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t. The linear dis
repan
y problem is to round a given [0; 1℄{ve
tor x to a binary ve
tor y su
h that the rounding error with respe
t toa linear form is small, i.e., su
h that kA(x�y)k1 is small for some givenmatrix A. The dis
repan
y problem is the spe
ial 
ase of x = ( 12 ; : : : ; 12 ).A famous result of Be
k and Spen
er (1984) as well as Lov�asz, Spen
erand Vesztergombi (1986) shows that the linear dis
repan
y problem isnot mu
h harder than this spe
ial 
ase: Any linear dis
repan
y problem
an be solved with at most twi
e the maximum rounding error amongthe dis
repan
y problems of the submatri
es of A.In this paper we strengthen this result for the 
ommon situation that thedis
repan
y of submatri
es having n0 
olumns is bounded by Cn�0 forsome C > 0; � 2 (0; 1℄. In this 
ase, we improve the 
onstant by whi
hthe general problem is harder than the dis
repan
y one, down to 2( 23 )�.We also �nd that a random ve
tor x has expe
ted linear dis
repan
y2( 12 )�Cn� only. Hen
e in the typi
al situation that the dis
repan
y isde
reasing for smaller matri
es, the linear dis
repan
y problem is evenless diÆ
ult 
ompared to the dis
repan
y one than assured by the resultsof Be
k and Spen
er and Lov�asz, Spen
er and Vesztergombi.Key words: rounding, dis
repan
y, games.1 Introdu
tionIn this paper we deal with rounding problems, and in parti
ular with the questionhow mu
h easier it is to round a ve
tor with all entries 12 
ompared to thegeneral 
ase of [0; 1℄{ve
tors. A famous result of Be
k and Spen
er [4℄ and Lov�asz,Spen
er and Vesztergombi [8℄ shows that the general problem 
an be redu
edto the 12{
ase. In this paper we re�ne their result for the typi
al 
ase that therounding problem for smaller matri
es 
an be solved better than for larger ones.Let us be more pre
ise: For a given matrix A 2 Rm�n and a ve
tor x 2 Rnwe are interested in �nding a ve
tor y 2 Zn su
h that (1) kx � yk1 � 1 and(2) the rounding error kA(x� y)k1 is small. y is sometimes 
alled approximateinteger solution for the linear system Ay = Ax.It is easy to see from the problem statement that only the fra
tional partof x is important. Therefore we usually assume x 2 [0; 1℄n and 
onsequentlyhave y 2 f0; 1g. It is also 
lear that res
aling A does not 
han
e the problemsubstantially: If we repla
e A by �A for some � > 0, the set of optimal solutions



