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whereas Chooser tries to dete
t and exploit su
h imbalan
es. Prominent exam-ples of Pusher-Chooser games in
lude ve
tor balan
ing games ([2,3,6,7,9,10℄)and liar games. Con
erning the latter, we refer to the survey [8℄ and its exten-sive bibliography of 120 referen
es. Internet routing problems gave rise to therelated \guessing se
rets" problem, that attra
ted attention re
ently ([1,4,5℄).In his marvelous paper \Randomization, Derandomization and Antirandom-ization: Three Games", Spen
er [11℄ shows a generi
 method to 
onvert arandom strategy for Chooser in su
h a game into a deterministi
 algorithm.Moreover, he also provides a method 
oined `antirandomization' that produ
esa mat
hing lower bound 
onstru
tively, i.e., in
luding a strategy for Pusher.The game Spen
er demonstrated these methods most easily is the TenureGame. We 
ite the rules from [11℄:The tenure game is a perfe
t information game between two players, Paul| 
hairman of the department | and Carole | dean of the s
hool. Aninitial position is given in whi
h various fa
ulty are at various pre-tenuredpositions. Paul will win if some fa
ulty member re
eives tenure | Carolewins if no fa
ulty member re
eives tenure. Ea
h year Chair Paul 
reatesa promotion list L of the fa
ulty and gives it to Dean Carole who hastwo options: (1) Carole may promote all fa
ulty on list L one rung andsimultaneously �re all other fa
ulty. (2) Carole may promote all fa
ulty noton list L one rung and simultaneously �re all fa
ulty on list L.In this paper we study a slight variant of this tenure game. We will assume thatnot-promoted fa
ulty is not �red, but downgraded to the �rst rung instead.Apart from an intrinsi
 interest, there are two further reasons to investigatethis game. In [6℄ we showed that good strategies for this game yield goodstrategies for the on-line ve
tor balan
ing problem with aging, i.e., where de-
isions in the past be
ome less important 
ompared to the a
tual one. A se
ondmotivation is that this variant seemingly does not admit the randomization{derandomization{antirandomization approa
h.Let us state the rules pre
isely. Whether Carole 
an win or not of 
oursedepends on the number of rungs we have. To remove this parameter withoutlosing information about the game, we assume to have in�nitely many rungsand play an optimization version of the game: The highest rung rea
hed bysome fa
ulty member is 
alled the pay-o� for Paul. Naturally, he tries tomaximize this pay-o�, whereas Carole tries to minimize it. To further simplifythe setting we assume that all fa
ulty is on the �rst rung at the beginningof the game. Ex
hanging people by inno
ent 
hips and baptizing this version`European Tenure Game', we have:Rules of the European Tenure Game: The game is played with a �xednumber d of 
hips whi
h lie on levels numbered with the positive integers. Atthe start of the game, all d 
hips are on level one. The game is a two-player2



perfe
t information game. The �rst player, 
alled `Pusher', tries to get a
hip to a possibly high level. The maximum level ever rea
hed by a 
hipduring the game is 
alled pay-o� to Pusher. Ea
h round Pusher 
hooses asubset of 
hips he proposes to be promoted. If the se
ond player (`Chooser')a

