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Prefa
e
The word `dis
repan
y' is used to des
ribe the deviation of a situation from the state onewould like it to be. In mathemati
s, dis
repan
y theory is also 
alled theory of irregu-larities of distribution. This refers to the theme of `
lassi
al' dis
repan
y theory, namelydistributing points in some spa
e su
h that they are evenly distributed with respe
t tosome (mostly geometri
ally de�ned) subsets. The dis
repan
y (irregularity) measures howfar a given distribution deviates from an ideal one.In 
ombinatorial dis
repan
y theory the aim is to partition the verti
es of a hypergraph intotwo 
lasses su
h that this partition indu
es an even partition on all hyperedges. Des
ribingthe partition by a 
oloring, we try to 
olor the verti
es with two 
olors su
h that ea
hhyperedge 
ontains the same number of verti
es in ea
h 
olor.The 
entral theme of this thesis is the investigation of the 
ombinatorial dis
repan
y prob-lem in arbitrary numbers of 
olors. This is done mostly in Chapter 2, whi
h is entirelydevoted to multi-
olor dis
repan
ies, but as well in the remainder of the thesis, whi
htou
hes some related problems from 2{
olor dis
repan
y theory. A �rst problem already isthe de�nition of multi-
olor dis
repan
ies. For two 
olors, identifying the 
olors with �1and +1 is 
onvenient. By summing up the 
olors o

urring in a hyperedge E we obtainthe imbalan
e �(E) :=Px2E �(x) of E with respe
t to the 
oloring �.For the multi-
olor problem this is more diÆ
ult. To express dis
repan
ies in 
 2 N
olors, we take a spe
ial set of 
{dimensional ve
tors as 
olors. Thus we 
an des
ribe thedis
repan
y of a hyperedge E with respe
t to a 
oloring � (taking values in this ve
tor set)by the expression kPx2E �(x)k1. Via tensor produ
ts of matri
es the hypergraph notionof 
{
olor dis
repan
ies is extended to matri
es.Having �xed this notation, we investigate a re
ursive approa
h and an extension of the`
oating 
olor' method to 
onstru
t low dis
repan
y 
olorings and prove upper bounds onthe 
{
olor dis
repan
y. The idea of re
ursive 
oloring is to use 2{
olor dis
repan
y resultsto iteratively partition the 
olor 
lasses into two until the desired number 
 of 
lasses isrea
hed. To in
lude the 
ase that 
 is not a power of 2 we need a weighted version of 2{
olordis
repan
y. A se
ond problem is how to organize the partitioning pro
ess. For example,to get a 17{
oloring | 
ontrary to what one would expe
t | it is better to start with a1



2 CONTENTS1 : 16 split than to partition a

ording to the ratio 8 : 9 in the �rst step. Minimizing overthe possible partitioning pro
edures we show that the 
{
olor dis
repan
y of a hypergraphis at most 2:0005 times its hereditary dis
repan
y.The re
ursive approa
h is more e�e
tive if we know that indu
ed subhypergraphs on fewerverti
es have smaller dis
repan
y. Roughly speaking we show that if all indu
ed subhyper-graphs on n0 verti
es have dis
repan
y at most Cn�0 for some C > 0; � 2 ℄0; 1[, then the
{
olor dis
repan
y is at most C
�(n
 )�, where 
� is a 
onstant depending on � only andn is the number of verti
es of the hypergraph.This result has several 
onsequen
es. We derive a multi-
olor analogue of Spen
er's `sixstandard deviation' result [Spe85℄, namely that the dis
repan
y of hypergraphs having nverti
es and n hyperedges is at most Kpn
 log 
 for some absolute 
onstant K. For thefamous hypergraph of arithmeti
 progressions we show that the 
{
olor dis
repan
y is atmost O(
�0:16n0:25) if 
 � 4pn. In 
onsequen
e, the dis
repan
y is �( 4pn) in every �xednumber of 
olors, extending the result of Matou�sek and Spen
er [MS96℄ to arbitrary num-bers of 
olors. We also obtain a general bound of O(pn
 logm) for arbitrary hypergraphhaving n verti
es and m edges as well as an extension of the dis
repan
y bounds in termsof the primal and dual shatter fun
tions due to Matou�sek [Mat95℄ and Matou�sek, Welzland Wernis
h [MWW84℄.In addition to these multi-
olor results the re
ursive approa
h yields 2{
olor results notknown so far. For example, we �nd that the weighted dis
repan
y (ea
h hyperedges shallhave a given ratio p 2 ℄0; 1[ of its verti
es in the �rst 
olor 
lass) in the `six standarddeviation' situation has an upper bound of O(qp log 1p). Similar results hold for thearithmeti
 progressions and the primal and dual shatter fun
tion bounds.Using the tensor produ
t representation of dis
repan
ies of matri
es, we extend a lowerbound result of Lov�asz and S�os to the multi-
olor 
ase. This gives a lower bound for thearithmeti
 progressions of 1p
 4pn. The Hadamard matri
es 
onstru
tion due to Spen
er[Spe87℄ provides examples of hypergraphs having n verti
es and n hyperedges that have
{
olor dis
repan
y 
(pn
 ). Thus our upper bound results are nearly tight.A di�erent approa
h is ne
essary to prove a 
{
olor analogue of the linear dis
repan
yversion of the Be
k{Fiala theorem [BF81℄. In general, a re
ursive approa
h 
annot givegood results for the linear dis
repan
y. Extending the `
oating 
olor' method of Be
kand Fiala to ve
tor 
olorings we show that the linear dis
repan
y in 
 
olors is less thantwi
e the degree of the hypergraph. We also derive a result for the on-line version of thedis
repan
y problem, namely a multi-
olor version of the theorem of Barany and Grunberg[BG81℄.New results on `
lassi
al' problems in 2 
olors form the remainder of this thesis. In Chap-ter 3 we investigate the relation of linear and hereditary dis
repan
y. Results of Be
kand Spen
er [BS84a℄ as well as Lov�asz, Spen
er and Vesztergombi [LSV86℄ show that



CONTENTS 3lindis
(H) � 2 herdis
(H) holds for any hypergraph. This bound is known not to be sharp.In [Spe87℄, Spen
er improved the 
onstant to 2(1 � 2�2n), where n denotes the numberof verti
es. Spen
er 
onje
tures that lindis
(H) � 2(1 � 1n+1) herdis
(H) should be true.Sin
e that time the problem is open without further progress. We use a game theoreti
approa
h and derive lindis
(H) � 2(1 � 12m) herdis
(H), where m denotes the number ofhyperedges. Interestingly, this game represents a parti
ular on-line dis
repan
y problem.We investigate it therefore in detail in Chapter 7.The linear dis
repan
y so far was not 
ompletely understood even for totally unimodularmatri
es. This is surprising, as the hereditary dis
repan
y problem for totally unimodularmatri
es has been solved a long time ago. Already in 1962, Ghouila-Houri [GH62℄ showedthat totally unimodular matri
es have hereditary dis
repan
y 1 (ex
ept, of 
ourse, matri
eswith zero entries only). Only for some spe
ial 
lasses of totally unimodular matri
es anupper bound of lindis
(A) � 2(1 � 1n+1) was known. Already for strongly unimodularmatri
es a re
ent result [PY00℄ just shows 2(1� 3n+12 ).We solve the problem in Chapter 4 and show that lindis
(A) � 2(1 � 1n+1) holds for alltotally unimodular matri
es. This bound is optimal as shown by an example due to Spen
er[Spe87℄. The key idea of the proof is to represent the linear dis
repan
y problem as a spe
i�
linear program and then apply the theory of linear programming in the 
ase of totallyunimodular 
onstraint matri
es. A similar idea allows to solve the latti
e approximationproblem for totally unimodular matri
es optimally in polynomial time. Here the usefulobservation is that the set of approximations respe
ting a 
ertain approximation errord forms an integral polyhedron. Therefore is suÆ
es to �nd the smallest d su
h that the
orresponding polyhedron is non-empty, and then �nd an extremal point of this polyhedron.All this 
an be done eÆ
iently. Surprisingly, all these ideas fail for the linear dis
repan
yproblem in higher number of 
olors. The situations seems to be di�erent there. We showthat already for three 
olors the linear dis
repan
y of a totally unimodular matrix 
anex
eed one.Random 
olorings are treated in Chapter 5. Instead of 
oloring the verti
es independently,we use suitable dependen
ies. This improves the general dis
repan
y bound by a fa
torof p2 and allows to pres
ribe that some sets have to be 
olored perfe
tly balan
ed. Moreimportant is the fa
t that this approa
h allows to take into a

ount stru
tural informationabout the hypergraph. For the example of d{dimensional boxes this improves the 
urrent-best bound derived from independent randomly 
oloring by a fa
tor of 2 d2 .In Chapter 6 we investigate the dis
repan
y problem in higher dimensions, that is, ofdire
t produ
ts of hypergraphs. Petra Wehr [Weh97℄ showed that the dis
repan
y of d{dimensional arithmeti
 progressions in [n℄d is 
(n d4 ). She also proved that this bound issharp up to a polylogarithmi
 fa
tor. We are able to remove this fa
tor from the upperbound. This shows a dis
repan
y of �(n d4 ), where the impli
it 
onstant depends on d only.We also show an analogous multi-
olor version, where the impli
it 
onstants also dependon the number of 
olors.



4 CONTENTSIn general though the dis
repan
y of a dire
t produ
t is not the produ
t of the dis
rep-an
ies of its fa
tor. There are examples of hypergraphs having non-zero dis
repan
y su
hthat their produ
t has dis
repan
y zero. Already for seemingly simple examples like thehypergraph of 2{dimensional boxes in [n℄2, whi
h is the two-fold dire
t produ
t of the
omplete hypergraph ([n℄; 2[n℄), the dis
repan
y is hard to determine. We �nally solve thisproblem by showing that this dis
repan
y is �(n32 ).A
knowledgmentsI would like to thank Prof. Dr. Anand Srivastav for drawing my interest on dis
repan
ytheory and supervising this thesis. I am also grateful to Prof. Dr. Joel Spen
er for tea
hingme additional interesting problems and pointing out some referen
es.I am thankful to the Deuts
he Fors
hungsgemeins
haft (DFG) for supporting me throughthe graduate s
hool \EÆziente Algorithmen und Multiskalenmethoden". This in
ludes notonly a grant, but also good working 
onditions and travel allowan
e.



Chapter 1Introdu
tion to Dis
repan
y Theory
1.1 Dis
repan
y Theory and its Appli
ationsDis
repan
y theory deals with questions of the kind \How far does an optimal solution ofa problem deviate from an ideal solution?" There are several problems of this type:� Geometri
 dis
repan
y: Distribute n points in the d{dimensional unit 
ube [0; 1℄dsu
h that the proportion of the points 
ontained in ea
h re
tangleQdi=1[ai; bi℄ (roughly)equals the volume of the re
tangle. Instead of re
tangles also other sets like trianglesand 
ir
les have been investigated.� Dis
repan
y of sequen
es: Constru
t sequen
es x : N ! [0; 1℄d su
h that all subse-quen
es x1; : : : ; xn are ni
ely distributed in the above sense.� Combinatorial dis
repan
y: Color the verti
es of a hypergraph using two 
olors insu
h a way that all hyperedges have roughly the same number of verti
es in ea
h
olor.All three problems are 
onne
ted to ea
h other. Some of the geometri
 problems 
an besolved by investigating related 
ombinatorial problems. The �rst 
hapter of Matou�sek'sex
ellent book [Mat99℄ on geometri
 dis
repan
y gives the details. There is also a strong
onne
tion between geometri
 dis
repan
ies in d dimensions and dis
repan
ies of sequen
esin d � 1 dimensions. We will explain this after giving the pre
ise de�nitions of thesedis
repan
y notions shortly.There are appli
ations of dis
repan
y theory in several areas of pure and applied math-emati
s as well as 
omputer s
ien
e. One of the most striking ones is the 
onne
tion tonumeri
al integration, espe
ially in higher dimensions.5



6 CHAPTER 1. INTRODUCTION TO DISCREPANCY THEORYLet d 2 N denote the dimension we are in, and let f : [0; 1℄d ! R be a fun
tion that hasto be integrated. One way to do so is to approximate the integral R[0;1℄d f(x)dx by thearithmeti
 mean 1jP jPx2P f(x) for some �nite P � [0; 1℄d. The approximation error 
anbe bounded in terms of the geometri
 dis
repan
y.Write D(P; Cd) for the geometri
 dis
repan
y of P with respe
t to 
orners in Rd . Formally:For b 2 [0; 1℄d we 
all the set Cb := Qi2[d℄[0; bi℄ the 
orresponding 
orner. Clearly, itsvolume is vol(Cb) =Qi2[d℄ bi. Denote by Cd the set of all 
orners. Then the dis
repan
y ofP with respe
t Cd is D(P; Cd) := maxC2Cd jjP \ Cj � jP j vol(C)j :For the approximation error ���R[0;1℄d f(x)dx� 1jP jPx2P f(x)��� the Koksma{Hlawka inequality[Kok43, Hla61℄ states�����Z[0;1℄d f(x)dx� 1jP jXx2P f(x)����� � 1jP jD(P; Cd)V (f);where V (f) is the so-
alled variation in the sense of Hardy and Krause, whi
h we will notde�ne here. For our purpose it is enough to see that the integration error is proportionalto a geometri
 dis
repan
y of the point set used and a 
onstant depending on the fun
tionf only. Hen
e sets of small geometri
 dis
repan
y are useful for numeri
 integration.It remains to state that there a
tually are sets su
h that D(P; Cd) is small. An early
onstru
tion of n{point sets Pn in [0; 1℄2 having dis
repan
y D(Pn; C2) = O(log(n)) 
anbe found in van der Corput [vdC35a, vdC35b℄. Van Aardenne-Ehrenfest [vAE45, vAE49℄was the �rst to prove that a 
onstant bound does not exist. S
hmidt [S
h72℄ proved thatVan der Corput's 
onstru
tion is optimal apart from multipli
ative 
onstants. For arbitrarydimension d Halton [Hal60℄ and Hammersley [Ham60℄ 
onstru
ted n{point sets Pn in [0; 1℄dhaving dis
repan
y D(Pn; Cd) = O(log(n)d�1). In this general setting however a tight lowerbound is missing so far. Apart from tiny improvements, Roth's [Rot54℄ lower bound forthe L2 dis
repan
y of 
(log(n) d�12 (whi
h is also a lower bound for D(P; Cd)) is still thebest result available.Sometimes low dis
repan
y sequen
es are the preferred tool for numeri
al integration. Fora sequen
e x : N ! [0; 1℄d we de�ne its dis
repan
y fun
tion byD(x; Cd; n) := D(fx1; : : : ; xng; Cd):We 
all x uniformly distributed, if limn!1 1nD(x; Cd; n) = 0. From the above inequality wesee that in this 
ase the sequen
e 1nPi2[n℄ f(xi) 
onverges to R[0;1℄d f(x)dx, where the rateof 
onvergen
e depends on the dis
repan
y fun
tion of x.There is strong 
onne
tion between low dis
repan
y sequen
es and sets. There are 
on-stants 
1; 
2 su
h that the following holds:



1.1. DISCREPANCY THEORY AND ITS APPLICATIONS 7� Every �nite set P 2 [0; 1℄d yields a sequen
e x in [0; 1℄d�1 su
h that D(x; Cd�1; n) �
1D(P; Cd) for all n � jP j.� For every sequen
e x in [0; 1℄d and n 2 N there is an n{point set P 2 [0; 1℄d+1 su
hthat D(P;Cd+1) � 
2maxk2[n℄D(x; Cd; k).Another �eld where dis
repan
y results have been applied su

essfully is 
omputer s
ien
e.The book [Cha00℄ is a good referen
e for this area. Chazelle [Cha94℄ showed a 
onne
tionbetween lower bounds for geometri
 dis
repan
ies and lower bounds for the 
omputational
omplexity of a database problem (range sear
hing). "{approximations (whi
h also havea strong 
onne
tion with 
ombinatorial dis
repan
ies) have been used by Matou�sek andseveral others to derandomize 
omputational geometry algorithms. See the survey [Mat96b℄for more information on this.Dis
repan
y is also 
onne
ted to 
ommuni
ation 
omplexity. Re
all that the task in 
om-muni
ation 
omplexity is to design a proto
ol whi
h allows a given fun
tion f : [m℄� [n℄!f�1; 1g to be evaluated on a pair (x; y) by two players ea
h holding just one of the twoparts x; y of the input.1 The quality of su
h a proto
ol is determined by the number of bitsthe two players have to ex
hange in the worst-
ase. The quality of an optimal proto
olis 
alled 
ommuni
ation 
omplexity of the fun
tion f . Viewing f as a matrix, Srinivasan[Sri97℄ dete
ted that lower bounds on the 
ombinatorial dis
repan
y of f are implied bylower bounds on its 
ommuni
ation 
omplexity: If the 
ommuni
ation 
omplexity of f isd, then dis
(f) = O(minf2d;p2d log(maxf2; m2�dg)g):On the other hand, if we de�ne a hypergraph H on [m℄ � [n℄ by taking all re
tangles ashyperedges, then upper bounds on dis
(H; f) imply lower bounds on the 
ommuni
ation
omplexity of f . We have d � log2� nmdis
(H; f)� :A similar result holds for some randomized 
ommuni
ation 
omplexity notion. See the
omprehensive book [KN97℄.Yet another 
onne
tion exists between the notion of linear dis
repan
y and approximatesolutions of integer linear programs.1The sets [m℄; [n℄; f�1; 1g are of 
ourse 
ompletely irrelevant, it is only their sizes that are important.Usually, as we are in 
omputer s
ien
e, one therefore takes f0; 1g as the range of f .



8 CHAPTER 1. INTRODUCTION TO DISCREPANCY THEORY1.2 Combinatorial Dis
repan
y Theory1.2.1 Dis
repan
y of Hypergraphs and Matri
esIn this thesis we restri
t ourselves to 
ombinatorial dis
repan
ies. The obje
tive is topartition the verti
es of a hypergraph into two 
lasses in su
h a way that all hyperedgesare split into roughly equal parts. An ideal solution would be one where every hyperedgehas the same number of points in one 
lass as in the other. To be more pre
ise:Let H = (X; E) denote a �nite2 hypergraph, i. e. X is a �nite set (of verti
es) and E is afamily of subsets of X (
alled hyperedges or edges for short). Let us agree for the rest ofthis work that without further noti
e the number of verti
es shall be denoted by n and thenumber of edges by m.A partition into two 
lasses 
an be represented by a 
oloring � : X ! f�1;+1g. We
all �1 and +1 
olors. The 
olor-
lasses ��1(�1) and ��1(+1) form the 
orrespondingpartition. For a hyperedge E 2 E set �(E) := Px2E �(x). The dis
repan
y of H withrespe
t to � is de�ned by dis
(H; �) = maxE2E j�(E)jand the dis
repan
y of H bydis
(H) = min�:X!f�1;+1gdis
(H; �):We note that this dis
repan
y does not measure exa
tly the deviation of the optimalsolution from the ideal one but gives twi
e the value. The reason is simple: This way allnumbers o

urring are integers.To get some intuition for this 
on
ept let us have a look at two extreme 
ases: If all edgesof H interse
t trivially (i. e. E1\E2 = ; for any two distin
t edges E1; E2), the dis
repan
yis zero, if all edges are even, and one, if there is an odd 
ardinality edge. We may simplypartition the edges one by one. The other extreme is marked by the 
omplete hypergraph(X; 2X). In this 
ase the dis
repan
y is �12 jXj�. Any partition will 
ontain a 
lass of atleast this size, and this set is also an edge. We note that dis
repan
y somehow measureshow 
haoti
 the hyperedges of H interse
t.It seems to be very diÆ
ult to 
onne
t the dis
repan
y to a single parameter of the hyper-graph. Here are two examples. Set n = 4k; k 2 N and Hn = ([n℄; fE � [n℄ j jE \ [2k℄j =jE n [2k℄jg). Now Hn has more than �n2n4 �2 = �( 1n2n) edges and dis
repan
y zero. On2All hypergraphs 
onsidered in this work will be �nite, hen
e this assumption. For the de�nition ofdis
repan
y only the �niteness of the hyperedges is required. There are some results on dis
repan
ies ofin�nite hypergraphs, e. g. [BS84b℄



1.2. COMBINATORIAL DISCREPANCY THEORY 9the other hand there are hypergraphs having n edges only and dis
repan
y �(pn), 
f.Theorem 2.31.Above we saw that if ea
h two edges interse
t trivially, then the dis
repan
y is zero. Ifwe loosen this 
onstraint just minimally to allow ea
h to edges to interse
t in at mostone single vertex, then the situation is 
ompletely di�erent: Finite proje
tive plains havedis
repan
y �(n 14 ) (lower bound: [BS95℄, upper bound: [Mat95℄).These were two results showing that dis
repan
y behaves di�erent from some hypergraphparameters. This seems to be a general phenomenon. Therefore one usually has to deter-mine lower and upper bounds using di�erent aspe
ts of the hypergraph under 
onsideration.Having seen some 
ounterexamples, let us mention a few positive results. Investigating arandom 
oloring, Alon and Spen
er [AS00℄ showTheorem 1.1. For any hypergraph H = (X; E) we have dis
(H) � p2s ln(2m), wheres := maxfjEj : E 2 Eg. A random 
oloring obtained by independently 
hoosing a 
olorwith equal probability for ea
h vertex has dis
repan
y at most p2s ln(4m) with probabilityat least 12 .Using a di�erent random experiment we improve the 
onstants in the general 
ase andshow an upper bound of pn ln(2m) in Chapter 5. A mu
h more sophisti
ated approa
husing the entropy fun
tion was ne
essary to proveTheorem 1.2 (Spen
er [Spe85℄). For any hypergraph H su
h that m � n we havedis
(H) = O �qn log �mn ��.Of 
ourse this parti
ularly interesting for m = O(n). In the 
ase m = n, dis
(H) � 6pn
an be shown for n large enough. Therefore, this result is usually known to as `Six StandardDeviations SuÆ
e'. It is 
onsidered to be one of the milestones of dis
repan
y theory. Theentropy method has seen numerous other appli
ations, e. g. in the proof of the tight upperbound for the arithmeti
 progressions of Matou�sek and Spen
er [MS96℄ or the upper boundin terms of the primal shatter fun
tion due to Matou�sek [Mat95℄. Further referen
es areSrinivasan [Sri97℄, Matou�sek [Mat96a℄ and Matou�sek [Mat98℄.Another beautiful result is due to Be
k and Fiala [BF81℄. They bound the dis
repan
y bythe maximum degree of H:Theorem 1.3. Assume that ea
h vertex in 
ontained in at most t edges. Thendis
(H) < 2t:It is a famous open problem whether this bound 
an be improved or not. Be
k andFiala 
onje
tured that dis
(H) = O(pt), but little progress has been made so far in this
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tion. Bednar
hak and Helm [BH97℄ and Helm [Hel99℄ improved the Be
k{Fiala boundin tiny steps to dis
(H) < 2t� 3 (for a slightly restri
ted situation). A 
orollary of Be
k'spaper [Be
81℄ | the �rst time the notion of dis
repan
y expli
itly appeared | showsdis
(H) � Cpt logm logn for some 
onstant C. The latest improvement in this dire
tionis due to Banasz
zyk [Ban98℄: dis
(H) = O(pt logn).The Be
k{Fiala 
onje
ture is by far not the only famous open problem in dis
repan
ytheory. There are many more. Most of them are easy to state, but surprisingly hard. Letus mention a few:Three Permutation Conje
ture: Let X = [n℄. For a permutation � 2 Sn set E� :=f�(I) j 9a; b 2 [n℄ : I = [a; b℄ \ Ng. Is it true that for all n 2 N and any threepermutations �1; �2; �3 2 Sn the dis
repan
y of ([n℄; E�1 [ E�2 [ E�3) is bounded byan absolute 
onstant?This is 
lear for two permutations, where an upper bound of two 
an be shown easily.For any number l of permutations, Bohus [Boh90℄ gave an upper bound of O(l logn).This was improved by A. Srinivasan [Sri97℄ to O(pl logn).Arithmeti
 Progressions with �rst term 0: The hypergraph of arithmeti
 progres-sions with �rst term 0 is ([n� 1℄ [ f0g; fdN0 \ [0; k℄ j d; k 2 [n� 1℄ [ f0gg. Is it truethat there is no 
ommon upper bound for all these hypergraphs? This 
onje
ture isdue to Erd}os and worth over $ 500!Update Problem: Given a hypergraph su
h that all indu
ed subhypergraphs have dis-
repan
y at most 1. Assume we add a single further hyperedge. Can the dis
repan
ybe bounded by a 
onstant (independent of n)? See the next subse
tion for more onthe update problem.The 
on
ept of dis
repan
y may be generalized to matri
es in a natural way. Let A = (aij)be any m� n{matrix and set dis
(A) := min�2f�1;1gn kA�k1:Let X = fx1; : : : ; xng, E = fE1; : : : ; Emg and de�ne a matrix A = (aij) by aij = 1 if xj 2Ei and aij = 0 else. A is 
alled the in
iden
e matrix of H.3 We have dis
(A) = dis
(H), sodis
repan
y of matri
es is a more general 
on
ept. If of 
ourse we restri
t ourselves to 0; 1matri
es both 
on
epts are equivalent. Sometimes even for hypergraphs the matrix notionis more 
onvenient, e. g. to prove the Be
k{Fiala theorem.3Of 
ourse A depends on the enumeration of the verti
es and edges. A purist might prefer to say `an'in
iden
e matrix and remark that all in
iden
e mati
es of a given hypergraph hav ethe same dis
repan
y.



1.2. COMBINATORIAL DISCREPANCY THEORY 111.2.2 Hereditary Dis
repan
yFor any set of verti
es X0 � X we 
all HjX0 := (X0; fE \X0jE 2 Eg) an indu
ed subhy-pergraph of H. We will write H0 � H if H0 is an indu
ed subgraph of H. It is easy tosee that there is little 
orrelation between the dis
repan
y of a hypergraph and its indu
edsubhypergraphs. In parti
ular the dis
repan
y of an indu
ed subhypergraph 
an be largeeven though dis
(H) = 0.4 Looking at this from the opposite dire
tion we see that any hy-pergraph 
an be transformed to a zero dis
repan
y hypergraph by adding at most n moreverti
es (namely by `doubling' ea
h vertex). For these reasons it makes sense to de�ne thehereditary dis
repan
y by herdis
(H) := maxH0�H dis
(H0):Two more reasons justify this notion. Firstly, many results are hereditary. All theoremsfrom the pre
eeding subse
tion also hold with dis
(H) repla
ed by herdis
(H). Se
ondly,hte hereditary dis
repan
y is a very powerful tool. The re
ursive method presented inse
tion 2.4 heavily relies on hereditary assumptions. Theorem 1.4 is another example.Let us 
onsider the update{version of the dis
repan
y problem again: Assume we knowthe dis
repan
y of a given hypergraph | what 
an we say about the dis
repan
y of thehypergraph that results from adding one more edge? Nothing. There are hypergraphshaving dis
repan
y zero, but if you add an appropriate further edge, the dis
repan
yin
reases to a 
onstant fra
tion of n.5For the hereditary dis
repan
y things are di�erent. It is another well-known open problemwhether the hereditary dis
repan
y of the hypergraph with an additional edge 
an bebounded by a fun
tion of herdis
(H) (independent of n). Matou�sek (private 
ommuni
ation2000) very re
ently showed an upper bound ofO(logn herdis
(H)), but beyond this nothingis known. Nevertheless, this example shows that for the hereditary dis
repan
y a ratherstrong result holds, whereas nothing 
an be said for the ordinary dis
repan
y.For matri
es we write A0 � A to indi
ate that the matrix A0 
onsists of some 
olumns ofthe matrix A. Then herdis
(A) := maxA0�A dis
(A0) is the natural matrix extension of thenotion of hereditary dis
repan
y for hypergraphs.1.2.3 Linear Dis
repan
yThere is a third notion of dis
repan
y: The linear dis
repan
y refers to the problem whereea
h vertex has a weight assigned to it des
ribing the ratio it should in average belong to4Hn from the pre
eeding subse
tion is su
h an example: We have dis
(Hn) = 0 and dis
((Hn)j[n2 ℄ = n4 .5Consider e. g. the hypergraph H4k from the last subse
tion again. Add the edge [2k℄. Let � be any
oloring. If ��1(1) \ [2k℄ or ��1(2) \ [2k℄ 
ontain less than k2 points, then j�([2k℄)j > k. Otherwise thereis an edge having k points all in the same 
olor. Hen
e dis
(H [ f[2k℄g) � k.



