
COLORING t{DIMENSIONAL m{BOXESGEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOENAbstra
t. Call the set S1 � � � � � St t{dimensional m{box if jSij = mfor every i = 1; : : : ; t. Let Rt(m; r) be the smallest integer R su
hthat for every r{
oloring of t{fold 
artesian produ
t of [R℄ one 
an �nda mono
hromati
 t{dimensional m{box. We give a lower and an upperbound for Rt(m; r). We also 
onsider the dis
repan
y problem 
onne
tedto this set-system. Among other bounds we prove that the dis
repan
yof the hypergraph of all 2{dimensional m{boxes in [R℄� [R℄ is equal to�(R 32 ) for m a 
onstant fra
tion (less than 12 ) of R.1. Introdu
tion and resultsIn this arti
le we investigate the problem of 
oloring a t{dimensional grid.This raises two types of questions: Ramsey-theory asks for 
onditions thatimply the existen
e of a mono
hromati
 box, dis
repan
y theory asks forthe maximal deviation that o

urs in one box.To be more pre
ise: Let R;m; t 2 N . Denote by [R℄ the set f1; 2; : : : ; Rgand by [R℄t the t{fold 
artesian produ
t of [R℄ with itself (note that thisnotation is di�erent from the one in [5℄). A t{dimensional m{box in [R℄t isa set B = S1 � � � � � St su
h that Si � [R℄ and jSij = m for all i 2 [t℄.De�nition 1.1. For nonnegative integers R;m; t we de�ne Rt(m; r) to bethe least R su
h that for any fun
tionf : [R℄t ! [r℄;
alled r{
oloring, or just 
oloring, there exist a mono
hromati
 m{box in[R℄t.We show that for suÆ
iently large m14e2mr mt�1(m�1)t � Rt(m; r) � �m+ m2rm�1� rmt�1 :Referring to [7, p. 28℄, we note that Rt(m; r) is the Produ
t Ramsey NumberPRN(m; k; r; t) in the 
ase k = 1. Here PRN(m; k; r; t) is the generalProdu
t Ramsey Number R(r; t; k1; : : : ; kt;m1; : : : ;mt) where k1 = : : : =kt = k and m1 = : : : = mt = m.For the se
ond question let us shortly introdu
e the general setting 
ombi-natorial dis
repan
y theory deals with:1



2 GEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOENDe�nition 1.2. Let H = (X; E) denote a �nite hypergraph. Here X is a�nite set, 
alled verti
es, and E is a family of subsets of X, 
alled hyperedges.In this setting, a 
oloring of H is a mapping f : X ! f�1;+1g. Fora hyperedge E 2 E de�ne f(E) = Px2E f(x). The dis
repan
y of H isde�ned by dis
(H) = minf :X!f�1;+1g maxE2E jf(E)j:Dis
repan
y measures the maximal o

urring imbalan
e with respe
t to anoptimal 
oloring. For a deeper understanding we would like to re
ommendthe invaluable survey of Be
k and S�os [2℄. Note that this framework onlydeals with two 
olors. A multi{
olor setting is investigated in [3℄.In the se
ond part of this arti
le we estimate the dis
repan
y of the 2{dimensional m{boxes. We show that if m is a 
onstant fra
tion (smallerthan 12) of R we have a dis
repan
y of �(m 32 ). This exhibits a di�erentphenomenon 
ompared to the Ramsey-type results above: Already for mrelatively large, we have a rather imbalan
ed m{box. We also investigatethe behavior of the dis
repan
y in between this 
ase and the mono
hromati
(\Ramsey"{) 
ase and estimate the dis
repan
y of the hypergraph of allboxes in [R℄2. The pre
ise results are 
olle
ted in se
tion 4.2. A lower bound for Rt(m; r)Using the probabilisti
 method we will give a lower bound for Rt(m; r): Thisimproves the bound given in [4, Cor. 12.5 p. 65℄ (by Erd}os in 1965, also byprobabilisti
 methods). Our argument is based on a standard appli
ation ofthe following \Lo
al Lemma" of Lov�asz [1, Cor. 1.2 p. 55℄.Theorem 2.1. Let A1; A2; : : : ; An be events in some probability spa
e. Sup-pose that ea
h event Ai is mutually independent of the set of all but devents Aj, and that P (Ai) � p for all 1 � i � n: If ep(d + 1) � 1; thenP (Tni=1A
i ) > 0:We showTheorem 2.2. For m; r; t � 2 we haveRt(m; r) � 14e2mr mt�1(m�1)t :Proof. Let us 
onsider a uniform random r-
oloring f of the t{dimensionalR{box: P (f(~x) = i) = 1=r for every ~x 2 Rt and i 2 [r℄:For every t{dimensional m{box S, let AS be the event that S is mono
hro-mati
. Then P (AS) = r�mt+1:Clearly every event AS is mutually independent of all the events AS0 butthose with S\S0 6= ;: Let S = S1�� � ��St and S0 = S01�� � ��S0t: For every



