
Non-Independent Randomized Rounding andColoringBenjamin Doerr�ySeptember 30, 2003Abstra
tWe propose an advan
ed randomized 
oloring algorithm for the prob-lem of balan
ed 
olorings of hypergraphs (dis
repan
y problem). Insteadof independently 
oloring the verti
es with a random 
olor, we try to usestru
tural information about the hypergraph in the design of the ran-dom experiment by imposing suitable dependen
ies. This yields 
oloringshaving smaller dis
repan
y. We also obtain more information about the
oloring, or, 
onversely, we may enfor
e the random 
oloring to have spe-
ial properties. There are some algorithmi
 advantages as well.We apply our approa
h to hypergraphs of d{dimensional boxes and to�nite geometries. Among others results, we gain a fa
tor 2d=2 de
reasein the dis
repan
y of the boxes, and redu
e the number of random bitsneeded to generate good 
olorings for the geometries down to O(pn)(from n). The latter also speeds up the 
orresponding derandomizationby a fa
tor of pn.Key words: randomized algorithms, hypergraph 
oloring, dis
rep-an
y, randomized rounding, integer linear programming.1 Introdu
tion and Results1.1 The Dis
repan
y ProblemThe 
ombinatorial dis
repan
y problem is to partition the vertex set of a givenhypergraph into two 
lasses in a balan
ed manner, i.e., in su
h a way that ea
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hyperedge 
ontains roughly the same number of verti
es in ea
h of the twopartition 
lasses.More pre
isely, a hypergraph is a pair H = (X; E), where X is �nite set andE � 2X . The elements of X are 
alled verti
es, those of E (hyper)edges. Apartition of X into two 
lasses is usually represented by a 
oloring � : X ! Cfor some two-element set C. The partition then is formed by the 
olor 
lasses��1(i); i 2 C. It turns out to be useful to sele
t �1 and +1 as 
olors. For a
oloring � : X ! f�1;+1g and a hyperedge E 2 E the expression�(E) := Xx2E �(x)then 
ounts how many of the +1{verti
es of E 
annot be mat
hed by verti
es
olored �1. Thus j�(E)j is a measure for the imbalan
e of � with respe
t to E.As it is our aim to 
olor all hyperedges simultaneously in a balan
ed manner,we de�ne the dis
repan
y of � with respe
t to H bydis
(H; �) := maxE2E j�(E)j:The dis
repan
y problem originates from the �eld of number theory (e. g. vander Waerden [vdW27℄ or Roth [Rot64℄), but due to a wide range of appli
ationsand 
onne
tions it has re
eived an in
reased attention in 
omputer s
ien
e andapplied mathemati
s during the last twenty years. For reasons of brevity we justmention uniformly distributed sets and numeri
al integration, 
omputationalgeometry, 
ommuni
ation 
omplexity and image pro
essing. We refer to thebooks Matou�sek [Mat99℄, Chazelle [Cha00℄, Kushilevitz and Nisan [KN97℄ andthe paper Asano, Katoh, Obokata and Tokuyama [AKOT02℄ respe
tively.1.2 Dis
repan
ies and Integer Linear ProgramsThe dis
repan
y problem 
an be formulated as integer linear program. Sin
e webelieve that our methods 
an be extended to this more general 
ontext, let usbrie
y sket
h the 
onne
tion. Let X = f1; : : : ; ng =: [n℄ and E = fE1; : : : ; Emg.Then the following integer linear program (here given as a 0; 1 ILP) solves thedis
repan
y problem for H:minimize 2�subje
t to Xi2Ej xi � 12 jEj j � �; j = 1; : : : ;m;�Xi2Ej xi + 12 jEj j � �; j = 1; : : : ;m;xi 2 f0; 1g; i = 1; : : : ; n;� � 0:2



The problem in using the linear relaxation of this ILP is that there always existsthe trivial solution x = (x1; : : : ; xn) = 121n. Therefore, a fruitful 
onne
tionbetween solutions of the [0; 1℄{relaxation and the original problem is not to beexpe
ted.On the other hand, randomized rounding strategies for this trivial solution yieldrandom 
