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t. We investigate the problem to round a given [0; 1℄{valuedmatrix to a 0; 1 matrix su
h that the rounding error with respe
t to2 � 2 boxes is small. Su
h roundings yield good solutions for the digitalhalftoning problem as shown by Asano et al. (SODA 2002). We present arandomized algorithm 
omputing roundings with expe
ted error at most0:6287 per box, improving the 0:75 non-
onstru
tive bound of Asanoet al. Our algorithm is the �rst one solving this problem fast enough forpra
ti
al appli
ation, namely in linear time.Of a broader interest might be our rounding s
heme, whi
h is a modi-�
ation of randomized rounding. Instead of independently rounding thevariables (expe
ted error 0:82944 per box in the worst 
ase), we imposea number of suitable dependen
ies.Experimental results show that roundings obtained by our approa
h lookmu
h less grainy than by independent randomized rounding, and onlyslightly more grainy than by error di�usion. On the other hand, the latteralgorithm (like all known deterministi
 algorithms) tends to produ
eunwanted stru
tures, a problem that randomized algorithms like oursare unlikely to en
ounter.Key words: Randomized rounding, dis
repan
y, digital halftoning.1 Introdu
tionIn this paper we are 
on
erned with rounding problems and, in parti
ular, thedigital halftoning problem. In general form, rounding problems are of the follow-ing type: Given some numbers x1; : : : ; xn, one is looking for roundings y1; : : : ; ynsu
h that some given error measures are small. By rounding we always mean thatyi = bxi
 or yi = dxie. Sin
e there are 2n possibilities, su
h rounding problemsare good 
andidates for hard problems. In fa
t, even several restri
ted versionslike the 
ombinatorial dis
repan
y problem are known to be NP{hard.On the other hand, there are 
ases that 
an be solved optimally in polynomialtime. Knuth [9℄ for example has shown that there exists a rounding su
h that allerrors jPki=1(yi � xi)j and jPki=1(y�(i) � x�(i))j for a �xed permutation � areat most nn+1 . Su
h roundings 
an be obtained by 
omputing a maximum 
owin a network. A re
ent generalization to arbitrary totally unimodular roundingproblems 
an be found in [5℄.



1.1 The Digital Halftoning Problem: A Matrix Rounding ProblemOur study of rounding problems is motivated by an appli
ation to digital halfton-ing. The digital halftoning problem is to 
onvert a 
ontinuous-tone intensity im-age (ea
h pixel may have an arbitrary `
olor' on the white-to-bla
k s
ale) into abinary image (only bla
k and white dots are allowed). An intensity image 
anbe represented by a [0; 1℄{valued m � n matrix A. Ea
h entry aij 
orrespondsto the brightness level of the pixel with 
oordinates (i; j). Sin
e many devi
es,e.g., laser printers, 
an only output white and bla
k dots, we have to round Atowards a 0; 1 matrix. Naturally, this has to be done in a way that the resultingimage looks similar to the original one.This notion of similarity is a 
ru
ial point. From the viewpoint of appli
ation,similarity is de�ned via the human visual system: A rounding is good, if anaverage human being 
an retrieve the same information from both the originalimage and the rounded one. Using this 
riterion, several algorithms turned outto be useful: Floyd and Steinberg [7℄ proposed the error di�usion algorithm thatrounds the entries one by one and distributes the rounding error over neighboringnot yet rounded entries. Lippel and Kurland [10℄ and Bayer [3℄ investigated theordered dither algorithm, whi
h partitions the image into small submatri
esand rounds ea
h submatrix by 
omparing its entries with a threshold matrixof same dimension. One advantage of this approa
h is that this algorithm 
anbe parallelized easily. Knuth [8℄ 
ombined ideas of both approa
hes to get analgorithm 
alled dot di�usion.What was missing so far from the theoreti
al point of view is a good mathe-mati
al formulation of similarity. Su
h a similarity measure is desirable for tworeasons: Firstly, it allows to 
ompare algorithms without extensive experimentaltesting. This is parti
ularly interesting, sin
e 
omparing di�erent halftonings isa deli
ate issue. For example, it makes a huge di�eren
e whether the imagesare viewed on a 
omputer s
reen or are printed on a laser printer. Even di�er-ent printers 
an give di�erent impressions. Therefore, a more obje
tive 
riterionwould be very helpful. A se
ond reason is that having a good 
riterion, one wouldhave a 
learer indi
ation of how a digital halftoning algorithm should work. Thusdeveloping good algorithms would be easier.On this year's SODA 
onferen
e, Asano et al. [2℄ reported that they madesome progress into this dire
tion. Experimental results indi
ate that good digitalhalftonings have small error with respe
t to all 2� 2 subregions. More formally,we end up with this problem:1.2 Problem StatementLet A 2 [0; 1℄m�n denote our input matrix. A set Rij := f(i; j); (i+ 1; j); (i; j +1); (i + 1; j + 1)g for some i 2 [m � 1℄; j 2 [n � 1℄ is 
alled a 2 � 2 subregion(or box) in [m℄ � [n℄.1 Denote by H the set of all these boxes. We write ARij1 For a number r we denote by [r℄ the set of positive integers not ex
eeding r.



