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Preface

The word ‘discrepancy’ is used to describe the deviation of a situation from the state one
would like it to be. In mathematics, discrepancy theory is also called theory of irregu-
larities of distribution. This refers to the theme of ‘classical’ discrepancy theory, namely
distributing points in some space such that they are evenly distributed with respect to
some (mostly geometrically defined) subsets. The discrepancy (irregularity) measures how
far a given distribution deviates from an ideal one.

In combinatorial discrepancy theory the aim is to partition the vertices of a hypergraph into
two classes such that this partition induces an even partition on all hyperedges. Describing
the partition by a coloring, we try to color the vertices with two colors such that each
hyperedge contains the same number of vertices in each color.

The central theme of this thesis is the investigation of the combinatorial discrepancy prob-
lem in arbitrary numbers of colors. This is done mostly in Chapter 2, which is entirely
devoted to multi-color discrepancies, but as well in the remainder of the thesis, which
touches some related problems from 2—color discrepancy theory. A first problem already is
the definition of multi-color discrepancies. For two colors, identifying the colors with —1
and +1 is convenient. By summing up the colors occurring in a hyperedge F we obtain
the imbalance x(F) := Y, x(x) of E with respect to the coloring x.

For the multi-color problem this is more difficult. To express discrepancies in ¢ € N
colors, we take a special set of c—dimensional vectors as colors. Thus we can describe the
discrepancy of a hyperedge F with respect to a coloring x (taking values in this vector set)
by the expression || Y .. X(2)|l. Via tensor products of matrices the hypergraph notion
of c¢—color discrepancies is extended to matrices.

Having fixed this notation, we investigate a recursive approach and an extension of the
‘floating color’ method to construct low discrepancy colorings and prove upper bounds on
the c—color discrepancy. The idea of recursive coloring is to use 2—color discrepancy results
to iteratively partition the color classes into two until the desired number ¢ of classes is
reached. To include the case that ¢ is not a power of 2 we need a weighted version of 2—color
discrepancy. A second problem is how to organize the partitioning process. For example,
to get a 17—coloring — contrary to what one would expect — it is better to start with a
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1: 16 split than to partition according to the ratio 8 : 9 in the first step. Minimizing over
the possible partitioning procedures we show that the c—color discrepancy of a hypergraph
is at most 2.0005 times its hereditary discrepancy.

The recursive approach is more effective if we know that induced subhypergraphs on fewer
vertices have smaller discrepancy. Roughly speaking we show that if all induced subhyper-
graphs on ng vertices have discrepancy at most Cn§ for some C' > 0, €10, 1], then the
c—color discrepancy is at most C'c,(%)®, where ¢, is a constant depending on a only and
n is the number of vertices of the hypergraph.

This result has several consequences. We derive a multi-color analogue of Spencer’s ‘six
standard deviation’ result [Spe85], namely that the discrepancy of hypergraphs having n
vertices and n hyperedges is at most K,/% logc for some absolute constant K. For the
famous hypergraph of arithmetic progressions we show that the c—color discrepancy is at
most O(c™"1n%2) if ¢ < {/n. In consequence, the discrepancy is ©(y/n) in every fixed
number of colors, extending the result of Matousek and Spencer [MS96] to arbitrary num-
bers of colors. We also obtain a general bound of O(,/%logm) for arbitrary hypergraph
having n vertices and m edges as well as an extension of the discrepancy bounds in terms
of the primal and dual shatter functions due to Matousek [Mat95] and Matousek, Welzl
and Wernisch [MWW8&4].

In addition to these multi-color results the recursive approach yields 2—color results not
known so far. For example, we find that the weighted discrepancy (each hyperedges shall
have a given ratio p €]0,1[ of its vertices in the first color class) in the ‘six standard

deviation’ situation has an upper bound of O, /plog%). Similar results hold for the

arithmetic progressions and the primal and dual shatter function bounds.

Using the tensor product representation of discrepancies of matrices, we extend a lower
bound result of Lovasz and Sés to the multi-color case. This gives a lower bound for the
arithmetic progressions of %\‘Vﬁ The Hadamard matrices construction due to Spencer
[Spe87] provides examples of hypergraphs having n vertices and n hyperedges that have
c¢—color discrepancy Q(\/é) Thus our upper bound results are nearly tight.

A different approach is necessary to prove a c—color analogue of the linear discrepancy
version of the Beck-Fiala theorem [BF81]. In general, a recursive approach cannot give
good results for the linear discrepancy. Extending the ‘floating color’ method of Beck
and Fiala to vector colorings we show that the linear discrepancy in ¢ colors is less than
twice the degree of the hypergraph. We also derive a result for the on-line version of the
discrepancy problem, namely a multi-color version of the theorem of Barany and Grunberg

[BGS1].

New results on ‘classical’ problems in 2 colors form the remainder of this thesis. In Chap-
ter 3 we investigate the relation of linear and hereditary discrepancy. Results of Beck
and Spencer [BS84a] as well as Lovdsz, Spencer and Vesztergombi [LSV86] show that
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lindisc(H) < 2 herdisc(#) holds for any hypergraph. This bound is known not to be sharp.
In [Spe87], Spencer improved the constant to 2(1 — 272"), where n denotes the number
of vertices. Spencer conjectures that lindisc(#) < 2(1 — -=5) herdisc(#) should be true.
Since that time the problem is open without further progress. We use a game theoretic
approach and derive lindisc(H) < 2(1 — 5-) herdisc(#), where m denotes the number of
hyperedges. Interestingly, this game represents a particular on-line discrepancy problem.

We investigate it therefore in detail in Chapter 7.

The linear discrepancy so far was not completely understood even for totally unimodular
matrices. This is surprising, as the hereditary discrepancy problem for totally unimodular
matrices has been solved a long time ago. Already in 1962, Ghouila-Houri [GH62] showed
that totally unimodular matrices have hereditary discrepancy 1 (except, of course, matrices
with zero entries only). Only for some special classes of totally unimodular matrices an
upper bound of lindisc(4) < 2(1 — 5) was known. Already for strongly unimodular

matrices a recent result [PY00] just shows 2(1 — 3"3").

We solve the problem in Chapter 4 and show that lindisc(A4) < 2(1 — n%rl) holds for all
totally unimodular matrices. This bound is optimal as shown by an example due to Spencer
[Spe87]. The key idea of the proof is to represent the linear discrepancy problem as a specific
linear program and then apply the theory of linear programming in the case of totally
unimodular constraint matrices. A similar idea allows to solve the lattice approximation
problem for totally unimodular matrices optimally in polynomial time. Here the useful
observation is that the set of approximations respecting a certain approximation error
d forms an integral polyhedron. Therefore is suffices to find the smallest d such that the
corresponding polyhedron is non-empty, and then find an extremal point of this polyhedron.
All this can be done efficiently. Surprisingly, all these ideas fail for the linear discrepancy
problem in higher number of colors. The situations seems to be different there. We show
that already for three colors the linear discrepancy of a totally unimodular matrix can
exceed one.

Random colorings are treated in Chapter 5. Instead of coloring the vertices independently,
we use suitable dependencies. This improves the general discrepancy bound by a factor
of v/2 and allows to prescribe that some sets have to be colored perfectly balanced. More
important is the fact that this approach allows to take into account structural information
about the hypergraph. For the example of d—dimensional boxes this improves the current-
best bound derived from independent randomly coloring by a factor of 25,

In Chapter 6 we investigate the discrepancy problem in higher dimensions, that is, of
direct products of hypergraphs. Petra Wehr [Weh97] showed that the discrepancy of d-
dimensional arithmetic progressions in [n]¢ is Q(n7). She also proved that this bound is
sharp up to a polylogarithmic factor. We are able to remove this factor from the upper
bound. This shows a discrepancy of @(n%), where the implicit constant depends on d only.
We also show an analogous multi-color version, where the implicit constants also depend
on the number of colors.
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In general though the discrepancy of a direct product is not the product of the discrep-
ancies of its factor. There are examples of hypergraphs having non-zero discrepancy such
that their product has discrepancy zero. Already for seemingly simple examples like the
hypergraph of 2-dimensional boxes in [n]?, which is the two-fold direct product of the
complete hypergraph ([n], 2["]), the discrepancy is hard to determine. We finally solve this

3
problem by showing that this discrepancy is ©(n2).
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Chapter 1

Introduction to Discrepancy Theory

1.1 Discrepancy Theory and its Applications

Discrepancy theory deals with questions of the kind “How far does an optimal solution of
a problem deviate from an ideal solution?” There are several problems of this type:

e Geometric discrepancy: Distribute n points in the d-dimensional unit cube [0, 1]¢
such that the proportion of the points contained in each rectangle [, [a;, b;] (roughly)
equals the volume of the rectangle. Instead of rectangles also other sets like triangles
and circles have been investigated.

e Discrepancy of sequences: Construct sequences z : N — [0, 1] such that all subse-
quences x1,... ,x, are nicely distributed in the above sense.

e Combinatorial discrepancy: Color the vertices of a hypergraph using two colors in
such a way that all hyperedges have roughly the same number of vertices in each
color.

All three problems are connected to each other. Some of the geometric problems can be
solved by investigating related combinatorial problems. The first chapter of Matousek’s
excellent book [Mat99] on geometric discrepancy gives the details. There is also a strong
connection between geometric discrepancies in d dimensions and discrepancies of sequences
in d — 1 dimensions. We will explain this after giving the precise definitions of these
discrepancy notions shortly.

There are applications of discrepancy theory in several areas of pure and applied math-
ematics as well as computer science. One of the most striking ones is the connection to
numerical integration, especially in higher dimensions.
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Let d € N denote the dimension we are in, and let f : [0,1]? — R be a function that has
to be integrated. One way to do so is to approximate the integral f[O,l}d f(z)dz by the
arithmetic mean ‘—113‘ > sep f(x) for some finite P C [0,1]%. The approximation error can
be bounded in terms of the geometric discrepancy.

Write D(P,Cq) for the geometric discrepancy of P with respect to corners in R?. Formally:
For b € [0,1]% we call the set C, := [Lic/[0. bi] the corresponding corner. Clearly, its
volume is vol(Cy) = ;¢4 bi- Denote by Cy the set of all corners. Then the discrepancy of
P with respect Cy4 is

D(P,Cy) := max |PNC|—|P|vol(C)].

For the approximation error ‘f[o 1jd f(z)dx — ‘—113‘ Y sep f(:r;)‘ the Koksma—Hlawka inequality
[Kok43, Hla61] states
1

< WD(P’ Ca)V (f),

[0,1]4

where V'(f) is the so-called variation in the sense of Hardy and Krause, which we will not
define here. For our purpose it is enough to see that the integration error is proportional
to a geometric discrepancy of the point set used and a constant depending on the function
f only. Hence sets of small geometric discrepancy are useful for numeric integration.

It remains to state that there actually are sets such that D(P,C4) is small. An early
construction of n-point sets P, in [0, 1]> having discrepancy D(P,,Cs) = O(log(n)) can
be found in van der Corput [vdC35a, vdC35b]. Van Aardenne-Ehrenfest [vAE45, vAE49]
was the first to prove that a constant bound does not exist. Schmidt [Sch72] proved that
Van der Corput’s construction is optimal apart from multiplicative constants. For arbitrary
dimension d Halton [Hal60] and Hammersley [Ham60] constructed n—point sets P, in [0, 1]¢
having discrepancy D(P,,C;) = O(log(n)®"!). In this general setting however a tight lower
bound is missing so far. Apart from tiny improvements, Roth’s [Rot54] lower bound for
the Ly discrepancy of Q(log(n)= (which is also a lower bound for D(P,Cy)) is still the
best result available.

Sometimes low discrepancy sequences are the preferred tool for numerical integration. For
a sequence z : N — [0, 1]¢ we define its discrepancy function by

D(z,Cq,n) := D({z1,... ,2,},Ca).

We call x uniformly distributed, if lim,,_, %D(L C4,n) = 0. From the above inequality we
see that in this case the sequence %Zie[n} f(z;) converges to f[O,l}‘i f(z)dz, where the rate
of convergence depends on the discrepancy function of z.

There is strong connection between low discrepancy sequences and sets. There are con-
stants ¢, ¢o such that the following holds:
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e Every finite set P € [0,1]¢ yields a sequence z in [0, 1]4~! such that D(z,Cq 1,n) <
c1D(P,Cy) for all n < |P|.

e For every sequence  in [0,1]? and n € N there is an n—point set P € [0, 1]¢*! such
that D(P, Cyy1) < co maxyepy D(w,Cy, k).

Another field where discrepancy results have been applied successfully is computer science.
The book [Cha00] is a good reference for this area. Chazelle [Cha94] showed a connection
between lower bounds for geometric discrepancies and lower bounds for the computational
complexity of a database problem (range searching). e—approximations (which also have
a strong connection with combinatorial discrepancies) have been used by Matousek and
several others to derandomize computational geometry algorithms. See the survey [Mat96b]
for more information on this.

Discrepancy is also connected to communication complexity. Recall that the task in com-
munication complexity is to design a protocol which allows a given function f : [m] x [n] —
{=1,1} to be evaluated on a pair (x,y) by two players each holding just one of the two
parts , y of the input.’ The quality of such a protocol is determined by the number of bits
the two players have to exchange in the worst-case. The quality of an optimal protocol
is called communication complexity of the function f. Viewing f as a matrix, Srinivasan
[Sri97] detected that lower bounds on the combinatorial discrepancy of f are implied by
lower bounds on its communication complexity: If the communication complexity of f is
d, then

disc(f) = O(min{2%, \/2¢log(max{2, m2-4})}).

On the other hand, if we define a hypergraph H on [m] x [n] by taking all rectangles as
hyperedges, then upper bounds on disc(#, f) imply lower bounds on the communication
complexity of f. We have

nm
25 (i)

A similar result holds for some randomized communication complexity notion. See the
comprehensive book [KN97].

Yet another connection exists between the notion of linear discrepancy and approzimate
solutions of integer linear programs.

IThe sets [m], [n],{—1, 1} are of course completely irrelevant, it is only their sizes that are important.
Usually, as we are in computer science, one therefore takes {0, 1} as the range of f.
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1.2 Combinatorial Discrepancy Theory

1.2.1 Discrepancy of Hypergraphs and Matrices

In this thesis we restrict ourselves to combinatorial discrepancies. The objective is to
partition the vertices of a hypergraph into two classes in such a way that all hyperedges
are split into roughly equal parts. An ideal solution would be one where every hyperedge
has the same number of points in one class as in the other. To be more precise:

Let H = (X, &) denote a finite? hypergraph, i. e. X is a finite set (of vertices) and £ is a
family of subsets of X (called hyperedges or edges for short). Let us agree for the rest of
this work that without further notice the number of vertices shall be denoted by n and the
number of edges by m.

A partition into two classes can be represented by a coloring x : X — {—1,+1}. We
call =1 and +1 colors. The color-classes x~'(—1) and x~'(+1) form the corresponding
partition. For a hyperedge E € & set x(£) := > .px(x). The discrepancy of H with
respect to y is defined by

disc(#, x) = max|x(E)|

and the discrepancy of H by

disc(H) = min  disc(H, x).

x: X—={-1,+1}

We note that this discrepancy does not measure exactly the deviation of the optimal
solution from the ideal one but gives twice the value. The reason is simple: This way all
numbers occurring are integers.

To get some intuition for this concept let us have a look at two extreme cases: If all edges
of H intersect trivially (i. e. EyNE, = () for any two distinct edges Ey, Es), the discrepancy
is zero, if all edges are even, and one, if there is an odd cardinality edge. We may simply
partition the edges one by one. The other extreme is marked by the complete hypergraph
(X,2%). In this case the discrepancy is [£|X|]. Any partition will contain a class of at
least this size, and this set is also an edge. We note that discrepancy somehow measures
how chaotic the hyperedges of H intersect.

It seems to be very difficult to connect the discrepancy to a single parameter of the hyper-
graph. Here are two examples. Set n = 4k, k € N and H, = ([n],{E C [n]||E N [2k]| =

|E\ [2k]|}). Now H, has more than (%)2 = ©(+2") edges and discrepancy zero. On
4

2All hypergraphs considered in this work will be finite, hence this assumption. For the definition of
discrepancy only the finiteness of the hyperedges is required. There are some results on discrepancies of
infinite hypergraphs, e. g. [BS84b)]
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the other hand there are hypergraphs having n edges only and discrepancy ©(y/n), cf.
Theorem 2.31.

Above we saw that if each two edges intersect trivially, then the discrepancy is zero. If
we loosen this constraint just minimally to allow each to edges to intersect in at most
one single vertex, then the situation is completely different: Finite projective plains have
discrepancy ©(nt) (lower bound: [BS95], upper bound: [Mat95]).

These were two results showing that discrepancy behaves different from some hypergraph
parameters. This seems to be a general phenomenon. Therefore one usually has to deter-
mine lower and upper bounds using different aspects of the hypergraph under consideration.

Having seen some counterexamples, let us mention a few positive results. Investigating a
random coloring, Alon and Spencer [AS00] show

Theorem 1.1. For any hypergraph H = (X,E) we have disc(H) < /2sIn(2m), where
s :=max{|E| : E € £}. A random coloring obtained by independently choosing a color
with equal probability for each vertex has discrepancy at most \/2sIn(4m) with probability
at least 3.

Using a different random experiment we improve the constants in the general case and
show an upper bound of y/nIn(2m) in Chapter 5. A much more sophisticated approach
using the entropy function was necessary to prove

Theorem 1.2 (Spencer [Spe85]). For any hypergraph H such that m > n we have
disc(#) = O (,/nlog (%))

Of course this particularly interesting for m = O(n). In the case m = n, disc(H) < 6y/n
can be shown for n large enough. Therefore, this result is usually known to as ‘Six Standard
Deviations Suffice’. It is considered to be one of the milestones of discrepancy theory. The
entropy method has seen numerous other applications, e. g. in the proof of the tight upper
bound for the arithmetic progressions of Matousek and Spencer [MS96] or the upper bound
in terms of the primal shatter function due to Matousek [Mat95]. Further references are
Srinivasan [Sri97], Matousek [Mat96a] and Matousek [Mat98].

Another beautiful result is due to Beck and Fiala [BF81]. They bound the discrepancy by
the maximum degree of H:

Theorem 1.3. Assume that each vertezr in contained in at most t edges. Then

disc(H) < 2t.

It is a famous open problem whether this bound can be improved or not. Beck and
Fiala conjectured that disc(H) = O(v/t), but little progress has been made so far in this
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direction. Bednarchak and Helm [BH97] and Helm [Hel99] improved the Beck-Fiala bound
in tiny steps to disc(H) < 2t — 3 (for a slightly restricted situation). A corollary of Beck’s
paper [Bec81] — the first time the notion of discrepancy explicitly appeared — shows
disc(H) < Cy/tlogmlogn for some constant C. The latest improvement in this direction
is due to Banaszczyk [Ban98|: disc(H) = O(v/tlogn).

The Beck—Fiala conjecture is by far not the only famous open problem in discrepancy
theory. There are many more. Most of them are easy to state, but surprisingly hard. Let
us mention a few:

Three Permutation Conjecture: Let X = [n]. For a permutation o € S, set &, :=
{o(I)|3a,b € [n] : I = [a,b] " N}. Is it true that for all n € N and any three
permutations o1, 09,03 € S, the discrepancy of ([n],&,, U&,, U&,,) is bounded by
an absolute constant?

This is clear for two permutations, where an upper bound of two can be shown easily.
For any number [ of permutations, Bohus [Boh90] gave an upper bound of O(llogn).
This was improved by A. Srinivasan [Sri97] to O(v/1logn).

Arithmetic Progressions with first term 0: The hypergraph of arithmetic progres-
sions with first term 0 is ([n — 1] U {0}, {dNy N[0, k]| d, k € [n — 1] U {0}}. Is it true
that there is no common upper bound for all these hypergraphs? This conjecture is
due to Erdds and worth over $ 500!

Update Problem: Given a hypergraph such that all induced subhypergraphs have dis-
crepancy at most 1. Assume we add a single further hyperedge. Can the discrepancy
be bounded by a constant (independent of n)? See the next subsection for more on
the update problem.

The concept of discrepancy may be generalized to matrices in a natural way. Let A = (a;;)
be any m X n—matrix and set

disc(A) ;== min  [JAx]s-

xe{-1,1}"

Let X ={x1,...,2,}, E ={E\,..., Ep} and define a matrix A = (a;;) by a;; =1 if z; €
E; and a;; = 0 else. A is called the incidence matrix of H.* We have disc(A) = disc(H), so
discrepancy of matrices is a more general concept. If of course we restrict ourselves to 0, 1
matrices both concepts are equivalent. Sometimes even for hypergraphs the matrix notion
is more convenient, e. g. to prove the Beck—Fiala theorem.

30f course A depends on the enumeration of the vertices and edges. A purist might prefer to say ‘an’
incidence matrix and remark that all incidence matices of a given hypergraph hav ethe same discrepancy.
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1.2.2 Hereditary Discrepancy

For any set of vertices Xy, C X we call Hx, := (Xo,{E N X,|E € £}) an induced subhy-
pergraph of H. We will write Hy < H if H, is an induced subgraph of H. It is easy to
see that there is little correlation between the discrepancy of a hypergraph and its induced
subhypergraphs. In particular the discrepancy of an induced subhypergraph can be large
even though disc(H) = 0.* Looking at this from the opposite direction we see that any hy-
pergraph can be transformed to a zero discrepancy hypergraph by adding at most n more
vertices (namely by ‘doubling’ each vertex). For these reasons it makes sense to define the

hereditary discrepancy by

herdisc(H) := max disc(Hy).

Two more reasons justify this notion. Firstly, many results are hereditary. All theorems
from the preceeding subsection also hold with disc(#) replaced by herdisc(H). Secondly,
hte hereditary discrepancy is a very powerful tool. The recursive method presented in
section 2.4 heavily relies on hereditary assumptions. Theorem 1.4 is another example.

Let us consider the update—version of the discrepancy problem again: Assume we know
the discrepancy of a given hypergraph — what can we say about the discrepancy of the
hypergraph that results from adding one more edge? Nothing. There are hypergraphs
having discrepancy zero, but if you add an appropriate further edge, the discrepancy
increases to a constant fraction of n.’

For the hereditary discrepancy things are different. It is another well-known open problem
whether the hereditary discrepancy of the hypergraph with an additional edge can be
bounded by a function of herdisc(H) (independent of n). Matousek (private communication
2000) very recently showed an upper bound of O(log n herdisc(#)), but beyond this nothing
is known. Nevertheless, this example shows that for the hereditary discrepancy a rather
strong result holds, whereas nothing can be said for the ordinary discrepancy.

For matrices we write Ay < A to indicate that the matrix Ay consists of some columns of
the matrix A. Then herdisc(A) := maxa,<a disc(Ap) is the natural matrix extension of the
notion of hereditary discrepancy for hypergraphs.

1.2.3 Linear Discrepancy

There is a third notion of discrepancy: The linear discrepancy refers to the problem where
each vertex has a weight assigned to it describing the ratio it should in average belong to

“H, from the preceeding subsection is such an example: We have disc(H,) = 0 and disc((Hn)|j2) = §-

>Consider e. g. the hypergraph #H,; from the last subsection again. Add the edge [2k]. Let x be any
coloring. If x (1) N [2k] or x~!(2) N [2k] contain less than £ points, then |y([2k])| > k. Otherwise there
is an edge having £ points all in the same color. Hence disc(H U {[2k]}) > k.
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the partition classes induced on the edges. The natural notion for this would be

lindiscy; (H) = p;)r(nj[}é,u X:XII_I)I{I(I)J} max (p— x)(E)].

To keep consistent with the above notion we usually prefer

lindi = i —x)(E)].

tndisc(H) = I ) xim  Bex (= ) (E)]
Both notions are used by different authors. Obviously they just differ by a constant factor
of 2. For all hypergraphs H we have

lindisc(H) = 2lindisco; (H).

For matrices we set

lindisc(A) := ma min ||A(p — .
(4) jJnax | min 1A — )

The 0,1 version lindisco; (A) = max,ep,1j» minyeqo13n [|A(P — x)||x of this notion has a
close connection to integer linear programming problems. One approach to solve these
problems is to solve their linear relaxation and then try to round the solution to an integer
one. This might of course lead to a violation of the constraints, therefore these solutions
are called approximate solutions. An approach like this is feasable if slight violations in
the constraints are tolerable due to the nature of the problem or due to the fact that the
constraints already have some error inflicted. See Chapter 14 of [Chv83] for more on this
topic. The linear discrepancy now measures to what extent the constraints have to be
violated even by the optimal rounding. Formally, we have

Remark. Let A € R™™ and b € R™ such that the linear system Ax = b has a solution
x € R". Letp € [0,1]" such that p—x € Z". Then there is a z € Z"™ such that ||z —z||s < 1
and [|[Az — b||s < lindiscy; (A4, p) := minyego13n [|AD — X)||oo-

This problem of finding an integral vector z such that ||Az — ||« is small is also called
lattice approzimation problem. The reason is obvious: The set AZ™ = {Az|z € Z"} forms
lattice, and we are looking for a lattice point that is closest (with respect to || - ||o) to b.
See Raghavan [Rag88] for more on this aspect, and [SS96, SS93] for natural generalizations
to weighted and quadratic versions.

Looking at the interrelation between the different discrepancy notions we immediately note
disc(H) < herdisc(H) and disc(H) < lindisc(H). The relation between lindisc(H) and
herdisc(H) is less obvious. An extremely useful result due to Beck and Spencer [BS84a]
and Lovasz, Spencer and Vesztergombi [LSV86] shows

Theorem 1.4. For any A € R™™ we have lindisc(A) < 2 herdisc(A).
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Moreover this result is constructive in the following sense: A 2-coloring x such that
|A(p — Y)lle < 2h + €]|All holds can be computed by O(loge™") times computing a
coloring having discrepancy at most h for some induced subhypergraph. This result will
be crucial for the recursive method for multi-colorings in Chapter 2. In Chapter 3 we
will investigate the relation between linear and hereditary discrepancy in more detail and
improve the bound of Theorem 1.4. This is constructive again. In Chapter 4, we determine
the linear discrepancy of totally unimodular matrices, and thus prove Spencer’s conjecture

lindisc(A) < 2(1 — —i5) herdisc(A) in this case.

