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Abstract

We conduct a rigorous analysis of the (1+1) evolutionary algorithm
for the single source shortest path problem proposed by Scharnow,
Tinnefeld and Wegener (Journal of Mathematical Modelling and Al-
gorithms, 2004). We prove that with high probability the optimization
time is O(n2max{ℓ, log(n)}), where ℓ is the smallest integer such that
any vertex can be reached from the source via a shortest path having
at most ℓ edges.

This bound is tight. For all values of n and ℓ we provide a graph
with edge weights such that, with high probability, the optimization
time is of order Ω(n2max{ℓ, log(n)}).

To obtain such sharp bounds, we develop a new technique that
overcomes the coupon collector behavior of previously used arguments.
Also, we exhibit a simple Chernoff type inequality for sums of inde-
pendent geometrically distributed random variables, and one for se-
quences of random variables that are not independent, but show a
desired behavior independent of the outcomes of the previous random
variables. We are optimistic that these tools find further applications
in the analysis of evolutionary algorithms.

1 Introduction

Rigorous run-time analyses of evolutionary algorithms for classical algorith-
mic problems became a hot topic in the last years. The aim is to obtain a
theoretically founded understanding of the basic principles of evolutionary
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computation. Currently, we are in the situation that we have seen many
highly successful applications of evolutionary algorithms, but hardly can ex-
plain why they are so successful in practice. Such an understanding, however,
would be very helpful in the future design of such algorithms.

Theoretical run-time analyses started on artificial problems like maxi-
mizing simple pseudo-boolean functions f : {0, 1}n → R, e.g., the number
of ones (ONEMAX(x) :=

∑n
i=1 xi), the number of leading ones (LO(x) :=

max{i ∈ N0 | ∀j ≤ i : xj = 1}) or monotone linear functions and polyno-
mials [Weg01, DJW02, WW05]. Regarding such artificial problems already
lead to some insight on how evolutionary algorithms work and on how to
analyze them.

More recently, the focus moved on to classical problems from computer
science. In one of the first papers in this direction, [STW04] proposed and an-
alyzed evolutionary algorithms for sorting and shortest path problems. Other
results on evolutionary algorithms for combinatorial optimization problems
include papers on the problem of computing Eulerian cycles [Neu04, DHN06,
DKS07, DJ07], minimum spanning trees [NW04, NW05], maximal match-
ings [GW03] and partitions [Wit05].

For such problems, the design and analysis of evolutionary algorithms
becomes more interesting. One simple reason is that we typically have the
choice between several natural representations of individuals, fitness func-
tions and variation operators.

To avoid misunderstandings, let us stress that the focus of this line of
research is not to find superior algorithms for the particular underlying op-
timization problem. Since these are classical and important problems, they
have been investigated thoroughly and hence very good custom-tailored al-
gorithms already exist. The focus rather is to analyze how such problems can
be tackled with generic approaches, to understand how their components like
particular representations or variation operators work, and, finally, to develop
methods to analyze evolutionary algorithms. We refer to the recent books
[NW10, AD11] for more information on theoretical analyses of bio-inspired
randomized search heuristics.

Surprisingly, even for extremely simple evolutionary algorithms on simple
problems a tight analysis of their run-time behavior can be very complicated.
Note that we only aim at determining its order of magnitude, that is, we
ignore constant factors and lower order terms. Also, we only regard the
optimization time, that is, the number of fitness evaluations needed to find
the desired solution.

A classical example for the difficulties one faces when analyzing evolu-
tionary algorithms is the O(n log(n)) bound for the optimization time of a
simple (1 + 1) evolutionary algorithm maximizing a monotone linear func-
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tion on {0, 1}n. Here, classical methods from the analysis of randomized
algorithms lead to a highly technical proof [DJW02]. Subsequent efforts put
into this problem resulted in the so-called drift analysis becoming a major
tool in the run-time analysis of evolutionary algorithms (see [HY04] for the
first use and [Jäg08, DJW10, DG10] for recent simplifications).

Naturally, analyses are even harder for problems that carry a richer struc-
ture. Hence it is not surprising that the analysis of the single source shortest
path evolutionary algorithm [STW04], the first paper performing rigorous
run-time analyses for combinatorial optimization problems, is tight only for
certain instances. As we shall see in this work, for many graphs the optimiza-
tion time needed to solve the single source shortest path problem is better
than what is proven in [STW04].

[STW04] proposed a natural (1+ 1) evolutionary algorithm for the prob-
lem of finding shortest paths from a single node (“source”) to all other ver-
tices in a graph with edge weights (see below for a precise definition of the
problem). They show an upper bound of O(n3) for the expected optimiza-
tion time on n-vertex graphs. This bound is tight if (and only if, as we shall
see) the graph and edge weights are such that there is a vertex such that all
shortest paths to the source contain Ω(n) edges.

The proof given by [STW04] reveals an in fact stronger upper bound of
O(n2

∑n

i=1 log(ni+1)), where ni is the number of vertices for which a shortest
path to the source with the minimum number of edges consists of exactly i
edges. Since

∑n
i=1(ni+1) = 2n, this yields a bound of O(n2ℓ log(2n

ℓ
)), where

ℓ is the smallest integer such that any vertex can be reached from the source
via a shortest path having at most ℓ edges.