for the 2 � 2 matrix � ai;j ai;j+1ai+1;j ai+1;j+1� indu
ed by Rij . For any matrix A put�A :=Pi;j aij .For a matrix B 2 f0; 1gm�n | whi
h by de�nition is a rounding of A | wede�ne the rounding error of A with respe
t to B bydH(A;B) := XR2H j�AR ��BRj :We usually omit the subs
ript H when there is no danger of 
onfusion.From a broader perspe
tive, this rounding problem has the interesting aspe
tthat the errors regarded depend on few variables (here four) only. Thus the
ommon approa
h of randomized rounding is not very e�e
tive, sin
e it dependson high 
on
entration results for sums of many independent random variables.1.3 Theoreti
al ResultsAsano et al. [2℄ exhibited that roundings B su
h that d(A;B) is small, yield gooddigital halftonings. They showed that for any A an optimal rounding B� satis�esd(A;B�) � 34 jHj. They also gave a polynomial time algorithm 
omputing arounding B su
h that d(A;B) � d(A;B�) � 916 jHj = 0:5625jHj. It is easy tosee that there are matri
es A su
h that all roundings (and in fa
t all integralmatri
es) B have d(A;B) � 12 jHj.A major draw-ba
k of the algorithm given in [2℄ is that it is not very pra
ti
al,as it requires the solution of an integer linear program with totally unimodular
onstraint matrix. As pointed out by the authors, this is too slow for digitalhalftoning appli
ations.In this paper we present a randomized algorithm that runs in linear time. Itmay be used in parallel without problems. The roundings 
omputed by ouralgorithm have an expe
ted error that ex
eeds the optimal one by at most1532 jHj � 0:4688jHj (instead of 0:5625jHj). In addition, our roundings satisfythe absolute bound E(d(A;B)) � 0:6287jHj beating the non-algorithmi
 boundof 34 jHj of [2℄.The distribution of the resulting error is highly 
on
entrated around theexpe
ted value. The probability that the error ex
eeds (0:6287+")jHj is boundedby exp(�
("2jHj)). More 
on
rete, when pro
essing a 4096� 3072 pixel image,the probability that the error ex
eeds the expe
tation by more than 0:01jHj isless than 2:5 � 10�7. Hen
e a feasible approa
h in pra
ti
e is to 
ompute therandom rounding without 
he
king its error.Another ni
e feature from the viewpoint of appli
ation to digital halftoningis that the roundings 
omputed by our algorithm have small rounding error alsowith respe
t to other geometri
 stru
tures that might indi
ate good (a

ordingto humans' eyes) halftonings. In parti
ular, the expe
ted error with respe
t tothe set H3 of all 3 � 3 boxes is bounded by 0:82944jH3j, and the error withrespe
t to single entries (1 � 1 boxes) is bounded by 0:5jH1j, whi
h is optimalin the worst-
ase.



