
Matrix Approximation and Tusn�ady's ProblemBenjamin Doerr�November 11, 2005Abstra
tWe 
onsider the problem of approximating a given matrix by aninteger one su
h that in all geometri
 submatri
es the sum of theentries does not 
hange by mu
h. We show that for all integers m;n �2 and real matri
es A 2 Rm�n there is an integer matrix B 2 Zm�nsu
h that ����Xi2I Xj2J(aij � bij)���� < 4 log2(minfm;ng)holds for all intervals I � [m℄, J � [n℄. Su
h a matrix 
an be 
omputedin time O(mn log(minfm;ng)). The result remains true, if we add therequirement jaij � bij j < 2 for all i 2 [m℄; j 2 [n℄. This is surprising,as the slightly stronger requirement jaij � bijj < 1 makes the problemequivalent to Tusn�ady's problem.1 Introdu
tion and Results1.1 Matrix Rounding ProblemsWe 
onsider the problem of approximating a given matrix by an integer onesu
h that a parti
ular error measure is small. Su
h matrix rounding andapproximation problems have a ri
h history and found several appli
ations.�Max{Plan
k{Institut f�ur Informatik, Saarbr�u
ken, Germany.1



Baranyai [Bar75℄ showed that any matrix 
an be rounded to an integer onein su
h a way that the errors in all rows, all 
olumns and the whole matrixare less than one. He used this \integer making lemma" to prove severaldeep partitioning theorems for 
omplete uniform hypergraphs, among themthe pre
ise estimate of its 
hromati
 index. Independently, Causey, Cox andErnst [CCE85℄ proved the same rounding result and applied it to severalproblems in statisti
s. Further appli
ations and results in this dire
tion 
anbe found in [SY93, BC04, HKL96, DFKO℄.Raghavan [Rag88℄, Karp, Leighton, Rivest, Thompson, Vazirani and Vazi-rani [KLR+87℄ and other authors use matrix rounding algorithms to solveVLSI routing problems. Asano, Katoh, Obokata and Tokuyama [AKOT03℄(see also [Asa03℄) relate the digital halftoning problem to a matrix roundingproblem. They suggest that if the average error in suitable regions is small,then the image represented by the rounded matrix is a high quality halftoningof the grey-s
ale image represented by the input matrix. In this 
ontext, theproblem of rounding with small average error in all 2�2 geometri
 (
ontigu-ous) submatri
es is investigated. A re
ent improvement of these roundingresults 
an be found in [Doe04b℄.In this paper, we are 
on
erned with the errors in all geometri
 submatri
es.Throughout the paper let m;n � 2 be integers. For m � n matri
es A andB let d(A;B) = maxI;J ����Xi2I Xj2J (aij � bij)����;where I � [m℄ := f1; : : : ; mg and J � [n℄ are intervals. We say that B is arounding of A, if bij 2 fbaij
 ; daijeg for all i 2 [m℄, j 2 [n℄. In other words,B is integral and jaij � bijj < 1 holds for all i 2 [m℄, j 2 [n℄.The matrix rounding problem is, given A 2 Rm�n , to �nd a rounding B ofA that minimizes d(A;B). Denote by rm;n the smallest r 2 R su
h thatfor any A 2 Rm�n a rounding B exists with d(A;B) � r. This matrixrounding problem is equally hard as a famous problem from 
omputationalgeometry known as Tusn�ady's Problem. We brie
y state the problem andthe 
onne
tion between the two.
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1.2 Tusn�ady's ProblemTusn�ady's Problem is to 
olor a �nite 
olle
tion of points in the plain with two
olors in su
h a way that in ea
h re
tangle the number of red points deviatesnot too mu
h from the one of blue points. More pre
ise, let P � R2 be �niteand � : P ! f�1; 1g. For a re
tangle R � R2 let �(R) = Pp2P\R �(p)denote the di�eren
e of (+1){
olored points to (�1){
olored points in R.The dis
repan
y of � is T (P; �) = maxR j�(R)j, where the maximum is takenover all re
tangles R in the plain. The dis
repan
y T (P ) is the minimumT (P; �) among all 
olorings � : P ! f�1; 1g. By tn we denote the maximumdis
repan
y among all n{point sets in the plain. In other words, tn is thesmallest number su
h that any n{points 
an be two-
olored in a way that inno re
tangle the number of points in one 
olor ex
eeds the one in the other bymore than tn. Note that this 
ombinatorial dis
repan
y is to be distinguishedfrom geometri
 dis
repan
ies of point sets and their appli
ation in numeri
alintegration (see e.g. Matou�sek [Mat99℄ or Niederreiter [Nie92℄).Tusn�ady's problem has a ri
h history. With the fo
us on extending re-sults of Koml�os, Major and Tusn�ady [KMT75℄, G�abor Tusn�ady askedif tn 
an be bounded by a 
onstant independent of n. Be
k [Be
81a℄was the �rst to disprove this by showing a non-
onstant lower bound of
(logn) for tn via a redu
tion to geometri
 dis
repan
ies and S
hmidt'slower bound [S
h72℄. In the same paper, he gave an O(log4 n) upperbound, whi
h he improved to O(log3:5+") in [Be
89℄. Bohus [Boh90℄ derivedan O(log3 n) bound from his bound on the k permutation problem. Ma-tou�sek [Mat99℄ proved O(log2:5 nplog logn) by a 
lever appli
ation of Be
k'spartial 
oloring method. The 
urrent best upper bound of O(log2:5 n) dueto Srinivasan [Sri97℄ is obtained via the so-
alled entropy method (
f. Ma-tousek [Mat99℄). Note that only Be
k's �rst-mentioned and Bohus' resultsare 
onstru
tive.The following 
onne
tion between the matrix rounding problem andTusn�ady's problem was used without proof in [AKOT03℄, so for reasons of
ompleteness we give a short proof.Theorem 1. For all m;n 2 N, m � n, we have 12 tn � rm;n � tmn.Proof. Let P � R2 , jP j = n. Note that T (P ) is invariant under stri
tlymonotone transformations in the 
oordinates: Let �; � : R ! R be stri
tly3