COLORING t{DIMENSIONAL m{BOXES 3i = 1; : : : ;m we have exa
tly �Rm�� �R�mm � possibilities to 
hoose the m{setS0i with Si \ S0i 6= ;: Thus, the total number of t{dimensional m{boxes thatinterse
t S is equal to d = ��Rm���R�mm ��t :It follows from theorem 2.1 that ep(d + 1) � 1 implies the existen
e of a
oloring of the t{dimensional R{box with no mono
hromati
 t{dimensionalm{box. Therefore, Rt(m; r) is greater than the largest R, whi
h satis�eser�mt+1 ��Rm���R�mm ��t + 1! � 1:(1)Sin
e �ab�+ � ab�1� = �a+1b � we get�Rm���R�mm � = mXi=1 ��R� i+ 1m ���R� im �� = mXi=1 �R� im� 1�;hen
e, sin
e (m� 1)! > �m�1e �m�1, we get�Rm���R�mm � < m�R� 1m� 1� < m�e(R � 1)m� 1 �m�1 :If we let T = m� e(R�1)m�1 �m�1, then the above inequality and (1) imply thatRt(m; r) is greater than the largest R that satis�es er�mt+1(T t + 1) � 1,that is to sayRt(m; r) > �1ermt�1 � 1� 1t(m�1) m� 1e 1m�1pm + 1:Sin
e r; t � 2 we have 1ermt�1 � 1 > 12ermt�1. Also sin
e m�1m�1pm > m2p2 form � 2 we getRt(m; r) > � 12ermt�1� 1t(m�1) m2ep2= r mt�1(m�1)t �12� 1t(m�1) e� 1t(m�1)�1 m2p2> 14e2mr mt�1(m�1)twhi
h yields required inequality.



4 GEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOEN3. An upper bound for Rt(m; r)Clearly for any m and r we have R1(m; r) = (m� 1)r + 1 by usual Pigeon-Hole prin
iple. Hen
e we will study Rt(m; r) for t � 2.In order to get an upper bound for Rt(m; r) we will establish an upper boundfor a fun
tion Pt(m; r) that we know is larger than Rt(m; r):De�nition 3.1. For m; r; t � 2 let Pt(m; r) be the least integer R su
hthat every dRt=re-element subset of [R℄t 
ontains a t-dimensional m-boxS1 � � � � � St where ea
h Si has m elements.� Clearly Rt(m; r) � Pt(m; r).� We will bound Pt(m; r) for large m, by indu
tion on the dimension t.De�nition 3.2. De�ne the following:1. For a nonnegative t 2N let�1;t�1 : [R℄t ! [R℄t�1�1;t�1(i1; : : : ; it) = (i1; : : : ; it�1);�t : [R℄t ! [R℄�t(i1; : : : ; it) = itbe the proje
tion onto the �rst t � 1 
oordinates, and the very last
oordinate, respe
tively.2. For a subset M � [R℄t and ~{ = (i1; : : : ; it�1) 2 [R℄t�1 letM~{ =M \ ��11;t�1(i1; : : : ; it�1):Hen
e we get a disjoint partition of M as M = S~{2[R℄t�1 M~{.Let f : [R℄t ! [r℄ be a 
oloring fun
tion. By the pigeonhole prin
iple, thereis a subset S � [R℄t su
h that jSj � dRt=re that re
eives the same 
olor byf . For ea
h ~{ 2 [R℄t�1 let s~{ = jS~{j. Trivially there are exa
tly �s~{m� m-sets ofS~{, hen
e the total number of m-sets of jSj, that are mapped to a singletonunder �1;t�1, is X~{2[R℄t�1�s~{m�:Call the set of these m-sets S(m). Note that P s~{ = jSj � Rt=r.The idea for getting an upper bound for Pt(m; r) is to introdu
e an extrainteger variable x on [R℄. To ensure that at least dRt�1=xe elements of S(m)are mapped to the same m-set of [R℄ under �t, we must haveX~{2[R℄t�1�s~{m� � ��Rt�1x �� 1��Rm�+ 1;



