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t. Game tree sear
h is the 
ore of most attempts to tea
h 
om-puters play games. We present a fairly general theoreti
al analysis onhow evaluation error in
uen
e the value estimation of a game position.We extend the work of Lorenz and Monien [7℄ in two dire
tions. Firstly,we allow arbitrary game values. By a di�erent approa
h, we show thatalso in this setting the number of leaf-disjoint strategies proving a parti
-ular property is a key notion. This number pre
isely des
ribes the orderof growth of the heuristi
 game value in terms of the quality of the leafevaluation heuristi
s. Se
ondly, in allow random nodes (rolls of a die).Surprisingly, this 
hanges the situation: Still the number of leaf-disjointstrategies ensures robustness against leaf evaluation errors, but the 
on-verse is not true. An average node may produ
e additional robustnesslike further leaf-disjoint strategies.1 Introdu
tionWhen a game tree is too large to �nd an optimal move, the most su

essfulapproa
h for 
omputers to play a 
hess-like two-player game is the following:The game tree sear
h algorithm 
hooses a sub-game tree for examination. This
an either be done stati
 (e.g. a �xed-depth tree with depth t is 
hosen), orit 
an be done dynami
ally as e.g. in Conspira
y Number Sear
h [8, 10, 5℄ oras in ��-sear
h with extensions like the Nullmove heuristi
 [3℄. The algorithmheuristi
ally assigns values to the arti�
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For playing 2{person zerosum games, building the heuristi
 minimax value isthe by far most su

essful approa
h in the 
omputer games history. When Shan-non [11℄ proposed a design for a 
hess program in 1949 | as it is in its 
orestill used by all modern game playing programs | it seemed quite reasonablethat sear
hing deeper leads to better results. Many years later, however, �rsttheoreti
al analyses suggested that sear
hing deeper will lead to worse results.In order to explain the error behavior, there have been published several papersby Pearl [9℄, G. S
hr�ufer, Alth�ofer [1, 2℄, Kaindl and S
heu
her [4℄. Lorenz andMonien [7℄ presented a one-to-one relation between the number of leaf-disjointstrategies and the robustness of game trees for minimax game trees with val-ues 0 and 1. This was the �rst result for 
on
rete (i.e. not randomly 
hosen,vague) game trees. In order to make game tree sear
hing leave the �eld of par-lour games towards the use in money-relevant pra
ti
e, like in planning tasks, itis 
ertainly unavoidable to understand the underlying prin
iples. One questionis whi
h stru
tural properties make a game tree an error-�lter resp. an errorampli�er. We build on the model of Lorenz and Monien [7℄ by both allowingarbitrary game values and random nodes.Model: An arbitrary but �xed �nite game tree G is given. Ea
h of its leaveshas a value in [0; 1℄. These values are prograted to inner nodes following the so
alled mimav prin
iple: There are MIN{, MAX{, and AVG{nodes in the tree. Ata MAX {node v, the value of v is determined as the maximum over the valuesof v's sons, at a MIN {node v, the value of v is determined as the minimum overthe values of v's sons. At an AVG {node the value of v is built as the (weighted)average over the values of v's sons. A typi
al AVG {player is a die. The resultingvalues are again between 0 and 1, and we 
all them `true' values.Ea
h leaf gets a se
ond value, whi
h we 
all a `heuristi
' one: There is a parameterp 2 [0; 1℄ that des
ribes the quality of the heuristi
s. With probability p are theheuristi
 and the true value of a leaf are equal. We assume p to be equal for allleaves. In the spe
ial 
ase that true and heuristi
 leaf values are from f0; 1g, pdes
ribes the probability of a 
ip. The heuristi
 value of G's root is the mimavvalue of the heuristi
 leaf values.In this paper we investigate the in
uen
e of the game tree stru
ture on therobustness of the heuristi
 value, i.e., the probability that the heuristi
 mimavvalue equals the true one of the root or deviates from it only slightly.We show that leaf-disjoint strategies again are the key term. If there are k leaf-disjoint strategies proving that the game value is at least 
, the heuristi
 valueis at least 
 with probability 1 � O("k) for a leaf heusiti
s quality of 1 � ", "small. If we allow only MAX{ and MIN{nodes, also the 
onverse holds.Surprisingly, this behaviour 
hanges if AVG{nodes are in
luded. They may gen-erate additional robustness in the above sense, even though only few leaf disjointstrategies exist. 2