12 CHAPTER 1. INTRODUCTION TO DISCREPANCY THEORYthe partition 
lasses indu
ed on the edges. The natural notion for this would belindis
01(H) := maxp:X![0;1℄ min�:X!f0;1gmaxE2E j(p� �)(E)j :To keep 
onsistent with the above notion we usually preferlindis
(H) := maxp:X![�1;1℄ min�:X!f�1;1gmaxE2E j(p� �)(E)j :Both notions are used by di�erent authors. Obviously they just di�er by a 
onstant fa
torof 2. For all hypergraphs H we havelindis
(H) = 2 lindis
01(H):For matri
es we set lindis
(A) := maxp2[�1;1℄n min�2f�1;1gn kA(p� �)k1:The 0; 1 version lindis
01(A) := maxp2[0;1℄n min�2f0;1gn kA(p � �)k1 of this notion has a
lose 
onne
tion to integer linear programming problems. One approa
h to solve theseproblems is to solve their linear relaxation and then try to round the solution to an integerone. This might of 
ourse lead to a violation of the 
onstraints, therefore these solutionsare 
alled approximate solutions. An approa
h like this is feasable if slight violations inthe 
onstraints are tolerable due to the nature of the problem or due to the fa
t that the
onstraints already have some error in
i
ted. See Chapter 14 of [Chv83℄ for more on thistopi
. The linear dis
repan
y now measures to what extent the 
onstraints have to beviolated even by the optimal rounding. Formally, we haveRemark. Let A 2 Rm�n and b 2 Rm su
h that the linear system Ax = b has a solutionx 2 Rn . Let p 2 [0; 1℄n su
h that p�x 2 Zn. Then there is a z 2 Zn su
h that kx�zk1 � 1and kAz � bk1 � lindis
01(A; p) := min�2f0;1gn kA(p� �)k1.This problem of �nding an integral ve
tor z su
h that kAz � bk1 is small is also 
alledlatti
e approximation problem. The reason is obvious: The set AZn = fAzjz 2 Zng formslatti
e, and we are looking for a latti
e point that is 
losest (with respe
t to k � k1) to b.See Raghavan [Rag88℄ for more on this aspe
t, and [SS96, SS93℄ for natural generalizationsto weighted and quadrati
 versions.Looking at the interrelation between the di�erent dis
repan
y notions we immediately notedis
(H) � herdis
(H) and dis
(H) � lindis
(H). The relation between lindis
(H) andherdis
(H) is less obvious. An extremely useful result due to Be
k and Spen
er [BS84a℄and Lov�asz, Spen
er and Vesztergombi [LSV86℄ showsTheorem 1.4. For any A 2 Rm�n we have lindis
(A) � 2 herdis
(A).



1.2. COMBINATORIAL DISCREPANCY THEORY 13Moreover this result is 
onstru
tive in the following sense: A 2{
oloring � su
h thatkA(p � �)k1 � 2h + "kAk1 holds 
an be 
omputed by O(log "�1) times 
omputing a
oloring having dis
repan
y at most h for some indu
ed subhypergraph. This result willbe 
ru
ial for the re
ursive method for multi-
olorings in Chapter 2. In Chapter 3 wewill investigate the relation between linear and hereditary dis
repan
y in more detail andimprove the bound of Theorem 1.4. This is 
onstru
tive again. In Chapter 4, we determinethe linear dis
repan
y of totally unimodular matri
es, and thus prove Spen
er's 
onje
turelindis
(A) � 2(1� 1n+1) herdis
(A) in this 
ase.There are some further dis
repan
y notions, whi
h we dis
uss the in the following 
hapters.As a general referen
e we would like to re
ommend the 
hapter of Be
k and S�os [BS95℄and the fourth 
hapter of Matou�sek's book [Mat99℄.1.2.4 Algorithmi
 Aspe
tsThe dis
repan
y problem is known to be notoriously hard. It is even NP{hard to de
idewhether an given hypergraph has dis
repan
y 0 or not. Notions like approximation fa
torsdo not make sense for the dis
repan
y problem. The situation resembles to the one ingraph 
oloring. The graph 
oloring problem is to �nd a vertex 
oloring su
h that no edgeis mono
hromati
, or in other words, no two adja
ent verti
es re
eive the same 
olor.Even for 3{
olorable graphs, the best known eÆ
ient algorithm ([BK97℄, following work of[Wig83℄, [KMS98℄ and [Blu94℄) uses up to eO(n3=14) 
olors. On the other hand, the bestknown inapproximability result [KLS00℄ only shows that it isNP{
omplete to approximatethe 
hromati
 number within a fa
tor of 43 .For the general 
ase the probabilisti
 method of Theorem 1.1 or Chapter 5 is the onlyresult available. An approa
h via semi-de�nite programming was investigated in [Leh99℄,but the experimental results were not signi�
antly di�erent from the probabilisti
 method.For a derandomization of these probabilisti
 results we refer to Srivastav [Sri95, Sri01℄.Fortunately in many spe
ial situations, e. g. the one of the Be
k{Fiala theorem 1.3, theproofs of the best known dis
repan
y bound 
an be transformed into a polynomial-timealgorithm.1.2.5 Ramsey Theory and Property BThere is a se
ond problem 
on
erned with 
oloring hypergraphs: A hypergraph H = (X; E)is said to have Property B (or to be 2{
olorable) if there is a 2{
oloring � : X ! f�1; 1gsu
h that no hyperedge is mono
hromati
.V. S�os (at the workshop \Dis
repan
y Theory and its Appli
ations" in Kiel 1998) 
alledthis the Ramsey-type aspe
t of the hypergraph balan
ing problem. The 
onne
tion to



14 CHAPTER 1. INTRODUCTION TO DISCREPANCY THEORYRamsey-theory is straight-forward: Re
all (e. g. from [GRS90℄) that the diagonal Ramseynumber Rk is de�ned to be the minimum n su
h that any 2{
oloring of the edges of Kn(the 
omplete graph on n verti
es) produ
es a mono
hromati
 
opy of Kk. Write �Xn� todenote the set of n{element subsets of a set X. Then ��[n℄2 �; f�T2�jT 2 �[n℄k �g� has propertyB if and only if n < Rk.The 
onne
tions to dis
repan
y theory, `the other side of the 
oin' (S�os), are vague. Triv-ially, an r{uniform hypergraph (i. e. all hyperedges have size r) has dis
repan
y less thanr if and only if it has property B. Hen
e in this situation dis
repan
y is a stronger 
on-
ept. For hypergraphs having edges of di�erent sizes, Ramsey-type results and dis
repan
yresults 
annot be translated into another that well.To show that Ramsey theory and dis
repan
y are di�erent aspe
ts of the same problem,let us 
onsider the hypergraph of arithmeti
 progressions in [n℄. A probabilisti
 argument(also to be found in [GRS90℄) shows that if n � 2k2ek (1 + o(1)), then there is a 2{
oloringsu
h that no arithmeti
 progressions of length k is mono
hromati
. On the other hand,already for n � k2 any 2{
oloring of [n℄ has dis
repan
y at least 
(pk) with respe
t tothe arithmeti
 progressions of length at most k. This was shown by Roth [Rot64℄.One last remark whi
h ni
ely leads to the next 
hapter: Ramsey theory does not only dealwith 2{
olorability, but as well with the problem of 
oloring with any number of 
olorssu
h that no hyperedge be
omes mono
hromati
. Already Ramsey's theorem [Ram30℄, vander Waerden's theorem [vdW27℄ and S
hur's theorem [S
h16℄ | all three proved at leastseventy years ago | deal with the partitioning problem into arbitrary numbers of 
lasses.In this 
ontext it is surprising that dis
repan
y theory so far restri
ted itself to 2 
olorsonly. In the next 
hapter we try to 
hange this.



Chapter 2
Multi{Color Dis
repan
ies
In this 
hapter we introdu
e the notion of multi-
olor dis
repan
ies. We present twomethods that will extend several 
lassi
al 2{
olor results to arbitrary numbers of 
olors. Itturns out that there is no general rule 
on
erning the dis
repan
ies of a given hypergraph indi�erent numbers of 
olors. In fa
t, there are extreme hypergraphs having zero dis
repan
yin one number of 
olors and high dis
repan
y in almost all other numbers of 
olors. Formany 
lassi
al examples though the situation is mu
h ni
er. For hypergraph having nverti
es and n hyperedges, the 
{
olor dis
repan
y is O(pn
 log 
). This bound is almostsharp. There are hypergraphs of this type showing a lower bound of 
(pn
 ).Up to now the 
{partitioning problem was not investigated very mu
h. A spe
ial 
aseo

urs in a paper 
on
erning 
ommuni
ation 
omplexity [BHK98℄. Apart from that wefound two results.Theorem 2.1 ([BS95℄). Let H = (X; E) be any hypergraph su
h that the in
iden
e matrixof H is totally unimodular. Then for any number 
 2 N there is a 
{partition X =X1 _[ : : : _[X
 of the vertex set su
h that for any edge E 2 E and i 2 [
℄����jE \Xij � jEj
 ���� < 1:In the notation introdu
ed shortly, this means that these hypergraphs have 
{
olor dis-
repan
y less than one. A se
ond result on multi-
olor dis
repan
ies is hidden in the paperby Be
k and Fiala [BF81℄ as will be pointed out in Se
tion 2.3, where a similar result willbe proven. 15



16 CHAPTER 2. MULTI{COLOR DISCREPANCIES2.1 De�nition of Multi-Color Dis
repan
iesThroughout this 
hapter let 
 2 N denote the number of 
lasses we want to partition theverti
es of H into. It is natural to realize the partition by a 
oloring: A 
{
oloring ofH = (X; E) is simply a mapping � : X ! M , where M is any set of 
ardinality 
. For
onvenien
e, normally one takesM = [
℄ := f1; : : : ; 
g, though sometimes a di�erent setMwill be of advantage. In an appli
ation to 
ommuni
ation 
omplexity [BHK98℄ 
hoosingMas a �nite abelian group proved to be e�e
tive. The basi
 idea of measuring the deviationfrom the ideal motivates the de�nitions of the dis
repan
y of an edge E 2 E in 
olor i 2Mwith respe
t to � by dis
�;i(E) := ����j��1(i) \ Ej � jEj
 ���� ;the dis
repan
y of H with respe
t to � bydis
(H; �) := maxi2M;E2E dis
�;i(E)and the dis
repan
y of H in 
 
olors bydis
(H; 
) := min�:X![
℄dis
(H; �):Immediately we seeRemark 2.2. dis
(H; 2) = 12 dis
(H):This seems a little unsatisfa
tory at �rst, but we have good reason for this. Of 
ourse we
ould multiply all o

urring numbers with 
. Both notions would 
oin
ide then, and allnumbers would be integers. The disadvantage is that we 
annot 
ompare dis
repan
ies indi�erent numbers of 
olors anymore. To do this properly we need to sti
k more 
losely tothe \deviation of the optimum from the ideal" 
on
ept.In this notion Theorem 2.1 states that totally unimodular hypergraphs have dis
repan
yless than one in any number of 
olors. To get some more intuition and 
omparison letus examine two examples: We determine the multi-
olor dis
repan
ies of the 
ompletehypergraph, whi
h is of 
ourse the worst 
ase. In a se
ond lemma we show that the 4{
olor dis
repan
y of a perfe
tly 2{balan
ed hypergraph 
an well be a 
onstant fra
tion ofthe number of verti
es, i. e. relatively large. In parti
ular, this shows that a hypergraphmay have very di�erent dis
repan
ies in di�erent numbers of 
olors. This phenomenon isinvestigated in more detail in Se
tion 2.7.Lemma 2.3. Let n 2 N. The 
omplete hypergraph H = ([n℄; 2[n℄) on n verti
es has 
{
olordis
repan
y dis
(H) = �1� 1
� �n
 � :



2.1. DEFINITION OF MULTI-COLOR DISCREPANCIES 17Proof. Let � : [n℄! [
℄ be any 
oloring. Then there is a 
olor j 2 [
℄ su
h that E := ��1(j)has at least �n
 � points. As E is an edge of H, we havedis
(H; 
) � ����E \ ��1(j)��� 1
 jEj�� = �1� 1
� jEj � �1� 1
� �n
 � :For the upper bound let � be a 
{
oloring su
h that all 
olor 
lasses deviate in size by atmost 1, i. e. for all j 2 [
℄ we have �n
 � � j��1(j)j � �n
 �. From the de�nition of multi-
olordis
repan
y it is 
lear that we just have to 
onsider the two extreme 
ases of an edge E+having exa
tly �n
 � points in one 
olor j+ and an edge E� having n � �n
 � points andavoiding one 
olor 
lass ��1(j�). We 
omputedis
�;j+(E+) = �1� 1
� �n
 � ;dis
�;j�(E�) = 1
 �n� �n
 �� :Hen
e dis
(H) � maxfdis
�;j+(E+); dis
�;j�(E�)g = �1� 1
� �n
 �.For the next result we invoke our favorite 
ounterexample from Chapter 1 again.Lemma 2.4. Let k 2 N and n = 4k. Set Hn = ([n℄; fE � [n℄j jE \ [n2 ℄j = jE n [n2 ℄jg).Obviously, Hn has dis
repan
y zero, but dis
(Hn; 4) = 18n.Proof. Let � : [n℄ ! [4℄ be any 4{
oloring. Let i 2 [4℄ be a 
olor su
h that j��1(i)j � 14n.Then there are sets E1 � [n2 ℄, E2 � [n℄ n [n2 ℄ su
h that jEjj = 14n and ��1(i) \ Ej = ; holdfor j = 1; 2. Thus E1 [ E2 is an edge in Hn that has dis
repan
y 18n in 
olor i. On theother hand � : x 7! d4xn e is a 
oloring having dis
repan
y 18n.Let us return to the de�nitions of multi-
olor dis
repan
ies. In the notion introdu
edabove we 
an not express dis
repan
ies simply by sums of 
olors as we 
ould in the 2{
olor
ase. As this is very pra
ti
al sometimes and a step towards the notion of multi-
olordis
repan
ies of matri
es, here is a solution. We des
ribe the 
olor i 2 [
℄ by a ve
torm(i) 2 R
 de�ned by m(i)j := � 
�1
 if i = j�1
 otherwise.Then for a 
oloring � : X ! [
℄,dis
(H; �) = maxE2E 




Xx2Em(�(x))




1 :Set M
 := fm(i)ji 2 [
℄g. Apparently, we havedis
(H; 
) := min�:X!M
maxE2E 




Xx2E �(x)




1 :



18 CHAPTER 2. MULTI{COLOR DISCREPANCIESAs in 2 
olors, the notion of multi-
olor dis
repan
y has a natural extension to matri
es.Let A 2 Rm�n be any matrix and denote its 
olumns by a(1); : : : ; a(n). Then the 
{
olordis
repan
y of A measures how well the 
olumns of A 
an be partitioned into 
 
lasses su
hthat the entries of ea
h row of A are evenly distributed among these 
lasses. Formally, fora 
oloring � : [n℄! [
℄ we de�nedis
(A; �) = maxi2[
℄ 





 Xk2��1(i) a(k) � 1
 Xk2[n℄ a(k)





1and its dis
repan
y in 
 
olors bydis
(A; 
) = min�:[n℄![
℄dis
(A; �):The ve
tor 
olors m(i) enable us to express these dis
repan
ies in a smoother way. Let Abe the matrix whi
h results from repla
ing every aij in A by aijI
, where I
 shall denotethe identity matrix of dimension 
. Identifying a � : [n℄!M
 by a 
n{dimensional ve
torin the natural way, we get dis
(A; �) = 

A�

1 ;dis
(A; 
) = min�:[n℄!M
 dis
(A; �):It is easily seen that both notions 
oin
ide, and furthermore that the 
{
olor dis
repan
yof a hypergraph equals the one of its in
iden
e matrix.We 
ontinue with the de�nitions of weighted, linear and hereditary dis
repan
y. Both asa te
hni
al tool as well as out of independent interest the notion of weighted dis
repan
y1is introdu
ed. It refers to the partitioning problem where the verti
es of ea
h hyperedgeshall not be spread evenly among the partition 
lasses but respe
ting a given ratio.A ve
tor p 2 [0; 1℄
 su
h that kpk1 = Pi2[
℄ pi = 1 is 
alled a weight for 
 
olors. Let� : X ! [
℄ be a 
{
oloring. Then the weighted dis
repan
y of an edge E 2 E with respe
tto �, p and the 
olor i 2 [
℄ iswd(E; �; p; i) := ����E \ ��1(i)��� pijEj�� :Naturally, we de�ne wd(H; �; p) := maxE2E;i2[
℄wd(E; �; p; i)wd(H; 
; p) := min�:X![
℄wd(H; �; p)wd(H; 
) := maxp wd(H; 
; p):1This notion of dis
repan
y is 
alled `diagonal dis
repan
y' in [BS95℄



2.2. TENSOR PRODUCTS 19This is easily extended to matri
es. Let A 2 Rm�n . For any 
{dimensional ve
tor p setp : [n℄! R; i 7! p. Denote by E
 the standard basis of R
 and by E
 its 
onvex hull, whi
hare just the 
{
olor weights. It is now easy to see that the following de�nitions extend the
orresponding hypergraph ones. We may use 
olorings � : [n℄ ! E
 | re
all that we arefree to 
hoose any 
{element set as range of a 
{
oloring | and view � as a 
n{dimensionalve
tor again. We de�ne wd(A; �; p) := kA(p� �)k1wd(A; 
; p) := min�:[n℄!E
wd(H; �; p)wd(A; 
) := maxp2E
 wd(A; 
; p):Of 
ourse nothing 
hanges if we repla
e E
 and E
 by M
 and M 
 := fPi2[
℄ �im(i)j� 2[0; 1℄
;Pi2[
℄ �i = 1g. We then get wd(A; 
) := maxp2M
 min�:[n℄!M
 

A(p� �)

1, whi
his 
loser to the usual matrix dis
repan
y notion introdu
ed above.Following this, the linear dis
repan
y in 
 
olors with regard to p : [n℄!M 
 and in general
an be de�ned by lindis
(A; 
; p) := min�:[n℄!M
 

A(p� �)

1lindis
(A; 
) := maxp:[n℄!M
 lindis
(A; 
; p):Finally the hereditary dis
repan
y in 
 
olors isherdis
(A; 
) := maxA0�Adis
(A0; 
): (2.1)The notions of linear and hereditary dis
repan
y shall be de�ned for hypergraphs as wellby taking the in
iden
e matrix of the hypergraph, e. g. for a hypergraph H with in
iden
ematrix A we set lindis
(H; 
) := lindis
(A; 
). For the hereditary dis
repan
y we simplyhave herdis
(H; 
) = maxH0�H dis
(H; 
). Like in Remark 2.2, these other dis
repan
ynotions are identi
al with the ones of Chapter 1 up to the 
onstant fa
tor of 2. When
iting 2{
olor results we will use the 
onventional notation whi
h has no parameter 
 in it,e. g. herdis
(H), so there is no danger of 
onfusion.2.2 Tensor Produ
tsAs we will use the kA�k1 expression of dis
repan
y several times, let us analyze thissubstituting matri
es into another brie
y: For any two matri
es Ak 2 C mk�nk , k = 1; 2 thetensor (or Krone
ker) produ
t A1 
 A2 is the matrix B = (bij) 2 C m1m2�n1n2 de�ned byb(i1�1)m1+i2;(j1�1)n1+j2 = ai1j1ai2j2



20 CHAPTER 2. MULTI{COLOR DISCREPANCIESfor all ik 2 [mk℄, jk 2 [nk℄, k = 1; 2. Simply speaking, B is produ
ed by repla
ing everyentry aij of A1 by aijA2.Lemma 2.5. The following laws hold for the tensor produ
t:(i) Asso
iativity: All matri
es A;B;C ful�ll (A
 B)
 C = A
 (B 
 C).(ii) Distributivity with +: For all matri
es A;B;C su
h that A + B is de�ned we have(A+B)
 C = A
 C +B 
 C and C 
 (A+B) = C 
 A+ C 
 B.(iii) `Mixed Produ
t Rule': (AB)
 (CD) = (A
 C)(B 
D) for all matri
es A;B;C;Dsu
h that AB and CD are de�ned.(iv) 
 is 
ompatible with inversion: (A
B)�1 = A�1
B�1 for all non-singular matri
esA and B.(v) The (
omplex) eigenvalues of A 
 B are exa
tly the produ
ts of an eigenvalue of Aand one of B.(vi) rank(A
 B) = rank(A) rank(B).(vii) det(A
B) = (detA)nB(detB)nA for all matri
es A 2 C nA�nA and B 2 C nB�nB .Some patien
e and knowledge of linear algebra is enough to prove Lemma 2.5. Most bookson multilinear algebra 
ontain these results in one form or another in 
hapters 
on
erningtensor produ
ts of linear mappings and matri
es. An elementary approa
h 
an be foundin [Gra81℄.In the tensor produ
t notation we getdis
(A; 
) = min�:[n℄!M
 k(A
 I
)�k1lindis
(A; 
) = maxp:[n℄!M
 min�:[n℄!M
 k(A
 I
)(p� �)k1herdis
(A; 
) = maxA0�A min�:[
ols(A0)℄!M
 k(A0 
 I
)�k1 :2.3 Elementary Probabilisti
 MethodAn elementary probabilisti
 approa
h is to 
onsider a random 
oloring. We 
olor ea
hvertex independently with a random 
olor. Using the so{
alled Cherno�{bound, we provethat with positive probability our random 
oloring is balan
ed to a 
ertain extent. For the2{
olor 
ase, this is Theorem 1.1. We show



2.3. ELEMENTARY PROBABILISTIC METHOD 21Theorem 2.6. Let H = (X; E) be any hypergraph. Set m := jEj and s = maxE2E jEj.Then dis
(H; 
) �q12s ln(2m
):Proof. De�ne a random 
{
oloring � by independently pi
king a random 
olor uniformlydistributed from [
℄ for every vertex x 2 X. De�ne random variables Xi;x byXi;x := � 
�1
 if �(x) = i�1
 elsefor all x 2 X, i 2 [
℄. Set Xi;E :=Px2EXi;x for all E 2 E , i 2 [
℄. From [AS00, TheoremA.4℄ we know P (jXi;Ej > �) < 2e�2�2=jEjfor all real �.Set � =q12s ln(2m
). Thus we haveP (dis
(H; �) � �) = P (8i 2 [
℄; E 2 E : jXi;Ej � �)= 1� P (9i 2 [
℄; E 2 E : jXi;Ej > �)� 1� Xi2[
℄;E2E P (jXi;Ej > �)> 1� Xi2[
℄;E2E 2e�2�2=jEj� 1� 
m 2e�2�2=s = 0by 
hoi
e of �. Hen
e with positive probability our random � has dis
repan
y not greaterthan q12s ln(2m
), thus su
h a 
oloring exists.Note that with � = q12s ln(4m
) our random 
oloring � has dis
repan
y at most � withprobability greater than 12 . This observation leads to a randomized algorithm.We 
annot derive Theorem 1.1 from our theorem. Spe
ializing our result to 2{
olor dis-
repan
y all we get is dis
(H) � p2s ln(4m) (instead of dis
(H) � p2s ln(2m)). Thereason is that in the 2{
olor 
ase one needs to keep the dis
repan
y small with respe
t tojust one 
olor as both 
olors generate the same dis
repan
y.There are several ways to improve this result. If � 
an be 
hosen signi�
antly smaller thann
 , then a sharper bound on the tail probabilities (also to be found in [AS00℄) yields anupper bound of O(pn
 ln(2m
)). Large hyperedges, whi
h have a big 
ontribution to thefailure probability, 
an be handled by an equi-
oloring approa
h. This is most e�e
tive for



22 CHAPTER 2. MULTI{COLOR DISCREPANCIES2 
olors, and therefore done in a separate 
hapter of this work (Chapter 5). This 2{
olorresult plus a re
ursive approa
h are 
ombined in Se
tion 2.4.The following result 
an be found in [BF81, Proof of Theorem 3℄, the famous paper byBe
k and Fiala.Theorem 2.7. In the notation from above, dis
(H; 
) < (12� 4
�1)p2m log(2m) holds.We mention this result here mainly for the reason that it is the se
ond of the two resultswe found on multi-
olor dis
repan
ies. It is a little diÆ
ult to 
ompare it with Theorem2.6 due to the fa
t that the result is independent of the number of verti
es. There areredu
tions by linear algebra, 
f. [Spe87℄. Sin
e we �nd the situation that there are morehyperedges than verti
es mu
h more 
ommon | and then Theorem 2.6 is 
learly superior| we do not want to exhibit the details here.
2.4 Re
ursive ColoringFor some 2{
olor dis
repan
y results the proofs seem to rely heavily on the fa
t that onlytwo 
olors are used. One example is Spen
er's O(pn) bound for hypergraphs having nverti
es and edges. A key step in the proof is to 
onstru
t a low dis
repan
y partial 
oloring� := 12(�1��2) from two 
olorings �1; �2 with �1(E) � �2(E) for all E 2 E . It is not 
learto us how this idea 
an be generalized to 
 
olors.As the partial 
oloring method has been a major break-through in 2{
olor dis
repan
ytheory, it is desirable to have a similar method for 
 
olors as well. What we do in thisse
tion is not partial 
oloring, i. e. enlarging the partition 
lasses by su

essively 
oloringpoints, but re
ursive 2{
oloring, i. e. su

essively enlarging the number of partition 
lasses.The basi
 idea is to �nd a suitable 2{
oloring of X with 
olor 
lasses X1; X2 and then toiterate this pro
ess on the subhypergraphs indu
ed by X1 and X2. If the weighted 2{
olordis
repan
ies of suitable indu
ed subhypergraphs are bounded, su
h a re
ursive method
an be analyzed, even if 
 is not a power of 2. This will lead to a generalization of the`six standard deviation' theorem of Spen
er [Spe85℄, the dis
repan
y bound of Be
k{Fiala[BF81℄ and the bounds using the primal and dual shatter fun
tion of Matou�sek, Welzl andWernis
h [MWW84℄ and Matou�sek [Mat95℄.At the end of this long se
tion we will show the limits of the re
ursive approa
h. Forexample, for the linear dis
repan
y in 
 
olors re
ursive methods fail, and we need othermethods, whi
h will be introdu
ed in the next se
tion.



2.4. RECURSIVE COLORING 232.4.1 The Re
ursive MethodThe following lemma analyses a single step in the re
ursion. It shows that an imbalan
e in-
i
ted in the �rst step of the re
ursion is evenly split up in the remainder of the partitioningpro
ess.Lemma 2.8. Let C be a set of 
olors with 
 = jCj and let fC1; C2g be a partition of C.Let p be a weight of C, i. e. p 2 [0; 1℄
 su
h that kpk1 = 1. Denote by pjCj the ve
tortaking the 
omponents of p with indi
es 
orresponding to the 
olors in the set Cj, and setqj = kpjCjk1, j 2 [2℄. Let �0 be a 2{
oloring of X, set X1 := ��10 (1), X2 := ��10 (�1). Let�j : Xj ! Cj be any 
olorings. Set � := �1 [ �2. For all E 2 E, j 2 [2℄ and i 2 Cj thedis
repan
y of E with respe
t to the 
olor i, the 
oloring � and the weight p is��jE \ ��1(i)j � pijEj�� � piqj jjE \Xjj � qjjEjj+ jjE \Xj \ ��1j (i)j � piqj jE \Xjjj:In parti
ularwd(H; 
; p) � maxj2[2℄;i2Cj � piqj wd(H; 2; (q1; q2)) + maxH0�Hwd(H0; jCjj; 1qj pjCj)� :Proof. Let j 2 [2℄, i 2 Cj, E 2 E . Then��jE \ ��1(i)j � pijEj��= ��jE \Xj \ ��1j (i)j � pijEj��� ���jE \Xj \ ��1j (i)j � piqj jE \Xjj���+ ��� piqj jE \Xjj � pijEj��� :If the �j, j = 0; 1; 2 are 
hosen su
h that jjE \Xjj � qjjEjj � wd(H; 2; (q1; q2)) and���jE \Xj \ ��1j (i)j � piqj jE \Xjj��� � wd(HXj ; jCjj; 1qj pjCj) for all E 2 E , j 2 [2℄, i 2 Cj,then the se
ond 
laim follows from the �rst.As this se
tion is quite lengthy, here is a short overview of what is going to 
ome. We �rstanalyze re
ursive 
oloring assuming that we have a uniform bound on the weighted 2{
olordis
repan
ies of the indu
ed subhypergraphs. We derive a �rst result for the weighted
{
olor dis
repan
y and then improve it in the 
ase of equi-weighted dis
repan
y. Finallywe repla
e the uniformity assumption with the assumption that subhypergraphs on n0verti
es have weighted dis
repan
y O(n�0 ). With this stronger pre
ondition we get a bun
hof beautiful results, among them a near tight 
{
olor analogue of Spen
er's `six standarddeviation' theorem.



