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Abstract. Game tree search is the core of most attempts to teach com-
puters play games. We present a fairly general theoretical analysis on
how evaluation error influence the value estimation of a game position.
We extend the work of Lorenz and Monien [7] in two directions. Firstly,
we allow arbitrary game values. By a different approach, we show that
also in this setting the number of leaf-disjoint strategies proving a partic-
ular property is a key notion. This number precisely describes the order
of growth of the heuristic game value in terms of the quality of the leaf
evaluation heuristics. Secondly, in allow random nodes (rolls of a die).
Surprisingly, this changes the situation: Still the number of leaf-disjoint
strategies ensures robustness against leaf evaluation errors, but the con-
verse is not true. An average node may produce additional robustness
like further leaf-disjoint strategies.

1 Introduction

When a game tree is too large to find an optimal move, the most successful
approach for computers to play a chess-like two-player game is the following:
The game tree search algorithm chooses a sub-game tree for examination. This
can either be done static (e.g. a fixed-depth tree with depth t is chosen), or
it can be done dynamically as e.g. in Conspiracy Number Search [8,10,5] or
as in af-search with extensions like the Nullmove heuristic [3]. The algorithm
heuristically assigns values to the artificial leaves and propagates these numbers
up according to the minimax principle.
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For playing 2-person zerosum games, building the heuristic minimax value is
the by far most successful approach in the computer games history. When Shan-
non [11] proposed a design for a chess program in 1949 — as it is in its core
still used by all modern game playing programs — it seemed quite reasonable
that searching deeper leads to better results. Many years later, however, first
theoretical analyses suggested that searching deeper will lead to worse results.
In order to explain the error behavior, there have been published several papers
by Pearl [9], G. Schriifer, Althdfer [1,2], Kaindl and Scheucher [4]. Lorenz and
Monien [7] presented a one-to-one relation between the number of leaf-disjoint
strategies and the robustness of game trees for minimax game trees with val-
ues 0 and 1. This was the first result for concrete (i.e. not randomly chosen,
vague) game trees. In order to make game tree searching leave the field of par-
lour games towards the use in money-relevant practice, like in planning tasks, it
is certainly unavoidable to understand the underlying principles. One question
is which structural properties make a game tree an error-filter resp. an error
amplifier. We build on the model of Lorenz and Monien [7] by both allowing
arbitrary game values and random nodes.

Model: An arbitrary but fixed finite game tree G is given. Each of its leaves
has a value in [0, 1]. These values are prograted to inner nodes following the so
called mimav principle: There are MIN—, MAX—, and AVG—nodes in the tree. At
a MAX —node v, the value of v is determined as the maximum over the values
of v’s sons, at a MIN —node v, the value of v is determined as the minimum over
the values of v’s sons. At an AVG —node the value of v is built as the (weighted)
average over the values of v’s sons. A typical AVG —player is a die. The resulting
values are again between 0 and 1, and we call them ‘true’ values.

Each leaf gets a second value, which we call a ‘heuristic’ one: There is a parameter
p € [0, 1] that describes the quality of the heuristics. With probability p are the
heuristic and the true value of a leaf are equal. We assume p to be equal for all
leaves. In the special case that true and heuristic leaf values are from {0,1}, p
describes the probability of a flip. The heuristic value of G’s root is the mimav
value of the heuristic leaf values.

In this paper we investigate the influence of the game tree structure on the
robustness of the heuristic value, i.e., the probability that the heuristic mimav
value equals the true one of the root or deviates from it only slightly.

We show that leaf-disjoint strategies again are the key term. If there are k leaf-
disjoint strategies proving that the game value is at least -y, the heuristic value
is at least v with probability 1 — O(e*) for a leaf heusitics quality of 1 —¢, €
small. If we allow only MAX— and MIN-nodes, also the converse holds.

Surprisingly, this behaviour changes if AVG—-nodes are included. They may gen-
erate additional robustness in the above sense, even though only few leaf disjoint
strategies exist.



The paper is organized as follows: In Chapter 2 we introduce some general defi-
nitions concerning 2% person game tree search. We discuss our definition of error
critically. Chapter 3 consists of the analysis for multi-valued minimaxvalues as
well as for mimav values. Chapter 4 contains the proofs.

2 Definitions and Notations

Definition 1. We call G = (T,h) a game tree, if T = (V, E) is a tree and
h: L(G) = [0,1] is a function, L(G) being the set of leaves of T. I'(u) denotes
the set of successors of a node v € V. The depth of a game tree is the mazimum
distance between the root of G and its leaves.