COLORING t{DIMENSIONAL m{BOXES 5sin
e the total number of m-sets in [R℄ is �Rm�, and hen
e it suÆ
es thatX~{2[R℄t�1�s~{m� > Rt�1x �Rm�:(2)On the other hand, to ensure that the image of these dRt�1=xe elements ofS(m) in [R℄t�1 under �1;t�1 
ontains a t� 1 dimensional m-box, we must byde�nition 3.1 have R � Pt�1(m;x):(3)Hen
e, if both (2) and (3) are satis�ed then, we 
an rest assured that thereis a t-dimensional mono
hromati
 m-box in [R℄t.We will use 
onditions (2) and (3) to get an upper bound for Pt(m; r). Firstwe have two te
hni
al lemmas. For 
onvenien
e, let us, for a �xed integerm, de�ne the real fun
tion�xm�� =8<: x(x�1)���(x�m+1)m! if x � m� 10 otherwiseThe �rst lemma and its proof 
an be found in [4, Lemma 12.2 p. 59℄:Lemma 3.3. For �xed m and C let x1; : : : ; xn be real positive variablessubje
ted to the 
onstraint x1 + � � � + xn � C. Then Pni=1 �xim�� rea
hes itsminimum value when x1 = : : : = xn. �The se
ond lemma deals with polynomials in one variable:Lemma 3.4. For positive integers m; r � 1 and a real number � 2℄0; 1[,the largest real solution of the polynomial equationX(X � r) � � � (X � (m� 1)r) = �X(X � 1) � � � (X �m+ 1)(4)is asymptoti
ally R = m2(1�r)2 log(�) when m tends to in�nity. Here log is theusual natural logarithm.Note: For �xed r � 2 and � 2℄0; 1[, we see that there is a suÆ
iently largem su
h that the largest root of (4) is stri
tly less than m2r2 log(��1) .Proof. If we letFm(X) = X(X � r)(X � 2r) � � � (X � (m� 1)r)X(X � 1)(X � 2) � � � (X �m+ 1)then, by the use of Stirling's formula for estimating n! for large n, togetherwith the Taylor expansion of log(1 + t) around t = 0, we getFm(m2rY ) = rm(m2Y )!(m2rY �m)!(m2rY )!(m2Y �m)! �!m!1 e 12 ( 1�rrY ):We note that this limit value is equal to � when Y = 1�r2r log� .