is not 
hanged and their rounding error just 
hanges by a fa
tor of �. Thus welose nothing by assuming A 2 [�1; 1℄m�n.In dis
repan
y theory, this problem is known under the term linear dis
rep-an
y problem: lindis
(A; x) = miny2f0;1gn kA(x� y)k1;lindis
(A) = maxx2[0;1℄n lindis
(A; x):The spe
ial 
ase that x = 121n is 
alled 
ombinatorial dis
repan
y problem. It
an be seen as the problem to partition the 
olumns of A into two groups su
hthat the row sums within ea
h group are similar. We writedis
(A) := miny2f0;1gn kA( 121n � y)k1 = 12 miny2f�1;1gn kAyk1:1Note that already the 
ombinatorial dis
repan
y problem is far from beingeasy: It is NP{hard to de
ide whether a 0; 1 matrix has dis
repan
y zero or not.On the other hand, a number of results and algorithms are known:{ If all 
olumn ve
tors have l1{norm at most t, then dis
(A) � t (Be
k,Fiala [2℄).{ A y 2 f�1; 1gn su
h that kAyk1 � p2n ln(2m) 
an be 
omputed intime polynomial in n and m. In parti
ular, dis
(A) � q 12n ln(2m) (Alon,Spen
er [1℄).{ If m � n, then dis
(A) � 3pn ln(2m=n) (Spen
er [12℄).{ If A is the in
iden
e matrix of a hypergraphH having primal shatter fun
tion�H = O(nd), then dis
(A) = O(n 12� 12d ) (Matou�sek [10℄). Hen
e this boundin parti
ular holds if H has VC-dimension d.{ If the dual shatter fun
tion satis�es ��H = O(nd), then the dis
repan
y isdis
(A) = O(n 12� 12dplog(n)) (Matou�sek, Welzl, Wernis
h [11℄).We refer to the 
hapter Be
k and S�os [3℄ and the book Matou�sek [9℄ forfurther dis
repan
y results. For our purposes a result of Be
k and Spen
er [4℄and Lov�asz, Spen
er and Vesztergombi [8℄ is 
ru
ial: It shows that the lineardis
repan
y problem is not mu
h harder than the 
ombinatorial one:1 Note that some papers de�ne the linear and 
ombinatorial dis
repan
y to be twi
eour values. This is motivated by the notion of hypergraph dis
repan
y: The dis-
repan
y of a hypergraph is the least k 2 N0 su
h that there is a 2{
oloring of thevertex set su
h in ea
h hyperedge the number of verti
es in one 
olor deviates fromthat in the other by at most k. If a hypergraph has dis
repan
y k, its in
iden
e ma-trix has dis
repan
y 12k (in our notation), and vi
e versa. This motivates to de�nethe dis
repan
y of a matrix A by miny2f�1;1g kAyk1. On the other hand, from theviewpoint of rounding problems, our notation seems more appropriate.



Theorem 1. For any A 2 [�1; 1℄m�n and x 2 [0; 1℄n, there is a y 2 f0; 1gnsu
h that kA(x� y)k1 � 2 maxA0�A dis
(A0):2A y 2 f0; 1gn su
h that kA(x � y)k1 � 2D + O(2�kn) 
an be 
omputed byk times solving a 
ombinatorial dis
repan
y problem for a submatrix of A withdis
repan
y at most D.The 
onstant of 2 in Theorem 1 
annot be improved in general: For arbi-trary n 2 N, Lov�asz, Spen
er and Vesztergombi [8℄ provide an example A 2f0; 1g(n+1)�n, x 2 [0; 1℄n su
h that any y 2 f0; 1gn ful�llskA(x� y)k1 = 2(1� 1n+1 ) maxA0�A dis
(A0):On the other hand, Theorem 1 is known to be not sharp: The fa
tor of 2 
anbe repla
ed by 2(1 � 12m ) as shown in [5℄. In between these two results littleseems to be known. Spen
er 
onje
tures that 2(1� 1n+1 ) is the right 
onstant inTheorem 1. This has been proven for totally unimodular matri
es in [6℄.Before explaining our results, we would like to point out that Theorem 1requires understanding not only the dis
repan
y problem for A, but also forall submatri
es of A. This is known under the term `hereditary dis
repan
yproblem', the 
orresponding notion is the hereditary dis
repan
y of A de�ned byherdis
(A) := maxA0�Adis
(A0):It is not diÆ
ult to 
onstru
t examples where the dis
repan
y of a submatrix(and thus the hereditary dis
repan
y) is mu
h larger than the dis
repan
y ofthe matrix itself (whi
h might even be zero). However, all these examples havethe 
avor of being arti�
ially designed for this purpose. The situation usuallyen
ountered (both when looking at examples or results like the ones above) isthat the dis
repan
y or the upper bound given by a result does not deviatesigni�
antly from the respe
tive maximum taken over all submatri
es.In many 
ases the dis
repan
y behavior is even more regular: Smaller ma-tri
es tend to have lower dis
repan
ies. To formalize this we introdu
e the(hereditary) dis
repan
y fun
tion of A: De�ne hA(n0) to be the largest dis-
repan
y among all submatri
es of A having at most n0 
olumns (to save some
oors, we regard hA as a fun
tion on the non-negative real numbers). Then mostof the results above show hA(n0) � Cn�0 for some C > 0 and � � 1.The main result of this paper is that this stronger dis
repan
y assumption
an be exploited for the linear dis
repan
y problem. This redu
es the 
onstantof 2 in Theorem 1, the fa
tor by whi
h the general problem 
an be harder thanthe 
ombinatorial one, down to 2( 23 )� (e.g., 1:63 for hA = O(pn0)):2 We write A0 � A to denote that A0 is a submatrix of A.