24 CHAPTER 2. MULTI{COLOR DISCREPANCIES2.4.2 Weighted Dis
repan
yIn this subse
tion we analyze the 
ase that all indu
ed subgraphs have a 
ommon bound onall weighted dis
repan
ies in two 
olors. This is an important 
ase for two reasons: Firstly,the proof of some results on two-
olor dis
repan
y provides some information about theweighted dis
repan
y of the indu
es subgraphs (e. g. in the Be
k{Fiala setting). Se
ondly,the linear dis
repan
y and thus also the weighted dis
repan
ies of all subgraphs, notewd(H; 2) � 12 lindis
(H), are bounded by the hereditary dis
repan
y: From Theorem 1.4we getRemark 2.9. For all indu
ed subhypergraphs H0 of H we have wd(H0; 2) � herdis
(H).Hen
e a bound on the hereditary dis
repan
y is also suÆ
ient to apply the main theoremsof this se
tion. Bounds on the hereditary dis
repan
y are often en
ountered in situationswhere the partial 
oloring method is used in the 2{
olor 
ase | for the simple reason thatthe un
olored points indu
e a subhypergraph whi
h has to be 
olored in the next iteration.It will be 
onvenient to represent the iterated partitioning of the set of 
olors C by a binarytree. We 
all a binary rooted tree T = (VT ; ET ) a partition tree for C, if the following
onditions are satis�ed: The root of T is C, all nodes are subsets of C, all leaves aresingletons of C and ea
h two son nodes form a partition of their 
ommon father node.For every 
olor i 2 C there is a unique path C = C(i)0 � C(i)1 � : : : � C(i)k(i) = fig in thepartition tree. We write h(T ) for the height of T , that is the length of a longest path
onne
ting a leaf and the root.Re
all that a fun
tion p : C ! [0; 1℄ is 
alled a weight of C ifPi2C pi = 1. For D � C setp(D) := kpjDk1 = Pi2D pi. For a 
olor i 2 C set v(T; p; i) := Pk(i)l=1 pip(C(i)l ) and v(T; p) =maxi2C v(T; p; i). As the next theorem shows, these 
onstants re
e
t the in
uen
e of thepartition tree 
hosen for the re
ursive 
oloring pro
ess. In Lemma 2.11 and 2.13 we willgive partition trees for whi
h these values (and hen
e the resulting dis
repan
y) is small.Theorem 2.10. Let wd(H0; 2) � K for all indu
ed subgraphs H0 of H. Let C be a set of
olors with 
 = jCj and let p be a weight of C. Let T = (VT ; ET ) be a partition tree of C.Then there is a 
oloring � : X ! C su
h that for all 
olors i 2 C and all E 2 E we have��jE \ ��1(i)j � pijEj�� � Kv(T; p; i):In parti
ular, wd(H; p; 
) � Kv(T; p).Proof. We use indu
tion on the height h(T ) of T . For h(T ) = 0 we have just one 
olorand both sides of the inequality be
ome zero. Let T be of height h(T ) > 0 and assumethat the theorem is true for all partition tree of height stri
tly less than h(T ). Let C1 and



2.4. RECURSIVE COLORING 25C2 be the sons of C in T . Set qj := p(Cj) = Pk2Cj pk, j = 1; 2. By assumption of thistheorem there is a 2{
oloring �0 : X ! [2℄ su
h that��jE \ ��10 (j)j � qjjEj�� � wd(H; 2; (q1; q2)) � K (2.2)for all 
olors j 2 [2℄ and edges E 2 E . Put Xj := ��10 (j), j = 1; 2. Denote by Tj thesubtree having Cj as its root. Then the hypergraph HjXj together with the set of 
olorsCj, the weight 1qj pjCj and the partition tree Tj ful�lls the assumption of this theorem. Byindu
tion hypothesis there are 
olorings �j : Xj ! Cj, j 2 1; 2 su
h that���jE \Xj \ ��1j (i)j � 1qj pijE \Xjj��� � Kv(Tj; 1qj pjCj ; i) � K k(i)Xl=2 piqj1qj p(C(i)l ) (2.3)for all i 2 Cj. Set � = �1 [ �2 : x 7! � �1(x) if x 2 X1�2(x) else :Let j 2 [2℄ and i 2 Cj. Then C(i)1 = Cj and qj = p(C(i)1 ). Let E 2 E . From (2.2), (2.3) andLemma 2.8 we get��jE \ ��1(i)j � pijEj�� � ���jE \Xj \ ��1j (i)j � piqj jE \Xjj���+ piqj jjE \Xjj � qjjEjj(2:2);(2:3)� k(i)Xl=2 piqj1qj p(C(i)l )K + piqjK= K k(i)Xl=1 pip(C(i)l ) = Kv(T; p; i):Hen
e � satis�es the 
laim.In the following 
orollary we give an upper bound on the 
onstant v(T; p; i) = piPk(i)l=1 1p(C(i)l ) .An improvement in the 
ase of equi-weighted dis
repan
y will be dis
ussed in more detailin Se
tion 2.4.3.Lemma 2.11. In the situation of Theorem 2.10 there is a partition tree T su
h thatv(T; p; i) < 4 for all i 2 [
℄. Thus wd(H; p; 
) < 4K.Proof. Re
ursively we 
onstru
t a partition tree T for C with v(T; p) � 4. We start withthe tree 
onsisting of the unique node C. For a leaf C0 of 
ardinality greater than 1 letus de�ne sons by the following rule: If there is a 
olor i 2 C0 with weight pi � 12p(C0),then the sons of C0 shall be fig and C0 n fig. Otherwise partition C0 in any way (C1; C2)su
h that p(Cj) 2 [13p(C0); 23p(C0)℄. Repeat this pro
ess until all leaves are singletons. Theresulting tree T is a partition tree for C. All father-son pairs (C0; C1) in the resulting tree



26 CHAPTER 2. MULTI{COLOR DISCREPANCIESful�ll 23p(C0) � p(C1) or jC1j = 1 and p(C0) > p(C1). In the notation of Theorem 2.10 wehave p(C(i)k(i)) = pi, p(C(i)k(i)�1) � pi and p(C(i)k(i)�1�l) � �32�l pi for all l 2 [k(i)� 1℄. Nowv(T; p) � maxi2C k(i)Xl=1 pip(C(i)l ) � maxi2C pi0� 1pi + k(i)�2Xl=0 1�32�l pi1A � 1 + h(T )�2Xl=0 �23�l < 4;and Theorem 2.10 gives the bound wd(H; p; 
) � 4K.2.4.3 Equi-Weighted Dis
repan
yIn this subse
tion we 
onsider the 
ase of equi-weighted dis
repan
y in 
 
olors. Hen
eour assumptions are identi
al with the ones from the pre
eding subse
tion ex
ept that wealways have p = 1
1
. In this 
ase only the size of the 
olor sets is important, as all 
olorsare equivalent. Therefore the following simpler stru
ture 
an be investigated:A partition tree for a positive integer n is a binary tree T = (VT ; ET ) together with alabeling l : VT ! [n℄ su
h that the following 
onditions are satis�ed:� The root r is labeled l(r) = n.� For every non-leaf v with sons s1 and s2 we have l(v) = l(s1) + l(s2).� The leaves are labeled 1.Note that we 
an not assume l to be inje
tive anymore. For a path P : r = v(i)0 ; v(i)1 ; : : : ; v(i)k(i)
onne
ting the root r and a leaf v(i)k labeled i we 
all v(T; P ) =Pk(i)l=1 1l(v(i)l ) the value of Pand v(T ) the maximum v(T; P ) over all these paths P . Finally v(n) is the minimum v(T )over all partition trees T of n.There is a natural 
orresponden
e between partition trees for sets of 
olors and for positiveintegers. Let T = (VT ; ET ) denote a partition tree for the set of 
olors C. De�ne a labelinglT : VT ! jCj; v 7! jvj. Then T together with lT is a partition tree for jCj.Now let T together with l denote a partition tree for a positive integer 
. Let C be anyset of 
olors su
h that jCj = 
. We 
onstru
t a partition tree T � for C su
h that lT � = l.De�ne f : VT ! 2[
℄ re
ursively: Set f(r) = C for the root r of T . For every node v withsons s1 and s2 su
h that f(v) is already de�ned 
hoose f(s1) to be any subset of f(v) ofsize l(s1) and f(s2) = f(v) n f(s1). Note that f is inje
tive, and by repla
ing every v 2 VTby f(v) we get a partition tree T � for C. Clearly, lT � = l.



2.4. RECURSIVE COLORING 27Furthermore, we havev(T �; 1
1
) = maxi2C 1
 k(i)Xl=1 11
 jC(i)l j = maxi2C k(i)Xl=1 1l(v(i)l ) = v(T ):Corollary 2.12. Let wd(H0; 2) � K for all indu
ed subgraphs H0 of H.Then dis
(H; 
) � v(
)K.Proof. Let T = (VT ; ET ) together with l be a partition tree for 
 su
h that v(T ) = v(
).We build T � as above and apply Theorem 2.10 on T � and p = 1
1
:dis
(H; 
) = wd(H; p; 
) � Kv(T �; p) = Kv(T ) = Kv(
):The exa
t 
al
ulation of v(
) seems to be a diÆ
ult task. In parti
ular, the optimal partitiontrees are in general not of minimal height. Put b

2 := 2blog2 

 and d
e2 := 2dlog2 
e. Denoteby n1(
) the number of 1's in the binary expansion of 
 (e. g. n1(9) = 2). We give a lowerbound and an upper bound on v(
). If 
 is a power of 2, both bounds 
oin
ide.Lemma 2.13. For all 
 2 N, 
 � 2 we have2� 2d
e2 � v(
) � 2 + (n1(
)� 3) 1b

2 :In parti
ular, v(
) � 2:0005.Proof. Let T = (VT ; ET ) together with l be any partition tree for 
. Then there is a pathv0; : : : ; vk of length k � log2d
e2 su
h that vk is a leaf and l(vi�1) � 2l(vi) for all i 2 [k℄.Thus Pki=1 1l(vi) �Pk�1i=0 2�i = 2� 12k�1 � 2� 1d
e2 .For the upper bound we re
ursively 
onstru
t a partition tree T for 
. For a vertex vlabeled Pi2[k℄ ai2k 6= 1, ai 2 f0; 1g, we add sons s1(v) and s2(v) labeled l(s1(v)) =2minfi2[k℄jai=1g and l(s2(v)) = l(v) � l(s1(v)), if l(v) is not a power of two, and labeledl(s1(v)) = l(s2(v)) = 12 l(v) otherwise. Immediately we see that we only need to investigatethe path P : r; s2(r); s2(s2(r)); : : : | if r denotes the root of T |, be
ause the labels of allother paths o

ur also on this path. Thus v(P ) is maximal. The labels of the �rst n1(
)verti
es of P are greater than or equal to b

2, so their 
ontribution to v(P ) is not greaterthan (n1(
) � 1) 1b

2 . The rest of the verti
es are labeled by 2b

2 ; 4b

2 ; : : : up to 1. Thissums up to 2� 2b

2 and the inequality is proven.The last assertion is 
lear for 
 � 
0 := 215�1, as (n1(
)�3) 1b

2 � log2(b

2)�2b

2 � log2(b
0
2)�2b
0
2 .For the remaining small numbers, v(
) 
an be 
omputed in O(
2){time and attains itsmaximum value for 
 = 909, namely v(909) = 2:000450.



28 CHAPTER 2. MULTI{COLOR DISCREPANCIESNow Corollary 2.12 and Lemma 2.13 yieldTheorem 2.14. Let wd(H0; 2) � K for all indu
ed subgraphs H0 of H. Then dis
(H; 
) �2:0005K in any number 
 of 
olors.We apply Theorem 2.14 on the Be
k{Fiala setting and getTheorem 2.15. For any hypergraph H we havedis
(H; 
) < v(
)�(H) � 2:0005�(H):Proof. The Be
k{Fiala theorem states that lindis
(H) < 2�(H) holds for any hypergraphH. In parti
ular, we have wd(H0; 2) � 12 lindis
(H0) < �(H0) � �(H) for all indu
edsubhypergraphs H0 of H. From Corollary 2.12 and Lemma 2.13 we 
on
lude dis
(H; 
) �v(
) wd(H; 2) < 2:0005�.The following example shows that this re
ursive approa
h is nearly optimal in the general
ase. Let n = k
 for some k 2 N . Set H = �[n℄; �[n℄k �� = ([n℄; fE � [n℄j jEj = kg). Any
{
oloring for H produ
es a mono
hromati
 hyperedge whi
h has dis
repan
y k(1 � 1
 ).Hen
e dis
(H; 
) � k(1 � 1
 ) (equality holds as well, but we do not need this). Not let(p; 1 � p) be any 2{
olor weight. Assume without loss of generality that p � 12 . Put� : [n℄ ! [2℄; i 7! 2. Now ea
h hyperedge has weighted dis
repan
y k(1� p) with respe
tto � and (p; 1� p). Thus wd(H; 
) � 12k, and of 
ourse this holds as well for any indu
edsubhypergraph H0 of H. This showsdis
(H; 
) � 2(1� 1
 ) maxH0�Hwd(H0; 2):In parti
ular, the re
ursive method yields optimal results of this hypergraph if 
 is a powerof 2, and it is asymptoti
ally optimal for 
!1.Note that Theorem 2.14 also yields the following bounds:� For any hypergraph H = (V; E) with n := jV j = jEj suÆ
iently large we havedis
(H; 
) < 12pn:� Let H = (V; E) be a hypergraph on n points. Let d > 1. If �H = O(md), thendis
(H; 
) = O(n 12� 12d ). If ��H = O(md), then dis
(H; 
) = O(n 12� 12d logn). In both
ases the impli
it 
onstants are independent of 
.� The hypergraph An of arithmeti
 progressions in [n℄ ful�llsdis
(An; 
) � v(
)C 4pn � 2:0005C 4pn;where C is the 
onstant of Matou�sek and Spen
er su
h that dis
(An) � C 4pn.Using the fa
t that in these 
ases the dis
repan
ies of smaller indu
ed subhypergraphs arede
reasing, we improve these bounds in the next subse
tion.



2.4. RECURSIVE COLORING 292.4.4 Re
ursive Coloring with De
reasing Dis
repan
ies in In-du
ed SubhypergraphsIn this subse
tion we extend the re
ursive approa
h to make use of the additional assump-tion that subhypergraphs on fewer verti
es have smaller dis
repan
y. This is a naturalassumption as many results are of this type (see below where we prove their multi-
oloranalogies). Roughly speaking we show that if the 2{
olor dis
repan
y of the subhyper-graphs on n0 verti
es is bounded by O(n�0 ), then the 
{
olor dis
repan
y is bounded byO((n
 )�). It seems a little surprising that this bound is a
hievable by a re
ursive approa
h,as the �rst step in the re
ursion will �nd a 2{
oloring for the whole hypergraph with dis-
repan
y guarantee O(n�) only. We still get the O((n
 )�){dis
repan
y for the �nal 
oloringdue to the fa
t that imbalan
es in
i
ted in earlier rounds of the re
ursion are split up ina balan
ed manner by later steps. It turns out that this e�e
t even ex
eeds the e�e
t ofde
reasing dis
repan
y of smaller subhypergraphs. Cru
ial therefore is the last step of there
ursion where 
olorings for hypergraphs on roughly 2n
 verti
es are looked for.There are two points though that need further attention: Firstly, like in the 
ase where weonly assumed a uniform bound on the dis
repan
ies of the indu
ed subhypergraphs, thissimple approa
h only works if the number of 
olors is a power of 2. This is the reason whywe have to use weighted dis
repan
ies again.A se
ond point is that to use the assumption of de
reasing dis
repan
ies we need to makesure that the vertex sets 
onsidered a
tually be
ome smaller. Unfortunately, in general wedo not know the size of the 
olor 
lasses generated by a low dis
repan
y 
oloring. If thewhole vertex set is a hyperedge, we know at least that the sizes of the 
olor 
lasses deviatefrom the aimed at value by at most the dis
repan
y guarantee. This is not too bad ifthe dis
repan
y is relatively small, but even then keeping tra
k of these deviations duringthe re
ursion is tedious. Better bounds seem a
hievable by the 
leaner approa
h of onlyinvestigating fair 
olorings, that is, those whi
h have dis
repan
y less than one on the setof all verti
es. Hen
e, apart from fra
tional parts, for ea
h 
olor i the 
orresponding 
olor
lass 
ontains pijXj verti
es.One remark that eases work with the fra
tional parts: Let us 
all a weight p 2 [0; 1℄
 integral(with respe
t to H = (X; E)) if all pi; i 2 [
℄ are multiples of 1jXj . From the de�nition it is
lear that a fair 
oloring � with respe
t to an integral weight p ful�lls j��1(i)j = pijXj forall 
olors i 2 [
℄. On the other hand, suppose that we know that for a given hypergraph andfor all integral weights p there is a fair 
oloring that has dis
repan
y at most k. Then thereare fair 
olorings having dis
repan
y at most k+1 for any weight: For an arbitrary weightp there is an integral weight p0 su
h that jpi � p0ij < 1jXj holds for all i 2 [
℄. Therefore,a fair 
oloring with respe
t to p0 is also fair with respe
t to p, and its dis
repan
y withrespe
t to p is larger (if at all) than the one with respe
t to p0 by less than one. For thesereasons we may restri
t ourselves to the more 
onvenient 
ase that all weights are integral.



30 CHAPTER 2. MULTI{COLOR DISCREPANCIESUsing the following re
oloring argument we will 
onstru
t fair 
olorings having a similardis
repan
y as given by the dis
repan
y bound.Lemma 2.16. Let H = (X; E) be a hypergraph su
h that X 2 E. Let p = (q; 1� q) be a2{
olor weight. Then there is a fair 
oloring � su
h that wd(H; �; p) � 2wd(H; 
; p).Proof. Let � be a 
oloring su
h that wd(H; �; p) = wd(H; 
; p). Set x := qjXj � j��1(1)j.Sin
e X is an edge in H, jxj � wd(H; 
; p). Let � denote a 
oloring arising from � by
hanging the 
olor of bjxj
 points in su
h a way that jqjXj � j��1(1)jj < 1. Now � is a fair
oloring with respe
t to the weight (q; 1� q). For an edge E 2 E we 
omputej qjEj � j��1(1) \ Ejj� j qjEj � j��1(1) \ Ejj+ jj��1(1) \ Ej � j��1(1) \ Ejj� j qjEj � j��1(1) \ Ejj+ bjxj
� 2wd(H; 
; p):Lemma 2.16 requires the whole vertex set to be a hyperedge. Fortunately, most dis
repan
yresults are relatively robust 
on
erning the addition of a single hyperedge. In these 
aseswe may just repla
e the hypergraph under 
onsideration by the one obtained from addingX as additional edge and still get a useful bound.To state the main theorem in its strongest form we need the following 
onstants. Let� 2℄0; 1[. For ea
h p 2℄0; 1[ de�ne v�(p) to bemax( kXi=1 iYj=1 q�j kYj=i+1 qj����� k 2 N ; q1 ; : : : ; qk�1 2 [0; 23 ℄; qk 2 [0; 1℄; kYj=1 qj = p) :Set 
� := 1 +P1i=0 �23�(1��)i. Then we haveLemma 2.17. Let � 2℄0; 1[.(i) Let 0 < p < q � 23 . Then q�v�(pq ) + q� pq � v�(p).(ii) For all p 2 [0; 1℄, v�(p) � 
�p�.Proof. Let k 2 N ; q1 ; : : : ; qk�1 2 [0; 23 ℄; qk 2 [0; 1℄ su
h that Qkj=1 qj = pq and v�(pq ) =Pki=1Qij=1 q�j Qkj=i+1 qj. With q0 := q we haveq�v�(pq ) + q� pq = q�0 kXi=1 iYj=1 q�j kYj=i+1 qj + q�0 kYj=1 qj= kXi=0 iYj=0 q�j kYj=i+1 qj � v�(p);
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e Qkj=0 qj = qQkj=1 qj = p. This is (i).Let k 2 N ; q1; : : : ; qk�1 2 [0; 23 ℄ and qk 2 [0; 1℄ su
h that Qkj=1 qj = p and v�(p) =Pki=1Qij=1 q�j Qkj=i+1 qj. For i 2 [k℄ set xi := Qij=1 q�j Qkj=i+1 qj. Then xk = p� andxk�1 � xk. For i 2 [k � 2℄ we havexk�1�ixk�1�i+1 = qk�1�iq�k�1�i = q1��k�1�i � �23�1�� ;and hen
e xk�1�i � �23�(1��)i xk. Thusv�(p) = kXi=1 xi � p� 1 + 1Xi=0 �23�(1��)i! = 
�p�:
We are now in the situation to state the main result, whi
h is a little te
hni
al. In additionto what we already explained about this re
ursive approa
h, there is one further detail. Aswe do re
ursive partitioning, we will never need a dis
repan
y result 
on
erning indu
edsubhypergraphs on fewer than n
 verti
es (in the equi-weighted 
ase). This observationwill be useful in some appli
ations, e. g. in the 
ase jEj = jXj, where our bound for thedis
repan
ies of indu
ed subhypergraphs on n0 verti
es is Cqn0 log( nn0 ).Theorem 2.18. Let H = (X; E) be a hypergraph. Let p0; � 2℄0; 1[ and C > 0. Assumethat for all X0 � X su
h that jX0j � p0jXj and all q 2 [0; 1℄ su
h that (q; 1� q) is integralwith respe
t to HjX0 there is a fair 2{
oloring � having dis
repan
y at most CjX0j�, i. e.we have jX0 \ ��1(1)j = qjX0j and jjE \X0 \ ��1(1)j � qjE \X0jj � CjX0j� holds for allE 2 E.Then for ea
h integral weight p 2 [0; 1℄
 there is a fair 
{
oloring of H with respe
t to psu
h that the dis
repan
y with respe
t to p is at most Cv�(pi)n� � C
�(pin)� in all 
olorsi 2 [
℄ su
h that pi � p0. In parti
ular, the 
{
olor dis
repan
y of H is bounded bydis
(H; 
) � C
� �n
 �� + 1for all 
 � 1p0 .Proof. We start withClaim 1: For ea
h integral (with respe
t to H) weight (2�k; 1 � 2�k); 2�k � p0; k 2 Nthere is a fair 2{
oloring with respe
t to this weight su
h that wd(H; �; (2�k; 1� 2�k)) �Pk�1i=0 2�k+1+i2��iCn�.



32 CHAPTER 2. MULTI{COLOR DISCREPANCIESWe pro
eed by indu
tion. For k = 1, there is nothing to show. Let k > 1. Let �0 :X ! [2℄ be a fair (0:5; 0:5){
oloring having dis
repan
y at most Cn�.2 Set X1 := ��10 (1).Let �1 : X1 ! [2℄ be a fair (2�k+1; 1 � 2�k+1){
oloring (note that (2�k+1; 1 � 2�k+1)is integral for HjX1). By indu
tion we may assume that �1 has dis
repan
y at mostPk�2i=0 2�k+2+i2��iC(n2 )�. De�ne a 
oloring � : X ! [2℄ by �(x) = 1 if and only if �0(x) = 1and �1(x) = 1. Then � is a fair (2�k; 1 � 2�k){
oloring. Using a similar argument as inLemma 2.8, we 
ompute the dis
repan
y of an edge E 2 E with respe
t to (2�k; 1� 2�k)in 
olor 1:��jE \ ��1(1)j � 2�kjEj��= ��jE \ ��10 (1) \ ��11 (1)j � 2�kjEj��� ��jE \ ��10 (1) \ ��11 (1)j � 2�k+1jE \ ��10 (1)j��+ ��2�k+1jE \ ��10 (1)j � 2�kjEj��� ��j(E \X1) \ ��11 (1)j � 2�k+1jE \X1j��+ 2�k+1 ��jE \ ��10 (1)j � 0:5jEj��� k�2Xi=0 2�k+2+i2��iC(n2 )� + 2�k+1Cn�= k�1Xi=0 2�k+1+i2��iCn�:As 2{
olorings have the same dis
repan
y in both 
olors, this proves Claim 1. From ourassumptions on H it is 
lear that the assertion of Claim 1 also holds for any indu
edsubgraph HjX0 of H as long as 2�kjX0j � p0jXj. We will use this fa
t to proveClaim 2: For ea
h integral (with respe
t to H) weight (q; 1 � q); q � p0 there is a fair2{
oloring with respe
t to this weight that has dis
repan
y at most wd(H; �; (q; 1� q)) �221���1C (qn)�.Let q0 � 1 be maximal subje
t to the 
ondition that q0q is a power of 2. Let q0 = 2kq.Let �0 : X ! [2℄ be a fair (q0; 1 � q0){
oloring having dis
repan
y at most Cn�. Let�1 : ��10 (1)! [2℄ be a fair ( qq0 ; 1� qq0 ){
oloring. From Claim 1 we may assume that �1 hasdis
repan
y at most Pk�1i=0 2�k+1+i2��iC(q0n)�. De�ne a 
oloring � : X ! [2℄ by �(x) = 1if and only if �0(x) = 1 and �1(x) = 1. Then � is a fair (q; 1� q){
oloring. For an edgeE 2 E we 
ompute its dis
repan
y in 
olor 1 as above:2To keep this proof a little more readable, we will use this expression to say that �0 is fair with respe
tto (0:5; 0:5) and furthermore has weighted dis
repan
y at most Cn� with respe
t to (0:5; 0:5).



2.4. RECURSIVE COLORING 33��jE \ ��1(1)j � qjEj��= ��jE \ ��10 (1) \ ��11 (1)j � qjEj��� ���jE \ ��10 (1) \ ��11 (1)j � qq0 jE \ ��10 (1)j���+ ��� qq0 jE \ ��10 (1)j � qjEj���� ��jE \ ��10 (1) \ ��11 (1)j � 2�kjE \ ��10 (1)j��+ 2�k ��jE \ ��10 (1)j � q0jEj��� k�1Xi=0 2�k+1+i2��iC(q0n)� + 2�kCn�= �2�k+1q0�2(1��)k � 121�� � 1 + 2�k�Cn�< 2q0� 2��k21�� � 1Cn� = 221�� � 1C (qn)�:This proves Claim 2.For the main part of the proof let p 2 [0; 1℄
 be an integral weight. Again we pro
eed byindu
tion. Choose a partition fC1; C2g of the set of 
olors [
℄ su
h that kpjC1k1; kpjC2k1 � 23
or C1 
ontains a single 
olor with weight at least 13 . In parti
ular, kpjC2k1 � 23
 holds inboth 
ases. Set (q1; q2) := (kpjC1k1; kpjC2k1). Choose a fair 
oloring �0 : X ! [2℄ withrespe
t to the weight (q1; q2). From Claim 2 we may assume that �0 has dis
repan
y atmost C(qin)� in 
olor i = 1; 2 if qi � p0 (of 
ourse the dis
repan
y is the same in both
olors, but we do not need this). Set Xi := ��1(i) for i = 1; 2. If jCij > 1, then byindu
tion, there is a fair 
oloring �i : Xi ! Ci with respe
t to the weight 1qipjCi havingdis
repan
y at most Cv�(pjqi )(qin)� in ea
h 
olor j 2 Ci, pj � p0. If Ci = fjg for somej 2 [
℄, set �i : Xi 7! fjg. Set � = �1 [�2. We 
ompute the dis
repan
y of an edge E 2 Ewith respe
t to � and p in 
olor j 2 Ci in the 
ase jCij > 1 and pj � p0:��jE \ ��1(j)j � pjjEj��= ��jE \ ��10 (i) \ ��1i (j)j � pjjEj��� ���jE \ ��10 (i) \ ��1i (j)j � pjqi jE \ ��10 (i)j���+ ���pjqi jE \ ��10 (i)j � pjjEj���� ���j(E \Xi) \ ��1i (j)j � pjqi jE \Xij���+ pjqi ��jE \ ��10 (i)j � qijEj��� Cv�(pjqi )(qin)� + pjqiC(qin)�= Cv�(pj)n�by Lemma 2.17 (i). On the other hand, if Ci 
ontains a single 
olor j, then pj = qi andjjE \ ��1(j)j � pjjEjj = ��jE \ ��10 (i)j � pjjEj�� � C(pjn)� � Cv�(pj)n�.The last assertion follows from p = 1
1
 and the remark about integral and arbitrary weightsat the beginning of this subse
tion.



34 CHAPTER 2. MULTI{COLOR DISCREPANCIESGeneral HypergraphsLetH = (X; E) denote an arbitrary hypergraph. Set n := jV j andm := jEj for 
onvenien
e.Let us denote by H the hypergraph obtained from H by adding the whole vertex set as anadditional hyperedge. Note that we have (HjX0) = (H)jX0 for all X0 � X.In Se
tion 2.3 it was shown that a random 
oloring generated by 
oloring ea
h vertexindependently with ea
h 
olor with probability 1
 has dis
repan
y p0:5n ln(4m
) withprobability 12 . In this se
tion we show that via the re
ursive approa
h of Theorem 2.18a mu
h better bound 
an be a
hieved. In parti
ular, the dis
repan
y de
reases for largernumbers of 
olors.Theorem 2.19. For an arbitrary hypergraph H the 
{
olor dis
repan
y is bounded bydis
(H; 
) � 13rn
 ln(2m) + 1:Proof. Let X0 � X. For any indu
ed subhypergraph H1 = (X1; E1) of HjX0 Theorem5.2 shows the existen
e of a fair 
oloring � su
h that dis
(H1; �) � pjX1j ln(2m). FromjX1j � jX0j and the fairness of these � we get herdis
(HjX0) �pjX0j ln(2m).From Remark 2.9 we have wd(HjX0; 2; p) � pjX0j ln(2m) for any 2{
olor weight p. NowLemma 2.16 gives a fair 
oloring � su
h that dis
(HjX0; �; p) � 2pjX0j ln(2m). Thereforewe may apply Theorem 2.18 with � = 12 and C = 2pln(2m). Finally 
� � 6:5 proves thedis
repan
y bound.Note that all ingredients of this proof are 
onstru
tive: The randomized 
olorings of The-orem 5.2 respe
t a slightly weaker bound with probability a half, Theorem 1.4 allows anarbitrary 
lose approximation and the fair 
oloring lemma and the re
ursive method yieldno problems at all.Six Standard DeviationsThe 
elebrated `six standard deviations' result due to Spen
er [Spe85℄ states that there isa 
onstant K su
h that for all hypergraphs H = (X; E) having n verti
es and m � n edgesdis
(H) � Kqn ln(2mn )holds.The interesting 
ase is of 
ourse the one where m = O(n) and thus dis
(H) = O(pn).For m signi�
antly larger than n this result is outnumbered by the simple fair 
oin 
ip
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oloring of Theorem 1.1 or the mat
hing random 
oloring of Theorem 5.2. Thetitle \Six Standard Deviations SuÆ
e" of this paper 
omes from the fa
t that for n = mlarge enough, dis
(H) � 6pn holds. Using the relation between dis
repan
ies respe
tinga parti
ular weight and hereditary dis
repan
y (Remark 2.9) and the re
oloring argument(Lemma 2.16), we derive from Spen
er's resultLemma 2.20. For any X0 � X and integral (with respe
t to HjX0) weight p = (q; 1� q)there is a fair (q; 1� q){
oloring � of HjX0 that has wd(HjX0 ; �; p) � 2KqjX0j ln(2m+2jX0j ).Proof. Let X0 � X. Then any indu
ed subgraph of HjX0 has dis
repan
y at mostKqjX0j ln( 2mjX0j), simply be
ause Spen
er's bound is monotone in the number of verti
es.From Remark 2.9, we have wd(HjX0; 2; (q; 1� q)) � herdis
(HjX0) � KqjX0j ln( 2mjX0j).It remains to show the existen
e of a fair 
oloring. Let H denote the hypergraph arisingfrom H by adding the set X as an additional edge (unless of 
ourse X 2 E alreadyholds). Then HjX0 has at most m + 1 edges, and from the previous paragraph we knowdis
(HjX0 ; 2; (q; 1� q)) � KqjX0j ln(2m+2jX0j ). Lemma 2.16 now yields the 
laim.Lemma 2.20 and Theorem 2.18 yieldTheorem 2.21. Let H = (X; E) denote a hypergraph having n verti
es and m � n edgesand p 2 [0; 1℄
 an integral weight. Set p0 := mini2[
℄ pi. Then there is a fair 
oloring withrespe
t to p having dis
repan
y at most 13Kqpin ln(2m+2p0n ) in 
olor i.In parti
ular, in the 
ase jXj = jEj = n we havedis
(H; 
) � O �qn
 ln 
� :Proof. By Lemma 2.20 we may apply Theorem 2.18 with � = 12 , C = 2Kqln(2m+2p0n ) andp0. This yields a fair 
oloring with respe
t to p having dis
repan
y at most CC(12)ppin in
olor i 2 [
℄. The 
laim follows from C(12) � 6:44949.This is quite 
lose to the optimum. Theorem 2.31 shows a lower bound of 
(pn
 ) in the
ase jXj = jEj = n.The following 
orollary on 2 
olor dis
repan
ies seems worth mentioning. Already from
ombining Claim 2 of the proof of Theorem 2.18 and Lemma 2.20 we derive:Corollary 2.22. Let H = (X; E) denote a hypergraph su
h that jXj = jEj =: n and(q; 1 � q) an integral 2{
olor weight. Assume q � 12 . Then the weighted dis
repan
ywd(H; 2; (q; 1� q)) is at most 10Kqqn ln(2q ).