6 GEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOENLet A and B be real numbers su
h that A < 1�r2r log� < B. Sin
e the mapY 7! 12 �1�rrY � is in
reasing we get 12 �1�rrA � < � < 12 �1�rrB �. Hen
e we 
an �ndm0 su
h that Fm(m2rA) < � < Fm(m2rB)(5)for all m � m0. For r; � given let m1 � m0 be su
h that m2(1�r)2 log� > (m� 1)rfor all m � m1. Consider now a �xed m � m1.� Sin
e the map Y 7! Fm(m2rY ) is 
ontinuous we get from (5) that thereis a real zm in the open interval ℄A;B[ su
h that Fm(m2rzm) = �.� Sin
em2rB > m2(1�r)2 log� > (m�1)r and ddXFm(X) > 0 for X > (m�1)rwe have that Fm(X) is in
reasing for X � m2rB and hen
e Fm(X)��has no real root greater than m2rB.We 
on
lude that the largest real root, Rm, of the equation Fm(X) = �is 
ontained in the interval [m2rzm;m2rB[ � ℄m2rA;m2rB[, or in otherwords, Rmm2r 2℄A;B[. This holds for all m �m1, hen
elimm!1 Rmm2r = 1� r2r log�:In order for R to satisfy (2), it is suÆ
ient by lemma 3.3, that R satis�esRt�1�R=rm �� > Rt�1x �Rm�, that is to say �R=rm �� > 1x�Rm�. Note that this 
on-dition does not depend on the dimension t at all. From 
ondition (2) wetherefore extra
t a new and more simple 
ondition on R that, together with(3), ensures that the set S 
ontains an m-box in [R℄t:�R=rm �� > 1x�Rm�(6)where x is some integer variable< R. Sin
e both sides of (6) are polynomialsof degree m, we see that in order for (6) to hold for all suÆ
iently large R,we must have x > rm. Sin
e now (6) 
an be written in the formR(R� r) � � � (R � (m� 1)r) > rmx R(R� 1) � � � (R�m+ 1)we have by lemma 3.4, that for large enough m, it suÆ
es for R to satisfyR � m2r2 log(x=rm) in order for (6) to hold.Hen
e we see that from (3) and (6), that if x > rm, andR � max�Pt�1(m;x); m2r2 log(x=rm)�then every dRtr e-subset of [R℄t 
ontains a t-dimensional m-box. Hen
e forlarge m, we get an indu
tive 
ondition that bounds Pt(m; r), and hen
e also



COLORING t{DIMENSIONAL m{BOXES 7Rt(m; r): P1(m; r) = (m� 1)r + 1Pt(m; r) � minx>rm nmax�Pt�1(m;x); m2r2 log(x=rm)�o :(7)Sin
e Rt(m; r) � Pt(m; r) we get from (7) the following theorem:Theorem 3.5. For r; t � 1 we havelim supm2N �Rt(m; r)mrmt�1 � � 1:Proof. We will prove that the statement of the theorem holds for Pt(m; r).The theorem is 
learly true when the dimension t = 1. We assume thatr; t � 2, that m is suÆ
iently large and pro
eed by indu
tion on t:Assume Pt�1(m; r) � at�1(m)rmt�2 where limm!1 at�1(m)m = 1. From (7)we get for t � 2Pt(m; r) � minx>rm�max�at�1(m)xmt�2 ; m2r2 log(x=rm)�� :We note that f(x) = at�1(m)xmt�2 is in
reasing with limx!1 f(x) = 1and g(x) = m2r2 log(x=rm) is de
reasing for x > rm with limx!1 g(x) = 0 andlimx!rm+ g(x) =1. Hen
e there is exa
tly one x > rm whi
h would give theoptimal bound for Pt(m; r), namely the x� > rm satisfying f(x�) = g(x�).Let us examine this solution x�:If we let y = x=rm and hen
e y 2℄1;1[, then the equation f(x) = g(x)be
omes ymt�2 log y = m2r2at�1(m)rmt�1 :(8)We will show that the solution y� is \
lose" to 1. Sin
e t log t � t � 1 forall t > 0 we have for all y > 1 that log y � 1 � 1y � 1 � 1ymt�2 Hen
e thesolution y0 to the equationymt�2 � 1 = ymt�2 �1� 1ymt�2� = m2r2at�1(m)rmt�1will be larger than the solution y� of (8). Therefore 1 < y� < y0 and hen
erm < x� < rmy0. Sin
e now f(x) is an in
reasing fun
tion we get thatPt(m; r) � f(x�) < f(rmy0) = �at�1(m) + m2r2rmt�1� rmt�1 :Letting at(m) = at�1(m)+ m2r2rmt�1 we get that Pt(m; r) � at(m)rmt�1 wherelimm!1 at(m)m = 1, whi
h 
ompletes the indu
tion and hen
e proves ourtheorem.



