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Let m,n be non-negative integers. We write [n] = {i € N|i < n}. Let
A and B be real-valued m x n matrices.
bi; € {laij] ,[ai;]} for alli € [m], j € [n]. For R C [m] x [n] let d(A, B, R) =
> jyer@ij —bij). Aset {i,1+1} x{j,j+1} for some i € [m—1], j € [n—1]
shall be called a 2 x 2 boz. Denote by R the set of all 2 x 2 boxes and put

In the context of an image processing application (digital halftoning), Asano,
Matsui and Tokuyama [AMTO00] proved that for any A there is a rounding
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Abstract

We show that any real valued matrix A can be rounded to an
integer one B such that the error in all 2 x 2 (geometric) submatrices
is less than 1.5, that is, we have |a;; — b;j| < 1 and |Z§:;11 %I;(akg -
bkg)| < 1.5 for all 1,].
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We call B a rounding of A if



B such that d(A, B) < 1.75. This was improved to a bound of 5/3 by Asano
and Tokuyama [ATO01]. Both proofs are relatively complicated and involve
difficult case distinctions.

The object of this note is to give a short proof of an upper bound of 1.5, and
a slightly longer one showing that this bound is never attained.

Theorem 1. For any A € R™™ there is a rounding B € Z™*™ such that
d(A,B) < 1.5.

We note that there is a lower bound of 1 stemming from an odd cycle ar-
gument (cf. the two papers cited above and the example at the end of this

paper).

2 Proof of the Bound d(A, B) < 1.5

We start with two elementary lemmas.

Lemma 2. Let m,n € N. Let £ be a set of subsets of [m] x [n] such that

(i) |E| =3 forall E € &,

(i1) for each E € & there is an i € [m| (which shall be denoted by i(E))
such that E C {i} x [n],

(iii) for each two Ey, Ey € € such that i := i(Ey) = i(Fs), we have e; < eg
for all (i,e1) € Ey, (i,e3) € Ea, or ey > ey for all (i,e;) € Fy, (i,e3) €
Es. We write E1 < Es in the first case, and Ey > FEy in the second.

Then there is a T C [m] x [n]| such that [T N E| =1 for all E € € and such
that for all (s1,s2), (t1,t2) € T we have sy # to whenever |s; —t1| = 1.

Proof. We use induction on |£|. For || = 0, there is nothing to show.
Hence let us assume that |£] > 1 and that the assertion of the lemma is
true for smaller set systems. Let E* € £ have least extension to the right,



ie, max{j|(i(E*),7) € E*} < max{j|(i(E),j) € E} for all E € £. Let
i = i(E*).

Let T be as assured by the lemma with respect to the set system &\ {£*}.
By construction, there is at most one set E € £ in each of the rows i* — 1 and
i* + 1 such that {j | (i(E),j) € E} intersects {j| (:*,7) € E*} non-trivially.
Since T has exactly one vertex in these (at most) two sets and |E*| = 3,
there is a j € [n] such that (¢* —1,5) ¢ T, (i* + 1,j) ¢ T and (i*,j) € E*.
Thus T'U {(:*, j)} satisfies the claim. O

Lemma 3. Let n € N. Let ay,a, € {0,1} and as,... ,a,—1 € {3,2}. Then

(i) there are by, ... b, € {0,1} such that by = aq, b, = a, and |b; — a; +
bit1 — aip1| < 3 foralli € [n—1],

(ii) or there are three distinct numbers 2V, 2 24 € [n — 1] and for each
k € [3] there are bgk), o ,b%k) € {0,1} such that bgk) = ay, o = a,
and for all i € [n— 1]\ {2®} we have [B¥ — a; + bgi)l —ai1] < 3,

(k) (k) _2
whereas |ba;<k) -,k + b$(k)+1 — Q04| = 3

Proof. Assume that (i) does not hold. Then there is a j € {2,... ,n — 2}

such that a; = a;1, as otherwise putting b, = [ai + %J satisfies (i). Choose j

minimal subject to these conditions. For all k € [3], let b = q; and
b = a,. Foralli € {2,... ,n—1}let b = 0, if i is even, and 8" = 1, if  is
odd. Put bl@) = 1—b£1). Then for exactly one k € [2], [0 —ay+b%) —ay| = 2,
and for exactly one ¢ € [2], b, — a,_; + b — a,| = 2. We have k # ¢,
as otherwise one of the two roundings satisfies (i). By construction, we have

67— a; + b — a;a| < L for all other (k,i) € [2] x [n — 1].

