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Abstract

The load of a coloring ¢ : V. — {red, blue} for a given graph G = (V,E) is a
pair L, = (r4,b,), where 7, is the number of edges with at least one red end-
vertex and b, is the number of edges with at least one blue end-vertex. Our aim is
to find a coloring ¢ such that [, := max{ry, b,} is minimized. We show that this
problem is N P-complete. For trees, we give a polynomial time algorithm computing
an optimal solution. This has load at most m/2 + Alog, n, where m and n denote
the number of edges and vertices respectively. For arbitrary graphs, a coloring with
load at most 2m 4+ O(v/Am) can be found in deterministic polynomial time using
a derandomized version of Azuma’s martingale inequality. This bound cannot be
improved in general: almost all graphs have to be colored with load at least %m —

3mn.
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1 Introduction

Let G = (V, FE) be a graph. For a coloring ¢ : V' — {red, blue} we define the
load of ¢ by L, := (r,, b,), where 1, counts the number of edges incident with
at least one red vertex, and b, is the number of edges incident with at least one
blue vertex. The aim of the Minimum Load Coloring Problem (MLCP) is to
find a coloring ¢ such that [, :== max{r,, b,} is minimized. To our knowledge
there exists no prior literature on this particular problem. A generalization to
hypergraphs was regarded by Ageev et al. [1]. They study scheduling aspects
of an optical communication network with n nodes V"= {vy,... ,v,} and n
hyperedges £ = {E,,...,E,}. Node v; wants to send packets of data to a
set E; C V of other nodes. Given a set W = {wy,...,wg} of k available
wavelength, the aim is to find an assignment ¢ : V' — W of wavelengths to
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nodes such that the maximum load (number of packets) on any wavelength is
minimized.

Notation: Throughout the paper let n denote the number of vertices of the
graph under consideration, m the number of edges and A the maximum vertex
degree. We put I(G) to be the minimum (hence optimal) load among all vertex
colorings of G.

2 NP-Completeness

A reduction to MINBISECTION shows that MLCP is N P-complete.
Theorem 2.1 MLCP € NPC.

Proof.[Sketch] Let G = (V, E) be an instance of MINBISECTION. We construct
an instance G' = (V', E') of MLCP by adding two cliques C, = (V4, Ey),
Cy = (Vo, Ey), V1| = [Va] = 2m + 2, By := Py(V7), Ey := Py(V3), a set of
edges F := {{v,v'} |v € V, v/ € V;UV,} connecting each v € V to each clique
vertex, and a matching M = (V3, F3) of size m. Moreover, we deﬁne another
instance G” of MLCP by adding one more free matching edge ¢” = {vf, v}
to G'.

We claim that optimal solutions to MLCP on G’ and G" determine a min-
imum bisection in GG and vice versa. Since MINBISECTION is N P-complete
(cf. Karpinski [4]), and, obviously, MLCP € NP, this implies MLCP € NPC.
Let OPTp be the size of a minimum bisection of G. It is enough to show that

, |E| + OPTB +n(m+1) if OPTp is even
UG =9 12 OPT

B+ =572 +n(m+1)+3 otherwise,
21 OPTs 4 p(m+1)+1L if OPTg is odd

and l G” == ’
(&) {ET % +n(m+1)+1 otherwise.

21 E'| -2 1 if [(G") < I(G"
This implies OPTg = (G) = |E'] n(m+1) if I )_< (&)

20(G") — |E'| —2n(m + 1) — 1 otherwise.
The first step of the proof is to show that each optimal coloring ¢ has to
color G’ such that Cy and Cy are monochromatic with different colors, and V'
contains as many red as blue vertices. This yields [, > |E2—I‘ + % +n(m+1).
On the other hand, we may use the edges in Ej3 to balance the number of
monochromatic edges in both colors (here the parity of |E3| is important).

Thus only the number of bichromatic edges is important. This proves the
claimed bounds for [(G") and I(G"). O



3 Bounds and Algorithms for Trees

For trees, we prove the bound [(G) < 25 + Alog, n. The key to this is the
following more general lemma.

Lemma 3.1 Given a tree G = (V, E) , |V| =n, and p1,pz € N with p1 +py =
n—1, there is a red-blue coloring of V' such that at least py +1— Alog, n edges
are monochromatic red and at least po +1 — Alogy n are monochromatic blue.

From the lemma, we easily deduce the following.
Theorem 3.1 Let G be a tree. Then [(G) < % + Alogy n.

The proof of Lemma 3.1 uses an inductive construction. Thus, there is an
efficient algorithm for computing colorings with load at most % + Alog, n.
However, it is also possible to compute optimal colorings for trees efficiently.

Theorem 3.2 On trees, MLCP can be solved in time O(n?).