The paper is organized as follows: In Chapter 2 we introdu
e some general de�-nitions 
on
erning 2 12 person game tree sear
h. We dis
uss our de�nition of error
riti
ally. Chapter 3 
onsists of the analysis for multi-valued minimaxvalues aswell as for mimav values. Chapter 4 
ontains the proofs.2 De�nitions and NotationsDe�nition 1. We 
all G = (T; h) a game tree, if T = (V;E) is a tree andh : L(G) ! [0; 1℄ is a fun
tion, L(G) being the set of leaves of T . � (u) denotesthe set of su

essors of a node v 2 V . The depth of a game tree is the maximumdistan
e between the root of G and its leaves.Remark: We identify the nodes of a game tree G with positions of the underlyinggame and the edges of T with moves from one position to the next.De�nition 2. There are three players MIN, MAX, and AVG. This de�nes aplayer fun
tion p : V ! fMAX,MIN,AVGg.De�nition 3. Let G = (T; h) be a game tree and v 2 V a node of T . Thefun
tion mimav : V ! [0; 1℄ is indu
tively de�ned bymimav(v) := 8>><>>:h(v) if v 2 L(G)maxfmimav(v0) j (v; v0) 2 Eg if p(v) = MAXminfmimav(v0) j (v; v0) 2 Eg if p(v) = MINavgfmimav(v0) j (v; v0) 2 Eg if p(v) = AVGWe 
all mimav(v) the mimav value of v.De�nition 4. Let G be a game tree with root r 2 V . A strategy Ss = (Vs; Es)for player s 2 fMIN;MAXg is a subtree of G, indu
tively de�ned by{ r 2 Vs.{ If u 2 Vs is an internal node of T with p(u) = s then there is exa
tly oneu0 2 � (u) with u0 2 Vs and (u; u0) 2 Es.{ If u 2 Vs is an internal node of T with p(u) = s, then � (u) � Vs, and forall u0 2 � (u) is (u; u0) 2 Es.{ If u 2 Vs is an internal node of T with p(u) = AV G, then for some subsetC(u) of � (u) is C(u) � Vs, and for all u0 2 C(u) is (u; u0) 2 Es.As a 
onsequen
e, the mimav-evaluation of a strategy S either provides us witha lower (in 
ase S is a MAX-strategy) or with an upper (in 
ase S is a MIN-strategy) bound for the root value of G.3



Example: In order to prove thatthe value of G's root (see Fig.1) is at most 0:5, we only needto inspe
t the subtree S1 :=fv1; v2; v3; v4; v5; v6; v7; v8; v12; v14,v16; v17; v18; v23; v24g. Hen
e thissubtree is a strategy proving an upperbound of 0:5. The nodes of S2 :=fv1; v2; v3; v4; v5; v6; v7; v8; v11; v13,v16; v17; v18; v21; v22g form su
h astrategy as well. In 
ontrast to S3 :=fv1; v2; v3; v4; v5; v6; v7; v9; v11; v13,v15; v19; v20; v21; v22g, however, S2 isnot leaf-disjoint to S1.
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alled leaf-disjoint if they have no leaf in 
ommon.De�nition 6. Let G be a game tree and S be a strategy with x as lower/upperbound in G. S is 
alled a minimal strategy if it proves x to be a lower/upperbound of G's value and if it is possible to destroy the strategy by 
hanging justone leaf value.Model for Heuristi
s:We assume the heuristi
s evaluating the leaves to be ofthe following kind: There is a parti
ular parameter p 2 [0; 1℄ that des
ribes thequality of the heuristi
s. If p = 1, then the heuristi
s dete
ts the true value ofa leaf surely. If p = 0, then the heuristi
s shall produ
e no reliable information:We assume that for ea
h leaf ` there is a �xed (but unknown) distributionp` : [0; 1℄! [0; 1℄ su
h that supp(p`) := fx 2 [0; 1℄ j p`(x) 6= 0g is �nite, f0; 1g �supp(p`) and su
h that our heuristi
s (in the 
ase p = 0) estimates the value of` to be x with probability p`(x). Thus in parti
ular Px2supp(p`) p`(x) = 1. Wealso assume the p`(�) = 0, if � is the true value of `. If p is in between 0 and 1,we 
hoose between the two extremal 
ases proportional to p: With probabilityp, our heuristi
s dete
ts the true value of `, with probability (1 � p) � p`(x) itoutputs a fautly value x 2 [0; 1℄.Remark: It is important for pra
ti
e to assume that we 
annot examine the
omplete game tree and that we are for
ed to heuristi
ally evaluate some internalnodes. More exa
tly, we assume that a subtree is 
ut from the top of the allovergame tree and that the arti�
ial leaves of this subtree are heuristi
ally evaluated.The resulting values are to be updated in the tree as if they were true values.Example: Let the possible values of a leaf ` be 0; 0:5 and 1. Let its true valuebe 0:5. For p = 0 the probability to see 0:5 is 0 and the probablilities to see0 or 1 are arbitrary, but both greater than 0 and in their sum just 1 � p = 1.4



