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Abstra
tWe investigate the problem to round a given [0; 1℄{valued matrix to a 0; 1 matrixsu
h that the rounding error with respe
t to 2�2 boxes is small. Su
h roundings yieldgood solutions for the digital halftoning problem as shown by Asano et al. (SODA2002). We present a randomized algorithm 
omputing roundings with expe
ted er-ror at most 0:5463 per box, improving the 0:75 non-
onstru
tive bound of Asanoet al. Our algorithm is the �rst one solving this problem fast enough for pra
ti
alappli
ation, namely in linear time.Of a broader interest might be our rounding s
heme, whi
h is a modi�
ation ofrandomized rounding. Instead of independently rounding the variables, we impose anumber of suitable dependen
ies. Thus by equipping the rounding pro
ess with someof the problem information, we redu
e the rounding error signi�
antly 
ompared toindependent randomized rounding, whi
h leads to an expe
ted error of 0:82944 perbox. Finally, we give a 
hara
terization of realizable dependen
ies.Key words: Randomized rounding, dis
repan
y, digital halftoning.1 Introdu
tionIn this paper, we are 
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y1; : : : ; yn su
h that some given error measures are small. By rounding we always meanthat yi = bxi
 or yi = dxie. Sin
e there are 2n possibilities, su
h rounding problemsare good 
andidates for hard problems. In fa
t, even several restri
ted versions like thedis
repan
y problem are known to be NP{hard. An example related to the problemsregarded in this paper 
an be found in Asano, Matsui and Tokuyama [3, 4℄.On the other hand, there are 
ases that 
an be solved optimally in polynomial time.Knuth [17℄ for example has shown that there exists a rounding su
h that the errorsjPki=1(yi � xi)j and jPki=1(y�(i) � x�(i))j for a �xed permutation � and all 1 � k � nare at most nn+1 . Su
h roundings 
an be obtained by 
omputing a maximum 
ow in anetwork. A re
ent generalization [7℄ shows this bound for arbitrary totally unimodularrounding problems.1.1 The Digital Halftoning Problem: A Matrix RoundingProblemThe rounding problem regarded in this paper is motivated by an appli
ation from imagepro
essing. The digital halftoning problem is to 
onvert a 
ontinuous-tone intensity image(ea
h pixel may have an arbitrary `
olor' on the white-to-bla
k s
ale) into a binary image(only bla
k and white dots are allowed). An intensity image 
an be represented by a [0; 1℄{valued m � n matrix A. Ea
h entry aij 
orresponds to the brightness level of the pixelwith 
oordinates (i; j). Sin
e many devi
es, e.g., laser printers, 
an only output white andbla
k dots, we have to round A towards a 0; 1 matrix. Naturally, this has to be done in away that the resulting image looks similar to the original one.This notion of similarity is a 
ru
ial point. From the viewpoint of appli
ation, similarity isde�ned via the human visual system: A rounding is good, if an average human being 
anretrieve most of the original information from the rounded image. Using this `
riterion',several algorithms turned out to be useful: Floyd and Steinberg [11℄ proposed the errordi�usion algorithm, that rounds the entries one by one and distributes the rounding errorover neighboring not yet rounded entries. Lippel and Kurland [21℄ and Bayer [5℄ investi-gated the ordered dither algorithm, whi
h partitions the image into �xed size submatri
esand rounds ea
h submatrix by 
omparing its entries with a threshold matrix of same size.One advantage of this approa
h is that it 
an be parallelized easily. Knuth [16℄ 
ombinedideas of both approa
hes to get an algorithm 
alled dot di�usion.Though some work has been done in this dire
tion, fewer understanding seems to bepresent on the theoreti
al side. In parti
ular, a good mathemati
al formulation of similarityseems hard to �nd. Su
h a similarity measure is desirable for two reasons: Firstly, itallows to 
ompare algorithms without extensive experimental testing. This is parti
ularlyinteresting, sin
e 
omparing di�erent halftonings is a deli
ate issue. For example, it makesa huge di�eren
e whether the images are viewed on a 
omputer s
reen or are printed on2



a laser printer. Di�erent printers 
an also give di�erent impressions. Therefore, a moreobje
tive 
riterion would be very helpful. A se
ond reason is that having a good 
riterion,one would have a 
learer indi
ation of how a digital halftoning algorithm should work.Thus developing good algorithms would be easier.So far, the most widely a

epted 
riterion for a good halftoning algorithm is that it hasthe `blue noise' property (�rst dete
ted by Uli
hney [34℄, 
f. also the surveys Uli
hney [33℄and Lau and Ar
e [19℄). This refers not to a similarity measure 
omparing two images,but an analysis of how the algorithm performs on 
onstant grey level areas. Thus, onthe other hand, it gives no information on how 
hanging intensities, in parti
ular shapes,are reprodu
ed. This work has been extended by Sullivan, Ray and Miller [32℄, who use amodel based on the human visual system to 
ompute good halftoning patterns for 
onstantintensity areas.Signi�
ant resear
h has been done on \global" (regarding the whole image) similaritymeasures, see e.g. Lieberman and Alleba
h [20℄ and the referen
es therein. However,in many 
ases the 
omplexity of these measures makes a theoreti
al investigation almostimpossible. Often even 
omputing approximations eÆ
iently is diÆ
ult.On the international ACM/SIAM Symposium on Dis
rete Algorithms 2002, Asano et al. [2℄presented a stru
turally mu
h simpler similarity measure together with several theoreti
alresults. Their experimental studies indi
ate that good digital halftonings have small errorwith respe
t to all 2� 2 subregions. This yields the following problem.1.2 Problem Statement and ResultsLet A 2 [0; 1℄m�n denote our input matrix. The set Rij := fi; i + 1g � fj; j + 1g =f(i; j); (i+ 1; j); (i; j + 1); (i+ 1; j + 1)g for some i 2 [m� 1℄; j 2 [n� 1℄, is 
alled a 2� 2subregion (or box) in [m℄� [n℄.1 Denote by R the set of all these boxes. We write ARij forthe 2�2 matrix � ai;j ai;j+1ai+1;j ai+1;j+1 � indu
ed by Rij. For any matrix A put �A :=Pi;j aij,the sum of all its entries.For a matrix B 2 f0; 1gm�n | whi
h is a rounding of A unless we have aij; bij 2 Z andaij 6= bij for some i; j | we de�ne the rounding error of A with respe
t to B bydR(A;B) := XR2R j�AR � �BRj :We usually omit the subs
ript R when there is no danger of 
onfusion.Asano et al. [2℄ exhibited that roundings B su
h that d(A;B) is small, yield good digitalhalftonings. They showed that for any A an optimal rounding B� satis�es d(A;B�) �1For an arbitrary number r we denote by [r℄ the set of positive integers not ex
eeding r.3



