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tIn this arti
le we study an extension of the ve
tor balan
ing game investigated bySpen
er and Olson (whi
h 
orresponds to the on-line version of the dis
repan
yproblem for matri
es). We assume that de
isions in earlier rounds be
ome less andless important as the game 
ontinues.Key words: Ve
tor balan
ing games, on-line algorithms, dis
repan
y.1 Introdu
tionA ve
tor balan
ing game is a two-player perfe
t information game: Ea
h roundthe �rst player sele
ts a ve
tor x from some given set X � Rd . The se
ondplayer then 
hooses a sign " 2 f�1;+1g and the position ve
tor p, initiallyset to zero, is 
hanged to p+ "x. The �rst player's aim is to maximize kpk forsome given norm k � k, while the se
ond player tries to minimize this quantity.We 
all the value of kpk at the end of the game the pay-o� for the �rst player.Ve
tor balan
ing games 
an be seen as the on-line version of the dis
repan
yproblem. Strategies for the se
ond player 
orrespond to on-line algorithms forthe ve
tor balan
ing problem, whereas strategies for the �rst player give lowerbounds on how good an on-line algorithm 
an possibly be. For a deeper insightinto dis
repan
y theory we re
ommend the survey of Be
k and S�os [BS95℄.2 Previous ResultsSeveral forms of ve
tor balan
ing games have been studied. They di�er inthe set of ve
tors available to the �rst player and the norm that is used toPreprint submitted to Elsevier S
ien
e 11 April 2001



determine the pay-o�. We mention a type that 
omes 
losest to ours:Unit Ball Games: For a �xed norm k � k the �rst player may 
hoose anyve
tor with norm at most one, i. e. X = fx 2 Rd j kxk � 1g, and the pay-o�is measured using the same norm. For the maximum norm k � k1, Spen
er[Spe77℄ gave an upper bound of q2n ln(2d). For the d round game he proveda lower bound of pd log d(1� o(1)) in [Spe87℄.3 Our ContributionAll games investigated so far relate to on-line problems without temporalaspe
ts. By this we mean that a de
ision is the same important throughoutthe game. In this arti
le we assume that a de
ision made in the past (i. e.in an earlier round of the game) is less important than a newer one. This isrepresented by the di�erent update rule p := 1qp+"x for some aging parameterq > 1. Hen
e the 
urrent de
ision is q times more important than the pre
edingone. We restri
t ourselves to the maximum norm unit ball game, that is,the �rst player sele
ts ve
tors from fx 2 Rd j kxk1 � 1g, and the pay-o� ismeasured using k � k1 on p as well. We also assume q � 2.Immediately we see that the pay-o� is bounded by qq�1 . This is due to theupdate rule whi
h res
ales the importan
e of de
isions in the past relativeto the a
tual one. A di�erent approa
h working with absolute values is thefollowing: In round i the �rst player 
hooses a ve
tor x(i) with norm at mostqi�1 and the the se
ond player updates the position ve
tor either to p := p+x(i)or p := p�x(i). The values of an n round game then di�ers from our approa
hby a fa
tor of qn�1. Hen
e we lose nothing by investigating the �rst approa
hwhi
h we �nd more natural.Contrary to the games des
ribed in the previous se
tion, in our setting thereare reasonable strategies su
h that the maximum value for kpk1 does notne
essarily o

ur after the last round. This motivates the distin
tion of twoversions of the game: First, the value of kpk1 after the last round is the pay-o�for the �rst player, and se
ond, the maximum value of kpk1 o

urred duringthe game is the pay-o� for the �rst player. We 
all the two versions the �xedend version and 
ontinuous version respe
tively. The se
ond version also refersto the 
ase that the game is played for a �xed number of rounds whi
h is notknown to the se
ond player.Fixed end version: Assume that the game lasts at least log2 d + 1 rounds.Then the value of the �xed end version game isq�q�blog2 d
q�1 :2



Note that the number q�q�blog2 d
q�1 is the maximum imbalan
e that 
an o

urin a blog2 d
 + 1 round game by putting all ve
tors into the same partition
lass. We may thus interpret our result like this: The optimal strategy forthe se
ond player in the �xed end ve
tor balan
ing game leads to a partitionwhi
h is perfe
t apart from the last blog2 d
 + 1 ve
tors. This seems to be amore intuitive way of stating the result. Let us therefore de�nevq(r) := q�q�r+1q�1 ;the maximum imbalan
e that 
an o

ur in an r round game by putting allve
tors into the same partition 
lass. Hen
e the �xed end version game hasvalue vq(blog2 d
+ 1).The �xed end version with q = 2 has a ni
e appli
ation. In [Doe00℄ it isused to prove that lindis
(A) � 2 (1 � 12m) herdis
(A) holds for any matrixA 2 Rm�n . This improves an earlier result in this dire
tion by Lov�asz etal. [LSV86℄ and Be
k and Spen
er [BS84℄, and is a step towards Spen
er's
onje
ture lindis
(A) � 2(1� 1n+1) herdis
(A).Continuous version: For the 
ontinuous version we show that the �rst player
an get a pay-o� of at least q�2q�blog2 d
�blog2 log2 d
+1q�1 (again assuming suÆ
ientlymany rounds played), while the se
ond player has a strategy keeping kpk1below qq�1 � q� log2 d�log2 log2 d�4 throughout the game. In parti
ular, the valuev of this game satis�esvq(blog2 d
+ blog2 log2 d
 � 1) � v � vq(log2 d+ log2 log2 d+ 5):Referen
es[BS84℄ J. Be
k and J. Spen
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es. Math.Programming, 30:88{98, 1984.[BS95℄ J. Be
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repan
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s. 1995.[Doe00℄ B. Doerr. Linear and hereditary dis
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