epts, then these 
hips ea
h move up one level, and the remaining 
hipsare moved down to the �rst level. If Chooser reje
ts, then the remaining
hips move up one level, and Pusher's 
hoi
e is downgraded to level one.From the rules it is 
lear that Pusher has some advantage in the EuropeanTenure Game 
ompared to Spen
er's original game, whi
h we shall 
all `Amer-i
an Tenure Game'. The Ameri
an Tenure Game played with d 
hips has avalue (the maximum level Pusher 
an rea
h) of blog d
 + 1, where we writelog(�) to denote the dyadi
 logarithm. In the European version Pusher roughlygains an extra log log d levels.More pre
isely, a bound of blog d
 + blog log d
 � vd � log d + log log d + 4for the value vd of the European Tenure Game played with d 
hips was shownin [6℄. In this paper we make some progress towards a full understanding ofthe game. We redu
e the gap between lower and upper bound, so that thereat most three possibilities for ea
h d. For larger d, the gap further redu
es toat most two values, though we are able to determine a pre
ise value for a sethaving positive lower density:Theorem 1 Let vd denote the value of the European Tenure Game playedwith d 
hips. Thenblog d+ log log d
 � vd � blog d+ log log d+ 1:98
holds for all d. For d tending to in�nity, these bounds improve toblog d+ log log d+ 1 + o(1)
 � vd � blog d+ log log d+ 1:73 + o(1)
 :In parti
ular, the set S = fd 2 N j vd = blog d+ log log d+ 1
g has lowerdensity greater than 15 . 12 Upper Bound: Chooser's StrategyLet us assume d � 3 sin
e smaller 
ases are trivial. We des
ribe a positionof the game by a fun
tion P : N ! N0 su
h that Pi2N P (i) = d. Hen
e P (i)denotes the number of 
hips on level i.1 The lower density d(S) of a set S � N is d(S) := lim infn!1 1n jfs 2 S j s � ngj.Roughly speaking, the last paragraph of the theorem states that we know the pre
isevalue of the game for more than a �fth of the values for d.3



For the upper bound we use a potential fun
tion argument. Let � := 2 log d�1log d .De�ne a potential fun
tion v by v(P ) := Pi2N P (i)�i�1 for all positionsP : N ! N0 . We analyze the strategy for Chooser to 
hoose that one of thealternatives whi
h minimizes v(P ) for the resulting position. This yields:Lemma 1 The value of the game played with d � 3 
hips is at mostlog (d log d� d+ 1)log �2� 1log d� + 1� log d+ log log d+ 1 + 12 ln 2 + o(1)� log d+ log log d+ 1:73 + o(1):PROOF. Clearly we have v(P ) � d log d for the starting position. Now letP be an arbitrary position of the game su
h that v(P ) � d log d. Denote byP1; P2 the two positions resulting from either a

epting or reje
ting a givenPusher move. Then v(P1) + v(P2) = d + �v(P ), sin
e ea
h 
hip is promotedin either P1 or P2 (in
reasing its potential by a fa
tor of �) and downgraded(leading to a potential of one) in the other alternative. Thusminfv(P1); v(P2)g� 12(v(P1) + v(P2))= 12(d+ �v(P ))� 12(d+ 2 log d�1log d d log d)= d logd:Hen
e Chooser's strategy of minimizing v(P ) ensures that v(P ) � d logd holdsthroughout the game.Let P be any position su
h that v(P ) � d logd. Let l denote the level of thehighest-ranking 
hip. Sin
e the remaining d � 1 
hips at least are on levelone 2 , we have �l�1 � d log d� d+ 1. Hen
el � log�(d log d� d+ 1) + 1 = log (d log d� d+ 1)log �2� 1log d� + 1:For d � 3, the latter term is stri
tly less than log d + log log d + 1:98, as 
anbe easily shown. Put l = log d. Then log (2 � 1l ) = 1 + log (l � 12) � log l �1� 12 1(l�1=2) ln 2 , as the logarithm is 
on
ave. Thus2 This seems to be a negligible advantage. For large d in fa
t it is, but for smallervalues this is enough to redu
e the upper bound from l+ log l+4 to l+ log l+1:98.4