1.4 Non-independent Randomized RoundingThe key idea of our algorithm might also be of a broader interest. We developa randomized rounding s
heme where the individual roundings are not inde-pendent. The 
lassi
al approa
h of randomized rounding due to Raghavan andThompson [11, 12℄ is to round ea
h variable independently with probability de-pending on the fra
tional part of its value. This allows to use Cherno�-typelarge deviation inequalities showing that a sum of independent random vari-ables is highly 
on
entrated around its expe
tation. Randomized rounding hasbeen applied to numerous 
ombinatorial optimization problems that 
an be for-mulated as integer linear programs. Though being very e�e
tive in the general
ase, one diÆ
ulty with randomized rounding is to use stru
tural information ofthe underlying problem. One way to over
ome this is to use 
orrelation amongthe events. This allows to strengthen the 
lassi
al bounds as shown by Srini-vasan [13℄.In this paper we try so use the stru
ture in an earlier phase, namely in thedesign of the random experiment. This leads to randomized roundings wherethe variables are not rounded independently. There have been a few attemptsin this dire
tion (
f. [11, 12, 4℄), but they do not go further than translating
onstraints into dependen
ies or imposing restri
tions on the number of variablesrounded up or down. Therefore we feel that the option to design the randomexperiment in a way that it re
e
ts the stru
ture of the underlying problem hasnot been exploited suÆ
iently. In this paper we try to move a step forward intothis dire
tion. We impose dependen
ies that are not ne
essary in the sense offeasibility, but helpful sin
e they redu
e the expe
ted rounding error. For therounding problem arising from digital halftoning, this improves the bound of0:82944jHj obtained by independent randomized rounding down to 0:6287jHj.In some sense this result 
an be seen as an extension of ideas of [1, 6℄. Theseresults, however, apply only to a very restri
ted 
lass of rounding problems: Theso-
alled 
ombinatorial dis
repan
y problem is to round the ve
tor x = 121n toa 0; 1 ve
tor y su
h that kA(x� y)k1 is small for some 0; 1 matrix A.Though a general result on non-independent randomized rounding is hard toimagine due to the high dependen
e on the stru
ture of the target problem, webelieve that this work shows the power of non-independent randomized roundingand motivates further resear
h in this area.1.5 Experimental ResultsTo estimate the visual quality of our algorithm, we generated roundings of severalboth real-world and arti�
ial images with existing algorithms and the new one.It turns out that the use of dependen
ies in the random experiment greatly re-du
es the graininess of the output images (
ompared to independent randomizedrounding). Still, the error di�usion algorithm remains unbeaten in this 
ategory.On the other hand, sin
e our algorithms is randomized, we have no problemswith unwanted stru
tures or textures, a weakness of error di�usion and otherdeterministi
 algorithms. Summarizing our experimental results, we feel that our