Theorem 2. If hA(n0) � Cn�0 for all n0 2 f1; : : : ; ng, thenlindis
(A) � 2 �23�� Cn�:Amore detailed analysis yields bounds for lindis
(A; x) that take into a

ountthe ve
tor x. We present a fun
tion w : [0; 1℄! [0; 23 ℄ su
h thatlindis
(A; x) � 2 nXi=1 w(xi)!� Cn�holds for all x 2 [0; 1℄n. This allows an average 
ase analysis showing that an xpi
ked uniformly at random has expe
ted lindis
(A; x) at most 2( 12 )�Cn�. It alsoshows that `small' x have lower linear dis
repan
ies: We prove lindis
(A; x) �2(2kxk1(� log2( 1nkxk1) + 1))�Cn�. This might seem natural at �rst, but re
allthat in the example (A; x) su
h that lindis
(A; x) = 2(1� 1n+1 ) herdis
(A) in [8℄we have x = ( 1n+1 ; : : : ; 1n+1 ).All our results are 
onstru
tive in the following sense: Let A be given. Assumethat we 
an solve dis
repan
y problems for submatri
es of A having n0 
olumnswith rounding error at most Cn�0 . Then for any x 2 [0; 1℄n we 
an 
ompute ay 2 f0; 1gn su
h that kA(x�y)k1 � 2�Pni=1 w(xi)��Cn�+O(2�kn) by solvingk dis
repan
y problems for submatri
es of A.2 Redu
tion to Game TheoryOur proofs are based on the proof of Theorem 1, whi
h we state here in alanguage suitable for our further work. Here and in the remainder we use theshorthand [n℄ to denote the set f1; : : : ; ng.Proof (of Theorem 1). Let x 2 [0; 1℄n. We 
onstru
t a y 2 f0; 1gn su
h thatkA(x� y)k1 is small. As x 7! miny2f0;1gn kA(x� y)k1is a 
ontinuous fun
tion and fPni=1 bi2�i j n 2 N; b1 ; : : : ; bn 2 f0; 1gg is dense in[0; 1℄, we may assume that x has �nite binary expansion of length k, i.e., thereis a k 2 N su
h that 2kx is integral.Set a(0) := x. We de�ne a series of intermediate `roundings' a(l); l = 1; : : : ; khaving binary length at most k � l. Suppose that for l 2 f1; : : : ; kg, a(l�1) isalready de�ned and satis�es a(l�1)2k�l+1 2 Zn. SetX(l) := fj 2 [n℄ j a(l�1)j 2k�l+1 oddg;the set of all j su
h that the binary expansion of a(l�1)j 2k�l+1 ends in 1. By thede�nition of 
ombinatorial dis
repan
y, there is an "(l) : X(l) ! f�1;+1g su
hthat d(l)i := 12 Xj2X(l) aij"(l)(j)



satis�es jd(l)i j � hA(jX(l)j) for all i 2 [m℄. De�nea(l)j := (a(l�1)j � 2�(k�l+1)"(l)(j) if j 2 X(l)a(l�1)j otherwise.Then a(l)2k�l 2 Zn and A(a(l�1)�a(l)) = 2�(k�l)d(l). Having de�ned a(l) forall l 2 f0; : : : ; kg, we put y = a(k) and 
omputekA(x� y)k1 = 




A kXl=1(a(l�1) � a(l))!




