triangle inequality
We will only deal with the d-dimensional euclideanspaces(

� d; jj � jj ) in
this thesis, where jj � jj is the euclideannorm de�ned as

jj � jj :
� d !

�

; ((x1; : : : ; xd)) 7!

vu
u
t

dX

i =1

x2
i :

It can be easily proven that jj � jj is indeed a norm.

(2.7) De�nition (Metric Space):
Let X be a set and d : X � X !

�

be a function ful�l ling the following
properties for all x; y; z 2 X .

a) d(x; y) = 0 , x = y

b) d(x; y) = d(y; x)

c) d(x; y) � d(x; z) + d(z; y)

Then the tuple (X ; d) is called a metric space and d is called a metric on
X .

Each normed space is also a metric space, where the metric is de�ned
as d(x; y) := jjx � yjj . For euclidean spaceswe will denote the metric by
dist( �; �).

Let x 2
� d and 0 < � 2

�

. Then we de�ne the open ball of radius �
with centre x in

� d as

�

� (x) := f y 2
� djdist(x; y) < � g:
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If U 2
� d is a subsetof

� d, then we de�ne the boundary of U as

@U := f x 2
� dj8� > 0 :

�

� (x) \ U 6= ; ^
�

� (x) \ (
� d n U) 6= ;g :

U is called open, if U \ @U = ; and it is called closedif @U � U. Further
the set U � := U n @U is called the interior of U, and �U := U [ @U is called
the closureof U.

2.3 Computational Geometry

We will only review somevery basic facts from computational geometryand
the theory of planar graphs here.

Let G = (V; E) be a graph. Then a dra wing of G in
� d is a map

assigning points and Jacobi curves� to the vertices and edgesof G, such
that the following holds.

� All points are distinct.

� The curve assignedto an edge connects the points assignedto its
vertices.

An embedding of G is a drawing without intersections. If the curvesof an
embedding are straight lines, we call it a straight line embedding. We call
a graph planar , if it can be embeddedinto the plane

� 2.
A result often usedin the theory of planar graphsis the following formula

that gives a relationship between the number of vertices, edges,and faces
of a planar graph. Here faces are regions of a graph bounded by edges,
including the outer in�nitely large region.

(2.8) Theorem (Euler's Form ula for Planar Graphs):
Let G = (V; E) be a planar graph with v vertices, e edgesand f faces. Then
it holds that

v � e+ f � 2 = 0:

Various proofsof this theorem and somehistoric informations can be found
in [Ep02].

Later on, we will encounter the so called convex hull of a set of points.
This is what we get \when we try to fencein the set of points with as little
fenceas possible".

� a contin uous mapping c : [0; 1] ! �

d without self-intersections
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(2.9) De�nition (Con vex Hull):
Let C �

� n be a subsetof the n-dimensional euclidean space.

a) C is called convex if

8p;q 2 C; 0 � � � 1 : �p + (1 � � )q 2 C:

b) The convex hull of C is the intersection of all convex sets containing
C.

The convex hull of C is the smallest convex set containing C. Comput-
ing the convex hull of a �nite set S of points is a well studied problem in
computational geometry, seefor example [BKOS97]. We will encounter the
convex hull of a set S as the \outer rim" of the triangulations of S.

2.4 Computing Error Bounds

If computations are done using 
oating point arithmetic, numerical errors
will often occur. Becauseof this errors it is often not possibleto distinguish
degenerateand non-degeneratecases.

Supposea predicate E is degenerateon a given input x, and thus eval-
uates to zero. If we compute E(x) using 
oating point arithmetic however,
it can result in a positive or negative value becauseof the occurring errors.
Hence it seemshard to detect the true result of a computation from its

oating point approximation.

Fortunately, the IEEE standard 754 [IE85] guarantees certain bounds
for the error causedby one particular operation when using IEEE 
oating
point arithmetic. But for expressionsinvolving more than one operator,
those errors are propagated from intermediate results to the �nal result.
Thus if we evaluate a complex expressionE using 
oating point arithmetic,
our result will be an approximation eE to E.

2.4.1 The IEEE Standard

The IEEE standard states that a double 
oating point number consistsof
a sign s 2 f 0; 1g, an 11 bit exponent 0 � e � 2047 and a binary mantissa
f := f 1 : : : f p of length p = 52. We also write f to denote the numberP

i f i 2� i . Then the number v, represented by the triple (s;e;f ), is de�ned
as follows.

� If 0 < e < 2047and f 6= 0 then v := (� 1)s � (1 + f ) � 2e� 1023.

� If e = 0 and f 6= 0 then v := (� 1)s � f � 2� 1022, a \denormalised
number".

� If e = 0 and f = 0 then v := (� 1)s � 0, a \signed zero".
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� If e = 2047and f = 0 then v := (� 1)s � 1 .

� If e = 2047and f 6= 0 then v represents no number (\NaN").

Sowhile we can represent very large (or small) numbersusing the exponent
of the IEEE double data type, the precision of the numbers is bounded by
the length p of the mantissa.

A real number a will becalledapproximable if jaj � M axD bl+2 � 53�21023,
where M axD bl is de�ned as M axD bl = (2 � 2� 52) � 21023. Then the IEEE
standard guaranteesthat for any of the arithmetic operations+ ; � ; �; =;p the
following holds: If the exact result z of such an operation is approximable,
then the nearest 
oating point number r ound(z) to z is returned. If there
are two 
oating-p oint numbers equally near to a, then r ound(z) is the one
where the least signi�cant bit is zero.

2.4.2 Error Bounds

A relation between approximable numbers and 
oating point numbers can
be establishedas long as the number is not too closeto zero (i.e. smaller
than M inD bl := 2� 1022). The latter caseis called under
o w.

Using this relation, error boundsfor the di�eren t operationscanbegiven.
One possibility is to give a relative error bound � E such that

j eE � E j � � E � j eE j

holds. Such an error bound is for examplegiven in [BMS96].
Another possibility is to give a semi-static error bound as in [Fu97].

There the computation is split into a static part that can be precomputed
and a dynamic part that is computed during the runtime of the algorithm.
To do this, for every intermediate expressionE not only the approximation
eE is computed, but also an upper bound gEsup for j eE j and an integer indE

called the index of E . Then the following theorem holds, as long as indE

doesnot exceed2
p� 2

2 .

(2.10) Theorem:
Let E be an expression involving operations + ; � ; �; =;(�)1=2 and eE an ap-
proximation of E computed using 
o ating point arithmetic with precision
2� p. Then an error bound

B := gEsup � indE � 2� p

can be given such that
jE � eE j � B

holds.
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gEsup and indE can be computed recursively according to the following
rules.

E eE gEsup indE

x + y x � y gxsup � gysup 1 + max(indx ; indy)
x � y x 	 y gxsup � gysup 1 + max(indx ; indy)
x � y x � y gxsup � gysup 1 + indx + indy

x=y x � y (ex� ey)� ( gxsup � gysup )
(ey� gysup )	 (ind y +1) � 2� p 1 + max(indx ; indy + 1)

x1=2; ex > 0
p

ex ( gxsup � ex) �
p

ex 1 + indx

x1=2; ex = 0
p

ex
p

gxsup � 2
p
2 1 + indx

Here � ; 	 ; � ; � ; p denote the (inexact) 
o ating point counterparts of the
above mentioned operations.

If the bound B is computed using �xed precision 
oating point numbers
(as will be the casemost of the time), then this will introduce errors in the
bound itself. To compensatefor theseerrors, B must be multiplied with a
small correction factor corr := 1 + 2� p+1 .

2.4.3 Detecting Degeneracies

Now how doesthis bound help us to detect degeneracies?E is degenerateif
it is zero. Sincewe use
oating point arithmetic we only know the approxi-
mation eE of E . Now let B be an error bound on E. First supposej eE j > B .
Then E is not degenerate,sinceotherwise j eE � 0j � B must hold. Also we
seethat if j eE j > B , the sign of eE is the sameas the sign of E . Hencethe
bound allows us to certify that a predicate returns the correct result.

If on the other hand j eE j � B , then we must suspect E to be degenerate,
since j eE � 0j � B . In this case,we will speak of a possible degeneracy,
becausewe are not able to determine if it is a degeneracyor not. So while
this bound does not help us to reliably detect degeneratecases,we can
recognisenon-degeneratecaseswith it.

Sincefor theoretical considerationsit is easierto deal with E than with
eE , we need to know how we can derive from jE j that j eE j > B holds. This
is true if jE j > 2B becausethen we have

j eE j = j(� eE + E) � E j � jE j � jE � eE j > 2B � B = B

Moreover we later will needupper bounds for the worst caseerror of an
expressionE. As the error increaseswith the sizeof the input, this is only
possible if we know a bound M on the input and the predicate only uses
addition, subtraction and multiplication. We will try to prevent division and
extracting roots in our expressionsbecauseof this and sincetheseoperations
deteriorate the bound B . Given such a bound M we can then derive a worst
caseerror bound by replacing all subtractions by additions in E and setting
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all input variablesto M . The bound B max weget for this modi�ed expression
is the worst caseerror bound we seek.

SinceBmax is a fully static error bound, it allows us to do a very quick
check on the correctnessof the sign of an approximation eE . If j eE j is larger
than Bmax we immediately know that the sign is accurateand our computa-
tion cost only increasesby onecomparison,sothis givesus a fast static �lter.
Only if j eE j is smaller we need to calculate gEsup for the given input to get
a better error bound B . This increasesthe running time slightly and gives
us a semi-static �lter, since indE and 2� p can still be precomputed. If this
�lter fails too, we can either continue by using higher precision arithmetic
or we can give up and report that the predicate failed.
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Chapter 3

Voronoi Diagrams

The main object of this thesis will be the computation of the Voronoi dia-
gram, resp. its dual, the Delaunay triangulation of a set of sites S. Naively
the Voronoi diagram can be interpreted as the borders in a map showing
the in
uence regions of various sites. Voronoi diagrams are used in many
di�eren t areasfrom anthrop ology to zoology. A list of them can be found
in [Dr93].

There is also a vast number of literature on Voronoi diagrams and De-
launay triangulations. In many books on computational geometry or algo-
rithms and data structures a chapter about Voronoi diagrams can be found
(for example[BKOS97], [MN99]),and there are even booksonly dealing with
Voronoi diagrams and Delaunay triangulations, for example [OBS92]. This
section will mainly review facts given in this books and in [Bu96].

3.1 De�nition

Let S be a set of n objects� , called sites, in the euclidean space
� d, such

that each pair of sites has positive distance. Then we de�ne the bisector
B(s; t) of two sites s; t 2 S as the set of points

B(s; t) = B(t; s) := f x 2
� djdist(x; s) = dist(x; t)g:

The bisector B(s; t) divides
� d into two disjoint open regions D(s; t) and

D(t; s). We call D (s; t) the region of dominance of s over t. From the
de�nition of bisectorswe get that

D (s; t) = f x 2
� djdist(x; s) < dist(x; t)g:

If we now return to the caseof n sites, we can de�ne the region in which s
dominates over all other sites in S as

VR( s;S) :=
\

t2S nf sg

D(s; t):

� connected subsetsof �

d

17
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VR( s;S) is called the Voronoi region of s in S. If we take the union of
the boundariesof all Voronoi regions,we get the Voronoi diagram

V(S) :=
[

s2S

@VR(s;S):

3.2 Prop erties of Voronoi Diagrams

We now restrict the above de�nition in the following way. First we assume
that we are working in the euclidean plane

� 2. Further our sites will be
points (x; y) 2

� 2. Then the Voronoi diagram V(S) can be identi�ed with a
planar graph. Each vertex of the graph corresponds to the meeting point of
at least three di�eren t boundariesand each edgecorresponds to the bound-
ary between two Voronoi regions. Thus a vertex v of the Voronoi diagram
is a point having the samedistance to at least 3 points.

But the points having a given distance r from v form a circle of radius r
around v. Hencelet p;q and r de�ne a Voronoi vertex vpqr . Then the circle
through p;q and r has centre vpqr and con not contain any other points
t 2 S, sinceelset would be closer to vpqr than the de�ning points.

Then there existsa circle around the Voronoi vertex vpqr passingthrough
the points p;q; r that contains no points of S in its interior. This circle is
called the Voronoi or clearancecircle of vpqr .

q

p

r

q

p

r

t0
t

Figure 3.1: t is incircle for the circle through p;q; r , but t 0 is
incircle for the circle through p;r; q.

To test if a given site t lies in the circle de�ned by p;q and r , the so
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called incircle test can be used. It is given by the determinant y

�
�
�
�
�
�
�
�

px py p2
x + p2

y 1
qx qy q2

x + q2
y 1

r x r y r 2
x + r 2

y 1
tx ty t2

x + t2
y 1

�
�
�
�
�
�
�
�

(3.1)

which evaluates to a positive value if t lies to the left of the oriented circle
through p;q and r . See�gure 3.1.

By de�nition the edgesof V(S) must join the Voronoi vertices. If we
recall the de�nition of a bisector, we seethat for points this formula gives
the line perpendicular to the segment pq and cutting it in half. Hencethe
Voronoi diagram V(S) of a site of points S is a straight line planar graph.

If all points in S are co-linear, the Voronoi diagram will consist of n � 1
parallel lines, onebetweeneach pair of neighbouring points. If this is not the
case,then V(S) is a connectedgraph and the edgesare either line segments
or rays. The rays are induced by two neighbouring points on the convex
hull of S, sincethose points have in�nite Voronoi regions. A proof of this is
given in [BKOS97].

3.3 Delauna y Triangulations

Now we will consider triangulations of a set S of n points in the euclidean
plane

� 2. In the following we always assumethat S is in general position
(i.e. it contains no three points that are co-linear and no four points that
are co-circular).

