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Abstract

We consider the problem of approximating a given matrix by an
integer one such that in all geometric submatrices the sum of the
entries does not change by much. We show that for all integers m,n >
2 and real matrices A € R™*™ there is an integer matrix B € Z™*"

such that
‘ >0 (ai —big)

el jeg

< 4logy(min{m, n})

holds for all intervals I C [m], J C [n]. Such a matrix can be computed
in time O(mn log(min{m,n})). The result remains true, if we add the
requirement |a;; — b;;| < 2 for all i € [m],j € [n]. This is surprising,
as the slightly stronger requirement |a;; — b;j| < 1 makes the problem
equivalent to Tusnady’s problem.

1 Introduction and Results

1.1 Matrix Rounding Problems

We consider the problem of approximating a given matrix by an integer one
such that a particular error measure is small. Such matrix rounding and
approximation problems have a rich history and found several applications.
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Baranyai [Bar75] showed that any matrix can be rounded to an integer one
in such a way that the errors in all rows, all columns and the whole matrix
are less than one. He used this “integer making lemma” to prove several
deep partitioning theorems for complete uniform hypergraphs, among them
the precise estimate of its chromatic index. Independently, Causey, Cox and
Ernst [CCE85] proved the same rounding result and applied it to several
problems in statistics. Further applications and results in this direction can
be found in [SY93, BC04, HKL96, DFKO].

Raghavan [Rag88], Karp, Leighton, Rivest, Thompson, Vazirani and Vazi-
rani [KLR*87] and other authors use matrix rounding algorithms to solve
VLSI routing problems. Asano, Katoh, Obokata and Tokuyama [AKOTO03|
(see also [Asa03]) relate the digital halftoning problem to a matrix rounding
problem. They suggest that if the average error in suitable regions is small,
then the image represented by the rounded matrix is a high quality halftoning
of the grey-scale image represented by the input matrix. In this context, the
problem of rounding with small average error in all 2 x 2 geometric (contigu-
ous) submatrices is investigated. A recent improvement of these rounding
results can be found in [Doe04b).

In this paper, we are concerned with the errors in all geometric submatrices.
Throughout the paper let m,n > 2 be integers. For m x n matrices A and

B let
d(A, B) = HII?JX Z Z(aij - sz) ,
il jer
where I C [m] := {1,...,m} and J C [n] are intervals. We say that B is a
rounding of A, if b;; € {|as;|, [a;;]} for all i € [m], j € [n]. In other words,
B is integral and |a;; — b;;| < 1 holds for all i € [m], j € [n].

The matriz rounding problem is, given A € R™ ", to find a rounding B of
A that minimizes d(A, B). Denote by r,,, the smallest 7 € R such that
for any A € R™" a rounding B exists with d(A, B) < r. This matrix
rounding problem is equally hard as a famous problem from computational
geometry known as Tusnddy’s Problem. We briefly state the problem and
the connection between the two.



1.2 Tusnady’s Problem

Tusnddy’s Problem is to color a finite collection of points in the plain with two
colors in such a way that in each rectangle the number of red points deviates
not too much from the one of blue points. More precise, let P C R? be finite
and x : P — {—=1,1}. For a rectangle R C R? let x(R) = Y. pnp X (D)
denote the difference of (+1)—colored points to (—1)—colored points in R.
The discrepancy of x is T'(P, x) = maxg |x(R)|, where the maximum is taken
over all rectangles R in the plain. The discrepancy T'(P) is the minimum
T(P, x) among all colorings x : P — {—1,1}. By ¢, we denote the maximum
discrepancy among all n—point sets in the plain. In other words, ¢, is the
smallest number such that any n—points can be two-colored in a way that in
no rectangle the number of points in one color exceeds the one in the other by
more than ¢,,. Note that this combinatorial discrepancy is to be distinguished
from geometric discrepancies of point sets and their application in numerical
integration (see e.g. Matousek [Mat99] or Niederreiter [Nie92]).

Tusnady’s problem has a rich history. With the focus on extending re-
sults of Komlés, Major and Tusnddy [KMT75], Gabor Tusnidy asked
if t, can be bounded by a constant independent of n. Beck [Bec81a]
was the first to disprove this by showing a non-constant lower bound of
Q(logn) for ¢, via a reduction to geometric discrepancies and Schmidt’s
lower bound [Sch72]. In the same paper, he gave an O(log’n) upper
bound, which he improved to O(log®>*"®) in [Bec89]. Bohus [Boh90] derived
an O(log®n) bound from his bound on the k permutation problem. Ma-
tousek [Mat99] proved O(log®” ny/loglogn) by a clever application of Beck’s
partial coloring method. The current best upper bound of O(log”®n) due
to Srinivasan [Sri97] is obtained via the so-called entropy method (cf. Ma-
tousek [Mat99]). Note that only Beck’s first-mentioned and Bohus’ results
are constructive.

