
LINEAR AND HEREDITARY DISCREPANCYBENJAMIN DOERRAbstract. Let A be a m � n{matrix and q := blog2(m)c + 1.In this article we are going to improve the well{known boundlindisc(A) � 2 herdisc(A) and showlindisc(A) � 2 �1� 2�q� herdisc(A) �� 2(1� 12m) herdisc(A)� :Like the previous proofs on this problem, ours is constructiveas well. We'll give a so-called \on{line algorithm" and analyze itusing game theory. IntroductionDiscrepancy theory is dealing with questions of the kind \How far doesthe optimal solution of a problem deviate from an ideal solution?" Incombinatorial discrepancy theory our problem is to color the points ofa hypergraph with two colors in such a way that all hyperedges areabout balancedly colored. So an ideal solution would be one whereevery hyperedge has the same number of points in one color as in theother. To be more precise:Let H = (X; E) denote a �nite hypergraph, i. e. X is a �nite set (of\vertices") and E is a family of subsets of X (called hyperedges). Acoloring of H is simply a mapping " : X ! f�1;+1g (we call �1 and+1 colors). For a hyperedge E 2 E de�ne "(E) = Px2E "(x). Thediscrepancy of H is de�ned bydisc(H) = min":X!f�1;+1g maxE2E j"(E)j:This concept may be generalized to matrices in a natural way. LetA = (aij) be any m� n{matrix and setdisc(A) := min"2f�1;1gn kA"k;Date: January 4, 1999.1991 Mathematics Subject Classi�cation. Primary 11K38; Secondary 90D05.Key words and phrases. linear discrepancy, hereditary discrepancy, on-line algo-rithm, game theory.supported by the graduate school `E�ziente Algorithmen und Multiskalen-methoden', Deutsche Forschungsgemeinschaft.1



2 BENJAMIN DOERRwhere the norm shall always denote the maximum{norm.If A is the incidence{matrix of H, we have disc(A) = disc(H), so dis-crepancy of matrices is indeed a more general concept (if, of course,we restrict ourselves to zero{one{matrices both concepts are equiva-lent). For our speci�c problem the matrix{concept provides no extradi�culties, so we'll continue in the language of matrices.There are two related notions: The linear discrepancy of A is de�nedas lindisc(A) := maxp2[�1;1]n min"2f�1;1gn kA(p� ")k:Linear discrepancy can be seen as a measure of how well a fractionalsolution can be rounded to an integer solution. The hereditary discrep-ancy is herdisc(A) := maxJ�[n]disc((aij)i2[m];j2J):If A is the incidence matrix of a hypergraph, herdisc(A) is just themaximum discrepancy of the induced subgraphs. As a general referencewe'd like to recommend Beck and S�os[1].It's easy to see that we have both disc(A) � lindisc(A) and disc(A) �herdisc(A) for any A. More interesting is the relation betweenlindisc(A) and herdisc(A). Results of Beck and Spencer[2] and Lov�asz,Spencer and Vesztergombi[3] show that there is a non{trivial rela-tion between the two concepts: For any A we have lindisc(A) �2 herdisc(A). In [4] Spencer gives an improvement in terms of n:lindisc(A) � 2(1� 2�2n) herdisc(A). He also gives an example of an Asatisfying lindisc(A) = 2(1� 1n+1) herdisc(A) and introduces the prob-lem to close this gap. Our ResultsThe main result of this article isTheorem. Let A be any m� n{matrix. Set q := blog2(m)c+1. Thenlindisc(A) � 2 �1� 2�q�herdisc(A):If A is the incidence matrix of a hypergraph (i. e. A 2 f0; 1gm�n), thenwe may assume m � 2n� 1, as each two rows can be assumed di�erentand di�erent from (0; 0; : : : ; 0). (In the language of hypergraphs thisjust means that no edge occurs twice and that the empty edge can beignored). This yields 2 (1� 2�q) � 2 (1� 2�n), givingCorollary. For A 2 f0; 1gm�n we havelindisc(A) � 2(1� 2�n) herdisc(A):