So let us assume that for p = 0 the probability to get a heuristi
 value of 0 isp`(0) = 0:4 and the one for 1 is p`(1) = 0:6. Then for p = 0:5 the 
orrespondingprobabilities are 0:2 and 0:3.Remark: We think this error model quite reasonable. In parti
ular it satis�esthe following properties:(i) In the 
ase of perfe
tion it is 
lear that p = 1 means that all heuristi
 valuesare exa
tly equal to the true ones.(ii) The parameter p allows to model a heuristi
 evaluator whi
h makes an arbi-trarily small number of mistakes. This �ts to our e�ort to examine heuristi
evaluators near perfe
tion.(iii) Moreover, if one inspe
ts the situation at inner nodes of G a very similarsituation will be found:For p = 1 the 
orre
t value is dete
ted. If p < 1 there will be one polynomialfor ea
h value y, des
ribing the probability to dete
t just the value y.For ea
h node v of the tree and ea
h 
 2 [0; 1℄ we de�ne a mapping q(v; 
) :[0; 1℄ ! [0; 1℄ by setting q(v; 
)(p) to be the probability the value of node v isevaluated to 
 provided that our leaf heuristi
s dete
ts the true value of ea
hleaf with probability p independently for ea
h leaf. In parti
ular, q(v; 
)(1) iszero for all 
 ex
ept the true value of the node v (where it is one). We say thatq(v; �) is �nite, if q(v; 
) is the zero mapping for all but a �nite number of 
.
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Fig. 2. Spe
i�
 polynomials and the 
orresponding polynomial for the expe
tedvalue at the root of G (
f. Fig. 1).Figure 2a) shows the probabilities to see the root value of our example tree as0; 0:25; 0:5; 0:75 or 1, depending on the leaf-error probability 1 � p. The upper-most 
urve des
ribes the probability that the root evaluates to 0:5. Its �rstderivative at p = 1 is zero. This is due to the fa
t that there are two leaf-disjointstrategies proving this value.LetH arise fromG by 
ipping the value of node v13 from 1 to 0. Figure 2
) showsthe 
orresponging probabilities. As a 
onsequen
e, the �rst derivative of the 0:5{polynomial (it is again the most upper one) be
omes greater than zero. We have5