work brings randomized rounding ba
k into a group of feasible approa
hes forthe digital halftoning problem in whi
h neither 
an 
laim himself superior to theothers.2 Randomized RoundingFor a number x we write bx
 for the largest integer not ex
eeding x, dxe forthe smallest being not less that x, and fxg := x � bx
 for the fra
tional partof x. We say that some random variable X is a randomized rounding of x ifP (X = bx
 + 1) = fxg and P (X = bx
) = 1 � fxg. In parti
ular, if x 2 [0; 1℄,we have P (X = 1) = x and P (X = 0) = 1� x.We �rst analyze what 
an be a
hieved with independent randomized round-ing. The result below is needed not only to estimate the superiority of non-independent randomized rounding, but also in the proofs of two of our results.Note that the proof (omitted for reasons of spa
e) has to be di�erent from typ-i
al randomized rounding appli
ations: Sin
e the boxes are small, using a largedeviation bound makes no sense and one has to 
ompute the expe
ted errorexa
tly.We say that B is an independent randomized rounding of A if ea
h entry bij isa randomized rounding of aij and all these roundings are mutually independent.Theorem 1. Let A 2 [0; 1℄m�n, B an independent randomized rounding of Aand B� an optimal rounding of A. ThenE(d(A;B)) � 0:82944jHj;E(d(A;B)) � 0:75jHj+ d(A;B�): utThe two bounds of Theorem 1 are tight as shown by matri
es with all entries0:4 and 0:5 respe
tively.3 Non-independent Randomized RoundingIn this se
tion we improve the previous bounds by adding some dependen
ies tothe rounding pro
ess. We start with an elementary approa
h 
alled joint random-ized rounding, whi
h redu
es the 
han
e that neighboring matrix entries are bothrounded in the wrong way. This leads to a �rst improvement in Corollary 1. Wethen add further dependen
ies leading to what we 
all blo
k randomized round-ing.De�nition 1. Let a1; a2 2 [0; 1℄. We say that (b1; b2) is a joint randomizedrounding of (a1; a2) if P (b1 = 1 ^ b2 = 0) = a1, P (b1 = 0 ^ b2 = 1) = a2 andP (b1 = 0 ^ b2 = 0) = 1 � a1 � a2 holds if a1 + a2 � 1, and if P (b1 = 1 ^ b2 =0) = 1� a2, P (b1 = 0 ^ b2 = 1) = 1� a1 and P (b1 = 1 ^ b2 = 1) = a1 + a2 � 1holds in the 
ase a1 + a2 > 1.Immediately, we have



Lemma 1. Let a1; a2 2 [0; 1℄. Then (b1; b2) is a joint randomized rounding of(a1; a2) if and only if the following two properties are valid:(i) For all i 2 [2℄, we have P (bi = 1) = ai and P (bi = 0) = 1� ai. Hen
e bi isa randomized rounding of ai.(ii) b1 + b2 is a randomized rounding of a1 + a2.The next lemma shows that two joint randomized roundings are superior tofour independent randomized roundings in terms of the rounding error.Lemma 2. Let A = (a11; a12; a21; a22) be a box. Let (b11; b12) be a joint ran-domized rounding of (a11; a12), and (b21; b22) one of (a21; a22) independent ofthe �rst. Then the expe
ted error of A with respe
t to B = (b11; b12; b21; b22) is atmost E(d(A;B)) = 1627 jHj � 0:5926jHj. In 
omparison with an optimal roundingB� we have E(d(A;B)) � d(A;B�) � 0:5jHj.Proof (sket
hed). b11+ b12 behaves like a randomized rounding of a11+a12, andthe same holds for the se
ond row. Hen
e all we have to do is to bound theexpe
ted deviation of a sum of two independent randomized roundings from thesum of the original values. utThe bounds Lemma 2 are sharp as shown by matri
es having a11 + a12 =a21+a22 = 13 and a11+a12 = a21+a22 = 12 respe
tively. Plastering the grid withjoint randomized roundings already yields a �rst improvement over independentrandomized rounding:Corollary 1. Let A 2 [0; 1℄m�n. Compute B 2 f0; 1gm�n by independentlyobtaining (bi;2j�1; bi;2j) from (ai;2j�1; ai;2j) by joint randomized rounding for alli 2 [m℄; j 2 [n2 ℄, and also independently obtaining bin from ain, i 2 [m℄, by usualrandomized rounding, if n is odd. ThenE(d(A;B)) � 0:7111jHj:Proof. At least half of the boxes, namely all Rij su
h that j is odd, are roundedin the manner of Lemma 2. The remaining ones 
ontain four independent ran-domized roundings. Thus E(d(A;B)) � 120:5926jHj+ 120:82944jHj � 0:7111jHjby Theorem 1 and Lemma 2. utBlo
k Randomized RoundingDe�nition 2. Let A = (a11; a12; a21; a22) be a box. We 
all B = (b11; b12; b21; b22)a blo
k randomized rounding of A if(i) ea
h single entry of B is a randomized rounding of the 
orresponding one ofA, i. e., P (bij = 1) = aij and P (bij = 0) = 1� aij for all i; j 2 [2℄.(ii) ea
h pair of neighboring entries has the distribution of the 
orresponding jointrandomized rounding, i. e., in addition to (i) we have for all (i; j); (i0; j0) 2[2℄� [2℄ su
h that either i 6= i0 or j 6= j0,P (bij + bi0j0 = baij + ai0j0
+ 1) = faij + ai0j0gP (bij + bi0j0 = baij + ai0j0
) = 1� faij + ai0j0g:



(iii) the box in total behaves like a randomized rounding, i. e., we haveP (�B = b�A
+ 1) = f�AgP (�B = b�A
) = 1� f�Ag:By item (iii) of this de�nition, blo
k randomized roundings have low round-ing errors. If B is a blo
k randomized rounding of a 2 � 2 matrix A, thenE(d(A;B)) � 12 and E(d(A;B))�minB� d(A;B�) � 18 . The interesting point isthat blo
k randomized roundings always exist:Lemma 3. For all boxes A = (a11; a12; a21; a22), a blo
k randomized roundingexists and 
an be generated eÆ
iently.Proof. We �rst show that it is enough to 
onsider boxes A su
h that s := �A =a11 + a12 + a21 + a22 � 2. Assume s > 2. De�ne A0 = (a0ij) by a0ij := 1 � aij .Then �A0 = 4��A < 2. Let B0 = (b0ij) be a blo
k randomized rounding of A0.De�ne B = (bij) by bij := 1� b0ij . Now it remains to show that the pair (A;B)ful�lls (i) to (iii) of De�nition 2, whi
h we leave to the reader.For the remainder of this proof let us assume that s � 2. Let i; i0; j; j0 2 [2℄.We 
all e = f(i; j); (i0; j0)g an edge, if either i 6= i0 or j 6= j0, and write ae :=aij + ai0j0 . An edge e is heavy, if ae > 1. We �rst note that there 
annot bedisjoint heavy edges. If e and f were disjoint and heavy, then s = ae + af > 2
ontradi
ting our previous assumption. In parti
ular, there 
an be at most twodi�erent heavy edges. We will treat these three 
ases separately after introdu
ingsome more notation. We denote by Eij the 2� 2 matrix having all entries zeroex
ept a single entry of one on position (i; j). For an edge e = f(i; j); (i0; j0)g letEe := Eij +Ei0j0 . Finally, put En := E11 +E22 and E= := E12 +E21.Case 1: No heavy edges. If s � 1, let B be su
h that P (B = Eij) = aijfor all i; j 2 [2℄, and P (B = 0) = 1� s. Here as well as in the remaining 
ases,we leave it to the reader to 
he
k that (i) to (iii) of De�nition 2 are ful�lled.Assume now that s > 1, but there are still no heavy edges. By symmetry, wemay assume that a11 is a minimal entry of A. Put pn = minfs � 1; a11g andp= = s� 1� pn. De�ne B byP (B = En) = pn;P (B = E=) = p=;P (B = Eii) = aii � pn; i 2 [2℄;P (B = Eij) = aij � p=; i; j 2 [2℄; i 6= j:Sin
e a11 is minimal and there are no heavy edges, all probabilities de�ned aboveare non-negative.Case 2: One heavy edge. Omitted.Case 3: Two heavy edges. Omitted. utSin
e blo
k randomized roundings have low rounding errors and 
an be 
om-puted eÆ
iently, the following algorithm suggests itself: Partition the input ma-trix A into 2� 2 boxes and round ea
h thereof as in the proof of Lemma 3. Tobe pre
ise:



De�nition 3. Let A 2 [0; 1℄m�n. We say that B is a blo
k randomized roundingof A, if it is 
omputed by the following rounding s
heme:(i) for all i 2 [m2 ℄; j 2 [n2 ℄, R := f2i � 1; 2ig � f2j � 1; 2jg, BjR is a blo
krandomized rounding of AjR as in the proof of Lemma 3,(ii) if m is odd, then for all j 2 [n2 ℄, (bm;2j�1; bm;2j) is a joint randomized round-ing of (am;2j�1; am;2j) as in De�nition 1,(iii) if n is odd, then for all i 2 [m2 ℄, (b2i�1;n; b2i;n) is a joint randomized roundingof (a2i�1;n; a2i;n) as in De�nition 1,(iv) if both m and n are odd, then bmn is a randomized rounding of amn.(v) All roundings in (i) to (iv) shall be independent.We shall �rst analyze the error of blo
k randomized roundings and then turnto the 
omputational aspe
ts of this approa
h.Theorem 2. Let B be a blo
k randomized rounding of A 2 [0; 1℄m�n. Then(i) The expe
ted rounding error is E(d(A;B)) � 0:6287jHj.(ii) If B� is an optimal rounding, thenE(d(A;B)) � d(A;B�) � 1532 jHj � 0:4688jHj:(iii) P (d(A;B) > E(d(A;B)) + "jHj) < 9 exp(� 172"2(m� 2)(n� 2)).Proof (sket
hed). At least a quarter of all boxes (those Rij where both i and jare odd) are blo
k randomized roundings. Less than half of the boxes 
ontaintwo independent joint randomized roundings, namely those Rij where either i orj is odd. The remaining boxes, whi
h are a fra
tion of at most a quarter, have alltheir entries rounded independently. Thus Theorem 1, Lemma 2 and the remarkfollowing De�nition 2 yield the bounds (i) and (ii).The proof of the large deviation bound is an appli
ation of the Cherno�inequality. Note that H 
an be partitioned into nine sets of boxes su
h that theerrors within the boxes of ea
h partition 
lass are mutually independent randomvariables. utWe remark that the large deviation bound is not optimal, but by far suÆ-
ient for our purposes. The matrix A with all entries 0:3588 has E(d(A;B)) �0:6173jHj for a blo
k randomized rounding B. Thus our analysis is quite tight.Algorithmi
 Properties of Blo
k Randomized RoundingComputing matrix roundings with the randomized approa
h above is fast. Ea
hsingle blo
k randomized rounding of a 2� 2 blo
k takes 
onstant time, thereforethe whole rounding 
an be done in linear time. From the view-point of appli
ationto digital halftoning, this is a 
ru
ial improvement over the algorithm of [2℄, thatroughly has quadrati
 time 
omplexity (ignoring a polylogarithmi
 fa
tor). Asstated in [2℄, this is too slow for high-resolution images.The problem of 
omputing time 
an be further addressed with parallel 
om-puting (and this is a
tually an issue when dis
ussing digital halftoning algo-rithms). Sin
e the blo
k randomized roundings of 2�2 blo
ks are done indepen-dently, it is no problem to assign them to di�erent pro
essors.