The algorithm given later will compute the Delaunay triangulation of the
union of S with the three points at in�nit y p� 1 = (1 ; 0), p� 2 = (0; 1 ) and
p� 3 = (�1 ; �1 ). In the following we will call these three points special
points and the points in

� d ordinary points.
Then all ordinary points p 2

� 2 are contained in the triangle � 1 :=
�( p� 1p� 2p� 3) spanned by the special points points. In other words, the
convex hull of the set S1 := S [ f p� 1; p� 2; p� 3g is � 1 and so any trian-
gulation includes the unbounded face � � 1

1 on the outside of � 1 . After the
computation of the triangulation we remove the three points and all edges
incident to them to obtain the triangulation of S. The convex hull of this
adjusted triangulation is then given by those points prior connectedto one
of the special points.

yLater we will seeone way to interpret this determinant.
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(3.1) Theorem:
Let S be a set of n points.
Then any triangulation of S1 consistsof 2(n+ 3)� 5 triangles and 3(n+ 3)� 6
edges.

Pro of:

Let T := T (S) be a triangulation of S1 with t triangles. Then
T has f = t + 1 faces,namely the t triangles and the unbounded
face � � 1

1 . Now every face has exactly three edges,and each
of this edgesis shared by exactly two faces. Hence there are
e = 3(t+1)

2 edges.Plugging this into Euler's formula (2.8) gives

(n + 3) �
3t + 3

2
+ (t + 1) � 2 = 0

, 2(n + 3) � 3t � 3 + 2t + 2 � 4 = 0

, t = 2(n + 3) � 5

and therefore the number of edgesis

e =
3t + 3

2
=

6(n + 3) � 15+ 3
2

= 3(n + 3) � 6:

�

Now the triangulations we are interested in are of a special type.

(3.2) De�nition (Delauna y Triangulation):
A triangulation D(S) of a set S of n points in the plane is called Delauna y,
if the interior of the circumcircle of any triangle in the triangulation contains
no point of S.

Sincethe circumcircle of a triangle is the circle passingthrough its three
corner points, this de�nition suggeststhat there is a strong relation between
Voronoi diagramsand Delaunay triangulations. Both essentially encapsulate
the information which points de�ne an empty circle. Henceit is very easyto
translate a Voronoi diagram into a Delaunay Triangulation and vice versa.
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Figure 3.2: The Delaunay triangulation (solid lines) and the
dual Voronoi diagram (dashed lines) of a set of points. (Image
generatedwith [Se02])

(3.3) Theorem (Dualit y):
The Voronoi diagram V := V(S) and the Delaunay triangulation D := D(S)
of a set S of points are dual in the following sense.

� Each triangle �( pqr ) of D corresponds to the Voronoi vertex vpqr of
V.

� Each vertex p of D corresponds to the Voronoi region VR( p;S) of p in
V.

� Each edge qr shared by two triangles �( pqr ) and �( sqr ) in D corre-
sponds to the edgevpqr vsqr in V.

� If the edgeqr of �( pqr ) lies on the convexhull of D, then it corresponds
to the ray emanating from vpqr which is part of the bisector B(q; r ) of
q and r .

Pro of:
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A proof can be found in [MN99] or [BKOS97].

�

The above theorem gives a dualit y relation betweenVoronoi diagrams and
Delaunay triangulations, sinceit maps facesto vertices, edgesto edgesand
vertices to facesof each other.

A distinguishing feature of the Delaunay triangulation is that it max-
imises the minimum interior angle of all triangulations of S.

Now if we are given a triangulation T (S) of S we can check if it is
Delaunay by applying the de�nition and simply test if the interior of the
circumcircle of each triangle is empty. This even gives us the following
simple algorithm to compute the Delaunay triangulation D(S) from T (S),
which works by enforcing that the de�nition holds for all triangles.

s

r

p

C(prs)

C(pqr )

q

Figure 3.3: The edgeqr must be 
ipp ed sinces is incircle.

Take a triangle �( pqr ) of T (S) that contains a point s in its circumcircle.
Then w.l.o.g. the quadrilateral � (pqr s) contains the edge qr . Since s is
incircle, the quadrilateral is convex. Thus we can 
ip the edge qr to ps
without generating any crossingin the triangulation.

Repeating this will compute D(S) in �nitely many steps. To seethis,
�rst observe that becauseof symmetry p is in the circumcircle of �( qr s).
We can obtain the circumcircle of the new triangle �( prs) from the old
circumcircle by reducing its radius while at the sametime assuring that it
still passesthrough p and r . Hence q is not incircle for �( prs) and thus
both triangles are locally Delaunay. The situation is shown in �gure 3.3.
Sinceeach 
ip a�ects exactly two circumcircles, which both are shortened,
it decreasesthe sum of the radii of the circumcircles in the triangulation.
Becausethere are only �nitely many triangulations, termination follows.



3.4. A RANDOMISED INCREMENT AL ALGORITHM 23

3.4 A Randomised Incremen tal Algorithm

While the algorithm given above terminates, it takestoo long to beof practi-
cal interest. There are however many di�eren t algorithms that can compute
D(S) in time O(n logn). Two divide and conquer algorithms and their
implementation are discussedin [MN99]. A plane-sweep algorithm can be
found in [Fo87].

An algorithm with better asymptotic running time than O(n logn) does
not exist. This is becausewe can sort the real numbers x1; : : : ; xn by com-
puting the Delaunay triangulation of the points (x i ; x2

i ); 1 � i � n and then
traversing the convex hull of the triangulation.

We will now review the randomised incremental algorithm given in
[GKS92] which also has expected running time O(n logn). This algorithm
is conceptually simpler than the above mentioned approaches. It simply in-
sertsthe points in S oneby oneinto the triangulation and takescarethat all
newly generatedtriangles are still Delaunay. Becauseof the dualit y shown
in the last section, this algorithm does also compute the Voronoi diagram
V(S).

(3.4) Algorithm:
Input: A set S of n points in the euclidean plane

� 2.
Output: The Delaunay triangulation D(S) or the Voronoi diagram V(S).

1. Initialise the triangulation to the triangle � 1 .

2. While S 6= ; do

3. Choose t 2 S at random, S := S n f tg.

4. Find the triangle �( pqr ) containing t.

5. Split �( pqr ) into �( tpq); �( tqr ); �( tr p).

6. Mark �( tpq); �( tqr ) and �( tr p) as unchecked.

7. While there are unchecked new triangles �( tab) do

8. Find the neighbour �( t0ab) of �( tab).

9. If t0 is inside the circle de�ned by t; a;b then

10. Flip the edgeab to obtain the triangles �( tat 0); �( tbt0).

11. Mark �( tat 0) and �( tbt0) as unchecked.

12. End If.

13. End While.
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14. End While.

15. Discard all edgesincident to a point at in�nity.

16. If the Delaunay triangulation shouldbe returned

17. Return the triangles computed in the algorithm.

18. Else # Return V(S)

19. Return the circumcentre of each triangle.

20. Return a segment for each pair of neighbouring triangles.

21. End If.

How to �nd the triangle containing t will be explained later. First we
will show that the expectednumber of generatedtriangles is linear, and thus
the algorithm (without location step) needsexpected linear time and space.

(3.5) Lemma:
The expected degree of a random point p 2 S in a triangulation T (S1 ) is
six.

Pro of:

We know by (3.1) that T (S) has 3(n + 3) � 6 edges,where n is
the number of ordinary points. Three edgesare given by � 1 ,
thus there are 3(n + 3) � 6 � 3 = 3n edgesincident to ordinary
points. Hencethe total degreeof those points is lessthan 6n. If
we now pick a random point p from S, its expected degreeis

E(deg(p)) =
nX

i =1

P(f si g) deg(si ) =
1
n

nX

i =1

deg(si ) �
6n
n

and so the expected degreeof a random point is at most six.

�

(3.6) Theorem:
The expected number of triangles created in algorithm (3.4) is at most 9n+ 1.

Pro of:

We show this inductiv ely. In the �rst step, � 1 is created.

Now in step i , �rst the triangle �( pqr ) containing pi is split into
three new triangles, creating three new edgesppi , qpi and r pi , all
incident to pi . If we 
ip an edge,we generatetwo new triangles
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and one new edge,also incident to pi . Thus if after the i th step
there are k edgesincident to pi , we created2(k � 3) + 3 = 2k � 3
new triangles in this step. Now according to the last lemma, the
expected degreeof pi is six, and thus the expected number of
triangles created in this step is nine.

So we created one triangle at the beginning and an expected
number of nine in each step,and hencethe total expectednumber
of triangles is 9n + 1.

�

The only thing left to do now is to give a method for locating the triangle
�( pqr ) containing the point pi in the current triangulation.

First observe the following. Whenever a triangle is split into three new
ones in the current triangulation, we know that those new triangles cover
the old triangle. Also if we do a 
ip, the two new triangles will cover each
of the old triangles. Hence if we know that a point lies in a triangle, then
when this triangle is destroyed either by a split or by a 
ip operation, the
point must lie in oneof the triangles generatedby this operation. But every
triangle in the Delaunay triangulation, expect the start triangle � 1 , was
created by those operations.

This suggeststhe following approach. When we do a split or 
ip opera-
tion, we do not delete the destroyed triangle(s) completely, but only remove
them from the current triangulation and mark them asold. Furthermore we
keeppointers from each old triangle to the two resp. three triangles gener-
ated from it. The triangle containing pi can then be located by recursively
going through this acyclic search graph in the following way. We start at
the triangle � 1 containing all points. Then we check which of its children
contains the point pi . If this triangle has no children, it is in the Delaunay
triangulation and we are done. Else we continue by checking its children.

Sincethe total expectednumber of triangles generatedby the algorithm
is linear, this structure only takes linear storage. Hencethe algorithm (in-
cluding point location) needsexpected spaceO(n), and we only need to
show that the expected running time is acceptable.

(3.7) Theorem:
Algorithm (3.4) computesthe Delaunay triangulation of S in expected run-
ning time O(n logn) and needs expected space O(n).

Before we prove this theorem, we �rst need to show a lemma. For this
let Dr denote the Delaunay triangulation obtained after inserting the r th
point pr and let Sr � S denote the set of the �rst r points inserted by the
algorithm. Denote the set of all triangles that appear as Delaunay triangle
during any step of the algorithm by D tot .

Further we de�ne the scope K (�) of a triangle � as the set of all points
in S that lie in the circumcircle of the triangle. Hence the triangles with
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empty scope are exactly the Delaunay triangles of the �nal triangulation.
Triangles with non-empty scope will not be in the �nal triangulation.

Moreover the probabilit y that a triangle �( pqr ) appears as Delaunay
triangle during the algorithm gets smaller with increasing scope, since for
this to happen all points in the scope have to be inserted after p;q and r .
More precisely a triangle � with nonempty scope will arise as Delaunay
triangle with probabilit y

3!
(jK (�) j + 1)(jK (�) j + 2)(jK (�) j + 3)

;

since the three vertices of the triangle and the points in its scope can be
arranged in (jK (�) j + 3)! ways, and � is Delaunay in the 3! � jK (�) j! per-
mutations in which the vertices are inserted �rst

Finally let
k(Sr ; p) := jf � 2 Dr jp 2 K (�) gj

be the number of triangles in Dr whosescope contains p and let

k(Sr ; p;pr ) := jf �( pr st) 2 Dr jp 2 K (�( pr st)gj

be the number of triangles in Dr incident to pr whosescope contains p.

(3.8) Lemma:

E

 
X

� 2D tot

jK (�) j

!

= O(n logn)

Pro of:

The setof Delaunay triangles createdin the r th step is D r nDr � 1.
Hencethe above sum equalsto

nX

r =1

0

@
X

� 2D r nD r � 1

jK (�) j

1

A :

Now, aswe have seenin the proof of (3.6), every Delaunay trian-
gle generatedin the r th step is incident to pr . Also, the scope of
a Delaunay triangle in Dr can only contain points not inserted
yet. Hencewe can rewrite the inner sum of the last equation as

X

� 2D r nD r � 1

jK (�) j =
X

q2S nSr

k(Sr ; q; pr ):

Now let Sr � S be �xed. If we permute S n Sr , this will not
changek(Sr ; q; pr ). Instead this expressiononly dependson the
choice of pr 2 Sr . A triangle � 2 Dr has p as vertex for a
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random point p 2 Sr with probabilit y at most 3
r . Becauseof this

we expect that E (k(Sr ; q; pr )) � 3k(Sr ;q)
r . Plugging this into the

above equation yields

E

0

@
X

� 2D r nD r � 1

jK (�) j

1

A �
3
r

X

q2S nSr

k(Sr ; q):

To calculate k(Sr ; q) observe that every one of the n � r not yet
inserted points is equally likely to appear as pr +1 . Hence we
expect the number of triangles with pr +1 in their scope to be

E (k(Sr ; pr +1 )) =
1

n � r

X

q2S nSr

k(Sr ; q):

But these triangles are destroyed in the next step of the algo-
rithm since they are no longer Delaunay. So they form the set
Dr n Dr +1 and we have E (k(Sr ; pr +1 )) = E (jD r n Dr +1 j). By
(3.1) D i has 2(i + 3) � 5 = 2i + 1 triangles and D i +1 consists
of 2(i + 1 + 3) � 5 = 2i + 3 triangles, so there are two more
triangles generatedin the r th step than are destroyed, giving us
E (jD r n Dr +1 j) = E (jD r +1 n Dr j) � 2. All in all we get

E

0

@
X

� 2D r nD r � 1

jK (�) j

1

A �
3
r

X

q2S nSr

k(Sr ; q)

=
3
r

(n � r )E (k(Sr ; pr +1 ))

= 3
n � r

r
E (jDr n Dr +1 j)

= 3
n � r

r
(E (jD r +1 n Dr j) � 2)

The number of triangles generatedin the (r + 1)th step is equiv-
alent to the degreeof pr +1 , which is expectedto be six according
to lemma (3.5). Inserting this gives the sum

nX

r =1

E

0

@
X

� 2D r nD r � 1

jK (�) j

1

A � 3
nX

r =1

n � r
r

(6 � 2) = 12
nX

r =1

n � r
r

;

which asymptotically behaves like n logn.