monotone mappings and � : R2 ! R2 ; (x; y) 7! (�(x); �(y)). Then T (P ) =T (�(P )), as T (P; �) = T (�(P ); � Æ ��1) for all � : P ! f�1; 1g. Thus wemay assume that P � [n℄� [n℄.Let A 2 f0; 12gm�n su
h that aij = 12 if and only if (i; j) 2 P . Let B bean optimal rounding of A. Let � : P ! f�1; 1g su
h that �((i; j)) = �1,if bij = 0, and �((i; j)) = 1, if bij = 1, for all (i; j) 2 P . Now for anyre
tangle R, we haveXp2P\R�(p) = 2 X(i;j)2P\R(bij � aij) = 2 X(i;j)2R\[m℄�[n℄(bij � aij):Hen
e T (P ) � d(A;B) � rm;n.To prove the se
ond inequality, we use the result of Lov�asz, Spen
er andVesztergombi [LSV86℄ stating that the hereditary linear dis
repan
y of ahypergraph is at most twi
e its hereditary dis
repan
y (the fa
tor of 2 
anbe repla
ed by 2(1� 12m), 
f. [Doe00℄, but we shall not need this). Sin
e rmnis nothing else than the hereditary linear dis
repan
y of the hypergraph ofre
tangles in [m℄� [n℄, we havermn � 2 maxA2f0; 12 gm�nminB d(A;B);where B runs over all roundings of A. Let A 2 f0; 12gm�n. Put P = f(i; j) 2[m℄ � [n℄ j aij = 12g. Let � : P ! f�1; 1g su
h that T (P; �) � tjP j � tmn.De�ne B 2 f0; 1gm�n through bij = 1 if and only if (i; j) 2 P and �((i; j)) =�1. Then for all intervals I � [m℄ and J � [n℄, we 
ompute����Xi2I Xj2J (aij � bij)���� = ���� 12 X(i;j)2P\(I�J)�((i; j))���� � 12T (P; �):Hen
e d(A;B) � 12tmn. We 
on
lude rm;n � tmn.Corollary 2. For m � n, rm;n = 
(logn);rm;n = O(log2:5m):4



1.3 Our ResultsThe result presented in this paper is that we do get an upper bound ofO(logn) if we do not require B to be a rounding of A.Theorem 3. Let m;n � 2 be integers. Then for all real matri
es A 2 Rm�nthere is an integer matrix B 2 Zm�n su
h thatd(A;B) < 4 log2(minfm;ng):Su
h a matrix 
an be 
omputed in time O(mn log(minfm;ng)). The resultremains true, if we add the requirement jaij� bij j < 2 for all i 2 [m℄, j 2 [n℄.Our result has an interesting impli
ation: Either, the rounding restri
tionjaij � bijj < 1 makes the matrix approximation problem signi�
antly harder,or both Tusn�ady's problem and the matrix rounding problem 
an be solvedwith error O(logn). We believe the latter to be more likely.Sin
e we do not even have a non-
onstant lower bound, we did not try tooptimize the 
onstant in Theorem 3. Indeed, there is room for improvements,e.g., by writing arbitrary intervals not only as disjoint unions of 
anoni
alintervals, but also allowing di�eren
es in Lemma 5.Note that the one-dimensional version of our problem is elementary. A simplegreedy algorithm, sometimes 
alled 1D error di�usion, yields the followingresult.Lemma 4. Let a1; : : : ; am 2 R. Then there are b1; : : : ; bm 2 Z su
h thatjPi2i=i1(ai � bi)j < 1 holds for all 1 � i1 � i2 � m. They 
an be 
omputed intime O(m).In fa
t, mu
h more about this problem is known, e.g., the number ofsu
h roundings and how to 
ompute an optimal one in time O(m logm),see [STT01, Doe04a℄. The novel 
ontribution of this paper is to 
ombineLemma 4 su

essfully with 
lassi
al ideas like the de
omposition into 
anoni-
al intervals. In fa
t, our approa
h works for any set of regions of type I�J ,where J is an interval and I is a hyperedge of a totally unimodular hyper-graph (note that Lemma 4 apart from the 
omputational statement holdsfor arbitrary totally unimodular hypergraphs instead of the hypergraph ofintervals). 5