8 GEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOENRemarks: (i) mrmt�1 is the best asymptoti
 bound that (7) 
an yieldfor Pt(m; r). (ii) Looking at the indu
tive de�nition for at(m) in the lastparagraph of the above proof, we get thatat(m)�m = at(m)� a1(m) = t�1Xi=1 (ai+1(m)� ai(m)) � t�1Xi=1 m2r2rmiand sin
e Pt�1i=1 1rmi < 1rm�1 < 2rm we get in parti
ular thatRt(m; r) � Pt(m; r) � �m+ m2rm�1� rmt�1for suÆ
iently large m. 4. Dis
repan
yIn this se
tion we investigate a phenomenon related to the one of the pre-
eding se
tions, namely the dis
repan
y of 2{dimensional m{boxes in [R℄2.Let BRm := fA�B : A;B � [R℄; jAj = jBj = mg be the set of these boxes.Dis
repan
y measures how well [R℄2 
an be 
olored with two 
olors su
hthat all boxes are roughly split into equal parts by the two 
olor{
lasses,that is, given m and R we try to determinedRm := dis
(BRm) = minf :[R℄2!f�1;+1g maxB2BRm jf(B)j ;where f(B) := Pb2B f(b). In se
tion 3 we showed that for m2m . R wehave a mono
hromati
 m-box, that is, dRm = m2. This marks the extreme
ase o

urring when m is very small 
ompared to R. Here we are interestedin the 
ase when m is larger 
ompared to R. It turns out that also forrelatively large m there is always a \badly" 
olored m{box (of dis
repan
y�(m 32 ), if m < 12R is a 
onstant fra
tion of R.) The pre
ise results are
olle
ted in the theorems 4.1 and 4.2 below. We start with an upper bound.Theorem 4.1 (Upper bound). dRm � 2m 32qlog � eRm � for all m � R.Proof. For any set{system 
onsisting of M sets of size at most N we knowthat its dis
repan
y is less or equal p2N log(2M) [1, Thm. 1.1 p. 186℄.Sin
e m! > (me )m we havedRm � r2m2 log �2�Rm�2�� r2m2 log �� eRm �2m�= 2m 32qlog �eRm �:Our lower bound is not far from the above result:



COLORING t{DIMENSIONAL m{BOXES 9Theorem 4.2 (Lower bound). For m � 12R we havedRm � m 32 �1� 2mR�1�q1� mR�1 � 3m:More spe
i�
ally, if m � 12(R � 1) 23 we havedRm � min�m 32r25 log2 � R2m 32 �� 4m; (m�1)23 � 4m� :To prove the theorem, we need the following lemma.Lemma 4.3. Let d � m � R be given. Among all 
olorings f : [R℄ !f�1; 1g the number of m{subsets of [R℄ having dis
repan
y at most d ismaximal if and only if the 
olor 
lasses of f deviate in size by at most one.Proof. Set D := fi 2 [�d; d℄jm+ i eveng. Obviously the number of subsetsof [R℄ having dis
repan
y at most d with respe
t to a given 
oloring fdepends only on the sizes of the 
olor 
lasses. Hen
e for R1; R2 � R su
hthat R1 +R2 = RÆ(R1; R2) :=Xi2D� R112 (m� i)�� R212 (m+ i)�is the number of these sets. Assume 1 � R1 � R2. Using indu
tion issuÆ
es to show Æ(R1; R2) > Æ(R1 � 1; R2 + 1). Set d0 = maxD. Then wehaveÆ(R1; R2)� Æ(R1 � 1; R2 + 1)= Xi2D �� R1 � 112(m� i)� 1�+� R1 � 112 (m� i)��� R212 (m+ i)��Xi2D� R1 � 112(m� i)��� R212(m+ i)� 1�+� R212 (m+ i)��= Xi2D� R1 � 112(m� i)� 1�� R212 (m+ i)��Xi2D� R1 � 112(m� i)�� R212(m+ i)� 1�= � R1 � 112(m� d0)� 1�� R212(m+ d0)��� R1 � 112(m� d0)�� R212(m+ d0)� 1� > 0:Now let us prove theorem 4.2.Proof. Let R and d � m � 12R be given. Let f : [R℄2 ! f�1;+1g be any
oloring.Our general approa
h is the following: For a row fig � [R℄ � [R℄2 estimatethe number of sets fig � B0 of size m that have dis
repan
y jf(fig � B0)j



