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1 Introdu
tionThe last de
ade saw dramati
 improvements in 
omputer pro
essing speed andstorage 
apa
ities. Nowadays, the bottlene
k in data-intensive appli
ations isdisk I/O, the time needed to retrieve typi
ally large amount of data fromstorage devi
es. One idea to over
ome this obsta
le is to spread the data ondisks of multi-disk systems so that they 
an be retrieved in parallel. The dataallo
ation is determined by de
lustering s
hemes. Their aim is to allo
ate thedata in su
h a manner that typi
al requests �nd their data evenly distributedon the disks.The de
lustering problem is to assign data blo
ks from a multi-dimensionalgrid system to one ofM storage devi
es in a balan
ed manner. More pre
isely,our grid is V = [n1℄ � � � � � [nd℄ for some positive integers n1; : : : ; nd. 2 Aquery Q requests the data assigned to a sub-grid [x1::y1℄ � � � � � [xd::yd℄ forsome integers 1 � xi � yi � ni. We assume that the time to pro
ess su
ha query is proportional to the maximum number of requested data blo
ksthat are stored in a single devi
e. If we represent the assignment of the datablo
ks to the devi
es through a mapping � : V ! [M ℄, then the query time ofthe query above is maxi2[M ℄ j��1(i) \Qj, where we identify the query Q withits asso
iated sub-grid. Clearly, no de
lustering s
heme 
an do better thanjQj=M . Hen
e a natural performan
e measure is the additive deviation fromthis lower bound.1 The authors thanks the DFG-Graduiertenkolleg 357 \EÆziente Algorithmen undMehrskalenmethoden" for supporting this resear
h.2 We use the notations [n℄ := f1; 2; : : : ; ng and [n::m℄ := fn; n + 1; : : : ;mg forn;m 2 N, n � m.Preprint submitted to Elsevier S
ien
e 14 February 2004



This makes the problem a 
ombinatorial dis
repan
y problem in M 
olors.Denote by E the set of all sub-grids in V . Then H = (V; E) is a hypergraph.For a 
oloring � : V ! [M ℄, the positive dis
repan
y of H with respe
t to �and the positive dis
repan
y of H in M 
olors aredis
+(H; �):= maxi2[M ℄;E2E �j��1(i) \ Ej � 1M jEj� ;dis
+(H;M):=min�:V![M ℄dis
+(H; �)Apart from the fa
t that we only regard positive deviations, these notions wereintrodu
ed by Srivastav and the �rst author in [DS03℄. Independently, Anstee,Demetrovi
s, Katona and Sali [ADKS00℄ and Sinha, Bhatia and Chen [SBC03℄proved a lower bound of 
(logM) for the additive error of any de
luster-ing s
heme in dimension two. Sinha et al. [SBC03℄ also give the bound
(log d�12 M) for arbitrary d � 3, but their proof 
ontains a 
ru
ial error.The 
urrent best upper bounds in arbitrary dimension for the de
lusterings
hemes are proposed by C.-M. Chen and C. Cheng [CC02℄. They present twos
hemes for d{dimensional problems with an additive error O(logd�1M). The�rst one works if M = pk for some k 2 N and p a prime su
h that p � d,whereas the se
ond works for arbitrary M , but the error in
reases with NOur Results: For the upper bounds, we present an improved s
heme thatyields an additive error of O(logd�1M) for a broader range of values ofM andindependent of the data size. Our requirement on M is that if M = q1 : : : qk,q1 < : : : < qk is the 
anoni
al fa
torization of M into prime powers, d � q1+1is needed. Thus, in parti
ular, our s
hemes work for M being a power oftwo (su
h that M � d � 1), whi
h is very useful from the view-point ofappli
ation. We also show that the latin hyper
ube 
onstru
tion used byChen et al. [CC02℄ is mu
h better than 
laimed. Where they show that thelatin hyper
ube 
oloring extended to the whole grid has an error of at most 2dtimes the one of the latin hyper