The following connection between the matrix rounding problem and
Tusnddy’s problem was used without proof in [AKOT03], so for reasons of
completeness we give a short proof.

Theorem 1. For all m,n € N, m > n, we have %tn < T < ton.-

Proof. Let P C R?, |P| = n. Note that T(P) is invariant under strictly
monotone transformations in the coordinates: Let 0,7 : R — R be strictly
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monotone mappings and 7 : R? — R?; (z,y) — (o(z),7(y)). Then T(P) =
T(m(P)), as T(P,x) = T(w(P),xon ') for all y : P — {—1,1}. Thus we
may assume that P C [n] x [n].

Let A € {0,5}™" such that a;; = % if and only if (5,j) € P. Let B be
an optimal rounding of A. Let x : P — {—1,1} such that x((4,j)) = —1,
if b;; = 0, and x((4,5)) = 1, if b;; = 1, for all (i,j) € P. Now for any
rectangle R, we have

doxp)=2 > (by—ay)=2 D (b —ay)

pEPNR (i,j)ePNR (4,j)€ RN[m] x [n]
Hence T'(P) < d(A, B) < T

To prove the second inequality, we use the result of Lovasz, Spencer and
Vesztergombi [LSV86] stating that the hereditary linear discrepancy of a
hypergraph is at most twice its hereditary discrepancy (the factor of 2 can
be replaced by 2(1 — 5-), cf. [Doe00], but we shall not need this). Since s,
is nothing else than the hereditary linear discrepancy of the hypergraph of
rectangles in [m] x [n], we have

'mn <2 max mind(A, B),
Ae{O,%}mX” B

where B runs over all roundings of A. Let A € {0, $}™*". Put P = {(i,]) €
[m] x [n]]a; = 3}. Let x : P — {—1,1} such that T(P,x) < t/p| < tpn.
Define B € {0,1}™*™ through b;; = 1 if and only if (¢,j) € P and x((4,7))

—1. Then for all intervals I C [m] and J C [n], we compute

I x((i,j))‘S%T(P,x)-

(i,5)ePN(IXJ)

Hence d(A, B) < %tmn. We conclude 7, < tn- O

Corollary 2. For m > n,

Fmn = $(logn),
Pmn = O(log®®m).



1.3 Our Results

The result presented in this paper is that we do get an upper bound of
O(logn) if we do not require B to be a rounding of A.

Theorem 3. Let m,n > 2 be integers. Then for all real matrices A € R™*"
there is an integer matrix B € Z™*" such that

d(A, B) < 4logy(min{m,n}).

Such a matriz can be computed in time O(mnlog(min{m,n})). The result
remains true, if we add the requirement |a;; — b;;| < 2 for alli € [m], j € [n].

Our result has an interesting implication: Either, the rounding restriction
lai; — bij| < 1 makes the matrix approximation problem significantly harder,
or both Tusnady’s problem and the matrix rounding problem can be solved
with error O(logn). We believe the latter to be more likely.

Since we do not even have a non-constant lower bound, we did not try to
optimize the constant in Theorem 3. Indeed, there is room for improvements,
e.g., by writing arbitrary intervals not only as disjoint unions of canonical
intervals, but also allowing differences in Lemma 5.

Note that the one-dimensional version of our problem is elementary. A simple
greedy algorithm, sometimes called 1D error diffusion, yields the following
result.

Lemma 4. Let ai,...,a, € R Then there are by, ..., b, € Z such that
| > iz, (ai — bi)| < 1 holds for all 1 < iy <iy <m. They can be computed in

time O(m).

In fact, much more about this problem is known, e.g., the number of
such roundings and how to compute an optimal one in time O(mlogm),
see [STTO1, DoeO4a]. The novel contribution of this paper is to combine
Lemma 4 successfully with classical ideas like the decomposition into canoni-
cal intervals. In fact, our approach works for any set of regions of type I x J,
where J is an interval and I is a hyperedge of a totally unimodular hyper-
graph (note that Lemma 4 apart from the computational statement holds
for arbitrary totally unimodular hypergraphs instead of the hypergraph of
intervals).