In this work, we give a tight analysis of the proposed algorithm. This
leads to an improved upper bound for the expected optimization time of
O(n2max{ℓ, log(n)}). In addition, we show that this bound not only holds
in expectation, but is fulfilled with high probability. That is, for any constant
c > 0 the implicit constants in the optimization time bound can be chosen
such that after that many iterations, the optimum is found with probability
at least 1−n−c. The bound on the optimization time is tight for all ℓ. For all
values of ℓ we present a problem instance such that all shortest paths have
length at most ℓ, but the optimization time is Ω(n2max{ℓ, log(n)}) with high
probability.

To prove strong bounds like this, we develop several tools that might see
further applications in the future. To prove the upper bound, we closely ana-
lyze how nodes become connected to the source via shortest paths. The speed
of growth of such shortest paths (note that they do not have to be unique)
displays a strong concentration behavior. Although we use a union bound
argument over all paths needed, it is still strong enough to obtain bounds

3



1 8 14286

1

4

7

6

2

5

8 3

Figure 1: The graph representation and the vector representation of an in-
dividual not representing a tree. The fitness of vertex 7 is d18 + d84 + d47,
as represented by the arrows below the vector representation. The fitness of
vertex 2 is ∞, since there is no path from vertex 2 to vertex 1, as shown by
the arrows above the vector representation.

that hold with high probability. To show the lower bound, we prove a Cher-
noff type strong concentration bound for sums of geometrically distributed
random variables. To the best of our knowledge, such bounds have not been
published so far in a mathematics or computer science journal. For both the
upper and the lower bound, we encounter a situation where a sequence of ran-
dom variables is not independent, but has the property that each member of
the sequence has a desired property for all possible outcomes of the previous
random variables. For such situations, we prove Chernoff type concentration
bounds. We are optimistic that all these tools see more applications in the
near future.

2 A (1+1)-EA for the Single Source Shortest

Path Problem

Let G = (V,E), V = [1..n] := {1, . . . , n}, E ⊆ V 2 be a directed graph with
edge weights w : E → N. Given a vertex s ∈ V called “source”, the single
source shortest path problem (SSSP) is the problem of finding a shortest path
from s to all other vertices v ∈ V . A simple implementation of Dijkstra’s
famous algorithm [Dij59] solves the problem in time O(n2).

We can easily restrict ourselves to the complete (bi-directed) graph Kn

by allowing the weight w(e) = ∞ for previously not existing edges e. A
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problem instance then is given by the distance matrix D = (dij)1≤i,j≤n of the
graph, where dij = w((i, j)) ∈ N ∪ {∞}. Note that the algorithm described
below also works in the case of undirected graphs. For each undirected edge
e = {i, j} simply set dij = dji = w(e).

It is easy to see that we can choose shortest paths from s to any other
vertex in such a way that the union of these paths forms a tree. Hence we
may represent solutions to the SSSP problem by giving for each vertex i ∈ V
its predecessor p(i) on a shortest path from s to i.

In this paper, we analyze the (1+1) evolutionary algorithm ((1 + 1)-EA)
for the SSSP problem introduced by [STW04]. In the remainder of this
section, we describe this algorithm assuming s = 1.

We represent the candidate solutions as vectors of predecessors I =
(p(2), . . . , p(n)) ∈ {1, . . . , n}n−1. Note that this representation does not im-
ply that an individual forms a tree. See Figure 1 for an example.

We use a multi-criteria fitness function. For an individual I, it is defined
as f(I) := (f2(I), . . . , fn(I)) with

fi(I) :=

{

∞ if I does not connect s to i,

w(P (s, i)) otherwise.

Here, w(P (s, i)) is the cost of the path P from s to i defined by I. If this
path is P = (s = v1, v2, . . . , vj = i) for v1, . . . , vj ∈ V then w(P (s, i)) =
dv1v2 + · · ·+ dvj−1vj . See again Figure 1 for an example.

At the beginning, the (1 + 1)-EA generates an initial individual I by
assigning to each vertex v ∈ V \ {s} a predecessor p(v) ∈ V \ {v} uniformly
at random. In the following mutation step, I is modified to generate a new
individual I ′. Then, a selection step is done replacing the individual I by I ′

if the fitness of I ′ is not worse than the one of I. Mutation and selection are
repeated as long as desired.

On bit-strings of length n, the mutation step of the classical (1 + 1)-EA
independently flips each bit with probability 1

n
. As this does not make sense

for more complex representations like the one we use here, this behavior must
be simulated suitably. The number of elementary mutations (“bit flips”)
applied in the classical case can be approximated using a Poisson distribution
Pois(λ = 1) with parameter λ = 1. The Poisson distribution with λ = 1 is
the limit of the Binomial distribution for n trials with probability 1

n
each.

For general λ > 0 and k ∈ N, the Poisson distribution with parameter λ is
given by the probability mass function

f(k;λ) =
λke−λ

k!
,
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(1 + 1)-EA for SSSP

Initialization:
1 I ← (p(2), . . . , p(n)),

p(i) ∈ V \ {i} chosen u. a. r.
2 repeat

Mutation:
3 Pick S according to Pois(λ = 1)
4 I0 ← I
5 for k = 1 to S + 1
6 do
7 Choose i ∈ [2..n] u. a. r.
8 Choose j ∈ [1..n] \ {i} u. a. r.
9 Generate Ik from Ik−1 by setting p(i) to j.