Remark: We identify the nodes of a game tree G with positions of the underlying
game and the edges of T with moves from one position to the next.

Definition 2. There are three players MIN, MAX, and AVG. This defines a
player function p: V — {MAX,MIN,AVG}.

Definition 3. Let G = (T,h) be a game tree and v € V a node of T. The
function mimav : V — [0,1] is inductively defined by

h(v) if v e L(G)

max{mimav(v') | (v,v") € E} if p(v) = MAX
min{mimav(v') | (v,v") € E} if p(v) = MIN
avg{mimav(v') | (v,v") € E} if p(v) = AVG

mimav(v) 1=

We call mimav(v) the mimav value of v.

Definition 4. Let G be a game tree with root r € V. A strategy Ss = (Vs, Es)
for player s € {MIN, MAX} is a subtree of G, inductively defined by

—reVs.

If u € Vs is an internal node of T with p(u) = s then there is exactly one
u' € I'(u) with v’ € Vs and (u,u’) € E;.

If u € Vs is an internal node of T with p(u) =3, then I'(u) C Vs, and for
all ' € I'(u) is (u,u') € Es.

If u € V; is an internal node of T with p(u) = AV G, then for some subset
C(u) of I'(u) is C(u) C Vs, and for all u' € C(u) is (u,u') € E;.

As a consequence, the mimav-evaluation of a strategy S either provides us with
a lower (in case S is a MAX-strategy) or with an upper (in case S is a MIN-
strategy) bound for the root value of G.



Example: In order to prove that
the value of G’s root (see Fig.
1) is at most 0.5, we only need
to inspect the subtree S =
{vl,v2,v3,v4,v5,v6,v7,v8,v12,v14,
v16,v17,v18,v23,v24}. Hence this
subtree is a strategy proving an upper
bound of 0.5. The nodes of Sy :=
{v1,v2,v3,v4,v5,v6,v7,v8,v11,v13,
v16,v17,0v18,v21,v22} form such a
strategy as well. In contrast to S3 := Vi7 vis vio w20 a1 va2 w23 w4
{vl,v2,v3,v4,v5,v6,v7,v9,v1l,v13,

v15,v19,v20,v21,v22}, however, Sy is

not leaf-disjoint to Si. Fig.1. A game tree G

Definition 5. Strategies are called leaf-disjoint if they have no leaf in common.

Definition 6. Let G be a game tree and S be a strategy with = as lower/upper
bound in G. S is called a minimal strategy if it proves x to be a lower/upper
bound of G’s value and if it is possible to destroy the strategy by changing just
one leaf value.

Model for Heuristics: We assume the heuristics evaluating the leaves to be of
the following kind: There is a particular parameter p € [0, 1] that describes the
quality of the heuristics. If p = 1, then the heuristics detects the true value of
a leaf surely. If p = 0, then the heuristics shall produce no reliable information:
We assume that for each leaf ¢ there is a fixed (but unknown) distribution
pe :[0,1] — [0,1] such that supp(pe) := {z € [0,1] | pe(z) # 0} is finite, {0,1} C
supp(p¢) and such that our heuristics (in the case p = 0) estimates the value of
€ to be z with probability p¢(z). Thus in particular }°, o0, Pe(z) = 1. We
also assume the py(7) = 0, if 7 is the true value of £. If p is in between 0 and 1,
we choose between the two extremal cases proportional to p: With probability
p, our heuristics detects the true value of ¢, with probability (1 — p) - ps(x) it
outputs a fautly value z € [0, 1].

Remark: It is important for practice to assume that we cannot examine the
complete game tree and that we are forced to heuristically evaluate some internal
nodes. More exactly, we assume that a subtree is cut from the top of the allover
game tree and that the artificial leaves of this subtree are heuristically evaluated.
The resulting values are to be updated in the tree as if they were true values.

Example: Let the possible values of a leaf £ be 0,0.5 and 1. Let its true value
be 0.5. For p = 0 the probability to see 0.5 is 0 and the probablilities to see
0 or 1 are arbitrary, but both greater than 0 and in their sum just 1 —p = 1.



So let us assume that for p = 0 the probability to get a heuristic value of 0 is
p¢(0) = 0.4 and the one for 1 is py(1) = 0.6. Then for p = 0.5 the corresponding
probabilities are 0.2 and 0.3.

Remark: We think this error model quite reasonable. In particular it satisfies
the following properties:

(i) In the case of perfection it is clear that p = 1 means that all heuristic values
are exactly equal to the true ones.