10 GEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOENat least d. Call nd the minimum possible number of these sets among all
olorings f : [R℄2 ! f�1;+1g. Without loss of generality we may assumethat for any f there are at least 12nd su
h sets with f(fig � B0) � d. Wewill �nd 
onditions that imply 12ndR > (m � 1)�Rm�. We 
on
lude fromthe pigeon{hole prin
iple that in that 
ase there are m di�erent numbersik; k 2 [m℄ and an m{set B0 � [R℄, su
h that f(fikg � B0) � d for allk 2 [m℄. Thus fi1; : : : ; img � B0 is an m{box having dis
repan
y at leastmd.Let us �rst assume that R and m are both even. We will deal with the othervalues of m and R at the very end of this proof. Sin
e a set M of even sizealways has an even dis
repan
y d = jf(M)j with regard to all 
olorings f ,we only need to 
onsider even d � 2. By lemma 4.3 we may assume thatboth 
olor 
lasses of f have size R2 .We will estimate nd in two ways. Whi
h one is better depends on whetherm � 12R, or more spe
i�
ally m � 12R 23 .First 
ase: We start with the easier and more general 
ase m � 12R. Clearlywe have nd = �Rm�� d2�1Xi=� d2+1� R2m2 � i�� R2m2 + i�� �Rm�� (d� 1)�R2m2 �2:It suÆ
es therefore to �nd the largest d su
h that12R �Rm�� (d� 1)� R2m2 �2! > (m� 1)�Rm�;or equivalently d� 1 < �1� 2(m�1)R � �Rm�� R2m2 ��2. De�neg(n;m) := pnp2�m(n�m) � nm�m� nn�m�n�m :(9)From a sharp version of the Stirling formula p2�n �ne �n e 112n+1 < n! <p2�n �ne �n e 112n due to Robbins [6℄ we see that for all 1 � m � 12n wehave e� 16m g(n;m) � �nm� � g(n;m). Using this we get�1� 2(m�1)R � �Rm��R2m2 �2 � �1� 2(m�1)R � e� 16m g(R;m)g(R2 ; m2 )2= r�m2 e� 16m �1� 2(m� 1)R �r1� mR :



COLORING t{DIMENSIONAL m{BOXES 11We may assume m � 10 as otherwise our bound is negative and there isnothing to prove. Hen
e a suÆ
ient 
ondition for the existen
e of an m{box of dis
repan
y md is that d � 1 � 65pm(1 � 2mR )p1� mR . Choosing deven and maximal we get d � 65pm(1 � 2mR )p1� mR � 1 and hen
e dRm �65m 32 (1� 2mR )p1� mR �m.Se
ond 
ase: We will now 
onsider the more spe
i�
 