36 CHAPTER 2. MULTI{COLOR DISCREPANCIESArithmeti
 ProgressionsA third 
lassi
al example is the hypergraph of arithmeti
 progressions on the �rst n num-bers. This is probably the most famous of the few non{trivial examples where dis
repan
yis well{understood. For a; d; l 2 N denote by Aadl := fa+ idj0 � i � l� 1g the arithmeti
progression with starting point a, di�eren
e d and length l. Denote by En the set of allarithmeti
 progressions in [n℄, that is En = fAadl \ [n℄ja; d; l 2 [n℄g. Set An = ([n℄; En).Roth [Rot64℄ proved the 
elebrated lower bound dis
(An) = 
(n14 ). Roth himself believedthat this bound was too small and that the dis
repan
y was 
lose to n12 . This was disprovedby S�ark�ozy [S�ar74℄, who showed an upper bound of O(n13+"). Inventing the partial 
oloringmethod, Be
k [Be
81℄ showed a nearly tight bound of O(n14 (logn)52 ). Finally Matou�sekand Spen
er [MS96℄ solved the dis
repan
y problem for An by proving the asymptoti
allytight upper bound O(n14 ).This bound holds in any �xed number of 
olors. Moreover, we prove that the dis
repan
yde
reases for larger numbers of 
olors.Theorem 2.23. For an absolute 
onstant C 0 the following holds: Let p 2 [0; 1℄
 be aweight. Then there is a fair 
oloring of An with respe
t to p having dis
repan
y at mostC 0p0:16i n0:25 in ea
h 
olor i su
h that pi � n0:25. In parti
ular,dis
(An; 
) = O(
�0:16n0:25)holds for 
 � n0:25 
olors.Proof. From Lemma 5.3 of [MS96℄ we learn than an indu
ed subgraph H0 = (An)jX0 ofAn on jX0j = �n � n0:25 verti
es has dis
repan
y at most C1�0:16n0:25. We �rst show thatherdis
(H0) � 2C1�0:16n0:25:Let H1 = (X1; E1) be an indu
ed subhypergraph of H0. If jX1j � n0:25 we are doneby the Lemma of Matou�sek and Spen
er. Let us therefore assume jX1j < n0:25. Weshow that (H1)j[n2 ℄ and (H1)j[n℄n[n2 ℄ have dis
repan
y at most C1�0:16n0:25 and 
on
ludedis
(H1) � 2C1�0:16n0:25. Consider the hypergraph H2 := H(X1\[n2 ℄)[fn�n0:25+jX1\[n2 ℄j+1;::: ;ng.This hypergraph has exa
tly n0:25 � �n verti
es and thus dis
repan
y at most C1�0:16n0:25.As every edge of (H1)j[n2 ℄ is also an edge of H2, we 
on
lude dis
((H1)j[n2 ℄) � C1�0:16n0:25.A similar argument shows dis
((H1)j[n℄n[n2 ℄) � C1�0:16n0:25.Thus herdis
(H0) � 2C1�0:16n0:25. The relation between the linear and hereditary dis-
repan
y yields that all weighted dis
repan
ies of H0 are bounded by 2C1�0:16n0:25. As[n℄ is an arithmeti
 progression, we may apply Lemma 2.16 and 
on
lude that twi
e thisdis
repan
y may be a
hieved by a fair 
oloring respe
ting the underlying weight.



2.4. RECURSIVE COLORING 37Thus we may apply Theorem 2.18 with C = 4C1n0:09, � = 0:16 and p0 = n0:25, whi
hproves our 
laim.Bounded Shatter Fun
tionsThe re
ursive approa
h also generalizes results of Matou�sek, Welzl and Wernis
h [MWW84℄and Matou�sek [Mat95℄ 
onne
ting dis
repan
y with the primal shatter fun
tion �H anddual shatter fun
tion ��H of a hypergraph. Note that this also yields a bound in termsof the V C{dimension dim(H) of H: Already Vapnik and Chervonenkis [VC71℄ showed�H 2 O(ndim(H)).Theorem 2.24. Let H = (X; E) be a hypergraph on n points. Let d > 1. If �H = O(md),then dis
(H; 
) = O((n
 ) 12� 12d ). If ��H = O(md), then dis
(H; 
) = O((n
 ) 12� 12d logn). Inboth 
ases the impli
it 
onstants are independent of 
.Proof. Clearly the assumptions on the shatter fun
tions are hereditary in the sense thata shatter fun
tion of an indu
ed subhypergraph is less or equal the one of the wholehypergraph. They are also very robust: Adding the whole vertex set as additional edge
hanges the primal shatter fun
tion by at most 1, and does not 
hange the dual shatterfun
tion. Without loss of generality we may therefore assume X 2 E . The remainder of theproof is standard | bound the weighted dis
repan
ies of the indu
ed subhypergraphs usingRemark 2.9, buy fairness at the pri
e of a fa
tor of 2 (Lemma 2.16) and apply Theorem2.18.2.4.5 Re
ursive Approa
hes versus Dire
t Approa
hesWe see that the re
ursive method is very e�e
tive in situations where we 
an bound theweighted dis
repan
y of the indu
ed subgraphs. We always get a uniform bound fromthe hereditary dis
repan
y of H (Remark 2.9). There are situations where the re
ursiveapproa
h is the only result we have. We do not have a dire
t proof for a result like Theorem2.21 or Theorem 2.23. We feel that the original proof relies heavily on the fa
t that onlytwo 
olors are 
onsidered.Surprisingly, the re
ursive approa
h and dire
t methods are sometimes nearly equally ef-fe
tive. An example is the (equi-weighted) multi{
olor dis
repan
y in the 
ase of boundeddegree. The dire
t approa
h (
f. Se
tion 2.5) yields dis
(H; 
) � 2�(H), the re
ursiveone gives dis
(H; 
) � v(
)�(H). Both methods are 
onstru
tive. For 
 tending to in-�nity both methods give the same bound. For 
 � 100 the two bounds deviate by lessthan one per
ent. As a rough estimate, the re
ursive approa
h is worse for large 
: For1 � 
 � 1000, in 2:5 % of the 
ases v(
) is greater than 2, for 1 � 
 � 10000, it is 15:5%, and for 1 � 
 � 100000, in about 37:8 % of the 
ases the dire
t approa
h is better.



38 CHAPTER 2. MULTI{COLOR DISCREPANCIESStill | as the powers of 2 show | there are in�nitely many numbers where the re
ursiveapproa
h is better.On the other hand of 
ourse the re
ursive appro
h is limited: We 
an get results on weighteddis
repan
y, but we do not get any on linear dis
repan
y, e. g. in the Be
k{Fiala setting.This is surprising at �rst, but there is a good reason. One key argument used several timesin this se
tion is that during the re
ursion the dis
repan
y already a

rued is split up inthe same ratio we try to split up the hyperedges. By organizing the re
ursive 
oloringpro
ess in a 
lever way we mananged to have some 
lose to �fty-�fty splitting in laterstages of the pro
ess keeping the �nal dis
repan
y low. In the linear dis
repan
y problemea
h hyperedges has its own individual ratio it shall be divided a

ording to. Thus wehave no 
han
e to be 
lever | the only thing to do is to split up 
 
olors into � 
2� and � 
2�
olors to keep the number of steps small. Having no information about splitting up `old'dis
repan
ies, we end up with a bound oflindis
(H; 
) � O(log(
) maxH0�H lindis
(H0)):In the Be
k{Fiala situation this yields lindis
(H; 
) = O(log(
)�). Compare this withTheorem 2.25 obtained via the ve
tor 
olor approa
h! Already the re
ursive result on theweighted dis
repan
y is inferior to this.A se
ond point to keep in mind is that to apply re
ursion, we need a two{
olor result onthe hereditary dis
repan
y, even in the 
ase that 
 is a power of 2. See the examples inSe
tion 2.1 or Se
tion 2.7.
2.5 Ve
tor-ColoringIn this se
tion we present a dire
t method to 
onstru
t low dis
repan
y 
{
olorings. Weextend the Be
k{Fiala theorem and the Barany{Grunberg theorem to any number of 
olors.In the 2{
olor 
ase both are proved using `
oating 
olors'. Colors initially 
oating in [�1; 1℄are su

essively 
hanged to 
olors in f�1; 1g. Linear algebra is the key tool there.To prove 
{
olor versions we need the ve
tor 
olors and the matrix 
al
ulus introdu
ed inSe
tion 2.1. In the Be
k{Fiala situation we derive a bound independent on the number of
olors (and twi
e the bound of the original result), whereas in the Barany{Grunberg 
aseour bound is (
� 1) times the original bound (and thus 
oin
ides with the original resultin the 
ase 
 = 2).



2.5. VECTOR-COLORING 392.5.1 The Theorem of Be
k and FialaDenote by �(H) := maxx2X jfE 2 Ejx 2 Egj the maximum degree of the hypergraphH. This is one of the few parameters of a hypergraph whi
h give a good bound on thedis
repan
y. The Be
k{Fiala theorem [BF81℄, 
f. Theorem 1.3, assures that dis
(H) <2�(H) holds for any hypergraph.Be
k and Fiala a
tually proved a more general result on the linear dis
repan
y of matri
es.For any matrix A = (aij) 2 Rm�n denote by kAk1 := maxj2[n℄Pi2[m℄ jaijj the operatornorm indu
ed by the 1{norm on Rn . Then lindis
(A) < 2kAk1 holds for any matrix A.For 
 
olors we showTheorem 2.25. For any matrix A we havelindis
(A; 
) < 2kAk1:The following very elementary remark plays a 
ru
ial role in the proofs of the multi-
olorversions of both the Be
k{Fiala theorem and the Barany{Grunberg theorem.Lemma 2.26. Let x 2 M 
. Assume that there is a j 0 2 [
℄ su
h that xj0 =2 f�1
 ; 
�1
 g.Then there is a se
ond index j 00 (di�erent from j 0) su
h that xj00 =2 f�1
 ; 
�1
 g.Proof. By assumption we have 
xj0 =2 Z. As 
Pj2[
℄ xj = 0 2 Z by de�nition of M 
, thereexists a j 00 2 [
℄, j 0 6= j 00, su
h that 
xj00 =2 Z. In parti
ular, xj00 =2 f�1
 ; 
�1
 g.Proof of Theorem 2.25. Set � := kAk1 and A = (aij) := A
 I
. Note that � = kAk1. Letp : [n℄! M 
. We show lindis
(A; 
; p) < 2kAk1 by 
onstru
ting a � : [n℄! M
 su
h thatkA(p� �)k1 < 2kAk1.Set � = p. Su

essively we will 
hange � to a mapping [n℄ ! M
. Re
all that we agreedto regard p and � as 
n{dimensional ve
tors.Put J := fj 2 [
n℄j�j =2 f�1
 ; 
�1
 gg. We 
all the 
olumns in J 
oating and the others �xed.Set I := fi 2 [
m℄jPj2J jaijj > 2�g, and 
all the rows from I a
tive, the others ignored.We will ensure that during the rounding pro
ess the following 
onditions are ful�lled (thisis 
lear for the start, be
ause � = p):(i) (A(p� �))jI = 0, i. e. all a
tive rows have dis
repan
y zero.(ii) All 
olors are in M 
, in parti
ular we have P
�1k=0 �
j�k = 0 for all j 2 [n℄.



40 CHAPTER 2. MULTI{COLOR DISCREPANCIESNote that (ii) is the 
ru
ial di�eren
e to the 2{
olor 
ase, where we only need a 
onditionof type (i). This in
reases the number of equations investigated below and is the reasonwhy the multi-
olor bound is twi
e the 2{
olor bound.Let us assume that the rounding pro
ess is at a stage where J and I are as above and (i)and (ii) hold. If there is no 
oating 
olor, i. e. J = ;, then all �j, j 2 [
n℄, are in f�1
 ; 
�1
 gand � has the desired form.Hen
e assume that there are still 
oating 
olors. We 
onsider the system of equations
�1Xk=0 �
j�k = 0; j 2 [n℄ su
h that 
(j � 1) + k 2 J for some k 2 [
℄: (2.4)By Lemma 4.3, in every equation of (2.4) there are at least two 
oating variables �j0; �j00 ,i. e. j 0; j 00 2 J . Thus (2.4) is a system of at most 12 jJ j equations.We have jJ j� �Xj2J Xi2I jaijj =Xi2I Xj2J jaijj > jIj 2�;hen
e jJ j > 2jIj. We 
on
lude that the system(A �)jI = 0 (2.5)
�1Xk=0 �
j�k = 0; j 2 [n℄ su
h that 
(j � 1) + k 2 J for some k 2 [
℄
onsists of at most jIj + 12 jJ j < jJ j equations and hen
e is under-determined (taking justthe �j; j 2 J as variables). Thus there is a non-trivial solution x 2 RJ for (2.5). We extendx to xE 2 R
n by (xE)j := � xj if j 2 J0 else :By (ii) and the de�nition of J , all variables �j; j 2 J are in ℄ � 1
 ; 
�1
 [. Thus there is a� > 0 su
h that at least one 
omponent of � + �xE be
omes �xed and all 
olors are stillin M 
, i. e. � + �xE 2 Mn
 . Note that � + �xE also ful�lls (i) sin
e (AxE)jI = 0. Set� := � + �xE. Sin
e (i), (ii) are ful�lled for this new �, we 
an 
ontinue this roundingpro
ess until all �j, j 2 [
n℄ are in f�1
 ; 
�1
 g.We show kA(p� �)k1 < 2�. Let i 2 [
m℄. Denote by �(0) and J (0) the values of � and Jwhen the row i �rst be
ame ignored. We have �(0)j = �j for all j =2 J (0) and j�(0)j � �jj < 1for all j 2 J (0). Note that Pj2J(0) jaijj � 2�, sin
e i is ignored. Thusj(A(p� �))ij = j(A(p� �(0)))i + (A(�(0) � �))ij = j0 + Xj2J(0) aij(�(0)j � �j)j < 2�:



2.5. VECTOR-COLORING 41This shows kA(p� �)k1 < 2kAk1, and thus the 
laim.We note that our bound spe
ialized to the 
ase 
 = 2 is twi
e the bound of Be
k{Fiala.This is similar to the phenomenon that also o

urred in the investigation of the elementaryprobabilisti
 method. The reason in both 
ases is that in two 
olors one a
tually keeps thedis
repan
y of just one 
olor small as dis
repan
y in the other 
olor is the same.For the 
{
olor dis
repan
y we haveCorollary 2.27. dis
(H; 
) < 2�(H).Note that this result is very similar to Theorem 2.15 whi
h is a 
ombination the originalBe
k{Fiala theorem and the re
ursive method. Depending on 
 it is a little better in some
ases and a little worse in others.2.5.2 The Theorem of Barany and GrunbergLet k�k be any norm on Rn . The theorem of Barany and Grunberg states that for any �nitesequen
e v1; v2; : : : ; vk 2 Rn of ve
tors of norm at most 1 there are signs "i 2 f�1;+1g; i =1; : : : ; k su
h that for all l 2 [k℄ we have




 lXi=1 "ivi 




 < 2n:This seems to be similar to the Be
k{Fiala theorem, but has a slightly di�erent 
avor:Here all partial sums are 
onsidered, and we may 
hoose any norm for the input and thedis
repan
y. The Be
k{Fiala theorem formulated in terms of a ve
tor sequen
e states thatfor any ve
tors v1; : : : ; vk of k � k1{norm at most one there are signs "i 2 f�1;+1g; i =1; : : : ; k su
h that 


Pki=1 "ivi


1 < 2. Thus neither theorem is a spe
ial 
ase of the other.As in the dis
repan
y problem of hypergraphs the signs �1 and +1 are a 
onvenient wayto represent a partition. From this point of view the theorem of Barany{Grunberg statesthat there is a 2{partition (I1; I2) of the set X = fv1; : : : ; vkg su
h that for any subsetX0 = fv1; : : : ; vlg 





 Xv2Ij\X0 v � 12 Xv2X0 v





 < nholds for both j = 1; 2. This motivates the following de�nition:



42 CHAPTER 2. MULTI{COLOR DISCREPANCIESDe�nition (Dis
repan
y of ve
tor sets and sequen
es). LetX be a �nite set of ve
-tors in Rn and P = (I1; : : : ; I
) a 
{partition of X. Let k � k be any norm on Rn . We de�nethe dis
repan
y of the set X w. r. t. P and k � k bydis
(P; k � k) = maxj2[
℄ 





Xv2Ij v � 1
 Xv2X v





 :Given a subset X0 � X set PjX0 := (I1 \ X0; : : : ; I
 \ X0). Let v1; v2; : : : ; vk be a �nitesequen
e of ve
tors and P = (I1; : : : ; I
) be a 
{partition of fv1; v2; : : : ; vkg. We de�ne thedis
repan
y of the sequen
e v1; v2; : : : ; vk w. r. t. P and k � k bydis
((vl)l2[k℄;P; k � k) = maxl2[k℄ dis
(Pjfv1;::: ;vlg; k � k):In this notation the Barany{Grunberg theorem states that there is a 2{partition P =(I1; I2) su
h that dis
((vl)l2[k℄;P; k � k) < n. We de�ne a norm k � k
 on R
n bykwk
 := maxj2[
℄ kwjfj;j+
;::: ;j+(n�1)
gk;where we write wjfj;j+
;::: ;j+(n�1)
g to denote the ve
tor (wj; wj+
; : : : ; wj+(n�1)
)> 2 Rn .We 
an now express the dis
repan
ies of ve
tor sets and sequen
es in terms of the tensorprodu
t 
al
ulus:Lemma 2.28. Let X � Rn be a �nite set of ve
tors and P = (I1; : : : ; I
) be any 
{partition of X. Let � : X ! [
℄ be the 
orresponding 
oloring, i. e. for all v 2 X; l 2 [
℄ wehave �(v) = l if and only if v 2 Il. Then the dis
repan
y of X w. r. t. P and k � k isdis
(P; k � k) = 




Xv2X v 
m(�(v))





 :For ve
tor sequen
es we havedis
((vl)l2[k℄;P; k � k) = maxl2[k℄ 




 lXi=1 vi 
m(�(vi))





 :Proof. Remember that m(�(v))j := � 1� 1
 if �(v) = j�1
 otherwise.Thus Xv2Xm�(v)j v = Xv2X�(v)=j (1� 1
 )v � Xv2X�(v)6=j 1
v = Xv2X�(v)=j v � 1
 Xv2X v: (2.6)
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Xv2X v 
m(�(v))





 = maxj2[
℄ 





 Xv2X v 
m(�(v))!�����fj;j+
;::: ;j+(n�1)
g





= maxj2[
℄ 




Xv2Xm(�(v))j v




(2:6)= maxj2[
℄ 





Xv2Ij v � 1
 Xv2X v





= dis
(P; k � k):We are now ready to prove the following multi-
olor version of the Barany{Grunbergtheorem:Theorem 2.29. Let k � k be any norm on Rn and v1; v2; : : : ; vk be a �nite sequen
eof ve
tors of norm at most 1 in Rn . Then there is a 
{partition P = (I1; : : : ; I
) offv1; v2; : : : ; vkg su
h that dis
((vl)l2[k℄;P; k � k) < (
� 1)n:Proof. We may assume k > n. By Lemma 2.28 it suÆ
es to show the existen
e of a 
oloring� : [k℄!M
 su
h that 


Pi2[l℄ vi 
 �(i)



 < (
� 1)n for all l 2 [k℄.As in the proof of the Barany-Grunberg theorem we give an algorithmi
 
onstru
tion of �.At the beginning de�ne A := [n℄ and �(i)j := 0 for all i 2 [k℄, j 2 [
℄. Let us 
all those �(i)jwhere i 2 A and �(i)j =2 f 
�1
 ;�1
g variables and the 
orresponding 
olor ve
tor �(i) a
tive.Hen
e at the beginning we have 
n variables and n a
tive 
olor ve
tors. Furthermore all
olor ve
tors �(i); i 2 [k℄ are in M
 and we have Pi2A vi 
 �(i) = 0.We repeat the following rounding pro
ess: Set A0 := fi 2 [k℄j9j 2 [
℄ : �(i)j =2 f 
�1
 ;�1
gg,the set of indi
es of a
tive 
olor ve
tors. We try to �nd a nontrivial solution of the systemof equations Xi2A vi 
 �(i) = 0 (2.7)Xj2[
℄�(i)j = 0 for all i 2 A0.Let n0 be the number of variables and m0 the rank of the system (2.7). By Lemma 2.26,ea
h a
tive ve
tor 
ontains at least two variables, so n0 � 2A0. On the other hand,



44 CHAPTER 2. MULTI{COLOR DISCREPANCIESm0 � (
� 1)n+ jA0j, sin
ePj2[
℄ �(i)j = 0 for all i 2 [k℄ holds at any stage of the roundingpro
ess.If there is no nontrivial solution to (2.7), then there are at most m0 variables. From2A0 � n0 � m0 � (
� 1)n+ jA0j we 
on
lude jA0j � (
� 1)n. If there are still ve
tors thathave not been a
tive, i. e. A 6= [k℄, we in
rease the number of a
tive ve
tors by settingA := A[fmax(A)+1g and 
ontinue the rounding pro
ess 
onsidering the updated system(2.7). If A = [k℄ we terminate the rounding pro
ess by 
hanging the remaining variablesto 
�1
 or �1
 in any way su
h that all �(i) are in M
.If there is a nontrivial solution to (2.7), then we 
an 
hange � in the way that some variablesbe
ome 
�1
 or �1
 and all variables stay in [�1
 ; 
�1
 ℄ in the same fashion as in the proof ofBe
k{Fiala. Note that the invariants �(i) 2 M
 for all i 2 [k℄ and Pi2A vi 
 �(i) = 0 arestill satis�ed. Hen
e we 
an 
ontinue the rounding pro
ess.For the analysis let l 2 [k℄. Denote by e�(1); : : : ; e�(k) the value of the 
olor ve
tors atthat stage of the rounding pro
ess when A = [l℄ and no nontrivial solution to (2.7) 
anbe found. Denote by fA0 the value of A0 at this stage. Let �(1)f ; : : : ; �(k)f denote the �nalvalues of the 
olor ve
tors. From above we know jfA0j � (
� 1)n. Sin
e e�(i) 2M
 we haveke�(i) � �(i)f k1 < 1 for all i 2 [l℄. Furthermore e�(i) = �(i)f holds if i =2 eA0, sin
e an ina
tiveve
tor never be
omes a
tive again. By (2.7) we also have the equation Pi2[l℄ vi 
 e�(i) = 0.Now 





Xi2[l℄ vi 
 �(i)f 






 � 





Xi2[l℄ vi 
 e�(i)f 






| {z }= 0 by (2.7) + 





Xi2[l℄ vi 
 (�(i)f � e�(i))






= 





Xi2 eA0 vi 
 (�(i)f � e�(i))






= maxj2[
℄ 





Xi2 eA0(vi 
 (�(i)f � e�(i)))jfj;j+
;::: ;j+(n�1)
g





= maxj2[
℄ 





Xi2 eA0 vi(�(i)f � e�(i))j





< Xi2 eA0 kvik� (
� 1)n:



2.6. LOWER BOUNDS 45Note that the fa
t that we never have more than (
 � 1)n a
tive ve
tors has a ni
e in-terpretation in terms of online algorithms. Consider the following online ve
tor balan
ingproblem, stated in the language of games: Ea
h round the �rst player sele
ts a ve
tor ofnorm at most one. The se
ond player has to partition these ve
tor into 
 
lasses. His aimits to rea
h a balan
ed partition in the end. He does not have to de
ide in whi
h partition
lass to put the ve
tor immediately but he 
an postpone his de
ision for up to (
 � 1)nve
tors. On the other hand, a ve
tor assigned to a partition 
lass 
an not be removedanymore.The analysis of this game is just the proof above. The se
ond player thus 
an keep theimbalan
e at the end of the game below (
� 1)n.2.6 Lower BoundsIn this se
tion we give a general lower bound and analyze two prominent examples: Hy-pergraphs arising from Hadamard matri
es and arithmeti
 progressions. We start with the
{
olor version of a result attributed to Lov�asz and S�os in [BS95℄. This states that anymatrix A 2 Rm�n has 2{
olor dis
repan
y at least dis
(A) �p nm�min(A>A), where �min(�)denotes the least eigenvalue of a matrix. For 
 
olors we showTheorem 2.30. Let A 2 Rm�n . Then dis
(A; 
) �q (
�1)
2 nm�min(A>A).Proof. Let � : [n℄!M
 be an optimal 
oloring with respe
t to 
{
olor dis
repan
y. Thendis
(A; 
) = k(A
 I
)�k1� 1p
m k(A
 I
)�k2� 1p
m k�k2p�min((A
 I
)>(A
 I
))2:5(iii)= 1p
mrn(
� 1)
 p�min((A>A)
 I
)2:5(v)= r(
� 1)
2 nmp�min(A>A):
2.6.1 Hadamard Matri
esHypergraphs 
orresponding to Hadamard matri
es show that Spen
er's `six standard devi-ations' result is best possible apart from 
onstant fa
tors. The following theorem extends
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olors. It even shows that the dependen
e from the number of 
olorsdete
ted in Theorem 2.21 is relatively tight.Theorem 2.31. There is a universal 
onstant K > 0 su
h that for all n 2 N su
h thatthere exists a Hadamard matrix of order n there is a hypergraph with n verti
es and n edgeshaving 
{
olor dis
repan
y at least Kpn
 .Note that it is known that there are in�nitely many n su
h that a Hadamard matrix oforder n exists. Moreover, the set of orders is dense in the sense that for all " > 0 there isan n0 2 N su
h that for all n � n0 there is a Hadamard matrix of order between n andn(1 + ").Proof. Let n 2 N be su
h that there exists a Hadamard matrix H of order n, i. e. H 2f+1;�1gn�n and all rows of H are pairwise orthogonal. By multiplying some rows by �1we may assume that all entries of the �rst 
olumn v1 are 1. Let v2; : : : ; vn denote theremaining 
olumns. Set A = 12(H + J), where J is the n� n matrix 
onsisting of 1s only.A is the in
iden
e matrix of a hypergraph H of n edges on n verti
es. We show that Hhas the desired dis
repan
y.Let � : [n℄!M
 be any 
oloring. Let i 2 [
℄ be su
h thatj��1(m(i)) n f1gj � n�1
 : (2.8)For all j 2 [
℄ set �j : [n℄! f�1
 ; 
�1
 g; k 7! �(k)j. Thendis
�(H; 
) = k(A
 I
)�k1= maxj2[
℄ kA�jk1� kA�ik� 1pnkA�ik2:(2.8) now yields jfk 2 [n℄ n f1g j�i(k) = 
�1
 gj � n�1
 : (2.9)By de�nition of A there is a � 2 R su
h that A�i = Pnk=2 12�i(k)vk + �v1. Sin
e the