0:75jRj. They also gave a polynomial time algorithm 
omputing a rounding B su
h thatd(A;B) � d(A;B�) � 0:5625jRj. It is easy to see that there are matri
es A su
h that allroundings (and in fa
t all integral matri
es) B have d(A;B) � 0:5jRj.A major draw-ba
k of the algorithm given in [2℄ is that it is not very pra
ti
al, as it requiresthe solution of an integer linear program with totally unimodular 
onstraint matrix. Thisleads to a run-time bound whi
h is at least quadrati
 in the number nm of pixels. Aspointed out in [2℄, this is too slow for a real world appli
ation.In this paper, we present a randomized algorithm that runs in linear time. It may beimplemented in parallel without problems. This divides the run-time by the number ofpro
essors available. The roundings 
omputed by our algorithm have an expe
ted errorthat ex
eeds the optimal one by at most 0:3125jRj (instead of 0:5625jRj). They also satisfythe absolute bound E(d(A;B)) � 0:5463jRj, beating the non-algorithmi
 bound of 0:75jRjof [2℄.The distribution of the rounding error resulting from this algorithm is highly 
on
entratedaround the expe
ted value. The probability that the error ex
eeds the expe
ted one bymore than "jRj is bounded by exp(�
("2pjRj)). Our algorithm 
an also be derandomized.This yields a deterministi
 linear-time algorithm 
omputing roundings with error guaranteeat most the expe
ted one of the randomized version.For an experimental study of how well our algorithm performs in pra
tise, we refer toS
hnieder [25℄. Some of these results are also 
ontained in [9℄.1.3 Non-independent Randomized RoundingThe key idea of our algorithm might also be of a broader interest. We develop a random-ized rounding s
heme where the individual roundings are not independent. The 
lassi
alapproa
h of randomized rounding due to Raghavan and Thompson [23℄ and Raghavan [22℄is to round ea
h variable independently with probability depending on the fra
tional partof its value. This allows to use Cherno�-type large deviation inequalities showing that asum of independent random variables is highly 
on
entrated around its expe
tation.Randomized rounding has been applied to numerous 
ombinatorial optimization problemsthat 
an be formulated as integer linear programs (
f. Srinivasan [28℄). Though beingvery e�e
tive in the general 
ase, a known diÆ
ulty with randomized rounding is howto use stru
tural information about the underlying problem. Sin
e only the solution ofthe linear relaxation is used, further information about the underlying problem 
annot beexploited. One idea to over
ome this is to use 
orrelation among the events in the analysisof randomized rounding. This allows to strengthen the 
lassi
al bounds for pa
king and
overing problems as shown by Srinivasan [29℄.4



In this paper, we try so use the stru
ture in an earlier phase, namely in the design ofthe random experiment. This leads to randomized roundings where the variables are notrounded independently. There are few attempts to use non-independent roundings. Astraight-forward one already appeared in the work of Raghavan and Thompson and ishighly motivated by the stru
ture of the problem. In many 
ases, the linear programunder 
onsideration 
ontains 
onstraints of the kindxi1 + � � �+ xik = 1: (1)Typi
al examples are the ve
tor sele
tion problem (exa
tly one ve
tor has to be 
hosenfrom ea
h of the given sets, 
f. Raghavan [22℄) or multi-
ommodity 
ow problems (exa
tlyone path has to be 
hosen from a non-integral mixture of paths adding up to the 
ow,
f. Raghavan and Thompson [23℄). In these 
ases, the probability that an independentrandomized rounding is feasible, i.e., that yi1 + � � �+ yik = 1 
an be arbitrarily 
lose to 1e .If the number of equations of type (1) is large, this yields an exponentially small su

essprobability.The solution is to pi
k one of the variables xi1 ; : : : ; xik with probability given by its valuein the relaxation, set this variable to one and all others to zero. Thus the rounding is notdone independently, but subje
t to the 
onstraint that exa
tly one variable re
eives thevalue of one. A re
ent work of Srinivasan [30℄ extend this to 
onstraints where sums ofvariables are required to have a parti
ular value other than one.Another paper on non-independent roundings is Bertsimas, Teo and Vohra [6℄. They usedependent roundings to give alternative proofs of integrality for several 
lassi
al polyhe-dra. They also use `global' dependen
ies imposing restri
tions on the number of variablesrounded up or down. For the integrality gap of MINSAT with 
lauses having at most kliterals, this redu
es the trivial upper bound of 2 to the sharp bound of 2(1� 2�k).Looking at these results on dependent randomized rounding, we feel that the option todesign the random experiment in a way that it re
e
ts the stru
ture of the underlyingproblem has not been exploited suÆ
iently. In this paper we try to move a step forward intothis dire
tion. We impose dependen
ies that are not ne
essary in the sense of feasibility, buthelpful in minimizing our obje
tive fun
tion d(A;B). For the rounding problem regardedin the present paper, this improves the bound of 0:82944jRj obtained by independentrandomized rounding down to 0:5463jRj.In addition to the randomized rounding 
ondition for single variables, we impose depen-den
ies of the type P  Xi2Ik yi = $Xi2Ik xi%+ 1! = (Xi2Ik xi) (2)for some sets Ik (we write frg := r � br
 to denote the fra
tional part of r). Hen
e ourroundings not only are randomized roundings 
on
erning the single variables, but also with5



respe
t to the sums Pi2Ik xi.2 By 
hoosing suitable dependen
ies, we obtain the abovementioned result.We also regard the question what dependen
ies 
an be realized. More formally, we ask howthe sets Ik have to be 
hosen, su
h that for all values of the input variables a randomizedrounding satisfying (2) exists. Surprisingly, there is a simple 
hara
terization: Su
h round-ings exist if and only if the hypergraph 
onsisting of the sets Ik is totally unimodular. Of
ourse, with this 
hara
terization at hand, the sear
h for suitable dependen
y sets is mu
heasier.2 Independent Randomized RoundingFor a number x we write bx
 for the largest integer not ex
eeding x, dxe for the smallestbeing not less that x, and fxg := x � bx
 for the fra
tional part of x. We say thatsome random variable X is a randomized rounding of x if Pr(X = bx
 + 1) = fxg andPr(X = bx
) = 1 � fxg. In parti
ular, if x 2 [0; 1℄, we have Pr(X = 1) = x andPr(X = 0) = 1� x.We �rst analyze what 
an be a
hieved with independent randomized rounding. We say thatB is an independent randomized rounding of A if ea
h entry bij is a randomized roundingof aij and all these roundings are mutually independent. Let us remark that we do notexpe
t this to be a 
ompetitive approa
h for the digital halftoning problem. In fa
t, thisidea was experimented with already in the �fties by Goodall [13℄ (see also Roberts [24℄),and thus long before the seminal work of Raghavan and Thompson. At that time, this wasknown under the name thresholding with white noise or random dither.We use the result below both to estimate the e�e
t of adding dependen
ies to the roundingpro
ess and in the proofs of some of our later results. Note that the proof is di�erentfrom typi
al randomized rounding appli
ations: Sin
e the boxes are small, using a largedeviation bound makes no sense and one has to 
ompute the expe
ted error exa
tly.Theorem 1. Let A 2 [0; 1℄m�n, B an independent randomized rounding of A and B� anoptimal rounding of A (that is, d(A;B�) is minimal among all roundings of A). ThenE(d(A;B)) � 0:82944jRj;E(d(A;B)) � 0:75jRj+ d(A;B�):Proof. By linearity of expe
tation, E(d(A;B)) =PR2R E(d(AR; BR)) =PR2R E(j�AR��BRj). Hen
e our analysis is redu
ed to the rounding problem of a single box R. The2The dependen
ies (1) used in [23℄ a
tually are a spe
ial 
ase of this type where it is also required that(in the notation of (2)) Pi2Ik xi = 1 holds. 6