�

Using this lemma we can now easily proof the main result of this section.
Pro of: (of theorem (3.7))
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Wehavealready seenthat the spacerequirement of the algorithm
is O(n) and that the running time without point location is also
linear.

To locate a point p we must passthrough the search graph until
we �nd the current triangle containing p. But only triangles
containing p will be visited. So we need O(1) time (for the
current triangle) plus linear time in the number of destroyed
triangles containing p.

Now a triangle �( qr s) is either destroyed by a split or by a 
ip.
If it wasdestroyed by a split, it wasDelaunay in the prior step. If
it was destroyed by a 
ip, either it or its appropriate neighbour
�( qr t) was Delaunay before. In case that the neighbour was
Delaunay, it contained s (and thus �( qr s)) in its circumcircle
and therefore also p.

So each step during the point location can be attributed to a
Delaunay triangle containing p in its scope. But each triangle
can only be charged oncefor each point in its scope. Hencethe
expected total cost for all point locations done is

O

 

n +
X

� 2D tot

jK (�) j

!

:

By the previous lemma this is O(n logn).

�

Remark.

Observe that the previous theorem does not state that the search tree
has logarithmic depth.



Chapter 4

Con trolled Perturbation

As we have seenbefore,it is not always possibleto detect degenerateor near
degeneratecasesrobustly using only low precision 
oating point arithmetic
(as for example provided by the double data type). If such a data type is
usednevertheless,it cancauseinconsistent results in (near) degeneratecases
and so the output does not match the input and will often not even have
the expected properties.

When computing the Delaunay triangulation of a setof points containing
(near) degeneraciesfor example,the output often will not only be a triangu-
lation that doesn't match the input, but it might even be not a triangulation
at all (possiblynot even a planar graph) due to inconsistent numeric results.

However, if speed is paramount, it is often not desirable to use exact
arithmetic. In such casesa slight error is often tolerable, as long as the
output still has the expected structure (i.e. is a Delaunay triangulation).

In this and the following chapters we give a variation of the randomised
incremental algorithm for Voronoi diagrams that, given a set S of points as
input, returns a set of perturb ed points eS and the Voronoi diagram V( eS)
(resp. the Delaunay triangulation D( eS), which is the dual of V( eS) by (3.3)).

All points in eS are derived from the points in S by perturbing them by at
most a value � . Using the error boundsgiven in (2.10) ambiguouspredicates
are detected and resolved by the perturbation. Since the perturbation of a
point is done such that with high probabilit y all predicates neededduring
its insertion can be computed robustly afterwards, we expect that not too
many perturbations are needed.

This algorithm is called a controlled perturbation algorithm. Its key in-
gredient is doing the perturbation in such a way that the perturb ed point
does not causenumerical inconsistencieswith at least a given probabilit y.
Then wecanbound the expectednumber of perturbations neededand choose
the probabilit y in such a way that the asymptotic running time of the algo-
rithm doesnot change.

Controlled perturbation can be applied to many geometricproblemsand

29
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was �rst used for arrangements of polyhedral surfaces[Ra99] and of circles
[HL03]. Sinceit removesall degeneraciesand numerical problems, the com-
binatorial part of the algorithm can be implemented as if its input is in gen-
eral position and exact arithmetic is used. Only the numerical predicates
must be reimplemented in such a way that they can detect problematic in-
put sites and the randomised incremental algorithm must be extended in
such a way that it is able to perturb troublesomepoints.

4.1 Terminology

In the following let S bea set of sites,P bea geometricproblem with output
P(S) on input S for which a randomised incremental algorithm exists and
let E(s1; : : : ; sk) be a k-ary predicate used in the algorithm. Further let p
be the precision of the 
oating point numbers used (i.e. p = 52 for IEEE
doubles)� .

We now de�ne someterminology used later.

(4.1) De�nition (Illegal Site):
A site s is called illegal w.r.t .

a) the predicate E (and sites s1; : : : ; sk� 1), if the evaluation of the ex-
pression E(s1; : : : ; sk� 1; s) gives an ambiguousresult, i.e. its result
can neither be safely discerned as positive nor as negative.

b) the set of sites S, if it is il legal for at least one predicate computed
upon its insertion into P(S).

The illegal sites in S are exactly those sites that will be perturb ed by
the algorithm. Observe that all sites causing degeneraciesare illegal by
de�nition.

(4.2) De�nition (P erturbation Bound):
A perturbation bound for P is a distance � := � (p;w; S) > 0 for which
it is guaranteed that after randomly perturbing a site in S by at most � , this
site wil l be il legal with probability at most w.

The bound � (p;w; S) will get smaller if we increasethe precision p and
larger if we decreasethe probabilit y w. If we can give a perturbation bound
for P, then we can construct a controlled perturbation algorithm for the
problem.

Depending on the predicates used, some assumptions about the sites
s1; : : : ; sk� 1 may have to be made to ensurethat no predicatesare already
degeneratebecauseof s1; : : : ; sk� 1, independent of how s is chosen. Oth-
erwise this would causes to be always illegal, no matter if and how it is

� It should be clear when p denotes the precision used and when it is used as point
p = (px ; py ).
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perturb ed, and thus no � could be given for any probabilit y w < 1. If for
exampleE is the predicate calculating the incircle test for four points, and
s1; s2; s3 are collinear, then E will be degenerateno matter how the fourth
point s is chosen. We will ensurethat this cannot happen by checking aux-
iliary predicates in our algorithm. It should however be assuredthat not
too many additional predicates are computed, since otherwise this could
in
uence the asymptotic running time of the algorithm.

4.2 A Framew ork for Con trolled Perturbation Al-
gorithms

If we want to compute the geometric problem P of a set S of sites we can
use one of the following two modi�ed randomised incremental algorithms
which output a set of perturb ed sites eS and the structure eP := P( eS).

The �rst oneperturbs an illegal site on the 
y and thus can alsobe used
as on-line algorithm. However the proofs for the running time of the unper-
turb ed randomisedincremental algorithms will not work for this method.

The secondmethod �rst perturbs all sitesand then runs the unmodi�ed
randomised incremental algorithm on this perturb ed sites. Becauseof this
it cannot be usedas on-line algorithm and all points will be perturb ed even
if there were only few illegal sites present.

We usethe notation Si (resp. eSi ) for the set of (perturb ed) sites usedin
the i th step of the algorithm and P i (resp. ePi ) for the structure obtained
after inserting the �rst i sites.

4.2.1 On-line Perturbation

The on-line perturbation algorithm works as follows.

(4.3) Algorithm:
Input: A set S of n sites.
Output: A set eS containing perturbed versions of the sites and the geo-
metric structure eP := P( eS).

Initialise eS := ; .

1. While S 6= ; randomly chooses 2 S.

2. Set s0 := s.

3. Calculate eP0
i = P( eSi [ s0).

4. Ensure that the new objects won't causedegeneracies later.

5. If a predicate failed during the last two steps
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6. Set s0 := (s randomly perturbed by at most � ).

7. Goto 3.

8. End If

9. Set eSi := eSi � 1 [ f s0g.

10. Set ePi := eP0
i .

11. Set S := S n f sg.

12. End while.

13. Output eS := eSn and eP := ePn .

Step 4 to 8 in the algorithm are what distinguishes it from a \normal"
randomisedincremental algorithm.

In step 3 we should not compute eP0
i , but only record the changesthat

needto be done to ePi � 1 to get eP0
i . Then we can throw away those changes

if s0 is illegal or apply them in step 10 to get ePi . This is crucial because
most randomised incremental algorithms actually do very small changesin
each step, while the entire structure may be rather large.

The perturbations donein step 6 only resolve the degeneraciesoccurring
for the random permutation of the sites chosenby the algorithm. Henceif
eS is given to the algorithm again, it may need to perturb somesites of eS
that are illegal under the new permutation.

Further note that in the i th iteration of the loop the already inserted
sites(those in eSi � 1) are left untouched. Only the current site si is perturb ed
if it is illegal. Becauseof this step 4 is needed(as mentioned above) if some
predicates may be degeneratedue to the already inserted sites, no matter
what the new site is.

The perturbation bound � can either be given by the user, in which case
we calculate the precision p neededto ensurethat the probabilit y w holds,
or the algorithm can run with a �xed precision, in which case� is calculated
on the 
y .

The failure probabilit y w is chosenas 1
2 , so we know that an iteration

of the algorithm will fail at most about every secondtime (after the �rst
perturbation). Hencewe expect each iteration to be repeated twice in the
worst case.

Unfortunately we cannot arguethat this will increasethe total expected
running time of the algorithm by two, since the perturbation of the site s
can causethe algorithm to take a di�eren t computation path for s0.

Furthermore if we do the perturbations on the 
y , the set eS will likely
be di�eren t each time the algorithm is executed. Due to this, the classical
proofs for the running time of randomised incremental algorithms won't
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work, since they assumethat permuting the order of S and rerunning the
algorithm yields the sameresult.

4.2.2 O�-line Perturbation

This suggeststhe following alternative algorithm.

(4.4) Algorithm:
Input: A set S of n sites.
Output: A set eS containing perturbed versions of the sites and the geo-
metric structure eP := P( eS).

Initialise eS := S.

1. Perturb all sites in eS.

2. Run the unmodi�e d randomised incremental algorithm for P on eS.

3. If the computation is bad, abort the abovestepand restart from scratch.

4. Output eS and eP.

What exactly a bad computation is dependson the randomisedincremental
algorithm for the problem. However if a predicate fails the computation will
be bad in any case.

In this algorithm the perturbations are done at the beginning and the
randomised incremental algorithm is run on the perturb ed input. Hence
the expected running time of step 2 is at most the expected running time
of the randomised incremental algorithm on input size n and even lessif a
computation is bad and the algorithm is aborted.

Now what is the running time of this algorithm? To answer this let S �

be the set of permutations of S, hencejS � j = n!, and let S� be the set of
perturbations of S. Sincewe use 
oating point arithmetic, which can only
represent a �nite set of numbers, we can assumethat S � is a �nite set.

For the unmodi�ed randomised incremental algorithm with exact pred-
icates we de�ne

� Te( eS; � ) for � 2 S� ; eS 2 S� as the running timey on input eS with
permutation � ,

� Te( eS) for eS 2 S� asthe expectedrunning time (over all permutations)
on input eS,

� Te(n) as the expected running time on arbitrary input of sizen.

yObserve that for a �xed permutation � 2 S � the running time is �xed.
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Analogously we de�ne Ti (�) as the time spend during one execution of step
2 in algorithm (4.4). SinceTi ( eS; � ) is at most the time spend by one run of
the unmodi�ed algorithm on � ( eS) and may even be lessif the computation
turns out to be bad, we have Ti ( eS; � ) � Te( eS; � ).

We now seekthe expected running time T(S) of the whole algorithm on
input S. The time neededis the time of one execution of step 2 plus the
time neededfor a rerun, if the computation is bad. To get the expected
running time we sum this over all possibleperturbations and permutations
of S to get the recurrencerelation

T(S) =
X

eS2S � ;� 2S �

p( eS; � )
�

Ti ( eS; � ) + � ( eS; � )T(S)
�

; (4.1)

where � is an indicator variable for the failure of step 2, i.e.

X ( eS; � ) =

(
1 if the computation on � ( eS) is bad,

0 otherwise

and p( eS; � ) is the probabilit y that the algorithm will be run on input � ( eS).
Sincethe permutation and perturbation are chosenindependently and uni-
formly at random, p( eS; � ) = 1

n!jS � j .
Now we can split the sum (4.1) in two parts. The �rst part gives

X

eS2S � ;� 2S �

p( eS; � )Ti ( eS; � ) �
X

eS2S �

1
jS � j

X

� 2S �

1
n!

Te( eS; � )

�
X

eS2S �

1
jS � j

Te( eS)

� Te(n) (4.2)

This leavesus with the secondpart of the sum (4.1). We want to de�ne bad
computations in such a way that

X

eS2S � ;� 2S �

p( eS; � )� ( eS; � ) � c (4.3)

for a constant 0 < c < 1 independent of S. Then (4.1) givesus

T(S) � Te(n) + cT(S)

, T(S) �
Te(n)
1 � c

(4.4)

and thus algorithm (4.4) has the sameexpectedasymptotic running time as
the unmodi�ed algorithm. How the sum (4.3) can be calculated, and which
inputs causebad computations, dependson the geometric problem P. For
Delaunay triangulations we will continue the analysis in section (5.6).
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Remark. Observethat the o�-line algorithm does not need to evaluateany
auxiliary predicates. Without them, we stil l have Ti � Te, and the number
of bad computations won't increaseeither.

4.2.3 On-line Calculation of �

Assume that there exists a perturbation bound � with failure probabilit y
p < 1

2 for the problem P. Then we can compute � during the algorithm in
the following way:

We start our perturbations with a parameter � 0 > 0. Whenever a per-
turbation fails, we double � 0.

After some iterations we have 2� > � 0 � � , and hence the the failure
probabilit y is at most p at this time. The probabilit y that � 0 is doubled
exactly i times afterwards is (1 � p)pi . Hencethe expected value of � 0 can
be calculated as

E(� 0) < 2� +
1X

i =1

(2i � ) � (1 � p) � pi

= 2� + (1 � p)�
1X

i =1

(2p) i

= 2� + (1 � p)�
2p

1 � 2p
= O(� );

where the in�nite seriesconvergessince2p < 1. So the expected number of
iterations neededis O(log � ).