olorings and, vi
e versa, generators of random 
olorings 
an be inter-preted as randomized rounding strategies. Thus both problems are strongly
onne
ted. It also turns out that the tools used and the diÆ
ulties o

urringin both the dis
repan
y problem and randomized rounding problems are verysimilar. Thus we believe that the methods presented in this paper might have abroader appli
ation than just the dis
repan
y problem. Note that due to workof Be
k and Spen
er [BS84℄ and Lov�asz, Spen
er and Vesztergombi [LSV86℄,arbitrary rounding problems 
an be redu
ed to 
ombinatorial dis
repan
y prob-lems.1.3 Algorithmi
 Aspe
ts of Randomized Coloring and Ran-domized RoundingDis
repan
y is an NP{hard problem. For a very restri
ted 
lass of dis
rep-an
y problems that are already NP-
omplete, we refer to Asano, Matsui andTokuyama [AMT00℄. EÆ
ient algorithms �nding an optimal 
oloring thereforeare not to be expe
ted. Indeed, very little is known about the algorithmi
 as-pe
t of dis
repan
y. For some restri
tions of the problem a ni
e solution exist,e. g., for hypergraphs having vertex degree at most t. Be
k and Fiala [BF81℄gave a polynomial time algorithm that 
omputes 
olorings having dis
repan
yless than 2t.A 
ommon algorithmi
 approa
h for the general 
ase (and in fa
t the onlyone known to us) are random 
olorings obtained by independently 
hoosing arandom 
olor for ea
h vertex. Via a Cherno�-bound analysis (see e.g. Alon andSpen
er [AS00℄) these 
olorings 
an be shown to have dis
repan
y O(pn logm)with high probability, where as above n shall always denote the number ofverti
es and m the number of hyperedges.Theorem 1. A random 
oloring obtained by independently 
hoosing a random
olor for ea
h vertex has dis
repan
ydis
(H; �) �p2n ln(4m)with probability at least 12 .Note that this yields a randomized algorithm 
omputing a 
oloring of the
laimed dis
repan
y by repeatedly generating and testing a random 
oloringuntil the dis
repan
y guarantee of the theorem is satis�ed. This algorithm has3



expe
ted run-time O(n(R+m)), where R is the 
omplexity of generating a ran-dom bit. Random 
onstru
tions show that (at least for suitable values of n andm) there are hypergraphs having dis
repan
y 
(pn log mn ). Thus the random
olorings of Theorem 1 are almost optimal in the general 
ase.Via the transfer sket
hed in the previous subse
tion, all of the above holdsfor general rounding problems as well. In parti
ular, no randomized roundingstrategy for a linear problem of n variables and m 
onstraints 
an guarantee aviolation in the 
onstraints of less than 
(pn log mn ).A 
entral problem with random 
olorings (and randomized rounding) is there-fore how to take into a

ount the stru
ture of the hypergraph (or the ILP).One way to deal with this is to use random 
olorings as above, but to tightenthe analysis using the stru
tural information. Exploiting su
h dependen
ies,namely positive 
orrelation among the `good' events, Srinivasan [Sri99℄ showedimproved approximation guarantees for pa
king and 
overing problems.A se
ond approa
h is to use a di�erent kind of random 
olorings, i.e., to designthe random experiment in a way that it exploits the stru
ture of the hypergraphdire
tly. This is what we do in this paper.1.4 Our ResultsWe analyze a way of generating random 
olorings not by independently 
oloringthe verti
es, but by imposing some dependen
ies. This allows us to exploitstru
tural information about the hypergraph. We apply this approa
h on twoexamples, namely hypergraphs of higher-dimensional boxes and �nite aÆne andproje
tive planes.Our approa
h proves to be e�e
tive in several ways. Firstly, it allows to gen-erate random 