(ii) The parameter p allows to model a heuristic evaluator which makes an arbi-
trarily small number of mistakes. This fits to our effort to examine heuristic
evaluators near perfection.

(iii) Moreover, if one inspects the situation at inner nodes of G a very similar
situation will be found:

For p = 1 the correct value is detected. If p < 1 there will be one polynomial
for each value y, describing the probability to detect just the value y.

For each node v of the tree and each v € [0,1] we define a mapping q(v,7y) :
[0,1] — [0,1] by setting g(v,y)(p) to be the probability the value of node v is
evaluated to 7 provided that our leaf heuristics detects the true value of each
leaf with probability p independently for each leaf. In particular, g(v,v)(1) is
zero for all v except the true value of the node v (where it is one). We say that
q(v,-) is finite, if q(v,v) is the zero mapping for all but a finite number of ~.
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Fig. 2. Specific polynomials and the corresponding polynomial for the expected
value at the root of G (cf. Fig. 1).

Figure 2a) shows the probabilities to see the root value of our example tree as
0,0.25,0.5,0.75 or 1, depending on the leaf-error probability 1 — p. The upper-
most curve describes the probability that the root evaluates to 0.5. Its first
derivative at p = 1 is zero. This is due to the fact that there are two leaf-disjoint
strategies proving this value.

Let H arise from G by flipping the value of node v13 from 1 to 0. Figure 2c) shows
the corresponging probabilities. As a consequence, the first derivative of the 0.5—
polynomial (it is again the most upper one) becomes greater than zero. We have



no two leaf-disjoint strategies. Near perfection, the number of derivatives being
zero at p = 1 tells us how well the game tree filters errors.

One might argue that the behaviour of a polynomial ¢, which describes the ex-
pected value of the game tree (examples are Figure 2b) and d) for the game
trees G and H) is more interesting than the whole bundle of value-specific poly-
nomials. However: on the one hand the expectation polynomial was resistent
against our attempts to analyse it and, moreover, is ¢, (v, z)(1) = 0 if and only
if ¢'(v,x)(1) = 0, = being the true value of v. g. brings no further insight.

3 Error Analysis

Recall that we denote the probabiblity that our heuristics (with quality param-
eter p) outputs the value v for the node v by ¢(z,7v)(p). Our assumption fixes
q(v,v) for all leaves. Since we assume that the leaf values are prograted through
the mimav principle, we obtain the following for non-leaf nodes. Let us denote
by

supp(q(v,-)) := {y € [0, 1]] ¢(v,7)(p) # 0 for some p € [0,1]}.

We call g(v,-) finite, if supp(g(v,-)) is finite.
Lemma 1. Let v be a non-leaf node with children vy,... ,vp.

(i) If v is a MAX-node and all q(v;,-),i € [b] are finite, then

b
q(v,7) = Z HQ(%%)

(Y1 5+ »75) E[0,7]\[0,7[? i=1

for all v € [0,1]. In particular, q(v,-) is finite.
(ii) If v is a MIN-node and all q(v;,-),i € [b] are finite, then

b
q(v,y) = Z H q(vi, i)
(Y15eee 7B) E[Y,1]0\] 7y, 1]b i=1

for all v € [0,1]. In particular, q(v,-) is finite.
(iii) If v is an AVG-node and all q(v;,+),i € [b] are finite, then

b
aw = > Jlawiw

1 —
7 (tm)=y

for all v € [0,1]. In particular, q(v,-) is finite.



(iv) q(v,7v) is a polynomial function for all v € [0,1].

In the following, we do not distinguish between polynomials ¢ € R[p] and the
corresponding polynomial functions p > ¢(p). Since this correspondence is one-
one, there is no danger of ambiguity. By item (iv) of the above lemma we may
write ¢(v, I') 1= 3. . q(v,7) for arbitrary subsets I' C [0, 1] without worrying
about existence of such sums. We use the shorthands

Q(va < 7) = Q(va [077])7 Q(va < 7) = q(v, [Ov 'YD’ q(v, > 7) = q(v, [7? 1])v q(v, > 7)

Clearly, such functions are polynomials as well. For an arbitrary real mapping ¢
we write ¢(¥) to denote its ith derivative. We put x(g) = 0, if ¢(1) # 1, and else
k(q) :=sup{n € N|V1 <i <n—1:¢?(1) =0}. Hence k(q) = 1, if ¢(1) = 1
and ¢'(1) # 0, for example. For polynomials, we have

Lemma 2. Let q be a non-zero polynomial. Then k(q) is the largest n € Ny
such that (x — 1)" divides ¢ — 1 in the ring of polynomials.