expe
ted rounding error of a box �a1 a2a3 a4� isf(a1; a2; a3; a4) = XS�[4℄Yi2S aiYi=2S(1� ai) ������jSj �Xi2[4℄ ai������ :Let a1; : : : ; a4 2 [0; 1℄ su
h that f(a1; a2; a3; a4) is maximal. Assume a1 < a2. Let 0 < " �12(a2 � a1). Then f(a1; a2; a3; a4) < f(a1 + "; a2 � "; a3; a4) (3)is easily 
omputed, 
ontradi
ting the maximality of f(a1; a2; a3; a4). Hen
e a1 � a2. Wehave f(a1; a2; a3; a4) = f(a�(1); a�(2); a�(3); a�(4)) for all a1; : : : ; a4 2 [0; 1℄ and all permuta-tions � 2 S4. Thus we 
on
lude that ai = aj for all i; j 2 [4℄. Finally, we only need to
he
k that f : [0; 1℄! R; a 7! f(a; a; a; a) never ex
eeds 0:82944 = f(0:4).This is not hardto see as f is pie
ewise a polynomial of degree 5.For an arbitrary number x denote by d(x;Z) := minfx�bx
 ; dxe�xg its distan
e to the in-tegers. Obviously,PR2R d(�AR;Z) is a lower bound for the optimal error minB� d(A;B�).Analyzing ~f : [0; 1℄4 ! R de�ned by ~f(a1; a2; a3; a4) = f(a1; a2; a3; a4)�d(a1+a2+a3+a4;Z)in a similar manner as above yields that ~f is bounded from above by 0:75, and thus these
ond bound.The two bounds of Theorem 1 are tight as shown by matri
es with all entries 0:4 and 0:5respe
tively.3 Non-independent Randomized RoundingIn this se
tion we improve the previous bounds by adding some dependen
ies to the round-ing pro
ess. We start with an elementary approa
h 
alled joint randomized rounding, whi
hredu
es the 
han
e that neighboring matrix entries are both rounded in the wrong way.This leads to a �rst improvement in Corollary 4. We then add further dependen
ies leadingto our �nal bound.3.1 Joint Randomized RoundingDe�nition 2 (Joint Randomized Rounding). Let a1; a2 2 [0; 1℄. We say that (b1; b2)is a joint randomized rounding of (a1; a2) if(i) for all i 2 [2℄, bi is a randomized rounding of ai;7



(ii) b1 + b2 is a randomized rounding of a1 + a2.It is 
lear that joint randomized roundings exist for all a1; a2 2 [0; 1℄: De�ne (b1; b2) throughPr(b1 = 1 ^ b2 = 0) = a1;Pr(b1 = 0 ^ b2 = 1) = a2;Pr(b1 = 0 ^ b2 = 0) = 1� a1 � a2in the 
ase a1 + a2 � 1, andPr(b1 = 1 ^ b2 = 0) = 1� a2;Pr(b1 = 0 ^ b2 = 1) = 1� a1;Pr(b1 = 1 ^ b2 = 1) = a1 + a2 � 1in the 
ase a1 + a2 > 1. The next lemma shows that two joint randomized roundings aresuperior to four independent randomized roundings in terms of the rounding error.Lemma 3. Let A = (a11; a12; a21; a22) be a box. Let (b11; b12) be a joint randomizedrounding of (a11; a12), and (b21; b22) one of (a21; a22) independent of the �rst. Put B =(b11; b12; b21; b22). Let B� an optimal rounding of A. ThenE(d(A;B)) � 1627 � 0:5926;E(d(A;B)) � 0:5 + d(A;B�):Proof. b11+b12 is a randomized rounding of a11+a12, and the same holds for the se
ond row.Hen
e all we have to do is to bound the expe
ted deviation of a sum of two independentrandomized roundings from the sum of the original values. We show that g : [0; 1℄2 ! Rde�ned by g(x; y) := xy(2� x� y) + (x(1� y) + (1� x)y)j1� x� yj+ (1� x)(1� y)(x+ y)never ex
eeds 0:5926. As in the proof of Theorem 1 we �nd that g(x; y) is maximal forx = y. Maximizing x 7! g(x; x) is straightforward and yields maxima at (13 ; 13) and (23 ; 23),both having obje
tive value 1627 � 0:5926. The se
ond bound follows from maximizing ~gde�ned by ~g(x; y) := g(x; y)� d(x + y;Z).The bounds in Lemma 3 are sharp as shown by matri
es having a11 + a12 = a21 + a22 = 13and a11 + a12 = a21 + a22 = 12 respe
tively. Plastering the grid with independent jointrandomized roundings already yields a �rst improvement over independent randomizedrounding: 8