olorings having smaller dis
repan
y. Being a fairly general 
lassof hypergraphs that have some 
ommon stru
ture, we analyze hypergraphs ofd{dimensional boxes. Our randomized 
olorings beat independent random 
ol-orings in terms of dis
repan
y by a fa
tor of roughly 2d=2.A se
ond advantage is that we also obtain more information about the random
oloring. For example, we may pres
ribe that our 
olorings should be fair,that is, have equal-sized 
olor 
lasses. This 
an be useful in appli
ations. There
ursive method to 
onstru
t balan
ed multi-
olorings of [DS03℄ for examplerequires fair 
olorings. A ni
e feature from the te
hni
al point of view is thatwe get these fair 
olorings without extra diÆ
ulties. Usually, working with fair
olorings is more diÆ
ult, sin
e the hypergeometri
 distribution is harder toanalyze than the binomial one (
f. Uhlmann [Uhl66℄ and Chv�atal [Chv79℄).A third point 
on
erns the 
omplexity of generating the 
olorings. Due tothe dependen
ies the number of random bits needed to generate our random4




olorings is smaller than for ordinary random 
olorings. For the hypergraphsof d{dimensional boxes we redu
e the number of random bits by a fa
tor of 2d.For the geometries, this e�e
t is even stronger. There we redu
e the number ofrandom bits to O(pn), where n shall denote the number of verti
es (or `points'in the language of geometry). This is important if generating random bits is
ostly, but also admits faster derandomizations.Finally, 
omputing the dis
repan
y of our random 
olorings 
an be done faster
ompared to ordinary random 
olorings. The reason is that (depending on thehypergraph, of 
ourse) the number of relevant hyperedges, i.e., those for whi
h�(E) has to be 
omputed, is redu
ed. Sin
e one approa
h to obtain a low-dis
repan
y 
oloring is by repeatedly generating a random 
oloring and then
omputing its dis
repan
y until a satisfa
tory solution is found, this fa
t alsospeeds up 
omputing low-dis
repan
y 
olorings.2 Stru
tured Randomized ColoringAs mentioned in the introdu
tion, our aim is to generate random 
olorings thatdo not independently 
olor the verti
es, but on the 
ontrary use suitable depen-den
ies that re
e
t the stru
ture of the hypergraph. To do so, we partition thevertex set into 
lasses. For ea
h 
lass, we �x a 
oloring that has low dis
repan
yin the hypergraph indu
ed by these verti
es. We obtain a 
oloring for all verti
esby independently at random 
hoosing for ea
h 
lass the asso
iated 
oloring orits negative.Thus within ea
h 
lass, we have perfe
t dependen
e. For verti
es lying in dif-ferent 
lasses, their 
olors are mutually independent. The problem of this verygeneral approa
h is to 
at
h the stru
ture of the hypergraph through the par-tition and the 
olorings for the partition 
lasses. We show examples of how todo so in the next se
tions and pro
eed by �xing the general framework.Let H = (X; E) be a hypergraph and P = fP1; : : : ; Prg be a partition of itsvertex set. For ea
h 
lass Pi, let �Pi : Pi ! f�1;+1g be a 
oloring. The family(�Pi)i2[r℄ is admissible for H if j�Pi(E \ Pi)j � 1 holds for all E 2 E and alli 2 [r℄. For a hyperedge E 2 E setI(P ; E) := fi 2 [r℄j�Pi (E \ Pi) 6= 0g:Assume that the family �Pi is admissible for H = (X; E). Then �Pi(E \ Pi) 2f�1;+1g for all i 2 I(P ; E). We generate a random 
oloring like this: For ea
hi 2 [r℄ we `
ip a 
oin', i.e., independently and uniformly 
hoose a random sign"i 2 f�1;+1g. Let � : X ! f�1;+1g denote the union of the "i�Pi , that is,we have �(x) = "i�Pi(x) for all x 2 Pi. We 
all � a stru
tured random 
oloringwith respe
t to the 
olorings �Pi ; i 2 [r℄. We have the following:5



Lemma 1. Let � be a stru
tured random 
oloring with respe