log (d log d� d+ 1)log �2� 1log d� � l + log llog (2� 1l )� l + log l1� 1=(2(l� 12) ln 2)= l + log l + 12 ln 2 + log l2l ln 2�1�ln 2 + 1+ln 22 ln 2(2l ln 2�1�ln 2) ;proving the asymptoti
s. 23 Lower Bound: Pusher's StrategyFor a position P : N ! N0 put f(P ) = Pi2N P (i)2i. Note that this fun
tionwas used as a potential fun
tion for the Ameri
an Tenure Game. We propose astrategy for Pusher that 
onsists of �rst maximizing the f{value of the positionand then using the strategy for the Ameri
an Tenure Game to 
onvert the f{potential into a high-ranking 
hip.Let us sket
h this last phase �rst. For a more detailed dis
ussion we referto [11℄. Assume Pusher got to a position having f{potential at least 2` for some` 2 N . Then either there is a 
hip on level `, or Pusher 
an split the 
hips intotwo subsets ea
h having potential at least 2`�1. Regardless of Chooser's move,the promoted part already has an f{potential of at least 2`. Therefore, Pushermay ignore the downgraded 
hips and 
ontinue like this on the promotedgroup. Sin
e the number of non-ignored 
hips de
reases but the potential doesnot drop below 2`, Pusher ends up with a 
hip on level `. Thus using thisstrategy Pusher 
an enfor
e a 
hip to level blog(f(P ))
 from a position havingpotential f(P ).3.1 First PhaseThe 
ase d = 2 is solved by a moment's thought, so let us assume d � 3.We assume �rst that d = 2l is a power of 2 and deal with the general 
ase atthe end of this se
tion. The �rst part of our strategy is identi
al with the onepresented in [6℄.It is 
lear that Pusher 
an 
hange any position P su
h that all P (i) are even,to the position P 0 de�ned by P 0(1) = 12d and P 0(i + 1) = 12P (i) for all i 2 N .All pusher has to do is to sele
t half of the 
hips of ea
h level. Then, regardlessof Chooser's 
hoi
e, he ends up with position P 0. We 
all this pro
edure aneasy split.From the starting position with d = 2l 
hips on the �rst level, Pusher 
an playl easy splits and rea
h a position P with P (i) = 2l�i for all i = 1; : : : ; l, with5



P (l+1) = 1 and P (i) = 0 for i � l+2. Playing up to this position is the �rstpart of Pusher's strategy.3.2 Se
ond PhaseWe 
ontinue our strategy to maximize f . In the remainder of this paper, wewill 
all f(P ) simply the potential of P omitting the f . Sin
e in Phase 1 agreedy strategy of maximizing the fun
tion f was su

essful, one might betempted to 
ontinue this. As ea
h level has potential d (ex
ept level l + 1,whi
h has potential 2d), it is not too diÆ
ult to split the levels into two partshaving equal potential. 3 Thus the surviving part 
arries the whole potential(re
all that moving up doubles the potential of a 
hip), and we gain a potentialof 2 for ea
h 
hip that is downgraded. We 
an 
ontinue this roughly log l times.If, while doing so, we partition the downgraded 
hips evenly, we 
an gain anextra potential of roughly d log l. Sin
e we need roughly dl extra to prove ourmain result, we are not done yet.The problem is that having played this way, we might end up with one 
hipon level l + log l holding most of the potential of the whole position. Hen
eChooser will downgrade this 
hip in his next move, and all our 
lever gainsare gone.The solution is modesty. Of 
ourse, we 
annot prevent the 
hip on level l + 1to move up to l + log l in log l � 1 moves. Chooser 
an enfor
e this by simplydowngrading that part of the 
hips that does not 
ontain this highest-rankingone. Therefore, we partition the 
hips into 
lasses having di�erent potentials:The one 
ontaining the highest-ranking 
hips has so large a potential, thatwe are immediately satis�ed if it survives (ending with a potential of at least2dl). On the other hand, if the `lower 
lass' 
hips survive, we gain only littlepotential (an additional d), but end up with a 
exible position (in parti
ularhaving no too high-ranking 
hips, and allowing a similar step again). Here arethe details:We 
all the position
Pk : N ! N0 ; i 7! 8>>>>>>>><>>>>>>>>:

2l�i if i < k1 if i = k2l+1�i if k < i � l + 10 otherwise.3 From the rules of the tenure games it is 
lear that it makes no di�eren
e whetherPusher proposes some set of 
hips or its 
omplement. Therefore we may view anyPusher move simply as partition of the set of 
hips into two 
lasses.6



a logarithmi
 ladder with gap at level k. Further on, we de�ne for all 0 � j < k
Qk;j : N ! N0 ; i 7! 8>>>>>>>>>>>><>>>>>>>>>>>>:

d(1� 2�j) if i = 12l+1�i if j + 2 � i � k1 if i = k + 12l+2�i if k + 2 � i � l + 20 otherwise.We 
ompute the potentials of these positions:Lemma 2 For all 0 � j < k � l + 1, we havef(Pk)= d(2l� k + 1) + 2k;f(Qk;j)= d(4l� 2(k + j) + 4) + 2k+1 � 2l�j+1):PROOF. The proof is a simple 
al
ulation. Note that the levels of Pk belowthe gap ea
h 
ontribute d to the potential, whereas those above 
ontribute2d. 2Lemma 3 From a logarithmi
 ladder with gap Pk, Pusher 
an enfor
e for anyj < k one of the positions Pl+1�j and Qk;j. In parti
ular, he 
an advan
e fromPk to either Pk�1 and Qk;l+2�k, if k > l2 + 1.PROOF. In position Pk, Pusher 
hooses those 
hips that have level at most j.If Chooser reje
ts, these d(1�2�j) 
hips move down to level one, the remainingmove up one level and position Qk;j is rea
hed. Hen
e suppose that Choosera

epts. Then d2�j = 2l�j 
hips move to level one, and the other 
hips moveup one level. Now the number of 
hips on ea
h level is a multiple of 2l�j. ThusPusher 
an play l� j easy splits and rea
h position Pl+1�j. The se
ond 
laimfollows from the �rst by 
hoosing j = l + 2� k. 2From what we showed so far we already get a �rst lower bound:Lemma 4 For any d(l + 1)=2e � s � l + 1, Pusher has a strategy enfor
ingone of the positions Qk;l+2�k for k = s+1; : : : ; l, and Ps. For s = d(l + 1)=2e,this strategy yields a potential of at least 1:5d logd, and thus a lower bound forthe value of the game of blog d+ log log d+ 0:58
.PROOF. From the starting position with 2l 
hips on level one, Pusher does leasy splits and rea
hes position Pl = Pl+1 (this is Phase 1). On
e in Position Pi7



for some l � i � s+1, he applies Lemma 3 with j = l+2� i and rea
hes Qi;jor Pi�1. This proves the statement 
on
erning the possible positions. Withs = d(l + 1)=2e, the bound for the value of the game follows dire
tly fromLemma 2 and the dis
ussion of the Ameri
an Tenure Game. 2Sin
e the positions Qk;l+2�k all have a potential of more than 2dl, the lowerbounds of Lemma 4 just depend on the potential of Pd(l+1)=2e of about 32dl.We therefore 
ontinue Pusher's strategy on this position.3.3 Third PhaseThe reason why we 
ould not 
ontinue applying Lemma 3 is that the gap kand the position j where Pusher splits the levels would meet. Splitting thelevels above the gap leads to slightly more 
ompli
ated positions having twogaps. For 0 < r < s � l + 2, we de�ne
Pr;s : N ! N0 ; i 7!

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
2l�i if i < r1 if i = r2l+1�i if r < i < s0 if i = s2l+2�i if s < i � l + 20 otherwise.Hen
e Prs is again a logarithmi
 ladder, this time having one gap on level r(holding one 
hip) and a se
ond one on level s, whi
h is empty. Note thatPk = Pk;l+2.We also need for 0 < r < j < s � l + 2

Qr;s;j : N ! N0 ; i 7!
8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
d(1� 2�j+1) if i = 11 if i = r + 12l+2�i if j + 2 � i < s+ 10 if i = s+ 12l+3�i if s+ 1 < i � l + 30 otherwise.Again we 
ompute their potentials: 8