2 Proof of the Main Result

We denote by N the positive integers, by Ny the nonnegative ones.
For arbitrary numbers p,q € R we set [p] = {i € N|i < p} and

p..ql ={i e Ny |p <i<q}.

Let n,m € N. By Int([n]) = {[i..j]|1 < i < j < n} we denote the set
of intervals in [n]. A set of form [A2% + 1..(\ + 1)2*] for some A € Z is
called a canonical interval of length 28. We write Clntg([n]) for the set of
all canonical interval of length 2% that are contained in [n]. Similar as in

Beck [Bec81b], we have the following decomposition lemma.

Lemma 5. For n > 2, any interval in [n] is the disjoint union of at most
2log, n canonical intervals.

Let A and B be m xn matrices. For any S C [m] x [n] we use A(S) to denote
the sum Z(i,j)eS a;; of the entries of A in S. The distance of A and B with
respect to S is d(A, B, S) = |A(S) — B(95)].

Lemma 6. Let £ € Ny, n = 2% and A € R™ ", Then there is an A € R™"
that has integral row sums 3,1, @iy, @ € [m], and d(A A T x J) < 27tk
for all I € Int([m]), k € [0..0] and J € Clntg([n]). It can be computed in
time O(mn).

Proof. Let s; = Y 7_, a;; for all i € [m]. By Lemma 4, there are t; € Z,

i € [m], such that D(iy,iy) := Z:;l(tl — s;) has absolute value less than one
for all iy,i, € [m]. Put a;; = a;; + %(tZ — ;) for all i € [m],j € [n]. Since
> jen @iy = t; for all i € [m], A has integral row sums. Let T € Tnt([m]),

k € [0..4] and J € Clntg([n]). Then

max [
. J
d(A, AT xJ)= 7] > (t; — s;)| = £2*|D(min I, max I)| < 27¢*,
n
i=min [

The proof of Theorem 3 depends heavily on the following lemma.



Lemma 7. Let { € Ny, n = 2¢ and A € R™" such that all row sums
Zje[n} aij, © € [m], are integral. Then there is a B € Z™*"™ such that for all
I € Int([m)]), k € [0..£] and J € Clnty([n]) we have

Cakori yfk <t

>
d(A,B,IxJ)g{O if k= 0,

It can be computed in time O(mnlogn).

Proof. We use induction on ¢. For / = 0, we have n = 1 and thus A € Z"™*"
by assumption. Hence B = A proves the claim.

Let ¢ > 0 and assume the claim to be true for ¢ — 1. Let AL, AR ¢ R™*("/2)
such that A = (A" A®). Obtain A" from A’ as in Lemma 6. Set AR =
AR (A" —A"). Then both A” and A® have integral row sums. By induction,
there are B, B® ¢ Z/"*("/?) such that the pairs (A", BY) and (A%, BR) in
the roles of (A, B) both fulfill the assertion of this lemma. Put B = (BL BE).

Let I € Int([m]), k € [0..(] and J € Clntg([n]). If J = [n], then

B(IxJ) = B"(Ix[2)+B*(Ix[2+1.n])
= AMIx[2])+ AR x [2+1..n])
A(I x J)

Hence d(A, B,I x J) = 0 as claimed. If J # [n], i.e., K < £, then either
JC[5]orJC[%+1..n] In the first case, we compute

d(A,B,I xJ) = d(A" BY T xJ)
< d(A" AV T x J) +d(A", B T x J)

—2—k
< 27l+1+k+ Z 271
i=0

An analoguous argument shows the claim for .J C [§ +1..7n]. O

Proof of Theorem 3. Let A € R™™. Without loss of generality, we may
assume m > n. Let ng = 2¢ be the smallest power of two not less than n. By
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appending columns of zeroes, we obtain A" € R™*™ from A. By Lemma 6, we
compute a matrix A having integral row sums such that for all I € Int([m]),
k € [0..4] and J € Clnty([ng]) we have d(A", A, I x J) < 27“** Applying
Lemma 7 to A, we obtain a matrix B that fulfills d(4’, B, IxJ) < St Fo-i <

1=0

2 for all I € Int([m]), k € [0..4] and J € Clnty([ng]). By Lemma 5, we infer
d(A,B,I x J)=d(A",B,I x J) < 4log,n for all I € Int([m]), J € Int([n]).