Selection:
10 if fi(I

S+1) ≤ fi(I) for all i ∈ [2..n]
11 then I ← IS+1

12 forever

Figure 2: The (1 + 1)-EA for the SSSP problem.

which gives the probability that a Pois(λ)-distributed random variable is
equal to k. The number of elementary mutations applied in one step is then
given as S + 1, where S is distributed according to Pois(λ = 1).

An elementary mutation of the vector I consists of randomly choosing a
vertex v with v ∈ V \ {s} and setting its predecessor p(v) to a vertex chosen
uniformly at random from V \ {v}. Obviously, there are (n − 1)2 possible
ways to choose a vertex and its predecessor and thus to apply an elementary
mutation to an individual I.

The selection step accepts I ′ if f(I ′) ≤ f(I), which is the case if fi(I
′) ≤

fi(I) for all 2 ≤ i ≤ n. Therefore, once we have found an optimal path for
a vertex v, the (1 + 1)-EA does not accept mutations that would cause s to
be connected to v using a suboptimal path.

The pseudo-code for the (1 + 1)-EA solving the SSSP problem is given in
Figure 2.
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3 The Upper Bound

In this section we show that the optimization time of the (1 + 1)-EA for the
SSSP problem is O(n2max{ℓ, log(n)}) with high probability. Here, ℓ is the
edge radius of s defined as follows.

Definition 1 (Edge radius). Let G be a weighted graph and s a vertex of G.
Then the edge radius ℓG(s) of s in G is the minimum number r such that for
all vertices v ∈ V \ {s}, there is a shortest path from s to v having at most
r edges. In other words,

ℓG(s) := max
v∈V

min{ℓ(P ) | P is a shortest path from s to v},

where ℓ(P ) is the number of edges of the path P .

“With high probability” means that an event happens with probability
at least 1−n−c, where c is an arbitrary constant. The “optimization time” of
an evolutionary algorithm is the number of evaluations of the fitness function
the algorithm executes until it finds an optimal solution. This is the usual
complexity measure used when analyzing evolutionary algorithms, whereas
the time needed for the creation of new individuals by mutation or crossover
and for the execution of the fitness function is usually disregarded.

The key observation in the proof is that the actual speed of growth of the
shortest path tree deviates only little from the expected speed. This phe-
nomenon called “strong concentration” can be quantized through so-called
Chernoff bounds if the random variable of interest can be written as sum
of independent random variables. We shall use the following version from
[AS08].

Theorem 2 (Chernoff bound, lower tail). Let X1, . . . , Xt be mutually inde-
pendent random variables with Pr[Xi = 1] = p and Pr[Xi = 0] = 1 − p for
all i. Let X :=

∑t
i=1Xi. Then for all δ ∈ (0, 1],

Pr[X < (1− δ)pn] < exp

(

−
δ2pn

2

)

.

In our proofs, however, we will also encounter sums of moderately cor-
related variables. They will form a sequence of random variables such that
each member has certain properties no matter what is the outcome of previ-
ous ones. The following simple, though not completely trivial lemma shows
how to apply Chernoff bounds also in this setting.
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Lemma 3 (Chernoff bound, lower tail, moderate independence). Let X1, . . . , Xt

be arbitrary binary random variables. Let X∗
1 , . . . , X

∗
t be binary random vari-

ables that are mutually independent and such that for all i, X∗
i is independent

of X1, . . . , Xi−1. Assume that for all i and all x1, . . . , xi−1 ∈ {0, 1},

Pr[Xi = 1|X1 = x1, . . . , Xi−1 = xi−1] ≥ Pr[X∗
i = 1].

Then for all k ≥ 0, we have

Pr
[

t
∑

i=1

Xi < k
]

≤ Pr
[

t
∑

i=1

X∗
i < k

]

,

and the latter term can be bounded by Chernoff bounds for lower tails.

Proof. For j ∈ [0..t], let Pj := Pr[
∑j

i=1Xi +
∑t

i=j+1X
∗
i ≥ k]. Let X t

k :=
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{(x1, . . . , xt) ∈ {0, 1}
t|
∑t

i=1 xi = k}. Then for all j ∈ [0..t− 1], we compute

Pj+1 = Pr
[

j+1
∑

i=1

Xi +
t

∑

i=j+2

X∗
i ≥ k

]

= Pr
[

j
∑

i=1

Xi +
t

∑

i=j+2

X∗
i ≥ k

]

+

∑

(x1,...,xj,xj+2,...,xt)∈X
t−1
k−1

Pr[X1 = x1, . . . , Xj = xj , Xj+1 = 1]

t
∏

i=j+2

Pr[X∗
i = xi]

= Pr
[

j
∑

i=1

Xi +
t

∑

i=j+2

X∗
i ≥ k

]

+

∑

(x1,...,xj,xj+2,...,xt)∈X
t−1
k−1

(

Pr[X1 = x1, . . . , Xj = xj ]

Pr[Xj+1 = 1|X1 = x1, . . . , Xj = xj ]

t
∏

i=j+2

Pr[X∗
i = xi]

)

≥ Pr
[

j
∑

i=1

Xi +

t
∑

i=j+2

X∗
i ≥ k

]

+

∑

(x1,...,xj,xj+2,...,xt)∈X
t−1
k−1

(

Pr[X1 = x1, . . . , Xj = xj ]

Pr[X∗
j+1 = 1]

t
∏

i=j+2

Pr[X∗
i = xi]

)

= Pr
[

j
∑

i=1

Xi +

t
∑

i=j+2

X∗
i ≥ k

]

+ Pr
[

j
∑

i=1

Xi +

t
∑

i=j+2

X∗
i = k − 1 ∧ X∗

j+1 = 1
]

= Pr
[

j
∑

i=1

Xi +

t
∑

i=j+1

X∗
i ≥ k

]

= Pj .