4.3 Forbidden Areas

How can we derive the perturbation bound neededfor controlled perturba-
tion? Our approach is to bound the size of the area containing all illegal
sites. Then � can be derived from this. There may however be other ways
to compute � , depending on the predicatesusedin an algorithm.

Since we will use the rules from (2.10) to compute this area, we need
an upper bound M on the numerical input. For points this the absolute
value of the maximum possiblecoordinates. Observe that the coordinates
are changedby the perturbation, hencewe have for a set S of n points

M := � + max
p2S

(jpx j; jpy j):
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(4.5) De�nition (Forbidden Area):
The forbidden area induced by a predicate E is the area A E containing all
il legal sites w.r.t. E .

Now how can we compute the forbidden area for a predicate E? It surely
includes all degeneratesite positions for E . Also sites closeto degenerate
positions must be included, sincethosecannot be handled by �xed precision

oating point arithmetic. Therefore the forbidden area is given by a strip e
around the degeneratepositions of E . The width of this strip e dependson
the precision and the predicate. Since moving a degeneratesite away \in
the right direction" by this width will place it outside the forbidden area,
not only the degeneracyis resolved by this, but the site also becomeslegal.
So this value gives us a bound on the minimum separation of sites needed
to resolve problems. This suggeststhe following de�nition.

(4.6) De�nition (Resolution Bound):
A resolution bound for E is a distance � E := � E (p;s1; : : : ; sk� 1) > 0 guar-
anteeing that the site s wil l not be il legal if its distance from any degenerate
position for E(= E(s1; : : : ; sk ; �)) is at least � E .

The resolution bound must clearly be smaller than the perturbation bound
� , elsewe are not allowed to move a degeneratesite far enoughaway to make
it legal. Observe that moving an illegal site � E away in an arbitrary direction
doesnot necessarilymake it legal, since it will not be moved outside of the
forbidden area in most cases.

Now if we know the shape of the region Adeg of degeneratepoints for E
and a resolution bound � E for E then we can construct a forbidden region
AE by enveloping Adeg with a strip of width � E . In other words we compute
the Minkowski sum

AE := Adeg �
�

� E := f x + yjx 2 Adeg; y 2
�

� E g:

As mentioned before,auxiliary predicatesfor E may be neededto ensure
that the previously inserted sites do not causeall inputs to E to be illegal.
Such an auxiliary predicate E 0 will be positive for sitesnot causingproblems
during the evaluation of E and negative otherwise. Hencewe can be forced
to perturb a site becauseof E 0 although it is not illegal in the strict sense
for E 0.

As exampleconsider the predicate E � , which is usedto ensurethat two
points are at least a given distance � apart. It is usedas auxiliary predicate
both in our algorithm and in [HL03]. Now E � will be degenerateif two
points are exactly � apart. However, if � � is a resolution bound for this
predicate, then points being lessthan � � � � apart will causeE � to evaluate
without problems. But these points still need to be perturb ed, since they
are too close.

Becauseof this we de�ne the forbidden area of an auxiliary predicate as
the area not only containing the sites illegal for E 0 but also containing the
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sitesfor which E 0 < 0 holds. Hencethe resolution bound � E 0 for an auxiliary
predicate is given by the sum � E 0 + � E 0, where � E 0 is the actual resolution
bound for E 0 and � E 0 is a value ensuring that E 0 will be positive.

4.4 Con trolled Perturbation for Arrangemen ts of
Circles

In this section we give a short overview of [HL03]. There the geometric
problem is to compute the arrangement A(C) of a collection of circles in
the euclidean plane. An arrangement of C is the subdivision of the plane
into vertices, edgesand facesinduced by the objects in C. Arrangements
are widely used in computational geometry. There exists a wide variety of
algorithms for computing arrangements, starting for simple objects like lines
[BKOS97] up to complicated algebraic curves[Ew03].

To compute an arrangement of circles, �rst the intersection points of the
circles must be computed. During this a degeneracyoccurs as soon as more
than one intersection point coincide. This is either the caseif two circles
have a tangential intersection, i.e. they touch each other in a single point,
or if three or more circles intersect in the samepoint. There however arises
an additional predicate E � that is used to ensure that two points have at
least a given distance � .

Figure 4.1: A set of circlesshowing the possibledegeneraciesand
a perturbation of the circles.

Each Circle Ci = (ci ; r i ) is given by the coordinates of its centre ci =
(x i ; yi ) 2

� 2 and its radius r i 2
� + . Perturbations will only be done to the

centre coordinates, the radius of the circle will stay �xed. An example is
shown in �gure 4.1.

The arrangement is then build in an incremental fashion,and if an illegal
point is encountered it is perturb ed. So the algorithm is a variant of the
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on-line algorithm (4.3).
Now let M be an upper bound on the coordinates and the radii of the

circles and let R := max1� i � n f r i g � M be the maximum radius of a circle.
We will review the computation of the forbidden area induced by the outer
tangencyof two circlesCi ; Cj , wherewe assumethat Cj wasalready inserted
earlier and thus stays �xed.

An exact outer tangency occurs if the centres of the circles are exactly
r i + r j away from each other. Hence if � is a resolution bound for outer
tangencies,the forbidden areais given by the points having distancebetween
r i + r j � � and r i + r j + � from cj . So the forbidden area forms an annulus
around cj . To get a worst casebound on the area, both r i and r j are set to
the maximum possibleradius M , yielding

Amax � � (( r i + r j + � )2 � (r i + r j � � )2 � 8� M �:

To get the total forbidden areafor the test, this areamust bemultiplied with
the number of outer tangenciesthat can occur. In the worst casethis can be
n � 1 circles. But it is possibleto compute a density parameter k � n � 1,
giving the maximum number of possibletangenciesthat can occur. If � is
the perturbation bound for a given instance of the problem, this parameter
can be computed in the following way.

Since only the centres of the circles are perturb ed, their radii will not
change. Now a perturbation of the centre by at most � translates to a
perturbation of each point on the circle by the samevalue. Thus this induces
an annulus of radii max(0; r i � � ) and r i + � around ci . Now the density
parameter k is the maximum number of those annuli intersecting a single
annulus.

Hencethe total forbidden area for outer tangency is

AF � 8� kM R�:

Now the resolution bound can be computed using the rules given in
(2.10). As we have seenabove outer tangency occurs if the centres of the
circles are exactly r i + r j away from each other. Hence the predicate for
outer tangency for two circles ((px ; py); rp) ((qx ; qy); rq) will be

E := (px � qx )2 + (py � qy)2 � (rp + rq)2 > 0: (4.5)

Each squarehas index ind (a� b)2 = 1 + ind a� b + ind a� b = 3, and hencethe
whole expressionhas index

indE = 1 + max(ind (a� b)2 ; 1 + max(ind (a� b)2 ; ind (a� b)2 ))

= 1 + max(3; 1 + max(3; 3)) = 5:

Setting each term to M and replacing subtractions by additions gives the
error bound

B = 5 � 2� p � 12M 2: (4.6)
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Now jE j > 2B is required to ensurethat (4.5) can safely be calculated.
Which distance � must the centres of the circles have to ensure that this
inequality holds? If E = 0 then the circles are exactly tangent and the
distance betweentheir centres is r p + rq. If the circles are far enoughapart
to ful�l jE j > 2B , then they must be at least r p + rq + � apart. This gives

q
(px � qx )2 + (py � qy)2 = rp + rq + �

and after squaring and rearranging terms becomes

(px � qx )2 + (py � qy)2 � (rp + rq)2 = � 2(r p + rq)� + � 2:

But the left hand side is exactly E , so this can be rewritten as

j � 2(r p + rq)� + � 2j = E > 2B :

So there are two inequalities to be considered.For j + 2(r p + rq)� + � 2j >
2B , the term r p + rq can be very small. To get a worst caseestimate assume
rp + rq = 0. Then the inequality simpli�es to j� 2j > 2B .

For the secondinequality j � 2(r p + rq)� + � 2j > 2B , it must be assumed
that all radii are at least � . Then r p + rq � 2� and hencethe inequality

j � 2(r p + rq)� + � 2j � j � 2(2� )� + � 2j > j� 2j:

holds. So if j� 2j > 2B is chosen,then j � 2(r p + rq)� + � 2j > 2B holds.
Together with the error bound (4.6) this gives the resolution bound

� 1 >
p

10� 2� p � 12M 2:

The same is done for the other degeneraciesand the forbidden areas
are summed up to get the size of the total forbidden area AF . Then � is
computed for error probabilit y 1

2 as

� � 2 > 2AF

) � >

r
2AF

�

4.4.1 Di�erences to Voronoi diagrams

There is a big di�erence betweenthe computation of Voronoi diagrams(resp.
Delaunay triangulations) and the arrangement of circles. While the latter
may appearharder on �rst sight becauseof higher time complexity and more
complicated objects (circles instead of points), this is not true.

The objects we dealwith whencomputing Voronoi diagramsarenot only
the input points, but mainly the triangles and circumcirclesof thesepoints.
Since there are O(n3) di�eren t circles that can be induced by this points,
we cannot hope to �nd and clear all illegal points in the input. Fortunately
we only need to remove those points that are illegal for the given insertion
order. But since the objects we deal with change all the time, it seems
impossibleto derive a density parameter k for Voronoi diagrams.
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Chapter 5

Con trolled Perturbation for
Voronoi Diagrams

While the last chapter dealt with controlled perturbation in general, we
will now apply it to the computation of Voronoi diagrams resp. Delaunay
triangulations. For this recall that the randomised incremental algorithm
(3.4) usestwo geometricoperations. The incircle test, to classify edgesthat
needto be 
ipp ed and an \in-triangle" test to locate the triangle containing
a new point. In this chapter we will �rst deal with the incircle test. We
will show that two auxiliary predicates are neededby the incircle test and
classify the forbidden areasof each of this three predicates. With this we
will then determine the total forbidden area induced by the incircle test and
its auxiliary predicatesduring one insertion, and show that for each incircle
test only a constant number of additional predicates is evaluated.

After this we will show how we can decide if a point is inside a triangle
and analysethe predicateneededto test this. With this wethen givea bound
on the total forbidden area induced by all predicates during one insertion
and deducea perturbation bound from this.

At the end of this chapter we will �nish the analysis (4.2.2) of the run-
ning time for o�-line perturbation specialisedto the randomisedincremental
Delaunay algorithm (3.4).

5.1 The Incircle Test

The main predicate used in the randomised incremental algorithm for
Voronoi diagrams and Delaunay triangulations is the incircle test:

Given three points p = (px ; py); q = (qx ; qy); r = (r x ; r y) and a
query point t = (tx ; ty), is t inside or outside the circle de�ned
by p;q and r ?

This test is degenerateif t lies on the circle itself.

41
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As we have seenin (3.1), the incircle test for the points p;q; r and the
query point t, wherep;q; r areoriented in counterclockwise (short ccw) order
can be done by computing the sign of the determinant

E � =

�
�
�
�
�
�
�
�

px py p2
x + p2

y 1
qx qy q2

x + q2
y 1

r x r y r 2
x + r 2

y 1
tx ty t2

x + t2
y 1

�
�
�
�
�
�
�
�

: (5.1)

This determinant can be deducedas follows. Consider the projection of the
four points onto the paraboloid of revolution P : x2 + y2 � z = 0. The
projection is given by the function

� lift :
� 2 !

� 3; (x; y) 7! (x; y; x2 + y2):

Figure 5.1: The projection for the incircle-test

Then t lies outside the circle de�ned by p;q; r i� � lift (t) lies above the
plane de�ned by � lift (p); � lift (q); � lift (r ) (see�gure 5.1). The above deter-
minant evaluates to (six times) the signed volume V (S) of the simplex S
de�ned by the four lifted points. If the �rst three points are in ccw or-
der, then this volume is positive i� t lies beneath the plane and therefore is
incircle.

In the following let � be the triangle de�ned by p;q; r (with areaA(�)),
let � lift (�) be the triangle de�ned by the lifted points � lift (p), � lift (q),
� lift (r ) (with area A(� lift (�))) and let E be the plane de�ned by � lift (p),
� lift (q), � lift (r ) (and thus containing � lift (�)). Further denote by � the
angle betweenE and the (x; y)-plane.



5.1. THE INCIR CLE TEST 43

hv

h

� lift (t)
�

E

x2 + y2 � z = 0

t
(x; y)-plane�

Figure 5.2: Projecting t

Then V(S) can be computed as V(S) = 1
3A(� lift (�)) h where h is the

distance of � lift (t) from the plane E. A(� lift (�)) can be computed as
A(� lift (�)) = 1

cos(� ) A(�), since the distancesbetween the lifted points are

scaledby 1
cos(� ) .

