
Non-independent Randomized Rounding, LinearDis
repan
y and an Appli
ation to Digital HalftoningBenjamin Doerr�Abstra
tMotivated by an appli
ation from image pro
essing (Asano et al., SODA 2002),we investigate the problem to round a given [0; 1℄{valued matrix to a 0; 1 matrix su
hthat the L1 rounding error with respe
t to all 2 � 2 boxes is small. We present arandomized algorithm 
omputing roundings with expe
ted error at most 0:5463 perbox. Our algorithm is the �rst one solving this problem fast enough for pra
ti
alappli
ation, namely in linear time. We use a modi�
ation of randomized rounding.Instead of independently rounding the variables, we impose a number of suitabledependen
ies. This redu
es the rounding error signi�
antly 
ompared to independentrandomized rounding, whi
h leads to an expe
ted error of 0.8294 per box. Finally,we give a 
hara
terization of realizable dependen
ies.1 Introdu
tionIn this paper, we are 
on
erned with rounding problems. In general form, these problemsare of the following type: Given some numbers x1; : : : ; xn, one is looking for roundingsy1; : : : ; yn su
h that some given error measures are small. By rounding we always meanthat yi = bxi
 or yi = dxie. Sin
e there are 2n possibilities, su
h rounding problemsare good 
andidates for hard problems. In fa
t, even several restri
ted versions like thedis
repan
y problem are known to be NP{hard.On the other hand, there are 
ases that 
an be solved optimally in polynomial time.Knuth [4℄ for example has shown that given a permutation � there exists a rounding su
hthat the errors jPki=1(yi� xi)j and jPki=1(y�(i)� x�(i))j are at most nn+1 for all 1 � k � n.Su
h roundings 
an be obtained by 
omputing a maximum 
ow in a network. A re
entgeneralization to arbitrary totally unimodular rounding problems 
an be found in [2℄.�Address: Mathematis
hes Seminar II, Christian{Albre
hts{Universit�at zu Kiel, 24098 Kiel, Germany.Email: bed�numerik.uni-kiel.de. Partially supported (asso
iate member) by the graduate s
hool `Ef-�ziente Algorithmen und Multiskalenmethoden', Deuts
he Fors
hungsgemeins
haft.



2 The Digital Halftoning Problem: A Matrix Round-ing ProblemThe rounding problem regarded in this paper is motivated by an appli
ation from imagepro
essing, namely the digital halftoning problem. The digital halftoning problem is to
onvert a 
ontinuous-tone intensity image (ea
h pixel may have an arbitrary `
olor' on thewhite-to-bla
k s
ale) into a binary image (only bla
k and white dots are allowed). Anintensity image 
an be represented by a [0; 1℄{valued m � n matrix A. Ea
h entry aij
orresponds to the brightness level of the pixel with 
oordinates (i; j). Sin
e many devi
es,e.g., laser printers, 
an only output white and bla
k dots, we have to round A towards a0; 1 matrix. Naturally, this has to be done in a way that the resulting image looks similarto the original one.This notion of similarity is a 
ru
ial point. From the viewpoint of appli
ation, similarity isde�ned via the human visual system: A rounding is good, if an average human being 
anretrieve most of the original information from the rounded image. What was missing so farfrom the theoreti
al point of view is a good mathemati
al formulation of similarity. So far,the most widely a