Corollary 4. Let A 2 [0; 1℄m�n. Compute B 2 f0; 1gm�n by independently obtaining(bi;2j�1; bi;2j) from (ai;2j�1; ai;2j) by joint randomized rounding for all i 2 [m℄; j 2 [n2 ℄, andalso independently obtaining bin from ain, i 2 [m℄, by usual randomized rounding, if n isodd. Then E(d(A;B)) � 0:7111jRj;E(d(A;B)) � 0:625jRj+ d(A;B�);where B� shall be an optimal rounding of A.Proof. At least half of the boxes, namely all Rij su
h that j is odd, are rounded in themanner of Lemma 3. The remaining ones 
ontain four independent randomized roundings.Thus E(d(A;B)) � 12 1627 jRj+ 120:82944jRj � 0:7111jRj;E(d(A;B))� d(A;B�) � 120:5jRj+ 120:75jRj � 0:625jRjby Theorem 1 and Lemma 3.3.2 Blo
k Randomized RoundingDe�nition 5 (Blo
k Randomized Rounding). Let A = (a11; a12; a21; a22) be a box.We 
all B = (b11; b12; b21; b22) a blo
k randomized rounding of A if(i) ea
h single entry of B is a randomized rounding of the 
orresponding one of A, i. e.,Pr(bij = 1) = aij and Pr(bij = 0) = 1� aij for all i; j 2 [2℄;(ii) ea
h pair of neighboring entries has the distribution of the 
orresponding joint ran-domized rounding, i. e., in addition to (i) we have for all (i; j); (i0; j 0) 2 [2℄� [2℄ su
hthat either i 6= i0 or j 6= j 0,Pr(bij + bi0j0 = baij + ai0j0
+ 1) = faij + ai0j0gPr(bij + bi0j0 = baij + ai0j0
) = 1� faij + ai0j0g;(iii) the box in total behaves like a randomized rounding, i. e., we havePr(�B = b�A
 + 1) = f�AgPr(�B = b�A
) = 1� f�Ag:Lemma 6. Let B be a blo
k randomized rounding of a 2� 2 matrix A and B� an optimalrounding of A. Then E(d(A;B)) � 0:5;E(d(A;B)) � 0:125 + d(A;B�):9



Proof. Dire
t 
onsequen
e of item (iii) of the de�nition.Both bounds are sharp as demonstrated by matri
es A su
h that fPAg = 12 and fPAg =14 respe
tively. The interesting point is that blo
k randomized roundings always exist. Infa
t, even more 
ompli
ated roundings exists, as shown by the following de�nition andlemma.De�nition 7 (Continuous Blo
k Randomized Rounding). Let A 2 [0; 1℄m�n. Wesay that B is a 
ontinuous blo
k randomized rounding of A if(i) for all i 2 [m2 ℄; j 2 [n � 1℄, R := f2i� 1; 2ig � fj; j + 1g, BjR is a blo
k randomizedrandomized rounding of AjR;(ii) if m is odd, then for all j 2 [n � 1℄, (bm;j; bm;j+1) is a joint randomized rounding of(am;j; am;j+1) as in De�nition 2;(iii) bi;j is mutually independent of all bi0;j0 su
h that di=2e 6= di0=2e.Lemma 8. For any A 2 [0; 1℄m�n, a 
ontinuous blo
k randomized rounding B of A existsand 
an be 
omputed in linear time.Proof. We may assume that m is even: If not, add an extra row to A with all entrieszero, 
ompute B as 
ontinuous blo
k randomized rounding of this matrix and note that Bwithout the last row | whi
h will be all zero | is a 
ontinuous blo
k randomized roundingof A.We propose the following randomized algorithm:Input: A = (aij) 2 [0; 1℄m�n.Output: B = (bij) 2 f0; 1gm�n, a 
ontinuous blo
k randomized rounding of A.For all odd i 2 [m℄ do fCompute (bi;1; bi+1;1) as a joint randomized rounding of (ai;1; ai+1;1).For all j 2 [n� 1℄ use the fa
t that (bi;j; bi+1;j) is a joint randomizedrounding of (ai;j; ai+1;j) to 
ompute (bi;j+1; bi+1;j+1) su
h that BRijis a blo
k randomized rounding of ARijg.Clearly, the algorithm is 
orre
t if the roundings 
an be 
omputed eÆ
iently in the innerloop. To simplify notation, we assume i = 1 and j = 1. Let a11; a12; a21; a22 2 [0; 1℄.Assume that (b11; b21) is a joint randomized rounding of (a11; a21). In the remainder of thisproof we show that there is a rounding (b12; b22) of (a12; a22) su
h that (b11; b12; b21; b22) isa blo
k randomized rounding of (a11; a12; a21; a22).Put s := a11 + a12 + a21 + a22. We �rst show that it is enough to 
onsider the 
ase s � 2.Assume s > 2. Let a0ij := 1� aij for all i; j 2 [2℄ as well as b011 = 1� b11 and b021 = 1� b21.10



Then a011+a012+a021+a022 < 2 and (b011; b021) is a joint randomized rounding of (a011; a021). Let(b012; b022) be su
h that (b011; b012; b021; b022) is a blo
k randomized rounding of the 
orrespondinga0 values. Put b12 := 1� b012 and b22 := 1� b022. Now (b11; b12; b21; b22) is easily shown to bea blo
k randomized rounding of (a11; a12; a21; a22).Hen
e from now on let s � 2. We distinguish a number of 
ases:Case 1: s � 1. If b11 = 1 or b21 = 1, then put b12 := 0 and b22 = 0. Otherwise 
hoose b12and b22 with probabilitiesPr(b12 = 1 ^ b22 = 0) = a12=(1� a11 � a21)Pr(b12 = 0 ^ b22 = 1) = a22=(1� a11 � a21)Pr(b12 = 0 ^ b22 = 0) = 1� (a12 + a22)=(1� a11 � a21):We 
ompute that (b11; b12; b21; b22) is a blo
k randomized rounding. Note that the `oth-erwise' 
ase o

urs only if b11 + b21 = 0. Sin
e (b11; b21) is a joint randomized roundingof (a11; a21), this happens with probability 1 � a11 � a21. Hen
e the probability that b12be
omes 1 is this probability of 1� a11 � a21 times the probability that b12 be
omes 1 inthe `otherwise'{
ase, whi
h is a12=(1 � a11 � a21). Hen
e Pr(b12 = 1) = a12 as required.Similarly, the remaining probabilities are proven to be 
orre
t.Case 2: 1 < s � 2 and aij + ai0j0 � 1 for all i; i0; j; j 0 2 [2℄ su
h that either i = i0 orj = j 0. We 
ompute b12 and b22 a

ording to the ruleIf b11 + b21 = 0then put b12 := 1 with probability a12(a12+a22) ;3 put b22 := 1� b12else if b11 = 1then b12 := 0; put b22 := 1 with probability a22(s�1)(a12+a22)a11else if b21 = 1then b22 := 0; put b12 := 1 with probability a12(s�1)(a12+a22)a21 .Using the fa
t that (b11; b21) is a joint randomized rounding of (a11; a21) we 
ompute ex-emplaryPr(b12 + b22 = 1) = Pr(b11 + b21 = 0) + Pr(b11 = 1)Pr(b22 = 1 j b11 = 1)+Pr(b21 = 1)Pr(b22 = 1 j b21 = 1)= (1� a11 � a21) + a11 � a22(s�1)(a12+a22)a11 + a21 � a12(s�1)(a12+a22)a21= a12 + a22:Remaining 
ases. Let us 
all e = (i; j; i0; j 0) 2 [2℄4 an edge if either i = i0 or j = j 0. We
all e heavy, if aij + ai0j0 > 1 holds. Exploiting symmetry, we 
ontinue this 
ase distin
tion3We use the phrase \put y := 1 with probability p" to des
ribe these a
tions: Generate a numberr 2 [0; 1℄ uniformly at random. If r � p, put y := 1, else put y := 0.11