Lemma 5f(Pr;s)= d(4l � r � 2s+ 5) + 2r;f(Qr;s;j)= d(8l � 4s� 4j + 14) + 2r+1 � 2l�j+2:The following lemma shows that also logarithmi
 ladders with two gaps allow
omprehensible strategies.Lemma 6 Let 0 < r < s � l + 2. For any j su
h that r < j < s, Pusher 
anadvan
e position Pr;s to either Pl+2�j;l+r+2�j and Qr;s;j.PROOF. Pusher 
hooses all 
hips on level at most j ex
ept the single 
hipon level r. If Chooser reje
ts, we are immediately in position Qr;s;j. Otherwise,2l�j+1 
hips move to level one and Pusher's 
hoi
e moves up one level. As alllevels hold a multiple of 2l�j+1 
hips, Pusher 
an play l� j+1 easy splits andrea
h position Pl+2�j;l+r+2�j. 2Here is an outline of the third phase: Using Lemma 6, we apply a mod-esty strategy again. By Lemma 4 (and one extra step if l is odd), werea
h P(l+1)=2;l+1 or P(l+2)=2;l+2. On
e in position Px;2x for some x 2[b(x + 7)=3
 ; b(l + 2)=2
℄, Pusher slowly in
reases the potential through theposition Px�1;2x�1 to Px�1;2(x�1). The �rst step in
reases the potential byroughly 3d, the se
ond by 2d. If Chooser tries to foil this strategy, he im-mediately ends up with a Q{position having a potential of roughly 2dl (andleading to a potential of at least 2dl within a few moves).Lemma 7 In the European Tenure Game played with d = 2l 
hips, Pusher
an rea
h one of the positions� Qk;l+2�k for k = d(l + 1)=2e+ 1; : : : ; l,� Qx;2x;l+3�x for x = b(l + 7)=3
 ; : : : ; b(l + 2)=2
,� Qx�1;2x�1;l+3�x for x = b(l + 7)=3
 ; : : : ; b(l + 3)=2
,� Pb(l+4)=3
;2b(l+4)=3
.In 
onsequen
e, Pusher 
an rea
h a potential of at least 2dl, and thus a pay-o�of at least blog d+ log log d+ 1
.PROOF. Applying Lemma 4 with s = d(l + 1)=2e, Pusher 
an get oneof the positions Qk;l+2�k for k = d(l + 3)=2e ; : : : ; l, or Pd(l+1)=2e. Note thatPd(l+1)=2e = Pd(l+1)=2e;l+2. In parti
ular, we have Pd(l+1)=2e = Pb(l+4)=3
;2b(l+4)=3
for l = 2. Thus we may assume l � 3 from now on.If l is odd, we apply Lemma 6 with j = l+12 + 1 and end up with eitherQ(l+1)=2;l+2;(l+3)=2 (whi
h is Qx�1;2x�1;l+3�x for x = b(l + 3)=2
) or P(l+1)=2;l+1.9



For l = 3, the latter equals Pb(l+4)=3
;2b(l+4)=3
. Hen
e assume l � 4 in theremainder of this proof. If l is even, our a
tual position is P(l+2)=2;l+2.The rest is an easy indu
tion: Assume that we are in position Px;2x for somex = b(l + 7)=3
 ; : : : ; b(l + 2)=2
. Note that this implies l � 4. ApplyingLemma 6 with j = l + 3� x on this position, we get Qx;2x;l+3�x or Px�1;2x�1.Applying Lemma 6 on the latter with j = l + 3 � x again, we rea
h positionQx�1;2x�1;l+3�x or Px�1;2(x�1). This proves the 
laim 
on
erning the rea
hablepositions.For the potentials we look up in Lemma 2 and 5 and 
ompute:f(Qk;l+2�k)= 2dl + 3 � 2k�1;f(Qx;2x;l+3�x)= 4d(l � x) + 2d+ 3 � 2x�1;f(Qx�1;2x�1;l+3�x)= 4d(l � x) + 6d+ 2x�1;f(Pb(l+4)=3
;2b(l+4)=3
)= d(4l � 5 b(l + 4)=3
+ 5) + 2b(l+4)=3
:All potentials ex
ept the one of Qx;2x;l+3�x for x = l2 + 1 and even l � 4 areat least 2dl. For l � 28, we brie
y sket
h how to obtain the missing potentialof slightly less than 2d for this position also. The remaining small 
ases 
anbe solved easily by hand or 
omputer. A ni
er proof though will be given atthe end of this se
tion.Assume l � 28. Note that the r = l2 � 1 levels l2 + 4 to l + 2 of Ql=2+1;l+2;l=2+2ea
h 
ontain 
hips of total potential 4d, whereas the remaining `low' 
hipshave a potential of slightly more than 2d only. Pusher may 
hoose the 
hipson the l r2m � 7 highest levels together with the low 
hips. This 
hoi
e alone hasa potential of more than dl, thus if Chooser a