t to the �Pi ; i 2 [r℄.For any hyperedge E 2 E we haveP (j�(E)j > �) < 2e� �22jI(P;E)j :Proof. For ea
h i 2 I(P ; E) de�ne a random variable Zi = �Pi(E \ Pi) =Px2E\Pi �Pi(x). Set Z = Pi2I(P;E)Zi. Note that Z = �(E). Sin
e the Ziare mutually independent �1; 1 random variables, we may apply the Cherno�bound (
f. [AS00℄, Corollary A.1.2) and getP (jZj > �) < 2e� �22jI(P;E)j :Comparing Lemma 1 with the analogous estimate for ordinary random 
oloringsP (j�(E)j > �) < 2e� �22jEj ;we see that in our version we repla
ed the 
ardinality jEj of the hyperedge bythe possibly smaller number of Pi su
h that �Pi(E \ Pi) 6= 0. We thus redu
edthe relevant size of the hyperedges.There is a se
ond way stru
tured random 
olorings 
an improve dis
repan
ybounds, namely by redu
ing the number of relevant hyperedges. SetEP :=[f(E \ Pi) j�Pi(E \ Pi) 6= 0gfor all E 2 E and EP := fEP jE 2 Eg. From the de�nition of stru
tured random
olorings it is 
lear that any stru
tured random 
oloring � with respe
t to the�P ; P 2 P ful�lls �(E) = �(EP ). In parti
ular, we havedis
(H; �) = dis
((X; EP); �):Depending on the partition P and the 
olorings �Pi , the mapping E 7! EP isnot inje
tive, and hen
e jEP j < jEj. In this 
ase we only need to 
onsider thesmaller number jEP j of hyperedges. Sin
e the dis
repan
y bound depends onthe number of hyperedges just logarithmi
ally, this e�e
t is less important thanthe redu
tion of the relevant sizes of the hyperedges. It 
an however be useful,as it makes the 
omputation of dis
(H; �) easier.This observation together with Lemma 1 yieldsTheorem 2. Let s0 := maxE2E jI(P ; E)j and m0 := jEP j. Then a stru
turedrandom 
oloring with respe
t to the �P ; P 2 P has dis
repan
ydis
(H; �) �p2s0 ln(4m0)with probability at least 12 . 6



Proof. Let � =p2s0 ln(4m0). ThenP (dis
(H; �) > �) = P (dis
((X; EP); �)= P (9E 2 EP : j�(E)j > �)� XE2EP P (j�(E)j > �)< XE2EP 2e� �22jI(P;E)j� m02e� �22s0 = 12 :There are few more points to add 
on
erning stru
tured random 
olorings. Oneis that we may get information about � through properties of the 
olorings�P ; P 2 P . For example, if ea
h �P ; P 2 P has equal-sized 
olor 
lasses, thenthis also holds for �. Conversely of 
ourse, we may enfor
e 
ertain propertieson � by 
hoosing suitable 
olorings �P ; P 2 P .Algorithmi
 Aspe
tsFrom the de�nition of stru
tured random 
olorings it is 
lear that to generate astru
tured random 
oloring with respe
t to �P ; P 2 P , we need only jPj randombits instead of n random bits needed for independent random 
olorings. This
an be essential, when generating random bits is 
onsidered to be 
ostly.We may also 
ompletely remove the random element by using derandomiza-tion te
hniques. The method of 
onditional probabilities together with so-
alled pessimisti
 estimators 
an be applied also to our setting, as follows fromRaghawan [Rag88℄.Sin
e the time 
omplexity of these derandomization methods is proportional tothe number of single random experiments 
ondu
ted, the redu
tion of the num-ber of random bits needed yields a similar speed-up for the derandomizations.We give more details about derandomizations in Se
tion 4.3 Higher-Dimensional BoxesIn this se
tion we apply the method des
ribed above to hypergraphs of higher-dimensional boxes. They display some regularity that 
an be exploited, but stillare fairly general. 7



We say that a hypergraph H = (X; E) is a hypergraph of d{dimensional boxesfor some d 2 N, if there is a de
omposition X = X1 � � � � �Xd su
h that ea
hhyperedge E 2 E has a representation E = E1 � � � � � Ed su
h that Ei � Xiholds for all i 2 [d℄. Let us agree to 
all any su
h set E a box.For an arbitrary number r we denote by dre2 the smallest even integer not beingless than r.3.1 Dis