treating separately three 
ases su
h that there is one heavy edge, as well as two 
ases su
hthat there are two (interse
ting) heavy edges. Neither of these 
ases is parti
ularly diÆ
ult.In fa
t, the 
onditional probabilities arising are uniquely determined, hen
e working themout is an easy exer
ise.Unfortunately, we 
ould not �nd any more 
on
ise way of 
omputing these roundings. Butthis is more or less an aestheti
 problem: Con
erning 
omputing times, a distin
tion intomany simple 
ases is rather preferable. Assuming the remaining 
ases proven, we havegiven a linear time algorithm 
omputing 
ontinuous blo
k randomized roundings.We shall �rst analyze the error of 
ontinuous blo
k randomized roundings and then turn tothe 
omputational aspe
ts of this approa
h. We use the following variant of the Cherno�inequality, whi
h 
an be derived for example from Appendix A of Alon and Spen
er [1℄.Lemma 9. Let X1; : : : ; Xr be mutually independent random variables su
h that ea
h twovalues of a �xed Xi di�er by no more than d. Let X =Pi2[r℄Xi. ThenPr(X > E(X) + ") < exp(�2"2=(d2r))holds for all " � 0.Theorem 10. Let B be a 
ontinuous blo
k randomized rounding of A 2 [0; 1℄m�n. Then(i) The expe
ted rounding error satis�es E(d(A;B)) � 0:5463jRj.(ii) If B� is an optimal rounding, then E(d(A;B))� d(A;B�) � 0:3125jRj.(iii) For all " > 0, Pr �d(A;B) > E(d(A;B)) + "jRj� < 3 exp(�16"2(m� 3)).Proof. At least a half of all boxes (those Rij where i is odd) are blo
k randomized roundings.The remaining boxes 
ontain two independent joint randomized roundings. Thus Lemma 3and 6 yield the bounds (i) and (ii):E(d(A;B)) � 12 � 1627 jRj+ 12 � 12 jRj = 59108 jRjE(d(A;B))� d(A;B�) � 12 � 12 jRj+ 12 � 18 jRj = 516 jRj:To prove the large deviation bound, let Xi =Pn�1j=1 d(ARij ; BRij ) for i 2 [m� 1℄. Then Xiis a non-negative random variable bounded by Xi � 2(n � 1). Note that Xi is mutuallyindependent of allXi0 su
h that ji�i0j � 3. For k 2 [3℄ let Ik = fi 2 [m�1℄ j i � k (mod 3)gand Yk =Pi2Ik Xi. From Lemma 9 we 
on
ludePr(d(A;B) > E(d(A;B)) + "(n� 1)(m� 1))� Pr(9k 2 [3℄ : Yk > E(Yk) + "(n� 1)jIkj)< Xk2[3℄ exp(�2"2(n�1)2jIkj24(n�1)2jIkj )� 3 exp(�16"2(m� 3)):12



In the proof we estimated the rounding error by the worst 
ase rounding errors for thetwo 
ases of joint and blo
k randomized rounding. Both worst 
ases 
annot o

ur simul-taneously in all 
orresponding 2� 2 boxes. We do not lose a lot, however. In his diplomathesis [25℄, S
hnieder shows that for the matrix A with all entries 4�p106 � 0:1396, a 
on-tinuous blo
k randomized rounding B satis�es E(d(A;B)) = 40p10�11227 jRj � 0:536708jRj.In fa
t, this is asymptoti
ally the worst 
ase, as a tedious analysis reveals.For the same reason, the relative bound is not sharp. Again the loss is not too large: LetA be su
h that aij = 0:4, if i � 1; 2 (mod 4), and aij = 0:6, if i � 3; 4 (mod 4). ThenE(d(A;B)) = 0:3jRj+ d(A;B�), where B� is an optimal rounding of A.The large deviation bound (iii) displays one disadvantage of non-independent randomizedrounding. Due to the dependen
ies, the rounding error 
annot be written as sum of 
(jRj)independent random variables. One might think that this problem 
ould be over
ome byrepla
ing the Cherno� bound by martingale inequalities. The following example showsthat the problem of the errors d(ARij ; BRij) not being independent is `real':Let A 2 f0; 12g4�n su
h that aij = 0 if and only if i 2 f2; 3g and j is even. Let B be a
ontinuous blo
k randomized rounding of A. Then B is 
ompletely determined by b11 andb41. In parti
ular, we have d(A;B) = 23 jRj, if b11 = b41, and d(A;B) = 13 jRj, if b11 6= b41.Note that both events o

ur with probability 12 ea
h.3.3 Algorithmi
 Properties of Continuous Blo
k RandomizedRoundingComputing matrix roundings with the randomized approa
h above has some noteworthyadvantages.First of all, it is fast. Computing (bi;j+1; bi+1;j+1) in Lemma 8 takes 
onstant time. There-fore the whole matrix rounding 
an be done in linear time. The problem of 
omputingtime 
an be further addressed with parallel 
omputing (and this is a
tually an issue whendis
ussing digital halftoning algorithms). Sin
e the roundings of the 2 � n double-rowsare independent, it is no problem to assign them to di�erent pro
essors. From the view-point of appli
ation to digital halftoning, these points are 
ru
ial improvements over thealgorithm of [2℄, that roughly has quadrati
 time 
omplexity (ignoring a polylogarithmi
fa
tor). As stated in [2℄, this is too slow for high-resolution images.Our algorithm 
an be derandomized with the method of 
onditional probabilities. Sin
ethe arising 
onditional probabilities 
an be 
omputed eÆ
iently, we do not need pessimisti
estimators. The 
omputation of the 
onditional probabilities 
an be arranged in a way that13