epted 
riterion for a good halftoning algorithm is that it has the `bluenoise' property (
f. the surveys Uli
hney [9℄ and Lau and Ar
e [5℄). This refers not to asimilarity measure 
omparing two images, but an analysis on how the algorithm performson 
onstant grey level areas. Thus, on the other hand, this 
riterion gives little informationon how 
hanging intensities, in parti
ular, shapes, are reprodu
ed. On last year's SODA
onferen
e, Asano et al. [1℄ reported that they made progress towards �nding a similaritymeasure. Their experimental results indi
ate that good digital halftonings have small errorwith respe
t to all 2� 2 subregions. More formally, we end up with this problem:Let A 2 [0; 1℄m�n denote our input matrix. The set Rij := f(i; j); (i+1; j); (i; j+1); (i+1; j+1)g for some i 2 [m�1℄; j 2 [n�1℄ is 
alled a 2�2 subregion (or box) in [m℄� [n℄.1 Denoteby R the set of all these boxes. We write ARij for the 2 � 2 matrix � ai;j ai;j+1ai+1;j ai+1;j+1 �indu
ed by Rij. For any matrix A put �A :=Pi;j aij.For a matrix B 2 f0; 1gm�n | whi
h by de�nition is a rounding of A | we de�ne therounding error of A with respe
t to B bydR(A;B) := XR2R j�AR � �BRj :We usually omit the subs
ript R when there is no danger of 
onfusion.1For an arbitrary number r we denote by [r℄ the set of positive integers not ex
eeding r.
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3 ResultsAsano et al. [1℄ exhibited that roundings B su
h that d(A;B) is small, yield good digitalhalftonings. They showed that for any A an optimal rounding B� satis�es d(A;B�) �34 jRj. They also gave a polynomial time algorithm 
omputing a rounding B su
h thatd(A;B) � d(A;B�) + 0:5625jRj. It is easy to see that there are matri
es A su
h that allroundings (and in fa
t all integral matri
es) B have d(A;B) � 12 jRj.A major draw-ba
k of the algorithm given in [1℄ is that it is not very pra
ti
al. It requiresthe solution of an integer linear program with totally unimodular 
onstraint matrix. Thisleads to a run-time bound whi
h is at least quadrati
 in the number nm of pixels. Aspointed out by the authors, this is too slow for digital halftoning appli
ations. We obtainthe following result.Theorem 1. There is a randomized algorithm 
omputing in linear time a rounding B ofA 2 [0; 1℄m�n su
h that(i) the expe
ted rounding error satis�es E(d(A;B)) � 0:5463jRj;(ii) if B� is an optimal rounding, then E(d(A;B)) � d(A;B�) + 0:3125jRj;(iii) for all " > 0, Pr �d(A;B) > E(d(A;B)) + "jRj� < 3 exp(�16"2(m� 3)).Our algorithm 
an be derandomized. This yields a deterministi
 linear-time algorithm
omputing roundings with error guarantee at most the expe
ted one of the randomizedversion. Using the language of dis
repan
y theory, our result states that the L1 lineardis
repan
y of a set R of 2�2 boxes in the grid is at most 0:5463jRj. For an experimentalstudy of how well our algorithm performs in pra
tise, we refer to S
hnieder [8℄. Some ofthese results are also 
ontained in [3℄.4 Non-independent Randomized RoundingThe key idea of our algorithm might also be of a broader interest. We develop a random-ized rounding s
heme where the individual roundings are not independent. The 
lassi
alapproa
h of randomized rounding due to Raghavan and Thompson [6, 7℄ is to round ea
hvariable xi independently with probabilities given by the fra
tional part fxig of its value,i.e., P (yi = bxi
+1) = fxig = 1�Pr(yi = bxi
). Independen
e of the roundings allows touse Cherno�-type large deviation inequalities showing that a sum of independent randomvariables is highly 
on
entrated around its expe
tation.3



In addition to the randomized rounding 
ondition for single variables, we impose depen-den
ies of the typeP  Xi2Ik yi = $Xi2Ik xi%+ 1! = (Xi2Ik xi) = 1� P  Xi2Ik yi = $Xi2Ik xi%! (1)for some sets Ik. Hen
e our roundings not only are randomized roundings with respe
t tosingle variables, but also with respe
t to the sums Pi2Ik xi. The roundings B 
omputedin Theorem 1 satisfy(i) for all i 2 [m2 ℄, j 2 [n � 1℄, R := f2i � 1; 2ig � fj; j + 1g, �BjR is a randomizedrounding of �AjR,(ii) for all i 2 [m2 ℄, j 2 [n℄, b2i�1;j + b2i;j is a randomized rounding of a2i�1;j + a2i;j,(iii) for all i 2 [m℄, j 2 [n� 1℄, bi;j + bi;j+1 is a randomized rounding of ai;j + ai;j+1,(iv) for all i 2 [m℄, j 2 [n℄, bi;j is a randomized rounding of ai;j.(v) bi;j is mutually independent from all bi0;j0 su
h that di=2e 6= di0=2e.Su
h roundings 
an be 
omputed in linear time (in mn) and yield the bounds 
laimed inTheorem 1.We also regard the question what dependen
ies 
an be realized. More formally, we askhow the sets Ik have to be 
hosen, su
h that a randomized rounding satisfying (1) existsfor all values of the variables. Surprisingly, there is a simple 
hara
terization:Theorem 2. Let H = (I; E) be a hypergraph. The following two properties are equivalent:(i) For all (xi)i2I there is a randomized rounding (yi)i2I satisfying (1) for all E 2 E.(ii) H is totally unimodular.Thus, in parti
ular, roundings B su
h that �BjR is a randomized rounding of �AjR for allR 2 R | whi
h would be perfe
t for our purposes | do not exist for all A.5 Open ProblemsFrom the work of Asano et al. [1℄ and this work, several open problems and areas for futureresear
h arise. Both motivate a 
loser investigation of Lp, p < 1, dis
repan
y problems,whi
h attra
ted less attention than the L1 dis
repan
y. They also suggest the study of4



dis
repan
y problems where the rounding error depends on small regions (like here, 2� 2boxes). The latter is parti
ularly interesting sin
e many of the 
ommonly used methodslike randomization together with large deviation bounds fail.A problem simple to state but seemingly hard to solve in this 
ontext is the one of theL1 linear dis
repan
y of the 2 � 2 boxes, i.e., what is the smallest k su
h that for anyA 2 [0; 1℄m�n there is a B 2 f0; 1gm�n su
h that j�AR � �BRj � k holds for all 2 � 2boxes R. Asano (private 
ommuni
ation) has shown 1 � k � 5=3. Sin
e greedy roundingtrivially yields an upper bound of 2, one has the feeling that this problem is not too wellunderstood.Of 
ourse, the same problem for the L1 dis
repan
y, i.e., the approximation problem re-garded in this paper, is also not 
ompletely understood, and it seems to be an interestingquestion whether the lower bound of 0:5jRj is sharp or not.Referen
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