1= 




 kXl=1 2�(k�l)d(l)




1� kXl=1 2�(k�l)hA(jX(l)j):From hA(jX(l)j) � herdis
(A) for all l 2 [k℄ we get the original resultkA(x� y)k1 � 2 herdis
(A). utThere is one option we did not use in the above algorithm: At any timeduring the above rounding pro
ess, we may repla
e "(l) by �"(l). This 
hangesthe resulting a(l), but does not violate our dis
repan
y guarantee as we justrepla
e d(l) by �d(l). By 
hoosing signs for the "(l), l 2 [k℄ in a 
lever way, wetry to keep the sets X(l); l 2 [k℄ small and thus improve the dis
repan
y bound.Note that if we 
hange the sign of one "(l), this does not only 
hange the lastdigit of the binary expansion of the a(l), but may 
hange any digit. Furthermore,it is very diÆ
ult get suitable information about the "(l) in the general 
ase. Wetherefore regard the sign-
hoosing problem as an on-line problem, i.e., we analyzewhat 
an be a
hieved by 
hoosing the sign of "(l) without knowing the possible
olorings "(l+1).Worst-
ase analyses of on-line problems naturally lead to games. One playerrepresents the on-line algorithm and the other one the data not known to thealgorithm. Our problem is modeled by the following two-player game. For obviousreasons we 
all the players `Pusher' and `Chooser'. Let f be any real fun
tionwith domain 
ontaining f0; : : : ; ng.The Game G(a(0); f): The starting position of the game is a ve
tora(0) 2 [0; 1℄n having a �nite binary expansion of length at most k, i.e.,2ka(0) is integral. The game then 
onsist of k rounds of the followingstru
ture:Round l:{ Set X(l) := fj 2 [n℄ j 2k�l+1a(l�1)j oddg.{ Pusher sele
ts a partition S(l) _[T (l) = X(l).{ Chooser 
hooses one partition 
lass Y (l) 2 fS(l); T (l)g.



{ The position is updated a

ording toa(l)j := 8><>:a(l�1)j � 2�(k�l+1) if j 2 X(l) n Y (l)a(l�1)j + 2�(k�l+1) if j 2 Y (l)a(l�1)j otherwise. :Obje
tive of the game: We 
all the valuePkl=1 2�k+lf(jX(l)j) the pay-o�(for Pusher). As the name suggests, it is Pusher's aim to maximize thisvalue (and Chooser's, to keep it small). The maximum pay-o� Pusher
an enfor
e in a game started in position a(0) is the value v(a(0); f) ofthis game.From the dis
ussion above the following 
onne
tion between the gameG(x; f)and our rounding problem is obvious:Lemma 1. lindis
(A; x) � v(x; hA).We 
omplete the proof of our main results by estimating the values of the
orresponding games. Note that we may always repla
e hA by a pointwise notsmaller fun
tion f : Then v(x; hA) � v(x; f) implies lindis
(A; x) � v(x; f). We
all su
h an f an upper bound for hA. The results 
ited in the introdu
tion alsoindi
ate that we lose little by assuming f to be 
on
ave, non-de
reasing andnon-negative.3 Worst-Case AnalysisIn this se
tion we prove an upper bound on the game values, whi
h by Lemma 1yields an upper bound on the linear dis
repan
y of A.Lemma 2. Let f : [0; n℄! R be 
on
ave and non-de
reasing. Then v(a(0); f) �2f( 23n) holds for all starting positions a(0).Proof. To give an upper bound on v(a(0); f), we have to show that Chooser hasa strategy su
h that no matter what partitions Pusher sele
ts, the pay-o� willnever ex
eed this bound. We analyze the following strategy.Chooser's strategy: Assume all notation given as in the de�nition of the game.We may assume that k is even. In an even numbered round l, Chooser 
hoosesthe partition 
lass arbitrarily. If l is odd, this is in parti
ular not the last round,Chooser pro
eeds like this: He 
hooses that one of the two alternatives, thatminimizes the size of X(l+1).Analysis: Let l 2 [k℄ be odd. Let X(l) = S(l) _[T (l) be the partition given byPusher. Denote byX(l+1)ÆY (l) the value ofX(l+1) resulting from Chooser's moveY (l). Now we easily see that (X(l+1)ÆS(l))\X(l) and (X(l+1)ÆT (l))\X(l) form apartition of X(l). On the other hand, (X(l+1)ÆS(l))nX(l) = (X(l+1) ÆT (l))nX(l),that is, the 
omplement ofX(l) is not a�e
ted by Chooser's move. Hen
e Chooser