the resulting algorithm has linear time 
omplexity. We refer to Srivastav [31℄ for a re
entsurvey on derandomization issues.Another advantage is diversity. Suppose that we do not want to �nd a good rounding withrespe
t to the 2� 2 boxes, but with respe
t to 3� 3 boxes (or with respe
t to both). We
urrently have no hint whether the error with respe
t to these sets is a better measurefor the visual quality of the resulting digital halftoning, but it seems plausible to try thisexperimentally. Hen
e we need an algorithm 
omputing su
h roundings.The algorithm of Asano et al. seems not to work very well for this problem. The roundings
omputed by their algorithm may have error up to (1:5� 9")jRj with respe
t to the 3� 3boxes. This is shown by a matrix A with entries 16 � " only, whi
h may be rounded to theall-zero matrix. We are also pessimisti
 that their approa
h in general 
an be extended to3� 3 boxes or other larger stru
tures.Contrary to these diÆ
ulties, non-independent rounding does very well: We may even use asimilar rounding as before: Assumingm;n even for simpli
ity, 
ompute B from A by lettingBRij be a blo
k randomized rounding of ARij independently for all odd i 2 [m�1℄ and oddj 2 [n�1℄. We 
all su
h an A an independent blo
k randomized rounding. Now ea
h 3�3box 
ontains exa
tly one blo
k randomized rounding, two joint randomized roundings andone single randomized rounding. Sin
e the four values of the blo
k randomized roundingin total behave like a single randomized rounding, and so do the two values of ea
h jointrandomized rounding, the expe
ted error of a 3 � 3 box is just given by Theorem 1. WehaveTheorem 11. With respe
t to the family R3 of 3�3 boxes, an independent blo
k random-ized rounding B of A has expe
ted error dR3(A;B) � 0:82944jR3j.We presented Theorem 11 to demonstrate how easily the ideas of this se
tion 
an be ap-plied to other rounding problems as well. There are di�erent non-independent randomizedroundings a
hieving slightly better bounds. The reader is en
ouraged to try to �nd someon his own. The following 
hara
terization might be helpful for this purpose.4 Proof of the Chara
terizationIn this se
tion we put the results presented before into a more general framework andprove the 
hara
terization proposed in the introdu
tion. As should be 
lear by now, we arelooking for randomized roundings that are also `good' with respe
t to some sets (i.e. sums)of variables. It is 
onvenient to des
ribe su
h stru
tures through hypergraphs: A hypergraphis a pair H = (V; E), su
h that V is a �nite set and E � 2V . The elements of V are 
alledverti
es, those of E hyperedges or edges for short. In our setting, V will always be some14



index set the for the variables and E 
ontains those sets of variables where we want ourroundings to be `good' on.De�nition 12. Let H = (I; E) be a hypergraph. Let xi 2 R for i 2 I. Let yi; i 2 I,be random variables. For E � I put xE := Pi2E xi and yE := Pi2E yi. We 
all yE arandomized rounding of xE, ifPr(yE = bxE
 + 1) = fxEgPr(yE = bxE
) = 1� fxEgholds. We say that (yi)i2I is a randomized rounding of (xi)i2I with respe
t to the dependen
yhypergraph H (or a randomized H{rounding) if yE is a randomized rounding of xE for allE 2 E and yi is a randomized rounding of xi for all i 2 I.In this language, 
ontinuous blo
k randomized roundings are randomized roundings withrespe
t to the hypergraph H = ([m℄� [n℄; E) andE = fRij j i 2 [m� 1℄ odd; j 2 [n� 1℄g[ ff(i; j); (i; j + 1)g j i 2 [m℄; j 2 [n� 1℄g[ ff(i; j); (i+ 1; j)g j i 2 [m� 1℄ odd; j 2 [n℄g:A hypergraph is said to be totally unimodular if its in
iden
e matrix is totally unimodular.Re
all that a matrix is totally unimodular if ea
h square submatrix has determinant �1,0 or 1. There is a rather 
ompli
ated re
ursive 
hara
terization for totally unimodularmatri
es and hypergraphs due to Seymour [26, 27℄. For our purposes, an easier, thoughfundamental, result is suÆ
ient:Theorem 13 (Ghouila-Houri [12℄). A hypergraph H = (V; E) is totally unimodular ifand only if for ea
h subset V0 of verti
es there is a partition V1 _[V2 = V0 su
h that anyhyperedge E satis�es ��jE \ V1j � jE \ V2j�� � 1.Let us give some intuition to this result. For V0 � V , HjV0 = (V0; fE \ V0 jE 2 Eg) is anindu
ed subhypergraph of H. We 
all a hypergraph H = (V; E) perfe
tly balan
ed, if thereis a partition V1 _[V2 = V of its vertex set su
h that ��jE\V1j�jE\V2j�� � 1 holds for all E 2E , i.e., apart from single verti
es of odd-
ardinality hyperedges ea
h hyperedge 
ontainsthe same number of verti
es in V1 and V2. In this language, the Ghouila-Houri theoremstates that H is totally unimodular if and only if ea
h indu
ed subhypergraph is perfe
tlybalan
ed. Both from the de�nition and (easier) from Ghouila-Houri's 
hara
terization one
an dedu
e that H is totally unimodular if and only if (V; E [ ffvg j v 2 V g) is totallyunimodular. A se
ond result we use is the well-known theorem of Ho�man and Kruskal:Theorem 14 (Ho�man, Kruskal [14℄). Let A 2 Rm�n be a totally unimodular matrix.Let b; b0 2 Zm and 
; 
0 2 Zn. Thenfx 2 Rn j b � Ax � b0; 
 � x � 
0gis an integral polyhedron. 15