Lemma 3. Let G be an arbitrary game tree (allowing any kind of nodes). Denote
the root by v and its true value by 7. Let v < 7 and k > 1.

(i) Assume that the root value remains at least 7y, even if the value of up to k
leaves is changed'. Then k(q(r,>v)) =k + 1.

(i) Conversely, k(q(r,> 7)) = k+1 implies that the value of up to k arbitrarily
chosen leaves may be changed without the root value dropping below -y.

Theorem 1. Let G be a game tree with root r. If Maz-Player has k leaf-disjoint
strategies proving a game value of at least 7, then k(q(r,> 7)) > k. In particular,
ifk>2, then ¢V (r,>~)(1) = ... = ¢* VY (r,>~)(1) = 0. This is valid for all
game trees with MIN, MAX and AVG players.

Theorem 2. Let G be a minimazgame tree with root r (only the players MIN
and MAX). Then k(q(r,> 7)) is the number of leaf-disjoint strategies for Maz-
Player proving a game value of at least .

Both theorems are analogously valid for upper bound strategies.

Theorem 3. Let G be a minimazgame tree with root r (only the players MIN
and MAX). Let q(v,[y — 0,7 + 8]) denote the probability that the recognized
heuristic value of the node v with true value v is in between v — § and vy + 6.
Then follows: If and only if the Mazx-Player has k > 2 leaf-disjoint strategies
proving a value of at least v — & and at most v+ 6, then ¢V (r,[y—6,v+6))(1) =
o= (r [y = 8,7+ 8))(1) = 0. This is valid for 6 = 0 in particular.

= Q(va ]77 1])



Theorem 2 is not valid for mimav values as can easily be seen:

G, of figure 3 certainly contains no 2 LDSs showing
a value at the root of > 0.2. The reason is that no
single successor of v can prove 0.2 as lower bound.
Nevertheless, you can change any of the three leaf
values without that the value of v falls below 0.2.
Thus ¢'(v,> 0.2)(1) = 0. Interestingly, if we want to
say something about g(v,> 0.4), none of the nodes
v1, U2, v3 may be arbitrariliy changed in order to get
q'(v,> 0.4)(1) = 0. Nevertheless, there is a node de- Fig. 3. Counter exam-
pendent constant k¥ = 0.3 by which each successor of ple: Game tree G

v may be lowered without that the bound 0.4 can be

hurt. Thus, if ¢'(v,> 0.4)(1) = 0 then it is not possible to change the value of
v below 0.4 by changing one leaf value. As a consequence, it is not possible to
change the values of v1,vs and vz below 0.2 by changing one single leaf value,
and therefore it is necessary that ¢'(v; > 0.2)(1) = ¢'(ve, > 0.2)(1) = ¢'(vs, >
0.2)(1) = 0.

Theorem 4. Let G be a game tree with root r. The
following statements are equivalent:

— Maz-Player has at least 2 minimal strategies Sy
and S proving a game value of at least v, and
it holds: a leaf | of Sy is either not in Ss, or on
the path from | to r there is an AVG-node with , =
one successor only in Sy and another successor MM Strategy S B s
only in Ss. _

g2 7)(1) =0 @ AvGThode

— you can change any single leaf value without
that the value of r changes below .

Fig. 4. The structure of a
nice mimayv game tree G

Proof. Induction over the depth of game trees. For a single leaf there is nothing
to show. Let theorem 4 be valid for all game trees with depth less than ¢. If the
root, of a game tree with depth ¢ is a MIN or a MAX node the theorem follows
analogously to theorem 2. If the root is an AVG node it follows by the following
observation.

Let G be a game tree with AVG-root v and successors vy ... wvp. Let w,wy, ... wy
their true values. Let v be any number from ]0,w]. Let ¢'(v > 7v)(1) = 0, which

! by changing the value of some leaf ¢ we always mean that its value is replaced by
another possible value from supp(p¢).



just means that you are allowed to misread at least one arbitrary leaf value
without that you recognize the value of v smaller than . Then, there is a k €
[0,1] by that any successor of v may be lowered without that the value of v falls
below «y. Let wy ... wp the true values of vy ...vp. Then ¢'(v > v)(1) = 0 &
q'(vi > w; —k)(1) = 0Vv; € {v1,...,v} with w; —k > 0. a

There seems no simple combinatorial property of mimav game trees which ex-
presses whether or not ¢ (r,> 7)(1) = 0 for i > 1. Again, let us inspect the
example of figure 3. If it shall be possible to change two arbitrarily selected leaf
values without that the value of v falls below 0.4 (resp. the sum over the values
of vy, vy and v must stay above 12), then there are a variaty of possibilities how
e.g. the values of v; and v, can be changed so that their sum stays 8. Indeed it
is quite difficult to encounter all these possibilities in the general case.