no two leaf-disjoint strategies. Near perfe
tion, the number of derivatives beingzero at p = 1 tells us how well the game tree �lters errors.One might argue that the behaviour of a polynomial qe whi
h des
ribes the ex-pe
ted value of the game tree (examples are Figure 2b) and d) for the gametrees G and H) is more interesting than the whole bundle of value-spe
i�
 poly-nomials. However: on the one hand the expe
tation polynomial was resistentagainst our attempts to analyse it and, moreover, is q0e(v; x)(1) = 0 if and onlyif q0(v; x)(1) = 0, x being the true value of v. qe brings no further insight.3 Error AnalysisRe
all that we denote the probabiblity that our heuristi
s (with quality param-eter p) outputs the value 
 for the node v by q(x; 
)(p). Our assumption �xesq(v; 
) for all leaves. Sin
e we assume that the leaf values are prograted throughthe mimav prin
iple, we obtain the following for non-leaf nodes. Let us denoteby supp(q(v; �)) := f
 2 [0; 1℄ j q(v; 
)(p) 6= 0 for some p 2 [0; 1℄g:We 
all q(v; �) �nite, if supp(q(v; �)) is �nite.Lemma 1. Let v be a non-leaf node with 
hildren v1; : : : ; vb.(i) If v is a MAX{node and all q(vi; �); i 2 [b℄ are �nite, thenq(v; 
) = X(
1;::: ;
b)2[0;
℄bn[0;
[b bYi=1 q(vi; 
i)for all 
 2 [0; 1℄. In parti
ular, q(v; �) is �nite.(ii) If v is a MIN{node and all q(vi; �); i 2 [b℄ are �nite, thenq(v; 
) = X(
1;::: ;
b)2[
;1℄bn℄
;1℄b bYi=1 q(vi; 
i)for all 
 2 [0; 1℄. In parti
ular, q(v; �) is �nite.(iii) If v is an AVG{node and all q(vi; �); i 2 [b℄ are �nite, thenq(v; 
) = X1b (
1+:::
b)=
 bYi=1 q(vi; 
i)for all 
 2 [0; 1℄. In parti
ular, q(v; �) is �nite.6



(iv) q(v; 
) is a polynomial fun
tion for all 
 2 [0; 1℄.In the following, we do not distinguish between polynomials q 2 R[p℄ and the
orresponding polynomial fun
tions p 7! q(p). Sin
e this 
orresponden
e is one-one, there is no danger of ambiguity. By item (iv) of the above lemma we maywrite q(v; � ) :=P
2� q(v; 
) for arbitrary subsets � � [0; 1℄ without worryingabout existen
e of su
h sums. We use the shorthandsq(v;� 
) := q(v; [0; 
℄); q(v;< 
) := q(v; [0; 
[); q(v;� 
) := q(v; [
; 1℄); q(v;> 
) := q(v; ℄
; 1℄):Clearly, su
h fun
tions are polynomials as well. For an arbitrary real mapping qwe write q(i) to denote its ith derivative. We put �(q) = 0, if q(1) 6= 1, and else�(q) := supfn 2 N j 81 � i � n � 1 : q(i)(1) = 0g. Hen
e �(q) = 1, if q(1) = 1and q0(1) 6= 0, for example. For polynomials, we haveLemma 2. Let q be a non-zero polynomial. Then �(q) is the largest n 2 N0su
h that (x� 1)n divides q � 1 in the ring of polynomials.Lemma 3. Let G be an arbitrary game tree (allowing any kind of nodes). Denotethe root by r and its true value by � . Let 
 � � and k � 1.(i) Assume that the root value remains at least 
, even if the value of up to kleaves is 
hanged1. Then �(q(r;� 
)) = k + 1.(ii) Conversely, �(q(r;� 
)) = k+1 implies that the value of up to k arbitrarily
hosen leaves may be 
hanged without the root value dropping below 
.Theorem 1. Let G be a game tree with root r. If Max-Player has k leaf-disjointstrategies proving a game value of at least 
, then �(q(r;� 
)) � k. In parti
ular,if k � 2 , then q(1)(r;� 
)(1) = : : : = q(k�1)(r;� 
)(1) = 0. This is valid for allgame trees with MIN, MAX and AVG players.Theorem 2. Let G be a minimaxgame tree with root r (only the players MINand MAX). Then �(q(r;� 
)) is the number of leaf-disjoint strategies for Max-Player proving a game value of at least 
.Both theorems are analogously valid for upper bound strategies.Theorem 3. Let G be a minimaxgame tree with root r (only the players MINand MAX). Let q(v; [
 � Æ; 
 + Æ℄) denote the probability that the re
ognizedheuristi
 value of the node v with true value 
 is in between 
 � Æ and 
 + Æ.Then follows: If and only if the Max-Player has k � 2 leaf-disjoint strategiesproving a value of at least 
�Æ and at most 
+Æ, then q(1)(r; [
�Æ; 
+Æ℄)(1) =: : : = q(1)(r; [
 � Æ; 
 + Æ℄)(1) = 0. This is valid for Æ = 0 in parti
ular.7