Ho�man and Kruskal also showed a 
onverse result: An integral matrix A is totally uni-modular if the polyhedron fx 2 Rn j x � 0; Ax � bg is integral for all b 2 Zm. But weshall not need that mu
h understanding of integral polyhedra. Basi
ally, it suÆ
es toknow the above theorem and the fa
t that any bounded polyhedron is the 
onvex hull ofits extremal points. Thus for any x 2 P there are k � n + 1, w(1); : : : ; w(k) 2 ex(P ),�1; : : : ; �k 2 [0; 1℄ su
h that P`2[k℄ �` = 1 and x = P`2[k℄ �`w(`). This is the well-knownCarath�eodory theorem (see E
kho� [10℄ for a survey).Theorem 15. Let H = (I; E) be a hypergraph. The following two properties are equivalent:(i) For all (xi)i2I there is a randomized H{rounding (yi)i2I .(ii) H is totally unimodular.Proof. Sin
e the vertex set of H is not relevant, we may 
onveniently assume that I = [n℄.LetH be totally unimodular and x1; : : : ; xn 2 R. Without loss of generality (
f. the remarkfollowing Theorem 13), we may assume that fjg 2 E for all j 2 [n℄. Let A be an in
iden
ematrix of H, i.e., �x an enumeration E = fE1; : : : ; Emg of the hyperedges and de�ne A =(aij) by aij = 1, if j 2 Ei, and aij = 0 otherwise. Put P = fw 2 Rn j bAx
 � Aw � dAxeg.By de�nition, x 2 P . Sin
e the n� n identity matrix is a submatrix of A, P is bounded.Thus, x is a 
onvex 
ombination of the extremal point of P : There are w(1); : : : ; w(k) 2ex(P ), �1; : : : ; �k 2 [0; 1℄ su
h thatP`2[k℄ �` = 1 and x =P`2[k℄ �`w(`). By the theorem ofHo�man and Kruskal, all w(`) are integral, and in our 
ase we even have w(`)j 2 fbxj
 ; dxjeg.De�ne the random variables y1; : : : ; yn by putting y = w(`) with probability �`.We 
ompute that y1; : : : ; yn is a randomized rounding of x1; : : : ; xn with respe
t to H:Let E = Ei 2 E . If xE is integral, then (Aw(`))i = xE for all ` 2 [k℄ by de�nitionof P . Hen
e yE = (Ay)i trivially is a randomized rounding of xE. Assume that xE isnon-integral. We have xE = P`2[k℄ �`(Aw(l))i. Put L+E = f` 2 [k℄ j (Aw(`))i = dxEeg.Sin
e (Aw(`))i 2 fbxE
 ; dxEeg for all ` 2 [k℄, we 
on
lude that fxEg = P`2L+E �`. ThusPr(yE = dxEe) = P`2L+E �` = fxEg. As yE takes only the two values bxE
 and dxEe,we also have Pr(yE = bxE
) = 1 � fxEg. This shows that y1; : : : ; yn is a randomizedH{rounding of x1; : : : ; xn.Now assume that H is not totally unimodular. By the theorem of Ghouila-Houri [12℄ someindu
ed subhypergraph of H has dis
repan
y at least two, i.e., there is a V0 � [n℄ su
hthat for any 2{partition V1 _[V2 = V0 there is an E 2 E su
h that ��jE \ V1j � jE \ V2j�� � 2.Put xj = 0 for all j 2 [n℄ n V0 and xj = 12 for all j 2 V0. Let y1; : : : ; yn be a randomizedH{rounding of x1; : : : ; xn. Then yj = 0 holds with probability one for all j 2 [n℄ n V0 byde�nition of randomized H{rounding. For j 2 V0, yj may take the values 0 and 1 only.Let ~y be a possible out
ome of the underlying random experiment, that is, an image ofthe random variable y having probability greater zero. Let V1 = fj 2 V0 j ~yj = 0g and16



PSfrag repla
ements
(a) (b) (
) (d) ...Figure 1: Sample diagramsV2 = fj 2 V0 j ~yj = 1g. Let E 2 E su
h that ��jE \ V1j � jE \ V2j�� � 2. Then ~yE = jE \ V2j,whereas xE = 12 jE \ V0j. Thus we have jxE � ~yEj � 1. Sin
e jxE � yEj � 1 holds withnon-zero probability, yE is not a randomized rounding of xE. This is a 
ontradi
tion toour assumption that y1; : : : ; yn is a randomized H{rounding of x1; : : : ; xn.The use of linear programming ideas to deal with dependen
ies resembles the work of Kollerand Megiddo [18℄ and Karger and Koller [15℄. However, these results are of a 
ompletelydi�erent nature. There, the aim is to 
ope with dependen
ies, sin
e they 
an lead to smallersample spa
es, whereas we try to use dependen
ies. There, linear programming ideas areused to transform a given sample spa
e satisfying some dependen
ies into a smaller onewhere the dependen
ies still hold, whereas we 
onstru
t a sample spa
e dire
tly from aset of given dependen
ies. Nevertheless, all results indi
ate that linear programming is auseful framework when dealing with probabilisti
 
onstraints5 Alternative Randomized H{roundingsIn this se
tion we investigate what 
an be a
hieved by using di�erent randomized H{roundings for the approximation problem of Asano et al. [2℄. We omit the proofs for reasonsof spa
e, but let us stress that these results heavily depend on Theorem 15: It allows tode
ide whether a randomized H{rounding exists or not by simple 
he
king whether His totally unimodular or not. Thus we may postpone the work of designing a roundingalgorithm (and the proof of Lemma 8 indi
ates that this might be quite tedious) until wefound a dependen
y hypergraph H yielding suitable bounds.We denote the hypergraphs regarded through simple diagrams. We assume that all vari-ables are randomized roundings. If two variables form a joint randomized rounding, wedenote this by 
onne
ting the respe
tive nodes by an edge (Figure 1(a)). If four variablesare rounded together (i.e., they form a hyperedges in H), we 
onne
t them by a square(Figure 1(b)). Thus a single blo
k randomized rounding is depi
ted by the diagram inFigure 1(
).We shall always assume that the grid is plastered with the pattern, and further, that nodesnot 
onne
ted through a series of hyperedges are rounded independently. Hen
e Figure 1(
)also denotes the independent blo
k randomized rounding investigated in Theorem 11. Re-peated overlapping patterns will be indi
ated through (ellipsis) dots. Figure 1(d) thusdes
ribes the hypergraph used in Se
tion 3.17
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Figure 2: Totally unimodular hypergraphsabsolute relative(a) 0.8295 0.75(b) 0.7111 0.625(
) 0.75 0.5926(d) 0.5926 0.5(e) 0.6518 0.5625(f) 0.6287 0.4688(g) 0.5695 0.4063(h) 0.5493 0.3125(i) 0.5617 0.4166Figure 3: Error bounds of the H{roundings depi
ted in Fig. 2
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Figure 4: Hypergraphs that are not totallyunimodularIn Figure 2 we show some totally unimodular hypergraphs. In Figure 3 we give upperbounds for the errors in
i
ted by applying the 
orresponding H{roundings to Asano'sapproximation problem. The middle 
olumn 
ontains an upper bound for the expe
tedabsolute error E(d(A;B)), the right-side one an upper bound for the expe
ted lossE(d(A;B)) � d(A;B�) 
ompared to an optimal rounding B�. These upper bound arederived using the methods of Se
tion 3. They are either sharp or 
lose to the optimum.Figure 3 shows several interesting fa
ts. We see that already simple dependen
ies yielda signi�
ant improvement over the independent 
ase (a). Nevertheless, the right 
hoi
eof dependen
ies is important: While (b) and (
) look almost identi
al | plastering thegrid with independent joint randomized roundings | the resulting error bounds are notthe same. Better bounds 
an be a
hieved by larger stru
tures than just independent jointrandomized roundings. On the other hand, stru
tures larger than (h) either yield worsebounds as (i), or 
annot be realized, sin
e the 
orresponding hypergraph is not totallyunimodular. Some examples of the latter type are shown in Figure 4. As Figure 4(
) shows,the dependen
ies that all boxes are already randomized roundings are not realizable. Thusa non-independent randomized rounding having E(d(A;B)) � 12 jRj seems not to exist.Currently we do not know the truth in between our upper bound of 0:5463jRj and thelower one of 12 jRj. 18