2.6. LOWER BOUNDS 47v1; : : : ; vn are pairwise orthogonal, we havekA�ik2 = vuut nXk=2 14�i(k)2kvkk22 + �2kv1k22� vuut nXk=2 14�i(k)2kvkk22= 12pnvuut nXk=2 �i(k)2� 12pnqn�1
 � 
�1
 �2 + (n�1)(
�1)
 ��1
�2 (by (2.9))= 12pnq (n�1)(
�1)
2 :Hen
e dis
(H; 
) � 12q (n�1)(
�1)
2 .2.6.2 Arithmeti
 ProgressionsWe now give a lower bound for the multi-
olor dis
repan
ies of the arithmeti
 progressions.See Se
tion 2.4.4 for a short survey of this problem and an upper bound. For 2 
olors,Roth [Rot64℄ proved the 
elebrated lower bound dis
(An) � 120 4pn. A similar result is truefor any number of 
olors. We haveTheorem 2.32. The hypergraph of arithmeti
 progressions ful�llsdis
(An; 
) � 0:04 1p
 4pn:Proof. We follow the approa
h of [BS95℄. Set k = bq16n
. Let E be the set of arith-meti
 progressions of length k and di�eren
e less than 6k 
omputed modulo n (hen
e ourarithmeti
 progressions may be over-wrapped from n to 1 at most on
e). Every arith-meti
 progression of E is a union of at most two arithmeti
 progressions from En, so thedis
repan
y of An is at least half the dis
repan
y of ([n℄; E).Re
all that a matrix is 
alled 
ir
ulant if the i-th row 
an be obtained from the �rst by(
ir
ular) shifting it i� 1 times to the right. Let us enumerate the arithmeti
 progressionsin E in a way that if i is not divisible by n, then Ei+1 = Ei + 1 (always 
omputed modulon), i. e. Ei+1 is Ei shifted right by one. Thus the in
iden
e matrix A = (aij) 2 f0; 1g6kn�nde�ned by aij = 1 if and only if j 2 Ei 
onsists of 6k 
ir
ulant sub-matri
es. As sum andprodu
t of two 
ir
ulant matri
es is 
ir
ulant again, A>A is 
ir
ulant. The eigenve
tors of
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ir
ulant matri
es are known to be of the form (1; "; "2; : : : ; "n�1)>, where " is an nth rootof unity. Using this one gets that the minimum eigenvalue �min(A>A) of A>A is greaterthan 14k2.Theorem 2.30 gives dis
(([n℄; En); 
)2 � n(
�1)6kn
2 14k2 = (
�1)k24
2 . Hen
edis
(An; 
) � 0:5 dis
(([n℄; E); 
)� s 
� 196p6
2 4pn� 0:0652r
� 1
2 4pn� 0:04q1
 4pn:
We may remark that the lower bound 
an also be proved using harmoni
 analysis approa
hof [Weh97, DSW98℄. This has been done in [DSW00℄, where we also proved that a lowdis
repan
y 
oloring has dis
repan
y of the order shown above in ea
h 
olor.Another alternative is taking a look at some very tri
ky notation in Roth's [Rot64℄ originalpaper. Then one �nds wd(An; 2; (p; 1 � p)) = 
(pp(1� p) 4pn). Sin
e wd(H; 2; (1
 ; 1 �1
 )) � dis
(H; 
) holds for all hypergraphs H, this also proves the 
laim. Note that ourproof impli
itly also uses this relation between weighted 2{
olor dis
repan
y and 
{
olordis
repan
y.2.7 Interrelation between Di�erent Numbers of Col-orsIn this se
tion we investigate the relation of the dis
repan
y of one hypergraph in di�erentnumbers of 
olors. The pre
eding se
tions might suggest that it makes little di�eren
ewhi
h number of 
olors use, but this impression is false. In general there is little 
orrelationbetween the dis
repan
ies of a hypergraph in di�erent numbers of 
olors. There is oneex
eption to this rule:Lemma 2.33. Let H = (X; E) be any hypergraph. If 
2 divides 
1, thendis
(H; 
2) � 
1
2 dis
(H; 
1):
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1℄ be an optimal 
1{
oloring of H. Set q = 
1
2 and�2 : X ! [
2℄; x 7! ��(x)� 1q �+ 1:For an edge E 2 E and a 
olor j 2 [
2℄ we havedis
�2;j(E) = ���jE \ ��12 (j)j � 1
2 jEj���= ����������E \ q[k=1��1((j � 1)q + k)������ q
1 jEj�����= ����� qXk=1 �jE \ ��1((j � 1)q + k)j � 1
1 jEj������� qXk=1 ���jE \ ��1((j � 1)q + k)j � 1
1 jEj���= qXk=1 dis
�;(j�1)q+k(E):
This marks the extreme 
ase where the 
orrelation between di�erent numbers of 
olors ishigh. For arbitrary numbers of 
olors a quite di�erent phenomenon 
an be observed. Weinvestigate the opposite behavior through the following 
lass of hypergraphs.Fix n; k 2 N. For l 2 [k℄ set Ll := [n℄� flg and 
all these sets `lines'. SetEnk := fE � [n℄� [k℄j8l1; l2 2 [k℄ : jE \ Ll1 j = jE \ Ll2 jg:Hnk := ([n℄�[k℄; Enk) is the (modulo isomorphism) unique hypergraph on nk verti
es havingk{
olor dis
repan
y zero with maximal number of edges. We determine the dis
repan
yof this hypergraph in any number of 
olors. This will show that there is little 
orrelationapart from the 
ase exhibited in Lemma 2.33.Theorem 2.34. Let k0 := k mod 
. Set bnk
 = �n� � nd 
ke�� k
 . Thenbnk0
 � dis
(Hnk; 
) < bnk0
 + 1;if k0 6= 0, and dis
(Hnk; 
) = 0, if 
 divides k.It will be 
onvenient to 
onsider the 
ase 
 > kn (the number of 
olor ex
eeds the numberof verti
es) separately. Any 
oloring � avoids some 
olors, and for su
h a 
olor j we have
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�;j([n℄� [k℄) = nk
 . For an o

urring 
olor j there is an edge E of size k 
ontaining atleast one point 
olored j. Hen
e dis
�;j(E) � 1� k
 . On the other hand a 
oloring su
h thatevery 
olor o

urs at most on
e shows that we a
tually have dis
(Hnk; 
) = maxfnk
 ; 1� k
g.As bnk
 � maxfnk
 ; 1� k
g < 1, the 
ase 
 > kn is settled.The 
ase that 
 divides k is solved by Lemma 2.33, so let us assume that k0 6= 0. To provethe theorem we start with an easy observation:Lemma 2.35. In the notation of Theorem 2.34 we havedis
(Hnk; 
) � dis
(Hnk0; 
):Proof. Let �0 be an optimal 
{
oloring for Hnk0 . Set X0 = [n℄ � f
 �k
� + 1; : : : ; kg and� : X0 ! [n℄� [k0℄; (i; l) 7! (i; l�
 �k
�). Then � is a hypergraph isomorphism from HnkjX0to Hnk0 . De�ne a 
oloring � : [n℄� [k℄! [
℄ by�((i; l)) := 8<: �0(�(i; l)) if (i; l) 2 X0� l�1b k

�+ 1 else.Then for any edge E 2 E and any 
olor j 2 [
℄ we havedis
�;j(E)= ����E \ ��1(j)��� 1
 jEj��= ����E \X0 \ ��1(j)��� 1
 jE \X0j+ ��(E nX0) \ ��1(j)��� 1
 jE nX0j��= �����(E \X0) \ ��10 (j)��� 1
 j�(E \X0)j+ ��E \ ([n℄� f(j � 1) �k
� + 1; : : : ; j �k
�g)��� 1
 ��E \ ([n℄� [
 �k
�℄)����= �����(E \X0) \ ��10 (j)��� 1
 j�(E \X0)j+ 0��= dis
�0;j(�(E \X0)):Sin
e �(E \ X0) is an edge of Hnk0 and �0 an optimal 
{
oloring for Hnk0 , we 
on
ludedis
(Hnk; 
) � dis
(Hnk0 ; 
).It would save us some problems if we 
ould show that an optimal 
oloring for Hnk in the
ase 
 < k has to be of the kind 
onstru
ted in Lemma 2.35. Unfortunately, this is nottrue:Set k = 5 and 
 = 3. Let n be any non-negative integer divisible by 6. Let � be su
h thatthe 
olor 
lasses interse
t the lines as des
ribed in the table below (this de�nes � up topermutations inside the lines whi
h have no in
uen
e on the dis
repan
y).



2.7. INTERRELATION BETWEEN DIFFERENT NUMBERS OF COLORS 51Line l 1n jLl \ ��1(1)j 1n jLl \ ��1(2)j 1n jLl \ ��1(3)j1 1 0 02 0 1 03 1=6 0 5=64 0 1=6 5=65 1=2 1=2 0We determine the dis
repan
y of this 
oloring: An edge E su
h that dis
�;1(E) is maximalhas to have 52 points and either 
ontains all or none of the 1{
olored points of line 3 and5. Both 
ases yield a dis
repan
y of 13n in 
olor 1. The situation for 
olor 2 is the same.For 
olor 3 the extreme edges look like this: E has either no points in 
olor 3 and size56n and thus dis
�;3(E) = 518 , or E 
ontains all points in this 
olor, has size 256 and thusdis
�;3(E) = 518 . From Theorem 2.34 we see that � is an optimal 
oloring, but � is not ofthe kind of 
oloring used to prove Lemma 2.35. This also shows that the optimal 
oloringis not even unique modulo permutations of lines and permutations inside lines.Proof of Theorem 2.34. We will investigate the 
ase 
 > k �rst, hen
e we have k = k0.For the upper bound we 
onstru
t a 
oloring �. Start with all points being un
olored. Forea
h 
olor j, 
olor � nd 
ke� points in this 
olor. Do so in a way that points of the same 
olorare in the same line. This is possible as ea
h line 
an hold up to � 
k� su
h 
olor 
lasses.The remaining points 
olor in any way su
h that all 
olor 
lasses di�er in size by at mostone.We 
al
ulate the dis
repan
y of H with respe
t to �. Let j 2 [
℄. Let E be an edge su
hthat dj(E) := jE \ ��1(j)j� 1
 jEj is maximal. Assume that there is a point in 
olor j thatis not 
ontained in E. Let F be a set of points disjoint from E 
ontaining one point ofevery line, at least one of these 
olored j. Thendj(E [ F ) = dj(E) + dj(F ) � dj(E) + 1� k
 > dj(E);a 
ontradi
tion. Hen
e ��1(j) � E and jEj � k � nd 
ke� by 
onstru
tion. This yieldsdis
�;j(E) = ��E \ ��1(j)��� 1
 jEj � �nk
 �� k
 $ n� 
k�% : (2.10)Now let E be an edge su
h that dj(E) := jE \ ��1(j)j � 1
 jEj is minimal. By a similarargument as above we see that E 
ontains no point 
olored j. As 
 � kn, we have
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ke�� and hen
e
dis
�;j(E) = ����E \ ��1(j)��� 1
 jEj�� = 1
 jEj � 1
  nk � k $ n� 
k�%! : (2.11)

From (2.10) and (2.11) we 
on
ludedis
(Hnk; 
) � dis
�(Hnk) � �nk
 �� k
 $ n� 
k�% < bnk
 + 1:
For the lower bound let � be any 
oloring. Let m : [
℄ ! [k℄ su
h that jLl \ ��1(j)j ���Lm(j) \ ��1(j)�� for all l 2 [k℄ and j 2 [
℄. From the pigeon-hole prin
iple we get aline number l 2 [k℄ su
h that jm�1(l)j � � 
k�. Let j 2 m�1(l) su
h that jLl \ ��1(j)jis minimal. Then for all l 2 [k℄ we have jLl \ ��1(j)j � � nd 
ke�. Thus there is anedge of size �n� � nd 
ke�� k having no point in this 
olor. We 
on
lude dis
�(Hnk) ��n� � nd 
ke�� k
 = bnk
.We now turn to the 
ase that 
 < k and 
 does not divide k. Lemma 2.35 proves the upperbound. For the lower bound let � be any 
{
oloring of Hnk. Let i : [
℄ � [k℄ ! [k℄ su
hthat jLi(j;p) \ ��1(j)j � jLi(j;p+1) \ ��1(j)j for all j 2 [
℄; p 2 [k � 1℄. Hen
e i(j; p) denotesthe index of a line with p{most points in 
olor j.Assume �rst that there exists a j 2 [
℄ su
h thatPd k
ep=1 ��Li(j;p) \ ��1(j)�� � �k
�n+� nl 
k0 m�.If ���Li(j;d k
e) \ ��1(j)��� < � nl 
k0 m�, then there is an edge E su
h that jEj = k�n� � nl 
k0 m��and jE \ ��1(j)j � �k
��n� � nl 
k0 m��, hen
e dis
�;j(E) � bnk0
. If ���Li(j;d k
e) \ ��1(j)��� �� nl 
k0 m�, then there is an edge E su
h that jE \ Llj = n� ���Li(j;d k
e) \ ��1(j)��� for all l 2 [k℄
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�n+ � nl 
k0 m�� �k
� jLi(j;d k
e) \ ��1(j)j. In this 
ase also
dis
�;j(E) � k
 �n� ���Li(j;d k
e) \ ��1(j)����� �k
�n�6664 nl 
k0m7775 + �k
� ���Li(j;d k
e) \ ��1(j)���= k0
 n + �1� k0
 � ���Li(j;d k
e) \ ��1(j)���� 6664 nl 
k0m7775� 0�n� 6664 nl 
k0m77751A k0
 = bnk0


holds. So let us assume from now on
d k
eXl=p jLi(j;p) \ ��1(j)j > �k
�n+ 6664 nl 
k0m7775 for all j 2 [
℄. (2.12)

Assume that there exists a 
olor j 2 [
℄ su
h that ���Li(j;b k

) \ ��1(j)��� � n � � nl 
k0 m� � 1.From (2.12) we 
on
lude ���Li(j;d k
e) \ ��1(j)��� � 2� nl 
k0 m� + 2 := m and k0 � 13
. Thusthere is an edge E su
h that jE \ Llj = m for all l 2 [k℄ and jE \ ��1(j)j � �k
�m. Our
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k0 m � 3k04
 . If l 
k0m does not divide n, we havedis
�;j(E) � �k
�m� km
= 22666 nl 
k0m3777�1� k0
 �= �2� k0
 �2666 nl 
k0m3777� k0
 � 6664 nl 
k0m7775 k0
� �2� k0
 � nl 
k0m + �2� k0
 � 1l 
k0m � k0
 � 6664 nl 
k0m7775 k0
� (2� 13)34 nk0
 + k02
 � 3k204
2 � 6664 nl 
k0m7775 k0
� 0�n� 6664 nl 
k0m77751A k0
 = bnk0
:The 
al
ulation for the 
ase that l 
k0m is a divisor of n is about the same, a little easiera
tually, as we do not have to 
are about the fra
tional parts.It remains to look at the 
ase that for all j 2 [
℄ we have ���Li(j;b k

) \ ��1(j)��� > n�� nl 
k0 m��1. In this 
ase ij[
℄�[bk

℄ is inje
tive and i([
℄ � [�k
�℄) \ i([
℄ � f� 
k�g) = ;. Thus i maps[
℄ � f� 
k�g into a set of size k0. From the pigeon{hole prin
iple we 
on
lude that thereis a line Ll su
h that i(j; � 
k�) = l for l 
k0m di�erent 
olors j. Again from the pigeon{holeprin
iple we see that for at least one of these 
olors we have jLi(j;d k
e) \ ��1(j)j � nl 
k0 m
ontradi
ting (2.12). This ends the proof of Theorem 2.34.From Lemma 2.3 we know that any hypergraph on nk points has 
{
olor dis
repan
y atmost �nk
 � (1�1
 ). The theorem above states thatHnk has 
{
olor dis
repan
y dis
(Hnk; 
) �nk0
 (1� k02
 ). This shows that there is little 
orrelation between the dis
repan
ies in di�erent
olors (as dis
(Hnk; k) = 0).



Chapter 3
Linear and Hereditary Dis
repan
y
3.1 The Problem: History and ResultsIn this 
hapter we investigate a 
lassi
al problem in the �eld of 2{
olor dis
repan
ies. Asalready mentioned in Chapter 1 there is a non-trivial relation between the linear and thehereditary dis
repan
y of a hypergraph (and more generally, a matrix). Results of Be
kand Spen
er [BS84a℄ and Lov�asz, Spen
er and Vesztergombi [LSV86℄ show that any realmatrix A 2 Rm�n satis�es lindis
(A) � 2 herdis
(A):Re
all that this result was 
ru
ial for the re
ursive method in Chapter 2.In [Spe87℄, Spen
er improves this slightly to lindis
(A) � 2(1 � 2�2n) herdis
(A). Healso provides a matrix A satisfying lindis
(A) = 2(1� 1n+1) herdis
(A) and introdu
es theproblem of 
losing this gap. For a whole bun
h of these matri
es, namely a 
hara
terizationof all totally unimodular matri
es satisfying this equality, see Theorem 4.2.The main result of this 
hapter is:Theorem 3.1. Let A be any m� n matrix. Set q := blog2(m)
 + 1. Thenlindis
(A) � 2 �1� 2�q� herdis
(A):In parti
ular, lindis
(A) � 2(1� 12m) herdis
(A).If A is the in
iden
e matrix of a hypergraph (i. e. A 2 f0; 1gm�n), then we may assumem � 2n� 1, as ea
h two rows 
an be assumed di�erent and di�erent from (0; 0; : : : ; 0). Inthe language of hypergraphs this just means that no edge o

urs twi
e and that the emptyedge 
an be ignored. This yields 2 (1� 2�q) � 2 (1� 2�n) and55



56 CHAPTER 3. LINEAR AND HEREDITARY DISCREPANCYCorollary 3.2. For A 2 f0; 1gm�n we havelindis
(A) � 2(1� 2�n) herdis
(A):So for hypergraphs in parti
ular, and matri
es with m � 22n in general, our result is a
onsiderable improvement of the known results; the improvement being better the sparserthe matrix is. The result is not far from the optimum: The example of [Spe87℄ haslindis
(A) = 2�1� 1m� herdis
(A);while the Theorem 3.1 giveslindis
(A) � 2�1� 1m + 1� herdis
(A)for m = 2l � 1; l 2 N .The 
ase of totally unimodular matri
es is settled in Chapter 4 using a di�erent approa
h.3.2 The ProofOur proof uses the original proof of Be
k and Spen
er [BS84a℄, whi
h we state here for
onvenien
e.Original Proof: Let p 2 [�1; 1℄n. We will 
onstru
t an " 2 f�1; 1gn su
h that kA(p� ")kis small. De�ne a(0) 2 [0; 1℄n by a(0)j := 12(pj + 1) for all j 2 [n℄. Asp 7! min"2f�1;1gn kA(p� ")k1is a 
ontinuous fun
tion and fPni=1 xi2�i j n 2 N ; x 2 f0; 1gng is dense in [0; 1℄, we mayassume that there is k 2 N su
h that a(0)j 2k 2 Z for all j 2 [n℄. We are going to round theve
tor a(0) su

essively to a ve
tor of shorter binary expansion until we have a 0; 1 ve
tor.Suppose that for some l 2 f0; : : : ; k � 1g, the (a(l)j )j=1;::: ;n are already de�ned and satisfya(l)j 2k�l 2 Z for all j 2 [n℄. Set X := fj 2 [n℄ j a(l)j 2k�l oddg, the set of all j su
h thatthe binary expansion of a(l)j 2k�l ends in 1 (these are the 
omponents of a(l) that need to berounded). Find "(l) : X ! f�1;+1g su
h thatd(l)i :=Xj2X "(l)j aij 2 [� herdis
(A); herdis
(A)℄



3.2. THE PROOF 57for all i 2 [m℄.De�ne a(l+1)j := ( a(l)j + 2�(k�l)"(l)j if j 2 Xa(l)j otherwise.Then we have a(l+1)j 2k�l�1 2 Z for all j 2 [n℄ andXj2[n℄aij(a(l+1)j � a(l)j ) = 2�(k�l)d(l)ifor all i 2 [m℄. That means we rounded the a(l) to a(l+1) in su
h a way that kA(a(l+1) �a(l))k1 is small.Having de�ned a(l)j for all j 2 [n℄; l 2 f0; : : : ; kg we set "j := 2a(k)j � 1 (this is in f�1; 1g)and have kA("� p)k1 = 2 

A(a(k) � a(0))

1= 2 





Xl2[k℄A(a(l) � a(l�1))





1� 





Xl2[k℄ 2�k+ld(l)





1� 2 herdis
(A);where the last inequality follows from the de�nition of the d(l); l 2 [k℄ and the triangleinequality.The key idea now is based on the following simple observation: if we repla
e "(l) by �"(l),we get �d(l) instead of d(l). By 
hoosing signs for the "(l), l 2 [k℄ in a 
lever way and notusing the triangle inequality, we improve the above result.Note that if we 
hange the sign of one "(l), this leads to a di�erent a(l+1) and thus may
hange all the subsequently determined variables. Therefore we have to de
ide the signs`on-line'. This might be des
ribed best in the language of games. Consider the followingtwo-player perfe
t information game:The Game: At the start of the game the ve
tor v 2 Rm is zero. One round of the gameis: Player A gives a ve
tor w 2 [�1; 1℄m and Player B then 
hooses a sign Æ 2 f�1; 1g.The ve
tor v is then updated to v := 0:5v + Æw. The game is played for a �xed number kof rounds. Player A aims to maximize kvk1 while B wants to keep the norm down. Whatis the maximum number 
 that A 
an rea
h?



58 CHAPTER 3. LINEAR AND HEREDITARY DISCREPANCYThis is the game we are playing (as Player B against the algorithm as Player A) whende
iding on the signs of the "(l), l 2 f0; : : : ; k�1g. In the game we normalized the w to bein [�1; 1℄m (while above we have d(l)i 2 f� herdis
(A); : : : ; herdis
(A)g), but it is 
lear thatthis just 
hanges 
 to 
 herdis
(A) as an upper bound. So we have the following generalresult.Lemma 3.3. If 
 is the maximum value Player A 
an rea
h in the above des
ribed game,then lindis
(A) � 
 herdis
(A).We 
omplete the proof by determining this 
onstant 
.Lemma 3.4. The maximum value Player A 
an rea
h is 
 = 2 (1� 2�q).Proof. We investigate the following strategy for Player B. Whatever ve
torsw(1); : : : ; w(k�q) Player A 
hooses in the �rst k � q rounds, pi
k Æ(1); : : : ; Æ(k�q) := 1(any other 
hoi
e would do, too). Set w := Pk�qj=1 2�k+jw(j). Choose the next signÆ(k�q+1) in su
h a way that the number of 
omponents i 2 [m℄ =: X1 su
h that sgn(wi)and sgn(Æ(k�q+1)w(k�q+1)i ) are di�erent is maximal. Set X2 := fi 2 [m℄ j sgn(wi) =sgn(Æ(k�q+1)w(k�q+1)i )g. Next 
hoose Æ(k�q+2) 2 f�1; 1g su
h that the number of 
ompo-nents i 2 X2 su
h that sgn(wi) and sgn(Æ(k�q+2)w(k�q+2)i ) are di�erent is maximal. SetX3 := fi 2 X2 j sgn(wi) = sgn(Æ(k�q+2)w(k�q+2)i )g. Continue in this fashion until Æ(k) andXq are determined.Note that jXj+1j � j jXj j2 k for all j 2 [q� 1℄, whi
h gives jXqj < 1, i.e. Xq = ;. So for every
omponent i there is a j 2 fk� q+1; : : : ; kg su
h that wi and Æ(q)w(q)i have di�erent signs.The worst 
ase is the one where all Æ(j)w(j)i , j 2 fk� q + 1; : : : ; kg are 1 (or �1) and wi iszero. This gives us




 kXj=1 2�k+jÆ(j)w(j)




1 = 




 kXj=k�q+1 2�k+jÆ(j)w(j) + w




1� q�1Xz=0 2�z= 2 �1� 2�q� :Player B 
an not do any better, as the following strategy for A reveals. Let r denote thebiggest power of 2 that is less than or equal to m (so r = 2q�1). Choose the �rst k � qve
tors as zero. The last q ve
tors 
hoose like this: 
omponents greater than r are alwaysset zero (for instan
e). For an index i = 1 +Pq�2j=0 xj2j � r, x0; : : : ; xq�2 2 f0; 1g and a



3.3. DISCUSSION 59p 2 f0; : : : ; q � 1g set w(k�p)i := 2xp � 1. Here is an example for m = 5:w(j) = (0; 0; 0; 0; 0) for i 2 [k � q℄w(k�2) = (�1;�1;�1;�1; 0)w(k�1) = (�1;�1;+1;+1; 0)w(k) = (�1;+1;�1;+1; 0):Whatever signs Æ(j); j 2 [k℄ are 
hosen, there will always be a 
omponent i 2 [r℄ su
h thatw(k�q+1)i = : : : = w(k)i and thuskXj=1 2�k+jw(j)i = w(k)i q�1Xj=0 2�j = w(k)i 2 �1� 2�q� :This proves Lemma 3.4 and thus the theorem.At this point we should remark that Lemma 3.4 is a spe
ial 
ase of Theorem 7.1. For thereader's 
onvenien
e we still gave the proof here.3.3 Dis
ussionAll of the above is 
onstru
tive in the following sense. Let A and p be given as above.Assume that 
omputing a 
oloring with dis
repan
y not greater than h is possible forevery submatrix A in time O(f(A)) (dis
repan
y is an NP{hard problem, so we 
annot skip this assumption). Then we have an algorithm rounding p to " in time at mostO(kmaxfn;m; f(A)g) su
h thatkA(p� ")k1 � 2�kkAk1 + 2 �1� 2�q�h;where kAk1 := supkxk1=1 kAxk1 and k is the maximum binary length we use to expressthe pi in our algorithm. In parti
ular, ifH = herdis
(A) we get a polynomial time algorithmsolving the latti
e approximation problem with approximation error at most 2 herdis
(A)by 
hoosing k su
h that 2�kkAk1 � herdis
(A)2m , e. g. k � log2(2mn). At this point weshould remark that when talking about algorithmi
 
omplexity we always assume that allelementary 
omputations 
an be done with arbitrary pre
ision in 
onstant time.There are some ideas whi
h we did not know how to use in the general 
ase. They mightbe useful in restri
ted situations. Re
all that the d(l)i are dis
repan
ies of hyperedgesof indu
ed subgraphs under an optimal 
oloring. We assumed all d(l)i to take the worstpossible value in [� herdis
(A); herdis
(A)℄, but in general an optimal 
oloring just 
reates



60 CHAPTER 3. LINEAR AND HEREDITARY DISCREPANCYa few badly 
olored hyperedges. This is true in parti
ular if herdis
(A) is large. Note thatSpen
er's example has herdis
(A) = 1. I would suspe
t that the bound 
an be improvedat least slightly for larger values of herdis
(A).Another point is that in general not all indu
ed subgraphs do have herdis
(A) as dis
rep-an
y. This might be used also in a di�erent "-
hoosing strategy: Choose the "(l) in su
h away that the resulting a(l+1) represents a hypergraph with small dis
repan
y.Finally, let us remark that the opposite relation is also un
lear. It is even not knownwhether the hereditary dis
repan
y 
an be bounded in term of the linear dis
repan
y atall. Looking at this from the other side, the question is how far one 
an de
rease the lineardis
repan
y of a hypergraph by adding verti
es. Matou�sek [Mat00℄ re
ently showed thatone 
annot de
rease it below 2 for some hypergraphs. Beyond this nothing is known.



Chapter 4
Linear Dis
repan
y of TotallyUnimodular Matri
es
In this 
hapter we investigate the linear dis
repan
y of totally unimodular matri
es. Thisproblem has attra
ted attention in several spe
ial 
ases. We give an eÆ
ient algorithm thatsolves the latti
e approximation problem for totally unimodular matri
es optimally (re
allfrom Se
tion 1.2.3 that the linear dis
repan
y of a matrix is the worst-
ase approximabilityof the latti
e de�ned by it). We also give a sharp upper bound on this linear dis
repan
yand 
hara
terize the extremal 
ases.4.1 History and ResultsLet A 2 Rm�n be any real matrix and p 2 [0; 1℄n. Re
all from Se
tion 1.2.3 the de�nitionof the 0; 1 linear dis
repan
y of A with respe
t to p:lindis
01(A; p) := minz2f0;1gn kA(p� z)k1:The 0; 1 linear dis
repan
y of A is lindis
01(A) := maxp2[0;1℄n lindis
(A; p). In this 
hapterwe prefer to use the 0; 1 notion of linear dis
repan
y instead of the usual one. This is dueto the fa
t that this notion put more emphasis on the relation to integer linear programsand rounding te
hniques whi
h will be the heart of our proof. As both notions just di�erby the 
onstant fa
tor of 2, we lose nothing by swit
hing the notions.An m� n matrix A is 
alled totally unimodular if ea
h square submatrix has determinant�1; 0 or 1. In parti
ular, A 2 f�1; 0; 1gm�n. Totally unimodular matri
es arise naturally inseveral areas (
f. [Hof79℄). For example, in
iden
e matri
es of bipartite graphs are totallyunimodular, as well as network matri
es. 61



62 CHAPTER 4. TOTALLY UNIMODULAR MATRICESThe dis
repan
y problem for totally unimodular matri
es is well-understood. Their dis-
repan
y is at most one (see also Theorem 2.1). By de�nition, submatri
es of totallyunimodular matri
es are totally unimodular, hen
e the dis
repan
y of all submatri
es isat most one as well. The beautiful theorem of Ghouila-Houri [GH62℄ states that also the
onverse holds:Theorem (Ghouila-Houri, 1962). A matrix is totally unimodular if and only if it hashereditary dis
repan
y at most one.This solves the hereditary dis
repan
y problem (and in parti
ular the dis
repan
y problem)for totally unimodular matri
es. For the linear dis
repan
y of totally unimodular matri
esa sharp upper bound was missing so far.Using the well-known result due to Be
k and Spen
er [BS84a℄ and Lov�asz, Spen
er andVesztergombi [LSV86℄ that lindis
01(A) � herdis
(A)holds for any matrix A, immediately we have lindis
(A) � 1 for a totally unimodularmatrix A. We refer to Chapter 3 for a detailed analysis of this problem. The 
urrent bestresult in this dire
tion yields a bound lindis
(A) � 1� 2(�blog2(m)
�1).Spen
er 
onje
tures that even lindis
01(A) � (1 � 1n+1) herdis
(A) holds for any A. Thiswould yield lindis
01(A) � 1� 1n+1 for totally unimodular matri
es, but Spen
er's over 15years old 
onje
ture seems far from being proven. It is ba
ked up by the fa
t that Spen
er[Spe87℄ provides an example of a matrix A su
h that lindis
01(A) = (1� 1n+1) herdis
(A).As this A is totally unimodular, it also shows that lindis
01(A) � 1 � 1n+1 is the bestpossible general upper bound for the linear dis
repan
y of totally unimodular matri
es.For a spe
ial 
lass of totally unimodular matri
es, Peng and Yan [PY00℄ used a 
ombina-torial approa
h. A matrix A is 
alled strongly unimodular, if it is totally unimodular andif ea
h matrix obtained from A by repla
ing a single non-zero entry by zero is also totallyunimodular. Peng and Yan show that for a strongly unimodular 0; 1 matrix A,lindis
01(A) � 1� 3�n+12holds. They use a de
omposition lemma due to Crama, Loebl and Poljak [CLP92℄, whi
hstates that su
h a matrix is, roughly speaking, the union of in
iden
e matri
es of digraphs.In the same paper Peng and Yan show an upper bound of 1� 1n+1 for strongly unimodular0; 1 matri
es whi
h have at most two non-zeros in every row. An alternative proof extendingthis result to �1; 0; 1 matri
es was given in [Doe00b℄.All these results 
an be transferred into eÆ
ient algorithms solving the latti
e approxima-tion problem with approximation error at most the 
laimed bound. They do not, however,guarantee a better approximation in 
ases where lindis
01(A; p) is smaller, i. e. a betterapproximation exists.