There are some further discrepancy notions, which we discuss the in the following chapters.
As a general reference we would like to recommend the chapter of Beck and Sés [BS95]
and the fourth chapter of Matousek’s book [Mat99].

1.2.4 Algorithmic Aspects

The discrepancy problem is known to be notoriously hard. It is even N P-hard to decide
whether an given hypergraph has discrepancy 0 or not. Notions like approximation factors
do not make sense for the discrepancy problem. The situation resembles to the one in
graph coloring. The graph coloring problem is to find a vertex coloring such that no edge
is monochromatic, or in other words, no two adjacent vertices receive the same color.
Even for 3—colorable graphs, the best known efficient algorithm ([BK97], following work of
[Wig83], [KMS98] and [Blu94]) uses up to O(n3/') colors. On the other hand, the best
known inapproximability result [KLS00] only shows that it is N P-complete to approximate
the chromatic number within a factor of %.

For the general case the probabilistic method of Theorem 1.1 or Chapter 5 is the only
result available. An approach via semi-definite programming was investigated in [Leh99],
but the experimental results were not significantly different from the probabilistic method.
For a derandomization of these probabilistic results we refer to Srivastav [Sri95, Sri01].

Fortunately in many special situations, e. g. the one of the Beck-Fiala theorem 1.3, the
proofs of the best known discrepancy bound can be transformed into a polynomial-time
algorithm.

1.2.5 Ramsey Theory and Property B

There is a second problem concerned with coloring hypergraphs: A hypergraph H = (X, €)
is said to have Property B (or to be 2—colorable) if there is a 2—coloring y : X — {—1,1}
such that no hyperedge is monochromatic.

V. Sés (at the workshop “Discrepancy Theory and its Applications” in Kiel 1998) called
this the Ramsey-type aspect of the hypergraph balancing problem. The connection to
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Ramsey-theory is straight-forward: Recall (e. g. from [GRS90]) that the diagonal Ramsey
number Ry is defined to be the minimum n such that any 2-coloring of the edges of K,
(the complete graph on n vertices) produces a monochromatic copy of K. Write ()Tf) to

denote the set of n—element subsets of a set X. Then (([Z}), {))|T e ([Z}) }) has property
B if and only if n < Ry.

The connections to discrepancy theory, ‘the other side of the coin’ (S6s), are vague. Triv-
ially, an r—uniform hypergraph (i. e. all hyperedges have size r) has discrepancy less than
r if and only if it has property B. Hence in this situation discrepancy is a stronger con-
cept. For hypergraphs having edges of different sizes, Ramsey-type results and discrepancy
results cannot be translated into another that well.

To show that Ramsey theory and discrepancy are different aspects of the same problem,
let us consider the hypergraph of arithmetic progressions in [n]. A probabilistic argument
(also to be found in [GRS90]) shows that if n < %(1 + 0(1)), then there is a 2—coloring
such that no arithmetic progressions of length k£ is monochromatic. On the other hand,
already for n > k? any 2-coloring of [n] has discrepancy at least Q(v/k) with respect to
the arithmetic progressions of length at most k. This was shown by Roth [Rot64].

One last remark which nicely leads to the next chapter: Ramsey theory does not only deal
with 2—colorability, but as well with the problem of coloring with any number of colors
such that no hyperedge becomes monochromatic. Already Ramsey’s theorem [Ram30], van
der Waerden’s theorem [vdW27] and Schur’s theorem [Sch16] — all three proved at least
seventy years ago — deal with the partitioning problem into arbitrary numbers of classes.
In this context it is surprising that discrepancy theory so far restricted itself to 2 colors
only. In the next chapter we try to change this.



Chapter 2

Multi—Color Discrepancies

In this chapter we introduce the notion of multi-color discrepancies. We present two
methods that will extend several classical 2—color results to arbitrary numbers of colors. It
turns out that there is no general rule concerning the discrepancies of a given hypergraph in
different numbers of colors. In fact, there are extreme hypergraphs having zero discrepancy
in one number of colors and high discrepancy in almost all other numbers of colors. For
many classical examples though the situation is much nicer. For hypergraph having n
vertices and n hyperedges, the c-color discrepancy is O(y/% logc). This bound is almost

sharp. There are hypergraphs of this type showing a lower bound of Q(\/g)

Up to now the c—partitioning problem was not investigated very much. A special case
occurs in a paper concerning communication complexity [BHK98]. Apart from that we
found two results.

Theorem 2.1 ([BS95]). Let H = (X, &) be any hypergraph such that the incidence matriz
of H is totally unimodular. Then for any number ¢ € N there is a c—partition X =
X1U...UX, of the vertex set such that for any edge E € € and i € [c]

E
Cc

In the notation introduced shortly, this means that these hypergraphs have c—color dis-
crepancy less than one. A second result on multi-color discrepancies is hidden in the paper
by Beck and Fiala [BF81] as will be pointed out in Section 2.3, where a similar result will
be proven.

15
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2.1 Definition of Multi-Color Discrepancies

Throughout this chapter let ¢ € N denote the number of classes we want to partition the
vertices of H into. It is natural to realize the partition by a coloring: A c—coloring of
H = (X,€) is simply a mapping x : X — M, where M is any set of cardinality ¢. For
convenience, normally one takes M = [c] := {1,... , ¢}, though sometimes a different set M
will be of advantage. In an application to communication complexity [BHK98] choosing M
as a finite abelian group proved to be effective. The basic idea of measuring the deviation
from the ideal motivates the definitions of the discrepancy of an edge E € £ in colori € M

with respect to x by
E
dise,(B) = [0 n B = 2
c

the discrepancy of H with respect to x by

disc(H, x) := Jpax discy ;(E)

and the discrepancy of H in ¢ colors by
disc(H,c) := min disc(H, x).

x: X —[c]

Immediately we see

Remark 2.2.
disc(H, 2) = 1 disc(H).

This seems a little unsatisfactory at first, but we have good reason for this. Of course we
could multiply all occurring numbers with ¢. Both notions would coincide then, and all
numbers would be integers. The disadvantage is that we cannot compare discrepancies in
different numbers of colors anymore. To do this properly we need to stick more closely to
the “deviation of the optimum from the ideal” concept.

In this notion Theorem 2.1 states that totally unimodular hypergraphs have discrepancy
less than one in any number of colors. To get some more intuition and comparison let
us examine two examples: We determine the multi-color discrepancies of the complete
hypergraph, which is of course the worst case. In a second lemma we show that the 4—
color discrepancy of a perfectly 2-balanced hypergraph can well be a constant fraction of
the number of vertices, i. e. relatively large. In particular, this shows that a hypergraph
may have very different discrepancies in different numbers of colors. This phenomenon is
investigated in more detail in Section 2.7.

Lemma 2.3. Letn € N. The complete hypergraph H = ([n], 2I"1) on n vertices has c—color
discrepancy

disc(H) = (1—1) [2].

c
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Proof. Let x : [n] — [c] be any coloring. Then there is a color j € [c] such that E := x~'(j)
has at least (%W points. As E is an edge of H, we have

disc(H,c) = [[EOXT'()| = <[Bl = (1=2) [B] = (1=2) [2]-

For the upper bound let x be a c—coloring such that all color classes deviate in size by at
most 1, i. e. for all j € [¢] we have | 2| < [x7'(j)| < [2]. From the definition of multi-color

c
discrepancy it is clear that we just have to consider the two extreme cases of an edge E*

having exactly [%W points in one color 57 and an edge E~ having n — L%J points and

avoiding one color class x~'(j7). We compute

disey;+(E7) = (1-2)[2],
disc, ;~(E7) = 1(n—12]).
Hence disc(H) < max{disc, j+(E*),disc, ;- (E)} = (1 — 1) [2] O

For the next result we invoke our favorite counterexample from Chapter 1 again.

Lemma 2.4. Let k € N and n = 4k. Set H, = ([n],{F C [n]||[EN[3]] = |E\ [5]]})-
Obviously, H, has discrepancy zero, but disc(H,,4) = %n.

Proof. Let x : [n] — [4] be any 4—coloring. Let i € [4] be a color such that [x~'(¢)| < in.
Then there are sets By C [2], E» C [n] \ [%] such that |E;| = in and x~'(¢) N E; = 0 hold
for j = 1,2. Thus E; U E5 is an edge in H, that has discrepancy %n in color 7. On the
other hand y : z — [%”’1 is a coloring having discrepancy %n O
Let us return to the definitions of multi-color discrepancies. In the notion introduced
above we can not express discrepancies simply by sums of colors as we could in the 2—color
case. As this is very practical sometimes and a step towards the notion of multi-color
discrepancies of matrices, here is a solution. We describe the color i € [¢] by a vector

m® € R® defined by
w._ [ 5 ifi=]
o —% otherwise.

Then for a coloring x : X — [c],

disc(H, x) = max

€l 50

Set M, := {m¥|i € [c]}. Apparently, we have

> x(@)

rEE

disc(H,c) := min max
x:X—>M. E€&

oo
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As in 2 colors, the notion of multi-color discrepancy has a natural extension to matrices.
Let A € R™" be any matrix and denote its columns by a(",...  a(™. Then the ¢—color
discrepancy of A measures how well the columns of A can be partitioned into ¢ classes such
that the entries of each row of A are evenly distributed among these classes. Formally, for
a coloring y : [n] — [c] we define

1
dise( A 1) — W _ L5, m
isc(A, x) = max E a . 5 a

i€le] kex—1() ken] .

and its discrepancy in ¢ colors by

disc(A,¢) = min disc(A, x).
x:[n]—[c]
The vector colors m? enable us to express these discrepancies in a smoother way. Let A
be the matrix which results from replacing every a;; in A by a;;1., where I. shall denote
the identity matrix of dimension ¢. Identifying a x : [n] — M. by a en—dimensional vector
in the natural way, we get

disc(4,x) = HZXHOO ,
disc(A,c) = [rr}linM disc(A, x).
X:n|—Me

It is easily seen that both notions coincide, and furthermore that the c—color discrepancy
of a hypergraph equals the one of its incidence matrix.

We continue with the definitions of weighted, linear and hereditary discrepancy. Both as
a technical tool as well as out of independent interest the notion of weighted discrepancy!
is introduced. It refers to the partitioning problem where the vertices of each hyperedge
shall not be spread evenly among the partition classes but respecting a given ratio.

A vector p € [0,1]° such that |plli = >2;c;ypi = 1 is called a weight for c colors. Let
X : X — [c] be a c—coloring. Then the weighted discrepancy of an edge FE € £ with respect
to x, p and the color i € [¢] is

wd(E, x,p, i) == ||[ENx"' (i) — pil B].

Naturally, we define

wd(H, x,p) = max wd(E,x,p,i)
Eeé&i€[c]
wd(H,c,p) := min wd(H,x,p)
x: X—c]
wd(H,c) := maxwd(H,c,p).
P

!This notion of discrepancy is called ‘diagonal discrepancy’ in [BS95]



2.2. TENSOR PRODUCTS 19

This is easily extended to matrices. Let A € R™*". For any c—dimensional vector p set
p:[n] = R;i — p. Denote by E, the standard basis of R® and by E, its convex hull, which
are just the c—color weights. It is now easy to see that the following definitions extend the
corresponding hypergraph ones. We may use colorings y : [n] — E. — recall that we are
free to choose any c-element set as range of a ¢—coloring — and view x as a cn—dimensional
vector again. We define

wd(4,x,p) = [[AP — 1)l
wd(A,¢,p) := min_ wd(H,x,p)
x:[n]—Ec
wd(A,c¢) = maxwd(4,c,p).
pEE.

Of course nothing changes if we replace E, and E, by M, and M, := {Zie[c} Mm@\ €
[0,1]% 3% jq A = 1} We then get wd(A, ¢) 1= max,c5;, miny.par, AP —x)| ., which
is closer to the usual matrix discrepancy notion introduced above.

Following this, the linear discrepancy in c colors with regard to p : [n] — M, and in general
can be defined by

lindisc(A, ¢, = min ||A(p—
(4.ep) = min [[Ap-x)].
lindisc(A4,¢) = max lindisc(4, ¢, p).
p:[n]—M,
Finally the hereditary discrepancy in ¢ colors is
herdisc(A, ¢) := max disc(Ay, ¢). (2.1)

Ag<A

The notions of linear and hereditary discrepancy shall be defined for hypergraphs as well
by taking the incidence matrix of the hypergraph, e. g. for a hypergraph H with incidence
matrix A we set lindisc(#, ¢) := lindisc(A4, ¢). For the hereditary discrepancy we simply
have herdisc(H, ¢) = maxy,<y disc(H,c). Like in Remark 2.2, these other discrepancy
notions are identical with the ones of Chapter 1 up to the constant factor of 2. When
citing 2—color results we will use the conventional notation which has no parameter c in it,
e. g. herdisc(#), so there is no danger of confusion.

2.2 Tensor Products

As we will use the ||Ay||s expression of discrepancy several times, let us analyze this
substituting matrices into another briefly: For any two matrices A, € C™*" Lk = 1,2 the
tensor (or Kronecker) product A; ® A, is the matrix B = (b;;) € C™™>*™™ defined by

iy —1)my+in,(j1—Dni4js = @irjy Qinjo
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for all iy € [my], jk € [nk], & = 1,2. Simply speaking, B is produced by replacing every
entry Qg5 of Al by aijAQ.

Lemma 2.5. The following laws hold for the tensor product:

(1) Associativity: All matrices A, B,C fulfill A B)@ C = A® (B® ().

(i1) Distributivity with +: For all matrices A, B,C such that A+ B is defined we have
(A+B)®@C=48C+B®C and C® (A+B)=C® A+C ® B.

(111) ‘Mized Product Rule’: (AB) ® (CD) = (A® C)(B ® D) for all matrices A, B,C, D
such that AB and C'D are defined.

(iv) ® is compatible with inversion: (A®Q B)™' = A='®@ B™" for all non-singular matrices
A and B.

(v) The (complezx) eigenvalues of A ® B are exactly the products of an eigenvalue of A
and one of B.

(vi) rank(A ® B) = rank(A) rank(B).

(vii) det(A ® B) = (det A)"5(det B)"4 for all matrices A € C*A*"4 qnd B € C"B*"B,
Some patience and knowledge of linear algebra is enough to prove Lemma 2.5. Most books
on multilinear algebra contain these results in one form or another in chapters concerning

tensor products of linear mappings and matrices. An elementary approach can be found
in [Gra81].

In the tensor product notation we get

disc(A,¢c) = min [[(A® L)Xl
x:[n]— M.
lindisc(A,¢) = max min [[(A®L)(p— ).

p:[n]— M, x:[n]— M.

herdisc(A,¢) = ,{\%g}j X:[COISEYAIOI;}_)MC 1(Ao ® Ie)x|| o -

2.3 Elementary Probabilistic Method

An elementary probabilistic approach is to consider a random coloring. We color each
vertex independently with a random color. Using the so—called Chernoff-bound, we prove
that with positive probability our random coloring is balanced to a certain extent. For the
2—color case, this is Theorem 1.1. We show
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Theorem 2.6. Let H = (X,&) be any hypergraph. Set m := || and s = maxgee |F|.

Then
disc(H, ¢) < \/3sIn(2me).

Proof. Define a random c—coloring y by independently picking a random color uniformly
distributed from [¢] for every vertex x € X. Define random variables X, , by

“Lif y(x) =i
Xig = { % else

forall 2 € X, i € [c]. Set Xjp:=) pXi,forall E €&, i€ [c]. From [AS00, Theorem
A 4] we know
P(|Xip| > @) < 2¢27/IF]

for all real a.

Set o = y/3s1In(2me). Thus we have

P(disc(H,x) <a) = P(Mie[d,Ec&:|Xip <a)
1—P(Fiel],Ee€& |X;gl>a)

> 1— Z P(|XZ’E‘>OZ)
i€lc],E€€E

Y
i€lc],E€€E

> 11— em 2e20%/s —

by choice of . Hence with positive probability our random x has discrepancy not greater

than |/3sIn(2mc), thus such a coloring exists. O

Note that with o = {/$sIn(4mc) our random coloring x has discrepancy at most a with

probability greater than % This observation leads to a randomized algorithm.

We cannot derive Theorem 1.1 from our theorem. Specializing our result to 2—color dis-

crepancy all we get is disc(H) < /2sIn(4m) (instead of disc(H) < /2sIn(2m)). The

reason is that in the 2—color case one needs to keep the discrepancy small with respect to
just one color as both colors generate the same discrepancy.

There are several ways to improve this result. If a can be chosen significantly smaller than
% then a sharper bound on the tail probabilities (also to be found in [AS00]) yields an
upper bound of O(y/% In(2mc)). Large hyperedges, which have a big contribution to the
failure probability, can be handled by an equi-coloring approach. This is most effective for
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2 colors, and therefore done in a separate chapter of this work (Chapter 5). This 2-color
result plus a recursive approach are combined in Section 2.4.

The following result can be found in [BF81, Proof of Theorem 3|, the famous paper by
Beck and Fiala.

Theorem 2.7. In the notation from above, disc(H,c) < (12 — -15)/2mlog(2m) holds.

We mention this result here mainly for the reason that it is the second of the two results
we found on multi-color discrepancies. It is a little difficult to compare it with Theorem
2.6 due to the fact that the result is independent of the number of vertices. There are
reductions by linear algebra, cf. [Spe87]. Since we find the situation that there are more
hyperedges than vertices much more common — and then Theorem 2.6 is clearly superior
— we do not want to exhibit the details here.

2.4 Recursive Coloring

For some 2—color discrepancy results the proofs seem to rely heavily on the fact that only
two colors are used. One example is Spencer’s O(y/n) bound for hypergraphs having n
vertices and edges. A key step in the proof is to construct a low discrepancy partial coloring
X := 3(x1 — x2) from two colorings X1, x» With x1(E) & x2(E) for all E € £. It is not clear
to us how this idea can be generalized to ¢ colors.

As the partial coloring method has been a major break-through in 2—color discrepancy
theory, it is desirable to have a similar method for ¢ colors as well. What we do in this
section is not partial coloring, i. e. enlarging the partition classes by successively coloring
points, but recursive 2—coloring, i. e. successively enlarging the number of partition classes.
The basic idea is to find a suitable 2—coloring of X with color classes X7, X5 and then to
iterate this process on the subhypergraphs induced by X; and Xs. If the weighted 2—color
discrepancies of suitable induced subhypergraphs are bounded, such a recursive method
can be analyzed, even if ¢ is not a power of 2. This will lead to a generalization of the
‘six standard deviation’ theorem of Spencer [Spe85], the discrepancy bound of Beck-Fiala
[BF81] and the bounds using the primal and dual shatter function of Matousek, Welzl and
Wernisch [MWW84] and Matousek [Mat95].

At the end of this long section we will show the limits of the recursive approach. For
example, for the linear discrepancy in ¢ colors recursive methods fail, and we need other
methods, which will be introduced in the next section.
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2.4.1 The Recursive Method

The following lemma analyses a single step in the recursion. It shows that an imbalance in-
flicted in the first step of the recursion is evenly split up in the remainder of the partitioning
process.

Lemma 2.8. Let C be a set of colors with ¢ = |C| and let {Cy,Cy} be a partition of C.
Let p be a weight of C, i. e. p € [0,1]° such that ||p|, = 1. Denote by pic, the vector
taking the components of p with indices corresponding to the colors in the set C;, and set
a; = |lpic |1, j € [2]. Let xo be a 2—coloring of X, set X1 := x5' (1), X5 := x5 (—1). Let
Xj 1 X; = Cj be any colorings. Set x := x1 U x2. For all E € €, j € [2] and i € C; the
discrepancy of E with respect to the color i, the coloring x and the weight p is

1ENX' ()] - pilBI| < 2

EN X[ —glE[+[1ENX; 0 x5 ()] - 2IE N X

In particular

wd(H,c,p) < max <ﬂwd(?{, 2,(q1,q0)) + 7?3}72‘”(1(%0’ |C;, q%pq)) .

jel2liec; \ %

Proof. Let j € [2],i€ C;, E € £. Then
|EnxT'(6)| - pil ||
= |[[ENX;nx; ()| - pil ]|

< \|EijmX;1(z)\ ~ BENX,|

+

pi
4q;

If the x;, j = 0,1,2 are chosen such that ||[EN X, —¢|E|| < wd(H,2,(q1,¢2)) and
“EﬁXjﬁX;I(i) _ ;L;|mej|‘ < wd(Hx,. |Gyl Lpc,) for all E € £, j € [2], i € C;,
then the second claim follows from the first. O

As this section is quite lengthy, here is a short overview of what is going to come. We first
analyze recursive coloring assuming that we have a uniform bound on the weighted 2—color
discrepancies of the induced subhypergraphs. We derive a first result for the weighted
c—color discrepancy and then improve it in the case of equi-weighted discrepancy. Finally
we replace the uniformity assumption with the assumption that subhypergraphs on ng
vertices have weighted discrepancy O(nf). With this stronger precondition we get a bunch
of beautiful results, among them a near tight c¢—color analogue of Spencer’s ‘six standard
deviation’ theorem.
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2.4.2 Weighted Discrepancy

In this subsection we analyze the case that all induced subgraphs have a common bound on
all weighted discrepancies in two colors. This is an important case for two reasons: Firstly,
the proof of some results on two-color discrepancy provides some information about the
weighted discrepancy of the induces subgraphs (e. g. in the Beck-Fiala setting). Secondly,
the linear discrepancy and thus also the weighted discrepancies of all subgraphs, note
wd(#,2) < 1lindisc(#), are bounded by the hereditary discrepancy: From Theorem 1.4
we get

Remark 2.9. For all induced subhypergraphs Ho of H we have wd(H,,2) < herdisc(H).

Hence a bound on the hereditary discrepancy is also sufficient to apply the main theorems
of this section. Bounds on the hereditary discrepancy are often encountered in situations
where the partial coloring method is used in the 2—color case — for the simple reason that
the uncolored points induce a subhypergraph which has to be colored in the next iteration.

It will be convenient to represent the iterated partitioning of the set of colors C' by a binary
tree. We call a binary rooted tree T = (Vr, Ex) a partition tree for C, if the following
conditions are satisfied: The root of T is C, all nodes are subsets of C, all leaves are
singletons of C' and each two son nodes form a partition of their common father node.
For every color i € C there is a unique path C' = C’éz) » C’l(z) D...D C’,EZ()Z.) = {i} in the
partition tree. We write h(7T) for the height of 7', that is the length of a longest path
connecting a leaf and the root.

Recall that a function p : C' — [0,1] is called a weight of C'if }°._p; = 1. For D C C set

p(D) = |lpip|li = X_;eppi- For a color i € C set v(T,p,i) := ng p(g"(,.)) and v(T,p) =
1

max;cc v(T, p,i). As the next theorem shows, these constants reflect the influence of the
partition tree chosen for the recursive coloring process. In Lemma 2.11 and 2.13 we will
give partition trees for which these values (and hence the resulting discrepancy) is small.

Theorem 2.10. Let wd(Hy,2) < K for all induced subgraphs Ho of H. Let C' be a set of
colors with ¢ = |C| and let p be a weight of C. Let T = (Vr, Er) be a partition tree of C.
Then there is a coloring x : X — C such that for all colors i € C' and all E € £ we have

1ENXT'(0)] - nil El| < Ko(T,p,i).
In particular, wd(H,p,c) < Kvo(T,p).

Proof. We use induction on the height hA(T) of T. For h(T) = 0 we have just one color
and both sides of the inequality become zero. Let T be of height h(T) > 0 and assume
that the theorem is true for all partition tree of height strictly less than A(T'). Let C and
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C5 be the sons of C in T. Set ¢; := p(C;) = Zke(} P, 7 = 1,2. By assumption of this
theorem there is a 2-coloring xo : X — [2] such that

1E0xo ' ()] = g| Bl < wd(H, 2, (q1.2)) < K (2.2)

for all colors j € [2] and edges E € £. Put X; := x;'(j), j = 1,2. Denote by T} the
subtree having Cj as its root. Then the hypergraph #x, together with the set of colors
C;, the weight qijp‘cj and the partition tree 7 fulfills the assumption of this theorem. By
induction hypothesis there are colorings x; : X; — C}, j € 1,2 such that

k(q) pi
< Ko(Tj, -picy» i <K27
Lp(c)

=2 3

ENX;nx; ' 6)] - v

(2.3)

for all « € Cj. Set
xi(z) ifz e Xy

X:X1UX2:1"_>{ XQ(x) else

Let j € [2] and i € C;. Then c = Cj and ¢; = p(C). Let E € £. From (2.2), (2.3) and
Lemma 2.8 we get

IEax ' Ol-plEll < [IEAX 0G0 - BIEN X+ BE0 X - gl B
ey L B
S 1 > (4) K—l—;”fK’
1=2 q_jp( ) !
= K *— = Ko(T, p,i)
= (")
Hence x satisfies the claim. O

In the following corollary we give an upper bound on the constant v (7, p, ) = p; Zz c( 5

An improvement in the case of equi-weighted discrepancy will be discussed in more detall
in Section 2.4.3.

Lemma 2.11. In the situation of Theorem 2.10 there is a partition tree T such that
v(T,p,i) <4 for all i € [¢]. Thus wd(H,p,c) < 4K.