On the other hand the height h of � lift (t) can be calculated as h =
cos(� )hv , where hv is the vertical distance of t from E. Using this we get

V (S) =
1
3

A(� lift (�)) h =
1
3

1
cos(� )

A(�) cos(� )hv =
1
3

A(�) hv : (5.2)

To compute hv we can comparethe z-coordinates of � lift (t) and the projec-
tion of t onto E. If E has the equation z = ax + by+ c this yields

hv =
�
�(t2

x + t2
y) � (atx + bty + c)

�
�

=
�
�
�
�t

2
x � atx +

a2

4
+ t2

y � bty +
b2

4
+ c �

a2

4
�

b2

4

�
�
�
�

=

�
�
�
�
�

�
tx �

a
2

� 2
+

�
ty �

b
2

� 2

�
�

a2

4
+

b2

4
� c

� �
�
�
�
�

(5.3)

Now we needto derive the equation for the plane E. First let us take a
closer look at the intersection of it with the paraboloid P, which is the set
of all points (x; y; z) ful�lling the equations for both objects. If we equate
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them we get

x2 + y2 = ax + by+ c

, x2 � ax +
a2

22 + y2 � by+
b2

22 =
a2

4
+

b2

4
+ c

,
�

x �
a
2

� 2
+

�
y �

b
2

� 2

=
a2

4
+

b2

4
+ c

and thus E \ P is given by the two equations z = ax + by + c and (x �
a
2 )2 + (y � b

2)2 � ( a2

4 + b2

4 + c) = 0. The projection of E \ P back onto the
(x; y)-plane consistsof those points (x; y) for which there is a z such that
(x; y; z) is a point of E \ P. For all (x; y) there is a z such that the �rst
equation is ful�lled, namely z := x2 + y2. (Geometrical this is true sincethe
projection of the paraboloid onto the (x; y)-plane gives the whole plane.)
The secondequation doesn't contain z (it de�nes a cylinder perpendicular
to the plane), thus the projection is given by all (x; y) ful�lling the equation

�
x �

a
2

� 2
+

�
y �

b
2

� 2

=
a2

4
+

b2

4
+ c;

which is the circle with centre ( a
2 ; b

2) and radius R :=
q

a2

4 + b2

4 + c. Note
that � lift (p); � lift (q); � lift (r ) are in P by de�nition of the lifting map and in
E by de�nition of E . Thus the projection of E \ P onto the (x; y)-plane
must contain p;q; r and henceit is the Voronoi circle de�ned by the points
with the Voronoi vertex v = ( a

2 ; b
2) as centre.

Using this and equation (5.3) we get

hv =
�
�dist2(v; t) � R2

�
�

= j(dist (v; t) + R) � (dist( v; t) � R)j

= (dist( v; t) + R) � jdist(v; t) � Rj

� R � jdist(v; t) � Rj : (5.4)

5.1.1 The Resolution Bound

E � is degeneratei� the above determinant (5.1) evaluates to zero. This
happensi� t lies on the Voronoi circle de�ned by p;q; r , i.e. i� the distance
of v to t and the radius of the Voronoi circle are equal. We are searching
for a minimal � � such that if the distance of t varies by at least � � from
the radius (and thus from the degeneratecase), t won't be illegal, i.e. the
absolute value of E � will be larger than 2B � for a bound B � . By equation
(5.2) and equation (5.4) we have

E � = 6 � V (S) = 2A(�) � hv � 2A(�) � R � jdist(v; t) � Rj :
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Observe that by de�nition � � is equal to the term jdist(v; t) � Rj, henceif
2A(�) � R � � � > 2B � holds then E � > 2B � holds, too. Thus we can choose

� � >
B �

A(�) � R
: (5.5)

But A(�) (and also R) can get arbitrary small, forcing us to make � � arbi-
trary large. If for examplethe tree points are collinear, the triangle will even
have an area of zero, and thus any query point will be illegal. Therefore we
needto bound A(�) (and R) from below. By doing this in equation (5.5) we
enlargethe right hand side, and any � � still valid for this modi�ed equation
will also ful�l the above equation.

To bound A(�) we choosea value � � in our algorithm and ensurethat
the area of each triangle is at least � � . This is done by an additional
predicate which we discuss in the next section (Remember step 4 in the
controlled perturbation algorithm (4.3)).

To bound R from below observe that the greatest distance betweentwo
points on the circle can be at most 2R. Since the corners of � lie on the
circle, the length of the largest side of � is a lower bound for 2R.

(5.1) Lemma:
Among all triangles � with area A the largest side of the triangle is min-
imised if � is an equilateral triangle.

With this lemma we can bound the radius R from below by 1
2 times the

length of one side of the equilateral triangle with area A(�). For the area
A of an equilateral triangle with sidesof length l we have

A =
l2

4

p
3

giving us

l = 2

s
A

p
3

:

The radius R0 of the circumcircle of such a triangle can be calculated as
R0 = lp

3
, yielding

R � R0 =
l

p
3

=
2

p
3

s
A(�)
p

3
�

2
p

3

s
� �p

3
:

Henceif we choose� � as

� � �
4
p

27� B �

2�
3
2
�

>
B �

A(�) � R
(5.6)

it will also ful�l inequality (5.5).
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Now the only thing left is to compute B � . The index of E � can be
calculated as indE � = 9. Further note that setting all coordinates in the
determinant to M and evaluating it using only additions in place of sub-
tractions gives48M 4. Thus we get B � = ind E � � 48M 4 � 2� p = 432M 4 � 2� p.
Putting everything together yields

(5.2) Theorem:
Let 2� p be the precision of the 
o ating point numbers, and � � > 0 be such
that all triangles havearea greater than � � . Then a resolution bound for the
incir cle predicate (5.1) is given by

� � >
4
p

27� 432M 4 � 2� p

2�
3
2
�

= 216 4
p

27� M 4 � 2� p � �
� 3

2
� :

5.1.2 The Forbidden Area

When doing an incircle test a degeneracyoccurs if the distance between v
and t is equal to the radius R of the Voronoi circle. If the distance of t
to the Voronoi vertex v di�ers by more than the � � computed above from
the radius of the Voronoi circle, then t will be legal w.r.t. E � . Thus the
forbidden region is included in the annulus with radii R � � � and R + � �

around v.

�

Amax
�

2� �

t

Figure 5.3: The maximum forbidden area.
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For deriving an upper bound we need to know the maximum possible
forbidden area that can occur, in other words the maximum possiblesizeof
an annulus with width 2� � . While the area of the annulus can get arbitrary
big if the points de�ning it are nearly co-linear, we are only interested in the
part of the annulus that lies inside the square � M , since we don't perturb
any points to the outside of this square. Even more, we know that for a
given point t we are not allowed to perturb t by more than a constant value
� . Therefore an upper bound is given by the 2� � -annulus which has the
largest intersection with a � -disc.

(5.3) Theorem (Forbidden Area for the Incircle Predicate):
The annulus of width 2� � , having the biggestintersection with the disc

�

� (t),
is the unique annulus K max centred at t and with radii � � 2� and � (See
�gur e 5.3). Thus the forbidden area induced by a computation of E � hassize
at most

Amax
� = 4� (� � � � )� � :

Pro of:

Obviously any annulus with smaller radii will alsohave a smaller
intersection. Furthermore K max hasthe biggestintersectionwith

�

� for all annuli centred at t.

Now consideran annulus with radii greater than K max and not
centred at t. If the inner ring of this annulus doesnot crossthe
border of

�

� , it is of no interest of us, since its whole area is
outside of the disc. It also cannot cross the border only once,
since it must leave the disc again. If it crossesthe border more
than two times, it is identical to the border, sinceboth are circles
sharingat least three points (the crossingpoints), and thuswould
have centre t which is impossible. Thus it must crossthe border
exactly two times, i.e. the intersection consists of one circular
arc of the annulus. Since it has greater radius than the disc,
its curvature is smaller than that of

�

� . But in this casethe
intersection will be biggest if the crossing points are opposite
points on the border of

�

� . Becauseof this and the smaller
curvature the arc has area lessthan half the sizeof K max .

Thus K max is the annulus with the biggestpossibleintersection.

The area of K max can be calculated as di�erence between the
area of its outer circle (with radius � ) and the area of its inner
circle (with radius � � 2� � ).

Amax
� := � � 2 � � (� � 2� � )2 = � (� 2 � � 2+ 4� � � � 4� 2

� ) = 4� (� � � � )� � :

Observe that we need� > 2� � for this proof to work.



48 CHAPTER 5. CONTROLLED PERTURBA TION

�

5.2 The Area Test for Triangles

(5.4) Condition:
Each triangle �( pqr ) used in the calculation of a predicate E � must have
area at least � � .

Let r be a newly inserted point. We want to ensure that the triangle
�( pqr ), where p and q are already inserted points, has area at least � � . To
do this we �rst derive a predicate E � which tests if �( pqr ) has size� � and
compute a resolution bound � for this predicate. Using this bound we can
then determine the distance � � by which we must relocate a point away
from the degeneratepositions of E � to ensurethat it generatesa triangle
with area at least � � .

Now the (signed) areaof the triangle �( pqr ) is given by the determinant

A(�( pqr )) =
1
2

�
�
�
�
�
�

px py 1
qx qy 1
r x r y 1

�
�
�
�
�
�

=
1
2

(py � qy)r x + (qx � px )r y + pxqy � pyqx :

This must be big enoughto ensurethat the triangle �( pqr ) hasareagreater
than � � , and thus our predicatesare

E � := (py � qy)r x + (qx � px )r y + pxqy � pyqx � 2� � > 0 (5.7a)

E 0
� := (py � qy)r x + (qx � px )r y + pxqy � pyqx + 2� � < 0: (5.7b)

Two predicatesare neededbecausethe areacould be negative and hencewe
not only needto test if it is greater than � � , but if this fails we alsoneedto
test if it is smaller than � � � .

5.2.1 The Resolution Bound

Predicate (5.7a) is degenerate,i.e. E � = 0, it the triangle has size exactly
� � . Sincethe points p and q have already beeninserted, we want to perturb
r . Now another formula to calculate A(�( pqr )) is given by A = 1

2gh, where
g = dist(p;q) is the length of the basesideand h = dist(L pq; r ) is the height
of the triangle. Rearranging shows that the distance of r from the baseline
is 2A(�( pqr ))

g , and hence2 � �
g in the degeneratecase.

If we ensurethat the predicate evaluates to a positive value, i.e. E � >
2B � , then r lies 2 � �

g + � away from L pq for a positive � . We seek the
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smallest possible� such that E � > 2B � holds, so we start with

dist(L pq; r ) =
(py � qy)r x + (qx � px )r y + pxqy � pyqxp

(px � qx )2 + (py � qy)2
= 2

� �

g
+ �:

Multiplying this equation by g =
p

(px � qx )2 + (py � qy)2 and moving 2� �

to the left side yields

(py � qy)r x + (qx � px )r y + pxqy � pyqx � 2� � = �
q

(px � qx )2 + (py � qy)2:

Now the left side is exactly E � , and sincewe want E � > 2B � this yields

�
q

(px � qx )2 + (py � qy)2 > 2B � :

To �nd the minimum possible� such that this equationholdsweneeda lower
bound on g =

p
(px � qx )2 + (py � qy)2. Otherwise g could be arbitrary

closeto zero (observe that g is always nonnegative) forcing us to choose�
arbitrary large. To do this we introduce yet another predicate, namely a
test that two points p;q are not too closetogether. We usethis predicate to
ensurethat two points are at least a given distance � > 0 apart from each
other. It will be consideredin detail in the next section. With this we get
�� > 2B � and thus we have � > 2B �

� . To calculate B � , we replace each
subtraction by an addition and set each coordinate to its maximum in the
predicate to get

B � = 2� p � indE � � (6M 2 + 2� � ):

Using the rules from (2.10) we calculate indE � as 4. All in all we get

� >
16� 2� p � (3M 2 + � � )

�
: (5.8)

For the predicate (5.7b) the calculations are analogous.Furthermore we get
the sameerror bound sinceall subtractions in E 0

� are replacedby additions
in its calculation. Thus � is also a resolution bound for E 0

� .
The distance � � can now be calculated as the sum of the distance of r

from L pq neededto ensurethat that the area of the triangle is � � and the
resolution bound � neededto safely determine this.

(5.5) Theorem:
Let 2� p be the precision of the 
o ating point numbers, and � > 0 be a
lower bound for the distance of two points. Then a resolution bound for the
predicate E � (and E 0

� ) is given by

� � >
2� �

�
+ �

> 2� � 1 � (� � + (8 � 2� p(3M 2 + � � ))) :
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5.2.2 The Forbidden Area

The forbidden area for this predicate is the strip e with width 2� � around
the line L pq, and thus in�nite. But as beforewe can argue that sincewe are
only allowed to perturb r by at most � , we only need to consider the area
of the intersection with

�

� (r ).

Lpq r
2� �

Amax
�

�

Figure 5.4: The maximum forbidden area for E � .

(5.6) Theorem (Forbidden Area for the Area Test):
The worst caseforbidden area for E � is contained in the rectangle with side
lengths2� and 2� � . Thus its size is smaller than

Amax
� := 2� � 2� � = 4� � � :

Pro of:

The biggest possible forbidden area is clearly achieved if r lies
on the line L pq. In this casethe part of L pq passing through

�

� (r ) is 2� long. Thus the intersection of
�

� (r ) and the strip e
is contained in its intersection with the 2� squarearound r . But
this intersection has sizeexactly Amax

� .

�

The situation of the theorem is shown in �gure 5.4. The hatched area is
the maximum possibleforbidden area. It is enclosedin the dashedrectangle
with area Amax

� .
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Remark. a) This predicate does not only ensure that there is no triangle
with area smaller than � � , but also that no three points are co-linear,
since then they would induce a zero-area triangle.

b) Since the stripe is � � wide above and below L pq, it is the forbidden area
for both E � and E 0

� .

c) Note that E 0
� only needs to be checked if E � fails, and can be computed

with low additional cost by just comparing

(py � qy)r x + (qx � px )r y + pxqy � pyqx < � 2� �

instead of checking if the left hand side is greater than 2� � .

5.3 The Distance Test for two Poin ts

(5.7) Condition:
Each two points p;q used in the calculation of a predicate E � must be at
least � apart.

� �

Amax
�

Figure 5.5: A set of points and the forbidden area induced by
the � � -balls around them.