4.2. DEFINITIONS AND NOTATION 63In this paper we do not follow the approa
h via the hereditary dis
repan
y, nor do weuse any stru
ture theory for totally unimodular matri
es. Instead, we 
onsider suitablelinear programs and apply the theorem of Ho�man and Kruskal. This yields two types ofresults: A theoreti
al one bounding the approximation error of an optimal solution and
hara
terizing the 
riti
al 
ases, and a pra
ti
al one, namely an eÆ
ient algorithm solvingthe latti
e approximation problem optimally.For the theoreti
al aspe
t we have:Theorem 4.1. Let A 2 Rm�n be a totally unimodular matrix and p 2 [0; 1℄n. Then thereis an z 2 f0; 1gn su
h thatkA(p� z)k1 � minf1� 1n+1 ; 1� 1mg:In parti
ular, lindis
01(A) � 1� 1n+1 .This result is sharp, as the example due to Spen
er proves. Theorem 4.1 shows thatSpen
er's 
onje
ture lindis
01(A) � (1� 1n+1) herdis
(A) holds for totally unimodular ma-tri
es. As a side produ
t, our approa
h yields a 
hara
terization of all totally unimodularmatri
es su
h that lindis
01(A) = 1� 1n+1 .Theorem 4.2. Let A be an m�n totally unimodular matrix. Then lindis
01(A) = 1� 1n+1holds if and only if there is a 
olle
tion of n+1 rows of A su
h that ea
h n thereof are linearlyindependent. If lindis
01(A; p) = 1� 1n+1 for some p 2 [0; 1℄n, then pi 2 f 1n+1 ; : : : ; nn+1g forall i 2 [n℄.Thus all su
h `extreme' matri
es 
ontain a matrix resembling Spen
er's example and pos-sibly some additional rows whi
h have no in
uen
e on the linear dis
repan
y.This is the theoreti
al analysis. As mentioned we are also able to solve the latti
e approx-imation problem optimally.Theorem 4.3. There is an algorithm that 
omputes for any totally unimodular matrixA 2 Rm�n and p 2 [0; 1℄n an optimal solution x for the latti
e approximation problem, i. e.an x 2 f0; 1gn su
h that kA(p� x)k1 = lindis
01(A; p). The 
omplexity of this algorithmis O(logm) times the 
omplexity of �nding an extremal point of a polytope in Rn des
ribedby 2(m+ n) linear 
onstraints or proving its emptiness.4.2 De�nitions and NotationFor a real number r 2 R write br
 := maxfz 2 Zjz � rg for the largest integer not greaterthan r, and dre := minfz 2 Zjz � rg for the smallest integer not being less than r. Setfrg := r � br
, the fra
tional part of r.



64 CHAPTER 4. TOTALLY UNIMODULAR MATRICESLet b 2 Rm . We assume the above notation lifted to ve
tors in the natural way, e. g.bb
 := (bbi
)i2[m℄. Part of our strategy will be to round those 
omponents of b to the nearestinteger whi
h are already very 
lose to an integer. For d 2 [0; 12 ℄ we de�ne I�(b; d) := fi 2[m℄jfbig < dg, the set of indi
es su
h that bi is less than d above the nearest integer (andhen
e a 
andidate for being rounded down), and I+(b; d) := fi 2 [m℄j1�fbig < dg, the set ofindi
es su
h that bi is less than d below the nearest integer. Set I(b; d) := I�(b; d)[I+(b; d).Let r(b; d) 2 Rm denote the ve
tor resulting from rounding the 
omponents with index inI(b; d) to the nearest integer, i. e. for all i 2 [m℄ we haver(b; d)i = 8<: bbi
 if i 2 I�(b; d)dbie if i 2 I+(b; d)bi else :The total error of this rounding is des
ribed bye(b; d) := kr(b; d)� bk1 = Xi2I�(b;d)(bi � bbi
) + Xi2I+(b;d)(dbie � bi):Let g(b) denote the maximum value of d 2 [0; 12 ℄ su
h that e(b; d) < 1 (the maximum exists,sin
e d 7! e(b; d) is left-
ontinuous). For a matrix A 2 Rm�n set g(A) := maxp2[0;1℄n g(Ap).Lemma 4.4. Let b 2 Rm and d 2 [0; 12 ℄. Then(i) e(b; d) < jI(b; d)j d � md,(ii) g(b) � 1m .In parti
ular g(A) � 1m holds for any m� n matrix A.Proof. We have e(b; d) = Xi2I�(b;d)(bi � bbi
) + Xi2I+(b;d)(dbie � bi)< Xi2I�(b;d) d+ Xi2I+(b;d) d= jI(b; d)j d � md:In parti
ular e(b; 1m) < 1. Thus g(b) � 1m by de�nition.These bounds are sharp. The ve
tor (d � ")1m; " > 0 shows that (i) does not allow anyfurther improvement, and b = 1m1m is an example for g(b) = 1m .



4.3. SOLVING THE LATTICE APPROXIMATION PROBLEM 654.3 Solving the Latti
e Approximation ProblemIn this se
tion we present an algorithm that solves the latti
e approximation problem fortotally unimodular matri
es eÆ
iently and optimally.PolyhedraOur proof is self-
ontained apart from the well-known theorem of Ho�man and Kruskal[HK56℄. This states that the set of feasible solutions of a linear program is an integralpolyhedron, if the 
onstraint matrix is totally unimodular and the right-side ve
tor isintegral. Hen
e in this 
ase the existen
e of optimal solutions implies that there are alsointegral optimal solutions. All polyhedra in this work will be bounded and thus 
ompa
t(of 
ourse everything is �nite-dimensional). Hen
e the existen
e of optimal solutions isensured if the polyhedron is non-empty.Let A be a totally unimodular m� n matrix and p 2 [0; 1℄n. Set b = Ap. For all d 2 [0; 12 ℄de�ne Pd := fx 2 [0; 1℄n j brd(b; d)
 � Ax � drd(b; d)eg:Pd is an integral polyhedron by [HK56℄. We �rst observeLemma 4.5. For all d 2 [0; 12 [; x 2 P0 we havex 2 Pd () kb� Axk1 � 1� d:Proof. As a 
ompa
t polyhedron is the 
onvex hull of its extremal points we may assumex to be an extremal point of Pd. Thus x is integral. Let i 2 [m℄. Note �rst that bbi
 �brd(b; d)i
 and drd(b; d)ie � dbie. Thus (Ax)i 
an take at most two values, namely bbi
 anddbie.If fbig =2 [0; d[[ ℄1� d; 1℄, then is does not matter whi
h of these values is taken as jbi �(Ax)ij � 1� d holds in both 
ases. This is di�erent if fbig 2 [0; d[[ ℄1� d; 1℄. Taking thewrong value would yield an approximation error of more than 1� d. Fortunately, rd(b; d)iis integral if fbig 2 [0; d[[ ℄1� d; 1℄ by de�nition. Moreover, rd(b; d)i equals the 
loser ofthe values bbi
 and dbie. Thus we have (Ax)i = rd(b; d)i and jbi � (Ax)ij � 12 � 1� d.The se
ond impli
ation is proved similarly.The AlgorithmWe 
laim that the following algorithm solves the latti
e approximation problem for totallyunimodular matri
es:



66 CHAPTER 4. TOTALLY UNIMODULAR MATRICES(i) SetD := fd 2 [0; 12 [ j 9i 2 [m℄ : fbig 2 fd; 1� dgg [ f12g.(ii) Using a binary sear
h strategy determine the largest d 2 D su
h that Pd 6= ;.(iii) Find an extremal point x of this Pd.Corre
tnessLet d; x be the output of the algorithm. As Pd is integral, x 2 f0; 1gn. From Lemma 4.5we have kb � Axk1 � 1 � d. Let y 2 f0; 1gn su
h that lindis
01(A; p) = kb � Ayk1,that is, y is an optimal approximation. Assume �rst that l := lindis
01(A; p) > 12 . ThenP1�l 6= ;, as y 2 P1�l by Lemma 4.5. Sin
e kb � Ayk1 = l, there is an i 2 [m℄ su
h thatjbi � (Ay)ij = l. As Ay is integral, bi 2 fl; 1� lg and 1� l 2 D. From the maximality ofd we dedu
e 1� l � d. From kb� Axk1 � 1� d � l and the optimality of y we 
on
ludekb� Axk1 = lindis
01(A; p).Now let us 
onsider the 
ase that lindis
01(A; p) � 12 . Then for ea
h i 2 [m℄ we have(Ay)i = bbi
 () fbig < 12(Ay)i = dbie () fbig > 12 : (4.1)In parti
ular, kb� Ayk1 = maxi2[m℄minffbig; 1� fbigg. We also �nd that y 2 P12 . Thusd = 12 and (4.1) holds as well with y repla
ed by x. Therefore we also have kb� Axk1 =maxi2[m℄minffbig; 1� fbigg. Thus kb� Axk1 = lindis
01(A; p) again.This proves that x is an optimal solution of the latti
e approximation problem 
orrespond-ing to A and p.ComplexityIt remains to show that our algorithm is eÆ
ient. We would not like to dis
uss anylinear programming theory here. We simply assume that linear programs 
an be solvedeÆ
iently and refer to any book on linear programming (e. g. [Chv83℄) for a dis
ussionof that problem. Nor do we want to dis
uss any problems 
on
erned with exa
t numberrepresentations and 
omplexities of elementary 
al
ulations. We therefore assume that allelementary 
al
ulations 
an be done in 
onstant time with perfe
t a

ura
y.Computing the set D requires m steps, namely 
he
king whether fbig or 1�fbig should bein
luded in D for ea
h i 2 [m℄. This also shows jDj � m+1. For the binary sear
h we needto sort the elements of D by their size whi
h has worst-
ase 
omplexity O(m logm) (
f.e. g. [CLR90℄). Finally, up to dlog2(m + 1)e times a linear system of 2(m+ n) 
onstraints



4.4. APPROXIMABILITY AND LINEAR DISCREPANCY 67has to be solved to de
ide emptiness of the 
orresponding polytope and to 
ompute theextremal point of the �nal Pd. Note that if the linear systems are solved using the simplexmethod any solution already is an extremal point of the polytope. Summarizing we seethat solving the linear systems dominates the other steps of the algorithm in terms of
omplexity. This �nally proves Theorem 4.3.4.4 Approximability and Linear Dis
repan
yIn this se
tion we prove Theorem 4.1, that is, we analyze how bad an optimal approximation
an be in the worst 
ase. The proofs are is independent of the pre
eding se
tion.Lemma 4.6. Let A 2 Rm�n be a totally unimodular matrix and p 2 [0; 1℄n. Thenlindis
01(A; p) � 1� g(Ap):In the language of Se
tion 4.3, Lemma 4.6 
laims that Pg(Ap) 6= ;, but this approa
h ismisleading. Instead we 
onsider the polytope P0 together with a suitable obje
tive fun
tion.Proof. Set b := Ap. Let P := fx 2 [0; 1℄nj bb
 � Ax � dbeg. As A is totally unimodular,P is an integral polyhedron (this is [HK56℄). De�ne f : P ! R byf(x) = Xi2I�(b;g(b))((Ax)i � bbi
) + Xi2I+(b;g(b))(dbie � (Ax)i): (4.2)for all x 2 P . Thus f(x) is the total error in
i
ted by rounding Ax in that way that wasused to get r(b; g(b)) from b. By de�nition, f is non-negative. We �rst show that for allx 2 P \ Zn we havef(x) < 1 () 8i 2 [m℄� fbig < g(b)) (Ax)i = bbi
fbig > 1� g(b)) (Ax)i = dbie : (4.3)Suppose that f(x) < 1 for x 2 P \ Zn. As A and x are integral, f(x) � 0, and sin
e f isnon-negative, f(x) = 0. Sin
e all parts of the sum in (4.2) are non-negative, they are allzero. Hen
e (Ax)i = r(b; g(b))i for all i 2 I(b; g(b)). This is the right hand-side of (4.3).On the other hand, if the right hand-side of (4.3) is ful�lled, we have f(x) = 0 by (4.2).Thus (4.3) holds.Consider the linear optimization problemminx2P f(x):



68 CHAPTER 4. TOTALLY UNIMODULAR MATRICESp is a feasible solution and f(p) = e(Ap; g(b)) = e(b; g(b)) < 1. Hen
e there is an optimalsolution x� su
h that f(x�) < 1. As P is integral, we may assume x� 2 Zn.Let us 
ompute kA(p � x�)k1 = kb � Ax�k1. Let i 2 [m℄. If i 2 I�(b; g(b)), then(Ax�)i = bbi
 by (4.3). Hen
e jbi � (Ax�)ij < g(b). Similarly for i 2 I+(b; g(b)). Thus wemay assume i 2 [m℄ n I(b; g(b)), i. e. bi 2 [bbi
+ g(b); dbie� g(b)℄. As (Ax�)i 2 fbbi
 ; dbiegdue to x� 2 P , we 
on
lude jbi � (Ax�)ij � 1� g(b).Lemma 4.6 is sharp in the worst-
ase, as this example due to Spen
er shows: Setm := n+1.Let A 2 f0; 1gm�n denote the m� n matrix withaij = � 1 if i = j or i = n+ 10 else :Set p = 1m1n. It is easy to see that any z 2 f0; 1gn ful�lls kA(p � z)k1 � 1 � 1m :If any zj; j 2 [n℄ equals 1, then (A(p � z))j = pj � zj = 1m � 1. Otherwise we have(A(p� z))n+1 = n 1m = 1� 1m .Lemma 4.4 and 4.6 yieldCorollary 4.7. Let A 2 Rm�n be a totally unimodular matrix. Thenlindis
01(A) � 1� g(A):In parti
ular lindis
01(A) � 1� 1m .We now re�ne the result of Lemma 4.6 and �nally prove Theorem 4.1. Before doing so letus remark that a weaker bound in terms of n follows from a purely 
ombinatorial argument.If A 2 Rm�n is totally unimodular and any two rows of A are linearly independent, thenm � �n2� + �n1� (4.4)holds. We would show (4.4) using the 
onne
tion between the VC{dimension and theprimal shatter fun
tion of hypergraphs, but may-be more dire
t ways are possible as well.Unfortunately, (4.4) is sharp. To prove Theorem 4.1, we therefore need a di�erent approa
h.Proof of Theorem 4.1. Let p 2 [0; 1℄n and b := Ap. Denote the rows of A by a1; : : : ; am.Set I := I(b; 1n+1) = fi 2 [m℄j jbi � rd(bi; 12)j < 1n+1g. Let us 
all these rows `
riti
al' forthe moment, be
ause they are the ones where a rounding error of more than 1� 1n+1 
ano

ur when using the approa
h of the previous se
tion.We pro
eed by showing that it is enough to 
onsider at most n 
riti
al rows. Let I0 � I be
hosen su
h that faiji 2 I0g is a basis for the ve
tor spa
e generated by all 
riti
al rows.



4.5. A CHARACTERIZATION 69In parti
ular, jI0j � n. Let A0 denote the matrix obtained from A by deleting all 
riti
alrows ex
ept ai; i 2 I0. Then A0p = bj([m℄nI)[I0 =: b0. From Lemma 4.4 and I(b0; 1n+1) = I0we 
on
lude e(b0; 1n+1) < nn+1 . Hen
e g(A0p) � 1n+1 . By Lemma 4.6 there is a z 2 f0; 1gnsu
h that kA0(p� z)k1 < 1� 1n+1 . In parti
ular, for all i 2 I0 we havejai � (p� z)j < 1n+1 ; (4.5)where � denote the usual inner produ
t on Rn .We end the proof by showing that this z also ful�lls kA(p� z)k1 � 1� 1n+1 . Let j 2 I n I0.As I0 is a basis for the ve
tor spa
e generated by all 
riti
al rows, there are �i; i 2 I0 su
hthat aj =Pi2I0 �iai. Sin
e A is totally unimodular, Cramer's rule implies �i 2 f�1; 0; 1gfor all i 2 I0. Now jaj � (p� z)j �Xi2I0 j�iai � (p� z)j � n 1n+1by (4.5).The proof above yields some more information, whi
h we 
an use for a 
hara
terization ofthose totally unimodular matri
es A that ful�ll lindis
01(A) = 1� 1n+1 .4.5 A Chara
terizationThe proof above yields some more information, whi
h we now use for a 
hara
terization oftotally unimodular matri
es that have lindis
01(A) = 1� 1n+1 .Proof of Theorem 4.2. Let A be a totally unimodular matrix satisfying lindis
01(A) =1� 1n+1 . Choose p 2 [0; 1℄n su
h that lindis
01(A; p) = 1� 1n+1 . Set b := Ap and I := fi 2[m℄j jbi�rd(bi; 12)j � 1n+1g. Note that I = I(b; d) for some d > 1n+1g. For any J � [m℄ de�neVJ to be the ve
tor spa
e generated by the rows aj; j 2 J . Let I0 be a minimal subset of Isu
h that VI0 = VI. In parti
ular, the rows ai; i 2 I0 form a basis of VI . If there is an i 2 I0su
h that fbig =2 f 1n+1 ; 1� 1n+1g, or if jI0j < n, then by mimi
king the proof above we geta z 2 f0; 1gn su
h that kA(p � z)k1 � maxf1 � d;Pi2I0 jbi � rd(bi; 12)jg < 1 � 1n+1 . We
on
lude jI0j = n and fbig 2 f 1n+1 ; 1� 1n+1g for all i 2 I0, and hen
e also for all i 2 I. FromLemma 4.4 we get jIj � n+1 (otherwise g(b) � d, and Lemma 4.6 yields a 
ontradi
tion).From the fa
t that A is totally unimodular, we know that ea
h ai; i 2 I n I0, 
an beexpressed in the form ai = Pj2I0 �jaj with some �j 2 f�1; 0; 1g; j 2 I0. Let us assumethat for ea
h i 2 I n I0 there is su
h an expression ai =Pj2I0 �jaj su
h that at least one ofthe �j; j 2 I0 is zero. Then by mimi
king the proof of Theorem 4.1 above (using this I0),we �nd a z 2 f0; 1gn su
h that jai �(p�z)j = 1n+1 for all i 2 I0 and jai �(p�z)j � n�1n+1 for all



70 CHAPTER 4. TOTALLY UNIMODULAR MATRICESi 2 I n I0. This is again a 
ontradi
tion to our 
hoi
e of p. Hen
e there is an i 2 I n I0 su
hthat ai = Pj2I0 �jaj with some (by the way unique) �j 2 f�1; 1g; j 2 I0. In parti
ular,any n of the rows with index in I0 [ fig are linearly independent.Let A0 and b0 denote the restri
tions of A and b on the rows with index in I0. Then A0 isnon-singular, and thus p is already determined by A0p = b0. As (n + 1)b0 2 f1; ngn wasshown in the �rst paragraph, we have (n + 1)p 2 Zn (the inverse of a totally unimodularmatrix is totally unimodular, and thus integral). Clearly, none of the pi; i 2 [n℄ is 0 or 1 |otherwise we may just put zi = pi redu
ing the dimension of the problem by one. Hen
eall pi; i 2 [n℄ are in f 1n+1 ; : : : ; nn+1g as 
laimed.Now let A be su
h that there are n + 1 rows ea
h n thereof being linearly independent.Without loss of generality we may assume these to be the rows a1; : : : ; an+1. As abovethere are �1; : : : ; �n 2 f�1; 1g su
h that an+1 =Pi2[n℄ �iai. De�ne b0 2 Rn byb0i := � 1n+1 if �i = 11� 1n+1 elsefor all i 2 [n℄. Let A0 denote the matrix 
onsisting of the rows a1; : : : ; an only. As A0 hasfull rank, the system A0x = b0 has a unique solution x. Sin
e A0 is totally unimodularand (n + 1)b0 2 Zn, (n + 1)x is also integral. Set p = fxg and b = Ap. Then fbig = fb0igfor i 2 [n℄. We 
laim that any z 2 f0; 1gn ful�lls kA(p � z)k1 � 1� 1n+1 . Let us assumejai � (p � z)j < 1 � 1n+1 for all i 2 [n℄ (otherwise we are done). Then �iai � (p � z) = 1n+1holds for all i 2 [n℄ by de�nition of b0. Thus an+1 � (p� x) =Pi2[n℄ �iai � (p� x) = n 1n+1 .This proves the 
laim.It is a trivial 
onsequen
e of the de�nition of the linear dis
repan
y that if a matrix B
onsists of some rows of the matrix A, then lindis
01(B) � lindis
01(A). In the light ofTheorem 4.2 it makes sense to 
all a totally unimodular m�n matrix 
riti
al, if m = n+1and lindis
01(A) = 1� 1n+1 . Theorem 4.2 then states that a totally unimodularm�nmatrixhas linear dis
repan
y 1 � 1n+1 if and only if it 
ontains a 
riti
al one. The reasoningabove also shows that for 
riti
al matri
es A, there are just two di�erent p su
h thatlindis
01(A; p) = 1� 1n+1 holds, namely the one 
onstru
ted, 
all it p(1), and p(2) := 1�p(1).4.6 The Multi-Color CaseA natural question in this work is how the previous results extend to multi-
olor dis
rep-an
ies. One should expe
t that the tensor produ
t 
al
ulus allows a similar expression,and that this yields a bound of, say, 1� 1(
�1)n+1 .Working with the matrix A
X, where X 2 f0; 1g
�(
�1) is de�ned by xij = 1 if and onlyif i = j or i = 
, seems to do the job. Possibly adding all rows 
ontaining a single 1 to A



4.6. THE MULTI-COLOR CASE 71(this does not 
hange the unimodularity of A) ensures that we end up with a valid 
oloring.So where is the problem?The problem is that the tensor produ
t of two totally unimodular matri
es needs not to betotally unimodular. This is surprising, but 
an not be helped. We give a 
ounter-example:Let n = 3 and 
 = 3. Let A denote the in
iden
e matrix of the hypergraph of intervals on[n℄, i. e. In = ([n℄; f[a; b℄\ [n℄ j a; b 2 Ng). Sin
e A
X and X
A 
an be transformed intoanother by row and 
olumn permutations, both matri
es have the same set of determinantsof submatri
es. Now X 
 A has the blo
k stru
ture0� A 00 AA A 1A :Let us thinks of X
A as the in
iden
e of a hypergraph on the vertex set 1; : : : ; n; 1; : : : ; n(
orresponding to the 
olumns in this order). This hypergraph 
ontains the edges f1; 2g,f2; 3g, f3; 3g, f1; 2; 3g and f1; 1g (see Figure 4.1). Hen
e the indu
ed subhypergraphon the vertex set f1; 2; 3; 1; 3g 
ontains an odd 
y
le. This shows (either dire
tly or viathe Theorem of Ghouila-Houri) that A 
 X 
ontains a submatrix of determinant not inf�1; 0; 1g.
1 2 3

1 2 3Figure 4.1: Some hyperedgesThis does not yet show that we do not have a multi-
olor analogue of the 2{
olor resultsin this se
tion, but makes it easier to understand the diÆ
ulties. The following examplesshows that the multi-
olor linear dis
repan
y of a totally unimodular matrix 
an ex
eed 1:Assume n to be suÆ
iently large and let H denote the hypergraph of intervals in [n℄again. We show that already the weighted dis
repan
y of H is at least 1+ 19 (it is a
tuallylarger, but our obje
tive is just to show that it is larger than 1). Put p = (56 ; 19 ; 118). Let� : [n℄ ! [3℄ be an optimal 
oloring with respe
t to this weight. Let x 2 [n℄ be su
h that�(x) = 2 and x � n � 10. An x like this exists as 10 su

essive verti
es avoiding 
olor 2



72 CHAPTER 4. TOTALLY UNIMODULAR MATRICESalready form an edge having dis
repan
y 1 + 19 . Now easy 
ounting shows that all of theverti
es x; : : : ; x+10 have to be 
olored 1 ex
ept of exa
tly one of the verti
es x+5; x+6or x + 7 (otherwise the dis
repan
y of � is at least 1 + 16). If this ex
eptional vertex y isnot 
olored 2, then the edge fx+ 1; : : : ; x+ 10g has no vertex 
olored in 
olor 2 and thushas dis
repan
y 109 in 
olor 2. If �(y) = 2, then fx; : : : ; yg 
ontains at most 8 verti
es twoof whi
h are 
olored 2. This again yields a dis
repan
y of at least 1 + 19 .These examples show that neither the methods nor the results of the previous se
tionsadmit a straight-forward extension to higher numbers of 
olors. This seems to be aninteresting problem for further resear
h.