Impact on practice: Although theorem 4 is not as satisfying as its analogon
for minimaxgame trees and although it is only valid for first derivatives, our new
knowlwdge about the interconnection between inner structure of game trees and
their robustness opens an opportunity for a heuristic search algorithm which
works similar to the Controlled Conspiracy-2 Seach [6].

Interpretation: Figure 5 presents us
with three different courses of ¢(.)(p)
and the identity function. In the case

of ¢(.)(p) < p, we do not see any moti- e
vation for performing any search at all. 1+ 7
It is obviously more effective to directly Q(p) /

evaluate the root. Thus, we see that the i
search tree is only useful, (in an intu-
itive sense, here) when ¢(.)(p) > p, since
only then is the error rate of the com- :
puted minimax value of the root smaller B p quality of a direct} 1

than the error rate of a direct evalu- evaluation

ation of the root. Thus, if ¢(ry,.)(p)

and ¢(r2,.)(p) are polynomials of qual-

ity for game trees G and H with roots Fig. 5. Possible courses of Q(p)
ry and 72, and if ¢'(r1,.)(1) = 0 and

¢ (r2,.)(1) >0,

there will be an € > 0 such that for all p € [1 —¢,1] it is g(r1,.)(p) > q(r2,.) (),
and thus G is more useful than H.

Integration of the model: An objection to the model, which we use here,
might be the fact that in practice (e.g. in chess programs) the evaluation-errors
are not independent from each other, or that they do not occur randomly at all.
Anyway, the used model is definitely a nice and elegant tool for analyses and it



is not (as it is no model in the world) necessarily a one-to-one description of the
reality. We can easily set the model in the context of average case analyses. Let
us call an average-case error analysis, in which the number of occurring errors is
weighted according to a binomial distribution, a relazed average-case analysis.
The term expresses that we are interested in the problem of how errors propagate
in minimax trees when we presume an error rate of ‘approximately x percent’

[7].

4 Proofs

Put A(¢) = k(1 — ¢q) for all polynomials g. Then A(q) = 0, if ¢(1) # 0, and else
Mg) = sup{n € N|Vi € [n] : ¢“"=1)(1) = 0}. Thus A(q) is the largest n € Ny
such that (z — 1)" divides ¢ in the ring of polynomials (and oo, if ¢ = 0). Note
that by the uniqueness of prime factorization in the ring of polynomials, we have
)\(ngl qi) = 2221 A(g;) for all polynomials ¢, ... ,q. Without proof, we give
some elementary properties:

Lemma 4. Let q,...,q :[0,1] = [0,1] be polynomial functions such that q :=
Z?Zl qi < 1. Let 1 (1) = 1. Then k(q) > k(q1). Equality holds, if \(¢;) > k(q1)
for all i > 2.

b
Lemma 5. Letq, ... ,q, be polynomial functions. Then H( IT qi> = m[lﬁ K(qs)-
i=1 4S

Lemma 6. Let G be a game tree. Denote the root by r and its true value by 7.
Let y <1 and k> 1.

(i) Assume that the root value remains at least v, even if the value of up to k
leaves is changed®. Then k(q(r,>~)) =k + 1.

(ii) Conversely, k(q(r,> v)) =k + 1 implies that the value of up to k arbitrarily
chosen leaves may be changed without the root value dropping below .

Proof. Let L be the set of leaves, £ be the set of all subsets of L such that
suitably changing the values of all their leaves changes the root value to some-
thing below 5. Then |Lo| > k + 1 for all Ly € L. Denote by P(Lg,p) the
probability that the heuristics (with confidence parameter p) errs on exactly
the leaves in Lg. Then the probability that the root value is seen to be be-
low « is at most >, . P(Lg,p) (we say ‘at most’, as not all errors on some
L-set need to change the root value to that extend). By Lemma 4 we have

2 by changing the value of some leaf £ we always mean that its value is replaced by
another value from supp(p).

10



k(q(r,> 7)) = k(1 =3, P(Lo,p))- Since P(Lg,p) = pl“\Fol (1 — p)lol and
|Lo| > k + 1, we conclude k(q(r,> 7)) =k + 1.