Thus, we have Pr[
∑t

i=1Xi ≥ k] = Pt ≥ Pt−1 ≥ · · · ≥ P1 ≥ P0 = Pr[
∑t

i=1X
∗
i ≥

k], and the claim follows.

We are now ready to prove the upper bound.
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Theorem 4. The optimization time of the (1 + 1)-EA is O(n2max{ℓ, log(n)})
with high probability (meaning with probability at least 1− n−c for any arbi-
trary constant c).

This follows immediately from the following lemma.

Lemma 5. Let ℓ := ℓG(s) be the edge radius of s in G, ℓ∗ = max{ℓ, log(n)},
c > 0 be a constant, η ≥ 8(c + 1) > 8 and t = eη(n − 1)2ℓ∗. Then the
optimization time of the (1 + 1)-EA is less than t with probability at least
1− n−c.

Proof. Let v ∈ V \ {s}. We first analyze the number of iterations needed to
find a shortest path from s to v. Let P := (v1, . . . , vℓ′+1) be a shortest path
from s = v1 to v = vℓ′+1. By definition of the edge radius ℓ, we can pick P
so that it has ℓ′ ≤ ℓ edges.

For an individual I, let

ℓ(P, I) := max{i− 1 | there is a shortest path from s to vi in I}.

We call a mutation step an improvement in P if it increases ℓ(P, I). Note
that ℓ(P, I) never decreases due to the multi-criteria formulation of the fitness
function.

Let t′ be the number of steps the (1 + 1)-EA needs to reach an ℓ(P, I)
value of ℓ′, the maximum possible value, indicating that a shortest path from
s to v has been found. Define the random variables Xi for 1 ≤ i ≤ t′ by
Xi := 1 if the i-th mutation step consists just of a single elementary mutation
(happens with probability 1

e
), and this is an improvement in P , and Xi := 0

otherwise.
Then regardless of the values of Xj, j < i, we have Pr[Xi = 1] ≥ p :=
1

e(n−1)2
, since an improvement in particular is obtained if the i-th mutation

step picks the vertex vℓ(P,I)+1 as base vertex (happens with probability 1
n−1

)
and resets its predecessor pointer to vℓ(P,I) (which again happens with prob-
ability 1

n−1
).

For i > t′ define the random variables Xi by Pr[Xi = 1] := p and Pr[Xi =
0] := 1− p independently from all other random variables.

Let X :=
∑t

i=1Xi. Note that if no path from s to v has been found
within t iterations, then X < ℓ′.

Let X∗
i for i ∈ [1..t] be mutually independent random binary variables

with Pr[X∗
i = 1] = p and Pr[X∗

i = 0] = 1 − p. Let X∗ :=
∑t

i=1X
∗
i . Then

by construction, Pr[Xi = 1|X1 = x1, . . . , Xi−1 = xi−1] ≥ Pr[X∗
i = 1] for all i

and all x1, . . . , xi−1 ∈ {0, 1}.
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By applying Lemma 3, the probability of not finding a shortest path from
s to v in t iterations is at most

Pr

[

no shortest path from
s to v found in time t

]

≤ Pr[X < ℓ′]

≤ Pr[X < ℓ∗]

≤ Pr[X∗ < ℓ∗].

For δ := (η−1)
η

we have

(1− δ)E[X∗] =

(

1−
(η − 1)

η

)

1

e(n− 1)2
eη(n− 1)2ℓ∗ = ℓ∗.

Hence by Theorem 2, we can bound the probability of not finding a
shortest path from s to v in time t = eη(n− 1)2ℓ∗ by

Pr[X∗ < ℓ∗] = Pr[X∗ < (1− δ)E[X∗]]

≤ exp

(

−
δ2E[X∗]

2

)

≤ exp

(

−
(η − 1)2ℓ∗

2η

)

≤ exp

(

−
(η
2
)2ℓ∗

2η

)

= exp
(

−
η

8
ℓ∗
)

,

valid for η ≥ 2. Using a union bound argument, we get

Pr





not for all v ∈ V \ {s} a shor-
test path from s to
v found in time t



 ≤
∑

v∈V \{s}

Pr





no shortest path
from s to v

found in time t





≤ n exp
(

−
η

8
ℓ∗
)

≤ n exp
(

−
η

8
log(n)

)

≤ n1− η
8

≤ n−c.

Note that we did not optimize the value of η.

11



ℓ1 2 3 4 ℓ+1

Figure 3: The SSSP tree of Gn,ℓ with source s = 1.
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Figure 4: The weighted graph G7,4. The solid edges have weight one and
form the shortest path tree. All other edges have weight 14. The dotted
edges are the second shortest paths from 1 to i for i ∈ {3, 4, 5}.

4 The Lower Bound

In this section we show a lower bound matching the upper bound presented
in the previous section. More precisely, for any n ∈ N and ℓ ∈ [1..n− 1] we
define a weighted graph Gn,ℓ on n vertices such that for a suitable vertex s
the edge radius is ℓGn,ℓ

(s) = ℓ and the algorithm has an optimization time of
at least Ω(n2max{ℓ, log(n)}) with high probability.