Theorem 2 is not valid for mimav values as 
an easily be seen:G
 of �gure 3 
ertainly 
ontains no 2 LDSs showinga value at the root of � 0:2. The reason is that nosingle su

essor of v 
an prove 0:2 as lower bound.Nevertheless, you 
an 
hange any of the three leafvalues without that the value of v falls below 0:2.Thus q0(v;� 0:2)(1) = 0. Interestingly, if we want tosay something about q(v;� 0:4), none of the nodesv1; v2; v3 may be arbitrariliy 
hanged in order to getq0(v;� 0:4)(1) = 0. Nevertheless, there is a node de-pendent 
onstant k = 0:3 by whi
h ea
h su

essor ofv may be lowered without that the bound 0:4 
an be
0.5
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v

v1          v2         v3     Fig. 3. Counter exam-ple: Game tree G
hurt. Thus, if q0(v;� 0:4)(1) = 0 then it is not possible to 
hange the value ofv below 0:4 by 
hanging one leaf value. As a 
onsequen
e, it is not possible to
hange the values of v1; v2 and v3 below 0:2 by 
hanging one single leaf value,and therefore it is ne
essary that q0(v1 � 0:2)(1) = q0(v2;� 0:2)(1) = q0(v3;�0:2)(1) = 0.Theorem 4. Let G be a game tree with root r. Thefollowing statements are equivalent:{ Max-Player has at least 2 minimal strategies S1and S2 proving a game value of at least 
, andit holds: a leaf l of S1 is either not in S2, or onthe path from l to r there is an AVG-node withone su

essor only in S1 and another su

essoronly in S2.{ q(1)(r;� 
)(1) = 0{ you 
an 
hange any single leaf value withoutthat the value of r 
hanges below 
. Strategy S S

AVG−node

1 2Fig. 4. The stru
ture of ani
e mimav game tree GProof. Indu
tion over the depth of game trees. For a single leaf there is nothingto show. Let theorem 4 be valid for all game trees with depth less than t. If theroot of a game tree with depth t is a MIN or a MAX node the theorem followsanalogously to theorem 2. If the root is an AVG node it follows by the followingobservation.Let G be a game tree with AVG-root v and su

essors v1 : : : vb. Let w;w1; : : : wbtheir true values. Let 
 be any number from ℄0; w℄. Let q0(v � 
)(1) = 0, whi
h1 by 
hanging the value of some leaf ` we always mean that its value is repla
ed byanother possible value from supp(p`). 8



just means that you are allowed to misread at least one arbitrary leaf valuewithout that you re
ognize the value of v smaller than 
. Then, there is a k 2[0; 1℄ by that any su

essor of v may be lowered without that the value of v fallsbelow 
. Let w1 : : : wb the true values of v1 : : : vb. Then q0(v � 
)(1) = 0 ,q0(vi � wi � k)(1) = 08vi 2 fv1; : : : ; vbg with wi � k > 0. utThere seems no simple 
ombinatorial property of mimav game trees whi
h ex-presses whether or not q(i)(r;� 
)(1) = 0 for i > 1. Again, let us inspe
t theexample of �gure 3. If it shall be possible to 
hange two arbitrarily sele
ted leafvalues without that the value of v falls below 0:4 (resp. the sum over the valuesof v1; v2 and v3 must stay above 12), then there are a variaty of possibilities howe.g. the values of v1 and v2 
an be 
hanged so that their sum stays 8. Indeed itis quite diÆ
ult to en
ounter all these possibilities in the general 
ase.Impa
t on pra
ti
e: Although theorem 4 is not as satisfying as its analogonfor minimaxgame trees and although it is only valid for �rst derivatives, our newknowlwdge about the inter
onne
tion between inner stru
ture of game trees andtheir robustness opens an opportunity for a heuristi
 sear
h algorithm whi
hworks similar to the Controlled Conspira
y-2 Sea
h [6℄.Interpretation: Figure 5 presents uswith three di�erent 
ourses of q(:)(p)and the identity fun
tion. In the 
aseof q(:)(p) � p, we do not see any moti-vation for performing any sear
h at all.It is obviously more e�e
tive to dire
tlyevaluate the root. Thus, we see that thesear
h tree is only useful, (in an intu-itive sense, here) when q(:)(p) > p, sin
eonly then is the error rate of the 
om-puted minimax value of the root smallerthan the error rate of a dire
t evalu-ation of the root. Thus, if q(r1; :)(p)and q(r2; :)(p) are polynomials of qual-ity for game trees G and H with rootsr1 and r2, and if q0(r1; :)(1) = 0 andq0(r2; :)(1) > 0,
1