has to 
hoose Y (l) in su
h a way that (X(l+1) Æ Y (l)) \X(l) is minimized. Thenj(X(l+1) Æ Y (l)) \X(l)j � 12 jX(l)j, and thusjX(l+1) Æ Y (l)j = j(X(l+1) Æ Y (l)) nX(l)j+ j(X(l+1) Æ Y (l)) \X(l)j� j[n℄ nX(l)j+ 12 jX(l)j= n� 12 jX(l)j:We 
on
lude that if Chooser follows the strategy proposed above, we havejX(l+1)j � n� 12 jX(l)j for all odd l 2 [k℄. Letf : [0; n℄! R;x 7! 2f(n� 12x) + f(x):Sin
e f is 
on
ave, we have f(x) = 3( 23f(n � 12x) + 13f(x)) � 3f( 23n) for allx 2 [0; n℄. By de�nition, f( 23n) = 3f( 23n). Hen
e 23n is a global maximum of f .Using this we bound the pay-o�:kXl=1 2�k+lf(jX(l)j) = Xl2[k℄l odd 2�k+l �2f(jX(l+1)j) + f(jX(l)j)�� Xl2[k℄l odd 2�k+l �2f(n� 12 jX(l)j) + f(jX(l)j)�� Xl2[k℄l odd 2�k+l �2f(n� 13n) + f( 23n)�� kXl=1 2�k+lf( 23n) � 2f( 23n): utLemma 1 and 2 give the following theorem, a slight generalization of Theo-rem 2 in the introdu
tion.Theorem 3. If f is a 
on
ave and non-de
reasing upper bound for hA, thenlindis
(A) � 2f( 23n):It may seem that our on-line strategy is very simple: Every se
ond de
isionis 
hosen arbitrarily, the remaining ones only take into a

ount the next move.Nevertheless, the game-theoreti
 analysis is tight in the worst-
ase:Lemma 3. For any f and any k 2 N there is a starting position a(0) su
h thatPusher 
an enfor
e a pay-o� of 2(1�2�k)f( 23n) in a k{round game of G(a(0); f).Proof. Let n be a multiple of 3. Put xk := Pbk=2
i=1 2�2i. If k is odd, let a(0) besu
h that one third of its 
omponents equal xk and two thirds are xk+2�k. If k iseven, two thirds of the a(0)j ; j 2 [n℄ shall equal xk, and one third xk�2+2�(k+2).