epts, Pusher 
learly rea
heda potential of more than 2dl. If Chooser reje
ts, a potential of more than8d j r2k+1d � 2dl� 7d results. As all levels hold a multiple of 27 
hips, Pusherplays seven easy splits and �nally gets the desired potential of 2dl. 23.4 If d is not a Power of 2So far we assumed that d is a power of two. Sin
e we may always ignore someof the 
hips in our play, this immediately yields bounds for the general 
aseas well. As we ignore less than half the 
hips, our loss is not very big. For thevalue of the game, we just lose an additive term of 1+o(1). Unfortunately, ourupper and lower bounds are already that 
lose that su
h a loss is signi�
ant.A �rst idea would be to partition the 
hips into subsets of 
ardinalities ofpowers of two, and then play the above strategies on ea
h separately. It is a10



problem though to syn
hronize the strategies. It might happen (and Pusher
annot prevent this) that one subset already rea
hed a Q{position endingthe strategy, while another set is in the middle of a series of easy splits. Tomake this approa
h work, we would need a way to 
onserve the potential ofa favorable position like a Q{position for several moves. This seems to be adiÆ
ult task.Fortunately, an easy tri
k solves the problem and shows that the general 
aseis not far away from the spe
ial 
ase of powers of 2.Lemma 8 Let i 2 N su
h that 2i � d. Then Pusher 
an earn a potential of2 � 2ii bd=2i
. In 
onsequen
e, Pusher has a strategy ensuring him a potentialof at least 2d log d(1 + o(1)).PROOF. Let d0 = bd=2i
 2i, the largest multiple of 2i not ex
eeding d. Thisis Pusher's strategy: He plays with d0 
hips only, ignoring the rest. The setof d0 non-ignored 
hips is partitioned into bd=2i
 groups of 2i 
hips ea
h.These groups will never be split in the 
ourse of the game, so we may assumethese 
hips to be glued together forming ea
h a big 
hip. As there are 2ibig 
hips, Pusher follows his strategy for powers of 2 and ends up with aposition of potential 2 �2ii in terms of big 
hips. Sin
e ea
h big 
hip 
onsists ofbd=2i
 ordinary ones (`un-gluing the big 
hips'), this position has a potentialof 2 � 2ii bd=2i
.Put l := log d and i = bl � log l
. Then2 � 2ii jd=2ik� 2(d� 2i)(l � log l � 1)= 2dl(1� 1l )(1� (log l + 1)=l)= 2dl(1 + o(1)):2From Lemma 1 and 8 we dedu
e that we know the pre
ise value of the game,namely blog d+ log log d+ 1
, for all suÆ
iently large d su
h that the fra
-tional part of log d+log log d is 
ontained in [0; 0:27[. Some elementary 
al
ulusleads to the 
on
lusion that the set of all d su
h that we know the pre
ise valueof the game has lower density greater than 15 .3.5 Small CasesIn this last subse
tion on lower bounds we deal with the small 
ases solvedby hand or 
omputer in the proof of Lemma 7. Re
all that only the 
ases11