4.1 The Graph Class Gn,ℓ

Let n ∈ N and V = [1..n]. For all ℓ ∈ [1..n− 1] we define the weighted graph
Gn,ℓ = (V,E) such that the source of the SSSP tree to be computed is s = 1
and ℓGn,ℓ

(s) = ℓ. We show that the optimization time of the (1 + 1)-EA is
Ω(n2 max{ℓ, log(n)}) with high probability.

We will set the weights in such a way that (1, 2, . . . , ℓ, ℓ+1) is the unique
shortest path from s = 1 to ℓ + 1. For all other vertices k with k > ℓ + 1,
the edge (s, k) shall be the unique shortest path from s to k. Figure 3 shows
the SSSP tree of Gn,ℓ. For simplicity, we assign the weight 1 to all edges in
the SSSP tree.

To guarantee that the optimization time depends linearly on ℓ, the edges
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on the shortest path should be added one by one. To this purpose, each
vertex i ∈ [2..ℓ+1] should be connected to vertex s with a sufficiently cheap
edge ensuring that, as long as vertex i − 1 is not correctly connected, it is
cheaper to connect s and i directly than to connect s to i via i − 1. These
requirements are fulfilled by Gn,ℓ := ([1..n], {(i, j)|u, v ∈ [1..n], u 6= v}) with
edge weights

w(i, j) :=







1, if j = i+ 1 ≤ ℓ+ 1,
1, if i = 1 ∧ j > ℓ+ 1,
2n, otherwise.

The graph G7,4 is shown in Figure 4. Note that Gn,1 is the graph with edge
weight 1 for each edge (s, i), i ∈ [2..n] and 2n for all other edges.

4.2 Proving a Lower Bound

We now give a lower bound on the number of steps needed by the (1 + 1)-EA
depending on n and ℓ. To prove that Ω(n2 max{ℓ, log(n)}) is a lower bound
on the optimization time of the (1 + 1)-EA, we first prove that Ω(n2 log(n))
is a lower bound on the optimization time for all graphs that have a unique
SSSP tree.

Lemma 6. Let G = (V,E) be a graph on n vertices and s ∈ V a vertex such
that the SSSP tree of G with source s is unique. Then the optimization time
of the (1 + 1)-EA is Ω(n2 log(n)) with high probability.

For the proof, we need the following elementary lemma on the Poisson
distribution.

Lemma 7. The expected number of elementary mutations done in k itera-
tions is exactly 2k. The probability that more than 3k are done, is less than
(e/4)k.

Proof. By the definition of the (1 + 1)-EA, the number of elementary muta-
tions done in a single iteration is distributed as X + 1, where X has distri-
bution Pois(1). By elementary properties of the Poisson distribution, we see
that the number of elementary mutations done in k iterations, has distribu-
tion Pois(k) + k. In consequence, its expectation is 2k and the probability
that the Poisson part exceeds its expectation by a factor of two, is at most
(e/4)k, see, e.g., Theorem A.1.15 of [AS08].

Proof of Lemma 6. Since the shortest path tree is unique, the (1 + 1)-EA is
done if and only if for each vertex v ∈ V \ {s}, the predecessor pointer p(v)
is set to the predecessor in the unique shortest path tree. We reformulate
this process as a coupon collector process.
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In this proof, we say that v is fine after iteration t, if p(v) points to the
desired predecessor now, or if did so earlier. Note that if the predecessor is
not already connected to s via a shortest path, v might change its predecessor
to a different vertex than the one given by the shortest path tree. Clearly,
the time until all vertices are fine is a lower bound for the optimization time.

After the initialization, each vertex is fine with probability exactly 1
n−1

.
In consequence, with probability 1− exp(−Θ(n)), less than n/2 vertices are
fine. We call the remaining k ≥ n/2 vertices interesting.

Assume that, after initialization, we run the (1 + 1)-EA for T = 1
12
(n −

1)2 ln(n/2) iterations. By Lemma 7, we see that within this number of
iterations, we do at most 3T elementary mutations (apart from a super-
exponentially small failure probability).

The probability that an elementary mutation chooses one of the interest-
ing vertices and sets its predecessor to the desired one, is (k/(n− 1))(1/(n−
1)). In consequence, with probability 1 − exp(Θ(n logn)), a sequence of
3T elementary mutations produces at most 6T i/(n − 1)2 such good events.
Viewing each of these good events as the action of buying one out of i dif-
ferent coupons, the coupon collector theorem tells us that with probability
1− exp(−Θ(n)), these 6T i/(n− 1)2 ≤ 1

2
i ln(i) trials do not suffice to obtain

all i coupons.

The above lemma shows our lower bound for ℓ = O(log(n)). To complete
our claim, we have to prove that for larger ℓ the optimization time linearly
depends on ℓ. To this aim, we need a number of tools, including a Chernoff
type inequality for geometrically distributed random variables that seems to
be new.

Theorem 8. (Chernoff bounds, upper tail) Let Xi, i ∈ [1..n], be independent
random variables, X :=

∑n
i=1Xi, and 0 < p < 1 and δ > 0 be constants.