Proof. Recursively we construct a partition tree T for C with v(T,p) < 4. We start with
the tree consisting of the unique node C'. For a leaf Cj of cardinality greater than 1 let
us define sons by the following rule: If there is a color ¢ € Cy with weight p; > %p(CO),
then the sons of Cy shall be {i} and Cj \ {i}. Otherwise partition Cj in any way (Cy, Cs)
such that p(C;) € [5p(Cy), 2p(Co)]. Repeat this process until all leaves are singletons. The
resulting tree 7" is a partition tree for C'. All father-son pairs (Cy, Cy) in the resulting tree
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fulfill 2p(Cy) > p(C') or |Cy| = 1 and p(Cy) > p(Cy). In the notation of Theorem 2.10 we

i i i l .
have p(C’,E()Z.)) = p;, p(C’,E()Z.)il) > p; and p(C,E()i)flfl) > (2) p; for all [ € [k(i) — 1]. Now

k(4) k(i)—2 h(T)—2

1=1 P\L 1=0 (2) Di 1=0
and Theorem 2.10 gives the bound wd(#,p,c) < 4K. O

2.4.3 Equi-Weighted Discrepancy

In this subsection we consider the case of equi-weighted discrepancy in ¢ colors. Hence
our assumptions are identical with the ones from the preceding subsection except that we
always have p = %lc. In this case only the size of the color sets is important, as all colors
are equivalent. Therefore the following simpler structure can be investigated:

A partition tree for a positive integer n is a binary tree T = (Vp, Er) together with a
labeling [ : Vp — [n] such that the following conditions are satisfied:

e The root r is labeled [(r) = n.
e For every non-leaf v with sons s; and sy we have [(v) = I(s1) + [(s2).

e The leaves are labeled 1.

Note that we can not assume [ to be injective anymore. For a path P : r = v(()i), vgi), ce ,v,(f()z.)

connecting the root r and a leaf v,(f) labeled i we call v(T, P) = fol) i 1(1.)) the value of P
v

and v(7T') the maximum v(T, P) over all these paths P. Finally v(n) is the minimum v(7)
over all partition trees T of n.

There is a natural correspondence between partition trees for sets of colors and for positive
integers. Let T' = (Vr, Er) denote a partition tree for the set of colors C'. Define a labeling
Iy : Vi — |Cl;v — |v]. Then T together with Iz is a partition tree for |C.

Now let T together with [ denote a partition tree for a positive integer c. Let C be any
set of colors such that |C] = ¢. We construct a partition tree T* for C' such that Iy = [.
Define f : Vi — 29 recursively: Set f(r) = C for the root r of T. For every node v with
sons s; and s, such that f(v) is already defined choose f(s;) to be any subset of f(v) of
size [(s1) and f(sg) = f(v)\ f(s1). Note that f is injective, and by replacing every v € Vr
by f(v) we get a partition tree T for C. Clearly, I« = [.



2.4. RECURSIVE COLORING 27

Furthermore, we have

ki) KO
* l — _— = —_— =
(T, ;1) = maxe Z L@ I?E%XZZ o, = o).

=1 ¢ = l(v")

Corollary 2.12. Let wd(Hg,2) < K for all induced subgraphs Hy of H.
Then disc(H, c) < v(c)K.

Proof. Let T = (Vr, Er) together with [ be a partition tree for ¢ such that v(T) = v(c).
We build T* as above and apply Theorem 2.10 on 7 and p = %lc:

disc(H,c) = wd(H, p,c) < Ko(T*,p) = Kv(T) = Kv(c).
U

The exact calculation of v(c) seems to be a difficult task. In particular, the optimal partition
trees are in general not of minimal height. Put |c, := 21°82¢/ and [¢]y := 2/°€2¢]. Denote
by n1(c) the number of 1’s in the binary expansion of ¢ (e. g. n1(9) = 2). We give a lower
bound and an upper bound on v(¢). If ¢ is a power of 2, both bounds coincide.

Lemma 2.13. For allc € N, ¢ > 2 we have

2— 2 <w(c) <2+ (ni(c) — 3)L-.

_2
[c]2 le]2

In particular, v(c) < 2.0005.

Proof. Let T = (V, Er) together with [ be any partition tree for ¢. Then there is a path
Vo, Uk of length k > log,[c|a such that vy is a leaf and I(v; 1) < 2l(v;) for all ¢ € [k].
Thus Y% Y =2 g > 2

For the upper bound we recursively construct a partition tree T for ¢. For a vertex v
labeled >, ), a;2¥ # 1, a; € {0,1}, we add sons s;(v) and sy(v) labeled I(s(v)) =
gmin{ic[k ”‘“—1} and [(s9(v)) = (v) — l(s1(v)), if [(v) is not a power of two, and labeled
I(51(v)) = I(s2(v)) = 3l(v) otherwise. Immediately we see that we only need to investigate
the path P : 1 sy(r), s2(s2(r)),... — if r denotes the root of T —, because the labels of all
other paths occur also on this path. Thus v(P) is maximal. The labels of the first n;(c)
vertices of P are greater than or equal to |c|q, so their contribution to v(P) is not greater
than (nq(c) — 1)L61T The rest of the vertices are labeled by ﬁ, ﬁ, ... up to 1. This

sums up to 2 — LCQT and the inequality is proven.

< logz(H 22 ¢ bgallal)=t
— clo — Co 2
For the remaining small numbers, v(c) can be computed in O(c?)-time and attains its

maximum value for ¢ = 909, namely v(909) = 2.000450. O

The last assertion is clear for ¢ > ¢y 1= 2% —1, as (ny(c) —3) = h
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Now Corollary 2.12 and Lemma 2.13 yield

Theorem 2.14. Let wd(Ho,2) < K for all induced subgraphs Ho of H. Then disc(H, c) <
2.0005K in any number ¢ of colors.

We apply Theorem 2.14 on the Beck-Fiala setting and get
Theorem 2.15. For any hypergraph H we have
disc(H, ¢) < v(c) A(H) < 2.0005 A(H).

Proof. The Beck—Fiala theorem states that lindisc(H) < 2A(H) holds for any hypergraph
H. In particular, we have wd(Ho,2) < %lindisc(Ho) < A(Ho) < A(H) for all induced
subhypergraphs Hy of H. From Corollary 2.12 and Lemma 2.13 we conclude disc(H, ¢) <
v(c) wd(H,2) < 2.0005A. O

The following example shows that this recursive approach is nearly optimal in the general
case. Let n = kc for some k € N. Set H = ([n], ([Z})) = ([n],{E C [n]||E| = k}). Any

c—coloring for H produces a monochromatic hyperedge which has discrepancy k(1 — %)

Hence disc(H,c) > k(1 — 1) (equality holds as well, but we do not need this). Not let

(p,1 — p) be any 2-color weight. Assume without loss of generality that p < % Put

X : [n] = [2];i — 2. Now each hyperedge has weighted discrepancy k(1 — p) with respect
to x and (p,1 — p). Thus wd(H, ¢) < %k, and of course this holds as well for any induced
subhypergraph Hy of . This shows

disc(H,c) > 2(1 — 1) max wd(Ho, 2).

In particular, the recursive method yields optimal results of this hypergraph if ¢ is a power
of 2, and it is asymptotically optimal for ¢ — oo.

Note that Theorem 2.14 also yields the following bounds:

e For any hypergraph H = (V, ) with n := |V| = |€] sufficiently large we have
disc(H, c) < 12¢/n.
o Let H = (V,€) be a hypergraph on n points. Let d > 1. If my = O(m?), then

disc(H, ¢) = O(nz2a). If w3, = O(m?), then disc(H,c) = O(n2 21 logn). In both
cases the implicit constants are independent of c.

e The hypergraph A, of arithmetic progressions in [n] fulfills
disc(A,, c) < v(e)Cv/n < 2.0005C/n,
where C' is the constant of Matousek and Spencer such that disc(A4,) < C/n.

Using the fact that in these cases the discrepancies of smaller induced subhypergraphs are
decreasing, we improve these bounds in the next subsection.
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2.4.4 Recursive Coloring with Decreasing Discrepancies in In-
duced Subhypergraphs

In this subsection we extend the recursive approach to make use of the additional assump-
tion that subhypergraphs on fewer vertices have smaller discrepancy. This is a natural
assumption as many results are of this type (see below where we prove their multi-color
analogies). Roughly speaking we show that if the 2-color discrepancy of the subhyper-
graphs on ny vertices is bounded by O(n§), then the c—color discrepancy is bounded by
O((%)®). It seems a little surprising that this bound is achievable by a recursive approach,
as the first step in the recursion will find a 2—coloring for the whole hypergraph with dis-
crepancy guarantee O(n®) only. We still get the O((%)*)-discrepancy for the final coloring
due to the fact that imbalances inflicted in earlier rounds of the recursion are split up in
a balanced manner by later steps. It turns out that this effect even exceeds the effect of
decreasing discrepancy of smaller subhypergraphs. Crucial therefore is the last step of the
recursion where colorings for hypergraphs on roughly 27" vertices are looked for.

There are two points though that need further attention: Firstly, like in the case where we
only assumed a uniform bound on the discrepancies of the induced subhypergraphs, this
simple approach only works if the number of colors is a power of 2. This is the reason why
we have to use weighted discrepancies again.

A second point is that to use the assumption of decreasing discrepancies we need to make
sure that the vertex sets considered actually become smaller. Unfortunately, in general we
do not know the size of the color classes generated by a low discrepancy coloring. If the
whole vertex set is a hyperedge, we know at least that the sizes of the color classes deviate
from the aimed at value by at most the discrepancy guarantee. This is not too bad if
the discrepancy is relatively small, but even then keeping track of these deviations during
the recursion is tedious. Better bounds seem achievable by the cleaner approach of only
investigating fair colorings, that is, those which have discrepancy less than one on the set
of all vertices. Hence, apart from fractional parts, for each color i the corresponding color
class contains p;| X | vertices.

One remark that eases work with the fractional parts: Let us call a weight p € [0, 1]° integral
(with respect to H = (X, &)) if all p;,i € [¢] are multiples of ‘)1(—‘ From the definition it is
clear that a fair coloring x with respect to an integral weight p fulfills |x~'(7)| = p;| X| for
all colors i € [¢]. On the other hand, suppose that we know that for a given hypergraph and
for all integral weights p there is a fair coloring that has discrepancy at most k. Then there
are fair colorings having discrepancy at most k£ + 1 for any weight: For an arbitrary weight
p there is an integral weight p' such that |p; — p| < ‘71‘ holds for all i € [¢]. Therefore,
a fair coloring with respect to p’ is also fair with respect to p, and its discrepancy with
respect to p is larger (if at all) than the one with respect to p’ by less than one. For these
reasons we may restrict ourselves to the more convenient case that all weights are integral.
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Using the following recoloring argument we will construct fair colorings having a similar
discrepancy as given by the discrepancy bound.

Lemma 2.16. Let H = (X, &) be a hypergraph such that X € €. Let p = (¢,1 — q) be a
2-color weight. Then there is a fair coloring x such that wd(H, x,p) < 2wd(H, ¢, p).

Proof. Let x be a coloring such that wd(#, x,p) = wd(H, ¢, p). Set z := ¢|X| — |x *(1)].
Since X is an edge in H, |z| < wd(#H,¢,p). Let X denote a coloring arising from x by
changing the color of ||z|| points in such a way that |¢|X| — |[x *(1)|| < 1. Now X is a fair
coloring with respect to the weight (¢,1 — ¢). For an edge E € £ we compute

B[ =X ()N E

< [qlE| = x ") N E[l+Ix ') nEl-x'(1)nEl
< |glEl = x"'1) N El[ + [|«]]
< 2wd(H, e p).

0

Lemma 2.16 requires the whole vertex set to be a hyperedge. Fortunately, most discrepancy
results are relatively robust concerning the addition of a single hyperedge. In these cases
we may just replace the hypergraph under consideration by the one obtained from adding
X as additional edge and still get a useful bound.

To state the main theorem in its strongest form we need the following constants. Let
a €]0,1[. For each p €]0, 1] define v,(p) to be

aX{Zk:ﬁQ? ﬁ 9

i=1 j=1  j=i+1

k
k EN’QI"“ » Qk—1 = [0’§]’qk € [Oil]JHQj :p}
j=1

Set co =1+ 00, (%) (=" Then we have
Lemma 2.17. Let a €]0,1].

(i) Let 0 <p <q<3. Then q*va(L) +q*% < wa(p).

(i) For all p € [0,1], va(p) < cap®.

Proof. Let k € Nqi,...,qu—1 € [0,2],q¢ € [0,1] such that []_, ¢; = 2 and v,(2) =
Zz 1Hg 1‘1] Hg =i+1 4 With ¢ := g we have

¢"va() + ¢ = gf ZHq] H g+ 46 qu

11]1 ]z+1

= ZHq?‘ H ¢j < va(p)

i=0 j=0  j=i+l
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since H?:o ¢ =q H?:l q; = p. This is (7).

Let k € N, ¢,...,q0_1 € [0,%] and ¢q, € [0,1] such that H§:1 ¢; = p and v,(p) =
Zle H;Zl q5 H?:i-i—l q;- For i € [k] set z; := H;Zl qa H?:i-i—l gj. Then z, = p* and
xp_ 1 < xp. For i € [k — 2] we have

Te-1-i _ Qk—1-i
Tho1-it1 Qo1

and hence z,_;_; < (%)(lfa)i 2. Thus

0

We are now in the situation to state the main result, which is a little technical. In addition
to what we already explained about this recursive approach, there is one further detail. As
we do recursive partitioning, we will never need a discrepancy result concerning induced
subhypergraphs on fewer than 2 vertices (in the equi-weighted case). This observation

will be useful in some applications, e. g. in the case || = |X|, where our bound for the

discrepancies of induced subhypergraphs on ny vertices is C'y /ng log(nﬂo).

Theorem 2.18. Let H = (X,E) be a hypergraph. Let po, v €]0,1] and C > 0. Assume
that for all Xo C X such that | Xo| > po|X| and all g € [0, 1] such that (q,1 — q) is integral
with respect to Hx, there is a fair 2—coloring x having discrepancy at most C|Xo|®, i. e.
we have | Xo N x 1 (1)] = q|Xo| and ||EN XoNx 1(1)] — ¢|EN Xo|| < C|Xo|* holds for all
Ecé&.

Then for each integral weight p € [0,1] there is a fair c—coloring of H with respect to p
such that the discrepancy with respect to p is at most Cvg(p;)n® < Ceq(pin)® in all colors
i € [c] such that p; > po. In particular, the c—color discrepancy of H is bounded by

n\ o
: < n
disc(H,c) < Ce, (c) +1
for all ¢ < pio.

Proof. We start with

Claim 1: For each integral (with respect to H) weight (2751 —27%), 278 > po k€ N
there is a fair 2-coloring with respect to this weight such that wd(#, x, (27%,1 — 27%)) <
STy 27k maigpe,
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We proceed by induction. For k£ = 1, there is nothing to show. Let £ > 1. Let xq :
X — [2] be a fair (0.5,0.5)-coloring having discrepancy at most Cn®.2 Set X; := ;' (1).
Let x1 : X1 — [2] be a fair (27%*1,1 — 27 %¥+1)—coloring (note that (27%+1 1 — 27k+1)
is integral for #H|x,). By induction we may assume that x; has discrepancy at most
Sk 27kl (2)e, Define a coloring x : X — [2] by x(z) = 1if and only if xo(z) = 1
and yi(z) = 1. Then y is a fair (2°%,1 — 2%)—coloring. Using a similar argument as in
Lemma 2.8, we compute the discrepancy of an edge E € £ with respect to (25,1 — 27%)
in color 1:

[Enx~ (1) = 27" E]]
= |[[Enxg' (D) nx;! (1)\—2 "B
< JIE0x ()Nt =27 E A ()]
+27HE N xg (1)) - 278 B
HENX)nxT (D) =27 En X ||+ 27 [Enxg ' (1)] - 0.5]B]|
k—2
22—k+2+i2—aic(%)a + 2—k+1Cna
i=0
k—1
— 227k+1+127ai0na‘

1=0

IN

IN

As 2—colorings have the same discrepancy in both colors, this proves Claim 1. From our
assumptions on H it is clear that the assertion of Claim 1 also holds for any induced
subgraph Hx, of H as long as 27%|X,| < py|X|. We will use this fact to prove

Claim 2: For each integral (with respect to H) weight (¢,1 — q),q > po there is a fair
2-coloring with respect to this weight that has discrepancy at most wd(H, x, (¢,1 — q)) <
21-27,10 (qn).

Let ¢ < 1 be maximal subject to the condition that %’ is a power of 2. Let ¢ = 2Fq.
Let xo : X — [2] be a fair (¢/,1 — ¢')—coloring having discrepancy at most Cn®. Let
X1t xg (1) = [2] be a fair (& 1= Z)—coloring. From Claim 1 we may assume that x; has

discrepancy at most 31~ 2 k““? *(C(q'n)®. Define a coloring y : X — [2] by x(z) =1
if and only if xo(z) = 1 and x;(x) = 1. Then x is a fair (¢,1 — ¢)—coloring. For an edge
E € £ we compute its discrepancy in color 1 as above:

2To keep this proof a little more readable, we will use this expression to say that xg is fair with respect
to (0.5,0.5) and furthermore has weighted discrepancy at most Cn® with respect to (0.5,0.5).
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IEN X' (1)| - q|E]|
IEN xo ' (1) Ny '(1)] = q|E|

< JIEnG N (0] = SIE NG ()] + [ 21806 (1)] - alE]
< BN gt () =2 ME G (O] + 24 [|En g (0] - ¢ B
k—1
S Zz—k-l—l-l—iz—aio(qln)a+2—k0na
=0
2(1704)19
_ —k+1 1 —k «
= <2 q SYEr— +2 )C’n
2 1Q 27(1]9 C o 2 C «

This proves Claim 2.

For the main part of the proof let p € [0,1]° be an integral weight. Again we proceed by
induction. Choose a partition {Cy, Cy} of the set of colors [¢] such that [|pic, [|1, [|pjc, |1 < 3¢
or Cy contains a single color with weight at least 1. In particular, |[pic,||i < ¢ holds in
both cases. Set (¢1,92) := (|[pjc |1, [|Pjc»]]1)- Choose a fair coloring xo : X — [2] with
respect to the weight (¢q,¢2). From Claim 2 we may assume that y, has discrepancy at
most C(g;n)® in color i = 1,2 if ¢; > py (of course the discrepancy is the same in both
colors, but we do not need this). Set X; := x~'(:) for s = 1,2. If |C;| > 1, then by
induction, there is a fair coloring x; : X; — C; with respect to the weight ip‘ci having
discrepancy at most C’va(%)(qm)o‘ in each color j € Cy, p; > po. If C; = {j} for some
J € lc], set x; : X; — {j}. Set x = x1 U x2. We compute the discrepancy of an edge E € &
with respect to x and p in color j € C; in the case |C;| > 1 and p; > po:

1B X7 () = pyl Bl
= |Enx,' () nx; ()] — pilBl|

< BN O N O] - BEAKG @] + 21BN G ()] - pl B
< NENX)NXGG) - EIENX] + 2[IE0 " ()] - ¢l Bl
<

Cva(8)(qin)™ + 2LC(gin)"

i

= Cua(pj)n”

by Lemma 2.17 (i). On the other hand, if C; contains a single color j, then p; = ¢; and
IEN X 0] = pil Ell = [|IE 0 xo ' ()] = p | El] < Cpjn)* < Cualpj)n®,

The last assertion follows from p = %10 and the remark about integral and arbitrary weights
at the beginning of this subsection. O
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General Hypergraphs

Let # = (X, £) denote an arbitrary hypergraph. Set n := |V| and m := |£] for convenience.
Let us denote by H the hypergraph obtained from H by adding the whole vertex set as an

additional hyperedge. Note that we have (H|x,) = (H)|x, for all X C X.

In Section 2.3 it was shown that a random coloring generated by coloring each vertex
independently with each color with probability % has discrepancy +1/0.5n1n(4me) with
probability % In this section we show that via the recursive approach of Theorem 2.18
a much better bound can be achieved. In particular, the discrepancy decreases for larger
numbers of colors.

Theorem 2.19. For an arbitrary hypergraph H the c—color discrepancy is bounded by

disc(H, ¢) < 134/~ In(2m) + 1.
C

Proof. Let Xo C X. For any induced subhypergraph #; = (X,&;) of H|x, Theorem
5.2 shows the existence of a fair coloring x such that disc(Hy, x) < +/|X1|In(2m). From
|X1| < |Xo| and the fairness of these x we get herdisc(H x,) < /| Xo| In(2m).

From Remark 2.9 we have wd(H,x,,2,p) < /|Xo|In(2m) for any 2-color weight p. Now
Lemma 2.16 gives a fair coloring x such that disc(H|x,, x,p) < 24/|Xo|In(2m). Therefore

we may apply Theorem 2.18 with a = § and C' = 24/In(2m). Finally ¢, < 6.5 proves the
discrepancy bound. O

Note that all ingredients of this proof are constructive: The randomized colorings of The-
orem 5.2 respect a slightly weaker bound with probability a half, Theorem 1.4 allows an
arbitrary close approximation and the fair coloring lemma and the recursive method yield
no problems at all.

Six Standard Deviations

The celebrated ‘six standard deviations’ result due to Spencer [Spe85] states that there is
a constant K such that for all hypergraphs H = (X, £) having n vertices and m > n edges

disc(H) < K\/@

holds.

The interesting case is of course the one where m = O(n) and thus disc(H) = O(y/n).
For m significantly larger than n this result is outnumbered by the simple fair coin flip
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random coloring of Theorem 1.1 or the matching random coloring of Theorem 5.2. The
title “Six Standard Deviations Suffice” of this paper comes from the fact that for n = m
large enough, disc(H) < 64/n holds. Using the relation between discrepancies respecting
a particular weight and hereditary discrepancy (Remark 2.9) and the recoloring argument
(Lemma 2.16), we derive from Spencer’s result

Lemma 2.20. For any Xo C X and integral (with respect to H|x,) weight p = (¢,1 — q)

there is a fair (q,1 — q)—coloring x of H|x, that has wd(H x,. x,p) < 2K /| Xy ln(i’%’f).

Proof. Let Xo € X. Then any induced subgraph of # yx, has discrepancy at most
K. /| Xo| ln(%), simply because Spencer’s bound is monotone in the number of vertices.

From Remark 2.9, we have wd(H|x,,2, (¢,1 — ¢)) < herdisc(H|x,) < K /| X ln(%).

It remains to show the existence of a fair coloring. Let H denote the hypergraph arising
from H by adding the set X as an additional edge (unless of course X € & already
holds). Then H|x, has at most m + 1 edges, and from the previous paragraph we know

disc(H)x,, 2. (¢, 1 — q)) < K /| X0 ln(Q"};"Q). Lemma 2.16 now yields the claim. O

Lemma 2.20 and Theorem 2.18 yield

Theorem 2.21. Let H = (X, &) denote a hypergraph having n vertices and m > n edges
and p € [0,1]° an integral weight. Set pg := min;e p;. Then there is a fair coloring with

respect to p having discrepancy at most 13K , /pmln(%—:?) in color 1.

In particular, in the case | X| = |€] = n we have
disc(H,¢) < O <‘ /2 1n c) .

Proof. By Lemma 2.20 we may apply Theorem 2.18 with a = 1, C = 2K, /In(¥2t2) and

27 pon
po. This yields a fair coloring with respect to p having discrepancy at most C’C(%), /pin in
color i € [¢]. The claim follows from C(%) < 6.44949. O

This is quite close to the optimum. Theorem 2.31 shows a lower bound of Q(\/é) in the
case | X | =|&| = n.

The following corollary on 2 color discrepancies seems worth mentioning. Already from
combining Claim 2 of the proof of Theorem 2.18 and Lemma 2.20 we derive:

Corollary 2.22. Let H = (X,E) denote a hypergraph such that | X| = |E| =: n and

(q,1 — q) an integral 2—color weight. Assume q < %. Then the weighted discrepancy

2
wd(H,2,(q,1—q)) is at most 10K, /qn ln(%).
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Arithmetic Progressions

A third classical example is the hypergraph of arithmetic progressions on the first n num-
bers. This is probably the most famous of the few non—trivial examples where discrepancy
is well-understood. For a,d,l € N denote by Auq := {a +1id|0 <i <1 — 1} the arithmetic
progression with starting point a, difference d and length [. Denote by &, the set of all
arithmetic progressions in [n], that is &, = {A.q N [n]|a,d,l € [n]}. Set A, = ([n],&,).

1
Roth [Rot64] proved the celebrated lower bound disc(A,) = Q2(n4). Roth himself believed
1
that this bound was too small and that the discrepancy was close to n2. This was disproved
1
by Sarkozy [Sar74], who showed an upper bound of O(n3"®). Inventing the partial coloring
5

1
method, Beck [Bec81] showed a nearly tight bound of O(n%(logn)2). Finally Matousek
and Spencer [MS96] solved the discrepancy problem for A,, by proving the asymptotically

1
tight upper bound O(n1).

This bound holds in any fixed number of colors. Moreover, we prove that the discrepancy
decreases for larger numbers of colors.

Theorem 2.23. For an absolute constant C' the following holds: Let p € [0,1]° be a
weight. Then there is a fair coloring of A, with respect to p having discrepancy at most
C'p% 150925 in each color i such that p; > n®%. In particular,

disc(A,, ¢) = O(c "16,025)

holds for ¢ < n%2® colors.

Proof. From Lemma 5.3 of [MS96] we learn than an induced subgraph H, = (A,)x, of
A, on | Xy| = pn > n%% vertices has discrepancy at most Cp%'%n%?°. We first show that
herdisc(Ho) < 2C, p°16n0-25:

Let H, = (X1,&) be an induced subhypergraph of H,. If |X;| > n%? we are done

by the Lemma of Matousek and Spencer. Let us therefore assume |X;| < n%?°. We

show that (H1),n; and (H1)),, 2 have discrepancy at most Cip*1n®? and conclude
2

disc(H;) < 20 p%16n0-25. Consider the hypergraph H, := H

This hypergraph has exactly n%2?° < pn vertices and thus dlscrepancy at most Cp

As every edge of (H,);n, is also an edge of H,, we conclude disc((H1)n)) < C1p*"° n0%.
2 2

A similar argument shows disc((#1) ,z) < C1p” 0",
2

(X1[G])U{n—n025 4| X1N[G][+1,.. ,n}"
0.16,,0.25

Thus herdisc(Hg) < 2C;p°'n"?°. The relation between the linear and hereditary dis-
crepancy yields that all weighted discrepancies of H, are bounded by 20, p*!6n%25  Ag
[n] is an arithmetic progression, we may apply Lemma 2.16 and conclude that twice this
discrepancy may be achieved by a fair coloring respecting the underlying weight.
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Thus we may apply Theorem 2.18 with C' = 4C1n%%, o = 0.16 and py = n®?, which
proves our claim. O

Bounded Shatter Functions

The recursive approach also generalizes results of Matousek, Welzl and Wernisch [MWW84]
and Matousek [Mat95] connecting discrepancy with the primal shatter function 73 and
dual shatter function 73, of a hypergraph. Note that this also yields a bound in terms
of the VC-dimension dim(#) of H: Already Vapnik and Chervonenkis [VC71] showed
Ty € O(ndim(ﬂ)).