ube, we show that both errors are the same.For the lower bound, we present the �rst 
orre
t proof of the 
(log d�12 M)bound. Again, a more 
areful analysis shows that that the positive dis
repan
yis at least 12d times the normal dis
repan
y instead of 3�d as used in [SBC03℄.Note that in typi
al appli
ations with M between 16 and 1024, these 2d and3d fa
tors are at least as important as �nding the right exponent of the logMterm.Sin
e a 
entral result of this paper are dis
repan
y bounds that are in-dependent of the size of the grid, we usually work with the hypergraphHdN = ([N ℄d; EdN), EdN = fQdi=1[xi::yi℄ j 1 � xi � yi � Ng for some suÆ
ientlylarge integer N . We prove the following result.2



Theorem 1 Let M , d � 2 be positive integers and q1 the smallest primepower in the 
anoni
al fa
torization of M into prime powers. We have(i) dis
+(HdN ;M) = O(logd�1M) for d � q1 + 1, independently of N 2 N.(ii) dis
+(HdN ;M) = 
(log d�12 M) for N �M .The 
ombinatorial dis
repan
y results are shown via strong results from geo-metri
 dis
repan
y theory. The problem of geometri
 dis
repan
y in the unit
ube [0; 1[d is to distribute n 2 N points evenly with respe
t to axis-parallelboxes: In every box R should be approximately n vol(R) points, where vol(R)denotes the volume of R. Again, dis
repan
y quanti�es the distan
e to aperfe
t distribution. The dis
repan
y of a point set P with respe
t to a boxR � [0; 1[d and the set of all axis-parallel boxes Rd are de�ned byD(P; R)= jjP \Rj � n vol(R)j ;D(P;Rd)= supR2Rd jD(P; R)j:2 The lower boundThe general idea in the proofs of the lower bound in Sinha et al. [SBC03℄ andAnstee et al. [ADKS00℄ is the same, here des
ribed in two dimensions:Starting with an arbitraryM{
oloring of [M ℄2, there is a mono
hromati
 set P̂with M verti
es. Based on this set, an M{point set P in [0; 1[2 is 
onstru
ted.By dis
repan
y theory [S
h72℄, there is a re
tangle R su
h that D(P; R) =
(logM). Rounding R to the [M ℄2 grid, they 
onstru
t a hyperedge R̂ thathas almost the volume as R. Additionally R̂ 
ontains as many verti
es of P̂as R points of P. With the help of R̂ and a short 
al
ulation the lower boundof the additive error 
(logM) is shown.The small, but 
ru
ial mistake in the proof of Sinha et al. [SBC03℄ is in thetransfer from the geometri
 dis
repan
y setting ba
k to the 
ombinatorialone. Re
all that the authors started with a 
olor 
lass of exa
tly Md�1 points.They down-s
aled it by a fa
tor ofM to a set in the unit 
ube (that, note thisfa
t, is a subset of f0; 1M ; 2M ; : : : ; M�1M gd). Then their geometri
 dis
repan
yargument yields a re
tangle of polylogarithmi
 dis
repan
y. However, there
tangle [0; M�1M ℄d has a mu
h larger dis
repan
y: It 
ontains allMd�1 points,but has a volume of (M�1M )d only.This yields a dis
repan
y of Md�1(1 � (M�1M )d) = 
(Md�2). For dimensiond � 3 this is larger than the upper bound, what also indi
ates an error in theproof of Sinha et al. [SBC03℄. The last argument also shows that rounding3



an arbitrary box to a box in the grid 
an 
ause a roundo� error, whi
h is ofmagnitude larger than the dis
repan
y. For this reason, a dire
t generalizationusing the lower bound of Roth [Rot64℄ is not possible. A more 
areful analysisis needed. In parti
ular, we have to ensure the existen
e of a small box havinglarge dis
repan
y. Using ideas of Be
k [BC87℄, we showTheorem 2 For any n{point set P in the unit 
ube [0; 1[d, there is an axis-parallel 
ube Q with side at most n� (2d�3)d(d�1)2(2d+1) fully 
ontained in [0; 1[d withD(P; Q) = 
(log d�12 n):Now Theorem 1 (ii) follows from Theorem 2 using the roundo� redu