This is already taken care of in [HL03] and yields the predicate

E � = (px � qx )2 + (py � qy)2 � � 2

and the resolution bound

� � > � +
p

14� 2� p � (8 � M 2 + � 2):
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Each point induces a ball of radius � � around it as forbidden area, so the
forbidden area is

Amax
� = � � 2

� :

5.4 The Perturbation Bound

Now weneedto calculatethe worst caseforbidden areathat canoccur during
the insertion of a new site. This can be done by determining the number of
forbidden areasthat can occur in the worst caseduring the insertion step.
From this we then derive the perturbation bound neededto guarantee that
a point is illegal with probabilit y at most w after perturbing it.

Further we must count how many additional predicatesneedto be eval-
uated to ensurethat the conditions (5.7) and (5.4) hold. We will seethat
only a constant number of additional predicatesis neededadditional to each
incircle test, and thus the asymptotic running time of an iteration of the al-
gorithm is not changed.

In the following denote the point chosenin the i th step by pi . Further
recall that Si denotesthe set of the �rst i inserted sites and Vi := V(Si ) its
Voronoi diagram. We �rst give two lemmata neededlater.

(5.8) Lemma:
Each Voronoi vertex in Vi n Vi � 1 has pi as one of its de�ning sites.

Pro of: (by contradiction)

Let vpqr 2 Vi n Vi � 1 be a Voronoi vertex with de�ning sites
p;q; r 6= pi . Then the Voronoi circle through p;q; r does not
contain any other point in Si . But p;q; r are already in Si � 1,
and thus vpqr 2 Vi � 1, since its clearancecircle cannot contain
any point in Si � 1 ( Si . Thus vpqr cannot be in Vi n Vi � 1 and
therefore all vertices in Vi nVi � 1 must have pi as a de�ning site.

�

(5.9) Lemma:
Let pj ; pk ; pl be the de�ning sites of a Voronoi vertex v 2 Vl , j < k < l.
Then there is already a Voronoi vertex in Vk which has pj and pk among its
de�ning sites.

Pro of:

If pj and pk are de�ning sites of a Voronoi vertex, then they
sharea bisector B := B(pj ; pk ), and thus by the de�nition of the
bisector no point (in Sl ) can be closer to B. But then no point
in Sk ( Sl can be closer to B either.
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Thus pj and pk already share a bisector in Vk , and since all
bisectorsare �nite � pj and pk must be among the de�ning sites
of a Voronoi vertex in Vk .

�

First we consider the predicate E � for the incircle test. By (5.8) all incircle
tests computed in the i th step concern the point pi , thus perturbing pi

su�ces to resolve probable degeneracies.Since no additional incircle tests
are done, the running time is not a�ected.

Now we need to estimate the total size of the forbidden area for pi

induced by the predicate E � . When we insert a new point into the Voronoi
diagram all Voronoi circles present in that diagram can causea possible
degeneracy. Thus we need to �nd a bound on the maximum number of
Voronoi circles.

Each Voronoi circle de�nes a vertex in the Voronoi diagram (and vice
versa), and since by (3.1) the Voronoi diagram has linear complexity, the
maximum forbidden area induced by E � has sizeat most

AF � := (2(i + 3) � 5)Amax
� � (2(n + 3) � 5)Amax

� :

Next we considerE � . Each time the predicate E � is computed for vpqr

and a site pi we needto ensurethat p;q; r ful�l condition (5.4) by evaluating
E � (pqr ). However this neededwhen pi is inserted, but p;q and r were
already inserted in an earlier step. Thuswearenot longerallowed to perturb
any one of this three points in this step. Hencewe must ensurethat p;q; r
ful�l the condition as soon as the last of this three points (w.l.o.g. r = pj )
is inserted. But how do we know at step j for which points p;q the above
situation could occur later?

The simplest solution would be to check pj against all pairs of points
in Sj � 1 in the j th step. But this would cost O(i 2) checks in each step
thus leading to O(n3) checks for the whole algorithm. Sincethe unmodi�ed
randomised incremental algorithm has running time O(n logn), this would
render our algorithm useless.(Further note that this would also causeAF �

to be cubic in n.)
However whenevaluating E � the points for which E � must hold are those

already forming a Voronoi vertex in Vi � 1. Thus using lemma (5.8) and (5.9)
it is su�cien t to check that every time a (successful,i.e. pi is inside the old
circle) incircle test is done, the points generatinga new Voronoi vertex ful�l
E � . We seethat E � is calculate at most asmany times asE � , and therefore
the running time of an iteration of the algorithm doesn't change.

Now we needto calculate the total forbidden area induced by E � . The
new point pi will be illegal as soon as it is too closeto the line through two

� in the randomised incremental algorithm this is ensured by placing three arti�cial
points far enough outside of � M .
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points p;q. However if p;q and pi don't de�ne a Voronoi vertex at this time,
they never will do so later by (5.9), and thus by the above considerations
condition (5.4) never has to be checked for them. Therefore we are only
interested in those lines de�ned by two points forming a Voronoi vertex.

q

r

p

vpqr

Figure 5.6: The forbidden areasinduced by three points de�ning
a Voronoi vertex.

Each Voronoi vertex vpqr is de�ned by three points p;q; r and thus gives
rise to the three lines L pq,L pr ,L qr . Henceeach vertex generatesthree forbid-
den regions (see�gure 5.6). Now again by (3.1) we seethat the maximum
forbidden area for this caseis at most

AF � := 3(2(n + 3) � 5)Amax
� :

This leaves us with the last predicate E � . It is used to ensurethat two
points p;q have at least a given distance � and thus ful�l condition (5.7).
As above the condition needsto be checked for p and q when they form a
Voronoi vertex with a new point pi and thus p and q were already inserted.

Again the naive approach would be to check pi in step i against each
point pj for j < i . This would need O(i ) checks in the i th step and thus
give O(n2) as running time.

Observe however that we only want to check condition (5.7) for points
causingan evaluation of E � (and thus of E � ), therefore forming a Voronoi
vertex. By (5.9) we know that p and q formed a Voronoi vertex since the
insertion of the last of them (w.l.o.g. q = pj ). Hence if we ensurethat as
soon as a new Voronoi vertex is generatedits points ful�l condition (5.7),
then each pair of old points, for which condition (5.7) would have to be
checked later, already ful�ls it.
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This causesthe evaluation of three additional predicates per Voronoi
vertex vpqr , since we need to check the condition for the pairs (p;q), (q; r )
and (r; p). Thus we need to calculate at most three times E � for each
evaluation of E � , thus our asymptotic running time doesnot change.

To estimate the maximum forbidden areainduced by E � , simply observe
that at step i we don't want to perturb pi into oneof the discs

�

� � (pj ); j < i
around the already inserted points. (Remember �gure 5.5). Hence the
forbidden area is at most

AF � := nA max
� :

All in all the total forbidden area for the incircle test and its auxiliary
predicateshas sizeat most

AF := AF � + AF � + AF � :

To get the perturbation bound � remember that we want to perturb our
points in such a way that they will be illegal with probabilit y at most w
afterwards. Thus the area of the disc with radius � must be at least 1=w
times as big as the forbidden area AF . This ensuresthat at most every
(1=w)th of the points in this disc is illegal. So we have

� � 2 >
AF
w

) � >

r
AF
w�

All in all we seethat in each iteration of the algorithm we calculate at
most 4 additional predicatesfor every incircle test made: One evaluation of
E � and three evaluations of E � . Hencethe asymptotic cost of an iteration
doesn't change. Further observe that the additional predicatesarenumerical
lesscomplex than E � .

5.5 The Sidedness Predicate

Another predicate often used in computational geometry is the Sidedness
predicate.

Given two points p = (px ; py); q = (qx ; qy) and a query point
t = (tx ; ty), is t to the left of the oriented line L p;q from p to q?

This predicate can be calculated by evaluating the determinant

E � =

�
�
�
�
�
�

px py 1
qx qy 1
tx ty 1

�
�
�
�
�
�

> 0: (5.9)
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p

q

r
Lqr

t
left

Lpq

L r p

p

r

L r p

Lqr

left

left
Lpq

t0

q
leftleft

right

Figure 5.7: t is on the same side of all segments, thus inside
�( pqr ), t0 is on the right of L pq, but on the left of the other
segments, thus outside �( pqr ).

In our algorithm the information given by E � is neededto �gure out two
di�eren t properties of the input points.

First let p;q; r be the corners of a triangle and t a query point. If the
point t lies on the sameside of all three oriented lines L pq; L qr ; L r p then it
is contained in the triangle �( pqr ). If on the other hand t does not lie on
the sameside of the lines, it must be outside the triangle (This is shown in
�gure 5.7). Thus we can test if a triangle contains a point by doing three
sidednesstests. This will be neededsince for each new point t we need to
identify the triangle containing it.

�( pqr )

counterclockwise

p

q

r , left of Lpq

Figure 5.8: If one Point is left of the segment formed by the
other points, the triangle is ccw.

For the seconduseof the sidednesstest, let p;q; r again be the cornersof
a triangle �( pqr ). Now if r lies to the left of the oriented line L pq then the
points of the triangle are in counterclockwise (short ccw) order, otherwise
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they are in clockwise ordery. This is shown in �gure 5.8. Remember that we
assumedthe points p;q; r to be in ccw order when calculating the incircle
predicate E � . So with the help of the sidednesstest we can now test the
order of a triangle in the algorithm.

However, if a triangle �( pqr ) ful�ls condition (5.4), we can derive E �

from it, since E � and E � are essentially the sameexpression. Recall that
the condition is ful�lled by triangles �( pqr ) passingone of the tests (5.7a)
or (5.7b) with equations

E � := (py � qy)r x + (qx � px )r y + pxqy � pyqx > 2� �

and
E 0

� := (py � qy)r x + (qx � px )r y + pxqy � pyqx < � 2� � ;

where the left hand sidesare equal to the determinant from (5.9). Since� �

is a positive constant, a triangle �( pqr ) for which E � holds will also cause
E � to be true. If on the other hand E 0

� holds for �( pqr ), it will causeE �

to be false.
However all triangles generatedin the algorithm must satisfy one of the

predicates E � or E 0
� . Hencewe can decide if the corners of a triangle are

in ccw order without evaluating E � .
While we can deducethe order from E � , we still needE � to locate the

triangle containing a new point. Such a location must be done for each new
point, sincewe needto know whereto start in our structure. Hencewe need
to deducea resolution bound � � and an upper bound Amax

� on the forbidden
area induced by E � in order to usethe predicate.

5.5.1 Forbidden Area of the Sidedness Predicate

Becauseof the above mentioned similarit y of E � and E � , the calculation of
� � and Amax

� can be done analogouslyto that of � � and Amax
� .

We just repeat the calculations with � � set to zero to get

� � >
2B �

�
�

2B �

dist(p;q)
:

Calculating B � is also done as before by setting all variables to M and
replacing all subtractions by additions. According to the rules from (2.10)
the index of E � is four, so we have

B � = 4 � 2� p � 6M 2

y Imagine yourself standing on the rim of a clock and walking in the reverse direction
of the watch hands. Then you are always turning left.
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(5.10) Theorem:
Let 2� p be the precision of the 
o ating point numbers, and � > 0 be a
lower bound for the distance of two points. Then a resolution bound for the
predicate E � is given by

� � >
48M 2 � 2� p

�
:

The maximum forbidden area is again given by the intersection of
�

� and
a strip e around L pq of width � � .

(5.11) Theorem (Forbidden Area for the sidedness test):
The worst caseforbidden area for E � is contained in the rectangle with side
lengths2� and 2� � . Thus its size is smaller than

Amax
� := 4� � � :

To seehow the perturbation bound is a�ected by this predicate, we must
count the total number of forbidden regions that can appear during the
algorithm. The predicate is only neededto check a point against the three
base lines of an existing triangle. Hence (again analogous to E � ) each
triangle inducesthree forbidden regions.

If wedo the point location the trivial way by checking all current triangles
until we �nd the onecontaining the query point t, we get a forbidden region
of sizeAF � � (2(n + 3) � 5)3Amax

� by (3.1).
Unfortunately if wedo point location using the point location data struc-

ture discussedbefore in (3.4), we need to test against destroyed triangles
as well, thus increasing the area. But we know by (3.6) that the expected
number of triangles generated by the algorithm still is linear in n, more
precisely it is at most 9n + 1. For reasonsexplained later, we will actually
suspect that there are four times that many triangles. Soif we usethis more
sophisticated point location approach, we have to usethe inferior bound

AF � � 4(9n + 1)3Amax
� (5.10)

for the forbidden area induced by E � and thus the total forbidden area for
the algorithm is

AF := AF � + AF � + AF � + AF � :

Observe that the evaluation of E � doesnot causethe evaluation of ad-
ditional predicates to ensurethat all points ful�l condition (5.7). Sincewe
only call E � (p;q; t) on points p;q already forming a triangle, the condition
was ensuredfor them during the creation of the triangle.
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(5.12) Theorem (P erturbation Bound for the randomised incre-
men tal construction of Delauna y diagrams):
Let 0 < w < 1 and let � > 0 be such that the inequality

� >

r
AF
w�

holds,where the area AF is the sumAF � + AF � + AF � + AF � of the individual
forbidden areas

AF � = (2(n + 3) � 5)Amax
� = (2(n + 3) � 5)4� (� � � � )� �

AF � = 3(2(n + 3) � 5)Amax
� = 3(2(n + 3) � 5)4� � �

AF � = 12(9n + 1)Amax
� = 12(9n + 1)4� � �

AF � = nA max
� = n� � 2

� :

Then � is a perturbation bound for the randomised incremental algorithm
ensuring that a perturbed point is il legal with probability at most w.