To prove the converse (via contraposition), assume that there are k leaves chang-
ing the root value to below . Without loss of generality let k£ be minimal. Let
L be the set of all pairs (Lo, d) such that Ly is a set of leaves and ¢ : Lo — [0, 1]
an assignment of values to the leaves such that changing the values of all £ € L
to 6(£) induces the described root value change. By assumption, |Lo| > k for all
(Lo, d) in L. The probability that our heuristics evaluated the leaves in Lo as
described by § and all remaining leaves correctly is

P((Lo,0),p) = [] att,6(0) JI att.me) =@ —p)Polpl™\eol T pe(8(0)).

(el (€I Lo (€L

Hence

Q(T,Z ’Y)(p) =1- Z P((Lo,(S),p)

(Lo,0)€L
—1— Z (1 _p)\Lo\p\L\Lol H pe(8(0)).
(Lo,0)€L L€Lo

By Lemma 4, x(q(r,> 7)) = k(q), where

a(p) :=1- (1 =p)*p"% S T pe(8(0)).
(to e LeLo

Clearly, x(q) = k, hence x(q(r,> 7)) < k+ 1.

As is obvious from the proof, the particular structure of the nodes of the game
tree is not important. Hence Lemma 6 holds also for game trees containing
other nodes than just MIN—, MAX— and AVG-nodes (provided that the model
is adopted suitably).

Now Theorem 1 follows easily from Lemma 6: If there are k leaf-disjoint strate-
gies proving that the game value is at least 7, then changing any k& — 1 leaves’
values can not reduce the root value to below 7 (simply because there is at least
one strategy whose leaves’ values are unchanged). Hence Lemma 6 shows that
k(q(r,> 7)) is at least k.

Lemma 7. Let{ be a leaf with true value 7. Then k(q(¢,> 7)) =1,if0 <y < T,
and r(q(€,2 7)) =0, if v > 7.

Proof. If 7 > v > 0 then ¢({,> 7)(p) = 1= (1 = p)(35-,pe(d)). Since by
assumption )5 pe(d) > 0, we have ¢'(¢,> v)(1) # 0. Together with ¢(¢,>
v)(1) = 1, we have x(g(¢,> 7)) = 1. On the other hand if v > 7, then clearly
q(¢,>v)(1) # 1 and thus k(q(¢, > 7)) = 0.

11



Proof (Theorem 2). We proceed by induction on the depth of G. For depth 0
we simply invoke Lemma 7. Let us therefore assume that G has depths greater
than zero, and that Theorem 2 is true for all smaller depths. We need to treat
the cases that the root r of G is a MAX- and MIN—-node separately.

Case 1: Let r be a MAX-node with children vq,...,vs. Then

b
g(r,>7) =1-]]alvi, <)

i=1

by Lemma 1. We have

K(q(r,> 1)) Z'f(l—f[ vz,<7> A(}

i=1 =1

(052 ))

b

b
:Z/\(l—qv,,>7 Zli (vi, > 7))
i=1

i=1

By induction, each node v; has k(g(v;, > 7)) leaf-disjoint strategies proving a
node value of at least v. Each of these strategies (together with the root) is a
strategy proving that the root value is at least ~y.

Case 2: Let r be a MIN—node with children vq,...,v;. Then

b
q(r,>7) = H q(vi,> )

by Lemma 1. By Lemma 5,6(q(r, > 7)) = min;cp) £(q(vi, > 7)). By induction,
each node v; has thus at least x(q(r,> 7)) leaf-disjoint strategies proving that
the node value is at least . Putting together one such strategy for each v; by
definition yields a strategy for the root r. Hence there are at least x(q(r,> 7))

leaf-disjoint strategies proving a root value of at least +. O

5 Conclusion

We presented a refined combinatorial model, which allows us to model errors of
a heuristic evaluator in games with two players and a die, with the help of coin
tosses.

The non-error probability of a so called heuristic mimav value at the root of any
game tree G with root v is collection of polynomials in the non-error probability
of the heuristic evaluation function at the leaves of G. Let ¢(v,z) be that poly-
nomial. We were able to prove a one to one relationship between the number of
leaf-disjoint strategies that all prove the mimav value of GG, and the derivatives

of q(v,z)(1).
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We showed that the number of leaf-disjoint strategies that are contained in a
game tree, determines the order of the quality of a heuristic mimav value. We also
got an easily understandable criterion for the usefulness of game tree searches
with multiple possible values and with heuristic evaluations at all.
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