repan
y BoundFor the dis
repan
y of box-hypergraphs, we showTheorem 3. Let H = (X; E) be a hypergraph of d{dimensional boxes. LetX = X1 � � � � �Xd be a 
orresponding de
omposition. Set n := jX j, ni := jXijfor i 2 [d℄, ~n := Qi2d dnie2 and m := jEj. Then there are stru
tured random
olorings � : X ! f�1; 1g having dis
repan
y at mostdis
(H; �) � 2�d�12 p~n ln(4m)with probability at least 12 . Generating these stru
tured random 
olorings needs2�d~n random bits.Note that Theorem 1 using ordinary random 
olorings only proves a bound ofp2n1 � � �nd ln(4m) �p2~n ln(4m). This is worse by a fa
tor of 2d=2 (in the 
aseof even ni).Proof. Without loss of generality we may assume that Xi = [ni℄. We �rst
onsider the 
ase that all ni; i 2 [d℄ are even.Set P := ff2x1 � 1; 2x1g� � � � � f2xd � 1; 2xdg j 8i 2 [d℄ : xi 2 [ni2 ℄g, that is, wepartition the vertex set into small 
ubes of size 2d in a 
anoni
al way.The 
oloring 
orresponding to ea
h small 
ube shall be su
h that adja
ent (in theHamming distan
e sense) 
orners always re
eive opposite 
olors. More formally,for a given 
ube P 2 P we de�ne a 
oloring �P : P ! f�1; 1g by�P (x) = 1 () Xi2[d℄xi is evenfor all x = (x1; : : : ; xd).Let E 2 E and P 2 P . As both E and P are boxes, so is E \ P . Fromthe de�nition of �P we see that any subbox S of P su
h that jSj 6= 1 ful�lls�(S) = 0. Hen
e j�P (E \P )j � 1 for all E 2 E and P 2 P , i.e., the family (�P )is admissible for H. Let � be a stru
tured random 
oloring with respe
t to the�P ; P 2 P . 8



For ea
h E 2 E we have jI(P ; E)j � jPj = 2�dn. Applying Theorem 2 withs0 = 2�dn, we get the bounddis
(H; �) � 2�d�12 pn ln(4m);whi
h �nishes the proof in the 
ase that all ni; i = 1; : : : ; d; are even.For the general 
ase we 
onsider the hypergraph H1 = ([dn1e2℄�� � ��[dnde2℄; E).Sin
e H is a subhypergraph of H1, any 
oloring �1 for H1 by restri
tion yieldsa 
oloring � = (�1)jX for H. The 
laim follows from dis
(H; �) � dis
(H1; �1)and applying the 
ase of even 
ardinality sets to H1.In the meantime, the 
olorings proposed in the proof above were also used toprove relatively sharp bounds for the Lp{dis
repan
y of the hypergraph of allboxes in the [n℄d grid, see the result [AD LS02℄ of Alon,  Lu
zak, S
hoen and theauthor.3.2 Stru
tural Information3.2.1 Geometri
 BoxesApart from this improved dis
repan
y bound, we also gained some informationabout the 
oloring itself. For example, all geometri
 boxes are 
olored veryni
ely. We 
all a box B � X a geometri
 box, if it 
an be represented in theform B = I1 � � � � � Id for some intervals Ii � [ni℄; i 2 [d℄. As 
an be seeneasily, these boxes ful�ll j�(B)j � 2d for any stru
tured random 
oloring � withrespe
t to �P ; P 2 P .3.2.2 FairnessThe stru
tured random 
olorings used above are fair, that is, they are perfe
tlybalan
ed on the whole vertex set. We have �(X) = 0, if jX j is even, and�(X) 2 f�1; 1g, if jX j is odd (note that any odd 
ardinality set S 
annot havedis
repan
y �(S) = 0, no matter what the 
oloring � is like).Fair 
olorings are important in re
ursive algorithms and divide-and-
onquer pro-
edures. The relation between 
ombinatorial dis
repan
ies and "{approximations(and thus also the \transfer prin
iple" 
onne
ting geometri
 and 
ombinatorialdis
repan
ies) rely on the 
on
ept of fair 
olorings. We refer to the �rst 
hapterof Matou�sek [Mat99℄ for the details. Another example for the use of fair 
olor-ings is the re
ursive method to 
onstru
t balan
ed multi-
olorings from 2{
olordis
repan
y information (
f. [DS03℄). 9



3.2.3 Relevant HyperedgesThe stru
tural knowledge about the random 
oloring 
an also be used to redu
ethe number of relevant hyperedges. To show this, we examine a spe
