
Coloring Graphs with Minimal Edge LoadNitin Ahuja Andreas Baltz Benjamin DoerrAnand SrivastavMathematis
hes Seminar, Berei
h II, Christian-Albre
hts-Universit�at zu Kiel,Christian-Albre
hts-Platz 4, 24118 Kiel, Germany.E-mail: fnia,aba,bed,asrg�numerik.uni-kiel.deAbstra
tThe load of a 
oloring ' : V ! fred, blueg for a given graph G = (V;E) is apair L' = (r'; b'), where r' is the number of edges with at least one red end-vertex and b' is the number of edges with at least one blue end-vertex. Our aim isto �nd a 
oloring ' su
h that l' := maxfr'; b'g is minimized. We show that thisproblem is NP -
omplete. For trees, we give a polynomial time algorithm 
omputingan optimal solution. This has load at most m=2 +� log2 n, where m and n denotethe number of edges and verti
es respe
tively. For arbitrary graphs, a 
oloring withload at most 34m+ O(p�m) 
an be found in deterministi
 polynomial time usinga derandomized version of Azuma's martingale inequality. This bound 
annot beimproved in general: almost all graphs have to be 
olored with load at least 34m�p3mn.Key words: graph 
oloring, graph partitioning1 Introdu
tionLet G = (V;E) be a graph. For a 
oloring ' : V ! fred, blueg we de�ne theload of ' by L' := (r'; b'), where r' 
ounts the number of edges in
ident withat least one red vertex, and b' is the number of edges in
ident with at least oneblue vertex. The aim of the Minimum Load Coloring Problem (MLCP) is to�nd a 
oloring ' su
h that l' := maxfr'; b'g is minimized. To our knowledgethere exists no prior literature on this parti
ular problem. A generalization tohypergraphs was regarded by Ageev et al. [1℄. They study s
heduling aspe
tsof an opti
al 
ommuni
ation network with n nodes V = fv1; : : : ; vng and nhyperedges E = fE1; : : : ; Eng. Node vi wants to send pa
kets of data to aset Ei � V of other nodes. Given a set W = fw1; : : : ; wkg of k availablewavelength, the aim is to �nd an assignment ' : V ! W of wavelengths toPreprint submitted to Elsevier S
ien
e 25 Mar
h 2004



nodes su
h that the maximum load (number of pa
kets) on any wavelength isminimized.Notation: Throughout the paper let n denote the number of verti
es of thegraph under 
onsideration,m the number of edges and � the maximum vertexdegree. We put l(G) to be the minimum (hen
e optimal) load among all vertex
olorings of G.2 NP{CompletenessA redu
tion to MinBise
tion shows that MLCP is NP -
omplete.Theorem 2.1 MLCP 2 NPC.Proof.[Sket
h℄ Let G = (V;E) be an instan
e ofMinBise
tion. We 
onstru
tan instan
e G0 = (V 0; E 0) of MLCP by adding two 
liques C1 = (V1; E1),C2 = (V2; E2), jV1j = jV2j = 2m + 2, E1 := P2(V1), E2 := P2(V2), a set ofedges �E := ffv; v0g j v 2 V; v0 2 V1[V2g 
onne
ting ea
h v 2 V to ea
h 
liquevertex, and a mat
hing M = (V3; E3) of size m. Moreover, we de�ne anotherinstan
e G00 of MLCP by adding one more free mat
hing edge e00 = fv001 ; v002gto G0.We 
laim that optimal solutions to MLCP on G0 and G00 determine a min-imum bise
tion in G and vi
e versa. Sin
e MinBise
tion is NP -
omplete(
f. Karpinski [4℄), and, obviously, MLCP 2 NP , this implies MLCP 2 NPC.Let OPTB be the size of a minimum bise
tion of G. It is enough to show thatl(G0) = 8<: jE0j2 + OPTB2 + n(m + 1) if OPTB is evenjE0j2 + OPTB2 + n(m + 1) + 12 otherwise;and l(G00) = 8<: jE0j2 + OPTB2 + n(m+ 1) + 12 if OPTB is oddjE0j2 + OPTB2 + n(m+ 1) + 1 otherwise:This implies OPTB = 8<:2l(G0)� jE 0j � 2n(m+ 1) if l(G0) < l(G00)2l(G0)� jE 0j � 2n(m+ 1)� 1 otherwise:The �rst step of the proof is to show that ea
h optimal 
oloring ' has to
olor G0 su
h that C1 and C2 are mono
hromati
 with di�erent 
olors, and V
ontains as many red as blue verti
es. This yields l' � jE0j2 +OPTB2 +n(m+1).On the other hand, we may use the edges in E3 to balan
e the number ofmono
hromati
 edges in both 
olors (here the parity of jE3j is important).Thus only the number of bi
hromati
 edges is important. This proves the
laimed bounds for l(G0) and l(G00). 22