4 � l < 28, l even, where not proven 
ompletely. We apply the tri
k ofLemma 8 to redu
e the seemingly more diÆ
ult 
ase of l even to odd l. Wewill show that for all l � 3 odd, Pusher 
an gain a potential of 2ld+ d.Assume this shown for the moment. In the 
ase d = 2l, l even, Pusher splitsthe 
hips into pairs, glues ea
h one together and plays his strategy for l odd.Un-gluing them yields a position having potential at least 2(l� 1)d+ d. Sin
ethe number of 
hips on ea
h level is even, Pusher 
an play an easy split, gaininghim an extra potential of d. Thus Pusher 
an gain a potential of at least 2ldfor all d = 2l. We end this se
tion by proving the remaining 
laim for l odd.Lemma 9 In the game played with d = 2l, l odd, 
hips, Pusher 
an enfor
ea potential of at least 2ld+ d.PROOF. Pusher follows the strategy of Lemma 7 and rea
hes one of thepositions des
ribed there. We 
ontinue play from there:From Qk;l+2�k for some k 2 [(l+ 3)=2; l℄: If k = l, then f(Qk;l+2�k) = 2dl+3 � 2k�1 = 2dl + 32d, hen
e there is nothing to show. Assume k < l. Then levell+2 holds one 
hip and l+1 holds two 
hips. Thus both levels hold the samepotential of 4d. Further on, there is one single 
hip on level k+1, whi
h has thesame potential as 2k 
hips on the �rst level (there are mu
h more on this level).Here is Pusher's split: The �rst partition 
lass shall 
ontain the two single 
hipson level l+2 and k+1. The se
ond 
lass shall 
ontain the two 
hips on level l+1and 2k of the 
hips on the �rst level. The remaining 
hips (ea
h level 
ontainsan even number thereof) shall be split evenly. Thus both partition 
lasses
ontain 
hips having equal potential in total. The �rst partition 
lass 
ontainsless 
hips, namely 2 + 12(d� 4� 2k) = d2 � 2k�1. Hen
e even if this 
lass doesnot survive (resulting in fewer 
hips downgraded and adding a potential of 2ea
h), Pusher ends up with a potential of 2dl+3 �2k�1+2(d2�2k�1) > 2dl+d.From Qx�1;2x�1;l+3�x for some x � (l + 3)=2: Sin
e f(Qx�1;2x�1;l+3�x) =4d(l�x)+6d+2x�1, only the 
ase x = (l+3)=2 has to be regarded. We treatthe 
ase l = 3 separately �rst. Though not diÆ
ult, it shows the problemsarising in small 
ases. Qx�1;2x�1;l+3�x for l = 3 and x = (l + 3)=2 has six
hips on the �rst level and one ea
h on level three and �ve. We shall denotethis position by (6; 0; 1; 0; 1; 0; : : : ). Pusher sele
ts the single 
hip on level �ve,whi
h will not survive (or we are done with a potential of over 8d). Thuswe are in position (1; 6; 0; 1; 0; 0; : : : ). Pusher sele
ts four 
hips on level two.If they do not survive, we are in position (4; 1; 2; 0; 1; 0; : : : ) having potential60 = 2ld+d+4. Otherwise we are in position (4; 0; 4; 0; 0; 0; : : : ) and two easysplits get us to (4; 2; 1; 0; 1; 0; : : : ) having potential 56 = 2ld+ d.We may thus assume l � 5 (re
all that we only 
onsidered odd l). Then a splitsimilar as in the �rst 
ase solves the problem: The �rst partition 
lass shall
ontain the single 
hips on level l + 2 and (l + 3)=2, the se
ond the two 
hips12



on level l + 1 and 2(l+1)=2 of the 
hips on level one. The remaining 
hips shallbe split evenly. As above we 
ompute a potential of 4d(l � x) + 6d + 2x�1 +2(2 + 12(d � 4 � 2(l+1)=2) = 2ld + d if the se
ond 
lass survives, whi
h solvesthis 
ase.From Qx;2x;l+3�x for some x � (l + 1)=2: Sin
e f(Qx�1;2x�1;l+3�x) = 4d(l �x) + 2d+ 3 � 2x�1, only the 
ase x = (l + 1)=2 has to be regarded. Again verysmall values of l, namely l = 5 and l = 7 need spe
ial attention.Let l = 5, thus x = 3. We deviate from the strategy des
ribed in Lemma 7.On
e in position P3;6 = (16; 8; 1; 4; 2; 0; 1; 0; : : : ) (whi
h pre
edes Q3;6;5 inLemma 7), Pusher 
hooses the two single 
hips on level 3 and 7 and 10 ofthe 
hips on level one. Regardless of Chooser's move the resulting position haspotential at least 11d.Let l = 7. Again Pusher avoids position Q4;8;6. On
e in Position P4;8 =(64; 32; 16; 1; 8; 4; 2; 0; 1; 0; : : :), he 
hooses the two single 
hips on level 4 and9, the two 
hips on level 7 and 52 of the 
hips on level one. If Chooser a