Theorem 2.24. Let H = (X, &) be a hypergraph on n points. Let d > 1. If w3y = O(m?),
then disc(H,c¢) = O((2)z ). If w3 = O(m?), then disc(H,c) = O((%)z 2 logn). In
both cases the implicit constants are independent of c.

Proof. Clearly the assumptions on the shatter functions are hereditary in the sense that
a shatter function of an induced subhypergraph is less or equal the one of the whole
hypergraph. They are also very robust: Adding the whole vertex set as additional edge
changes the primal shatter function by at most 1, and does not change the dual shatter
function. Without loss of generality we may therefore assume X € £. The remainder of the
proof is standard — bound the weighted discrepancies of the induced subhypergraphs using
Remark 2.9, buy fairness at the price of a factor of 2 (Lemma 2.16) and apply Theorem
2.18. O

2.4.5 Recursive Approaches versus Direct Approaches

We see that the recursive method is very effective in situations where we can bound the
weighted discrepancy of the induced subgraphs. We always get a uniform bound from
the hereditary discrepancy of H (Remark 2.9). There are situations where the recursive
approach is the only result we have. We do not have a direct proof for a result like Theorem
2.21 or Theorem 2.23. We feel that the original proof relies heavily on the fact that only
two colors are considered.

Surprisingly, the recursive approach and direct methods are sometimes nearly equally ef-
fective. An example is the (equi-weighted) multi—color discrepancy in the case of bounded
degree. The direct approach (cf. Section 2.5) yields disc(H,c) < 2A(H), the recursive
one gives disc(#H,c) < v(c)A(#H). Both methods are constructive. For ¢ tending to in-
finity both methods give the same bound. For ¢ > 100 the two bounds deviate by less
than one percent. As a rough estimate, the recursive approach is worse for large ¢: For
1 < ¢ <1000, in 2.5 % of the cases v(c) is greater than 2, for 1 < ¢ < 10000, it is 15.5
%, and for 1 < ¢ < 100000, in about 37.8 % of the cases the direct approach is better.
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Still — as the powers of 2 show — there are infinitely many numbers where the recursive
approach is better.

On the other hand of course the recursive approch is limited: We can get results on weighted
discrepancy, but we do not get any on linear discrepancy, e. g. in the Beck—Fiala setting.
This is surprising at first, but there is a good reason. One key argument used several times
in this section is that during the recursion the discrepancy already accrued is split up in
the same ratio we try to split up the hyperedges. By organizing the recursive coloring
process in a clever way we mananged to have some close to fifty-fifty splitting in later
stages of the process keeping the final discrepancy low. In the linear discrepancy problem
each hyperedges has its own individual ratio it shall be divided according to. Thus we
have no chance to be clever — the only thing to do is to split up ¢ colors into {gJ and (%W
colors to keep the number of steps small. Having no information about splitting up ‘old’

discrepancies, we end up with a bound of

lindisc(H, ¢) < O(log(c) max lindisc(Ho)).

In the Beck-Fiala situation this yields lindisc(H,c) = O(log(c)A). Compare this with
Theorem 2.25 obtained via the vector color approach! Already the recursive result on the
weighted discrepancy is inferior to this.

A second point to keep in mind is that to apply recursion, we need a two—color result on
the hereditary discrepancy, even in the case that ¢ is a power of 2. See the examples in
Section 2.1 or Section 2.7.

2.5 Vector-Coloring

In this section we present a direct method to construct low discrepancy c—colorings. We
extend the Beck—Fiala theorem and the Barany—Grunberg theorem to any number of colors.
In the 2—color case both are proved using ‘floating colors’. Colors initially floating in [—1, 1]
are successively changed to colors in {—1,1}. Linear algebra is the key tool there.

To prove c—color versions we need the vector colors and the matrix calculus introduced in
Section 2.1. In the Beck—Fiala situation we derive a bound independent on the number of
colors (and twice the bound of the original result), whereas in the Barany-Grunberg case
our bound is (¢ — 1) times the original bound (and thus coincides with the original result
in the case ¢ = 2).
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2.5.1 The Theorem of Beck and Fiala

Denote by A(H) := max,ex |[{F € £|xz € E}| the maximum degree of the hypergraph
‘H. This is one of the few parameters of a hypergraph which give a good bound on the
discrepancy. The Beck—Fiala theorem [BF81], c¢f. Theorem 1.3, assures that disc(H) <
2A(H) holds for any hypergraph.

Beck and Fiala actually proved a more general result on the linear discrepancy of matrices.
For any matrix A = (a;;) € R™" denote by [[All; := maxje[s] D ;cp ai;| the operator
norm induced by the 1-norm on R". Then lindisc(A) < 2||A||; holds for any matrix A.
For ¢ colors we show

Theorem 2.25. For any matriz A we have

lindisc(A, ¢) < 2||A];.

The following very elementary remark plays a crucial role in the proofs of the multi-color
versions of both the Beck—Fiala theorem and the Barany—Grunberg theorem.

Lemma 2.26. Let © € M.. Assume that there is a j' € [c] such that x; ¢ {—1, <1},
Then there is a second index j" (different from j') such that x;n ¢ {—1, <21},

c’ ¢

Proof. By assumption we have cz; ¢ Z. As ng‘e[c} z; = 0 € Z by definition of M, there

exists a j” € [c], 5’ # j”, such that cz;v ¢ Z. In particular, z;» ¢ {—1, <1}, O

c’ ¢

Proof of Theorem 2.25. Set A := ||Al|; and A = (a;;) := A®I.. Note that A = |[A]|;. Let
p: [n] = M.. We show lindisc(A, ¢, p) < 2||A||; by constructing a x : [n] — M, such that
[A(p = 20lse < 2[|Alls.

Set x = p. Successively we will change x to a mapping [n] — M,. Recall that we agreed
to regard p and x as cn—dimensional vectors.

Put J :={j € [en]|x; ¢ {—1,<*}}. We call the columns in J floating and the others fixed.
Set I := {i € [em]|>_,c;|@;| > 2A}, and call the rows from I active, the others ignored.
We will ensure that during the rounding process the following conditions are fulfilled (this
is clear for the start, because y = p):

(i) (A(p—x));r =0, i e. all active rows have discrepancy zero.

(ii) All colors are in M., in particular we have ZZ;E Xej—k = 0 for all j € [n].
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Note that (ii) is the crucial difference to the 2—color case, where we only need a condition
of type (i). This increases the number of equations investigated below and is the reason
why the multi-color bound is twice the 2—color bound.

Let us assume that the rounding process is at a stage where J and I are as above and (i)
and (ii) hold. If there is no floating color, i. e. J =0, then all x;, j € [cn], are in {—1, =1}
and y has the desired form.

Hence assume that there are still floating colors. We consider the system of equations
c—1
Zxcj_k =0, j € [n] such that ¢(j — 1) + k € J for some k € [c]. (2.4)
k=0

By Lemma 4.3, in every equation of (2.4) there are at least two floating variables x,, x;,
i.e. j,j" € J. Thus (2.4) is a system of at most |.J| equations.

JIAZD N gl =) Y layl > 11124,

jer i€l iel jel
hence |.J| > 2|I|. We conclude that the system

We have

(Ax)r = 0 (2.5)

c—1
ZXCJ'*’“ = 0, j € [n] such that ¢(j — 1) + k € J for some k € [c]
k=0

consists of at most |I| + 3|J| < |J| equations and hence is under-determined (taking just
the x;,j € J as variables). Thus there is a non-trivial solution z € R’ for (2.5). We extend

x to xp € R™ by

(r); = { 0 else '
By (ii) and the definition of J, all variables x;,j € J are in | — 2, <=1[. Thus there is a
A > 0 such that at least one component of x + Azp becomes fixed and all colors are still
in M., i. e. x + Ay € M,. Note that y + A\zy also fulfills (i) since (Azg); = 0. Set
X := X + Azg. Since (i), (ii) are fulfilled for this new y, we can continue this rounding
process until all x;, j € [cn] are in {—1, <1},

We show [[A(p — X)|lee < 2A. Let i € [em]. Denote by X% and J© the values of y and .J
when the row ¢ first became ignored. We have X;U) = x; forall j ¢ JO and |X§-U) - x;l <1

for all j € J©. Note that > icso |aij| < 2A, since i is ignored. Thus

(A — )il = AP — X))+ AKO =)l =10+ > @ — xj)l < 24,

jeJ©
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This shows ||A(p — X)||e < 2||A]|1, and thus the claim. O

We note that our bound specialized to the case ¢ = 2 is twice the bound of Beck—Fiala.
This is similar to the phenomenon that also occurred in the investigation of the elementary
probabilistic method. The reason in both cases is that in two colors one actually keeps the
discrepancy of just one color small as discrepancy in the other color is the same.

For the c—color discrepancy we have

Corollary 2.27. disc(H,c) < 2A(H).

Note that this result is very similar to Theorem 2.15 which is a combination the original
Beck—Fiala theorem and the recursive method. Depending on c it is a little better in some
cases and a little worse in others.

2.5.2 The Theorem of Barany and Grunberg

Let ||-|| be any norm on R”. The theorem of Barany and Grunberg states that for any finite
sequence vy, Vg, ... , v € R of vectors of norm at most 1 there are signs ¢; € {—1,+1},i =
1,..., k such that for all [ € [k] we have

< 2n.

l
E EiU;
i=1

This seems to be similar to the Beck-Fiala theorem, but has a slightly different flavor:
Here all partial sums are considered, and we may choose any norm for the input and the
discrepancy. The Beck—Fiala theorem formulated in terms of a vector sequence states that
for any vectors vy,...,v; of || - ||;-norm at most one there are signs ¢; € {—1,+1},i =

1,...,k such that HZL £

< 2. Thus neither theorem is a special case of the other.
o

As in the discrepancy problem of hypergraphs the signs —1 and +1 are a convenient way
to represent a partition. From this point of view the theorem of Barany—Grunberg states
that there is a 2-partition ([, I3) of the set X = {v1,..., v} such that for any subset

XOZ{Ul,... ,Ul}

Z U—%ZU <n

’UGI]‘ NXo v€Xo

holds for both j = 1,2. This motivates the following definition:
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Definition (Discrepancy of vector sets and sequences). Let X be a finite set of vec-
tors in R” and P = (Iy,... ,1.) a c—partition of X. Let ||-|| be any norm on R". We define
the discrepancy of the set X w.r. t. P and || - || by

disc(P, || - ||) = max Zv — %Zv
veEl;

J€le] veX

Given a subset Xog C X set Py, := ([1 N Xo,...,I.N Xg). Let vy,vy,...,v; be a finite
sequence of vectors and P = (I, ..., I.) be a c—partition of {vy,vs,... ,vx}. We define the
discrepancy of the sequence vy, vy, ... , v, W. r. t. P and || - || by

disc((vhes. P | ) = max disc(Pl ..o | )

In this notation the Barany-Grunberg theorem states that there is a 2-partition P =
(I1, I) such that disc((vi)iem, P, || - ||) < n. We define a norm || - ||, on R by

[wlle := maxlwigjte,... j+n-ell;
j€ld
where we write wgjic,... j+n-1)c} to denote the vector (Wi, Wites - - - ,wH(n_l)c)T € R".
We can now express the discrepancies of vector sets and sequences in terms of the tensor
product calculus:

Lemma 2.28. Let X C R" be a finite set of vectors and P = (L,...,I.) be any c—
partition of X. Let x : X — [c] be the corresponding coloring, i. e. for allv € X, € [¢] we
have x(v) =1 if and only if v € I,. Then the discrepancy of X w. r. t. P and || - || is

dise(, |- ) = |3 0 @m0
veEX c
For vector sequences we have
l
disc((vl)le[k}, P = Sré%c}}{ Z_Zl v; ® mx(@i)

Proof. Remember that

o) [ 1= i x(w) =
' % otherwise.

Thus

Zm;((v)v: Z (1—1v— Z v = Z v—%Zv. (2.6)

veX veEX vEX veEX veX
x(v)=j x(v)#j x(v)=j
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We have

S v @ mt)

= max (Z v® m(X(v))>

veX c el veX {j.j+csnnjH(n—1)c}
(x(v))
= max m.; v
jeld] ; I
(2.6) 1
= max v — = v
J
= disc(P, || - []).

O

We are now ready to prove the following multi-color version of the Barany-Grunberg
theorem:

Theorem 2.29. Let || - || be any norm on R" and vy, vq,... ,vx be a finite sequence
of vectors of norm at most 1 in R*. Then there is a c—partition P = (Iy,...,1I.) of
{v1,v9,... ,ux} such that

disc((v)iep, Ps || - ) < (¢ — Dn.

Proof. We may assume k£ > n. By Lemma 2.28 it suffices to show the existence of a coloring
X : [k] = M, such that Hzie[l} v ® X(Z’)H < (¢ =1)n for all [ € [k].

As in the proof of the Barany-Grunberg theorem we give an algorithmic construction of x.
At the beginning define A := [n] and x§” :=0 for all i € [k], j € [¢]. Let us call those x§”
where i € A and xﬁ“ ¢ {<L, —1} variables and the corresponding color vector x) active.
Hence at the beginning we have cn variables and n active color vectors. Furthermore all
color vectors x,i € [k] are in M, and we have >, , v; ® x(¥ = 0.

We repeat the following rounding process: Set Aq := {i € [k]|3j € [] : ng') ¢ {11
the set of indices of active color vectors. We try to find a nontrivial solution of the system
of equations

dviex? =0 (2.7)
€A

Yx = 0 forallie A,
jele]

Let n' be the number of variables and m' the rank of the system (2.7). By Lemma 2.26,
each active vector contains at least two variables, so n’ > 2A4,. On the other hand,
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m' < (c—1)n+ |Agl, since 3701 X; W =0 forallie [k] holds at any stage of the rounding
process.

If there is no nontrivial solution to (2.7), then there are at most m’ variables. From
240 < n' <m' < (c—1)n+|Ag| we conclude |Aq| < (¢ — 1)n. If there are still vectors that
have not been active, i. e. A # [k], we increase the number of active vectors by setting
A= AU{max(A)+ 1} and continue the rounding process considering the updated system
(2.7). If A = [k] we terminate the rounding process by changing the remaining variables
to L or —1 in any way such that all () are in M..

If there is a nontrivial solution to (2.7), then we can change x in the way that some variables
become &= or —= and all variables stay in [—%, %] in the same fashion as in the proof of
BeckfFlala. Note that the invariants (" € M, for all i € [k] and >, ,v; ® X)) = 0 are
still satisfied. Hence we can continue the rounding process.

For the analysis let [ € [k]. Denote by x(V),...,x*) the value of the color vectors at

that stage of the rounding process when A = [I] and no nontrivial solutlon to (2.7) can
be found. Denote by ZE the value of Ay at this stage. Let XE‘I)’ . ,Xf ) denote the final
values of the color vectors. From above we know |A0| < (c—1)n. Since Y € M, we have
P& ||OO < 1 for all i € [I]. Furthermore Y = (

vector never becomes active again. By (2.7) we also have the equation 2,y v; ® X9 =o.

holds if i ¢ Ay, since an inactive

Now
douex)| < | uwer)| +| > ue g -x7)
i€ll] . i€(l] . i€(l] .
=0 by (2.7)
ol DEICEE)
Z'EAVO ¢

= f}é?gf Z(”z’ ® (chz) - %(i)))|{j,j+0,...,j+(n71)c}
’L'Ggo

i€ AQ

< 3 il
iEgo

< (e—1)n



2.6. LOWER BOUNDS 45

Note that the fact that we never have more than (¢ — 1)n active vectors has a nice in-
terpretation in terms of online algorithms. Consider the following online vector balancing
problem, stated in the language of games: Each round the first player selects a vector of
norm at most one. The second player has to partition these vector into ¢ classes. His aim
its to reach a balanced partition in the end. He does not have to decide in which partition
class to put the vector immediately but he can postpone his decision for up to (¢ — 1)n
vectors. On the other hand, a vector assigned to a partition class can not be removed
anymore.

The analysis of this game is just the proof above. The second player thus can keep the
imbalance at the end of the game below (¢ — 1)n.

2.6 Lower Bounds

In this section we give a general lower bound and analyze two prominent examples: Hy-
pergraphs arising from Hadamard matrices and arithmetic progressions. We start with the
c—color version of a result attributed to Lovdsz and Sés in [BS95]. This states that any
matrix A € R™*" has 2-color discrepancy at least disc(A) > \/ZAmin (AT A), where Apin(+)
denotes the least eigenvalue of a matrix. For ¢ colors we show

Theorem 2.30. Let A € R™*". Then disc(A4,c) > \/(C;l)%)\min(ATA).

Proof. Let x : [n] = M, be an optimal coloring with respect to c—color discrepancy. Then
disc(A,¢) = |(A® )Xl
(A® L)x|la

Vv

Jom
> %% Il A (A® L) T(AS L)

2.5(i) 1 n(c—1)
= Amin((ATA) ® I,
=R e 1)

2.5(v) (c—1)n
= —/Amin(ATA).

2

2.6.1 Hadamard Matrices

Hypergraphs corresponding to Hadamard matrices show that Spencer’s ‘six standard devi-
ations’ result is best possible apart from constant factors. The following theorem extends
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this result to ¢ colors. It even shows that the dependence from the number of colors
detected in Theorem 2.21 is relatively tight.

Theorem 2.31. There is a universal constant K > 0 such that for all n € N such that
there exists a Hadamard matrix of order n there is a hypergraph with n vertices and n edges
having c—color discrepancy at least K\/?

Note that it is known that there are infinitely many n such that a Hadamard matrix of
order n exists. Moreover, the set of orders is dense in the sense that for all € > 0 there is
an ng € N such that for all n > ny there is a Hadamard matrix of order between n and
n(l+e¢).

Proof. Let n € N be such that there exists a Hadamard matrix H of order n, i. e. H €
{+1,—1}"*" and all rows of H are pairwise orthogonal. By multiplying some rows by —1
we may assume that all entries of the first column v; are 1. Let v,,...,v, denote the
remaining columns. Set A = 1(H + J), where .J is the n x n matrix consisting of 1s only.
A is the incidence matrix of a hypergraph H of n edges on n vertices. We show that H
has the desired discrepancy.

Let x : [n] = M. be any coloring. Let i € [¢] be such that

X MmN\ {1} > (2.8)
For all j € [c] set x; : [n] = {—+,“2}; k — x(k);. Then
discy (H,c) = [[(A® L)x|l«
= max [|[Ax;|lso
a4, |
> [ Axil
> ﬁHAXin
(2.8) now yields
{k € ]\ {1} [xi(k) = <2} = == (2.9)

By definition of A there is a A € R such that Ayx; = >/, %Xi(k)vk + Avy. Since the
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vy, ..., U, are pairwise orthogonal, we have

> (k) loill3 + A2 el 13

\ k=2

[AXilla =

> Lymy/mst ()7 4 eslel (1) iy (2.9))

Hence disc(H,c) >

1 /=)l
2 c? :

2.6.2 Arithmetic Progressions

We now give a lower bound for the multi-color discrepancies of the arithmetic progressions.
See Section 2.4.4 for a short survey of this problem and an upper bound. For 2 colors,
Roth [Rot64] proved the celebrated lower bound disc(A,) > 5:/n. A similar result is true

for any number of colors. We have

Theorem 2.32. The hypergraph of arithmetic progressions fulfills

disc(An, ¢) > 0.04 5= V/n.

Proof. We follow the approach of [BS95]. Set k& = [{/gn]. Let £ be the set of arith-
metic progressions of length k£ and difference less than 6k computed modulo n (hence our
arithmetic progressions may be over-wrapped from n to 1 at most once). Every arith-
metic progression of £ is a union of at most two arithmetic progressions from &,, so the

discrepancy of A, is at least half the discrepancy of ([n],&).

Recall that a matrix is called circulant if the ¢-th row can be obtained from the first by
(circular) shifting it ¢ — 1 times to the right. Let us enumerate the arithmetic progressions
in £ in a way that if 4 is not divisible by n, then E;;; = E; + 1 (always computed modulo
n), i. e. F;y; is E; shifted right by one. Thus the incidence matrix A = (a;;) € {0, 1}k
defined by a;; = 1 if and only if j € E; consists of 6k circulant sub-matrices. As sum and
product of two circulant matrices is circulant again, AT A is circulant. The eigenvectors of
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circulant matrices are known to be of the form (1,¢,2%, ... ,e" 1), where ¢ is an nth root

of unity. Using this one gets that the minimum eigenvalue A, (ATA) of AT A is greater
than 1£2,
1

v
S
KL
7
L
=
=
B
[\
I
—~
7
L
=
El

Theorem 2.30 gives disc(([n], &,), ¢)?

disc(A,,c) > 0.5disc(([n],€), )

%
o
=
B

O

We may remark that the lower bound can also be proved using harmonic analysis approach
of [Weh97, DSWO98]. This has been done in [DSWO00], where we also proved that a low
discrepancy coloring has discrepancy of the order shown above in each color.

Another alternative is taking a look at some very tricky notation in Roth’s [Rot64] original
paper. Then one finds wd(A,,2, (p,1 — p)) = Q+/p(1 —p)¥/n). Since wd(#H, 2, (%,1 -
%)) < disc(H, ¢) holds for all hypergraphs #, this also proves the claim. Note that our
proof implicitly also uses this relation between weighted 2—color discrepancy and c—color
discrepancy.

2.7 Interrelation between Different Numbers of Col-
ors

In this section we investigate the relation of the discrepancy of one hypergraph in different
numbers of colors. The preceding sections might suggest that it makes little difference
which number of colors use, but this impression is false. In general there is little correlation
between the discrepancies of a hypergraph in different numbers of colors. There is one
exception to this rule:

Lemma 2.33. Let H = (X, &) be any hypergraph. If co divides ¢y, then

disc(H, ¢9) < a disc(H, ¢1).

Co
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Proof. Let x : X — [¢;] be an optimal ¢;—coloring of H. Set ¢ = <t and

X2 X = [ea];z — {%J + 1.

For an edge F € £ and a color j € [cy] we have
diseyi(B) = ||[ENxG"G)l - L1

- 2/F]
C1

En{Ux (G —1Dg+k)

(me%u—1m+k>—§E)‘

(- 11-

BN (G = Vg +k) - LB

Bl

<= |
—

= diSCx,(j—l)q+k(E)-
k=1

O

This marks the extreme case where the correlation between different numbers of colors is
high. For arbitrary numbers of colors a quite different phenomenon can be observed. We
investigate the opposite behavior through the following class of hypergraphs.

Fix n,k € N. For [ € [k] set L; :== [n] x {{} and call these sets ‘lines’. Set
gnk = {E C [n] X [I{J”Vll,lg € [k] : |EﬂLl1‘ = |Eﬁ Ll2|}-

Hor := ([n]x[k], Enk) is the (modulo isomorphism) unique hypergraph on nk vertices having
k—color discrepancy zero with maximal number of edges. We determine the discrepancy
of this hypergraph in any number of colors. This will show that there is little correlation
apart from the case exhibited in Lemma 2.33.

K

bnkoc S diSC(ank, C) < bnkoc + 17

Theorem 2.34. Let kg := k mod c. Set by, = (n — {LJ> % Then

if ko # 0, and disc(Hpuk, ¢) = 0, if ¢ divides k.

It will be convenient to consider the case ¢ > kn (the number of color exceeds the number
of vertices) separately. Any coloring y avoids some colors, and for such a color j we have
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discy ;([n] x [k]) = “£. For an occurring color j there is an edge E of size k containing at
least one point colored j. Hence disc, ;(E) > 1— % On the other hand a coloring such that
every color occurs at most once shows that we actually have disc(H,, ¢) = max{® nk 1— E}
As byie < max{%, 1— %} < 1, the case ¢ > kn is settled.

The case that ¢ divides k is solved by Lemma 2.33, so let us assume that ky # 0. To prove
the theorem we start with an easy observation:

Lemma 2.35. In the notation of Theorem 2.3 we have

disc(Hyy, ¢) < disc(Hpg,, €).

Proof. Let xo be an optimal c—coloring for Hyi,. Set Xo = [n] x {c[%| +1,... ,k} and
o Xo = [n] x [kol; (i,1) = (i,{—c|%]). Then o is a hypergraph isomorphism from Hok| x0
to Hpk,- Define a coloring y : [n] X [k] [c] by

X lf(Z,l)EXO
{l 1J +1 else.