3 Bounds and Algorithms for TreesFor trees, we prove the bound l(G) � n�12 + � log2 n. The key to this is thefollowing more general lemma.Lemma 3.1 Given a tree G = (V;E) , jV j = n, and p1; p2 2 N with p1+p2 =n�1, there is a red-blue 
oloring of V su
h that at least p1+1�� log2 n edgesare mono
hromati
 red and at least p2+1�� log2 n are mono
hromati
 blue.From the lemma, we easily dedu
e the following.Theorem 3.1 Let G be a tree. Then l(G) � m2 +� log2 n.The proof of Lemma 3.1 uses an indu
tive 
onstru
tion. Thus, there is aneÆ
ient algorithm for 
omputing 
olorings with load at most m2 + � log2 n.However, it is also possible to 
ompute optimal 
olorings for trees eÆ
iently.Theorem 3.2 On trees, MLCP 
an be solved in time O(n3).Proof.[Sket
h℄ Let G be a tree. We think of G as a dire
ted tree with anarbitrary root a at level 0, the su

essors N(a) := fv 2 V j (a; v) 2 Eg of a atlevel 1, et
. For ea
h v 2 V we denote by Tv the indu
ed subtree of G rootedin v. We de�ne for ea
h arbitrary subtree G0 of G with root a0,LG0 := f(r; b) j (r; b) = L' for some 
oloring ' of G0 with '(a0) = redg;the set of possible loads for G0. Suppose, we 
an eÆ
iently 
ompute LG.Sin
e jLGj � (n + 1)2, we 
an also eÆ
iently �nd the maximum load l(G)of an optimal 
oloring by inspe
ting all (r; b) 2 LG and sele
ting the onewith smallest maximum 
omponent. It is easy to see that LG 
an be de-termined in polynomial time by iteratively 
omputing LTv for all v 2 V inreverse breadth �rst order. The iteration is based on two operations: 
onsidera subtree G0 of G with root a0 6= a, v 2 V with (v; a0) 2 E, and the treev + G0 := (V (G0) [ fvg; E(G0) [ f(v; a0)g) obtained by appending the edge(v; a0) to G0. We de�nev + LG0 := f(r + 1; b) j (r; b) 2 LG0g [ f(b + 1; r + 1) j (r; b) 2 LG0g (1)For two subtrees G01; G02 of G that interse
t only in their joint root a0, letG01+G02 := (V (G01)[V (G02); E(G01)[E(G02)) be the 
omposite tree. We de�neLG01 + LG02 := f(r1 + r2; b1 + b2) j (r1; b1) 2 LG01 ; (r2; b2) 2 LG02g: (2)It is straightforward to prove that for all subtrees G0 = (V 0; E 0) of G withroot a0 and all v 2 V with (v; a0) 2 E, Lv+G0 = v + LG0. Moreover, for allsubtrees G01 = (V 01 ; E 01); G02 = (V 02 ; E 02) interse
ting only in their joint root a0,3