5.6 Running Time of Con trolled Perturbation for
Voronoi Diagrams

Now we will continue wherewe stopped in (4.2.2) and complete the analysis
of the running time for the controlled perturbation Delaunay algorithm.
First we need to de�ne which computations are bad. All computations
during which a predicate fails will be bad computations. Are there more
to consider? Remember that in the calculation of AF � we used the fact
that the randomised incremental algorithm (3.4) constructs an expected
number of 9n + 1 triangles by (3.6). But there can be permutations for
which this expected number is exceededz. Hencethose computations must
alsobe consideredasbad computations. Recall however that in the formula
for AF � (5.10) we accounted for four times as many triangles as expected.
Thus by Markov's inequality (2.5) at most a fourth of the computations will
be bad becauseof the number of triangles created.

Now we introduce the indicator variables � i ; i = 1; 2 for the above cases
as follows. For an execution of the unmodi�ed randomised incremental
algorithm on input eS 2 S� and permutation � 2 S� we de�ne

� 1( eS; � ) =

(
1 if too many triangles are generated,

0 otherwise

zAn example where �( n2) triangles will be constructed can be found in [GKS92]
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and

� 2( eS; � ) =

8
<

:
1

if not too many triangles are generated
but a predicate fails,

0 otherwise:

Recall that (4.2.2) � is used as indicator variable for bad computations.
Hence if � is equal to 1, at least one of the indicator variables � 1 and � 2

must be equal to 1 as well. Thus we have the inequality � � � 1 + � 2. With
this we can now �nally rewrite the sum (4.3) as

X

eS2S � ;� 2S �

p( eS; � )� ( eS; � )

�
X

eS2S � ;� 2S �

1
jS � jn!

�
� 1( eS; � ) + � 2( eS; � )

�

=
1

jS � j

X

eS2S �

1
n!

X

� 2S �

� 1( eS; � ) +
1
n!

X

� 2S �

1
jS � j

X

eS2S �

� 2( eS; � ) =: s1 + s2

and evaluate each of the two resulting sumsindividually .
As we have seenabove, at most one fourth of the computations will

create too many triangles. Becauseof this we expect that for �xed eS the
indicator variable � 1 is equal to 1 for at most every fourth permutation.
Hencethe inner sum of

s1 :=
1

jS � j

X

eS2S �

1
n!

X

� 2S �

� 1( eS; � )

evaluates to at most 1
4n!, and thus s1 � 1

4 .
Now for the secondsum we needto know with which probabilit y a com-

putation will fail, assumingthat not too many triangles are generated. This
of coursedependson the failure probabilit y w of one insertion in the algo-
rithm. Assumethat w = 1

4n . Then the expectedvalue of insertions that fail
during one execution of the unmodi�ed algorithm is

E(jfailed insertionsj) =
nX

i =1

w = n
1

4n
=

1
4

;

since the algorithm inserts n points. Hencefor a �xed permutation we can
expect that at most every fourth perturbation fails due to predicate errors.
Thus we expect � 2 to be equal to 1 for at most every fourth input. Because
of this the inner sum of

s2 :=
1
n!

X

� 2S �

1
jS � j

X

eS2S �

� 2( eS; � )
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evaluates to at most 1
4 jSj, and thus s2 � 1

4 .
All in all we seethat the sum (4.3) is at most c = 1

2 < 1.

(5.13) Theorem:
Let S be a set of n points. Assume that � is chosensuch that the failure
probability of an insertion is at most 1

4n . Then the o�-line controlled pertur-
bation algorithm for Voronoi diagrams hasexpected running time O(n logn).

Remark. Observethat in the on-line algorithm the perturbations depend
on the permutation the algorithm has chosen. Because of this we cannot
proof an expected running time of O(n logn), but must assumethat it has
complexity �( n2). This also deteriorates AF � , since we no longer know that
only linearly many triangles are constructed.
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Chapter 6

The Implemen tation

We have implemented a variant of the randomised incremental algorithm
for Delaunay Triangulations (3.4) using controlled perturbation in C++. It
is basedon three classesrepresenting the three geometric objects we deal
with: Points, Segments and Triangles. The predicatesare implemented such
that they do not return true of false, but 1 or � 1. If the point is illegal, 0
is returned.

We have implemented both the on-line version (4.3) and the o�-line ver-
sion (4.4) of the randomised incremental Delaunay algorithm. Since the
bound � derived in the previous chapter is very pessimistic, we further de-
cided to usethe strategy given in (4.2.3) to compute the perturbation bound
during the algorithm.

6.1 Changing the Behaviour of the Implemen ta-
tion

Various aspects of the algorithm can be controlled through settings in the
�le defines.h . First of all the on-line version can be selectedby #define
ONLINE. In this context #define AUXIL determines that the auxiliary

predicatesE � and E � should be checked.
Another thing that can be speci�ed in this �le is the arithmetic usedby

the algorithm. Via typedef double numbertype; the basic number type
can be changedfrom double to higher precision. Further the following three
mechanismscan be selected.

� #define STATICBOUNDtells the algorithm to usethe fully static error
bounds B derived in the last chapter.

� #define INTERVALtells the algorithm to use boost interval arith-
metic (see[BO]).

63
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� #define INEXACT tells the algorithm to use standard arithmetic
without checking for inconsistent results.

6.2 The Class Poin t

This classrepresents a basic input point with coordinates x; y. It also can
represent the three points at in�nit y p� 1 := (1 ; 0), p� 2 := (0; 1 ) and
p� 3 := (�1 ; �1 ) usedas cornersof the starting triangle.

An object of this classcan beperturb edby a call to the member function
Point* perturb(double delta) , where delta is the maximum perturba-
tion allowed. The perturbation is always done to the original coordinates
of the point, ensuring that a repeatedcall of the function can not move the
point more than delta from its origin.

Moreover the class keepstrack of the variables M and n, used in the
calculation of the bounds, via the static classvariables double maxval and
unsigned long totalPoints .

6.3 The Class Segment

A segment encapsulatestwo objects of type Point. When a segment is
generated,it is checked that condition (5.7) is ful�lled by its endpoints. If
this is the case,the 
ag const bool ok is set.

Furthermore the classprovides a member function char isLeft(const
Point& c) const to evaluate the predicate E � for the segment and a query
point c. In the casesthat the point c or one of the segment endpoints is
a point at in�nit y, the predicate is computed by using a simpli�ed formula
obtained by a limiting process. If for example the endpoints s = (sx ; sy)
and t = (tx ; ty) are points with �nite coordinates, and the query point c is
the in�nite point p� 2 = (0; 1 ), the appropriate predicate would be

lim
cy !�1

E � (s; t; c) = lim
cy !�1

�
�
�
�
�
�

sx sy 1
tx ty 1
0 cy 1

�
�
�
�
�
�

= sign(tx � sx ) � 1 :

Sincewe are only interested in the sign of the predicate, we seethat in this
caseit su�ces to comparethe x-coordinates of the segment end points.

If more than onepoint is at in�nit y, the test can even bedecidedwithout
using numerical computations at all. In the casethat the endpoints of the
segment are both at in�nit y, every ordinary point (and also the third point
at in�nit y) lies on the samesideof the segment, and the result only depends
on which in�nite points the endpoints are. The sameholds if one endpoint
and the query point are at in�nit y.
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6.4 The Class Triangle

The classTriangle contains most parts of the algorithm. It not only rep-
resents a triangle by encapsulating three segments, but also its position in
the triangulation by three pointers Triangle *neighbour1, *neighbour2,
*neighbour3 to its neighbours. Furthermore the position in the search
graph is recorded via pointers Triangle *child1, *child2, *child3 to
the children of this triangle.

When a triangle is created, condition (5.4) is checked for it. As we have
seenin section 5.5, its orientation can also be deducedfrom this test. The
result is stored in the variable const char ccw. If the test failed, and thus
the triangle is illegal, the variable is set to zero.

We decided to mark each triangle as ordered ccw or not, instead of
enforcing an order on the endpoints during its creation. This allows us to
simplify the creation of new triangles if a 
ipping or splitting of the current
triangle has to be performed. Since only the sign of the incircle test E �

depends on the order, we can simply invert its result if the orientation of
the triangle is not ccw.

p �( pqr )

t

r

Lpq

L r p

Lqr

q

Figure 6.1: E � (r; p; t) is degenerate,but we can deducethat t is
outside �( pqr ).

The member function char hasInside(const Point& t) const tests
if a query point t is inside the triangle. Recall from section5.5, that this can
be done by calling Segment::isLeft(t) for each segment of the triangle.
Assuming that all calls succeed,we can then decidethe test. However what
should we do if the point t is illegal for oneof the tests? If this is the casewe
are still able to deducethat t is outside the triangle, if the other two tests
are successfuland give di�eren t results. An example for this caseis shown
in �gure 6.1. However if the other function calls both return the sameresult,
or if t is illegal for more than one segment, we cannot derive anything.

Observe that all numerical computations (and alsothe handling of points
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at in�nit y) are done in the calls to Segment::isLeft(t) . So hasInside()
can be implemented in a purely combinatorial way.

The member function char isIncircle(const Point& t) const is
the secondpredicate provided by the class. It implements the predicate
E � for the vertices of the triangle and the query point t. If one or more
of the points are at in�nit y, we can again derive a simpli�ed version of the
predicate by a limiting process.In this casethe predicate degeneratesto a
sidednesstest, which is evaluated by a call to Segment::isLeft(t) .

To locate a point t in the history graph, the member function Triangle
*locate(const Point& t) is used. The location step is started with the
triangle �( p� 1p� 2p� 3) which contains all points and recursively searchesthe
history graph until the triangle of the current triangulation that contains t is
found. Thus it is always ensuredthat locate(t) is only called for triangles
known to contain the point. There are three casesthat can occur during
this recursive search.

If a triangle has no children, then it is a triangle of the current triangu-
lation. Sincewe know that it contains the point t we return this triangle.

s
L sr

t

t0

q

p

r

Figure 6.2: After 
ipping the edgeps to r q, the point t 0 becomes
illegal. t 2 �( r sq) cannot be tested directly, but can be deduced
from t 62�( r qp).

If a triangle hastwo children, then the triangle and oneof its neighbours
were removed from the triangulation by an edge
ip. In this casewe need
to check if one of the children contains the point t by calling hasInside(t)
for both. Sincewe know that the point must be in oneof the child triangles,
the failure of one of the tests can be compensated. This is shown in �gure
6.2. Here the edge ps is 
ipp ed for r q. Assume that after the 
ipping t
will be illegal if tested against �( r sq) due to its vicinit y to L sr . Then we
can still deducethat t is contained in �( r sq) if the test against �( r qp) is
successfuland returns that it does not contain t. If however the point lies
too closeto the new edge,as it is the casewith t 0 in the picture, both calls
to hasInside(t') will fail, sincethey both test if t 0 is left of the new edge.
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r

s

L r s

t

t0p

q

Figure 6.3: t 2 �( psr) and t 2 �( qr s) cannot be tested, but
t 2 �( pqs). t0 2 �( pqs) cannot be tested directly, but can be
derived from t0 62�( psr) and t0 62�( qr s).

If a triangle has three children, then it was split into three new triangles
for which a call to hasInside(t) must be made. Again we know that the
old triangle contained the point, so it must be inside one of the children. If
one of the calls locates the point directly, we are of coursedone. This may
even happen if the other two calls fail, as it is the casefor the point t in
�gure 6.3. If on the other hand one call fails and the other calls state that
the point is outside, then it must be inside the triangle that causedthe failed
call. In the �gure this is shown by t0. While it is too closeto L pq and thus
is illegal if tested against �( pqs), we can still deducethat it is contained in
this triangle if the calls to hasInside(t') for �( psr) and �( qr s) succeed
and return false.

To insert a new point into the triangulation the member function char
insert(Point& t) is used. Sincet could be illegal for any of the tests done
during the insertion, no changesaredoneto the neighbour and child pointers
of the triangle. Instead each triangle has additional pointers
Triangle *potNeighbour1, *potNeighbour2, *potNeighbour3 and
Triangle *potChild1, *potChild2, *potChild3 linking it to potential
neighbours and children. During the whole insertion, only those pointers
are used. If the insertion �nishes successfully, then those pointers are used
to update the parent and child pointers of the newly generatedtriangles and
their neighbours and parents. This assuresthat at any point the insertion
can abort without needto restore the old triangulation.

char insert(Point& t) starts by locating the triangle of the current
triangulation containing the point t using the above mentioned function
locate(t) . Then this triangle is split into three new triangles and they
are marked as potential children of it. It is then tested for each of these
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new triangles and its appropriate neighbour � N if they are Delaunay by a
call to isIncircle(t') . Here t' is the point of � N which is opposite to
t. If they are not Delaunay, then the edgebetween them is 
ipp ed. The
two triangles createdduring this 
ip are marked aspotential children of the
old triangles and then checked themselves. This is repeateduntil either one
of the predicates fails, in which casethe whole insertion aborts, or until all
newly created triangles are Delaunay. In the latter case,the changesto the
triangulation are made permanent as mentioned above, and the insertion
�nishes successfully.

6.5 The Main Algorithm

Now the main algorithm is straight forward. First we permute the input
points. Then we createthe start triangulation consistingonly of the triangle
T with corner points p� 1; p� 2 and p� 3. After this we can insert the points by
calling T.insert(*p) . If oneof this calls returns 0, weknow that a predicate
failed during the insertion. Now dependingon the algorithm chosenweeither
perturb the point by calling p = p->perturb(delta) and try againto insert
it, or we restart from scratch. Hencethe main part only consistsof few lines.
We also implemented a simple routine for drawing the triangulation and the
dual Voronoi diagram using LEDA [LE].