H

Then for any edge E € £ and any color j € [¢] we have

disc, ;(E)

= [[Enx'()| - LIB]]

::Hmeme%j\ HENXo|+ [(E\ Xo) N x7'()| — LB\ Xo|
:\VEﬂXoﬁm.m—leﬁXm

+ B0 ([n - e+ ilEN =z [En(n] x[e[2]])]]
:‘MEQXUQM‘M 1mEmXM+m
= diSCXO,j(U(E N Xo))

Since o(FE N Xj) is an edge of H,k, and y, an optimal ¢—coloring for H,,, we conclude
disc(Hng, ¢) < disc(Hpry, €)- O

It would save us some problems if we could show that an optimal coloring for #,; in the
case ¢ < k has to be of the kind constructed in Lemma 2.35. Unfortunately, this is not
true:

Set kK =5 and ¢ = 3. Let n be any non-negative integer divisible by 6. Let y be such that
the color classes intersect the lines as described in the table below (this defines x up to
permutations inside the lines which have no influence on the discrepancy).
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[Tine [ 2Ly O L Ly @ LLnx O]

1 1 0 0
2 0 1 0
3 1/6 0 5/6
1 0 1/6 5/6
5 172 1/2 0

o1

We determine the discrepancy of this coloring: An edge E such that disc, ;(F) is maximal
has to have g points and either contains all or none of the 1-colored points of line 3 and
5. Both cases yield a discrepancy of %n in color 1. The situation for color 2 is the same.
For color 3 the extreme edges look like this: E has either no points in color 3 and size
%n and thus disc, 3(E) = 15—8, or F contains all points in this color, has size % and thus
disc, 3(E) = 15—8 From Theorem 2.34 we see that x is an optimal coloring, but y is not of
the kind of coloring used to prove Lemma 2.35. This also shows that the optimal coloring

is not even unique modulo permutations of lines and permutations inside lines.

Proof of Theorem 2.34. We will investigate the case ¢ > k first, hence we have k = k.

For the upper bound we construct a coloring y. Start with all points being uncolored. For

each color j, color ﬁJ points in this color. Do so in a way that points of the same color

<
k

are in the same line. This is possible as each line can hold up to ’—ﬂ such color classes.
The remaining points color in any way such that all color classes differ in size by at most

one.

We calculate the discrepancy of H with respect to x. Let j € [¢]. Let E be an edge such
that d;(E) := |[ENx '(j)|— % |E| is maximal. Assume that there is a point in color j that
is not contained in E. Let F be a set of points disjoint from F containing one point of
every line, at least one of these colored j. Then

dj(EUF) = d;j(E)+d;(F) > d;(E) + 1 - %> d;(E),

ESIS

a contradiction. Hence x~!(j) C E and |E| > k MHJ by construction. This yields

diseyy(B) = |E x| - BT < | 2] - & h‘ . (210

Now let E be an edge such that d;(F) := |[EN x~'(j)| — £|E| is minimal. By a similar
argument as above we see that E contains no point colored j. As ¢ < kn, we have
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o1 (ot | ) v e

ESlIe

dise,;(E) = [|[Enx'(j)| - LE|| =L Bl <! (nk —k V_}J) : (2.11)

From (2.10) and (2.11) we conclude

n

]

diSC('an,C) < diSCX(an) < ’Vn_k-‘ - % \‘

J < bppe + 1.
C

For the lower bound let y be any coloring. Let m : [¢] — [k] such that |[L; N x7'(j)] <
Ly Nx 1(j)| for all I € [k] and j € []. From the pigeon-hole principle we get a

line number [ € [k] such that [m~'(l)] > [€]. Let j € m~*(l) such that [L, N x*(j)]

is minimal. Then for all I € [k] we have |[L; N x'(j)] < hf—wJ Thus there is an
k

edge of size (n — {ﬁJ) k having no point in this color. We conclude disc, (H,x) >
®

(v~ Lra]) £ =t

We now turn to the case that ¢ < k and ¢ does not divide k. Lemma 2.35 proves the upper
bound. For the lower bound let y be any c¢—coloring of H,y. Let i : [¢] X [k] — [k] such
that |Lig) N x ' (4)] > |Ligp+1y N x~'(j)| for all j € [¢], p € [k — 1]. Hence i(j,p) denotes
the index of a line with p—most points in color j.

k
Assume first that there exists a j € [c] such that Z;[:C] |Liiy DX G)| < [ & n+ “"

%]

and |ENx7'(5)| < | ] <n — hf—ﬂ), hence discy ;(E) > bugye. If ‘Li(g‘,(ﬂ) Ny~

ko

If ‘Lz’(j,[ﬂ) ﬂ)(l(j)‘ < {LJ, then there is an edge E such that |E| =k | n — L n J

{LJ, then there is an edge E such that |[ENL;| =n — Ly, M) N Xfl(j)‘ for all [ € [k]

5]
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and [ENx ()| <[] n+ {ﬁJ — [%£] |L2-(j’[&‘|) N x '(7)]- In this case also

ko

disey ;(E) > % (” - ‘Li(j,[ﬂ) mX_l(j)‘> —[&n

Vv
S
|

holds. So let us assume from now on

H

1. k
Liow 1) > | £+
p

3

for all j € [¢]. (2.12)

]

Zlo

=

Assume that there exists a color j € [c] such that ‘Li(j £y N X_l(j)‘ <n-— { "WJ -1

|
>
o|“

From (2.12) we conclude |L; 1) ﬁx_l(j)‘ > 2 MTZWJ +2:=m and ky < zc. Thus
¢ ko

1
3
there is an edge F such that |[E N L,| =m for all | € [k] and |[ENx~'(j)] > [£] m. Our
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assumptions yield [ 1} > %. If {ﬁ-‘ does not divide n, we have
To
k' k
disc, ;(E) > "E m — Tm
~ [-” <1 - k_)
c C
d
_ (2 _ @) no| _ko | n | ko
c c c c c
%] %]
S (2_@> n +<2_k0> 1 ko n ko
Cc c C [ C [ Cc
d %] %]
(g_l)éﬂ ko 3ks | n |k
- 374 ¢ 2c  4c? [L-‘ c
ko
k
Z n— n ?0 — bnkoc

The calculation for the case that {é-‘ is a divisor of n is about the same, a little easier

actually, as we do not have to care about the fractional parts.

It remains to look at the case that for all j € [¢] we have ‘Li(j,LEJ) N X_l(j)‘ >n— {ﬁJ -
¢ ko
1. In this case | 2]y 18 injective and i([c] x [|£]]) ni([c] x {[£€]}) = 0. Thus i maps

c

[c] x {[£]} into a set of size kg. From the pigeon-hole principle we conclude that there

is a line L; such that i(j, [£]) = [ for {é-‘ different colors j. Again from the pigeon—hole

principle we see that for at least one of these colors we have |L,; re7y 0 X ()| < "W
) c %

contradicting (2.12). This ends the proof of Theorem 2.34.

O

From Lemma 2.3 we know that any hypergraph on nk points has c—color discrepancy at
most ("—ﬂ (1—%). The theorem above states that #H,,;, has c—color discrepancy disc(H, ¢) >
”—’ZO(I — ’;—g) This shows that there is little correlation between the discrepancies in different
colors (as disc(Hnk, k) = 0).



Chapter 3

Linear and Hereditary Discrepancy

3.1 The Problem: History and Results

In this chapter we investigate a classical problem in the field of 2—color discrepancies. As
already mentioned in Chapter 1 there is a non-trivial relation between the linear and the
hereditary discrepancy of a hypergraph (and more generally, a matrix). Results of Beck
and Spencer [BS84a] and Lovdsz, Spencer and Vesztergombi [LSV86] show that any real
matrix A € R™*" satisfies

lindisc(A) < 2herdisc(A).

Recall that this result was crucial for the recursive method in Chapter 2.

In [Spe87], Spencer improves this slightly to lindisc(4) < 2(1 — 272") herdisc(A). He
also provides a matrix A satisfying lindisc(A) = 2(1 — 25) herdisc(A) and introduces the
problem of closing this gap. For a whole bunch of these matrices, namely a characterization
of all totally unimodular matrices satisfying this equality, see Theorem 4.2.

The main result of this chapter is:
Theorem 3.1. Let A be any m x n matriz. Set q := |logy(m)| + 1. Then
lindisc(A) < 2 (1 — 277) herdisc(A).

In particular, lindisc(A) < 2(1 — 5= ) herdisc(A4).

2m

If A is the incidence matrix of a hypergraph (i. e. A € {0,1}"*"), then we may assume
m < 2" — 1, as each two rows can be assumed different and different from (0,0,...,0). In
the language of hypergraphs this just means that no edge occurs twice and that the empty
edge can be ignored. This yields 2 (1 —277) <2(1—27") and

%)
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Corollary 3.2. For A € {0,1}™*™ we have

lindisc(A) < 2(1 — 27") herdisc(A).

So for hypergraphs in particular, and matrices with m < 22" in general, our result is a
considerable improvement of the known results; the improvement being better the sparser
the matrix is. The result is not far from the optimum: The example of [Spe87] has

1
lindisc(A) = 2 (1 - —> herdisc(A),
m

while the Theorem 3.1 gives

lindisc(4) < 2 (1 - %) herdisc(A)

m
form=2'—11€N.

The case of totally unimodular matrices is settled in Chapter 4 using a different approach.

3.2 The Proof

Our proof uses the original proof of Beck and Spencer [BS84a], which we state here for
convenience.

Original Proof: Let p € [—1,1]". We will construct an € € {—1,1}" such that ||[A(p —é&)]|
is small. Define a(¥ € [0, 1]" by a;o) = 1(pj + 1) for all j € [n]. As
— i AP — 2|0
pry min [A(p =)
is a continuous function and {}.7 ;27 | n € N,z € {0,1}"} is dense in [0, 1], we may
assume that there is k£ € N such that a;U)Qk € Z for all j € [n]. We are going to round the

0)

vector a(®) successively to a vector of shorter binary expansion until we have a 0, 1 vector.

Suppose that for some I € {0,... ,k — 1}, the (agw)j:l,_“,n are already defined and satisfy
a;l)Qk_l € Z for all j € [n]. Set X := {j € [n] | a;l)Qk_l odd}, the set of all j such that
the binary expansion of agl)Qk’l ends in 1 (these are the components of a(!) that need to be

rounded). Find ¢® : X — {—1, +1} such that

dz(l) = Zegwazj € [~ herdisc(A), herdisc(A)]

jEX
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for all 7 € [m].

Define

1) {a§l)+2—<k—l>g§” ifieX
{
J

D)

a. otherwise.

Then we have a§l+1)2k’l’1 € Z for all j € [n] and
5 gl — =2 6
j€ln]

for all i € [m]. That means we rounded the a¥ to a(**!) in such a way that || A(a!*") —
aD)s is small.

Having defined agl) for all j € [n],l € {0,... ,k} we set ¢; := 2a§k) — 1 (thisis in {—1,1})
and have

14 =Pl = 2[A® —a)]

]

= 2 ZA(Q(Z) — a1y
le[k]

oo

le[k]
< 2herdisc(A),

oo

where the last inequality follows from the definition of the d),] € [k] and the triangle
inequality. O

The key idea now is based on the following simple observation: if we replace () by —&(),
we get —d) instead of d¥). By choosing signs for the £®), [ € [k] in a clever way and not
using the triangle inequality, we improve the above result.

Note that if we change the sign of one ¢, this leads to a different oV and thus may
change all the subsequently determined variables. Therefore we have to decide the signs
‘on-line’. This might be described best in the language of games. Consider the following
two-player perfect information game:

The Game: At the start of the game the vector v € R™ is zero. One round of the game
is: Player A gives a vector w € [—1,1)™ and Player B then chooses a sign 6 € {—1,1}.
The vector v is then updated to v := 0.5v + dw. The game is played for a fixed number k
of rounds. Player A aims to maximize ||v||» while B wants to keep the norm down. What
is the maximum number ¢ that A can reach?
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This is the game we are playing (as Player B against the algorithm as Player A) when
deciding on the signs of the e, 1 € {0,...,k—1}. In the game we normalized the w to be

in [—1,1]™ (while above we have dl(l) € {—herdisc(A), ... ,herdisc(A)}), but it is clear that
this just changes ¢ to cherdisc(A4) as an upper bound. So we have the following general
result.

Lemma 3.3. If ¢ is the mazimum value Player A can reach in the above described game,
then lindisc(A) < cherdisc(A).

We complete the proof by determining this constant c.

Lemma 3.4. The mazimum value Player A can reach is ¢ = 2 (1 — 2717).

Proof. We investigate the following strategy for Player B. Whatever vectors

w, ..., w*=9 Player A chooses in the first k¥ — ¢ rounds, pick 6V, ... 6* 9 .= 1
(any other choice would do, too). Set w := Z?;f 27k+iy(),  Choose the next sign
§(=9+1) in such a way that the number of components i € [m] =: X; such that sgn(w;)
and sgn(6¢—4tDy* 1Ty are different is maximal. Set X, = {i € [m] | sgn(w;) =

sgn (8-t *F=ITDN - Next choose (942 € {—1,1} such that the number of compo-
nents i € X, such that sgn(w;) and sgn(6® 2w ") are different is maximal. Set
X; = {i € X, | sgn(w;) = sgn(6*-1+2w* )1 Continue in this fashion until 6% and

i
X, are determined.

Note that | X;| < {@J for all j € [¢ — 1], which gives | X,| < 1, i.e. X, = (). So for every
component i thereisa j € {k—q¢+1,...,k} such that w; and 6(‘1)w§q) have different signs.
The worst case is the one where all §0w!) j € {k—q+1,... ,k} are 1 (or —1) and w; is

zero. This gives us

k k
7=1

o0 Jj=k—q+1 0o
q—1
< Y 2
2=0
= 2(1-279).

Player B can not do any better, as the following strategy for A reveals. Let r denote the
biggest power of 2 that is less than or equal to m (so r = 277!). Choose the first k — ¢
vectors as zero. The last ¢ vectors choose like this: components greater than r are always
set zero (for instance). For an index i = 1 + Z?;g 2;20 <1, xg,... 242 € {0,1} and a
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(k—p)

pef0,...,q— 1} set w, := 2x, — 1. Here is an example for m = 5:

w = (0,0,0,0,0) for i € [k — ¢
wh? = (-1,-1,-1,-1,0)
wh Y = (=1,-1,41,41,0)

w®) (=1,+1,—1,+1,0).

Whatever signs 6(/) ,j € [k] are chosen, there will always be a component i € [r]| such that
(k—q+1)
w: =

; = w ) and thus

q 1
Z 9=kt 0 = N 97d = (1-279),
7=0
This proves Lemma 3.4 and thus the theorem. O

At this point we should remark that Lemma 3.4 is a special case of Theorem 7.1. For the
reader’s convenience we still gave the proof here.

3.3 Discussion

All of the above is constructive in the following sense. Let A and p be given as above.
Assume that computing a coloring with discrepancy not greater than h is possible for
every submatrix A in time O(f(A)) (discrepancy is an NP-hard problem, so we can
not skip this assumption). Then we have an algorithm rounding p to ¢ in time at most
O(k max{n, m, f(A)}) such that

[A(p —€)lloo < 27*||Aljoc +2 (1 —279) A,

where [|Al[o := sup, =1 [|47[/« and & is the maximum binary length we use to express
the p; in our algorithm. In particular, if H = herdisc(A) we get a polynomial time algorithm
solving the lattice approximation problem with approximation error at most 2 herdisc(A)
by choosing k such that 27F|| Al < herc;i;:(A), e. g. k > logy(2mn). At this point we
should remark that when talking about algorithmic complexity we always assume that all

elementary computations can be done with arbitrary precision in constant time.

There are some ideas which we did not know how to use in the general case. They might
be useful in restricted situations. Recall that the dl(.l) are discrepancies of hyperedges
of induced subgraphs under an optimal coloring. We assumed all dl(.l) to take the worst
possible value in [— herdisc(A), herdisc(A)], but in general an optimal coloring just creates
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a few badly colored hyperedges. This is true in particular if herdisc(A) is large. Note that
Spencer’s example has herdisc(A) = 1. T would suspect that the bound can be improved
at least slightly for larger values of herdisc(A).

Another point is that in general not all induced subgraphs do have herdisc(A) as discrep-
ancy. This might be used also in a different e-choosing strategy: Choose the £ in such a
way that the resulting a*!) represents a hypergraph with small discrepancy.

Finally, let us remark that the opposite relation is also unclear. It is even not known
whether the hereditary discrepancy can be bounded in term of the linear discrepancy at
all. Looking at this from the other side, the question is how far one can decrease the linear
discrepancy of a hypergraph by adding vertices. Matousek [Mat00] recently showed that
one cannot decrease it below 2 for some hypergraphs. Beyond this nothing is known.



Chapter 4

Linear Discrepancy of Totally
Unimodular Matrices

In this chapter we investigate the linear discrepancy of totally unimodular matrices. This
problem has attracted attention in several special cases. We give an efficient algorithm that
solves the lattice approximation problem for totally unimodular matrices optimally (recall
from Section 1.2.3 that the linear discrepancy of a matrix is the worst-case approximability
of the lattice defined by it). We also give a sharp upper bound on this linear discrepancy
and characterize the extremal cases.

4.1 History and Results

Let A € R™ " be any real matrix and p € [0, 1]. Recall from Section 1.2.3 the definition
of the 0,1 linear discrepancy of A with respect to p:

lindisco; (A4, p) := zerg)i?}n |A(p — 2)||0o-

The 0, 1 linear discrepancy of A is lindisc; (A) := maxpep iy lindisc(A, p). In this chapter
we prefer to use the 0,1 notion of linear discrepancy instead of the usual one. This is due
to the fact that this notion put more emphasis on the relation to integer linear programs
and rounding techniques which will be the heart of our proof. As both notions just differ
by the constant factor of 2, we lose nothing by switching the notions.

An m x n matrix A is called totally unimodular if each square submatrix has determinant
—1,00r 1. In particular, A € {—1,0,1}"*". Totally unimodular matrices arise naturally in
several areas (cf. [Hof79]). For example, incidence matrices of bipartite graphs are totally
unimodular, as well as network matrices.

61
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The discrepancy problem for totally unimodular matrices is well-understood. Their dis-
crepancy is at most one (see also Theorem 2.1). By definition, submatrices of totally
unimodular matrices are totally unimodular, hence the discrepancy of all submatrices is
at most one as well. The beautiful theorem of Ghouila-Houri [GH62] states that also the
converse holds:

Theorem (Ghouila-Houri, 1962). A matriz is totally unimodular if and only if it has
hereditary discrepancy at most one.

This solves the hereditary discrepancy problem (and in particular the discrepancy problem)
for totally unimodular matrices. For the linear discrepancy of totally unimodular matrices
a sharp upper bound was missing so far.

Using the well-known result due to Beck and Spencer [BS84a] and Lovasz, Spencer and
Vesztergombi [LSV86] that
lindiscg; (A) < herdisc(A)

holds for any matrix A, immediately we have lindisc(A) < 1 for a totally unimodular
matrix A. We refer to Chapter 3 for a detailed analysis of this problem. The current best
result in this direction yields a bound lindisc(A) < 1 — 2(~los2(m)]=1),

Spencer conjectures that even lindisco; (4) < (1 — i5) herdisc(A4) holds for any A. This

would yield lindiscy; (4) < 1 — #1 for totally unimodular matrices, but Spencer’s over 15
years old conjecture seems far from being proven. It is backed up by the fact that Spencer
[Spe87] provides an example of a matrix A such that lindisco; (A) = (1 — +15) herdisc(A).
As this A is totally unimodular, it also shows that lindiscy;(A) < 1 — #1 is the best
possible general upper bound for the linear discrepancy of totally unimodular matrices.

For a special class of totally unimodular matrices, Peng and Yan [PY00] used a combina-
torial approach. A matrix A is called strongly unimodular, if it is totally unimodular and
if each matrix obtained from A by replacing a single non-zero entry by zero is also totally
unimodular. Peng and Yan show that for a strongly unimodular 0, 1 matrix A,

n+1

lindisco; (A) <1-3" 2

holds. They use a decomposition lemma due to Crama, Loebl and Poljak [CLP92], which
states that such a matrix is, roughly speaking, the union of incidence matrices of digraphs.
In the same paper Peng and Yan show an upper bound of 1 — n+r1 for strongly unimodular
0, 1 matrices which have at most two non-zeros in every row. An alternative proof extending

this result to —1,0, 1 matrices was given in [Doe00b].

All these results can be transferred into efficient algorithms solving the lattice approxima-
tion problem with approximation error at most the claimed bound. They do not, however,
guarantee a better approximation in cases where lindisco; (A4, p) is smaller, i. e. a better
approximation exists.
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In this paper we do not follow the approach via the hereditary discrepancy, nor do we
use any structure theory for totally unimodular matrices. Instead, we consider suitable
linear programs and apply the theorem of Hoffman and Kruskal. This yields two types of
results: A theoretical one bounding the approximation error of an optimal solution and
characterizing the critical cases, and a practical one, namely an efficient algorithm solving
the lattice approximation problem optimally.

For the theoretical aspect we have:

Theorem 4.1. Let A € R™™ be a totally unimodular matriz and p € [0,1]". Then there
is an z € {0,1}" such that
|A(p — 2)||oo < min{l — %H, 1-— %}

1
n+1-°

In particular, lindiscg; (4) < 1 —
This result is sharp, as the example due to Spencer proves. Theorem 4.1 shows that
Spencer’s conjecture lindisco;(A) < (1 — —=7) herdisc(A) holds for totally unimodular ma-
trices. As a side product, our approach yields a characterization of all totally unimodular

matrices such that lindisco; (4) = 1 — =5.

Theorem 4.2. Let A be an m X n totally unimodular matriz. Then lindiscy; (A) = 1— n%l
holds if and only if there is a collection of n+1 rows of A such that each n thereof are linearly
independent. If lindisco (A, p) =1 — n%rl for some p € [0,1]", then p; € {n%rl, e} for
all i € [n].

Thus all such ‘extreme’ matrices contain a matrix resembling Spencer’s example and pos-
sibly some additional rows which have no influence on the linear discrepancy.

This is the theoretical analysis. As mentioned we are also able to solve the lattice approx-
imation problem optimally.

Theorem 4.3. There is an algorithm that computes for any totally unimodular matrix
A e R™™ andp € [0,1]" an optimal solution x for the lattice approxzimation problem, i. e.
an x € {0,1}" such that ||[A(p — x)||e = lindisco; (A, p). The complexity of this algorithm
is O(logm) times the complexity of finding an extremal point of a polytope in R™ described
by 2(m + n) linear constraints or proving its emptiness.

4.2 Definitions and Notation

For a real number r € R write [r| := max{z € Z|z < r} for the largest integer not greater
than r, and [r] := min{z € Z|z > r} for the smallest integer not being less than r. Set
{r} :==r — |r], the fractional part of r.
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Let b € R™. We assume the above notation lifted to vectors in the natural way, e. g.
1b] := (bs])iepm). Part of our strategy will be to round those components of b to the nearest
integer which are already very close to an integer. For d € [0, 5] we define I~ (b,d) := {i €
[m]|{b;} < d}, the set of indices such that b; is less than d above the nearest integer (and
hence a candidate for being rounded down), and I (b, d) := {i € [m]|1—{b;} < d}, the set of
indices such that b; is less than d below the nearest integer. Set I(b,d) := I~ (b,d)UI" (b, d).
Let r(b,d) € R™ denote the vector resulting from rounding the components with index in
I(b,d) to the nearest integer, i. e. for all i € [m] we have

b ifi € I~ (b,d)
r(b,d); = [b] ifie I*(b,d)
b

;  else

The total error of this rounding is described by

e(b,d) = |r(b.d) = bli="D_ (b= b))+ D (] —b).

i€I~ (b,d) icI+(b,d)

Let g(b) denote the maximum value of d € [0, 1] such that e(b,d) < 1 (the maximum exists,
since d — e(b, d) is left-continuous). For a matrix A € R™*" set g(A) := max,cp,1» 9(Ap).

Lemma 4.4. Let b € R™ and d € [0,3]. Then
(i) e(b,d) < |I(b,d)|d < md,

(ii) g(b) > ;.

% holds for any m x n matriz A.

In particular g(A) >

Proof. We have

e(bd) = > (bi—[b))+ > ([b]—b)

i€l (b,d) i€ I+ (b,d)
COY ar Y
i€l-(bd)  i€It(b,d)
— I(b,d)|d < md.
In particular e(b, =) < 1. Thus g(b) > = by definition. O

These bounds are sharp. The vector (d — €)1,,,6 > 0 shows that (i) does not allow any

further improvement, and b = %lm is an example for g(b) = %
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4.3 Solving the Lattice Approximation Problem

In this section we present an algorithm that solves the lattice approximation problem for
totally unimodular matrices efficiently and optimally.

Polyhedra

Our proof is self-contained apart from the well-known theorem of Hoffman and Kruskal
[HK56]. This states that the set of feasible solutions of a linear program is an integral
polyhedron, if the constraint matrix is totally unimodular and the right-side vector is
integral. Hence in this case the existence of optimal solutions implies that there are also
integral optimal solutions. All polyhedra in this work will be bounded and thus compact
(of course everything is finite-dimensional). Hence the existence of optimal solutions is
ensured if the polyhedron is non-empty.

Let A be a totally unimodular m x n matrix and p € [0,1]". Set b = Ap. For all d € [0, 1]
define
Py:={x € [0,1]"| |rd(b,d)] < Az < [rd(b,d)]}.

P, is an integral polyhedron by [HK56]. We first observe

Lemma 4.5. For all d € [0, 5[,z € Py we have

r€ P —= ||b— Az|lc <1—d.

Proof. As a compact polyhedron is the convex hull of its extremal points we may assume
x to be an extremal point of P;. Thus z is integral. Let i € [m]. Note first that [b;]| <
\rd(b, d);| and [rd(b,d);] < [b;]. Thus (Az); can take at most two values, namely |b;| and
[bi]-

If {b;} ¢ [0,d[U]1 — d, 1], then is does not matter which of these values is taken as |b; —
(Az);| <1 —d holds in both cases. This is different if {b;} € [0,d[U]1 — d, 1]. Taking the
wrong value would yield an approximation error of more than 1 — d. Fortunately, rd(b, d);
is integral if {b;} € [0,d[U]1 — d, 1] by definition. Moreover, rd(b, d); equals the closer of
the values |b;] and [b;]. Thus we have (Az); = rd(b,d); and |b; — (Az);| <1 <1-d.

The second implication is proved similarly. O

The Algorithm

We claim that the following algorithm solves the lattice approximation problem for totally
unimodular matrices:
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(i) Set
D:={de[0,5[|Fiem]:{b}e{d1-d}}U{i}.

(ii) Using a binary search strategy determine the largest d € D such that P, # (.

(iii) Find an extremal point z of this P;.