1

p, quality of a direct 
     evaluation

Q(p)

Fig. 5. Possible 
ourses of Q(p)there will be an � > 0 su
h that for all p 2 [1� �; 1℄ it is q(r1; :)(p) > q(r2; :)(p),and thus G is more useful than H .Integration of the model: An obje
tion to the model, whi
h we use here,might be the fa
t that in pra
ti
e (e.g. in 
hess programs) the evaluation-errorsare not independent from ea
h other, or that they do not o

ur randomly at all.Anyway, the used model is de�nitely a ni
e and elegant tool for analyses and it9



is not (as it is no model in the world) ne
essarily a one-to-one des
ription of thereality. We 
an easily set the model in the 
ontext of average 
ase analyses. Letus 
all an average-
ase error analysis, in whi
h the number of o

urring errors isweighted a

ording to a binomial distribution, a relaxed average-
ase analysis.The term expresses that we are interested in the problem of how errors propagatein minimax trees when we presume an error rate of `approximately x per
ent'[7℄.4 ProofsPut �(q) = �(1� q) for all polynomials q. Then �(q) = 0, if q(1) 6= 0, and else�(q) = supfn 2 N j 8i 2 [n℄ : q(i�1)(1) = 0g. Thus �(q) is the largest n 2 N0su
h that (x � 1)n divides q in the ring of polynomials (and 1, if q = 0). Notethat by the uniqueness of prime fa
torization in the ring of polynomials, we have�(Qbi=1 qi) = Pbi=1 �(qi) for all polynomials q1; : : : ; qb. Without proof, we givesome elementary properties:Lemma 4. Let q1; : : : ; qb : [0; 1℄! [0; 1℄ be polynomial fun
tions su
h that q :=Pbi=1 qi � 1. Let q1(1) = 1. Then �(q) � �(q1). Equality holds, if �(qi) > �(q1)for all i � 2.Lemma 5. Let q1; : : : ; qb be polynomial fun
tions. Then �� bQi=1 qi� = mini2[k℄�(qi).Lemma 6. Let G be a game tree. Denote the root by r and its true value by � .Let 
 � � and k � 1.(i) Assume that the root value remains at least 
, even if the value of up to kleaves is 
hanged2. Then �(q(r;� 
)) = k + 1.(ii) Conversely, �(q(r;� 
)) = k+1 implies that the value of up to k arbitrarily
hosen leaves may be 
hanged without the root value dropping below 
.Proof. Let L be the set of leaves, L be the set of all subsets of L su
h thatsuitably 
hanging the values of all their leaves 
hanges the root value to some-thing below 
. Then jL0j � k + 1 for all L0 2 L. Denote by P (L0; p) theprobability that the heuristi
s (with 
on�den
e parameter p) errs on exa
tlythe leaves in L0. Then the probability that the root value is seen to be be-low 
 is at most PL02L P (L0; p) (we say `at most', as not all errors on someL{set need to 
hange the root value to that extend). By Lemma 4 we have2 by 
hanging the value of some leaf ` we always mean that its value is repla
ed byanother value from supp(p`). 10