LG01+G02 = LG01 + LG02 : We 
on
lude that LTv = Pv02N(v) Lv+Tv0 = Pv02N(v) v +LTv0 for all v 2 V . Considering the 
omplexity of the operations (1) and (2) wesee that LG 
an be re
ursively 
omputed in Pv2V deg(v) �O(n4+n2) = O(n5)steps.We 
an redu
e this time to O(n3) by 
onsidering only \relevant" loads,RG0 :=f(r; b) j (r; b) 2 LG0; b = minfb0 j (r; b0) 2 LG0gg. RG 
an be 
omputed itera-tively via operations similar to (1) and (2) that are performed on RG0 insteadof LG0 and thus require only O(n) and O(n2) steps, respe
tively. This yieldsthe desired O(n3) bound.The iterative pro
edure to 
ompute the optimal load 
an be easily modi�edto a
tually 
ompute an optimal 
oloring. 2
4 Approximation Algorithms for Arbitrary GraphsLet us �rst observe that the load of random 
olorings is less than 34m +O(p�m) with high probability. Sin
e 12m is a trivial lower bound for l',we obtain a (1:5 + "){approximation algorithm if � = o(m). We will use thefollowing Martingale inequality that 
an be found in M
Diarmid [5℄. It is anappli
ation of the well known inequality of Azuma [2℄.Lemma 4.1 Let X1; : : : ; Xn be independent random variables taking valuesin some sets A1; : : : ; An. Let f : Qi2[n℄Ai ! R su
h that jf(x) � f(y)j � 
iwhenever x and y di�er only in the i-th 
oordinate. Let X = (X1; : : : ; Xn) and� = E(f(X)). Then for any � � 0, P(f(X)� � � �) � exp(�2�2=Pni=1 
2i ).Theorem 4.1 There is a 
oloring ' su
h that l' � 34m +q(ln 2)�m.A random 
oloring satis�es P�l' � 34m + qq(ln 2)�m� � 2�q2+1:Proof. Let ' : V ! fred; blueg su
h that P('(v) = red) = 12 = P('(v) = blue)independently for all v 2 V . Clearly, if two 
olorings '1; '2 di�er only in the
olor of some vertex v 2 V , then jr'1 � r'2 j � deg(v). We 
ompute E(r') =Pe2E P(9v 2 e : '(v) = red) = 34m. Sin
e Pv2V deg(v)2 � Pv2V deg(v)� =2�m, for � = q(ln 2)�m we have P(r' > 34m + �) < 12 . Thus with positiveprobability, both r' and b' are at most 34m+ �. In parti
ular, a 
oloring withl' � 34m + � exists. The se
ond statement follows in a similar manner. 2Theorem 4.2 A 
oloring ' su
h that l' � 34m + q(ln 4)�m 
an be 
on-stru
ted in O(n3) time. 4



For the proof we need a derandomized version (Theorem 4.3) of Azuma'smartingale inequality.Theorem 4.3 ([6℄) Let f(X) = Pi;j �ijXiXj be a quadrati
 form satisfyingthe assumptions of Lemma 4.1. Let Æ 2 (0; 1) with 2 exp(�2�2=Pni=1 
2i ) �1 � Æ. We 
an 
onstru
t a X 2 f0; 1gn with jf(X) � E (f(X))j � � inO (n3 log(Æ�1)) time.Proof. [Sket
h of Theorem 4.2℄ Let (aij) be the adja
en
y matrix of thegraph G = (V;E) under 
onsideration. We identify a two-
oloring ' : V !fblue,redg withX 2 f0; 1gn. Let r(X) = Pni=1Pnj=1 aij Xi Xj2 +Pni=1Pnj=1 aijXi(1�Xj), and b(X) = Pni=1Pnj=1 aij (1�Xi) (1�Xj)2 + Pni=1Pnj=1 aijXi (1�Xj). Thus,r' = r(X), b' = b(X) and l' = f(X) := maxfr(X); b(X)g. Now, if we 
on-sider f , the maximum of two quadrati
 forms, then the result 
an be provedby using Lemma 4.1 and Theorem 4.3. 2The dependen
e on � 
annot be avoided. This is shown by star graphs. If� = o(m), then the resulting bound of (34 + o(1))m 
annot be improved ingeneral, sin
e, for the 
omplete graph Kn, l' � 38n2 � 14n = (34 + o(1))m forall 
olorings '. In a sense, almost all graphs have a load of (34 � o(1))m.Theorem 4.4 Let m � 12n. For a random multi-graph G = (V;E), jV j = nobtained by 
hoosing m edges from �n2� independently with repetition, we havel(G) � 34m�p3mn with probability 1� 2�n.Referen
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