Correctness

Let d,z be the output of the algorithm. As P, is integral, € {0,1}". From Lemma 4.5
we have ||b — Az|lo < 1 —d. Let y € {0,1}" such that lindisco;(4,p) = [|b — AYlso,
that is, y is an optimal approximation. Assume first that ! := lindisce; (4, p) > 1. Then
P, #0,asy € P,_; by Lemma 4.5. Since [|b — Ayl|/oc = [, there is an ¢ € [m] such that
|b; — (Ay);| = 1. As Ay is integral, b; € {I,1 — 1} and 1 — [ € D. From the maximality of
d we deduce 1 — [ < d. From ||b — Az||,c <1 —d <[ and the optimality of y we conclude
Ib — Az||» = lindisco (4, p).

Now let us consider the case that lindiscoi (A4, p) < 5. Then for each i € [m] we have

(Ay)i = [bi] <= {b} <

(Ay)i = [bi] <= {bi} > (4.1)

N | —ID | —

In particular, ||b — Ay||sc = max;cpy min{{b;},1 — {b;}}. We also find that y € P1. Thus

2
d = % and (4.1) holds as well with y replaced by z. Therefore we also have ||b — Az||s =

max;cpm, min{{b;},1 — {b;}}. Thus ||b — Az||, = lindiscy; (A4, p) again.

This proves that z is an optimal solution of the lattice approximation problem correspond-
ing to A and p.

Complexity

It remains to show that our algorithm is efficient. We would not like to discuss any
linear programming theory here. We simply assume that linear programs can be solved
efficiently and refer to any book on linear programming (e. g. [Chv83]) for a discussion
of that problem. Nor do we want to discuss any problems concerned with exact number
representations and complexities of elementary calculations. We therefore assume that all
elementary calculations can be done in constant time with perfect accuracy.

Computing the set D requires m steps, namely checking whether {b;} or 1—{b;} should be
included in D for each ¢ € [m]. This also shows |D| < m+1. For the binary search we need
to sort the elements of D by their size which has worst-case complexity O(mlogm) (cf.
e. g. [CLR90]). Finally, up to [log,(m + 1)] times a linear system of 2(m + n) constraints
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has to be solved to decide emptiness of the corresponding polytope and to compute the
extremal point of the final P;. Note that if the linear systems are solved using the simplex
method any solution already is an extremal point of the polytope. Summarizing we see
that solving the linear systems dominates the other steps of the algorithm in terms of
complexity. This finally proves Theorem 4.3.

4.4 Approximability and Linear Discrepancy

In this section we prove Theorem 4.1, that is, we analyze how bad an optimal approximation
can be in the worst case. The proofs are is independent of the preceding section.

Lemma 4.6. Let A € R™*" be a totally unimodular matriz and p € [0,1]". Then

lindiscg; (A, p) <1 — g(Ap).

In the language of Section 4.3, Lemma 4.6 claims that Py 4, # 0, but this approach is
misleading. Instead we consider the polytope Py together with a suitable objective function.

Proof. Set b := Ap. Let P := {z € [0,1]"] [b] < Az < [b]}. As A is totally unimodular,
P is an integral polyhedron (this is [HK56]). Define f : P — R by

fla)y="Y_ ((Ax)i— b))+ D ([b]— (Az)). (4.2)

i€I—(b,g(b)) i€+ (b,g(b))

for all x € P. Thus f(xz) is the total error inflicted by rounding Az in that way that was
used to get r(b, g(b)) from b. By definition, f is non-negative. We first show that for all
x € PNZ" we have

(b) = (Az); = |bi]

—g(b) = (Ax); = [b] (4.3)

fl@) <1 Vie[m]{ }Z{if

Suppose that f(z) < 1 for x € PNZ" As A and x are integral, f(x) < 0, and since f is
non-negative, f(z) = 0. Since all parts of the sum in (4.2) are non-negative, they are all
zero. Hence (Ax); = r(b, g(b)); for all i € I(b, g(b)). This is the right hand-side of (4.3).
On the other hand, if the right hand-side of (4.3) is fulfilled, we have f(x) = 0 by (4.2).
Thus (4.3) holds.

Consider the linear optimization problem

min f(z).

zEP
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p is a feasible solution and f(p) = e(Ap, g(b)) = e(b, g(b)) < 1. Hence there is an optimal
solution z* such that f(z*) < 1. As P is integral, we may assume z* € Z".

Let us compute [[A(p — 7%)||c = [|b — A2*||c. Let i € [m]. If i € I~(b,g(b)), then
(Az*); = |b;] by (4.3). Hence |b; — (Az*);] < g(b). Similarly for i € I (b, g(b)). Thus we
may assume i € [m]\ I(b, g(b)), i. e. b; € [|b;] +g(b), [b;] —g(b)]. As (Az*); € {|bi], [bi]}
due to z* € P, we conclude |b; — (Az*);| <1 — g(b). O

Lemma 4.6 is sharp in the worst-case, as this example due to Spencer shows: Set m := n+1.
Let A € {0,1}™*" denote the m x n matrix with

_Jlifi=jori=n+1
Y%= 0 else '

Set p = L1,. It is easy to see that any z € {0,1}" fulfills [|[A(p — 2)[loc > 1 — &
If any z;,7 € [n] equals 1, then (A(p — 2)); = p; — 2zj = % — 1. Otherwise we have
(Ap— 2))ns1 =n==1—- L.

Lemma 4.4 and 4.6 yield

Corollary 4.7. Let A € R™*" be a totally unimodular matriz. Then
lindiscg; (A) < 1 — g(A).

In particular lindisco; (A) <1 — L.
We now refine the result of Lemma 4.6 and finally prove Theorem 4.1. Before doing so let

us remark that a weaker bound in terms of n follows from a purely combinatorial argument.
If A e R™ " is totally unimodular and any two rows of A are linearly independent, then

<))

holds. We would show (4.4) using the connection between the VC-dimension and the
primal shatter function of hypergraphs, but may-be more direct ways are possible as well.
Unfortunately, (4.4) is sharp. To prove Theorem 4.1, we therefore need a different approach.

Proof of Theorem j.1. Let p € [0,1]" and b := Ap. Denote the rows of A by ay,...,apn.
Set I := I(b, n+1) = {i € [m]||b; — rd(b;,1)| < n+1} Let us call these rows ‘critical’ for
the moment, because they are the ones where a rounding error of more than 1 — - can

n+1
occur when using the approach of the previous section.

We proceed by showing that it is enough to consider at most n critical rows. Let Iy C I be
chosen such that {a;|i € Iy} is a basis for the vector space generated by all critical rows.
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In particular, |I;| < n. Let Ay denote the matrix obtained from A by deleting all critical
rows except a;,1 € Ip. Then Aop = bymp\nur, = bo From Lemma 4.4 and I (b, n}rl) =1
we conclude e(by, -5) < ;4. Hence g(Agp) > 5. By Lemma 4.6 there is a z € {0,1}"
such that [|Ag(p — 2)||ec <1 — ;25. In particular, for all i € I we have

‘ai ( _Z)| < n+1a (45)
where - denote the usual inner product on R”.
We end the proof by showing that this z also fulfills ||A(p — 2)||ec < 1——=. Let j € T\ I.

As I is a basis for the vector space generated by all critical rows, there are Aiy i € Iy such

that a; = >_,.; Aia;. Since A is totally unimodular, Cramer’s rule implies \; € {—1,0,1}
for all i € Iy. Now
|a; —z\<Z\)\al —z\<nn}r1
1€1g
by (4.5). O

The proof above yields some more information, which we can use for a characterization of

those totally unimodular matrices A that fulfill lindisco, (4) =1 — n—+1

4.5 A Characterization

The proof above yields some more information, which we novv use for a characterization of

totally unimodular matrices that have lindisco; (4) =1 — n—+1

Proof of Theorem 4.2. Let A be a totally unimodular matrix satisfying lindisco; (A) =
1 — 5. Choose p € [0,1]" such that lindisco; (4, p) =1 — 5. Set b:= Ap and I := {i €
[m]| |bi —xd(b;, 5)| < 725} Note that I = I(b, d) for some d > —=}. Forany J C [m] define
V; to be the vector space generated by the rows a;,j € J. Let Iy be a minimal subset of 1
such that V;, = V;. In particular, the rows a;, 7 € Iy form a basis of V;. If there is an 7 € I
such that {b;} ¢ {;35,1— 47}, or if |Io| < n, then by mimicking the proof above we get
a z € {0,1}" such that [|A(p — 2)|lsc < max{l—d,> .., |b; —rd(b;,3)|} <1- n—+1 We
conclude |Io] = n and {b;} € {;35,1— 5} foralli € Iy, and hence also for alli € I. From

Lemma 4.4 we get |I| > n+1 (0therw1se g(b) > d, and Lemma 4.6 yields a contradiction).

From the fact that A is totally unimodular, we know that each a;,i € I\ Iy, can be
expressed in the form a; = Z].EIO Aja; with some \; € {—1,0,1},5 € Ij. Let us assume
that for each i € I'\ I, there is such an expression a; = Zjelo Aja; such that at least one of
the Aj,j € I is zero. Then by mimicking the proof of Theorem 4.1 above (using this Ij),
we find a z € {0,1}" such that |a;- (p—2)| = ;25 foralli € Iy and |a;- (p—2)| < 2 for all
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i € I'\ 1. This is again a contradiction to our choice of p. Hence there is an i € I'\ I, such
that a; = >, Aja; with some (by the way unique) A; € {—1,1},j € Ip. In particular,
any n of the rows with index in I U {i} are linearly independent.

Let A" and 0’ denote the restrictions of A and b on the rows with index in I;. Then A’ is
non-singular, and thus p is already determined by A'p = 0'. As (n+ 1)b' € {1,n}" was
shown in the first paragraph, we have (n + 1)p € Z" (the inverse of a totally unimodular
matrix is totally unimodular, and thus integral). Clearly, none of the p;,i € [n]is 0 or 1 —
otherwise we may just put z; = p; reducing the dimension of the problem by one. Hence

all p;,i € [n] are in {=45,... , 725} as claimed.

Now let A be such that there are n 4+ 1 rows each n thereof being linearly independent.
Without loss of generality we may assume these to be the rows aq,...,a,11. As above
there are \,..., A\, € {—1,1} such that a, 3 =) | Aia;. Define b € R" by

i€[n
1 . _
b; — { TL—‘H ) lf )\z = 1
) else
for all i € [n]. Let Ay denote the matrix consisting of the rows ay, ... ,a, only. As Ay has

full rank, the system Agz = 0’ has a unique solution z. Since A, is totally unimodular
and (n + 1) € Z™, (n + 1)z is also integral. Set p = {z} and b = Ap. Then {b;} = {b}}
for i € [n]. We claim that any 2 € {0,1}" fulfills |A(p — 2)[lc > 1 — 25 Let us assume
la; - (p—2)| <1 - n%rl for all ¢ € [n] (otherwise we are done). Then \a; - (p — 2) = n%l
holds for all i € [n] by definition of b'. Thus a1+ (p— ) = 3, Xiai - (p —2) = nn+r1
This proves the claim. O

It is a trivial consequence of the definition of the linear discrepancy that if a matrix B
consists of some rows of the matrix A, then lindiscy; (B) < lindiscy; (A). In the light of
Theorem 4.2 it makes sense to call a totally unimodular m x n matrix critical, if m = n+1
and lindiscy; (A) = 1— n%l Theorem 4.2 then states that a totally unimodular m xn matrix
has linear discrepancy 1 — n%_l if and only if it contains a critical one. The reasoning
above also shows that for critical matrices A, there are just two different p such that

lindisco; (A, p) = 1— n%l holds, namely the one constructed, call it p*), and p(® :=1—p).

4.6 The Multi-Color Case

A natural question in this work is how the previous results extend to multi-color discrep-
ancies. One should expect that the tensor product calculus allows a similar expression,
and that this yields a bound of, say, 1 — m

Working with the matrix A ® X, where X € {0, 1}**(¢=1) is defined by z;; = 1 if and only
if 1 = j or 1 = ¢, seems to do the job. Possibly adding all rows containing a single 1 to A
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(this does not change the unimodularity of A) ensures that we end up with a valid coloring.
So where is the problem?

The problem is that the tensor product of two totally unimodular matrices needs not to be
totally unimodular. This is surprising, but can not be helped. We give a counter-example:

Let n =3 and ¢ = 3. Let A denote the incidence matrix of the hypergraph of intervals on
[n], i. e. I, = ([n], {[a,b]N[n]|a,b € N}). Since A® X and X ® A can be transformed into
another by row and column permutations, both matrices have the same set of determinants
of submatrices. Now X ® A has the block structure

A 0
0 A
A A

Let us thinks of X ® A as the incidence of a hypergraph on the vertex set 1,... ,m,1,...,n
(corresponding to the columns in this order). This hypergraph contains the edges {1,2},
{2,3}, {3,3}, {1,2,3} and {1,1} (see Figure 4.1). Hence the induced subhypergraph

on the vertex set {1,2,3,1,3} contains an odd cycle. This shows (either directly or via
the Theorem of Ghouila-Houri) that A ® X contains a submatrix of determinant not in

{-1,0,1}.

1 2 3

Figure 4.1: Some hyperedges

This does not yet show that we do not have a multi-color analogue of the 2—color results
in this section, but makes it easier to understand the difficulties. The following examples
shows that the multi-color linear discrepancy of a totally unimodular matrix can exceed 1:

Assume n to be sufficiently large and let H denote the hypergraph of intervals in [n]
again. We show that already the weighted discrepancy of H is at least 1+ é (it is actually
larger, but our objective is just to show that it is larger than 1). Put p = (%, %, %) Let
X : [n] = [3] be an optimal coloring with respect to this weight. Let 2 € [n] be such that
X(x) =2 and x < n —10. An z like this exists as 10 successive vertices avoiding color 2
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already form an edge having discrepancy 1 + é Now easy counting shows that all of the
vertices x,... ,x + 10 have to be colored 1 except of exactly one of the vertices x4+ 5, x4 6
or  + 7 (otherwise the discrepancy of x is at least 1 + é) If this exceptional vertex y is
not colored 2, then the edge {x + 1,... ,x + 10} has no vertex colored in color 2 and thus
has discrepancy % in color 2. If x(y) = 2, then {z,...,y} contains at most 8 vertices two
of which are colored 2. This again yields a discrepancy of at least 1 + %.

These examples show that neither the methods nor the results of the previous sections
admit a straight-forward extension to higher numbers of colors. This seems to be an
interesting problem for further research.



Chapter 5

Random Colorings Respecting the
Structure

The only efficient approach to find a low discrepancy coloring in the general case involves
random colorings. Alon and Spencer [AS00] investigated random colorings obtained by
independently flipping a coin for each vertex to decide its color (Theorem 1.1). In this
chapter we analyze a different kind of random colorings. This yields better bounds for the
general case, as it reduces the number and size of the hyperedges to be considered. It also
allows to prescribe that some subsets of the vertex set have to be colored perfectly. This
is used successfully to exploit additional structural knowledge on the hypergraph.

5.1 The Basic Idea

Suppose that we have the following: A partition P = {P;,..., P.} of the vertex set and
colorings x; : P, — {—1,+1} such that |x;(EN P;)| <1 holds for all edges F € £. We will
shortly see that this is less artificial than it may seem at first. For each i € [r] ‘flip a coin’,
i. e. independently and uniformly choose a sign &; € {—1,4+1}. Let x : X — {-1,+1}
denote the union of the ¢;x;, that is, x(z) = &;x;(z) if x € B,.

For a hyperedge E € & set I :={i € [r]|xi(ENP;) # 0}. Then y;(ENPF;) € {—1,+1} for

all i € Ig. The Chernoff bound (exactly in the same way as in Alon and Spencer’s result)
2 .

2
now yields P(|x(E)| > ) < ¢ 25l instead of P(|x(E)| > \) < e % for the coin-flip
coloring of [AS00]. Thus we replaced the cardinality of E by the possibly smaller number
of P; such that x;(E N P;) # 0.

A second effect is that we might reduce the number of edges to be considered. Set Ep :=
U{ENP|Fielr]: xi(ENPE,) #0} for all E € £ Then x(E) = x(Ep). Depending on

73
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the partition P and the colorings x;, the mapping F — FEp is not injective, that means we
need to consider fewer edges. Since the number of edges influences the discrepancy just in
a logarithmic factor, this effect is less important than the size reduction described in the
previous paragraph.

Summarizing we have:

Theorem 5.1. Let sy := maxgee |Fp| and mg := [{Ep|E € £}|. Then

disc(H) < v/2s01n(2my).

5.2 Arbitrary Hypergraphs

Let us assume that n is even. We now show that we may apply the method described
above to any hypergraph. This yields a constant factor improvement over the usual random
coloring bound. Let P be any matching on V, that is, P consist of § disjoint sets each
holding 2 vertices. For each P = {v;,v9} € P independently ‘flip a coin’ to decide a color
for v; and the opposite color for ve. Let x denote the resulting (random) coloring. If
a hyperedge F € £ contains a matching edge P € P, we have x(FE) = x(E \ P), since
P contains one point in each color. Therefore |Ep| < %, and we immediately derive the
bound disc(#H, x) > /nln(2m) with probability less than one. If n is not even we may
just add one additional vertex contained in no hyperedge. Now the number of vertices is

even, and both the original and this hypergraph have the same discrepancy. Thus we have:

Theorem 5.2. For all hypergraphs H having n vertices and m edges,

disc(H) < /(n + 1) log(2m).

Note that this works for any matching! In particular by choosing a suitable matching
we can enforce several subsets of V' to be perfectly balanced. All we need is to choose a
matching which also induces a matching on these subsets. For example any disjoint family
of subsets of V' can be ensured a perfect coloring in addition to the discrepancy guarantee
for the hyperedges.

Another aspect is that we might be able to choose a matching such that many matching
edges are contained in hyperedges of H. This then reduces the relevant size |Ep| of the
hyperedges and further reduces the discrepancy.

Taking a random matching we generate a random 2—coloring having color-classes of equal
size. From the perfect symmetry we easily deduce that each such coloring has the same
probability to be chosen. Analyzing this random experiment is much harder, as we can
not use the Chernoff inequality any more. Chvétal [Chv79] and Uhlmann [Uhl66] showed
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that for this random experiment similar inequalities hold. They also yield Theorem 5.2,
but the proofs of Chvatal and Uhlmann are quite complicated compared to the ones of the
Chernoff bound.

An extension of this method to the multi-color case is straightforward. Instead of taking
a matching we partition the vertex set into sets of size ¢ and choose arbitrary random
colorings using all ¢ colors on each of these sets. Again we have that sets completely
contained in an edge reduce the relevant size of the edge. Unfortunately, now it is much
less likely that one of these sets is contained in an edge. In particular, we may end up with
edges that have relevant size c;cln

A second disadvantage is hidden in the analysis. As one of these sets may have more than
a single point in an edge without becoming irrelevant, we are not anymore in the situation
that the relevant vertices of an edge are colored independently. This requires again deeper
results for the analysis of the random experiment. We are not interested in this for the
simple reason that the recursive method of Section 2.4 provides a much stronger result:

There we gain a factor of \/g, which clearly outnumbers everything we could derive with

this section’s ideas. This seems to be another example in which the 2-color behavior is
different from the multi-color one.

5.3 Exploiting the Structure

A major difficulty using the probabilistic method in discrepancy theory so far was to
use structural information in the design of the random experiment. One idea applied to
the hypergraph of arithmetic progressions is to decompose the hyperedges into so-called
canonical sets ([Bec81]). One tries to find a small number of sets such that each hyperedge
is the disjoint union of few of these sets. Then a random coloring has low discrepancy on
these sets (as there are not too many of them). As each hyperedge is the union of few
canonical sets, this coloring is also good for the hypergraph itself. This was the very basic
idea only, usually the canonical sets have some extra properties like small vertex degree.
This can be exploited in designing the random experiment.

Here we show a different way to use structural knowledge that works well for the higher-
dimensional boxes: Let us consider the hypergraph of d—dimensional boxes in [n]¢, that is
HE = ([n]¢, {S; x -+ x Sy|S; C [n]}). This is (simply?) the d—fold cartesian product of
the complete hypergraph ([n], 2[") on n points (see Chapter 6 for the definition of product
hypergraphs). The usual probabilistic argument yields a bound of

disc(He) < +/2nIn(22n4)
= V2In2n"T Vd(1 +o(1))

d+1

~ 11802 Vd (1 +0o(1)).
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We show:
Theorem 5.3. For all n,d € N,

dise(H%) < 1.0527%%(n + 1) Vd.

Proof. Assume n to be even. Set P := {[[;c;s{22 — 1,2zi}|z1, -+ ,a € [5]}, that is, we
split the n%-cube into 2¢-cubes in a rather canonical way. The coloring corresponding to
each such small cube shall be such that adjacent corners always receive the opposite color.
More formally, a vertex is colored +1 if and only if an even number of its coordinates
is even. Let y again be the random coloring obtained from independently taking these
colorings or their inverse colorings. Let E be a hyperedge of He and P € P. As both E
and P are boxes, so is £ N P. From the definition of x we see that any subbox S of P
such that |S| # 1 fulfills x(S) = 0. As Ep has at most one vertex in each box, we conclude
|E73‘ < 2-dnd,

Now let us count the number of the relevant hyperedges. Let F = Sy x - -+ x S;. Assume
that for some i € [d] and z € [3] we have {2z—1, 2z} C S;. Then no box [, (y{2zi—1, 2z}
such that z; = x intersects E in exactly one vertex. Thus Ep = (S X -+- x (S; \ {22 —
1,22}) x---x Sy)p. By induction we see that 7 : E +— Ep is a projection & — £. Therefore
we need to counts its fixed points only. We just exhibited that a necessary condition for
this is
Vie[dVee[3]:]|S;N{2x 1,22} <L

For each i € [d],z € [}] we therefore have exactly three possibilities: S; N {2z — 1,2z} is
empty or {2z — 1} or {2z}. This makes at most 3"%? fixed points.

We want to show a further reduction: Note that for all i € [d],
Vit & = E;ST XX Sy x e x Sy Sy xcex ([n]\ Sy) x oo x Sy

is a fixed-point-free bijection of £ that leaves the set £p of reduced hyperedges invariant
and preserves discrepancy: We have y(E) = x(v(E)) for all hyperedges E. In particular,
the group Z4 acts on £ and Ep in such a way that all orbits have length 2¢. As all elements
of an orbit have the same discrepancy with respect to x it is enough to consider just one
representative from each orbit. This reduces the number of relevant hyperedges by another
factor of 2¢. we finally have

dise(H,x) < \/22-0ndIn(22-0304/2)

= VIn32-42p5 V4
< 1.052°2p%d.

The case of odd n is solved by the observation that all hyperedges of H¢ are also hyperedges
of H¢, . Therefore disc(H%) < disc(HI ;). O
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We should remark that the size reduction yields a change in the order of magnitude in
terms of d, namely the additional 2-%2 factor, whereas counting the relevant edges only

improves the constant by about 11%.
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Chapter 6

Discrepancy of Products of
Hypergraphs

In this chapter another aspect of classical 2—color discrepancy is touched: The discrepancy
of cartesian products of arithmetic progressions. This is a natural extension of the dis-
crepancy problem for ordinary arithmetic progressions. For the latter we refer to Section
2.4.4. The higher dimensional problem has been investigated by P. Wehr [Weh97] in her
dissertation.

For the d—dimensional case she proved a lower bound of order ni by a clever approach using
discrete Fourier transforms. This also greatly simplified Roth’s proof of the one-dimensional
case. Unfortunately, her upper bound was off the lower one by a polylogarithmic factor.
It seem to be very difficult to extend the method of Matousek and Spencer [MS96] to
arbitrary dimensions. Therefore she had to use the slightly inferior method of an earlier
paper by Beck [Bec81]. Fortunately, a very general approach with a decent algebraic flavor
solves the problem.

This chapter is organized as follows. First we give a general upper bound for the discrepancy
of products of hypergraphs. Using this result we solve the discrepancy problem for the
hypergraph of multi-dimensional arithmetic progressions and show that P. Wehr’s lower
bound is asymptotically sharp. In the next two sections we investigate some further product
hypergraphs. This shows that our upper bound in the general case can be arbitrarily bad.
We also see that products of very simple hypergraphs can be surprisingly hard to analyze.
In the last section we show that for the similar construction of symmetric direct products
the discrepancy is bounded by the discrepancy of one factor regardless of the number of
factors.
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6.1 Direct Products of Hypergraphs

Let G = (X,€) and H = (Y, F) be hypergraphs. Define the direct product of G and H by

GXxH:=(XxY {Ax B|[A€ &, BeF}).

Multi-color discrepancy is almost sub-multiplicative:
Theorem 6.1. For any c € N and any two hypergraphs G and H we have

disc(G x H,¢) < edisc(G, ¢) disc(H, ¢).

Proof. Pick a Latin square @ = (gi;)jef of dimension ¢, i. e. @ € [¢]**“ such that every
row and column contains every number of the set [c] exactly once.! As @ is a Latin square
we may define a permutation ; of [¢] for every i € [¢] by the following rule: m;(j) is the
unique k € [c] such that ¢;, = 1.

Choose optimal colorings yg and x3 of G and H respectively, i. e. disc(G, xg) = disc(G, ¢)
and disc(H, x3) = disc(H, c¢). Define x : X x Y — [¢] by

X(T,Y) = Qyg(e)xn(y)

forallz € X,y €Y.

Let Ac £,B e F. Set

1y A
o = bgna -2
B
by = |x3' (i) N B|— 1B]
C
for all i € [c]. Then we have

Sa=0=3"0 (61)

i=1 i=1

!Note that for every ¢ € N there is a Latin square of dimension c¢: Let * be any group multiplication
on [c]. Then ¢;; := i * j defines a Latin square.
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This yields

> Ixg' () N Al Xz (m(5)) N Bl

j=1

= i a'—l—@ b '—i—@
jl J c 7i(5) c

= Z a;br, () ‘B|Z ]—i—@Zb +c

‘ Ax B
= Zajb”i(j) + | | by (6.1).