Then the following holds.

a) If Pr[Xi = 1] = p and Pr[Xi = 0] = 1− p for all i ∈ [1..n], then

Pr[X ≥ (1 + δ)pn] ≤ exp

(

−
min{δ, δ2}pn

3

)

.

b) If the Xi are geometrically distributed random variables with Pr[Xi =
j] = (1− p)j−1p for all j ∈ N, then

Pr[X ≥ (1 + δ)E[X ]] ≤ exp

(

−
δ2

2

(n− 1)

1 + δ

)

.
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Proof. Part a) is a classical Chernoff bound, cf. [AS08]. To prove part b),
let Y1, Y2, . . . be an infinite sequence of independent, identically distributed
biased coin tosses (binary random variables) such that Yi is one with prob-
ability Pr[Yi = 1] = p and zero with probability Pr[Yi = 0] = 1 − p. Note
that the random variable “smallest j such that Yj = 1” has the same distri-
bution as each Xi. In consequence, X has the same distribution as “smallest
j such that exactly n of the variables Y1, . . . , Yj are one”. In other words,
Pr(X ≥ j) = Pr(

∑j−1
i=1 Yi ≤ n− 1) for all j ∈ N. This manipulation reduces

our problem to the analysis of independent Bernoulli trials and enables us to
use classical Chernoff bounds.

The expected value of each Xi is E[Xi] =
1
p
, thus E[X ] = n

p
. Let Y :=

∑⌈(1+δ)E[X]−1⌉
i=1 Yi. By the above,

Pr[X ≥ (1 + δ)E[X ]] = Pr[Y ≤ n− 1].

The expected value of Y is bounded by

E[Y ] = ⌈(1 + δ)E[X ]− 1⌉p ≥ (1 + δ)n− p > (1 + δ)(n− 1).

Now let δ′ := 1 − n−1
E[Y ]

. Then 0 < δ′ ≤ 1 and Pr[Y ≤ n − 1] = Pr[Y ≤

(1− δ′)E[Y ]]. Hence we can apply Theorem 2 to get

Pr[X ≥ (1 + δ)E[X ]] = Pr[Y ≤ (1− δ′)E[Y ]]

≤ exp
(

−1
2
E[Y ](1− n−1

E[Y ]
)2
)

≤ exp
(

−1
2
E[Y ](1− 1

1+δ
)2
)

≤ exp
(

−1
2
(n− 1)(1 + δ)( δ

1+δ
)2
)

.

The following lemma is an analogue of Lemma 3, but now for upper tails.
In addition, we allow the variables to take as values arbitrary non-negative
integers.

Lemma 9 (Chernoff bound, upper tail, moderate independence). Let X1, . . . , Xt

be arbitrary random variables taking non-negative integers as values. Let
X∗

1 , . . . , X
∗
t be non-negative random variables that are mutually independent

and such that for all i, X∗
i is independent of X1, . . . , Xi−1. Assume that for

all i and all x1, . . . , xi−1, we have for all m > 0,

Pr[Xi = m|X1 = x1, . . . , Xi−1 = xi−1] ≤ Pr[X∗
i = m].

Then for all k ≥ 0, we have

Pr
[

t
∑

i=1

Xi ≥ k
]

≤ Pr
[

t
∑

i=1

X∗
i ≥ k

]

.
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Proof. Since Pr[Xi = m|X1 = x1, . . . , Xi−1 = xi−1] ≤ Pr[X∗
i = m] for all

x1, . . . , xi−1 and m > 0, it follows that

Pr[Xi ≥ m|X1 = x1, . . . , Xi−1 = xi−1] ≤ Pr[X∗
i ≥ m]

holds for all non-negative m. Define Pj := Pr[
∑j

i=1Xi +
∑t

i=j+1X
∗
i ≥ k] for

j ∈ [0..t] and X t
k := {(x1, . . . , xt) ∈ Z

t
≥0|

∑t

i=1 xi = k}. Then we get

Pj+1 = Pr
[

j+1
∑

i=1

Xi +
t

∑

i=j+2

X∗
i ≥ k

]

= Pr
[

j
∑

i=1

Xi +
t

∑

i=j+2

X∗
i ≥ k

]

+

k
∑

m=1

(

Pr
[

j
∑

i=1

Xi +

t
∑

i=j+2

X∗
i = k −m

]

· Pr[Xj+1 ≥ m]

)

= Pr
[

j
∑

i=1

Xi +

t
∑

i=j+2

X∗
i ≥ k

]

+

k
∑

m=1

∑

(x1,...,xj ,xj+2,...,xt)∈X
t−1
k−m

Pr
[

X1 = x1, . . . , Xj = xj

]

·

Pr
[

Xj+1 ≥ m|X1 = x1, . . . , Xj = xj

]

·
t

∏

i=j+2

Pr
[

X∗
i = xi

]

≤ Pr
[

j
∑

i=1

Xi +
t

∑

i=j+2

X∗
i ≥ k

]

+

k
∑

m=1

Pr
[

j
∑

i=1

Xi +

t
∑

i=j+2

X∗
i = k −m

]

· Pr
[

X∗
j+1 ≥ m

]

= Pr
[

j
∑

i=1

Xi +

t
∑

i=j+1

X∗
i ≥ k

]

= Pj.

Thus, we have

Pr[

t
∑

i=1

Xi ≥ k] = Pt ≥ Pt−1 ≥ · · · ≥ P1 ≥ P0 = Pr[

t
∑

i=1

X∗
i ≥ k].
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Now we can prove the following lemma to complete the proof of our lower
bound.