eptsthese 
hips to be promoted, as potential of 15d results. Otherwise, Pusher
ontinues from (56; 12; 32; 16; 0; 8; 4; 0; : : :) with two easy splits and obtains apotential greater than 15d.Finally, let l � 9. Then Qx;2x;l+3�x 
ontains four 
hips on level l and twoon level l + 1 to mat
h the potential of the single 
hip on level l + 3. Hereis the partition of Chooser's move: The two single 
hips on level l + 3 and(l + 3)=2 shall be in the �rst partition 
lass. The 
hips on levels l and l + 1as well as 2(l+1)=2 of the 
hips on level one shall be in the se
ond. There is aneven number of remaining 
hips on ea
h level, whi
h are split evenly. Thusboth partition 
lasses hold the same potential (of 12(2dl+3 � 2(l+1)=2)) and theposition resulting from Chooser's move has potential 2dl + 3 � 2(l+1)=2 plus anextra 2 for ea
h 
hip that is downgraded. Sin
e both partition 
lasses 
ontainat least 2+ 12(d�6�2(l+1)=2) 
hips, this results in a potential of at least 2dl+d.From Pb(l+4)=3
;2b(l+4)=3
: Apart from the 
ase l = 5, this posi-tion already has a potential of 2dl + d. For l = 5 note thatPb(l+4)=3
;2b(l+4)=3
 = (16; 8; 1; 4; 2; 0; 1; 0; : : : ) 
an be partitioned into the twopositions (10; 2; 1; 0; 0; 0; 1; 0; : : : ) and (6; 6; 0; 4; 2; 0; 0; 0; : : :). Both 
ontainthe same potential and half the 
hips, hen
e not matter how Chooser plays, aposition having potential f(Pb(l+4)=3
;2b(l+4)=3
) + d > 2dl + d results.This ends the proof of Lemma 9. 213



4 Remarks and Open ProblemsThe strategies we gave above have little in 
ommon with the generi
 approa
hof randomization, derandomization and antirandomization. A main problemseems to be that the game has no �xed end. Thus random play is not a goodidea for Chooser: If the game lasts suÆ
iently long, a 
hip 
an rea
h arbitraryhigh levels with high probability.An obvious problem left open in this paper is a pre
ise determination of thevalue of the game for all or all but a few values of d. We only su

eeded indoing so for a set of d having lower density 15 . For the remaining values apartfrom �nitely many, two possibilities exist for the value of the game.With quite some e�ort it is possible to 
ontinue Pusher's strategy from theQ{positions and thus gain a potential of 
dl for some 
 > 2. Unfortunately,these gains are not too big, in parti
ular, they are not enough to determinethe value of the game for asymptoti
ally all numbers d.More interesting than a slight in
rease of the set of numbers d su
h that thevalue of the game with d 
hips is determined might be the following: Assumethat d = 2l is a power of two again. Then the proofs in Se
tion 3 give astrategy for Pusher to obtain a potential of about 2dl. A 
loser inspe
tion ofthese proofs shows that Pusher might need more than l2 moves to rea
h thisaim. This is 
aused by the strategy whi
h is quite unbalan
ed in the followingsense: Whenever Chooser has two di�erent alternatives, i.e., Pusher did notplay an easy split, one of the alternatives immediately produ
es a potential of2dl, whereas the other only gains a modest additional potential of �(d) in upto l � 1 easy splits.We do not know whether a more balan
ed strategy exists. If Pusher 
ouldprodu
e two alternatives gaining an 
(d) potential in
rease in one move (likethe easy splits do), this would result in a strategy that needs O(l) moves only.A
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