[x'(i) N (A x B),

e c
As |a;| < disc(G, ¢) and |b;| < disc(H, ¢), we have

X '(i) N (A x B)| - A x B|‘ < edisc(G, ¢) disc(H, ).
This proves the theorem. O

For two colors, disc(G,2) = 2disc(G) yields

Theorem 6.2. Discrepancy is sub-multiplicative, i. e.

disc(G x H) < disc(G) disc(H).

6.2 Multi-Dimensional Arithmetic Progressions

We now turn to the problem of cartesian products of arithmetic progressions. For the
one-dimensional case see Section 2.4.4. Wehr [Weh97] defines

Definition 6.3. A d-dimensional arithmetic progression in [n]? is the cartesian product

of d arithmetic progressions in [n].

From Theorem 6.2 we easily deduce

Corollary 6.4. Let A% be the hypergraph of d—dimensional arithmetic progressions on [n].

Then disc(A%) < Cint for an absolute constant C' > 0. In consequence, we have

disc(A%) = 04(n %)
for any fized d € N.
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Proof. Tt follows from Definition 6.3 that the hypergraph of d-dimensional arithmetic pro-
gressions is nothing else than the d—fold direct product of the hypergraph A, of one—
dimensional arithmetic progressions. Using the upper bound for the one-dimensional case
of Matousek and Spencer [MS96], Theorem 6.2 implies the upper bound. The lower is
taken from Wehr [Weh97]. O

d
Let us remark that a multi-color result of disc(A¢, ¢) = ©.4(n1) was shown in Doerr, Sri-

d
vastav and Wehr [DSW00]. More precisely, a lower bound of disc(A%, ¢) > Y<=lr=dn1 was

proven there. Combining Theorem 2.23 and 6.1 we derive an upper bound of (C”)dco'g‘ld’ln%.
The extra ¢! inflicted from d times applying Theorem 6.1 greatly increases the gap be-
tween the two bounds. Compared to the one-dimensional case we do not know if the
discrepancy decreases for larger numbers of colors. One way to solve this problem would
be to find upper bounds for the discrepancies of the induced subgraphs of the higher dimen-
sional arithmetic progressions. Then the recursive method of Section 2.4 could be applied
directly to the higher-dimensional arithmetic progressions. Unfortunately, bounding the
discrepancies of the induced subgraphs of the higher dimensional arithmetic progressions
turns out to be very difficult. We have to leave this as an open problem.

The discrepancy problem of d—dimensional arithmetic progressions motivates the investi-
gation of discrepancies of direct products of hypergraphs in general, and also proved its
usefulness. We thus continue this line of research.

6.3 Lower Bounds

A natural problem arising from Theorem 6.2 is to decide if or to what extent the discrep-
ancy of G x H can be smaller than the product disc(G) disc(#). The case of arithmetic
progressions might suggest equality, but this is not the case, as the following examples
show:

Example 1: The hypergraph of two—element subsets of a three—element set G = ([3], ([3}))
has discrepancy two (one color class has at least two elements, i. e. it contains a monochro-
matic two-set). The direct product G x G can be colored is a way that there is no
monochromatic 2 x 2 rectangle: x(i,7) := 1 and x(i,j) := —1 for 4,j € [3],i # j. Hence
disc(G x G) < 2 < 4 = disc(G)% (Easy to see if we visualize G x G like that: The vertices
form a 3 x 3—grid, the hyperedges consist of the corners of the rectangles having horizontal
(and vertical) edges. All these rectangles have one or two points on the diagonal of the
grid, thus having discrepancy two or zero with respect to y.)

Looking at examples like this one might ask whether the discrepancy of a direct product
is at least the discrepancy of its factors, or in an even weaker form we ask, whether the
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discrepancy of a direct product of two hypergraphs of nonzero discrepancy has discrepancy
greater than 0. In general this is not true:

Example 2: Let G be the hypergraph

([71, {{1, 2}, {1, 3}, {1, 4}, {1,5},{2,3,4,5,6,7}})

as depicted in Figure 6.1 (straight lines representing hyperedges).

1

Figure 6.1: Example 2

G does not have discrepancy 0; if so, the points 2, 3,4 and 5 were in the same color class
leaving the edge F = {2,3,4,5,6,7} imbalanced.

The hypergraph G x G however has discrepancy 0. The coloring depicted in Figure 6.2
does the job.

Figure 6.2: A coloring of G x G with discrepancy 0
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6.4 Discrepancy of Boxes in [R)’

We have just seen that general methods to derive bounds for the discrepancy of direct
products of hypergraphs from the discrepancies of the factors do not exist. We thus started
looking at some examples. The surprising result is that even for very well-understood
hypergraphs it can be quite difficult to analyze the discrepancy of their product. To give
some impression of the difficulties, let us estimate the discrepancy of

Bam = (11 (7)) ¢ (171 ('10) ) = (1R 0 04 ¢ Bl € (R, 4] = B] = ),
the hypergraph of 2-dimensional m-boxes in [R]? for some R,m € N. This is my part of
a joint work [ADS99] with G. Agnarson (Reykjavik) and T. Schoen (Kiel) on Ramsey and
discrepancy aspects of these hypergraphs. To ease the comparison with the Ramsey type
results of this paper T kept the original notation which differs slightly from the one the
reader might have gotten used to by now.

Put dg, = disc(Bgy,). In [ADS99] it was shown that for m2™ < R we have a monochro-
matic m—box, that is, dg, = m?. This marks the extreme case occurring when m is very
small compared to R. Here we are interested in the case when m is larger compared to
R. Tt turns out that also for relatively large m there is always a ‘badly’ colored m-box
(of discrepancy ©(m?), if m < 1R is a constant fraction of R.) The precise results are
collected in the Theorems 6.5 and 6.6 below. We start with an upper bound.

Theorem 6.5 (Upper bound). dg,, < 2m?,/log (<2 for allm < R.

Proof. We use the basic probabilistic bound of Theorem 1.1. Since m! > 2(*2)™ we have

drm < \/2m210g (2(2)2>

< \/2m2 log ( (22)°")
= Qm%,/log (%)

0

The ideas of Chapter 5 do not help very much is this setting. Using the randomized chess
board coloring of Section 5.3 reduces the number of relevant hyperedges slightly. The size
reduction only works for larger hyperedges, i. e. m > %R. Our lower bound also shows
that there is not too much room for improvement:
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Theorem 6.6 (Lower bound). For m < ;R we have

dpm > m? (1 — 22) /T— = — 3m.

To prove the theorem, we need the following lemma.

Lemma 6.7. Let d < m < R be given. Among all colorings f : [R] — {—1,1} the number
of m—subsets of [R] having discrepancy at most d is mazimal if and only if the color classes
of f deviate in size by at most one.

Proof. Set D := {i € [—d,d]/m + i even}. Obviously the number of m-subsets of [R]
having discrepancy at most d with respect to a given coloring f depends only on the sizes
of the color classes. Hence for Ry, Ry < R such that R + Ry = R

S(Ri, Ro) =) ( (n]jl— i)) (%(rfir i))

1
ieD \2

is the number of these sets. Assume 1 < R; < R,. Using induction is suffices to show
§(Ri, R2) > 0(Ry — 1, Ry + 1). Set dy = max D. Then we have

§(Ri,Re) —0(Ry —1,Ry + 1)

B Z;[( Rl—_zl )*(%](%ﬁz_—lwﬂ <%<n]jii>>
5 (sm—1) Kamf?)—l) #(smr)
- (

Now let us prove Theorem 6.6.
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Proof. Let R and d < m < 1R be given. Let f: [R]> — {—1,+1} be any coloring.

Our general approach is the following: For a row {i} x [R] C [R]* estimate the number
of sets {i} x By of size m that have discrepancy |f({i} x Bg)| at least d. Call ny the
minimum possible number of these sets among all colorings f : [R]? — {—1,+1}. Without
loss of generality we may assume that for any f there are at least %nd such sets with
f({i} x By) > d. We will find conditions that imply in,R > (m — 1)(2) We conclude
from the pigeon—hole principle that in that case there are m different numbers iy, k € [m]
and an m-set By C [R], such that f({ix} x By) > d for all k € [m|. Thus {iy,... ,in} X By
is an m—box having discrepancy at least md.

Let us first assume that R and m are both even. We will deal with the other values of
m and R at the very end of this proof. Since a set M of even size always has an even
discrepancy d = | f(M)| with regard to all colorings f, we only need to consider even d > 2.
By Lemma 6.7 we may assume that both color classes of f have size g.

We will estimate ng in two ways. Which one is better depends on whether m < %R, or

more specifically m < %Ré.

First case: We start with the easier and more general case m < %R. Clearly we have

d_1
R 2 R R
m i_ziﬂ 5 — 1) \F T

2

()

It suffices therefore to find the largest d such that

o((2)-w (D)) ()

)72. Define

vV

N[

or equivalently d — 1 < <1 — 2(m—1;1)> (ﬁ)(

SENES

o(n,m) = ——Y" (%)’" <nfm>n_m (6.2)

2tm(n — m)

From a sharp version of the Stirling formula v/27mn ( ) eimil < pl < V2mn (%) emr due
to Robbins [Rob55] we see that for all 1 < m < n we have e~ s g(n,m) < (7)) < g(n,m)
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Using this we get

3

2 ()

(1"
(3)

=

Vv

SIEISIES

_jmm 1 2(m —1) m

We may assume m > 10 as otherwise our bound is negative and there is nothing to prove.
Hence a sufficient condition for the existence of an m—box of discrepancy md is that d—1 <
8/m(1—22),/1— 2. Choosing d even and maximal we get d > 2\/m(1—-22),/T -2 -1

3
and hence dg,, > ng( -y /1 — T —m.

R

R3. In this situation

Second case: We will now consider the more specific case when m < %

it is advantageous to estimate

We use the elementary fact that for ¢ > 1 the function ¢ — (1 — 1)’ is monotone increasing

and tends to L. In particular we have + < (1 —1)" < § for all # > 2. We have therefore

x? 2 &2
a(l‘) = (m) Z 22 for x > d > 0, (63)
d\ ‘T
b(z) = ("z . d) > 45 for x> 3d > 0. (6.4)

Assume that m > 3d. We now find a condition on d that will imply in,; > (m — 1)(:;)
Using the Stirling formula we get

Vv

R(R— m) - cRy/m -a(m)b(m)a(R — m)b(R — m)
(R—m+d)(m—1)(m+d) ’

—2m
where ¢ = \/E e3(m?=d?)
™
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By (6.3) and (6.4) we have a(z)b(z) > 2% 4“5 > 93 for & > 3d. Since m > 3d we
3
>

R(R—m) vm
Fomra > Land myeegy >

m~ 2. Hence we get

have %

Sle
3=

We may assume m > 14. Hence ¢ = f eTmi=a) > f > 2 and
Therefore we get

1
5Nd R __sa
2 > 227 m,

(m — 1)(:2) 6.5

2
Thus our condition %ndR > (m—1) (ﬁ) is fulfilled when we have m > 3d and 19—6%2*% >

1, that is to say, that for all even d such that d < %t and d < \/ m log, (16 ) there exists

an m—box of discrepancy md. Hence there is an even d such that d > \/ m log, ( 9 R3 ) -2

3

or d > 3 — 2. Therefore we have dg,, > min{ z\/ log, ( §> —2m, mTZ — Qm}.
2

Until now we have only considered R and m to be even. We will now consider general
values of R and m. If f : [R]> — {—1,+1} is a coloring, then by restriction, we get
a coloring [R — 1]> — {—1,+1}, and hence we have dg,, > dp 1, Also note that an
(m — 1)-box of discrepancy dr,—1 in [R]* will yield an m-box of discrepancy at least
drm—1 — (2m — 1), simply by adding a vertical and horizontal line to our (m — 1)-box.
Hence dgr,, > drpm—1 — 2m + 1. Therefore we have

dpm > 8(2]2])% (1 - 22) /T— 2% — 3m, (6.5)

for all m < %R and

(S

i > i { 1~ 1)

m—1)2
\/ log, (%Z_;) — 4, { 31) - 4m} .
for all m < 1(R - 1)3. From m > 10 in the first case and m > 14 in the second we get the

theorem. ]

Theorem 6.8. For all R € N the discrepancy dgr of the hypergraph of all square boxes in
[R)? is bounded by

(SIS

3
2

RSdRS%(R—i‘l)‘.

&=
|
SIS
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Proof. Note that the lower bound is trivial for R < 144. For the remaining values taking

m = (R — 1) in equation (6.5) of the proof of Theorem 6.6 is enough.

The upper is derived from Theorem 5.3. O

6.5 Symmetric Direct Products

We return to another general construction of hypergraphs. Let H = (X,€) denote a
hypergraph. Set &% := {FYE € £}. We call HY = (X% E2 ) the d—fold symmetric

sym sym s ©sym
direct product of H. This construction was investigated in Wehr’s dissertation, where she

also proved the theorem below. We give a very short algebraic proof here. All one needs
is to note that the 2—element group Zs acts on the symmetric product in a way that all
hyperedges are left invariant and that the set of fixed points is just the diagonal.

Theorem 6.9.
disc(HZ

sym

) < disc(H).

Proof. Let D :={(x,... ,x)|z € X} be the diagonal of X¢. For x € X%\ D set

a(z) := min{ilx; # 41}
Define f: X? — X? by

To@y41 if ¢ D,i<a(x)
(f(x))i = T ifr¢g D,i=a(z)+1

T; otherwise

for all i € [d],z € X¢. Right from the definition, we see that f(f(z)) = z holds for all
z € X4 so f is a bijection. For all € X%\ D the f-orbit O;(z) of z has order 2 and
consists of x and f(x). Further we have

{zili € [dl} = {(f(2))ili € [d]},

and thus f leaves the hyperedges of H¢  invariant.

sym

Pick an optimal coloring x# of H. Choose a system R of representatives of the f-orbits
in V2\ D, i.e. for all z € V?\ D either x or f(x) lies in R. Define y : V¢ — {—1,1} by

-1 ifx e R

x(x) =< xuv) fz=(v,...,v) €D .
1 otherwise
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Let E € £ From the properties of f and R we deduce |E?N R| = [f(E*N R)| =
If(EHYNf(R)| =|E‘N(XE\ D\ R) =|EY\ D\ R|. So we have

doxt@= Y -1+ D> x@+ DY 1= xulv),

zeRd T€EEINR z€EIND zEEINF(R) veE
and this proves the theorem. O
Lower bound for this construction seem difficult again. For the general case nothing can

be said, as is obvious from Example 2 above. In the special case of arithmetic progressions,
it is not clear to us how to use the Fourier analysis approach of [Weh97, DSW98].



Chapter 7

Vector Balancing (Games

In this chapter we study a particular class of vector balancing games. In contrast to
previous works by several authors we will assume that decisions in earlier rounds become
less and less important as the play continues. We therefore investigate the following game:
Initially the position vector p € R is zero. Each round the first player chooses a vector
r € R? having [|z]|s < 1. The second player then chooses a sign ¢ € {—1,+1} and the
position vector is updated p := %p + ex. The parameter ¢ > 1 is fixed for the game and
quantifies the effect of aging. The pay-off for the first player shall be ||p||sc.

It turns out that the optimal strategies differ depending on whether the players know the
number of rounds played or not. We study both cases separately. We restrict ourselves
to the case that ¢ > 2. We determine the exact value of the game where the number of
rounds is fixed and give nearly tight bounds for the continuous version.

The investigation of this type of games was motivated by the fact that they naturally
appeared in the proof of Theorem 3.1.

7.1 Introduction to Vector Balancing Games

A wvector balancing game in d > 2 dimensions is a two-player game. Each round the first
player chooses a vector = from some given set X C R?. The second player then chooses
a sign ¢ € {—1,+1} and the position vector p, initially set to zero, is changed to p + cx.
The first player’s aim is to maximize ||p|| for some given norm || - ||, while the second player
tries to minimize this quantity. We call ||p|| the pay-off for the first player.

The idea of such games is to represent the on-line version of vector balancing problems. A
vector balancing problem consists of a set X of vectors and the task is to partition this set
into two classes X and X such that the sums ) _\ x over all vectors in each class are

91
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roughly equal, that is, their difference is small with respect to some norm. It is convenient
to represent the 2—partition by a mapping ¢ : X — {—1,+1} such that e(x) = 1 holds if
and only if € X;. With this setting we can express the imbalance Y .\ =z —> .\ =
of the partition simply by Y .\ e(z)z. Taking the vectors of X as column vectors of a
matrix we see that the vector balancing problem is equivalent to the discrepancy problem
for matrices' (and hence is a generalization of the discrepancy problem for hypergraphs).

The additional difficulty in an on-line vector balancing problem is that one does not know
the set of vectors at the beginning but one gets to know them one by one and has to
decide on a sign without knowing the next one. As common for most on-line problems we
translate this problem into the language of games and thus get a vector balancing game as
just described. The name ‘Pusher-Chooser’ game is also commonly used for these types of
games.

Previous Results

Several forms of vector balancing games have been studied. They differ in the set of vectors
available to the first player and the norm that is used to determine the pay-off. An other
variant is to allow a buffer of some size where the second player can store some vectors
and thus postpone the decision on the respective signs. We mention some results of the
different types:

Continuous Games. In this variant the first player may choose any vector with norm at
most one, i. e. X = {x € RY|||z|| < 1}, and the pay-off is measured using the same norm.
For the Euclidean or 2-norm it is easy to see that both players have strategies ensuring
that ||p[|ls > \/n respectively |[p|ls < /n holds after n rounds. We say that the value of
this game is y/n.

If the || - |2 —norm is replaced by the maximum norm || - ||, Spencer [Spe77] gave an upper
bound of \/2n1n(2d). For the d round game he proved a lower bound of \/dlogd(1 — o(1))
in [Spe87].

Discrete Games. For games with finite set X Barany [Bar79] found a complete solution.
His result implies that in the case X = {0,1}% and || - || = || - || the value of the game
played sufficiently many rounds is 2972.

Games with Buffer. The first result allowing a buffer is due to Barany and Grunberg [BG81]
who showed that given a buffer of size d the second player can keep ||p|| below 2d no matter
what norm is used (the same norm is required in the definition of X = {z € RY| ||z]] < 1}
and the pay-off). This was improved by Peng and Yan [PY98]|. They show that a buffer

'We defined the discrepancy of matrices by minye{_1, 113 [[Ax||s0, but of course the maximum norm
can be replaced by other norms and the resulting discrepancy problem is still interesting.
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of size d — 1 suffices. They also remark that for the 2-norm allowing a buffer of less that
d — 1 vectors gives no improvement to the no-buffer case.

7.2 Vector Balancing Games with Time Constraints

In this chapter we introduce a new aspect. We assume that a decision made in the past
(i. e. in an earlier round of the game) is less important than a newer one. We represent this
by the different update rule p := %p + ex for some parameter ¢ > 1. We restrict ourselves
to the maximum norm, i. e. the first player chooses vectors x such that ||z||, < 1 and the
pay-off is measured using || - || on p too.

Immediately we see that the pay-off is bounded by q%l. This is due to the update rule
which rescales the importance of decisions in the past relative to the current one. A
different approach working with absolute values is the following: In round i the first player
chooses a vector (¥ with norm at most ¢*~' and the the second player updates the position
vector either to p := p+ 2@ or p := p — (). The values of an n round game then differs
from ours approach by a factor of ¢" '. Hence we lose nothing by investigating the first
approach which we find more natural.

The game is somewhat different depending on whether the aging parameter ¢ is at least
2 or not. In the first case the aging aspect is very dominant. Thus the strategies are
completely different from the ones in the game without aging. If 1 < ¢ < 2 the aging is
less important requiring different strategies again. We restrict ourselves to the case ¢ > 2.

Contrary to the no-buffer games described above the maximum value for ||p|| does not
necessarily occur after the last round2. This motivates the distinction of two versions of
the game. First, the value of ||p||« after the last round is the pay-off for the first player,
and second, the maximum value of ||p||« occurred in play is the pay-off for the first player.
We call the two versions the fized end version and open end version respectively.

We show that the fixed end version of the game has value ‘H_;l%glm“
rounds are played (otherwise replace |log,d| by the number of rounds). For the open

end version we will analyze a second game similar to Spencer’s tenure game and show

t q—2q~ llogy d|—[logo logy d|+1
q—1

sufficiently many rounds played) while the second player has a strategy keeping ||p|e

below —L — ¢~ leg24-1ogzl0g2 @4 throughout the game. This shows that it is indeed helpful

for both players to know the exact number of rounds.

if at least log, d

that the first player can get a pay-off of at leas (again assuming

2 Actually, Spencer’s proof for the upper bound in [Spe77] also requires the second player to know the
number of rounds. Olson [Ols85] later gave a strategy that does not need this information and still yields
the same bound (apart from constants).
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7.3 The Fixed End Game

In this section we analyze the version of the vector balancing game with aging where both
player know the number n of rounds played. For clarity we restate the rules of this game
which we denote by G,4,.

Rules of Gpag: Initially the position vector p € R? is set zero. A round of the game consists
of three steps:

(i) Player A chooses a vector x € R? such that ||z < 1,
(ii) Player B chooses a sign € € {—1,+1},

(iii) the position vector is updated: p := %p +ew.

The game is played for n rounds. The value ||p||» at the end of the game is the pay-off for
player A, i. e. Player A aims to maximize |[p||« and Player B to minimize this quantity.
The maximum pay-off Player A can enforce is called the value v(Gpq4q) of the game.

A particular sequence of moves respecting the rules of the game is called an instance of
the game. Formally, it is a pair I = ((©)icpu], (6@)icpmy) such that [z, < 1 and
e € {—1,+1} for all i € [n]. From the definition we see that the pay-off for this instance
is Y q" e (@),

In the following let us assume that ¢ > 2. In the analysis of this case (see the proof
of Theorem 7.1 below) we exhibit a surprising phenomenon. It turns out that only the
last |log, d| moves are important (for this reason the players need to know the number of
rounds). Any value ||p||« that Player A might have reached up to round n — [log, d| will
not only not help him, but even be contraproductive. Hence up to this point the players
will pursue the opposite aims. The optimal strategy for player A is to select () = 0 for
i € [n — |log, d]] and thus minimizing ||p|| .

Theorem 7.1. Assume g > 2 and n,d € N. Set r := min{n, |log, d|}. The value of the
game Gpqq 18

g—q !
V(Grdq) = o1
Proof. Player A can follow this strategy: Choose the first n—r vectors as zero (2 := 0 for

all i € [n—r]). The last r vectors choose like this: Components with index greater than 2"
are always set zero (for instance). For an index i = 1+Z;;[1] a; 2 < 2" ag,...,a,—1 € {0,1}
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and ape {0,...,r —1} set xz(.n_p) := 2a, — 1. Here is an example for d = 5:
wW = (0,0,0,0,0) for i € [n— q]
w2 = (-1,-1,-1,-1,0)
w™ ) = (=1,-1,+1,+1,0)
w™ = (=1,41,—-1,+1,0).

Whatever signs ¢U), j € [n] are chosen, there will always be a component i € [2"] such that
(n—r+1)
T =

; =2 and thus

r—1

Z g "z ¢ 7= _q

1
Jj=0 q

Hence the pay-off in this instance is 1_‘11

q
We investigate the following strategy for Player B. Assume r < n, as otherwise any choice
of moves for Player B does the job. Whatever vectors 2, ... 2 ") Player A chooses in
the first n — r rounds pick e, ..., (=) := 1 (any other choice would do, too). Set p :=
Z?:f ¢ "2, Choose the next sign (=71 in such a way that the number of components
i € [d = X, such that sgn(p;) and sgn(e® Dz 7y are different is maximal. Set
X, = {i € X, | sgn(p;) = sgn(e®+0z"" V) £ 0} Next choose e™+2 € {—1,1} such
that the number of components i € X such that sgn(p;) and sgn(e®—+2z" ")y are
different is maximal. Set X3 := {i € X, | sgn(p;) = sgn(em=r+2 "2y 0} Continue
in this fashion until e™ and X, are determined.

Note that | X| < P ]‘J for all j € [r— 1], which gives |X,| < 1, i.e. X, = (). So for every

component i thereisa j € {n —r+1,...,n} such that p; and £z have different signs.
The worst case — and here ¢ > 2 comes into play — is the one Where for one component
ieldale®z9 je{n—r+1,...,n}arel (or —1) and p; is zero. For the pay-off at

the end of the game we have

j=n—r+1

4 2 (7) - (4)

o o0

IN
(=}
&

This ends the proof. O
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7.4 The Open End Game

In this section we investigate the version of the game where the players do not know the
number of rounds played. Therefore we consider the case that the game is played on and
on. The pay-off for Player A shall be the supremum over all values of ||p||» that occurred
during play.* We denote this game by G wdq-

An instance for G is a pair I = ((9)en, (6@ )ien) such that |29, < 1 and €@ €
{=1,+1} for all i € N. From the definition we see that the pay-off for this instance is
SUPen Doiem @ "W). Let us assume again g > 2. This will not be necessary for the
proofs, but the results get uninteresting for ¢ too close to 1. We show

Theorem 7.2. The value of the game G 4, satisfies

q — 2¢— oz d]—[logs logz d] +1

q ~ log, d—log, log, d—4
< v(G < -+ 82 82 1082 .
g—1 < v( ocdq)—q_l q

Similarly to the fixed end version of the game we will also work with strategies of ‘changing
signs’. As the players do not know the number of moves, the analysis is much harder. A
first strategy for player B is to enforce a ‘change of signs’ in every block Bj of rounds
(k —1)logyd + 1,... ,klogyd. This is equivalent to saying that Player B should play
according to his strategy of section 7.3 assuming all rounds £ log, d, k € N to be last rounds.
This might though lead to a subsequence of rounds S = {klog, d+2,...,(k+2)log,d—1}
where all values 5(i)x§i),i € S have the same sign different from zero for some component
J € [d]. We show that Player B can do better: He has a strategy such that for every
component j € [d] and any set S of roughly log, d + log, log, d successive rounds there are
i1,19 € S such that sgn(s(“)x;ﬁ)) # sgn(e(”)xyz)). This gives a much better bound for the
value of the game G4, as the next lemma shows.