Further Aspe
ts of Blo
k Randomized RoundingsLet us sket
h another advantage of our approa
h. Suppose that we do not wantto �nd a good rounding with respe
t to the 2�2 boxes, but with respe
t to largerstru
tures, say 3 � 3 boxes. We 
urrently have no hint whether the error withrespe
t to these sets is a better measure for the visual quality of the resultingdigital halftoning, but it seems plausible to try this experimentally. Hen
e weneed an algorithm 
omputing su
h roundings.Whereas it seem diÆ
ult to extend the approa
h of Asano et al. to largerstru
tures, non-independent rounding does very well: For 3 � 3 boxes, we mayeven use the same rounding s
heme as before. Doing so, ea
h 3� 3 box 
ontainsexa
tly one blo
k randomized rounding, two joint randomized roundings andone single randomized rounding. Sin
e the four values of the blo
k randomizedrounding in total behave like a single randomized rounding, and so do the twovalues of ea
h joint randomized rounding, the expe
ted error of a 3 � 3 box isjust given by Theorem 1. We haveTheorem 3. With respe
t to the family H3 of 3� 3 boxes, a blo
k randomizedrounding B of A has expe
ted error dH3(A;B) � 0:82944jH3j.We thus may 
laim that our approa
h has a broader range of appli
ationthan previous results on this problem. This, by the way, works also in the otherdire
tion: From the view-point of digital halftoning, it is of 
ourse desirable thatalso the single entries are not rounded to badly, i.e., the error with respe
t to1� 1 boxes should not be too large. Our algorithm solves this in a very simplemanner: If B is a blo
k randomized rounding of A, then ea
h single entry bij isa randomized rounding of aij . Hen
e the expe
ted error of the single entries isat most 12mn, whi
h is, of 
ourse, optimal in the worst-
ase.4 Experimental ResultsWe applied the three 
lassi
al algorithms mentioned in the introdu
tion togetherwith independent randomized rounding and our algorithm to several images.For reasons of spa
e we are not able do give any details 
on
erning the threealgorithms ex
ept for the remark that all three are deterministi
. All imagedata used 1 byte per pixel resulting in an integer value between 0 and 255. Weused two types of input data: Real-world images taken with a digital 
amera,and arti�
ial images produ
ed with a 
ommer
ial imaging software. Naturally,the �rst type is more suitable to estimate how well the algorithm performs inreal-world appli
ations, whereas the se
ond is better suited to demonstrate theparti
ular strengths and weaknesses of an algorithm.For reasons of spa
e the images displayed in this paper are only small partsof the images we pro
essed.2 These parts have a size of 160 � 160 pixels, andare displayed in 72 dpi. All printers nowadays 
an handle higher resolutions, of
ourse, but the single pixels would be harder to re
ognize, and some unwanted2 The full size images 
an be found at http://www.numerik.uni-kiel.de/~hes/NIRR.htm.



Fig. 1. Error Di�usion (top left).Fig. 2. Ordered Dither (top right).Fig. 3. Dot Di�usion (middle left).Fig. 4. Randomized Rounding(middle right).Fig. 5. Non-independent Random-ized Rounding (bottom).



e�e
ts like small white dots disappearing in a large bla
k area would spoil theresult.All known algorithms for the digital halftoning problem tend to produ
e somekind of stru
tures or textures, whi
h draw unwanted attention. Generally twokinds of textures 
an be observed. First there are regular patterns like snakes,
rosses or labyrinths. In parti
ular error di�usion and ordered dither algorithmtend to produ
e those, as 
an be seen in Fig. 1 and 2.The se
ond form of unwanted stru
tures are grains. Grains emerge, if in dark(respe
tively light) parts of the pi
ture two or more white (respe
tively bla
k)pixels tou
h ea
h other and thus build a re
ognizable blo
k. As observed alreadyin the seventies, randomized rounding is very vulnerable to this problem, whi
his why it is not used in pra
ti
e for digital halftoning. On the other end we �nderror di�usion, whi
h hardly produ
es any grains. It seems that algorithms thatare good 
on
erning graininess tend to produ
e unwanted stru
tures and vi
eversa. In this sense, non-independent randomized rounding seems to be a fair
ompromise: Being by far less grainy than independent randomized rounding onthe one hand, it is unlikely to produ
e unwanted stru
tures on the other.

Fig. 6. Non-ind. Rand. Rounding. Fig. 7. Randomized Rounding.5 Summary and OutlookThis paper des
ribes a new approa
h in randomized rounding. By imposingsuitable dependen
ies, we improve the expe
ted rounding error signi�
antly.For a parti
ular problem arising in digital halftoning this improves previousalgorithms both a

ording to run-time and rounding error. In parti
ular, wepresented the �rst algorithm solving the rounding problem proposed by Asanoet al. fast enough for pra
ti
al appli
ation, namely in linear time.



On the methodologi
al side, this paper shows that non-independent random-ized rounding 
an be very e�e
tive if one su

eeds in �nding the right depen-den
ies. We believe that this is a fruitful approa
h, in parti
ular for problemswhere smallish stru
tures do not allow to use large deviation estimates.A
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