tion ofAnstee et al. [ADKS00℄ and Sinha et al. [SBC03℄.3 The upper boundWe use geometri
 dis
repan
ies to 
onstru
t a de
lustering s
heme for theproof of our upper bound. The notation of Niederreiter [Nie87℄ is used in thefollowing. For an integer b � 2, an elementary interval in base b is an interval ofthe form E = Qdi=1 haib�di ; (ai + 1)b�dih ; with integers di � 0 and 0 � ai < bdifor 1 � i � d. For integers t;m su
h that 0 � t � m, a (t;m; d){net in baseb is a point set of bm points in [0; 1[d su
h that all elementary intervals withvolume bt�m 
ontain exa
tly bt points. Note that any elementary interval withvolume bt�m has dis
repan
y zero in a (t;m; d){net. Sin
e any subset of anelementary interval of volume bt�m has dis
repan
y at most bt and any box
an be pa
ked with elementary intervals in a way that the un
overed part 
anbe 
overed by O(logd�1 n) elementary intervals of volume bt�m, the followingis immediate:Theorem 3 A (t;m; d){net P has dis
repan
y D(P;Rd) = O(logd�1 n):The 
entral argument in our proof of the upper bound is the following resultof Niederreiter [Nie87℄ on the existen
e of (0; m; d){nets. From the view-pointof appli
ation it is important that his proof is 
onstru
tive.Theorem 4 Let b � 2 be an arbitrary base and b = q1q2 : : : qu be the 
anoni
alfa
torization of b into prime powers su
h that q1 < � � � < qu. Then for anym � 0 and d � q1 + 1 there exists a (0; m; d){net in base b.We 
onstru
t 
olorings of HdN from (0; m; d){nets with small dis
repan
y. Westart with 
olorings for HdM in Lemma 5.4



Lemma 5 Let Pnet be a (0; d� 1; d){net in base M in [0; 1[d. Then there is aM{
oloring �M of HdM = ([M ℄d; EdM) su
h that all rows of [M ℄d 
ontain every
olor exa
tly on
e and dis
(HdM ; �M) � 2D(Pnet;Rd):In Lemma 6, we show that it is suÆ
ient to 
onsider the dis
repan
y of HdMwith respe
t to these 
olorings for determining the upper bound of the dis-
repan
y of HdN . The Lemma 6 is a remarkable improvement of Theorem 4.2in [CC02℄ , where dis
(HdN ; �) � 2d dis
(HdM ; �M) is shown. Note that thisredu
es the impli
it 
onstant in the upper bound by fa
tor of 2d.Lemma 6 Let �M be a M{
oloring of HdM su
h that all rows of [M ℄d 
ontainevery 
olor exa
tly on
e and � a 
oloring of HdN de�ned by �(x1; : : : ; xd) =�M(y1; : : : ; yd) su
h that xi � yi mod M for i 2 [d℄, xi 2 [N ℄; yi 2 [M ℄. Thendis
(HdN ; �) = dis
(HdM ; �M):The upper bound in Theorem 1 follows from the above.Referen
es[ADKS00℄ R. Anstee, J. Demetrovi
s, G. O. H. Katona, and A. Sali. Lowdis
repan
y allo
ation of two-dimensional data. In Foundations ofInformation and Knowledge Systems, First International Symposium,volume 1762 of Le
ture Notes in Computer S
ien
e, pages 1{12, 2000.[BC87℄ J. Be
k and W. L. Chen. Irregularities of distribution, volume 89of Cambridge Tra
ts in Mathemati
s. Cambridge University Press,Cambridge, 1987.[CC02℄ C.-M. Chen and C. Cheng. From dis
repan
y to de
lustering: nearoptimal multidimensional de
lustering strategies for range queries. InACM Symp. on Database Prin
iples, pages 29{38, Madison, WI, 2002.[DS03℄ B. Doerr and A. Srivastav. Multi
olour dis
repan
ies. Combinatori
s,Probability and Computing, 12:365{399, 2003.[Nie87℄ H. Niederreiter. Point sets and sequen
es with small dis
repan
y.Monatsh. Math., 104:273{337, 1987.[Rot64℄ K. F. Roth. Remark 
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es. A
ta Arithmeti
a,9:257{260, 1964.[SBC03℄ R. K. Sinha, R. Bhatia, and C.-M. Chen. Asymptoti
ally optimalde
lustering s
hemes for 2-dim range queries. Theoret. Comput. S
i.,296:511{534, 2003.[S
h72℄ W. M. S
hmidt. On irregularities of distribution VII. A
ta Arith., 21:45{50, 1972. 5