If k is odd, X(1) := fj 2 [n℄ j 2ka(0)j oddg has 
ardinality 23n by de�nitionof a(0). Let S(1) _[T (1) be any partition of X(1) su
h that jS(1)j = jT (1)j = 13n.Regardless of Chooser's 
hoi
e, half of the xk + 2�k{values (and thus a total of13n) are rounded up to xk�2 + 2�(k+2), the remaining ones are rounded downto xk. Hen
e we end up with the starting position for the game lasting k � 1rounds.Similarly, if k is even, we have jX(1)j = 23n, and partitioningX(1) into equallysized 
lasses pro
eeds the game to the starting position for the game lasting k�1rounds.Hen
e by indu
tion we 
on
lude that this strategy ensures jX(l)j = 23n forall l 2 [k℄, and thus a pay-o� of 2(1� 2�k)hA( 23n). utThe strategy des
ribed in the proof of Lemma 2 
an also be appliedto non-
on
ave fun
tions f . The following 
orollary shows that an exampleA 2 f0; 1gm�n, x 2 [0; 1℄n having lindis
(A; x) > 2(1� 1n+1 ) herdis
(A) (thus be-ing stronger than the 
urrently best known ones of Lov�asz, Spen
er and Veszter-gombi) must have 
onstant dis
repan
y fun
tion on [ 23n; n℄. Hen
e su
h examples| should they exist | do not display the regular dis
repan
y behavior we in-vestigate in this paper, and thus must have a rather parti
ular stru
ture.Corollary 1. If A 2 f0; 1gm�n and hA( 23n) < herdis
(A), thenlindis
(A; x) � 2(1� 1n+1 ) herdis
(A):Proof. If Chooser follows the strategy proposed in the proof of Lemma 2, heensures that jX(l)j � 23n or jX(l�1)j � 23n holds for all l 2 [k℄. Hen
elindis
(A) � 1Xl=0 2�2l(herdis
(A) + 12hA( 23n))follows along the lines of the proof of Lemma 2. If hA( 23n) < herdis
(A), thenhA( 23n) � herdis
(A)� 12 . This yields lindis
(A) � 2 herdis
(A)� 13 , proving the
laim for the 
ase that herdis
(A) < 16 (n + 1). The 
ase herdis
(A) � 16 (n + 1)is trivial, sin
e lindis
(A) � 14 (n+ 1) holds for any A 2 f0; 1gm�n. ut4 Improved Strategies and Average CaseAs Lemma 3 shows, the on-line sign-
hoosing algorithm presented in the proof ofLemma 2 is optimal in the worst 
ase (given by a parti
ular starting position).In the following we present a more 
ompli
ated on-line strategy, that is optimalin the worst-
ase as well, but yields tighter bounds for other starting positions.It is a potential fun
tion strategy, that is, we de�ne a potential fun
tion for allpositions and Chooser's strategy is to minimize this potential.For a �nite binary sequen
e b = (b1; : : : ; bk) 2 f0; 1gk re
ursively de�new(b; k) := bk;w(b; i) := � 12w(b; i+ 1) if bi = bi+11� 12w(b; i+ 1) otherwise. :



Put w(b) = Pki=1 2�iw(b; i). For a number a 2 [0; 1[ having �nite binaryexpansion a =Pki=1 2�ibi, we write w(a) := w((b1; : : : ; bk)). Put w(1) = 0. WehaveLemma 4. Let a 2 [0; 1℄ having �nite binary expansion a = Pki=1 2�ibi su
hthat bk = 1.(i) Pb2f0;1gk w(b) = 2k�1 � 12 .(ii) w(a) = w(1� a).(iii) w(a) � 23 .(iv) w(a) � 2a(� log2(a) + 1).(v) w(a) = 2�k + 12 (w(a+ 2�k) + w(a � 2�k)).Proof. Ad (i): We use indu
tion on k. For k = 1 we 
omputeXb2f0;1gk w(b) = w((0)) + w((1)) = 0 + 12 :Let k � 2. For b = (b1; : : : ; bk) 2 f0; 1gk put b = (1� b1; : : : ; bk). Then w(b; i) =w(b; i) for i � 2 and w(b; 1) + w(b; 1) = 1. Further, we have w(b) = 12w(b; 1) +12w((b2; : : : ; bk)). Thusw(b) + w(b) = 12 (w(b; 1) + w(b; 1)) + w((b2; : : : ; bk)) = 12 + w((b2; : : : ; bk)):Hen
e Xb2f0;1gk w(b) = Xb2f0;1gkb1=0 (w(b) + w(b))= Xb2f0;1gkb1=0 ( 12 + w((b2; : : : ; bk)))= 2k�2 + Xb2f0;1gk�1 w(b) = 2k�1 � 12 :Ad (ii): If a = 0, then (ii) is satis�ed by de�nition. Hen
e assume a 6= 0 andk � 1. Let b = (b1; : : : ; bk). De�ne ~b 2 f0; 1gk by ~bk = 1 and ~bi = 1 � bi fori = 1; : : : ; k�1. Then 1�a =Pki=1 2�i~bi. Now (ii) follows from w(b; i) = w(~b; i)for i = 1; : : : ; k.Ad (iii): By (ii), we may assume b1 = 0. If b2 = 0, thenw(b) = 14w(b; 2) + 14w(b; 2) + 14w((b3; : : : ; bk)) � 12 + 14 � 23 = 23by indu
tion on k. If b2 = 1, thenw(b) = 12 (1� 12w(b; 2)) + 14w(b; 2) + 14w((b3; : : : ; bk)) � 12 + 14 � 23 = 23again by indu
tion.