6.6 Exp erimen tal Results

For the experimental part we tried to calculate \good" values of � ; � ; � �

under the constraint that � > 2� � ; � � ; � � ; � � using Maple. Unfortunately we
were not able to derive an useful � for precision p = 52. Even for only ten
points with coordinates smaller than M = 100 the best perturbation bound
for probabilit y w = 1

2 was � = 7:307 for � � = 0:0075and � = 0:75.
Increasing the precision however, we can bring the perturbation under

control. If we use precision p = 112 for example� , we get the perturbation
bound � = 0:768 for n = 10000points inside the box � 1000. The separation
constants for this bound are � � = 10� 9 and � = 0:0025.

For our experimental results we neverthelessdecided to utilise the 64
bit double data type, since the above calculated � seemsvery pessimistic.
We used the following benchmarks to determine the characteristics of the
algorithm and to get a practical perturbation bound.

� crcx for x = 400; 2k; 10k contains x random points on the circle with
centre 0 and radius 1000.

� Precision p = 112 is for example provided by the 128 bit long double data type on
Sparc/Solaris.
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Benchmark � min � max � avg

crc400 0:01709 0:08650 0:03674
crc2k 4:98789 16:8341 10:02563
crc10k aborted

f lw400 0:001 0:001 0:001
f lw2k 0:001 0:00760 0:00231
f lw10k 16:8341 127:834 51:76492

seg400 0:12974 0:65684 0:34254
seg2k 16:8341 56:8151 32:06901
seg10k aborted

gr d100 0:001 0:001 0:001
gr d40 0:0015 0:00760 0:00429
gr d20 0:02563 0:29193 0:10492

gr d5 aborted

Table 6.1: Results for the o�-line perturbation algorithm.

� f lwx for x = 400; 2k; 10k contains x random points on the \
o wer"
consisting of the eight intersecting circles with centres symmetrically
arranged with distance 450 from (0; 0) and radii 550.

� segx for x = 400; 2k; 10k contains x random points on the segment
from (� 900; � 1000) to (800; 1000).

� gr dx for x = 100; 40; 20; 5 contains the ( 2000
x + 1)2 points in � 1000

on the grid with point distance x. Observe that the points in these
benchmarks are placed completely deterministic.

In the crcx ; f lwx and segx benchmarks the points are densein the sense
that they are placed in a small part of the square� 1000.

First we tried the various benchmarks with the o�-line algorithm. While
the bounds computed by us bode ill for even the smallest benchmark, the
experimental results are much better. For each input we ran the algorithm a
coupleof times. We give the average� over all runs aswell as the maximum
and the minimum value for which a run succeeded.

The crc10k and seg10k tests wereaborted assoon asthe perturbation ex-
ceeded150. The gr d5 test wasaborted assoon asthe perturbation exceeded
the point distance 5 of the example. Observe that the gr d20 benchmark,
which actually contains 10201 points, has a very low perturbation bound
comparedto the other tests with ten thousand points. This is the casesince
the point are sparselyarranged with distance 20.
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Benchmark avg. pert. � max jpert.pts.j j� j jlocatesj

crc400 0:21885 3:08373 47:5 3578 4595
crc2k 0:79445 18:06 1054:6 22220 37786
crc10k 2:39472 31:3722 7395:6 112563 328307

f lw400 0:05877 2:29586 3:44 3396 6220
f lw2k 0:20473 11:5563 177:3 17319 43065
f lw10k 0:79845 34:7528 5034:3 100389 284043

seg400 0:44841 2:32117 385:7 5068 10306
seg2k 2:46786 12:2423 1932:4 23632 76721
seg10k 13:44709 118:666 9925:6 103616 641488

gr d100 0:00308 0:02026 328:3 3867 7516
gr d40 0:00675 0:03736 1894:8 23255 62217
gr d20 0:01299 0:11349 7319:7 91981 293882

gr d5 0:05181 0:88338 113431:6 1448884 6514681

Table 6.2: Results for the on-line perturbation algorithm.

Next we ran the on-line algorithm on our benchmarks. During the algo-
rithm we slowly decreased� if we encountered no problemsfor a longer time.
The results are shown in table 6.2. Sincewe no longer know if the expected
number of generatedtriangles given in (3.6) for the unmodi�ed algorithm
still holds, we also monitored the total number of triangles generatedin the
column \ j� j". Further we recorded the number of nodesvisited during all
locate stepsas \ jlocatesj". The number of perturb ed points and the average
perturbation doney (averagedover all perturb ed points, not over all input
points) are given as \ jpert.pts.j" and \avg. pert.". Finally we recorded
\ � max ", the maximum perturbation bound reached.

While the maximum perturbation used during the algorithm is rather
large, we seethat the averageperturbation over all perturb edpoints is quite
small. Only for the denseseg10k benchmark it is above 1% of the input size.
Even the gr d5 benchmark with 160801points needsvery low perturbation.

Further we seethat the number of triangles per point indeed is roughly
equivalent to the expectednumber given in (3.6). While the table gives the
averageover all runs, even for single runs we encountered no outlier in our
data. Also the total number of nodes visited during all locates is roughly
4 � (n logn), and no individual outlier were encountered here either.

Hence we expect the asymptotic runtime of the on-line algorithm to
behave no worse than the original algorithm. If we choose� adaptively as
explained above, the algorithm actually yields quite small perturbations.

yThe averagedistance the perturb ed points were moved, not the averagebound � used.
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Observe that the above benchmarks were all run with 64 bit doubles
and fully static error bound. If we useinterval arithmetic, the perturbation
bound computed in the o�ine algorithm gets much better. With double
intervals we were able to compute the gr d5 and f lw10k benchmarks with
� avg � 1. For the crc10k benchmark we got � avg � 10, while the seg10k still
needed� avg � 25. However the time neededwhen using interval arithmetic
increases. While the �nal iteration of the o�-line algorithm using static
boundsneedsabout 0:3 secondsfor ten thousand points, the interval version
takesbetween0:85 and 0:9 secondsz for the sameinput size. For the on-line
algorithm however, using interval arithmetic did not decreasethe average
perturbation done very much.

zTimings were done on a 3.06GHz Intel Xeon.
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Figure 6.4: A Delaunay triangulation of the f lw2k benchmark
computed by the on-line perturbation algorithm.

Figure 6.5: A Delaunay triangulation of the gr d100 benchmark
computed by the o�-line perturbation algorithm.



Chapter 7

Conclusion and Outlo ok

In the previous chapters we gave an algorithm for Delaunay triangulations
resp. Voronoi diagrams that is able to handle degeneraciesand numerical
errors using perturbation. While the theoretical boundsderived for the per-
turbation are rather bad, our experimental results show that the algorithm
is feasible.

If using 2-fold precision however, the theoretical bound on the pertur-
bation becomesusable, too. In contrast to this, a Voronoi algorithm using
exact arithmetic would needmore than 4-fold precisionto decidethe incircle
test, since this predicate is given by an expressionof degreefour. Further-
more such an algorithm must be able to detect and handle all degenerate
cases,while in our algorithm degeneraciesare resolved by perturbation, and
thus no additional casedistinctions are needed.

In chapter four we tried to factor out asmuch of our approach aspossible
and cast it into a generalframework for arbitrary geometricproblems. Hence
we hope to apply it to other randomisedalgorithms.

7.1 The d-dimensional Incircle Test

The �rst question that may cross one's mind is if our approach can be
generalisedto higher dimensional Voronoi diagrams. This can indeed be
done and we will give a short sketch of it in the following.

The incircle test (3.1) and its derivation in 5.1 can be extended to a
\inh ypersphere-test" in d dimensions. It checks if the hyperspherethrough
the d + 1 points p1 = (p1;1; : : : ; p1;d); : : : ; pd+1 = (pd+1 ;1; : : : ; pd+1 ;d) 2

� d

contains the query point t = (t1; : : : ; td) 2
� d. Again we do this by project-

ing the points onto the paraboloid of revolution in
� d+1 and calculating the

signedvolume of the simplex given by thesepoints. It will be positive if the
query point is in-sphere,and negative otherwise.

Let � d
lift be the this projection. It maps a point p = (p1; : : : ; pd) 2

� d
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onto the point (p1; : : : ; pd;
P

i p2
i ) 2

� d+1 . This givesus the determinant

E d
� =

�
�
�
�
�
�
�
�
�

p1;1 : : : p1;d
P

i p2
1;i 1

...
. . .

...
...

...
pd+1 ;1 : : : pd+1 ;d

P
i p2

d+1 ;i 1
t1 : : : td

P
i t2

i 1

�
�
�
�
�
�
�
�
�

: (7.1)

The d + 1 lifted points � d
lift (p1); : : : ; � d

lift (pd+1 ) de�ne a d-dimensional hy-
perplane in

� d+1 . As for the incircle test let this hyperplane be denoted
as E d = a1x1 + : : : + adxd + c and let � be the angle between E d and
the hyperplane

� d in
� d+1 . The d + 1 points de�ne a simplex � d in

� d with volume V(� d). The lifted version of this simplex has volume

V(� d
lift (� d)) = V (� d )

cos� . As in the two-dimensional case we can compute
the volume of the )d + 1)-dimensional simplex S given by the lifted points
� d

lift (p1); : : : ; � d
lift (pd+1 ); � d

lift (t) as

V(S) :=
1

d + 1
V(� d

lift (� d)) � h;

where h is the distance of � d
lift (t) from E d.

Let hv denote the vertical distance of E d and � d
lift (t). Then we have

h = cos(� )hv (Recall �gure 5.2). Hencewe get

V (S) =
1

d + 1
V(� d

lift (� d)) � h =
1

d + 1
V(� d) � hv

as in equation (5.2). We continue analogously to the two-dimensional case
by calculating

hv = dist(� d
lift (t); E d) =

�
�
�
�
�

dX

i =1

�
t i �

ai

2

� 2
�

 
dX

i =1

a2
i

4
+ c

! �
�
�
�
�
;

which is the d-dimensional equivalent to equation (5.3).
We can calculate the intersection of E d and the paraboloid of revolution

and project it back onto
� d to get

dX

i =1

�
x i �

ai

2

� 2
=

dX

i =1

a2
i

4
+ c;

which is the hyperspherewith centre v := ( a1
2 ; : : : ; ad

2 ) 2
� d and radius

R :=
q P

i
a2

i
4 + c. Sincethe intersection of E d with the paraboloid contains

the d + 1 lifted points, the hyperspheremust contain the original points
p1; : : : ; pd+1 and henceis the Voronoi spherede�ned by the points.
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From this we can derive the d-dimensional equivalent to equation (5.4)
as

hv = jdist2(v; t) � R2j � R � jdist(v; t) � Rj:

On the other hand E d
� evaluates to (d + 1)!V (S), and henceputting the

above together we get

E d
� = (d + 1)!V (S) = d!V (� d) � hv � d!V (� d) � R � jdist(v; t) � Rj:

Now let � d
� and B d

� be the resolution bound resp. the error bound for the
d-dimensional case(and not a dth power). We seethat jdist(v; t) � Rj is
exactly zero if t lies on the Voronoi sphereand thus causesa degeneracy.
Hence (again analogousto the two-dimensional case) this can be replaced
by the resolution bound � d

� . We want to ensurejE d
� j > 2B d

� . This is surely
the caseif we choosethe resolution bound such that

� d
� >

2B d
�

d!V (� d) � R
(7.2)

holds. Now as beforewe bound V (� d) from below by � d
� . Observe that for

this we need a higher dimensional version E d
� of the predicate E � , which

can be derived analogouslyto the two-dimensionalcase.
To continue we needto further bound the radius R. This can be doneby

using the extension of lemma (5.1) to the n-dimensional caseand with this
bound the radius R from below by a value R(� d

� ) as in the two-dimensional
case.

If we then choose� d
� such that

� d
� >

2B d
�

d!� d
� � R(� � )

holds, then this resolution bound will also ful�l inequality (7.2).
This leavesus with the problem of calculating B d

� . For this we needgood
methods for computing the determinant (7.1) and boundson the errors done
during this calculation. The determinant can for examplebeevaluated using
Gaussianelimination or other methods from numerical analysis(see[St99]).

Now what about the test E d
� ? To ensurethat a d-dimensional simplex

has at least a given volume, we must bound the volume of its lower dimen-
sional features. The d-dimensional simplex has d + 1 sub-faces(see [We],
under \Simplex"). Hence we need to evaluate d + 1 times the predicate
E d� 1

� . But for each of the d + 1 sub-faceswe of courseneed to bound the
volume of the (d� 2)-dimensional featuresagain. All in all (d+ 1)! auxiliary
predicatesare needed.
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7.2 Future Work

Aside from working out the details of the above approach there are a couple
of other problems that may bene�t from controlled perturbation. While for
higher predicatesdouble precisionmay no longer begood enough,controlled
perturbation will most likely still needlower precisionthan exact algorithms.

First of all it would be interesting to regard Voronoi diagrams of line
segments. For this we needto consider the calculation of segment intersec-
tions, since even if the input segments do not intersect, it is possiblethat
intersectionsoccur after the perturbation.

Further it should be possibleto extend the approach to the computation
of convex hulls, sincea Delaunay triangulation is essentially the convex hull
of the lifted input points.

Another interesting question is if controlled perturbation can be ex-
tended for computing arrangements of algebraic curves. First we need to
�nd a good de�nition what perturbation meansin the context of algebraic
curves. Then we must work out how to apply it to the algebraic tools used,
like root �nding and resultants. If we �nd a way to apply controlled per-
turbation to algebraiccurves, it is probably a simple exerciseto extend this
schemeto algebraic surfaces.

Finally it is an interesting challenge to expand the general framework
for controlled perturbation. What characteristics must a geometricproblem
have to enableus to apply controlled perturbation?
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