ase when m � 12R 23 .In this situation it is advantageous to estimatend � 2� R2m�d2 �� R2m+d2 �:We use the elementary fa
t that for t > 1 the fun
tion t 7! (1 � 1t )t ismonotone in
reasing and tends to 1e . In parti
ular we have 14 � (1� 1t )t < 12for all t � 2. We have thereforea(x) := � x2x2 � d2�x2 � 2 d22x for x > d > 0;(10) b(x) := �x� dx+ d� d�12 � 4� d(d�1)x+d for x > 3d > 0:(11)Assume that m > 3d. We now �nd a 
ondition on d that will imply 12nd >(m� 1)�Rm�. Using the Stirling formula we get12nd(m� 1)�Rm� > R� R2m�d2 �� R2m+d2 �(m� 1)�Rm�� Re� 16m�d2 g(R2 ; m�d2 )e� 16m+d2 g(R2 ; m+d2 )(m� 1)g(R;m)= pR(R�m) � 
Rpm � a(m)b(m)a(R �m)b(R �m)(R�m+ d)(m� 1)(m+ d) ;where 
 =q 2� e �2m3(m2�d2) .By (10) and (11) we have a(x)b(x) � 2 d22x 4� d(d�1)x+d > 2�3d22x for x > 3d. Sin
em > 3d we have pR(R�m)R�m+d > 1 and pm(m�1)(m+d) > 34m� 32 . Hen
e we get12nd(m� 1)�Rm� > 34
 Rm 32 2�3d22 ( 1m+ 1R�m ):



12 GEIR AGNARSSON, BENJAMIN DOERR, AND TOMASZ SCHOENWe may assume m � 14. Hen
e 
 = q 2� e �2m3(m2�d2) � q 2� e� 34m � 34 and1m + 1R�m � 910 1m . Therefore we get12nd(m� 1)�Rm� > 916 Rm 32 2� 5d23m :Thus our 
ondition 12ndR > (m � 1)�Rm� is ful�lled when we have m > 3dand 916 Rm 32 2� 5d23m � 1,that is to say, that for all even d su
h that d < m3 and d �r35m log2 � 916 Rm 32 �,there exists an m{box of dis
repan
y md. Hen
e there is an even d su
hthat d � r35m log2 � 916 Rm 32 � � 2 or d � m3 � 2. Therefore we have dRm �min�m 32r35 log2 � 916 Rm 32 �� 2m; m23 � 2m�.Until now we have only 
onsidered R and m to be even. We will now
onsider general values of R and m. If f : [R℄2 ! f�1;+1g is a 
oloring,then by restri
tion, we get a 
oloring [R � 1℄2 ! f�1;+1g, and hen
ewe have dRm � dR�1m. Also note that an (m � 1){box of dis
repan
ydRm�1 in [R℄2 will yield an m{box of dis
repan
y at least dRm�1�(2m�1),simply by adding a verti
al and horizontal line to our (m � 1){box. Hen
edRm � dRm�1 � 2m+ 1. Therefore we havedRm � 65(2bm2 
) 32 �1� 2mR�1�q1� mR�1 � 3m;(12)for all m � 12R anddRm � min�(m� 1) 32r35 log2 � 916 R�1m 32 �� 4m; (m�1)23 � 4m� :for all m � 12(R � 1) 23 . From m � 10 in the �rst 
ase and m � 14 in these
ond we get the theorem.Theorem 4.4. For all R 2 N the dis
repan
y dR of the hypergraph of allm-boxes in [R℄2 is bounded by115R 32 � 45R � dR � 2R 32 :Proof. Note that the lower bound is trivial for R � 144. For the remainingvalues taking m = 14(R � 1) in equation (12) of the proof of theorem 4.2 isenough.



COLORING t{DIMENSIONAL m{BOXES 13For the upper we pro
eed as in the proof of theorem 4.1, and getdR � vuut2R2 log 2 RXm=1�Rm�2!� q2R2 log (22R+1)� p2R2(2R+ 1) log (2)< 2R 32 :Note that we a
tually 
omputed the upper bound of the hypergraph of allre
tangles in [R℄2, but the loss is marginal.We may remark that these 
onstants 
ould be improved a little. In parti
u-lar by using another probabilisti
 argument (not published yet), the upperbounds 
an be lowered by a fa
tor of about p2.Referen
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