Lemma 10. Let n ∈ N and ℓ = ω(log(n)). Then the optimization time of
the (1 + 1)-EA on Gn,ℓ is Ω(n

2ℓ) with high probability.

Proof. The idea of this proof is similar to the one used in [DJW02] for the
proof of the lower bound on the runtime of the (1 + 1)-EA on the leading
ones function LO. To prove the claim, we analyze how long it takes until the
individual I contains the path P := (s = 1, 2, . . . , ℓ, ℓ + 1). To this aim, we
analyze how the length L(I) of the longest subpath of P starting in s that
is contained in I grows. Note that this length L(I) never decreases, since
for each vertex on P this subpath is the unique shortest path to s. In the
following, we show that with high probability (i) L(I) initially is constant,
(ii) in Θ(n2ℓ) iterations L(I) increases at most O(ℓ) times, and (iii) the total
increase in these O(ℓ) relevant iterations (plus the initial constant length) is
less than ℓ.

The probability that in the initial individual some vertex i ∈ [2..ℓ+ 1] is
already linked to i− 1 is exactly 1

n−1
. Hence the probability that L(I) ≥ c is

O(n−c) for all constants c ∈ N, that is, with high probability L(I) is initially
constant.

Let t∗ be the time step in which L(I) increases to the maximal possible
value of ℓ. For i ∈ [1..t∗], we define a binary random variable Xi by Xi = 1
if L(I) increases in step i. To increase L(I), one of the S + 1 elementary
mutations in the current step has to connect vertex L(I)+2 to vertex L(I)+1.
The probability that an elementary mutation succeeds in doing so is 1

(n−1)2
.

By Lemma 7, the probability that one iteration does so is at most 2
(n−1)2

.

Hence Pr[Xi = 1] ≤ p := 2
(n−1)2

. For i > t∗ define Xi by Pr[Xi = 1] := p and

Pr[Xi = 0] := 1− p, independent of all other random variables.
Let t := η(n − 1)2ℓ, where η is a constant to be chosen later. Let

X∗
1 , . . . , X

∗
t be mutually independent random variables with Pr[X∗

i = 1] := p
and Pr[X∗

i = 0] := 1 − p for all i. Let X∗ :=
∑t

i=1X
∗
i . Then Pr[X∗

i = 1] ≥
Pr[Xi = 1|X1 = x1, . . .Xi−1 = xi−1] for all x1, . . . , xi−1 ∈ {0, 1}. Also,

E[X∗] = pt = η(n− 1)2ℓ
2

(n− 1)2
= 2ηℓ.

Hence, applying Lemma 9 and using the first Chernoff bound from Theorem 8
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with δ = 1, we compute

Pr
[

t
∑

i=1

Xi ≥ 4ηℓ
]

≤ Pr[X∗ ≥ 2E[X∗]]

≤ exp

(

−
E[X∗]

3

)

= exp

(

−
2ηℓ

3

)

= exp

(

−
2η

3
log(n)

ℓ

log(n)

)

= n− 2η
3

ℓ
log(n)

= n−ω(1).

In the last lines we used that since ℓ = ω(log(n)) we have ηℓ

logn
= ω(1) for any

constant η. Since
∑t

i=1Xi is an upper bound on the number of improvements
in the first t iterations, this means that with high probability the (1 + 1)-EA
did at most t′ := 4ηℓ improvements during these t iterations.

Finally, we analyze which value of L(I) results from these t′ improve-
ments. Clearly, each improvement increases L(I) by at least one. However,
there are two ways how additional vertices i can be connected to the longest
subpath of P starting in s. (i) There may be an elementary mutation in the
iteration that causes the improvement that changes the pointer of i to its
predecessor i − 1 in P , or (ii), i may coincidentally be connected to i − 1,
which becomes part of the subpath by an event of type (i) or (ii). We shall
argue that both events happen only with a probability of at most 1

2
.

Suppose first that i enlarges the path of interest through an elementary
mutation. For this to happen (among other things), the following has to oc-
cur. Among the possible more than one elementary mutations in the current
step that connect i to some other vertex, the last one has to connect i to its
predecessor in P . By definition of the mutation operator, this happens with
a probability of 1

n−1
≤ 1

2
.

Now suppose that the predecessor i− 1 of i becomes part of the subpath
of interest. We argue that the probability that i is coincidentally pointing to
i− 1 is at most the probability that it is pointing to s, and in consequence,
at most 1

2
. Clearly, this holds for the initially chosen individual as here

all vertices different from i have equal probability of being the target of i’s
pointer. Consider an iteration that does not result in making i − 1 part of
the subpath of interest, and fix a sequence of elementary mutations to be
conducted in this iteration. Assume that at the start of the iteration vertex i
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is pointing to vertex j ∈ [1..t] for which the path from s to j in I has length
ws(s, j). If at the end of the operation the path we(s, i− 1) from s to i − 1
in I is at most as long as ws(s, j), then the acceptance of the iteration does
not depend on whether i’s pointer is changed to i− 1 or s, since both events
would not increase the length of the path from i to s in I. On the other
hand, if at the end of the operation we(s, i − 1) > ws(s, j), only a change
of i’s pointer to s, but not to i− 1, would be accepted. Thus, any iteration
that does not make i − 1 part of the path rather increases the probability
that i points to s compared to the one of pointing to i− 1. In consequence,
the probability that i coincidentally points at i− 1 in the iteration in which
i− 1 becomes part of the subpath of interest, is at most 1

2
.