There is some 
aution ne
essary in rows (e), (g), and (i). These three patterns generateR{boxes that are not sums of independent randomized roundings. In (e) the error in
i
tedin the box 
ontaining the four in a 
y
le manner 
onne
ted nodes depends on the pre
iseway this rounding is generated. For our estimate we assumed that the non-interse
tingjoint randomized roundings neither display a positive nor a negative 
orrelation. This isjusti�ed by the fa
t that a rounding exists in whi
h the errors are in fa
t likely to 
an
el(namely (f)). An analogous statement holds for (g) and (h), but not for (i). Here Figure 4tells us further restri
tions on the random pro
ess are not possible. Therefore our upperbound here assumes that we have a bad 
orrelation among the horizontally adja
ent nodesthat do not form a joint randomized rounding.Note that su
h negative 
orrelation 
an indeed o

ur: Assume three nodes 1, 2 and 3 su
hthat 1 and 2 as well as 2 and 3 form a joint randomized rounding. Let x1 = 1� x2 = x3.Then any non-independent randomized rounding with respe
t to these dependen
ies hasy1 = y3. Thus the error j(x1 + x3)� (y1 + y3)j has not the distribution of two independentrandomized roundings, but a worse one, namely twi
e the one of a single randomizedrounding.6 Summary and OutlookThis paper des
ribes a new approa
h in randomized rounding. By imposing suitable de-penden
ies, we improve the expe
ted rounding error signi�
antly. For a problem arisingin digital halftoning, this improves previous algorithms both a

ording to run-time androunding error. In parti
ular, we presented the �rst algorithm solving this problem fastenough for pra
ti
al appli
ation, namely in linear time.On the methodologi
al side, this paper shows that non-independent randomized rounding
an be very e�e
tive if one su

eeds in �nding the right dependen
ies. To this end, we givea 
omplete 
hara
terization of realizable dependen
ies.From this work, some open questions arise:� What is the true approximability of the matrix rounding problem suggested by Asanoet al., i.e., 
lose the gap between the lower bound of 0:5jRj and the upper onestemming from our methods.� For whi
h further rounding problems is it possible translate part of the stru
ture ofthe problem into suitable dependen
ies for the random experiment?� Engineering aspe
ts: How do the roundings 
omputed by our algorithm look to thehuman eye? Asano et al. proposed the idea that low error roundings with respe
t to2� 2 boxes look ni
e, but of 
ourse they 
ould 
he
k this only with their algorithm.19



Therefore, theoreti
ally, our roundings might even look worse. Coming from the otherend, one might (and a
tually should) investigate other error measures. Using theideas of this paper, one may also design rounding algorithms that optimize di�erenterror measures stemming from larger boxes or even 
ompletely di�erent geometri
stru
tures. It 
ould well be that su
h error measure are better suited to distinguishgood halftonings from worse ones.A
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Figure 5: Halftoning results of di�erentstandard algorithms and ours:Top left: Error di�usion.Top right: Ordered dither.Middle left: Dot di�usion.Middle right: Random dither (random-ized rounding).Bottom left: Non-independent random-ized rounding.23



We applied the three 
lassi
al algorithms mentioned in the introdu
tion together withindependent randomized rounding and our algorithm to several images. All image dataused 1 byte per pixel resulting in an integer value between 0 and 255. We used two types ofinput data: Real-world images taken with a digital 
amera (not shown in this paper) andarti�
ial images produ
ed with a 
ommer
ial imaging software. Naturally, the �rst typeis more suitable to estimate how well the algorithm performs in real-world appli
ations,whereas the se
ond is better suited to demonstrate the parti
ular strengths and weaknessesof an algorithm.The images displayed in Fig. 5 are obtained from halftoning an arti�
ially generated imageof size of 160� 160 pixels with the standard algorithms of error di�usion, ordered dither,dot di�usion, random dither (independent randomized rounding) and our non-independentrandomized rounding algorithm. In all 
ases, the standard form of the algorithms has beenused. It is known that some algorithms produ
e better outputs if the inputs are subje
t tosome prepro
essing. Sin
e su
h data is mainly available for the algorithms of error di�usionand ordered dither, we believe that an unbiased 
omparison might be easier without anyprepro
essings. As indi
ated in the �rst paragraph, the intention of this appendix is merelyto give the interested reader an idea of how our ideas 
ould work in pra
tise rather thangiving eviden
e that they are 
ompetitive with previous algorithms.Fig. 5 shows that the randomized nature of our algorithm has a positive e�e
t on thegeneration of unwanted stru
tures and grains. Unwanted stru
tures in
lude all kinds ofregular patterns like snakes, 
rosses or labyrinths that attra
t obje
tionable attention. Inparti
ular error di�usion and ordered dither algorithm tend to produ
e those.Grains emerge, if in dark (respe
tively light) parts of the pi
ture two or more white (re-spe
tively bla
k) pixels tou
h and thus build a re
ognizable blo
k. Randomized rounding isvery vulnerable to this problem, whi
h is why it is not used in pra
ti
e for digital halfton-ing. On the other end we �nd error di�usion, whi
h hardly produ
es any grains. It seemsthat algorithms that are good 
on
erning graininess tend to produ
e unwanted stru
turesand vi
e versa. In this sense, non-independent randomized rounding 
ould be a fair 
om-promise: Being by far less grainy than independent randomized rounding on the one hand,it is unlikely to produ
e unwanted stru
tures on the other.We also 
omputed the a
tual errors generated by the algorithms on several input imagesMethod Total 3� 3 2� 2Error Di�usion 0:00027 0:45 0:35Ordered Dither 0:00052 0:65 0:34Dot Di�usion 0:00024 0:65 0:43Randomized Rounding 0:00056 0:96 0:64Non-independent RR 0:00034 0:60 0:40Table 1: Experimental average errors of the algorithms24



(on roughly 300,000 pixels). The averages values are given in Table 1. The error measuresregarded are the following.Total error: The absolute di�eren
e in the average intensity of input and output image1mn jPi;j(aij � bij)j.2� 2 error: The average error in the 2 � 2 boxes, that is, 1jRjd(A;B), where d(A;B) isthe error measure proposed by Asano et al.3� 3 error: The average error in the 3� 3 boxes.As 
an be seen, all algorithms 
hange the average intensity only minimally. Con
erning theerrors in the 2�2 and 3�3 boxes, the 
ase is more interesting. Whereas for the 2�2 boxeserror di�usion is slighly and non-independent randomized rounding is signi�
antly worsethan the best performer ordered dither, things 
hange for 3� 3 boxes. Here error di�usiontakes the lead, followed by non-independent randomized rounding. Toghether with thevisual quality of the output images, this poses the questions whether larger boxes mightyield a better similarity measure. The fa
t that error di�usion performs relativly good alsoasks for theoreti
al bounds for the errors generated with respe
t to the 2� 2 boxes. Herethe inherently sequential nature of this algorithm seems to impose some diÆ
ulties.
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