Ad (iv): If 2�(`+1) � a < 2�`, then b1 = : : : = b` = 0 and b`+1 = 1. Thusw(a) = `2�`w(b; `) + 2�`w((b`+1; : : : ; bk)) � (`+ 1)2�` < 2a(� log2 a+ 1):Ad (v): Assume for simpli
ity that a + 2�k 6= 1 (this 
ase is easily solvedseparately). Let b+ 2 f0; 1gk�1 su
h thata+ 2�k = k�1Xi=1 2�ib+i :Note that a � 2�k =Pk�1i=1 2�ibi. Let ` 2 [k � 1℄ be minimal subje
t to b`+1 =: : : = bk = 1. Then b+i = 0 for `+1 � i < k, b+̀ = 1 and b+i = bi for all i < `. Thuswe have w((b1; : : : ; bk�1); i) + w(b+; i) = 2�k+i + 0 = 2w(b; i) for `+ 1 � i < k.We also 
ompute w((b1; : : : ; bk�1); `)+w(b+; `) = 1�2�k+`+1 = 2w(b; `). Sin
eb+i = bi for all i < `, an easy indu
tion yields w((b1; : : : ; bk�1); i) + w(b+; i) =2w(b; i) also for the remaining i 2 [k� 1℄. Now (v) follows from the de�nition ofw. utA reader familiar with probabilisti
 game analysis (
f. Spen
er [13℄) mightprefer this randomized view: Given a, we repeat rounding the last non-zero digitof its binary expansion up or down with equal probabilities 12 . Then w(b; i) is theprobability that bi = 1 when all higher bits are already rounded. Thus w(xi) isthe expe
ted 
ontribution of a single entry of x to the pay-o�Pkl=1 2�k+ljX(l)jof the game G(x; id), if Chooser plays randomly.By (v) of the lemma above, w is 
ontinuous on the set of numbers having�nite binary expansion. Hen
e there is a unique 
ontinuation on [0; 1℄, whi
h wedenote by w as well. Note that (ii) to (iv) of Lemma 4 now hold for arbitrarya 2 [0; 1℄. The inequality (iii) is sharp as shown by a = 13 and a = 23 .For a game position x 2 [0; 1℄n we put w(x) =Pni=1 w(xi). ThenLemma 5. Let f be a 
on
ave, non-de
reasing and non-negative fun
tion. Letx 2 [0; 1℄n be a starting position of a k{round game. If Chooser plays the strat-egy to minimize w, then the pay-o� in the game G(x; f) is at most 2f(w(x)).Consequently, if f is an upper bound on hA, thenlindis
(A; x) � 2f(w(x))holds for all x 2 [0; 1℄n.Proof. Assume �rst that f = idR. We pro
eed by indu
tion on the length kof the binary expansion of a. If k = 0, the game ends before it started, andthe pay-o� is 0 = w(a). Hen
e let k � 1. Let X = fj 2 [n℄ j 2kaj oddg, andlet S _[T = X denote Pusher's move. Let s; t denote the positions that arise ifChooser 
hooses S; T . If Chooser takes S, by indu
tion the pay-o� is boundedby 2�k+1jX j+ 2w(s) (and an analogous statement holds for T ). Let y 2 fs; tgbe su
h that w(y) = minfw(s); w(t)g. Then the pay-o� resulting from 
hoosingy is bounded by 2�k+1jX j+2w(y) � 2�k+1jX j+w(s)+w(t) � w(a), where thelatter inequality follows from Lemma 4.