2 Proof of the Main ResultWe denote by N the positive integers, by N0 the nonnegative ones.For arbitrary numbers p; q 2 R we set [p℄ = fi 2 N j i � pg and[p::q℄ = fi 2 N0 j p � i � qg.Let n;m 2 N . By Int([n℄) = f[i::j℄ j 1 � i � j � ng we denote the setof intervals in [n℄. A set of form [�2k + 1 :: (� + 1)2k℄ for some � 2 Z is
alled a 
anoni
al interval of length 2k. We write CIntk([n℄) for the set ofall 
anoni
al interval of length 2k that are 
ontained in [n℄. Similar as inBe
k [Be
81b℄, we have the following de
omposition lemma.Lemma 5. For n � 2, any interval in [n℄ is the disjoint union of at most2 log2 n 
anoni
al intervals.Let A and B be m�n matri
es. For any S � [m℄� [n℄ we use A(S) to denotethe sum P(i;j)2S aij of the entries of A in S. The distan
e of A and B withrespe
t to S is d(A;B; S) = jA(S)� B(S)j.Lemma 6. Let ` 2 N0 , n = 2` and A 2 Rm�n . Then there is an ~A 2 Rm�nthat has integral row sums Pj2[n℄ ~aij, i 2 [m℄, and d(A; ~A; I � J) < 2�`+kfor all I 2 Int([m℄), k 2 [0::`℄ and J 2 CIntk([n℄). It 
an be 
omputed intime O(mn).Proof. Let si = Pnj=1 aij for all i 2 [m℄. By Lemma 4, there are ti 2 Z,i 2 [m℄, su
h that D(i1; i2) :=Pi2i=i1(ti� si) has absolute value less than onefor all i1; i2 2 [m℄. Put ~aij = aij + 1n(ti � si) for all i 2 [m℄; j 2 [n℄. Sin
ePj2[n℄ ~aij = ti for all i 2 [m℄, ~A has integral row sums. Let I 2 Int([m℄),k 2 [0::`℄ and J 2 CIntk([n℄). Thend(A; ~A; I � J) = ���� jJ jn max IXi=min I(ti � si)���� = 1n2kjD(min I;max I)j < 2�`+k:
The proof of Theorem 3 depends heavily on the following lemma.6



Lemma 7. Let ` 2 N0 , n = 2` and A 2 Rm�n su
h that all row sumsPj2[n℄ aij, i 2 [m℄, are integral. Then there is a B 2 Zm�n su
h that for allI 2 Int([m℄), k 2 [0::`℄ and J 2 CIntk([n℄) we haved(A;B; I � J) � � P`�1�ki=0 2�i if k < `0 if k = `.It 
an be 
omputed in time O(mn logn).Proof. We use indu
tion on `. For ` = 0, we have n = 1 and thus A 2 Zm�nby assumption. Hen
e B = A proves the 
laim.Let ` > 0 and assume the 
laim to be true for `� 1. Let AL; AR 2 Rm�(n=2)su
h that A = (ALAR). Obtain ~AL from AL as in Lemma 6. Set ~AR =AR�( ~AL�AL). Then both ~AL and ~AR have integral row sums. By indu
tion,there are BL; BR 2 Zm�(n=2) su
h that the pairs ( ~AL; BL) and ( ~AR; BR) inthe roles of (A;B) both ful�ll the assertion of this lemma. Put B = (BLBR).Let I 2 Int([m℄), k 2 [0::`℄ and J 2 CIntk([n℄). If J = [n℄, thenB(I � J) = BL(I � [n2 ℄) +BR(I � [n2 + 1 :: n℄)= ~AL(I � [n2 ℄) + ~AR(I � [n2 + 1 :: n℄)= A(I � J):Hen
e d(A;B; I � J) = 0 as 
laimed. If J 6= [n℄, i.e., k < `, then eitherJ � [n2 ℄ or J � [n2 + 1 :: n℄. In the �rst 
ase, we 
omputed(A;B; I � J) = d(AL; BL; I � J)� d(AL; ~AL; I � J) + d( ~AL; BL; I � J)< 2�`+1+k + `�2�kXi=0 2�i= `�1�kXi=0 2�i:An analoguous argument shows the 
laim for J � [n2 + 1 :: n℄.Proof of Theorem 3. Let A 2 Rm�n . Without loss of generality, we mayassume m � n. Let n0 = 2` be the smallest power of two not less than n. By7
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