ial 
lassof box hypergraphs: The hypergraph of all d{dimensional boxes in [n0℄d forsome n0 2 N is Hdn0 := ([n0℄d; fS1 � � � � � SdjSi � [n0℄g). Independent random
olorings � (Theorem 1) ful�lldis
(Hdn0 ; �) � q2nd0 ln(4 2n0d)� 1:18n d+120 pd (1 + o(1))with probability at least 12 . In the following theorem we improve this boundand also show that less than 3n0d=2 of the 2n0d hyperedges are relevant. For
onvenien
e let us 
on
entrate on the 
ase that n0 is even. The general result
an be obtained from similar reasoning as in the proof of Theorem 3.Theorem 4. Let n0; d 2 N, n0 even, d � 2 and n := nd0. There are stru
turedrandom 
olorings � for Hdn0 that havedis
(Hdn0 ; �) � 1:05 � 2�d=2n d+120 pdwith probability at least 12 . Generating these 
olorings needs 2�dn random bits.To 
ompute their dis
repan
y, only 2�d3n0d=2 hyperedges have to be regarded.Proof. Set P := ff2x1 � 1; 2x1g � � � � � f2xd � 1; 2xdg jx1; � � � ; xd 2 [n02 ℄g andde�ne �P ; P 2 P as in the proof of Theorem 3. Let � be a random 
oloringwith respe
t to �P ; P 2 P . As above we have jI(P ; E)j � 2�dnd0.Now let us bound the number of hyperedges that are relevant for the dis
repan
yof � with respe
t to H. We �rst 
ompute jEP j. Let E = S1 � � � � � Sd. Assumethat for some i 2 [d℄ and x 2 [n02 ℄ we have f2x � 1; 2xg � Si. Then no boxP = f2x1�1; 2x1g�� � ��f2xd�1; 2xdg su
h that xi = x interse
ts E in exa
tlyone vertex. From some elementary properties of boxes and the de�nition of �Pwe derive �P (E\P ) = 0. Thus EP = (S1�� � �� (Si nf2x�1; 2xg)�� � ��Sd)P .By indu
tion we see that � : E 7! EP is a proje
tion of E onto E . Thereforewe need to 
ount its �xed points only to get jEP j. We just exhibited that ane
essary (and suÆ
ient) 
ondition for a hyperedge E = S1 � � � � � Sd to be a�xed point is 8i 2 [d℄8x 2 [n02 ℄ : jSi \ f2x� 1; 2xgj � 1:For ea
h i 2 [d℄; x 2 [n02 ℄ we therefore have exa
tly three possibilities: Si\f2x�1; 2xg is empty or f2x� 1g or f2xg. This makes jEP j = 3n0d=2 �xed points.Still, not all hyperedges in EP are relevant. From the stru
ture of � we derivea further redu
tion: Note that for all i 2 [d℄,
i : E ! E ;S1 � � � � � Si � � � � � Sd 7! S1 � � � � � ([n0℄ n Si)� � � � � Sd10



is a �xed-point-free bije
tion of E that leaves the set EP of redu
ed hyperedgesinvariant and preserves dis
repan
y: We have�(E) = ��(
i(E))for all hyperedges E 2 E . In parti
ular, the group h
1; : : : ; 
di ' Zd2 a
ts on Eand EP in su
h a way that all orbits have length 2d. As all elements of an orbithave the same dis
repan
y with respe
t to �, it is enough to 
onsider just onerepresentative from ea
h orbit. Let E0 � E be system of representatives of theorbits in EP , that is, E0 
ontains exa
tly one element of ea
h orbit in EP . Sin
ejE0j = 2�djEP j, we redu
ed the number of relevant hyperedges by another fa
torof 2d. From Theorem 2 we �nally get (with probability at least 12 )dis
(H; �) = dis
((X; E0); �)� q2 � 2�dnd0 ln(4 2�d3n0d=2)� 1:05 � 2�d=2n0 d+12 pd:We should remark that the size redu
tion yields a 
hange in the order of mag-nitude in terms of d, namely the additional 2�d=2 fa
tor, whereas 
ounting therelevant edges (less than (7=8)n of the total number of edges already for d = 2)only improves the 
onstant by about 12%. Re
all however, that redu
ing thenumber of relevant hyperedges does redu
e the 
omplexity of 
he
king whethera stru
tured random 
oloring ful�lls the dis
repan
y bound of the theorem ornot. The 
urrent best lower bound for the dis
repan
y of Hdn0 of 8�d=2n(d+1)=2
an be found in [AD LS02℄.4 Finite GeometriesIn this se
tion we provide another example where stru
tured randomization 
anbe applied, namely �nite aÆne and proje