Chapter 5
Random Colorings Respe
ting theStru
ture
The only eÆ
ient approa
h to �nd a low dis
repan
y 
oloring in the general 
ase involvesrandom 
olorings. Alon and Spen
er [AS00℄ investigated random 
olorings obtained byindependently 
ipping a 
oin for ea
h vertex to de
ide its 
olor (Theorem 1.1). In this
hapter we analyze a di�erent kind of random 
olorings. This yields better bounds for thegeneral 
ase, as it redu
es the number and size of the hyperedges to be 
onsidered. It alsoallows to pres
ribe that some subsets of the vertex set have to be 
olored perfe
tly. Thisis used su

essfully to exploit additional stru
tural knowledge on the hypergraph.5.1 The Basi
 IdeaSuppose that we have the following: A partition P = fP1; : : : ; Prg of the vertex set and
olorings �i : Pi ! f�1;+1g su
h that j�i(E \ Pi)j � 1 holds for all edges E 2 E . We willshortly see that this is less arti�
ial than it may seem at �rst. For ea
h i 2 [r℄ `
ip a 
oin',i. e. independently and uniformly 
hoose a sign "i 2 f�1;+1g. Let � : X ! f�1;+1gdenote the union of the "i�i, that is, �(x) = "i�i(x) if x 2 Pi.For a hyperedge E 2 E set IE := fi 2 [r℄j�i(E \Pi) 6= 0g. Then �i(E \Pi) 2 f�1;+1g forall i 2 IE. The Cherno� bound (exa
tly in the same way as in Alon and Spen
er's result)now yields P (j�(E)j > �) < e� �22jIE j instead of P (j�(E)j > �) < e� �22jEj for the 
oin-
ip
oloring of [AS00℄. Thus we repla
ed the 
ardinality of E by the possibly smaller numberof Pi su
h that �i(E \ Pi) 6= 0.A se
ond e�e
t is that we might redu
e the number of edges to be 
onsidered. Set EP :=SfE \ Pi j 9i 2 [r℄ : �i(E \ Pi) 6= 0g for all E 2 E . Then �(E) = �(EP). Depending on73



74 CHAPTER 5. RANDOM COLORINGS RESPECTING THE STRUCTUREthe partition P and the 
olorings �i, the mapping E 7! EP is not inje
tive, that means weneed to 
onsider fewer edges. Sin
e the number of edges in
uen
es the dis
repan
y just ina logarithmi
 fa
tor, this e�e
t is less important than the size redu
tion des
ribed in theprevious paragraph.Summarizing we have:Theorem 5.1. Let s0 := maxE2E jEP j and m0 := jfEP jE 2 Egj. Thendis
(H) �p2s0 ln(2m0):5.2 Arbitrary HypergraphsLet us assume that n is even. We now show that we may apply the method des
ribedabove to any hypergraph. This yields a 
onstant fa
tor improvement over the usual random
oloring bound. Let P be any mat
hing on V , that is, P 
onsist of n2 disjoint sets ea
hholding 2 verti
es. For ea
h P = fv1; v2g 2 P independently `
ip a 
oin' to de
ide a 
olorfor v1 and the opposite 
olor for v2. Let � denote the resulting (random) 
oloring. Ifa hyperedge E 2 E 
ontains a mat
hing edge P 2 P, we have �(E) = �(E n P ), sin
eP 
ontains one point in ea
h 
olor. Therefore jEP j � n2 , and we immediately derive thebound dis
(H; �) > pn ln(2m) with probability less than one. If n is not even we mayjust add one additional vertex 
ontained in no hyperedge. Now the number of verti
es iseven, and both the original and this hypergraph have the same dis
repan
y. Thus we have:Theorem 5.2. For all hypergraphs H having n verti
es and m edges,dis
(H) �p(n + 1) log(2m):Note that this works for any mat
hing! In parti
ular by 
hoosing a suitable mat
hingwe 
an enfor
e several subsets of V to be perfe
tly balan
ed. All we need is to 
hoose amat
hing whi
h also indu
es a mat
hing on these subsets. For example any disjoint familyof subsets of V 
an be ensured a perfe
t 
oloring in addition to the dis
repan
y guaranteefor the hyperedges.Another aspe
t is that we might be able to 
hoose a mat
hing su
h that many mat
hingedges are 
ontained in hyperedges of H. This then redu
es the relevant size jEP j of thehyperedges and further redu
es the dis
repan
y.Taking a random mat
hing we generate a random 2{
oloring having 
olor-
lasses of equalsize. From the perfe
t symmetry we easily dedu
e that ea
h su
h 
oloring has the sameprobability to be 
hosen. Analyzing this random experiment is mu
h harder, as we 
annot use the Cherno� inequality any more. Chv�atal [Chv79℄ and Uhlmann [Uhl66℄ showed



5.3. EXPLOITING THE STRUCTURE 75that for this random experiment similar inequalities hold. They also yield Theorem 5.2,but the proofs of Chv�atal and Uhlmann are quite 
ompli
ated 
ompared to the ones of theCherno� bound.An extension of this method to the multi-
olor 
ase is straightforward. Instead of takinga mat
hing we partition the vertex set into sets of size 
 and 
hoose arbitrary random
olorings using all 
 
olors on ea
h of these sets. Again we have that sets 
ompletely
ontained in an edge redu
e the relevant size of the edge. Unfortunately, now it is mu
hless likely that one of these sets is 
ontained in an edge. In parti
ular, we may end up withedges that have relevant size 
�1
 n.A se
ond disadvantage is hidden in the analysis. As one of these sets may have more thana single point in an edge without be
oming irrelevant, we are not anymore in the situationthat the relevant verti
es of an edge are 
olored independently. This requires again deeperresults for the analysis of the random experiment. We are not interested in this for thesimple reason that the re
ursive method of Se
tion 2.4 provides a mu
h stronger result:There we gain a fa
tor of q1
 , whi
h 
learly outnumbers everything we 
ould derive withthis se
tion's ideas. This seems to be another example in whi
h the 2-
olor behavior isdi�erent from the multi-
olor one.5.3 Exploiting the Stru
tureA major diÆ
ulty using the probabilisti
 method in dis
repan
y theory so far was touse stru
tural information in the design of the random experiment. One idea applied tothe hypergraph of arithmeti
 progressions is to de
ompose the hyperedges into so-
alled
anoni
al sets ([Be
81℄). One tries to �nd a small number of sets su
h that ea
h hyperedgeis the disjoint union of few of these sets. Then a random 
oloring has low dis
repan
y onthese sets (as there are not too many of them). As ea
h hyperedge is the union of few
anoni
al sets, this 
oloring is also good for the hypergraph itself. This was the very basi
idea only, usually the 
anoni
al sets have some extra properties like small vertex degree.This 
an be exploited in designing the random experiment.Here we show a di�erent way to use stru
tural knowledge that works well for the higher-dimensional boxes: Let us 
onsider the hypergraph of d{dimensional boxes in [n℄d, that isHdn = ([n℄d; fS1 � � � � � SdjSi � [n℄g). This is (simply?) the d{fold 
artesian produ
t ofthe 
omplete hypergraph ([n℄; 2[n℄) on n points (see Chapter 6 for the de�nition of produ
thypergraphs). The usual probabilisti
 argument yields a bound ofdis
(Hdn) � p2nd ln(2 2nd)= p2 ln 2n d+12 pd (1 + o(1))� 1:18n d+12 pd (1 + o(1)):



76 CHAPTER 5. RANDOM COLORINGS RESPECTING THE STRUCTUREWe show:Theorem 5.3. For all n; d 2 N,dis
(Hdn) � 1:05 2�d=2(n+ 1) d+12 pd:Proof. Assume n to be even. Set P := fQi2[d℄f2xi � 1; 2xigjx1; � � � ; xd 2 [n2 ℄g, that is, wesplit the nd{
ube into 2d{
ubes in a rather 
anoni
al way. The 
oloring 
orresponding toea
h su
h small 
ube shall be su
h that adja
ent 
orners always re
eive the opposite 
olor.More formally, a vertex is 
olored +1 if and only if an even number of its 
oordinatesis even. Let � again be the random 
oloring obtained from independently taking these
olorings or their inverse 
olorings. Let E be a hyperedge of Hdn and P 2 P. As both Eand P are boxes, so is E \ P . From the de�nition of � we see that any subbox S of Psu
h that jSj 6= 1 ful�lls �(S) = 0. As EP has at most one vertex in ea
h box, we 
on
ludejEP j � 2�dnd.Now let us 
ount the number of the relevant hyperedges. Let E = S1 � � � � � Sd. Assumethat for some i 2 [d℄ and x 2 [n2 ℄ we have f2x�1; 2xg � Si. Then no boxQi2[d℄f2xi�1; 2xigsu
h that xi = x interse
ts E in exa
tly one vertex. Thus EP = (S1 � � � � � (Si n f2x �1; 2xg)�� � ��Sd)P . By indu
tion we see that � : E 7! EP is a proje
tion E ! E . Thereforewe need to 
ounts its �xed points only. We just exhibited that a ne
essary 
ondition forthis is 8i 2 [d℄ 8x 2 [n2 ℄ : jSi \ f2x� 1; 2xgj � 1:For ea
h i 2 [d℄; x 2 [n2 ℄ we therefore have exa
tly three possibilities: Si \ f2x � 1; 2xg isempty or f2x� 1g or f2xg. This makes at most 3nd=2 �xed points.We want to show a further redu
tion: Note that for all i 2 [d℄,
i : E ! E ;S1 � � � � � Si � � � � � Sd 7! S1 � � � � � ([n℄ n Si)� � � � � Sdis a �xed-point-free bije
tion of E that leaves the set EP of redu
ed hyperedges invariantand preserves dis
repan
y: We have �(E) = �(
i(E)) for all hyperedges E. In parti
ular,the group Zd2 a
ts on E and EP in su
h a way that all orbits have length 2d. As all elementsof an orbit have the same dis
repan
y with respe
t to � it is enough to 
onsider just onerepresentative from ea
h orbit. This redu
es the number of relevant hyperedges by anotherfa
tor of 2d. we �nally havedis
(H; �) � q2 2�dnd ln(2 2�d3nd=2)= pln 3 2�d=2n d+12 pd� 1:05 2�d=2n d+12 pd:The 
ase of odd n is solved by the observation that all hyperedges ofHdn are also hyperedgesof Hdn+1. Therefore dis
(Hdn) � dis
(Hdn+1).



5.3. EXPLOITING THE STRUCTURE 77We should remark that the size redu
tion yields a 
hange in the order of magnitude interms of d, namely the additional 2�d=2 fa
tor, whereas 
ounting the relevant edges onlyimproves the 
onstant by about 11%.
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Chapter 6
Dis
repan
y of Produ
ts ofHypergraphs
In this 
hapter another aspe
t of 
lassi
al 2{
olor dis
repan
y is tou
hed: The dis
repan
yof 
artesian produ
ts of arithmeti
 progressions. This is a natural extension of the dis-
repan
y problem for ordinary arithmeti
 progressions. For the latter we refer to Se
tion2.4.4. The higher dimensional problem has been investigated by P. Wehr [Weh97℄ in herdissertation.For the d{dimensional 
ase she proved a lower bound of order n d4 by a 
lever approa
h usingdis
rete Fourier transforms. This also greatly simpli�ed Roth's proof of the one-dimensional
ase. Unfortunately, her upper bound was o� the lower one by a polylogarithmi
 fa
tor.It seem to be very diÆ
ult to extend the method of Matou�sek and Spen
er [MS96℄ toarbitrary dimensions. Therefore she had to use the slightly inferior method of an earlierpaper by Be
k [Be
81℄. Fortunately, a very general approa
h with a de
ent algebrai
 
avorsolves the problem.This 
hapter is organized as follows. First we give a general upper bound for the dis
repan
yof produ
ts of hypergraphs. Using this result we solve the dis
repan
y problem for thehypergraph of multi-dimensional arithmeti
 progressions and show that P. Wehr's lowerbound is asymptoti
ally sharp. In the next two se
tions we investigate some further produ
thypergraphs. This shows that our upper bound in the general 
ase 
an be arbitrarily bad.We also see that produ
ts of very simple hypergraphs 
an be surprisingly hard to analyze.In the last se
tion we show that for the similar 
onstru
tion of symmetri
 dire
t produ
tsthe dis
repan
y is bounded by the dis
repan
y of one fa
tor regardless of the number offa
tors. 79



80 CHAPTER 6. DISCREPANCY OF PRODUCTS OF HYPERGRAPHS6.1 Dire
t Produ
ts of HypergraphsLet G = (X; E) and H = (Y;F) be hypergraphs. De�ne the dire
t produ
t of G and H byG � H := (X � Y; fA� BjA 2 E ; B 2 Fg):Multi-
olor dis
repan
y is almost sub-multipli
ative:Theorem 6.1. For any 
 2 N and any two hypergraphs G and H we havedis
(G � H; 
) � 
 dis
(G; 
) dis
(H; 
):Proof. Pi
k a Latin square Q = (qij)i;j2[
℄ of dimension 
, i. e. Q 2 [
℄
�
 su
h that everyrow and 
olumn 
ontains every number of the set [
℄ exa
tly on
e.1 As Q is a Latin squarewe may de�ne a permutation �i of [
℄ for every i 2 [
℄ by the following rule: �i(j) is theunique k 2 [
℄ su
h that qjk = i.Choose optimal 
olorings �G and �H of G and H respe
tively, i. e. dis
(G; �G) = dis
(G; 
)and dis
(H; �H) = dis
(H; 
). De�ne � : X � Y ! [
℄ by�(x; y) := q�G(x)�H(y)for all x 2 X; y 2 Y .Let A 2 E ; B 2 F . Set ai = j��1G (i) \ Aj � jAj
 ;bi = j��1H (i) \Bj � jBj
for all i 2 [
℄. Then we have 
Xi=1 ai = 0 = 
Xi=1 bi: (6.1)1Note that for every 
 2 N there is a Latin square of dimension 
 : Let � be any group multipli
ationon [
℄. Then qij := i � j de�nes a Latin square.



6.2. MULTI-DIMENSIONAL ARITHMETIC PROGRESSIONS 81This yieldsj��1(i) \ (A� B)j = 
Xj=1 j��1G (j) \ Aj j��1H (�i(j)) \Bj= 
Xj=1 �aj + jAj
 ��b�i(j) + jBj
 �= 
Xj=1 ajb�i(j) + jBj
 
Xj=1 aj + jAj
 
Xk=1 bk + 
 jAjjBj
2= 
Xj=1 ajb�i(j) + jA�Bj
 by (6.1).As jaij � dis
(G; 
) and jbij � dis
(H; 
), we have����j��1(i) \ (A�B)j � jA�Bj
 ���� = ����� 
Xj=1 ajb�i(j)����� � 
 dis
(G; 
) dis
(H; 
):This proves the theorem.For two 
olors, dis
(G; 2) = 2 dis
(G) yieldsTheorem 6.2. Dis
repan
y is sub-multipli
ative, i. e.dis
(G � H) � dis
(G) dis
(H):6.2 Multi-Dimensional Arithmeti
 ProgressionsWe now turn to the problem of 
artesian produ
ts of arithmeti
 progressions. For theone-dimensional 
ase see Se
tion 2.4.4. Wehr [Weh97℄ de�nesDe�nition 6.3. A d{dimensional arithmeti
 progression in [n℄d is the 
artesian produ
tof d arithmeti
 progressions in [n℄.From Theorem 6.2 we easily dedu
eCorollary 6.4. Let Adn be the hypergraph of d{dimensional arithmeti
 progressions on [n℄d.Then dis
(Adn) � Cdn d4 for an absolute 
onstant C > 0. In 
onsequen
e, we havedis
(Adn) = �d(nd4 )for any �xed d 2 N.



82 CHAPTER 6. DISCREPANCY OF PRODUCTS OF HYPERGRAPHSProof. It follows from De�nition 6.3 that the hypergraph of d{dimensional arithmeti
 pro-gressions is nothing else than the d{fold dire
t produ
t of the hypergraph An of one{dimensional arithmeti
 progressions. Using the upper bound for the one-dimensional 
aseof Matou�sek and Spen
er [MS96℄, Theorem 6.2 implies the upper bound. The lower istaken from Wehr [Weh97℄.Let us remark that a multi-
olor result of dis
(Adn; 
) = �
;d(nd4 ) was shown in Doerr, Sri-vastav and Wehr [DSW00℄. More pre
isely, a lower bound of dis
(Adn; 
) � p
�1
 ��dnd4 wasproven there. Combining Theorem 2.23 and 6.1 we derive an upper bound of (C 0)d
0:84d�1nd4 .The extra 
d�1 in
i
ted from d times applying Theorem 6.1 greatly in
reases the gap be-tween the two bounds. Compared to the one-dimensional 
ase we do not know if thedis
repan
y de
reases for larger numbers of 
olors. One way to solve this problem wouldbe to �nd upper bounds for the dis
repan
ies of the indu
ed subgraphs of the higher dimen-sional arithmeti
 progressions. Then the re
ursive method of Se
tion 2.4 
ould be applieddire
tly to the higher-dimensional arithmeti
 progressions. Unfortunately, bounding thedis
repan
ies of the indu
ed subgraphs of the higher dimensional arithmeti
 progressionsturns out to be very diÆ
ult. We have to leave this as an open problem.The dis
repan
y problem of d{dimensional arithmeti
 progressions motivates the investi-gation of dis
repan
ies of dire
t produ
ts of hypergraphs in general, and also proved itsusefulness. We thus 
ontinue this line of resear
h.6.3 Lower BoundsA natural problem arising from Theorem 6.2 is to de
ide if or to what extent the dis
rep-an
y of G � H 
an be smaller than the produ
t dis
(G) dis
(H). The 
ase of arithmeti
progressions might suggest equality, but this is not the 
ase, as the following examplesshow:Example 1: The hypergraph of two{element subsets of a three{element set G = ([3℄; �[3℄2 �)has dis
repan
y two (one 
olor 
lass has at least two elements, i. e. it 
ontains a mono
hro-mati
 two{set). The dire
t produ
t G � G 
an be 
olored is a way that there is nomono
hromati
 2 � 2 re
tangle: �(i; i) := 1 and �(i; j) := �1 for i; j 2 [3℄; i 6= j. Hen
edis
(G � G) � 2 < 4 = dis
(G)2. (Easy to see if we visualize G � G like that: The verti
esform a 3�3{grid, the hyperedges 
onsist of the 
orners of the re
tangles having horizontal(and verti
al) edges. All these re
tangles have one or two points on the diagonal of thegrid, thus having dis
repan
y two or zero with respe
t to �.)Looking at examples like this one might ask whether the dis
repan
y of a dire
t produ
tis at least the dis
repan
y of its fa
tors, or in an even weaker form we ask, whether the



6.3. LOWER BOUNDS 83dis
repan
y of a dire
t produ
t of two hypergraphs of nonzero dis
repan
y has dis
repan
ygreater than 0. In general this is not true:Example 2: Let G be the hypergraph([7℄; ff1; 2g; f1; 3g; f1; 4g; f1; 5g; f2; 3; 4; 5; 6; 7gg)as depi
ted in Figure 6.1 (straight lines representing hyperedges).
1

23567 4

Figure 6.1: Example 2G does not have dis
repan
y 0; if so, the points 2; 3; 4 and 5 were in the same 
olor 
lassleaving the edge E = f2; 3; 4; 5; 6; 7g imbalan
ed.The hypergraph G � G however has dis
repan
y 0. The 
oloring depi
ted in Figure 6.2does the job.
1 2 3

1

2

3

4

5

6

7

4 5 6 7

Figure 6.2: A 
oloring of G � G with dis
repan
y 0



84 CHAPTER 6. DISCREPANCY OF PRODUCTS OF HYPERGRAPHS6.4 Dis
repan
y of Boxes in [R℄2We have just seen that general methods to derive bounds for the dis
repan
y of dire
tprodu
ts of hypergraphs from the dis
repan
ies of the fa
tors do not exist. We thus startedlooking at some examples. The surprising result is that even for very well-understoodhypergraphs it 
an be quite diÆ
ult to analyze the dis
repan
y of their produ
t. To givesome impression of the diÆ
ulties, let us estimate the dis
repan
y ofBRm := �[R℄;�[R℄m ��� �[R℄;�[R℄m �� = ([R℄� [R℄; fA�BjA;B � [R℄; jAj = jBj = mg);the hypergraph of 2{dimensional m{boxes in [R℄2 for some R;m 2 N . This is my part ofa joint work [ADS99℄ with G. Agnarson (Reykjavik) and T. S
hoen (Kiel) on Ramsey anddis
repan
y aspe
ts of these hypergraphs. To ease the 
omparison with the Ramsey typeresults of this paper I kept the original notation whi
h di�ers slightly from the one thereader might have gotten used to by now.Put dRm = dis
(BRm). In [ADS99℄ it was shown that for m2m . R we have a mono
hro-mati
 m{box, that is, dRm = m2. This marks the extreme 
ase o

urring when m is verysmall 
ompared to R. Here we are interested in the 
ase when m is larger 
ompared toR. It turns out that also for relatively large m there is always a `badly' 
olored m{box(of dis
repan
y �(m 32 ), if m < 12R is a 
onstant fra
tion of R.) The pre
ise results are
olle
ted in the Theorems 6.5 and 6.6 below. We start with an upper bound.Theorem 6.5 (Upper bound). dRm � 2m 32qlog �eRm � for all m � R.Proof. We use the basi
 probabilisti
 bound of Theorem 1.1. Sin
e m! > 2(me )m we havedRm � r2m2 log�2�Rm�2�� r2m2 log�� eRm �2m�= 2m 32qlog � eRm �:
The ideas of Chapter 5 do not help very mu
h is this setting. Using the randomized 
hessboard 
oloring of Se
tion 5.3 redu
es the number of relevant hyperedges slightly. The sizeredu
tion only works for larger hyperedges, i. e. m > 12R. Our lower bound also showsthat there is not too mu
h room for improvement:



6.4. DISCREPANCY OF BOXES IN [R℄2 85Theorem 6.6 (Lower bound). For m � 12R we havedRm � m 32 �1� 2mR�1�p1� mR�1 � 3m:More spe
i�
ally, if m � 12(R� 1) 23 we havedRm � min�m 32r25 log2 � R2m 32 �� 4m; 13(m� 1)2 � 4m� :To prove the theorem, we need the following lemma.Lemma 6.7. Let d � m � R be given. Among all 
olorings f : [R℄! f�1; 1g the numberof m{subsets of [R℄ having dis
repan
y at most d is maximal if and only if the 
olor 
lassesof f deviate in size by at most one.Proof. Set D := fi 2 [�d; d℄jm + i eveng. Obviously the number of m{subsets of [R℄having dis
repan
y at most d with respe
t to a given 
oloring f depends only on the sizesof the 
olor 
lasses. Hen
e for R1; R2 � R su
h that R1 +R2 = RÆ(R1; R2) :=Xi2D � R112(m� i)�� R212(m + i)�is the number of these sets. Assume 1 � R1 � R2. Using indu
tion is suÆ
es to showÆ(R1; R2) > Æ(R1 � 1; R2 + 1). Set d0 = maxD. Then we haveÆ(R1; R2)� Æ(R1 � 1; R2 + 1)= Xi2D �� R1 � 112(m� i)� 1�+ � R1 � 112(m� i)��� R212(m+ i)��Xi2D � R1 � 112(m� i)��� R212(m+ i)� 1�+ � R212(m+ i)��= Xi2D � R1 � 112(m� i)� 1�� R212(m+ i)��Xi2D � R1 � 112(m� i)�� R212(m+ i)� 1�= � R1 � 112(m� d0)� 1�� R212(m + d0)�� � R1 � 112(m + d0)�� R212(m� d0)� 1� > 0:
Now let us prove Theorem 6.6.



86 CHAPTER 6. DISCREPANCY OF PRODUCTS OF HYPERGRAPHSProof. Let R and d � m � 12R be given. Let f : [R℄2 ! f�1;+1g be any 
oloring.Our general approa
h is the following: For a row fig � [R℄ � [R℄2 estimate the numberof sets fig � B0 of size m that have dis
repan
y jf(fig � B0)j at least d. Call nd theminimum possible number of these sets among all 
olorings f : [R℄2 ! f�1;+1g. Withoutloss of generality we may assume that for any f there are at least 12nd su
h sets withf(fig � B0) � d. We will �nd 
onditions that imply 12ndR > (m � 1)�Rm�. We 
on
ludefrom the pigeon{hole prin
iple that in that 
ase there are m di�erent numbers ik; k 2 [m℄and an m{set B0 � [R℄, su
h that f(fikg�B0) � d for all k 2 [m℄. Thus fi1; : : : ; img�B0is an m{box having dis
repan
y at least md.Let us �rst assume that R and m are both even. We will deal with the other values ofm and R at the very end of this proof. Sin
e a set M of even size always has an evendis
repan
y d = jf(M)j with regard to all 
olorings f , we only need to 
onsider even d � 2.By Lemma 6.7 we may assume that both 
olor 
lasses of f have size R2 .We will estimate nd in two ways. Whi
h one is better depends on whether m � 12R, ormore spe
i�
ally m � 12R 23 .First 
ase: We start with the easier and more general 
ase m � 12R. Clearly we havend = �Rm�� d2�1Xi=� d2+1� R2m2 � i�� R2m2 + i�� �Rm�� (d� 1)�R2m2 �2:It suÆ
es therefore to �nd the largest d su
h that12R �Rm�� (d� 1)�R2m2 �2! > (m� 1)�Rm�;or equivalently d� 1 < �1� 2(m�1)R � �Rm�� R2m2 ��2. De�neg(n;m) := pnp2�m(n�m) � nm�m� nn�m�n�m : (6.2)From a sharp version of the Stirling formula p2�n �ne �n e 112n+1 < n! < p2�n �ne �n e 112n dueto Robbins [Rob55℄ we see that for all 1 � m � 12n we have e� 16m g(n;m) � �nm� � g(n;m).



6.4. DISCREPANCY OF BOXES IN [R℄2 87Using this we get�1� 2(m�1)R � �Rm�� R2m2 �2 � �1� 2(m�1)R � e� 16m g(R;m)g(R2 ; m2 )2= r�m2 e� 16m �1� 2(m� 1)R �r1� mR :We may assume m � 10 as otherwise our bound is negative and there is nothing to prove.Hen
e a suÆ
ient 
ondition for the existen
e of anm{box of dis
repan
y md is that d�1 �65pm(1� 2mR )p1� mR . Choosing d even and maximal we get d � 65pm(1� 2mR )p1� mR �1and hen
e dRm � 65m 32 (1� 2mR )p1� mR �m.Se
ond 
ase: We will now 
onsider the more spe
i�
 
ase when m � 12R 23 . In this situationit is advantageous to estimate nd � 2� R2m�d2 �� R2m+d2 �:We use the elementary fa
t that for t > 1 the fun
tion t 7! (1� 1t )t is monotone in
reasingand tends to 1e . In parti
ular we have 14 � (1� 1t )t < 12 for all t � 2. We have thereforea(x) := � x2x2 � d2� x2 � 2 d22x for x > d > 0; (6.3)b(x) := �x� dx+ d� d�12 � 4� d(d�1)x+d for x > 3d > 0: (6.4)Assume that m > 3d. We now �nd a 
ondition on d that will imply 12nd > (m � 1)�Rm�.Using the Stirling formula we get12nd(m� 1)�Rm� > R� R2m�d2 �� R2m+d2 �(m� 1)�Rm�� Re� 16m�d2 g(R2 ; m�d2 )e� 16m+d2 g(R2 ; m+d2 )(m� 1)g(R;m)= pR(R�m) � 
Rpm � a(m)b(m)a(R �m)b(R �m)(R�m+ d)(m� 1)(m+ d) ;where 
 =q 2� e �2m3(m2�d2) .



88 CHAPTER 6. DISCREPANCY OF PRODUCTS OF HYPERGRAPHSBy (6.3) and (6.4) we have a(x)b(x) � 2 d22x 4� d(d�1)x+d > 2�3d22x for x > 3d. Sin
e m > 3d wehave pR(R�m)R�m+d > 1 and pm(m�1)(m+d) > 34m� 32 . Hen
e we get12nd(m� 1)�Rm� > 34
 Rm 32 2�3d22 ( 1m+ 1R�m):We may assume m � 14. Hen
e 
 = q 2� e �2m3(m2�d2) � q 2� e� 34m � 34 and 1m + 1R�m � 910 1m .Therefore we get 12nd(m� 1)�Rm� > 916 Rm 32 2� 5d23m :Thus our 
ondition 12ndR > (m�1)�Rm� is ful�lled when we have m > 3d and 916 Rm 32 2� 5d23m �1, that is to say, that for all even d su
h that d < m3 and d �r35m log2 � 916 Rm 32 �, there existsanm{box of dis
repan
y md. Hen
e there is an even d su
h that d �r35m log2 � 916 Rm 32 ��2or d � m3 � 2. Therefore we have dRm � min�m 32r35 log2 � 916 Rm 32 �� 2m; m23 � 2m�.Until now we have only 
onsidered R and m to be even. We will now 
onsider generalvalues of R and m. If f : [R℄2 ! f�1;+1g is a 
oloring, then by restri
tion, we geta 
oloring [R � 1℄2 ! f�1;+1g, and hen
e we have dRm � dR�1m. Also note that an(m � 1){box of dis
repan
y dRm�1 in [R℄2 will yield an m{box of dis
repan
y at leastdRm�1 � (2m � 1), simply by adding a verti
al and horizontal line to our (m � 1){box.Hen
e dRm � dRm�1 � 2m+ 1. Therefore we havedRm � 65(2bm2 
) 32 �1� 2mR�1�p1� mR�1 � 3m; (6.5)for all m � 12R anddRm � min�(m� 1) 32r35 log2 � 916 R�1m 32 �� 4m; (m�1)23 � 4m� :for all m � 12(R� 1) 23 . From m � 10 in the �rst 
ase and m � 14 in the se
ond we get thetheorem.Theorem 6.8. For all R 2 N the dis
repan
y dR of the hypergraph of all square boxes in[R℄2 is bounded by 115R 32 � 45R � dR � 34(R + 1) 32 :



6.5. SYMMETRIC DIRECT PRODUCTS 89Proof. Note that the lower bound is trivial for R � 144. For the remaining values takingm = 14(R� 1) in equation (6.5) of the proof of Theorem 6.6 is enough.The upper is derived from Theorem 5.3.6.5 Symmetri
 Dire
t Produ
tsWe return to another general 
onstru
tion of hypergraphs. Let H = (X; E) denote ahypergraph. Set Edsym := fEdjE 2 Eg. We 
all Hdsym := (Xd; Edsym) the d{fold symmetri
dire
t produ
t of H. This 
onstru
tion was investigated in Wehr's dissertation, where shealso proved the theorem below. We give a very short algebrai
 proof here. All one needsis to note that the 2{element group Z2 a
ts on the symmetri
 produ
t in a way that allhyperedges are left invariant and that the set of �xed points is just the diagonal.Theorem 6.9. dis
(Hdsym) � dis
(H):Proof. Let D := f(x; : : : ; x)jx 2 Xg be the diagonal of Xd. For x 2 Xd nD seta(x) := minfijxi 6= xi+1g:De�ne f : Xd ! Xd by(f(x))i := 8<: xa(x)+1 if x =2 D; i � a(x)x1 if x =2 D; i = a(x) + 1xi otherwisefor all i 2 [d℄; x 2 Xd. Right from the de�nition, we see that f(f(x)) = x holds for allx 2 Xd, so f is a bije
tion. For all x 2 Xd n D the f{orbit Of(x) of x has order 2 and
onsists of x and f(x). Further we havefxiji 2 [d℄g = f(f(x))iji 2 [d℄g;and thus f leaves the hyperedges of Hdsym invariant.Pi
k an optimal 
oloring �H of H. Choose a system R of representatives of the f{orbitsin V d nD, i. e. for all x 2 V d nD either x or f(x) lies in R. De�ne � : V d ! f�1; 1g by�(x) := 8<: �1 if x 2 R�H(v) if x = (v; : : : ; v) 2 D1 otherwise :



90 CHAPTER 6. DISCREPANCY OF PRODUCTS OF HYPERGRAPHSLet E 2 E . From the properties of f and R we dedu
e jEd \ Rj = jf(Ed \ R)j =jf(Ed) \ f(R)j = jEd \ (Xd nD nR)j = jEd nD nRj. So we haveXx2Ed �(x) = Xx2Ed\R�1 + Xx2Ed\D �(x) + Xx2Ed\f(R) 1 =Xv2E �H(v);and this proves the theorem.Lower bound for this 
onstru
tion seem diÆ
ult again. For the general 
ase nothing 
anbe said, as is obvious from Example 2 above. In the spe
ial 
ase of arithmeti
 progressions,it is not 
lear to us how to use the Fourier analysis approa
h of [Weh97, DSW98℄.