Lemma 7.3. Letr € N.

(i) Suppose that for every sequence (z¥))ren Player B can choose his moves (e%))gen
in such a way that for every k € N and every component i € [d] not all numbers
k) o (F) o(ktr) (kb
P ;

gl ) have the same SLgn.

Then v(Goodg) < 755 — 4 "

(i1) Suppose that Player A has a strategy using {—1,1} wvectors only that enforces that

for some k € N, i € [d] all numbers 5(k)xl(k), e ,e(k”’l)xl(“r—l) have the same sign
. _ —r+1
different from zero. Then v(Gaq) > * ?1‘1_1 .

3From the viewpoint of games this is just one side of the coin as we do not study the best situation
Player B can reach (say after some initial rounds). The reason is the connection between the game and
the corresponding vector balancing problem. The supremum over all ||p||o corresponds to the worst-case
imbalance that might occur in the corresponding balancing process. The latter is the quantity we are
interested in.
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Proof. Let (2®)zen be a sequence of vectors in R? of norm at most 1 and (£(),cn be a
sequence in {—1,+1}.

Assume first that for every £ € N and every component i € [d] not all of the numbers

5(k):c§k), . ,5(“’"):65“” have the same sign. Let k& € Nand p := 3. ., g ki@ ()
denote the position vector at the end of round k+7. Let i € [d]. As not all of the numbers
e®z® el pave the same sign, the worst-case is clearly the one where z* is

zero and other numbers are all 1 or all —1. Thus we have

|pz‘ _ Z q —k— r+]€ Z q—k r+g‘ ‘< Z q—k r+j < ql q -

JE[k+r] JElk+r] JE€lk+r]
J#k i#k

Assume now that all vectors are {—1,1} vectors and there is a k¥ € N and a component
i € [d] such that all numbers e®z¥) cktr=1754"D have the same sign. Let p :=
D ielhar1] g k1@ 0) denote the position vector at the end of round k +r — 1. We
have

pl o= | X O
(3
j€lk+r—1]
k+r—1 k—
> Z q —k—r+1+5 _(7) Z —k=r+14j.(4) (J’)
VAR W
j=0 j=1
qfr _ 1 L, 1 q— 2q7r+1
> + = .
T q—1
This completes the proof. O

2q—r+1

—g—T

Note that an upper bound of q%l can be shown without much more effort (one
needs to use the assumption of changing signs not only on the last » + 1 vectors but on
every group of 7 + 1 vectors). A similar argument improves the lower bound slightly.

In the remainder of this section we determine the correct value for r such that both players
have strategies as in Lemma 7.3. To do so we analyze the following game C, for d € N:
Given are d piles p1,... ,pg of say cards that initially hold one card each. A round of this
game consists of the three steps

(i) Player A chooses a set S C [d] of piles,
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(ii) Player B either removes all cards from the piles in S or all cards from the piles in
[d] \ S. Formally, B chooses a set T € {S,[d]\ S} and sets p; := 0 for alli € T'.

(iii) One card is placed on every pile (p; := p; + 1 for all i € [d]).

The game is played infinitely many rounds. The pay-off for Player A is the maximum
value of ||p||« that occurred during play. This game is similar to the tenure game Spencer
investigated in [Spe94]. Instead of step (iii) there a card is added only to those piles p; that
have p; # 0. Hence the number of active piles reduces in play and finally is zero. The tenure
game has a nice solution: Both players do their best if they choose their moves such that
Zie[d} 2Pi is maximized respectively minimized. A function like this, that is, assigning real
numbers to states of the game in such a manner that maximizing respectively minimizing
this function are good strategies for the players, is called potential function. For the game
Cy a potential function is much harder to find as all piles keep active throughout the game.

To motivate the investigation of this game we first show the connection between the games
Cd and Gocdq-

Lemma 7.4. Suppose that the value of Cy equals r, i. e. Player B has a strateqy such that
no pile ever contains more than r cards and Player A can enforce such a situation. Then
Player B has a strategy as in Lemma 7.3(i) and Player A has a strategy as in Lemma
7.3(ii). Hence the value of Cy determines the value of Gaq almost completely.

Proof. Let I = ((z1))jen, (€9))jen) be an instance of the game Guq,. We call an instance
Ic = ((SY)jen, (TW)en) of Cy corresponding to I if

(i) Vj € N: SO = {i € [d]| sgn(cD ") = sgn (2™ # 0},

Suppose I and I as above and corresponding. Then for all i € [d] and k € N we have

i€ TW = |sgn(e®z™) + sgn(e*HD2 V) < 1.

/) =
Note that the right-hand side just means that e(k):cz(k) and 5(k+1):c§k+1) have different signs
or are both zero. Hence for a component i € [d] and r € N we have that all numbers
e®p®) o glhtr-1) =1 pave the same non-zero sign if and only if i ¢ TW U ... U
T*+7=2) " This is equivalent to the fact that the position vector p*+7=2) after round k+r—2
in C; fulfills png*Z) > r. Thus it is enough to show that Player B can choose signs in
game (w4, such that the corresponding instance of C has value at most r and Player A
can choose {—1,1} vectors such that the corresponding instance of Cj has value at least r.
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The following strategy for Player B does the job. For the first move in G4, Player B

may choose any sign . After A’s second move set SO = {i € [d]|sgn(eWzlV) =
sgn(z'?) # 0}. Choose T € {SM [d]\ SM} according to the strategy that keeps the
position vector in C; at norm at most 7. If 7() = S0 get £ = —1 and é® = 1 otherwise.

Continue like this for all rounds of the game. It is clear that I = ((29);en, (69));en) and
Ic = (p, (SY)en, (TVW)en) are corresponding instances such that at no time any pile in
Ic gets higher than r.

The following strategy serves for Player A. For the first move in G4 Player A may
choose any {—1,+1} vector "), Set p=(1,...,1)" € R, Let SM be a choice of 4 in Cj
following the strategy that enforces a pile of height 7 once in the game. Define z(?) ¢ R?
by
e(l)xl(l) ifiesS
x = :
' —eMzM else

If Player B chooses ¢ = —1, set T = SM else set T = [d] \ SV, Update the
position vector p of the card game as required by the rules. Continue like this for the rest
of the game. As Player A is following his strategy, there will once be a pile of height r.
By definition the instance of the vector game and the card game are corresponding. Thus
there are k € N, i € [d] such that all numbers 5(’“>m§k), . ,5(’““*1):52(“?_1) have the same

sign different from zero. This shows that A’s strategy is as required by Lemma 7.3(ii). O
To complete the proof of Theorem 7.2 we bound the value v(Cy) of the card game Cj.

Lemma 7.5. For d > 3 the value of the card game Cy satisfies

log, d + log, log, d
log, (2 — @)

[log, d] + [log, log, d] < v(Cy) < + 1 < log, d + log, log, d + 4.

For d = 2 we have v(Cy) = 2.

Proof. We first observe that the order of the piles is irrelevant, hence we may describe the
position vector by an expression 7" z5” ... z;" meaning that there are n; piles each holding
x; cards for all 7 € [l]. Similarly, a move by Player A (which is a subset S of the index set
[d]) can be described by such an expression (again it is not important which of the possibly

several piles of same size are in S).

We start with a strategy for Player A. Let us assume first that d is a power of 2. It is

clear that Player A can force a position vector z7'z5?...z}"" where all n;,i € [I] are even,
to change to the position vector (z; + 1) (z3 +1)% ... (x; + 1)2 12 by choosing the set

n1 n2

ny n2 ny
7> 7,2 ...1°. Repeated application of this strategy on the initial position vector of 19
leads to the position (log, d + 1) (logy d)' (log, d — 1)2(logy d — 2)* ... 2417,
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We call a partial position (which is just the restriction of p to a subset of [d]) a logarithmic
ladder of type L(s,e,l) for some s,e,l € N,s > [ if it equals s°(s — 1)%¢(s — 2)* ... (s —
[+ 1)2071)6. In this notation we just showed that Player A can enforce a logarithmic
ladder L(log,d, 1,log,d). We now show that Player A can enforce a logarithmic ladder
L(s+ 1,1, |L]) from a position containing a logarithmic ladder L(s,1,1). A’s first move
is S = L(s,1,|%]). If B chooses S, then (among other piles) a logarithmic ladder L(s —

l

L%J ,QLH, [ﬂ) remains and is updated to L(s + 1 — {%J ,2L5J, [%D in step (iii) of this

round. By the equi-partition argument from above (applied bJ times) Player A can
enforce a logarithmic ladder L(s + 1,1, ’—ﬂ ). If B chooses the complement of S, then S is

simply updated to L(s + 1,1, [1]).

Applying this logarithmic ladder partition strategy |log, log, d| times on L(log, d, 1, log, d),
Player A can reach a logarithmic ladder L(log, d+ [log, log, d] , 1,1) which is nothing more
than a pile of size log, d + |log, log, d|. This proves the lower bound for d a power of 2. If
d is not a power of 2, Player A fixes a set of 211°824] piles, plays on these piles according to
the strategy just described and ignores the remaining piles.*

For the upper bound we have a potential function strategy: Set \ := 721;)5;:;1

N — Ryi = A" Set v(p) == X, v(pi) for a position vector p € N. We analyze the
strategy for Player B to choose that one of the alternatives which minimizes v(p) for the
resulting position vector p. Write po A for the position vector resulting from p if Player B
chooses the set A of piles to be emptied. We have v(po A) = [A] + >, av(pi +1) =
| Al + 2 iciapa Av(pi). We claim that Player B can ensure v(p) < dlog, d throughout the
game. This is clear for the first move, so let us assume that we are in some round such
that the position vector p at the start of this round fulfills v(p) < dlog,d. Let S C [d]
denote A’s move and T be one of the alternatives S and [d] \ S which minimizes v(p o T).

and v :

4Joel Spencer (private communication in summer 2000) noted that the last two paragraphs can be
replaced by a potential function argument. Having reached the position (log, d + 1)*(log, d)*(log, d —
1)2(log, d — 2)*...241%, Player A may use his strategy from the tenure game. This means trying to
maximize the potential function v(p) = Zie[d] 2Pi, This involves the so-called splitting lemma showing
that he can split the piles into two groups having similar potential. See [Spe94] for the details. As a result
of this approach, the lower bound improves to |log, d + log,(2 + log, d)|. This is not so important for our
purposes, but both beautiful and a great step towards the determination of the exact value of this game
(if this is possible at all).



7.5. SUMMARY AND OUTLOOK 101

Then
v(poT) < F(v(poS)+uw(po(ld\S)))
= 2051+ D Mlp) + [\ S|+ M)
i€[d]\S €S
= 3(d+u(p))
< %(d+%dlog2d)

= dlog,d.

This proves that B can keep v(p) < dlog,d. Hence [|p[lo < W + 1. The last
082 “Toga d
inequality follows from some calculus. The case d = 2 is solved by a moment’s thought. [

The proof of Theorem 7.2 follows from Lemma 7.3 to 7.5.

7.5 Summary and Outlook

This chapter is a first investigation of vector balancing games that contain some temporal
aspects. We restricted ourselves to the case ¢ > 2 and the maximum norm. We determined
the precise value of the game where the players know the number of rounds and we gave
close bounds for the game where they do not know have this information. Knowing the
number of rounds definitely helps the players.

There are different games with some aging aspect thinkable. Let us have a look at some
other variants:

For the || - ||;-norm game, an additional aging assumption does not change the character
of the game. The non-aging case simply generalizes to

Theorem 7.6. Let ¢ > 1. The vector balancing game G4, where the mazimum norm is
replaced with the Fuclidean norm has value

It makes no difference whether the players know the number of rounds or not.

Another variant is to allow a buffer. From the point of view of application though it seems
a little strange that on the one hand time plays an important role (aging) and on the other
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decisions can be postponed (buffer concept). Some results also give the impression that
buffers and aging don’t go well: For the fixed end version G4, with ¢ > 2 it is easy to see
that a buffer does not change the value of the game (this also leads to a lower bound for
the open ended game).

Similarly, for the Euclidean game from above a buffer of size less than d — 1 does not help.

For a buffer of any size Zf;ol # is a lower bound. Hence for ¢ not too close to 1 the

effect of a buffer can not be very big.

We thus get the impression that buffers and also different norms might not lead to very
exciting results. For the discrete version of vector balancing games (i. e. the first player
may choose his vectors from a finite set) though it is not clear right now what happens if an
aging aspect is added to the rules. This could be a difficult problem as (to our knowledge)
there are no results on non-aging discrete games that take into account the number of
rounds played.



Bibliography

[ADS99] G. Agnarsson, B. Doerr, and T. Schoen. Coloring t—dimensional m-boxes. Tech-

[ASO0]

[Ban9g]

[Bar79]

[Bec81]

[BFS1]

[BGS1]

[BHO7]

nical Report 99-29, Berichtsreihe des Mathematischen Seminars der Universitat
Kiel, 1999. Accepted for publication in Discrete Mathematics.

N. Alon and J. Spencer. The Probabilistic Method. John Wiley & Sons, Inc., 2nd
edition, 2000.

W. Banaszczyk. Balancing vectors and Gaussian measures of n-dimensional con-
vex bodies. Random Structures Algorithms, 12:351-360, 1998.

I. Barany. On a class of balancing games. J. Combin. Theory Ser. A, 26:115-126,
1979.

J. Beck. Roth’s estimate of the discrepancy of integer sequences is nearly sharp.
Combinatorica, 1:319-325, 1981.

J. Beck and T. Fiala. “Integer making” theorems. Discrete Applied Mathematics,
3:1-8, 1981.

[. Barany and V. S. Grunberg. On some combinatorial questions in finite dimen-
sional spaces. Linear Algebra Appl., 41:1-9, 1981.

D. Bednarchak and M. Helm. A note on the Beck-Fiala theorem. Combinatorica,
17:147-149, 1997.

[BHK98] L. Babai, T. P. Hayes, and P. G. Kimmel. The cost of the missing bit: Commu-

[BK97]

[Blu94]

nication complexity with help. In Proceedings of the 30th STOC, pages 673-682,
1998.

A. Blum and D. Karger. An O(n*'*)-coloring algorithm for 3-colorable graphs.
Inform. Process. Lett., 61:49-53, 1997.

A. Blum. New approximation algorithms for graph coloring. J. Assoc. Comput.
Mach., 41:470-516, 1994.

103



104 BIBLIOGRAPHY
[Boh90] G. Bohus. On the discrepancy of 3 permutations. Random Struct. Algorithms,

1:215-220, 1990.

[BS84a] J. Beck and J. Spencer. Integral approximation sequences. Math. Programming,
30:88-98, 1984.

[BS84b] J. Beck and J. Spencer. Well distributed 2-colorings of integers relative to long
arithmetic progressions. Acta Arithm., 43:287-298, 1984.

[BS95] J. Beck and V. T. Sés. Discrepancy theory. In R. Graham, M. Groétschel, and
L. Lovasz, editors, Handbook of Combinatorics. 1995.

[Cha94] B. Chazelle. A spectral approach to lower bounds. In Proc. 35th Ann. IEEE
Symp. on Foundations of Computer Science, pages 674—682, 1994.

[Cha00] B. Chazelle. The Discrepancy Method. Princeton University, 2000.

[Chv79] V. Chvatal. The tail of the hypergeometric distribution. Discrete Math., 25:285~
287, 1979.

[Chv83] V. Chvéatal. Linear Programming. W. H. Freeman and Company, New York,
1983.

[CLP92] Y. Crama, M. Loebl, and S. Poljak. A decomposition of strongly unimodular
matrices into incidence matrices of digraphs. Disc. Math., 102:143—-147, 1992.

[CLR90] T. H. Cormen, C. E. Leiserson, and R. L. Rivest. Introduction to algorithms.
MIT Press, Cambridge, MA, 1990.

[Doe99] B. Doerr. Discrepancy in different numbers of colors. Submitted, 9 pages, 1999.

[Doe00a] B. Doerr. Linear and hereditary discrepancy. Combinatorics, Probability and
Computing, 9:349-354, 2000.

[Doe00b] B. Doerr. Linear discrepancy of basic unimodular matrices. Electron. J. Combin.,
7:Research Paper 48, approx. 4 pp. (electronic), 2000.

[Doe00c] B. Doerr. Vector balancing games respecting aging. Accepted for publication in
J. Comb. Theory Ser. A, 19 pages, 2000.

[Doe01] B. Doerr. Linear discrepancy of totally unimodular matrices. In Proceedings of
the 12th Annual ACM-SIAM Symposium on Discrete Algorithms, 2001.

[DS99] B. Doerr and A. Srivastav. Approximation of multi-color discrepancy. In
D. Hochbaum, K. Jansen, J. D. P. Rolim, and A. Sinclair, editors, Randomization,
Approximation and Combinatorial Optimization, volume 1671 of Lecture Notes in
Computer Science, pages 39-50, Berlin-Heidelberg, 1999. Springer Verlag.



BIBLIOGRAPHY 105

[DS00a] B. Doerr and A. Srivastav. Multicolor discrepancy. Submitted, 23 pages, 2000.

[DS00b] B. Doerr and A. Srivastav. Recursive randomized coloring beats fair dice random
colorings. Submitted, 15 pages, 2000.

[DSW98] B. Doerr, A. Srivastav, and P. Wehr. Discrepancies of cartesian products of arith-
metic progressions. Technical Report 98-42, Berichtsreihe des Mathematischen
Seminars der Universitat Kiel, 1998.

[DSWO00] B. Doerr, A. Srivastav, and P. Wehr. Multi-color discrepancy of higher dimen-
sional arithmetic progressions. Preprint, 12 pages, 2000.

[GH62] A. Ghouila-Houri.  Caractérisation des matrices totalement unimodulaires.
C. R. Acad. Sci. Paris, 254:1192-1194, 1962.

[Gra81] A. Graham. Kronecker Products and Matriz Calculus. Ellis Horwood Ltd., 1981.

[GRS90] R. L. Graham, B. L. Rothschild, and J. H. Spencer. Ramsey Theory. John Wiley
& Sons Inc., New York, 1990.

[Hal60] J. H. Halton. On the efficiency of certain quasi-random sequences of points in
evaluating multi-dimensional integrals. Numer. Math., 2:84-90, 1960.

[Ham60] J. M. Hammersley. Monte Carlo methods for solving multivariable problems.
Ann. New York Acad. Sci., 86:844-874, 1960.

[Hel99] M. Helm. On the Beck-Fiala theorem. Discrete Math., 207:73-87, 1999.

[HK56] A.J. Hoffman and J. G. Kruskal. Integral boundary points of convex polyhedra. In
H. W. Kuhn and A. W. Tucker, editors, Linear Inequalities and Related Systems,
pages 223-246. 1956.

[Hla61] E. Hlawka. Funktionen von beschrinkter Variation in der Theorie der Gleich-
verteilung. Ann. Math. Pura Appl., 54:325-333, 1961.

[Hof79] A. J. Hoffmann. The role of unimodularity in applying linear inequalities to
combinatorial theorems. Ann. Disc. Math., 4:73-84, 1979.

[KLS00] S. Khanna, N. Linial, and S. Safra. On the hardness of approximating the chro-
matic number. Combinatorica, 20:393—-415, 2000.

[KMS98] D. Karger, R. Motwani, and M. Sudan. Approximate graph coloring by semidef-
inite programming. J. ACM, 45:246-265, 1998.

[KN97] E. Kushilevitz and N Nisan. Communication Complexity. Cambridge University
Press, 1997.



106 BIBLIOGRAPHY

[Kok43] J. F. Koksma. A general theorem from the uniform distribution modulo 1 (in
dutch). Mathematica B (Zutphen), 1:7-11, 1942/43.

[Leh99] F.Lehmann. Effiziente Berechnung von Diskrepanzen in Hypergraphen. Master’s
thesis, Christian-Albrechts-Universitat zu Kiel, 1999.

[LSV86] L. Lovész, J. Spencer, and K. Vesztergombi. Discrepancies of set-systems and
matrices. Furop. J. Combin., 7:151-160, 1986.

[Mat95] J. Matousek. Tight upper bound for the discrepancy of half-spaces. Discr. €
Comput. Geom., 13:593-601, 1995.

[Mat96a] J. Matousek. Improved upper bounds for approximation by zonotopes. Acta
Math., 177:55-73, 1996.

[Mat96b] J. Matousek. Derandomization in computational geometry. J. Algorithms,
20:545-580, 1996.

Mat98| J. Matousek. An L, version of the Beck-Fiala conjecture. European J. Combin.,
P
19:175-182, 1998.

[Mat99] J. Matousek. Geometric Discrepancy. Springer-Verlag, Berlin, 1999.

[Mat00] J. Matousek. On the linear and hereditary discrepancies. FEurop. J. Combin.,
21:519-521, 2000.

[MS96] J. Matousek and J. Spencer. Discrepancy in arithmetic progressions. J. Amer.
Math. Soc., 9:195-204, 1996.

[MWW84] J. Matousek, E. Welzl, and L. Wernisch. Discrepancy and approximations for
bounded VC-dimension. Combinatorica, 13:455-466, 1984.

[O1s85] J. Olson. A balancing strategy. J. Combin. Theory Ser. A, 40:175-178, 1985.

[PY98] H. Peng and C. H. Yan. Balancing game with a buffer. Adv. Appl. Math., 21:193~
204, 1998.

[PY00] H. Peng and C. H. Yan. On the discrepancy of strongly unimodular matrices.
Discrete Mathematics, 219:223-233, 2000.

[Rag88] P. Raghavan. Probabilistic construction of deterministic algorithms: Approxi-
mating packing integer programs. J. Comput. Syst. Sci., 37:130-143, 1988.

[Ram30] F. P. Ramsey. On a problem of formal logik. Proc. London Math. Soc., 48:264—
286, 1930.

[Rob55] H. Robbins. A remark on Stirling’s formula. Amer. Math. Monthly, 62:26-29,
1955.



BIBLIOGRAPHY 107

[Rot54]
[Rot64]

[Sér74]

[Sch16]

[Sch72]
[SpeT7]
[Spe85]

[Spe87]
[Spe9d]

[Sri95]

[S1i97]

[Sri01]

3593]

SS96]

[Uh166]

[VAE45]

K. F. Roth. On irregularities of distribution. Mathematika, 1:73-79, 1954.

K. F. Roth. Remark concerning integer sequences. Acta Arithmetica, 9:257-260,
1964.

A. Sarkozy. In P. Erdos and J. Spencer, editors, Probabilistic Methods in Combi-
natorics. Akadémia Kiadd, Budapest, 1974.

I. Schur. Uber die Kongruenz z™ + y™ = 2™ (mod p). Jber. Dt. Math.- Verein.,
25:114-117, 1916.

W. M. Schmidt. On irregularities of distribution VII. Acta Arith., 21:45-50, 1972.
J. Spencer. Balancing games. J. Combin. Theory Ser. B, 23:68-74, 1977.

J. Spencer. Six standard deviations suffice. Trans. Amer. Math. Soc., 289:679—
706, 1985.

J. Spencer. Ten Lectures on the Probabilistic Method. STAM, 1987.

J. Spencer. Randomization, derandomization and antirandomization: Three
games. Theor. Comput. Sci., 131:415-429, 1994.

A. Srivastav. Derandomized Algorithms in Combinatorial Optimization. Habili-
tationsschrift, Freie Universitat Berlin, 1995. 170 pages.

A. Srinivasan. Improving the discrepancy bound for sparse matrices: better ap-
proximations for sparse lattice approximation problems. In Proceedings of the
Fighth Annual ACM-SIAM Symposium on Discrete Algorithms (New Orleans,
LA, 1997), pages 692-701, New York, 1997. ACM.

A. Srivastav. Derandomization in combinatorial optimization. In P. Pardalos,
S. Rajasekaran, J. Reif, and J. D. P. Rolim, editors, Handbook of Randomization.
Kluver, to appear in 2001.

A. Srivastav and P. Stangier. On quadratic lattice approximations. In: K.W. Ng,
P. Raghavan, N.V. Balasubramanian (eds.), Proceedings of the Jth International
Symposium on Algorithms and Computation (ISAAC’93), Hong-Kong, Lecture
Notes in Computer Science, 762:176-184, 1993.

Anand Srivastav and Peter Stangier. Algorithmic Chernoff-Hoeffding inequalities
in integer programming. Random Structures € Algorithms, 8:27-58, 1996.

W. Uhlmann. Vergleich der hypergeometrischen mit der Binomial-Verteilung.
Metrika, 10:145-158, 1966.

T. van Aardenne-Ehrenfest. Proof of the impossibility of a just distribution of an
infinite sequence of points. Nederl. Akad. Wet., Proc., 48:266-271, 1945.



108 BIBLIOGRAPHY
[VAE49] T. van Aardenne-Ehrenfest. On the impossibility of a just distribution. Nederl.
Akad. Wet., Proc., 52:734-739, 1949.

[VC71] V. N. Vapnik and A. Ya. Chervonenkis. On the uniform convergence of relative
frequencies of events to their probabilities. Theory Prob. Appl., 16:264-280, 1971.

[vdC35a] J. G. van der Corput. Verteilungsfunktionen 1. Akad. Wetensch. Amsterdam,
Proc., 38:813-821, 1935.

[vdC35b] J. G. van der Corput. Verteilungsfunktionen II. Akad. Wetensch. Amsterdam,
Proc., 38:1058-1066, 1935.

[vdW27] B. L. van der Waerden. Beweis einer Baudetschen Vermutung. Nieuw Arch.
Wsk., 15:212-216, 1927.

[Weh97] P. Wehr (Knieper). The Discrepancy of Arithmetic Progressions. 1997. Disserta-
tion, Institut fiir Informatik, Humboldt-Universitit zu Berlin.

[Wig83] A. Wigderson. Improving the performance guarantee for approximate graph col-
oring. J. Assoc. Comput. Mach., 30:729-735, 1983.