References

[AKOTO03] T. Asano, N. Katoh, K. Obokata, and T. Tokuyama. Matrix

[Asa03]

[Bar75]

[BCOA]

[Bec81a]

[Bec81b)

[Bec89)]

[Boh90]

rounding under the L,-discrepancy measure and its application
to digital halftoning. STAM J. Comput., 32:1423-1435, 2003.

T. Asano. Digital halftoning: Algorithm engineering challenges.
IEICE Trans. on Inf. and Syst., E86-D:159-178, 2003.

Zs. Baranyai. On the factorization of the complete uniform hy-
pergraph. In Infinite and finite sets (Collog., Keszthely, 1973;
dedicated to P. Erdés on his 60th birthday), Vol. I, pages 91-108.
Colloq. Math. Soc. Janos Bolyai, Vol. 10. North-Holland, Ams-
terdam, 1975.

N. Brauner and Y. Crama. The maximum deviation just-in-time
scheduling problem. Discrete Appl. Math., 134:25-50, 2004.

J. Beck. Balanced two-colorings of finite sets in the square. 1.
Combinatorica, 1:327-335, 1981.

J. Beck. Roth’s estimate of the discrepancy of integer sequences
is nearly sharp. Combinatorica, 1:319-325, 1981.

J. Beck. Balanced two-colorings of finite sets in the cube. Discrete
Math., 73:13-25, 19809.

G. Bohus. On the discrepancy of 3 permutations. Random Struct.
Algorithms, 1:215-220, 1990.



[CCES5]

[DFKO]

[Doe00]

[Doe04al

[Doe04b)]

[HKL96]

[KLR*87]

[KMT75]

[LSV86]

[Mat99]

[Nie92]

B. D Causey, L. H. Cox, and L. R. Ernst. Applications of trans-
portation theory to statistical problems. Journal of the American
Statistical Association, 80:903-909, 1985.

B. Doerr, T. Friedrich, C. Klein, and R. Osbild. Rounding of se-
quences and matrices, with applications. In Proceedings of WAOA
2005. To appear.

B. Doerr. Linear and hereditary discrepancy. Combinatorics,
Probability and Computing, 9:349-354, 2000.

B. Doerr. Global roundings of sequences. Information Processing
Letters, 92:113-116, 2004.

B. Doerr. Nonindependent randomized rounding and an applica-
tion to digital halftoning. STAM Journal on Computing, 34:299—
317, 2004.

P. Hell, D. Kirkpatrick, and B. Li. Rounding in symmetric matri-
ces and undirected graphs. Discrete Appl. Math., 70:1-21, 1996.

R. M. Karp, F. T. Leighton, R. L. Rivest, C. D. Thompson,
U. V. Vazirani, and V. V. Vazirani. Global wire routing in two-
dimensional arrays. Algorithmica, 2:113-129, 1987.

J. Komlés, P. Major, and G. Tusnady. Weak convergence
and embedding. In Limit theorems of probability theory (Col-
log., Keszthely, 197/), pages 149-165. Colloq. Math. Soc. Jénos
Bolyai, Vol. 11. North-Holland, Amsterdam, 1975.

L. Lovasz, J. Spencer, and K. Vesztergombi. Discrepancies of
set-systems and matrices. Furop. J. Combin., 7:151-160, 1986.

J. Matousek. Geometric Discrepancy. Springer-Verlag, Berlin,
1999.

H. Niederreiter. Random number generation and quasi-Monte
Carlo methods, volume 63 of CBMS-NSF Regional Conference
Series in Applied Mathematics. Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 1992.



[Rag88]

[Sch72]

[Sri97]

[STTO1]

[SY93]

P. Raghavan. Probabilistic construction of deterministic algo-
rithms: Approximating packing integer programs. J. Comput.
Syst. Seci., 37:130-143, 1988.

W. M. Schmidt. On irregularities of distribution VII. Acta Arith.,
21:45-50, 1972.

A. Srinivasan. Improving the discrepancy bound for sparse matri-
ces: better approximations for sparse lattice approximation prob-
lems. In Proceedings of the Eighth Annual ACM-SIAM Sympo-
sium on Discrete Algorithms (SODA ), pages 692-701, New York,
1997. ACM.

K. Sadakane, N. Takki-Chebihi, and T. Tokuyama. Combina-
torics and algorithms on low-discrepancy roundings of a real se-
quence. In ICALP 2001, volume 2076 of Lecture Notes in Com-
puter Science, pages 166-177, Berlin Heidelberg, 2001. Springer-
Verlag.

G. Steiner and S. Yeomans. Level schedules for mixed-model,
just-in-time processes. Management Science, 39:728—-735, 1993.

10