Summarizing, an additional vertex may either already be coincidentally
connected correctly (with probability at most 1

2
), or, if this is not the case

(which happens with probability at least 1
2
), it may become connected by an

elementary mutation (with probability at most 1
2
). Hence, the probability

that an additional vertex becomes connected is at most 3
4
.

Let t′′ be the number of improvement steps the (1 + 1)-EA performs until
it finds the optimal solution. Recall that with high probability, t′′ ≤ t′ = 4ηℓ.
For i ∈ [1..t′′] let Yi be the random variable describing the total number
of vertices which are added in the i-th improvement step. By the above
arguments, independent of the outcome of previous random choices, we have

Pr[Yi = m] ≤

(

3

4

)m−1
1

4

for all m ≥ 1.
If t′′ < t′ = 4ηℓ, let Yi for i ∈ [t′′ + 1..t′] be defined by Pr[Yi = m] :=

(3
4
)m−1 1

4
independent from all other Yj. Define Y ∗

i for i ∈ [1..t′] to be mu-
tually independent random variables that are geometrically distributed with
parameter q = 1

4
, that is, Pr[Y ∗

i = m] := (3
4
)m−1 1

4
for all m ≥ 1. The ex-

pected value of Y ∗
i is E[Y ∗

i ] = q−1 = 4. Let Y :=
∑t′

i=1 Yi and Y ∗ :=
∑t′

i=1 Y
∗
i .

Then E[Y ∗] = 4t′.
Applying Lemma 9 and the second bound in Theorem 8 with δ = 1 and
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assuming t′ ≥ 2 we get

Pr[Y ≥ 8t′] ≤ Pr[Y ∗ ≥ 8t′]

= Pr[Y ∗ ≥ 32ηℓ]

≤ exp

(

−
(t′ − 1)

4

)

≤ exp

(

−
t′

2 · 4

)

= exp

(

−
ηℓ

2

)

= exp

(

−
η

2
log(n)

ℓ

log(n)

)

= n− η
2

ℓ
log(n)

= n−ω(1).

Thus, with high probability during up to t′ = 4ηℓ improvements at most
32ηℓ additional vertices become part of the shortest path. Choosing η = 1

64
,

we see that with high probability, L(I) is at most c+32ηℓ = c+ 1
2
ℓ < ℓ after

t = η(n − 1)2ℓ iterations, that is, the path P hast not been found in this
time.

Combining Lemma 6 and Lemma 10 yields the following theorem.

Theorem 11 (Lower Bound). For all values of n and ℓ, the optimization
time of the (1 + 1)-EA is Ω(n2 max{ℓ, log(n)}) with high probability.

5 Conclusions

In this work, we gave a tight runtime analysis of the (1 + 1)-EA for the SSSP
problem [STW04]. This includes improving the upper bound ofO(n2ℓ log(n

ℓ
))

implicit in a proof to O(n2max{ℓ, log(n)}), and a carefully selected lower
bound example for all values of n and ℓ.

At least as important as the precise bounds for this particular problem are
the methods developed in this paper. Past arguments suggested a coupon-
collector like behavior in finding the shortest paths. Those, however, cannot
be employed to obtain such sharp bounds. Indeed, our analysis shows that
the true behavior is different. Namely, the different shortest paths grow
at comparable speeds that are strongly concentrated around their expected
values.
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While our work is very satisfying from the methodological point of view,
some particular questions for the SSSP problem remain open. The most chal-
lenging one from a broader perspective is whether the multi-criteria fitness
function is necessary. Recall that we accept a newly created individual only
if for no vertex the distance to the source is increased. A natural (single-
criteria) alternative would be to consider the average distance. [STW04]
argue that the multi-criteria fitness function is necessary for the algorithm
to run properly. However, their counterexample only works if vertices not
connected to the source are assumed to have an infinite distance to the source.
In this case, changing the number of ∞–distance vertices does not change
the average distance, and hence the EA finds itself on a large plateau of con-
stant fitness. A simple way to overcome this (and the one you would choose
naturally in an implementation) would be to replace the infinite distance of
such vertices by a large, but finite number. We strongly believe that in this
case, taking the average distance as fitness would result in the same run-time
behavior. However, the analysis seems to be much harder, due to the fact
that the individual can develop in less conservative ways.

This problem resembles the one of maximizing linear functions f : {0, 1}n →
R, x 7→

∑n

i=1 aixi with positive coefficients ai. Viewing f as the multi-criteria
fitness function x 7→ (a1x1, . . . , anxn), a simple coupon collector argument
shows an optimization time of Θ(n log(n)). That the same bound also holds
for the fitness function f itself is the result of a highly complex analysis by
[DJW02]. Attempts to simplify this result later led to the invention of the
drift analysis method in evolutionary computation (cf. [HY04]). With this
development in mind, it seems likely that it is very difficult to prove that a
single-criteria EA can solve the SSSP efficiently.

Note added in proof: Some progress on this problem has been made
in [BBD+09]. There the authors showed that the single-criteria formulation of
the SSSP problem can be solved in polynomial time. However, the run-time
bounds obtained are not tight. Hence a full understanding of this problem
is still missing.
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