Proof.[Sketch] Let G be a tree. We think of G as a directed tree with an
arbitrary root a at level 0, the successors N(a) := {v € V' | (a,v) € E} of a at
level 1, etc. For each v € V' we denote by T, the induced subtree of G rooted
in v. We define for each arbitrary subtree G’ of G with root o',

Le = {(r,b) | (r,b) = L, for some coloring ¢ of G' with ¢(a’) = red},

the set of possible loads for G’. Suppose, we can efficiently compute Lg.
Since [Lg| < (n + 1)%, we can also efficiently find the maximum load [(G)
of an optimal coloring by inspecting all (r,b) € L5 and selecting the one
with smallest maximum component. It is easy to see that L4 can be de-
termined in polynomial time by iteratively computing Ly, for all v € V in
reverse breadth first order. The iteration is based on two operations: consider
a subtree G’ of G with root a' # a, v € V with (v,ad') € F, and the tree
v+ G = (V(G') U {v}, E(G") U{(v,a’)}) obtained by appending the edge
(v,a’) to G'. We define

v+ Lo = {(T+1,b) | (’I“,b) E,CG/}U{(b—f—l,’l“—Fl) | (T,b) EEG'I} (1)

For two subtrees G',G) of G that intersect only in their joint root o, let
G+ G, = (V(G)UV(G,), E(G})UE(G,)) be the composite tree. We define

'CGll + ['G’2 = {(7’1 + T2,b1 + bg) | (Tl,bl) € ,CGII, (TQ,bQ) € 'CGlz} (2)

It is straightforward to prove that for all subtrees G' = (V', E') of G with
root ¢’ and all v € V with (v,d') € E, L, 0 = v + Lg. Moreover, for all
subtrees G| = (V/, E}), G, = (V3, E}) intersecting only in their joint root o',



LG’1+G’2 = EG’I + EG’Q We conclude that ETU = ZU’EN(U) Ev-i—Tv/ = ZU’EN(U) v+
Lr, for all v € V. Considering the complexity of the operations (1) and (2) we
see that Lg can be recursively computed in ¢y deg(v) - O(n* +n?) = O(n)
steps.

We can reduce this time to O(n?) by considering only “relevant” loads, Rq :=
{(r,b) | (r,0) € Laryb=min{b" | (r,0') € L&'}}. R can be computed itera-
tively via operations similar to (1) and (2) that are performed on R¢ instead
of L& and thus require only O(n) and O(n?) steps, respectively. This yields
the desired O(n?*) bound.

The iterative procedure to compute the optimal load can be easily modified
to actually compute an optimal coloring. O

4 Approximation Algorithms for Arbitrary Graphs

Let us first observe that the load of random colorings is less than %m +
O(VAm) with high probability. Since %m is a trivial lower bound for [,,
we obtain a (1.5 + ¢)—approximation algorithm if A = o(m). We will use the
following Martingale inequality that can be found in McDiarmid [5]. It is an
application of the well known inequality of Azuma [2].

Lemma 4.1 Let Xq,...,X, be independent random wvariables taking values
in some sets Ay, ..., A, Let f: Tliepn Ai — R such that [f(z) — f(y)] < ¢
whenever x and y differ only in the i-th coordinate. Let X = (X1,...,X,,) and
p=E(f(X)). Then for any X > 0, P(f(X) — p > \) < exp(=2A*/ T}, cf).

Theorem 4.1 There is a coloring ¢ such that I, < 2m + /(In2)Am.
A random coloring satisfies ]P’(l@ > %m + ¢¢/(In Z)Am> < 9—>+1

Proof. Let ¢ : V — {red, blue} such that P(p(v) = red) = * = P(p(v) = blue)

2
independently for all v € V. Clearly, if two colorings ¢, @ differ only in the

color of some vertex v € V, then |r,, —ry,| < deg(v). We compute E(r,) =
YeepP(3v € €1 p(v) = red) = %m- Since Y,cy deg(v)? < X ,ey deg(v)A =
2Am, for A = /(In2)Am we have P(r, > 3m + \) < 3. Thus with positive
probability, both r, and b, are at most %m + A. In particular, a coloring with
l, < %m + A exists. The second statement follows in a similar manner. O

Theorem 4.2 A coloring ¢ such that I, < 3m + \/(In4)Am can be con-
structed in O(n3) time.



For the proof we need a derandomized version (Theorem 4.3) of Azuma’s
martingale inequality.

Theorem 4.3 ([6]) Let f(X) =X, ; 2;; X;X; be a quadratic form satisfying
the assumptions of Lemma 4.1. Let 6 € (0,1) with 2exp(—2\%/ Y1, c?) <
1 — 6. We can construct a X € {0,1}" with |f(X) — E(f(X))] < A in
O (n®log(671)) time.

Proof. [Sketch of Theorem 4.2] Let (a;;) be the adjacency matrix of the
graph G = (V| E) under consideration. We identify a two-coloring ¢ : V' —

{blue,red} with X € {0,1}". Let r(X) = 30, > —lﬂwz L ay X (1
X;), and b(X) = ©r ;:1M+z '~ ai; Xi (1= X;). Thus,

r, =1(X), b, = b(X) and I, = f(X) = rnax{r( ) ( )}. Now, if we con-
sider f, the maximum of two quadratic forms, then the result can be proved
by using Lemma 4.1 and Theorem 4.3. O

The dependence on A cannot be avoided. This is shown by star graphs. If
A = o(m), then the resulting bound of (2 + o(1))m cannot be improved in
general, since, for the complete graph K, [, > %nQ — in = (% + o(1))m for
all colorings . In a sense, almost all graphs have a load of (3 — o(1))m.

Theorem 4.4 Let m > 12n. For a random multi-graph G = (V, E), |[V| =n
obtained by choosing m edges from (g) independently with repetition, we have

I(G) > 3m — /3mn with probability 1 — 27",
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