�(q(r;� 
)) � �(1 �PL02L P (L0; p)). Sin
e P (L0; p) = pjLnL0j(1 � p)jL0j andjL0j � k + 1, we 
on
lude �(q(r;� 
)) = k + 1.To prove the 
onverse (via 
ontraposition), assume that there are k leaves 
hang-ing the root value to below 
. Without loss of generality let k be minimal. LetL be the set of all pairs (L0; Æ) su
h that L0 is a set of leaves and Æ : L0 ! [0; 1℄an assignment of values to the leaves su
h that 
hanging the values of all ` 2 L0to Æ(`) indu
es the des
ribed root value 
hange. By assumption, jL0j � k for all(L0; Æ) in L. The probability that our heuristi
s evaluated the leaves in L0 asdes
ribed by Æ and all remaining leaves 
orre
tly isP ((L0; Æ); p) = Y`2L0 q(`; Æ(`)) Y`2LnL0 q(`; �`) = (1� p)jL0jpjLnL0j Y`2L0 p`(Æ(`)):Hen
e q(r;� 
)(p) = 1� X(L0;Æ)2LP ((L0; Æ); p)= 1� X(L0;Æ)2L(1� p)jL0jpjLnL0j Y`2L0 p`(Æ(`)):By Lemma 4, �(q(r;� 
)) = �(q), whereq(p) := 1� (1� p)kpjLj�k X(L0;Æ)2LjL0j=k Y`2L0 p`(Æ(`)):Clearly, �(q) = k, hen
e �(q(r;� 
)) < k + 1.As is obvious from the proof, the parti
ular stru
ture of the nodes of the gametree is not important. Hen
e Lemma 6 holds also for game trees 
ontainingother nodes than just MIN{, MAX{ and AVG{nodes (provided that the modelis adopted suitably).Now Theorem 1 follows easily from Lemma 6: If there are k leaf-disjoint strate-gies proving that the game value is at least 
, then 
hanging any k � 1 leaves'values 
an not redu
e the root value to below 
 (simply be
ause there is at leastone strategy whose leaves' values are un
hanged). Hen
e Lemma 6 shows that�(q(r;� 
)) is at least k.Lemma 7. Let ` be a leaf with true value � . Then �(q(`;� 
)) = 1, if 0 < 
 � � ,and �(q(`;� 
)) = 0, if 
 > � .Proof. If � � 
 > 0 then q(`;� 
)(p) = 1 � (1 � p)(PÆ<
 p`(Æ)). Sin
e byassumption PÆ<
 p`(Æ) > 0, we have q0(`;� 
)(1) 6= 0. Together with q(`;�
)(1) = 1, we have �(q(`;� 
)) = 1. On the other hand if 
 > � , then 
learlyq(`;� 
)(1) 6= 1 and thus �(q(`;� 
)) = 0.11



Proof (Theorem 2). We pro
eed by indu
tion on the depth of G. For depth 0we simply invoke Lemma 7. Let us therefore assume that G has depths greaterthan zero, and that Theorem 2 is true for all smaller depths. We need to treatthe 
ases that the root r of G is a MAX{ and MIN{node separately.Case 1: Let r be a MAX{node with 
hildren v1; : : : ; vb. Thenq(r;� 
) = 1� bYi=1 q(vi; < 
)by Lemma 1. We have�(q(r;� 
)) = ��1� bYi=1 q(vi; < 
)� = �� bYi=1(1� q(vi;� 
))�= bXi=1 �(1� q(vi;� 
)) = bXi=1 �(q(vi;� 
)):By indu
tion, ea
h node vi has �(q(vi;� 
)) leaf-disjoint strategies proving anode value of at least 
. Ea
h of these strategies (together with the root) is astrategy proving that the root value is at least 
.Case 2: Let r be a MIN{node with 
hildren v1; : : : ; vb. Thenq(r;� 
) = bYi=1 q(vi;� 
)by Lemma 1. By Lemma 5,�(q(r;� 
)) = mini2[b℄ �(q(vi;� 
)). By indu
tion,ea
h node vi has thus at least �(q(r;� 
)) leaf-disjoint strategies proving thatthe node value is at least 
. Putting together one su
h strategy for ea
h vi byde�nition yields a strategy for the root r. Hen
e there are at least �(q(r;� 
))leaf-disjoint strategies proving a root value of at least 
. ut5 Con
lusionWe presented a re�ned 
ombinatorial model, whi
h allows us to model errors ofa heuristi
 evaluator in games with two players and a die, with the help of 
ointosses.The non-error probability of a so 
alled heuristi
 mimav value at the root of anygame tree G with root v is 
olle
tion of polynomials in the non-error probabilityof the heuristi
 evaluation fun
tion at the leaves of G. Let q(v; x) be that poly-nomial. We were able to prove a one to one relationship between the number ofleaf-disjoint strategies that all prove the mimav value of G, and the derivativesof q(v; x)(1). 12



We showed that the number of leaf-disjoint strategies that are 
ontained in agame tree, determines the order of the quality of a heuristi
 mimav value. We alsogot an easily understandable 
riterion for the usefulness of game tree sear
heswith multiple possible values and with heuristi
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