Chapter 7Ve
tor Balan
ing Games
In this 
hapter we study a parti
ular 
lass of ve
tor balan
ing games. In 
ontrast toprevious works by several authors we will assume that de
isions in earlier rounds be
omeless and less important as the play 
ontinues. We therefore investigate the following game:Initially the position ve
tor p 2 Rd is zero. Ea
h round the �rst player 
hooses a ve
torx 2 Rd having kxk1 � 1. The se
ond player then 
hooses a sign " 2 f�1;+1g and theposition ve
tor is updated p := 1qp + "x. The parameter q > 1 is �xed for the game andquanti�es the e�e
t of aging. The pay-o� for the �rst player shall be kpk1.It turns out that the optimal strategies di�er depending on whether the players know thenumber of rounds played or not. We study both 
ases separately. We restri
t ourselvesto the 
ase that q � 2. We determine the exa
t value of the game where the number ofrounds is �xed and give nearly tight bounds for the 
ontinuous version.The investigation of this type of games was motivated by the fa
t that they naturallyappeared in the proof of Theorem 3.1.7.1 Introdu
tion to Ve
tor Balan
ing GamesA ve
tor balan
ing game in d � 2 dimensions is a two-player game. Ea
h round the �rstplayer 
hooses a ve
tor x from some given set X � Rd . The se
ond player then 
hoosesa sign " 2 f�1;+1g and the position ve
tor p, initially set to zero, is 
hanged to p + "x.The �rst player's aim is to maximize kpk for some given norm k �k, while the se
ond playertries to minimize this quantity. We 
all kpk the pay-o� for the �rst player.The idea of su
h games is to represent the on-line version of ve
tor balan
ing problems. Ave
tor balan
ing problem 
onsists of a set X of ve
tors and the task is to partition this setinto two 
lasses X1 and X2 su
h that the sums Px2Xi x over all ve
tors in ea
h 
lass are91



92 CHAPTER 7. VECTOR BALANCING GAMESroughly equal, that is, their di�eren
e is small with respe
t to some norm. It is 
onvenientto represent the 2{partition by a mapping " : X ! f�1;+1g su
h that "(x) = 1 holds ifand only if x 2 X1. With this setting we 
an express the imbalan
e Px2X1 x �Px2X2 xof the partition simply by Px2X "(x)x. Taking the ve
tors of X as 
olumn ve
tors of amatrix we see that the ve
tor balan
ing problem is equivalent to the dis
repan
y problemfor matri
es1 (and hen
e is a generalization of the dis
repan
y problem for hypergraphs).The additional diÆ
ulty in an on-line ve
tor balan
ing problem is that one does not knowthe set of ve
tors at the beginning but one gets to know them one by one and has tode
ide on a sign without knowing the next one. As 
ommon for most on-line problems wetranslate this problem into the language of games and thus get a ve
tor balan
ing game asjust des
ribed. The name `Pusher-Chooser' game is also 
ommonly used for these types ofgames.Previous ResultsSeveral forms of ve
tor balan
ing games have been studied. They di�er in the set of ve
torsavailable to the �rst player and the norm that is used to determine the pay-o�. An othervariant is to allow a bu�er of some size where the se
ond player 
an store some ve
torsand thus postpone the de
ision on the respe
tive signs. We mention some results of thedi�erent types:Continuous Games. In this variant the �rst player may 
hoose any ve
tor with norm atmost one, i. e. X = fx 2 Rdj kxk � 1g, and the pay-o� is measured using the same norm.For the Eu
lidean or 2{norm it is easy to see that both players have strategies ensuringthat kpk2 � pn respe
tively kpk2 � pn holds after n rounds. We say that the value ofthis game is pn.If the k � k2 {norm is repla
ed by the maximum norm k � k1, Spen
er [Spe77℄ gave an upperbound ofp2n ln(2d). For the d round game he proved a lower bound of pd log d(1� o(1))in [Spe87℄.Dis
rete Games. For games with �nite set X Barany [Bar79℄ found a 
omplete solution.His result implies that in the 
ase X = f0; 1gd and k � k = k � k1 the value of the gameplayed suÆ
iently many rounds is 2d�2.Games with Bu�er. The �rst result allowing a bu�er is due to Barany and Grunberg [BG81℄who showed that given a bu�er of size d the se
ond player 
an keep kpk below 2d no matterwhat norm is used (the same norm is required in the de�nition of X = fx 2 Rdj kxk � 1gand the pay-o�). This was improved by Peng and Yan [PY98℄. They show that a bu�er1We de�ned the dis
repan
y of matri
es by min�2f�1;+1gn kA�k1, but of 
ourse the maximum norm
an be repla
ed by other norms and the resulting dis
repan
y problem is still interesting.



7.2. VECTOR BALANCING GAMES WITH TIME CONSTRAINTS 93of size d� 1 suÆ
es. They also remark that for the 2{norm allowing a bu�er of less thatd� 1 ve
tors gives no improvement to the no-bu�er 
ase.7.2 Ve
tor Balan
ing Games with Time ConstraintsIn this 
hapter we introdu
e a new aspe
t. We assume that a de
ision made in the past(i. e. in an earlier round of the game) is less important than a newer one. We represent thisby the di�erent update rule p := 1qp + "x for some parameter q > 1. We restri
t ourselvesto the maximum norm, i. e. the �rst player 
hooses ve
tors x su
h that kxk1 � 1 and thepay-o� is measured using k � k1 on p too.Immediately we see that the pay-o� is bounded by qq�1 . This is due to the update rulewhi
h res
ales the importan
e of de
isions in the past relative to the 
urrent one. Adi�erent approa
h working with absolute values is the following: In round i the �rst player
hooses a ve
tor x(i) with norm at most qi�1 and the the se
ond player updates the positionve
tor either to p := p + x(i) or p := p� x(i). The values of an n round game then di�ersfrom ours approa
h by a fa
tor of qn�1. Hen
e we lose nothing by investigating the �rstapproa
h whi
h we �nd more natural.The game is somewhat di�erent depending on whether the aging parameter q is at least2 or not. In the �rst 
ase the aging aspe
t is very dominant. Thus the strategies are
ompletely di�erent from the ones in the game without aging. If 1 < q < 2 the aging isless important requiring di�erent strategies again. We restri
t ourselves to the 
ase q � 2.Contrary to the no-bu�er games des
ribed above the maximum value for kpk1 does notne
essarily o

ur after the last round2. This motivates the distin
tion of two versions ofthe game. First, the value of kpk1 after the last round is the pay-o� for the �rst player,and se
ond, the maximum value of kpk1 o

urred in play is the pay-o� for the �rst player.We 
all the two versions the �xed end version and open end version respe
tively.We show that the �xed end version of the game has value q�q�blog2 d
+1q�1 if at least log2 drounds are played (otherwise repla
e blog2 d
 by the number of rounds). For the openend version we will analyze a se
ond game similar to Spen
er's tenure game and showthat the �rst player 
an get a pay-o� of at least q�2q�blog2 d
�blog2 log2 d
+1q�1 (again assumingsuÆ
iently many rounds played) while the se
ond player has a strategy keeping kpk1below qq�1 � q� log2 d�log2 log2 d�4 throughout the game. This shows that it is indeed helpfulfor both players to know the exa
t number of rounds.2A
tually, Spen
er's proof for the upper bound in [Spe77℄ also requires the se
ond player to know thenumber of rounds. Olson [Ols85℄ later gave a strategy that does not need this information and still yieldsthe same bound (apart from 
onstants).



94 CHAPTER 7. VECTOR BALANCING GAMES7.3 The Fixed End GameIn this se
tion we analyze the version of the ve
tor balan
ing game with aging where bothplayer know the number n of rounds played. For 
larity we restate the rules of this gamewhi
h we denote by Gndq.Rules of Gndq: Initially the position ve
tor p 2 Rd is set zero. A round of the game 
onsistsof three steps:(i) Player A 
hooses a ve
tor x 2 Rd su
h that kxk1 � 1,(ii) Player B 
hooses a sign " 2 f�1;+1g,(iii) the position ve
tor is updated: p := 1qp+ "x.The game is played for n rounds. The value kpk1 at the end of the game is the pay-o� forplayer A, i. e. Player A aims to maximize kpk1 and Player B to minimize this quantity.The maximum pay-o� Player A 
an enfor
e is 
alled the value v(Gndq) of the game.A parti
ular sequen
e of moves respe
ting the rules of the game is 
alled an instan
e ofthe game. Formally, it is a pair I = ((x(i))i2[n℄; ("(i))i2[n℄) su
h that kx(i)k1 � 1 and"(i) 2 f�1;+1g for all i 2 [n℄. From the de�nition we see that the pay-o� for this instan
eis Pi2[n℄ qn�i"(i)x(i).In the following let us assume that q � 2. In the analysis of this 
ase (see the proofof Theorem 7.1 below) we exhibit a surprising phenomenon. It turns out that only thelast blog2 d
 moves are important (for this reason the players need to know the number ofrounds). Any value kpk1 that Player A might have rea
hed up to round n� blog2 d
 willnot only not help him, but even be 
ontraprodu
tive. Hen
e up to this point the playerswill pursue the opposite aims. The optimal strategy for player A is to sele
t x(i) = 0 fori 2 [n� blog2 d
℄ and thus minimizing kpk1.Theorem 7.1. Assume q � 2 and n; d 2 N. Set r := minfn; blog2 d
g. The value of thegame Gndq is v(Gndq) = q � q�r+1q � 1 :Proof. Player A 
an follow this strategy: Choose the �rst n�r ve
tors as zero (x(i) := 0 forall i 2 [n� r℄). The last r ve
tors 
hoose like this: Components with index greater than 2rare always set zero (for instan
e). For an index i = 1+Pr�1j=0 aj2j � 2r, a0; : : : ; ar�1 2 f0; 1g



7.3. THE FIXED END GAME 95and a p 2 f0; : : : ; r � 1g set x(n�p)i := 2ap � 1. Here is an example for d = 5:w(j) = (0; 0; 0; 0; 0) for i 2 [n� q℄w(n�2) = (�1;�1;�1;�1; 0)w(n�1) = (�1;�1;+1;+1; 0)w(n) = (�1;+1;�1;+1; 0):Whatever signs "(j); j 2 [n℄ are 
hosen, there will always be a 
omponent i 2 [2r℄ su
h thatx(n�r+1)i = : : : = x(n)i and thusnXj=1 q�n+jx(j)i = x(n)i r�1Xj=0 q�j = x(n)i 1� q�r1� 1q :Hen
e the pay-o� in this instan
e is 1�q�r1�1q .We investigate the following strategy for Player B. Assume r < n, as otherwise any 
hoi
eof moves for Player B does the job. Whatever ve
tors x(1); : : : ; x(n�r) Player A 
hooses inthe �rst n� r rounds, pi
k "(1); : : : ; "(n�r) := 1 (any other 
hoi
e would do, too). Set p :=Pn�rj=1 q�n+jx(j). Choose the next sign "(n�r+1) in su
h a way that the number of 
omponentsi 2 [d℄ =: X1 su
h that sgn(pi) and sgn("(k�r+1)x(k�r+1)i ) are di�erent is maximal. SetX2 := fi 2 X1 j sgn(pi) = sgn("(k�r+1)x(n�r+1)i ) 6= 0g. Next 
hoose "(n�r+2) 2 f�1; 1g su
hthat the number of 
omponents i 2 X2 su
h that sgn(pi) and sgn("(n�r+2)x(n�r+2)i ) aredi�erent is maximal. Set X3 := fi 2 X2 j sgn(pi) = sgn("(n�r+2)x(n�r+2)i ) 6= 0g. Continuein this fashion until "(n) and Xr are determined.Note that jXj+1j � j jXj j2 k for all j 2 [r� 1℄, whi
h gives jXrj < 1, i.e. Xr = ;. So for every
omponent i there is a j 2 fn� r+1; : : : ; ng su
h that pi and "(j)x(j)i have di�erent signs.The worst 
ase | and here q � 2 
omes into play | is the one where for one 
omponenti 2 [d℄ all "(j)x(j)i , j 2 fn � r + 1; : : : ; ng are 1 (or �1) and pi is zero. For the pay-o� atthe end of the game we have




 nXj=1 q�n+j"(j)x(j)




1 = 




 nXj=n�r+1 q�n+j"(j)x(j) + p




1� r�1Xz=0 q�z= 1� q�r1� 1q :This ends the proof.



96 CHAPTER 7. VECTOR BALANCING GAMES7.4 The Open End GameIn this se
tion we investigate the version of the game where the players do not know thenumber of rounds played. Therefore we 
onsider the 
ase that the game is played on andon. The pay-o� for Player A shall be the supremum over all values of kpk1 that o

urredduring play.3 We denote this game by G1dq.An instan
e for G1dq is a pair I = ((x(i))i2N; ("(i))i2N) su
h that kx(i)k1 � 1 and "(i) 2f�1;+1g for all i 2 N . From the de�nition we see that the pay-o� for this instan
e issupn2NPi2[n℄ q�n+i"(i)x(i). Let us assume again q � 2. This will not be ne
essary for theproofs, but the results get uninteresting for q too 
lose to 1. We showTheorem 7.2. The value of the game G1dq satis�esq � 2q�blog2 d
�blog2 log2 d
+1q � 1 � v(G1dq) � qq � 1 � q� log2 d�log2 log2 d�4:Similarly to the �xed end version of the game we will also work with strategies of `
hangingsigns'. As the players do not know the number of moves, the analysis is mu
h harder. A�rst strategy for player B is to enfor
e a `
hange of signs' in every blo
k Bk of rounds(k � 1) log2 d + 1; : : : ; k log2 d. This is equivalent to saying that Player B should playa

ording to his strategy of se
tion 7.3 assuming all rounds k log2 d; k 2 N to be last rounds.This might though lead to a subsequen
e of rounds S = fk log2 d+2; : : : ; (k+2) log2 d�1gwhere all values "(i)x(i)j ; i 2 S have the same sign di�erent from zero for some 
omponentj 2 [d℄. We show that Player B 
an do better: He has a strategy su
h that for every
omponent j 2 [d℄ and any set S of roughly log2 d+ log2 log2 d su

essive rounds there arei1; i2 2 S su
h that sgn("(i1)x(i1)j ) 6= sgn("(i2)x(i2)j ). This gives a mu
h better bound for thevalue of the game G1dq as the next lemma shows.Lemma 7.3. Let r 2 N.(i) Suppose that for every sequen
e (x(k))k2N Player B 
an 
hoose his moves ("(k))k2Nin su
h a way that for every k 2 N and every 
omponent i 2 [d℄ not all numbers"(k)x(k)i ; : : : ; "(k+r)x(k+r)i have the same sign.Then v(G1dq) � qq�1 � q�r.(ii) Suppose that Player A has a strategy using f�1; 1g ve
tors only that enfor
es thatfor some k 2 N, i 2 [d℄ all numbers "(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i have the same signdi�erent from zero. Then v(G1dq) � q�2q�r+1q�1 .3From the viewpoint of games this is just one side of the 
oin as we do not study the best situationPlayer B 
an rea
h (say after some initial rounds). The reason is the 
onne
tion between the game andthe 
orresponding ve
tor balan
ing problem. The supremum over all kpk1 
orresponds to the worst-
aseimbalan
e that might o

ur in the 
orresponding balan
ing pro
ess. The latter is the quantity we areinterested in.



7.4. THE OPEN END GAME 97Proof. Let (x(k))k2N be a sequen
e of ve
tors in Rd of norm at most 1 and ("(k))k2N be asequen
e in f�1;+1g.Assume �rst that for every k 2 N and every 
omponent i 2 [d℄ not all of the numbers"(k)x(k)i ; : : : ; "(k+r)x(k+r)i have the same sign. Let k 2 N and p := Pj2[k+r℄ q�k�r+j"(j)x(j)denote the position ve
tor at the end of round k+ r. Let i 2 [d℄. As not all of the numbers"(k)x(k)i ; : : : ; "(k+r)x(k+r)i have the same sign, the worst-
ase is 
learly the one where x(k)i iszero and other numbers are all 1 or all �1. Thus we havejpij = ������ Xj2[k+r℄ q�k�r+j"(j)x(j)i ������ � Xj2[k+r℄j 6=k q�k�r+j ���"(j)x(j)i ��� � Xj2[k+r℄j 6=k q�k�r+j < qq � 1 � q�r:Assume now that all ve
tors are f�1; 1g ve
tors and there is a k 2 N and a 
omponenti 2 [d℄ su
h that all numbers "(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i have the same sign. Let p :=Pj2[k+r�1℄ q�k�r+1+j"(j)x(j) denote the position ve
tor at the end of round k + r � 1. Wehave jpij = ������ Xj2[k+r�1℄ q�k�r+1+j"(j)x(j)i ������� �����k+r�1Xj=k q�k�r+1+j"(j)x(j)i ������ �����k�1Xj=1 q�k�r+1+j"(j)x(j)i ������ r�1Xj=0 q�j � k�1Xj=1 q�k�r+1+j> q�r � 11q � 1 + q�r 11q � 1 = q � 2q�r+1q � 1 :This 
ompletes the proof.Note that an upper bound of qq�1 � 2q�r+1q�q�r 
an be shown without mu
h more e�ort (oneneeds to use the assumption of 
hanging signs not only on the last r + 1 ve
tors but onevery group of r + 1 ve
tors). A similar argument improves the lower bound slightly.In the remainder of this se
tion we determine the 
orre
t value for r su
h that both playershave strategies as in Lemma 7.3. To do so we analyze the following game Cd for d 2 N :Given are d piles p1; : : : ; pd of say 
ards that initially hold one 
ard ea
h. A round of thisgame 
onsists of the three steps(i) Player A 
hooses a set S � [d℄ of piles,



98 CHAPTER 7. VECTOR BALANCING GAMES(ii) Player B either removes all 
ards from the piles in S or all 
ards from the piles in[d℄ n S. Formally, B 
hooses a set T 2 fS; [d℄ n Sg and sets pi := 0 for all i 2 T .(iii) One 
ard is pla
ed on every pile (pi := pi + 1 for all i 2 [d℄).The game is played in�nitely many rounds. The pay-o� for Player A is the maximumvalue of kpk1 that o

urred during play. This game is similar to the tenure game Spen
erinvestigated in [Spe94℄. Instead of step (iii) there a 
ard is added only to those piles pi thathave pi 6= 0. Hen
e the number of a
tive piles redu
es in play and �nally is zero. The tenuregame has a ni
e solution: Both players do their best if they 
hoose their moves su
h thatPi2[d℄ 2pi is maximized respe
tively minimized. A fun
tion like this, that is, assigning realnumbers to states of the game in su
h a manner that maximizing respe
tively minimizingthis fun
tion are good strategies for the players, is 
alled potential fun
tion. For the gameCd a potential fun
tion is mu
h harder to �nd as all piles keep a
tive throughout the game.To motivate the investigation of this game we �rst show the 
onne
tion between the gamesCd and G1dq.Lemma 7.4. Suppose that the value of Cd equals r, i. e. Player B has a strategy su
h thatno pile ever 
ontains more than r 
ards and Player A 
an enfor
e su
h a situation. ThenPlayer B has a strategy as in Lemma 7.3(i) and Player A has a strategy as in Lemma7.3(ii). Hen
e the value of Cd determines the value of G1dq almost 
ompletely.Proof. Let IG = ((x(j))j2N; ("(j))j2N) be an instan
e of the game G1dq. We 
all an instan
eIC = ((S(j))j2N; (T (j))j2N) of Cd 
orresponding to IG if(i) 8j 2 N : S(j) = fi 2 [d℄j sgn("(j)x(j)i ) = sgn(x(j+1)i ) 6= 0g,(ii) 8j 2 N : T (j) = S(j) () "(j+1) = �1.Suppose IG and IC as above and 
orresponding. Then for all i 2 [d℄ and k 2 N we havei 2 T (k) () ���sgn("(k)x(k)i ) + sgn("(k+1)x(k+1)i )��� � 1:Note that the right-hand side just means that "(k)x(k)i and "(k+1)x(k+1)i have di�erent signsor are both zero. Hen
e for a 
omponent i 2 [d℄ and r 2 N we have that all numbers"(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i have the same non-zero sign if and only if i =2 T (k) [ : : : [T (k+r�2). This is equivalent to the fa
t that the position ve
tor p(k+r�2) after round k+r�2in Cd ful�lls p(k+r�2)i � r. Thus it is enough to show that Player B 
an 
hoose signs ingame G1dq su
h that the 
orresponding instan
e of Cd has value at most r and Player A
an 
hoose f�1; 1g ve
tors su
h that the 
orresponding instan
e of Cd has value at least r.



7.4. THE OPEN END GAME 99The following strategy for Player B does the job. For the �rst move in G1dq Player Bmay 
hoose any sign "(1). After A's se
ond move set S(1) = fi 2 [d℄j sgn("(1)x(1)i ) =sgn(x(2)i ) 6= 0g. Choose T (1) 2 fS(1); [d℄ n S(1)g a

ording to the strategy that keeps theposition ve
tor in Cd at norm at most r. If T (1) = S(1) set "(2) = �1 and "(2) = 1 otherwise.Continue like this for all rounds of the game. It is 
lear that IG = ((x(j))j2N; ("(j))j2N) andIC = (p; (S(j))j2N; (T (j))j2N) are 
orresponding instan
es su
h that at no time any pile inIC gets higher than r.The following strategy serves for Player A. For the �rst move in G1dq Player A may
hoose any f�1;+1g ve
tor x(1). Set p = (1; : : : ; 1)> 2 Rd . Let S(1) be a 
hoi
e of A in Cdfollowing the strategy that enfor
es a pile of height r on
e in the game. De�ne x(2) 2 Rdby x(2)i := ( "(1)x(1)i if i 2 S�"(1)x(1)i else :If Player B 
hooses "(2) = �1, set T (1) = S(1), else set T (1) = [d℄ n S(1). Update theposition ve
tor p of the 
ard game as required by the rules. Continue like this for the restof the game. As Player A is following his strategy, there will on
e be a pile of height r.By de�nition the instan
e of the ve
tor game and the 
ard game are 
orresponding. Thusthere are k 2 N , i 2 [d℄ su
h that all numbers "(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i have the samesign di�erent from zero. This shows that A's strategy is as required by Lemma 7.3(ii).To 
omplete the proof of Theorem 7.2 we bound the value v(Cd) of the 
ard game Cd.Lemma 7.5. For d � 3 the value of the 
ard game Cd satis�esblog2 d
+ blog2 log2 d
 � v(Cd) � log2 d+ log2 log2 dlog2 �2� 1log2 d� + 1 � log2 d+ log2 log2 d+ 4:For d = 2 we have v(Cd) = 2.Proof. We �rst observe that the order of the piles is irrelevant, hen
e we may des
ribe theposition ve
tor by an expression xn11 xn22 : : : xnll meaning that there are ni piles ea
h holdingxi 
ards for all i 2 [l℄. Similarly, a move by Player A (whi
h is a subset S of the index set[d℄) 
an be des
ribed by su
h an expression (again it is not important whi
h of the possiblyseveral piles of same size are in S).We start with a strategy for Player A. Let us assume �rst that d is a power of 2. It is
lear that Player A 
an for
e a position ve
tor xn11 xn22 : : : xnll where all ni; i 2 [l℄ are even,to 
hange to the position ve
tor (x1 + 1)n12 (x2 + 1)n22 : : : (xl + 1)nl2 1 d2 by 
hoosing the setxn121 xn222 : : : xnl2l . Repeated appli
ation of this strategy on the initial position ve
tor of 1dleads to the position (log2 d+ 1)1(log2 d)1(log2 d� 1)2(log2 d� 2)4 : : : 2 d4 1 d2 .
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all a partial position (whi
h is just the restri
tion of p to a subset of [d℄) a logarithmi
ladder of type L(s; e; l) for some s; e; l 2 N ; s � l if it equals se(s � 1)2e(s � 2)4e : : : (s �l + 1)2(l�1)e. In this notation we just showed that Player A 
an enfor
e a logarithmi
ladder L(log2 d; 1; log2 d). We now show that Player A 
an enfor
e a logarithmi
 ladderL(s + 1; 1; � l2�) from a position 
ontaining a logarithmi
 ladder L(s; 1; l). A's �rst moveis S = L(s; 1; � l2�). If B 
hooses S, then (among other piles) a logarithmi
 ladder L(s �� l2� ; 2b l2
; � l2�) remains and is updated to L(s + 1 � � l2� ; 2b l2
; � l2�) in step (iii) of thisround. By the equi-partition argument from above (applied � l2� times) Player A 
anenfor
e a logarithmi
 ladder L(s+ 1; 1; � l2�). If B 
hooses the 
omplement of S, then S issimply updated to L(s + 1; 1; � l2�).Applying this logarithmi
 ladder partition strategy blog2 log2 d
 times on L(log2 d; 1; log2 d),Player A 
an rea
h a logarithmi
 ladder L(log2 d+blog2 log2 d
 ; 1; 1) whi
h is nothing morethan a pile of size log2 d+ blog2 log2 d
. This proves the lower bound for d a power of 2. Ifd is not a power of 2, Player A �xes a set of 2blog2 d
 piles, plays on these piles a

ording tothe strategy just des
ribed and ignores the remaining piles.4For the upper bound we have a potential fun
tion strategy: Set � := 2 log2 d�1log2 d and v :N ! R; i 7! �i�1. Set v(p) := Pi2[d℄ v(pi) for a position ve
tor p 2 Nd . We analyze thestrategy for Player B to 
hoose that one of the alternatives whi
h minimizes v(p) for theresulting position ve
tor p. Write p ÆA for the position ve
tor resulting from p if Player B
hooses the set A of piles to be emptied. We have v(p Æ A) = jAj +Pi2[d℄nA v(pi + 1) =jAj +Pi2[d℄nA �v(pi). We 
laim that Player B 
an ensure v(p) � d log2 d throughout thegame. This is 
lear for the �rst move, so let us assume that we are in some round su
hthat the position ve
tor p at the start of this round ful�lls v(p) � d log2 d. Let S � [d℄denote A's move and T be one of the alternatives S and [d℄ n S whi
h minimizes v(p Æ T ).
4Joel Spen
er (private 
ommuni
ation in summer 2000) noted that the last two paragraphs 
an berepla
ed by a potential fun
tion argument. Having rea
hed the position (log2 d + 1)1(log2 d)1(log2 d �1)2(log2 d � 2)4 : : : 2 d4 1 d2 , Player A may use his strategy from the tenure game. This means trying tomaximize the potential fun
tion v(p) = Pi2[d℄ 2pi . This involves the so-
alled splitting lemma showingthat he 
an split the piles into two groups having similar potential. See [Spe94℄ for the details. As a resultof this approa
h, the lower bound improves to blog2 d+ log2(2 + log2 d)
. This is not so important for ourpurposes, but both beautiful and a great step towards the determination of the exa
t value of this game(if this is possible at all).



7.5. SUMMARY AND OUTLOOK 101Then v(p Æ T ) � 12(v(p Æ S) + v(p Æ ([d℄ n S)))= 12(jSj+ Xi2[d℄nS �v(pi) + j[d℄ n Sj+Xi2S �v(pi))= 12(d+ �v(p))� 12(d+ 2 log2 d� 1log2 d d log2 d)= d log2 d:This proves that B 
an keep v(p) � d log2 d. Hen
e kpk1 � log2 d+log2 log2 dlog2�2� 1log2 d� + 1. The lastinequality follows from some 
al
ulus. The 
ase d = 2 is solved by a moment's thought.The proof of Theorem 7.2 follows from Lemma 7.3 to 7.5.7.5 Summary and OutlookThis 
hapter is a �rst investigation of ve
tor balan
ing games that 
ontain some temporalaspe
ts. We restri
ted ourselves to the 
ase q � 2 and the maximum norm. We determinedthe pre
ise value of the game where the players know the number of rounds and we gave
lose bounds for the game where they do not know have this information. Knowing thenumber of rounds de�nitely helps the players.There are di�erent games with some aging aspe
t thinkable. Let us have a look at someother variants:For the k � k2{norm game, an additional aging assumption does not 
hange the 
hara
terof the game. The non-aging 
ase simply generalizes toTheorem 7.6. Let q � 1. The ve
tor balan
ing game Gndq where the maximum norm isrepla
ed with the Eu
lidean norm has valuevuutn�1Xi=0 1q2i :It makes no di�eren
e whether the players know the number of rounds or not.Another variant is to allow a bu�er. From the point of view of appli
ation though it seemsa little strange that on the one hand time plays an important role (aging) and on the other
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isions 
an be postponed (bu�er 
on
ept). Some results also give the impression thatbu�ers and aging don't go well: For the �xed end version Gndq with q � 2 it is easy to seethat a bu�er does not 
hange the value of the game (this also leads to a lower bound forthe open ended game).Similarly, for the Eu
lidean game from above a bu�er of size less than d� 1 does not help.For a bu�er of any size qPd�1i=0 1q2i is a lower bound. Hen
e for q not too 
lose to 1 thee�e
t of a bu�er 
an not be very big.We thus get the impression that bu�ers and also di�erent norms might not lead to veryex
iting results. For the dis
rete version of ve
tor balan
ing games (i. e. the �rst playermay 
hoose his ve
tors from a �nite set) though it is not 
lear right now what happens if anaging aspe
t is added to the rules. This 
ould be a diÆ
ult problem as (to our knowledge)there are no results on non-aging dis
rete games that take into a

ount the number ofrounds played.
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