In the notation of the de�nition of the game, we just showed that Chooser'sstrategy yields Pkl=1 2�k+ljX(l)j < 2w(a). Now let f be an arbitrary 
on
ave,non-de
reasing and non-negative fun
tion. Then the pay-o� ofG(a; f) is boundedby kXl=1 2�k+lf(jX(l)j) � 2f( kXl=1 2�k+l�1jX(l)j) � 2f(w(a)): utLemma 5 allows an average 
ase analysis of the linear dis
repan
y problem.Theorem 4. Let f be a 
on
ave and non-de
reasing upper bound for hA. Foran x 
hosen uniformly at random from [0; 1℄n, the expe
ted linear dis
repan
ysatis�es E(lindis
(A; x)) � 2f( 12n):Proof. Let k 2 N and B = fPkl=1 2�lbl j b1; : : : ; bk 2 f0; 1gg. For a num-ber r 2 [0; 1℄ denote by ~r the largest element of B not ex
eeding r. Put ~x =(~x1; : : : ; ~xn). ThenE(lindis
(A; x)) � E(lindis
(A; ~x)) + n2�k= X~x2Bn 2�nk lindis
(A; ~x) + n2�k� 2 X~x2Bn 2�nkf(w(~x)) + n2�k� 2f  2�nk X~x2Bnw(~x)!+ n2�k� 2f( 12n) + n2�k;where the latter inequality follows fromX~x2Bnw(~x) = X~x2Bn nXi=1 w(~xi)= nXi=1 X~x2Bn w(~xi)= nXi=1 2(n�1)kXb2Bw(b)= n2(n�1)kXb2Bw(b)and Lemma 4. ut



Another 
onsequen
e of Lemma 5 is that `small' x have lower linear dis
rep-an
y:Lemma 6. Let f be a 
on
ave and non-de
reasing upper bound for hA. Letx 2 [0; 1℄n and x := 1nPni=1 xi. Thenlindis
(A; x) � 2f(2kxk1(� log2(x) + 1)):Proof. From Lemma 4 and the 
on
avity of a 7! 2a(� log2(a) + 1), we 
on
ludew(x) � 2kxk1(� log2(x) + 1). Thus Lemma 5 proves the 
laim. ut5 Con
lusionIn this paper we investigated the relation between the linear dis
repan
y prob-lem (rounding arbitrary ve
tors) and the 
ombinatorial dis
repan
y problem(rounding ve
tors with entries 12 only). We assumed that the dis
repan
y prob-lem 
an be solved better for submatri
es having fewer 
olumns. This assumptionis justi�ed by the fa
t that most results are of this type. We showed that the
lassi
al results of Be
k and Spen
er and Lov�asz, Spen
er and Vesztergombi onthe relation of both rounding problems 
an be strengthened in this situation.We analyzed both the worst- and average 
ase. Like in [7℄, our results indi
atethat the assumption of de
reasing dis
repan
ies is both natural and powerful.We have to leave it as an open problem how tight our bounds are. Anotheropen problem is for whi
h ve
tors x the rounding problem is hardest. `Small've
tors 
ause lower errors, and as w(a) = 23 for some a 2 [0; 1℄ implies a 2 f 13 ; 23g,our bound lindis
(A; x) � 2f( 23n) 
an only be tight if xi 2 f 13 ; 23g for all i 2 [n℄.On the other hand, most examples seem to indi
ate that x � 121n is the mostdiÆ
ult instan
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