tive planes. This will not improvethe dis
repan
y guarantee signi�
antly, but redu
e the number of random bitsneeded from n to pn. We also show how this 
an be used to gain a pn{fa
torspeed-up for a derandomized 
oloring algorithm.4.1 Dis
repan
y of AÆne and Proje
tive PlanesAn aÆne plane is a hypergraph A = (P;L) su
h that the following three axiomsare ful�lled. Common language in geometry 
alls the elements of P points, thoseof L lines. Two lines are said to be parallel, if they are equal or their interse
tionis empty. 11



(i) Ea
h two points are 
onne
ted by exa
tly one line, i. e., for all p1; p2 2 Pthere exists a unique line L 2 L su
h that p1; p2 2 L.(ii) For ea
h line L 2 L and ea
h point p 2 P n L not on this line, there isexa
tly one line L0 
ontaining p and interse
ting L trivially.(iii) There are three points su
h that no line 
ontains all three.It 
an be shown that for ea
h aÆne plane A = (P;L) there is a number o su
hthat� jP j = o2,� jLj = o(o + 1),� ea
h point in 
ontained in exa
tly o + 1 lines,� jLj = o for all line L 2 L,� ea
h 
lass of pairwise parallel lines has 
ardinality o.We 
all o the order of A.The 
lassi
al example of an aÆne plane is 
onstru
ted over a two-dimensionalve
tor spa
e. Let V be a two-dimensional ve
tor spa
e over a �eld K. A one-dimensional aÆne subspa
e A is a translate of a one-dimensional subve
torspa
eU , hen
e, A = x + U for some x 2 V . Simple 
al
ulations show that(V; fAjA one-dimensional aÆne subspa
e of V g)is an aÆne plane. There are further examples non-isomorphi
 to any of this type.For more information about this an other issues 
on
erning �nite geometries,we refer to the exhaustive treatment of Dembowski [Dem68℄.In the following we deal with aÆne planes only. We shortly sket
h why ourresults apply to proje
tive ones as well. Ea
h aÆne plane of order o 
an betransformed into a proje
tive one by adding (suitable) o + 1 more points andone more line. Conversely, deleting any line (and its points) from a proje
tiveplane yields an aÆne one. These two transformations are inverses of ea
h other.Sin
e no two of these extra or deleted points are 
ontained in the same line ofthe aÆne plane, the dis
repan
y of the two geometries 
an di�er by at mostone.The dis
repan
y of these �nite geometries theoreti
ally is well understood. Abeautiful eigenvalue argument attributed to Lov�asz and S�os in [BS95℄ shows alower bound of 
(po). Deep results of Spen
er [Spe89℄ and in a more generalway Matou�sek [Mat95℄ prove that 
olorings of dis
repan
y O(po) indeed exist.Unfortunately, these results use the partial 
oloring method of Be
k [Be
81℄,12



whi
h highly depends on the pigeon prin
iple. Thus both 
annot be transformedinto an eÆ
ient algorithm.The best algorithmi
 solution known so far is randomized 
oloring using jP jrandom bits or a derandomization thereof. This yields 
olorings having dis
rep-an
y O(po log o). The obje
tive of the following theorem is to show that thereare stru
tured randomized 
olorings satisfying the same dis
repan
y guarantee,but whi
h 
an be generated by pjP j random bits only.Theorem 5. For ea
h �nite aÆne geometry of order o, there are stru
turedrandom 
olorings that have dis
repan
y 2po ln o with probability at least a half.They 
an be generated with o random bits.Proof. Let L0 2 L be any line. Denote by P := fL0 2 L jL0\L0 = ;g[fL0g theparallel 
lass of L0. For ea
h L 2 P let �L : L ! f�1;+1g be any 
oloring ofL su
h that j�L(L)j � 2po ln o. Of 
ourse, there is nothing wrong with takingfair 
olorings �L; L 2 P . Let L0 2 L n P . By de�nition of an aÆne plane, wehave j�L(L \ L0)j = 1. Thus the partial 
olorings �L; L 2 P are admissible forthe hypergraph (P;L n P).Let � be a stru