LINEAR AND HEREDITARY DISCREPANCY 3So for hypergraphs in special and matrices with m � 22n in generalour result gives considerable improvement to the known results; theimprovement being better the sparser the matrix is. Our result is quiteclose to the optimal: The example of [4] haslindisc(A) = 2�1� 1m� herdisc(A);the theorem giveslindisc(A) � 2�1� 1m + 1� herdisc(A)for m = 2l � 1. The ProofOur proof uses the original proof, which we state here for convenience:Original Proof: Let p 2 [�1; 1]n. We'll construct an " 2 f�1; 1gn suchthat kA(p � ")k is small. Set a(0)j := 12(pj + 1) 2 [0; 1] for all j 2 [n].As p 7! min"2f�1;1gn kA(p� ")kis a continuous function and fPni=1 xi2�ijn 2 N ; x 2 f0; 1gng is densein [0; 1], we may assume that there is k 2 N such that a(0)j 2k 2 Z forall j 2 [n]. We are going to round the a(0) successively to a vector ofshorter binary expansion until we have a 0{1{vector.Suppose that for a l 2 f0; : : : ; k�1g the (a(l)j )j=1;::: ;n are already de�nedand ful�ll a(l)j 2k�l 2 Z for all j 2 [n]. Set X := fj 2 [n]ja(l)j 2k�l oddg,the set of all j such that the binary expansion of a(l)j 2k�l ends on 1(these are the components of a(l) that need to be rounded). Find "(l) :X ! f�1;+1g such thatd(l)i :=Xj2X "(l)j aij 2 [� herdisc(A); herdisc(A)]for all i 2 [m].De�ne a(l+1)j := ( a(l)j + 2�(k�l)"(l)j if j 2 Xa(l)j otherwise.



4 BENJAMIN DOERRThen we have a(l+1)j 2k�l�1 2 Z for all j 2 [n] andXj2[n]aij(a(l+1)j � a(l)j ) = 2�(k�l)d(l)ifor all i 2 [m], that means we rounded the a(l) to a(l+1) in a way thatkA(a(l+1) � a(l))k is small.Having de�ned a(l)j for all j 2 [n]; l 2 f0; : : : ; kg we set "j := 2a(k)j � 1(this is in f�1; 1g) and havekA("� p)k = 2 
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� 2 herdisc(A):
The key idea now is based on the following simple observation: If wereplace "(l) by �"(l), we get �d(l) instead of d(l). By choosing signs forthe "(l), l 2 [k] in a clever way and not using the triangle{inequality,we are going to improve the above result.Note that if we change the sign of one "(l), this leads to a di�erent a(l+1)and thus may change all the subsequently determined variables. So wehave to decide the signs \online". This might be described best in thelanguage of games. Consider the following two{player game:The Game: At the start of the game the vector v 2 Rm is zero. Oneround of the game is: Player A gives a vector w 2 [�1; 1]m, PlayerB chooses a sign � 2 f�1; 1g. v is then updated to v := 0:5v + �w.The game is played for a �xed number of k rounds. Player A aimsto maximize kvk while B wants to keep the norm down. What is themaximum number c that A can reach?This is the game we are playing (as Player B against the algorithm asPlayer A) when deciding on the signs of the "(l), l 2 f0; : : : ; k � 1g.In the game we normed the w to be in [�1; 1]m (while above we haved(l)i 2 f� herdisc(A); : : : ; herdisc(A)g), but it is clear that this justchanges c to c herdisc(A) as an upper bound. So we have the followinggeneral result:



LINEAR AND HEREDITARY DISCREPANCY 5Lemma 1. If c is the maximum value Player A can reach in the abovedescribed game, then lindisc(A) � c herdisc(A).We complete the proof by determining this constant c. We showLemma 2. The maximum value Player A can reach is c = 2 (1� 2�q).Proof. We investigate the following strategy for Player B: Whatevervectors w(1); : : : ; w(k�q) Player A chooses in the �rst k � q rounds,pick �(1); : : : ; �(k�q) := 1 (any other choice would do, too). Setw := Pk�qj=1 2�k+jw(j). Choose the next sign �(k�q+1) in such a way,that the number of components i 2 [m] =: X1 such that sgn(wi)and sgn(�(k�q+1)w(k�q+1)i ) are di�erent, is maximal. Set X2 := fi 2[m]j sgn(wi) = sgn(�(k�q+1)w(k�q+1)i )g. Next choose �(k�q+2) 2 f�1; 1gsuch that the number of components i 2 X2 such that sgn(wi) andsgn(�(k�q+2)w(k�q+2)i ) are di�erent, is maximal. Set X3 := fi 2X2j sgn(wi) = sgn(�(k�q+2)w(k�q+2)i )g. Continue in this fashion until�(k) and Xq are determined.Note that jXj+1j � j jXj j2 k for all j 2 [q � 1], which gives jXqj < 1, i. e.Xq = ;. So for every component i there is a j 2 fk � q + 1; : : : ; kgsuch that wi and �(q)w(q)i have di�erent signs. The worst{case is theone, where all �(j)w(j)i , j 2 fk � q + 1; : : : ; kg are 1 (or �1) and wi iszero. This gives us




 kXj=1 2�k+j�(j)w(j)
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 kXj=k�q+1 2�k+j�(j)w(j) + w




� q�1Xz=0 2�z= 2 �1� 2�q� :Player B can't do any better, as the following strategy for A reveals:Let r denote the biggest power of 2 that is less than or equal to m(so r = 2q�1). Choose the �rst k � q vectors as zero. The last qvectors choose like this: Components greater than r are always setzero (or what ever you like). For an index i = 1 +Pq�2j=0 xj2j � r,x : f0; : : : ; q�2g ! f0; 1g and a p 2 f0; : : : ; q�1g set w(k�p)i := 2xp�1.



6 BENJAMIN DOERRHere's an example for m=5:w(j) = (0; 0; 0; 0; 0) for i 2 [k � q]w(k�2) = (�1;�1;�1;�1; 0)w(k�1) = (�1;�1;+1;+1; 0)w(k) = (�1;+1;�1;+1; 0):Whatever signs �(j); j 2 [k] you choose, there'll always be a componenti 2 [r] such that w(k�q+1)i = : : : = w(k)i and thuskXj=1 2�k+jw(j)i = w(k)i q�1Xj=0 2�j = w(k)i 2 �1� 2�q� :This proves Lemma 2 and thus the theorem.DiscussionAll of the above is constructive in the following sense: Let A and p begiven as above. Assume that one has a coloring for every submatrixof discrepancy not greater than herdisc(A) (discrepancy is an NP{complete problem, so we can't skip this assumption). Then we have analgorithm rounding p to " in time at most O(kmaxfn;mg) such thatkA(p� ")k � 2�kkAk+ 2 �1� 2�q�herdisc(A);where kAk := supkxk=1 kAxk and k is the maximum binary length weuse to express the pi in our algorithm.There are some ideas which we didn't know how to use (or didn'twant to). Remember that the d(l)i are discrepancies of hyperedges ofinduced subgraphs under an optimal coloring. We assumed all d(l)ito take the worst possible value in [� herdisc(A); herdisc(A)], but ingeneral an optimal coloring just creates a few badly colored hyperedges.Furthermore, in general not all induced subgraphs do have herdisc(A)as discrepancy.This last point might be used also in a di�erent "{choosing{strategy:Choose the "(l) in such a way that the resulting a(l+1) represents ahypergraph with small discrepancy.AcknowledgmentsI would like to thank J. Spencer for pointing out a mistake in Lemma2 and some discussion on this topic. He is also the one who drew my
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