tured random 
oloring with respe
t to �L; L 2 P . ApplyingTheorem 2 to H = (P;LnP) with s0 = o and m0 = o2, we get j�(L)j � 2po ln ofor all L 2 L n P with probability at least a half. The lines in P ful�ll j�(L)j �2po ln o by 
hoi
e of the �L; L 2 P . Hen
e � satis�es the dis
repan
y 
laim.Obviously, we needed jPj = o random bits to generate �.In the proof of Theorem 5 we slightly redu
ed the number of relevant hyperedgesfrom o(o+ 1) to o2. Thus also our dis
repan
y guarantee is slightly superior tothe one obtained by independent randomized 
oloring. Nevertheless, we 
hosethis example to demonstrate the e�e
t of redu
ing the number of random bits,whi
h is more impressive than the dis
repan
y improvement.4.2 DerandomizationsHaving mentioned already that our approa
h may also be used to obtain moreeÆ
ient derandomizations, let us now make this point more 
lear. The methodof 
onditional probabilities roughly speaking works like this: Our random 
ol-orings emerge from a series of independent random experiments (`
oin 
ips').The probability p that the resulting 
oloring is `good', i.e., has dis
repan
y atmost a spe
i�
 value, is positive. Let us assume that we 
ondu
t the randomexperiments in some order. Among all out
omes of the �rst random experi-ment, there has to be one su
h that with positive probability (of at least p)the 
oloring resulting from pres
ribing this �rst out
ome and then 
ondu
tingthe remaining random experiments is good. Hen
e, instead of 
ondu
ting the�rst random experiment, we 
an also 
ompute these 
onditional probabilities13



for all out
omes and then 
hoose the best result. Pro
eeding along the seriesof random experiments, we sequentially determine values for the (ex-)randomvariables ending up with a good 
oloring.One problem with this approa
h is that the 
onditional probabilities 
annotbe 
omputed eÆ
iently in many 
ases. We 
an over
ome this by using so-
alled pessimisti
 estimators, whi
h are nothing else than upper bounds for the
onditional probabilities that behave similar and 
an be 
omputed eÆ
iently.Raghawan [Rag88℄ has shown that pessimisti
 estimators yielding (and in fa
tmimi
king) the bounds obtained by Cherno�-bounds exist for all randomizedrounding problems. It is 
lear that our approa
h via stru
tural randomization
an be interpreted as a randomized roundings approa
h for a modi�ed linearproblem having jPj de
ision variables only. Hen
e pessimisti
 estimators deran-domizing our approa
h exist.From the exposition above it is 
lear that the time 
omplexity of derandom-izations arising from the method of 
onditional probabilities and pessimisti
estimators is proportional to the number of random experiments 
ondu
ted.Hen
e any redu
tion in the number of random bits needed redu
es the run timeof the derandomization in the same order.5 Summary and Con
lusionIn this paper we presented a new way of generating random 
olorings for thedis
repan
y problem of hypergraphs. This allows to use stru
tural informationabout the hypergraph and thus� improves dis
repan
y guarantees,� allows to pres
ribe additional properties regarding the 
oloring, e.g. fair-ness,� redu
es the number of random bits needed to generate the 
oloring, andthus speeds up the 
orresponding derandomizations,� redu
es the number of relevant hyperedges, and thus redu
es the 
omplex-ity of 
omputing the dis
repan
y of the random 
oloring.Sin
e generating random 
olorings for a dis
repan
y problem is equivalent togenerating random roundings for the trivial solution of the 
orresponding ILP-relaxation, we hope that these ideas 
an be applied to a broader range of ILPsas well.
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