Now define (bf”) as follows: Fori < j+1, let b§3) = |a; + 3| be a rounding of
a;. Forie {j+2,...,n—2}, let b§3) =1- bz@1 be defined inductively. Note
that |b7(§_)1 — b — an| = 3, as otherwise replacing bf” by 1— b§3) for all
i > 7+ 1 would satisfy (i) again. Hence we have |b§3) —a; + bfi)l —aip] < 3
for all i € [n — 1]\ {j} and \bg»?’) —a; + bg-i)l — aj41] = 3. This proves the
claim. O



The heart of the proof is the following lemma concerning roundings of ma-
trices with entries in {0, 3 3, 1}.

Lemma 4. For any Ae{o,t
such that d(A, B) <

.5, 5,1} there is a rounding B € {0,1}™*"

Proof. Let A € {0, % 313 2 1}™". We briefly sketch the main idea. The rows
of A are almost treated separately. Each row consists of strings of 38 and 2 s
separated by zeroes and ones. All zeroes and ones shall be unchanged in B.
For the intermediate strings of % and %, Lemma 3 yields a rounding with error
at most = in each two consecutive entries except for possibly one location,
where an error of % cannot be avoided. Should this occur, however, we may
choose this location out of at least three different possibilities. Invoking
Lemma 2, we shall round the rows in such a way that this large error never
occurs at the same location of two adjacent rows. Thus each 2 x 2 box
contains at most one error of % in one of its (two) rows, leading to a total
error of at most 1 in the box.

Let us be precise. Without loss of generality, we may assume that a;; = a;,, =
0 for all ¢ € [m]. A non-integral string in Aisaset S = {i} x {j1,...,752} C
[m] x [n] such that j, > j;+2 and for all (7, j) € S, a;; is integral if and only if
J € {j1,j2}. Write i(S) := ¢ for this unique row i. For each such non-integral

string S, apply Lemma 3 to the sequence a;j,, ... ,a;j,. If there is a rounding

of this sequence with all errors in two consecutive elements being at most %

(option (i) in the lemma), then choose by, ... ,b;;, accordingly. Otherwise

there are three sequences b@(ﬁs feen ,blfzs) k € [3], together with distinct

a5 228) 4GS e L4, .. jy — 1} such that |b (k5) _ ai; + byzfl a”+1| <
. . ns

% for all 5 € {j1,...,752 — 1} \ {z®9} and \b( sy — Qiplh,s) + bm<k5)+1 —

;8 11| = % Denote by S the set of non-integral strings where option (i)
in Lemma 3 is not satisfied.

Let & = {{i(9)} x {z1%), 229 3991 |S € S}. Let T be as in Lemma 2.
For each S = {i} x {j1,... ,j2} € S put (byj,,... ,bij,) = (bg.“f), . ,bg-zs)),
where k is such that (i(S),z*%)) € T.

Finally, put b;; = a;; for all remaining 4, j. Let R = {i,i+ 1} x {j, 7+ 1} be
a box. If |b; —a;; + b1 — aijp1]| > %, then (i,7) € T. Since in this case



(i+1,7) ¢ T, we have [biy1; — aiy1+bis1,j41 — @ig1,j4+1| < 5 by construction.
Hence |d(A, B, R)| < 1. O

The proof of the weaker bound now follows easily from regarding the ternary
expansion of A and rounding “digit by digit” in a similar manner as in
Beck and Spencer [BS84] (there done with binary expansions). We say that
a matrix A € [0,1]™*"™ has ternary length ¢ for some ¢ € N, if there are
Ai, .. Are{0,5, 3,1} such that A = S 37 A, and Ay # 0. Tt has
ternary length zero, if it is binary.

Proof of the bound d(A, B) < 1.5. Ignoring the integral parts of A, we may
assume that A € [0,1]"*" and thus have to show the existence of a binary
B such that d(A, B) < 1.5 and b;; = a;; whenever a;; is integral. Assume
that A has a finite ternary expansion of length ¢. Let A, € {0, %, %, L prmxm
such that A — 371 A, has ternary length less than ¢. Let B, be a rounding
of A, as in Lemma 4. Then A = A — 37“*1(A, — By) has ternary length
less than ¢ and d(A, A) = 37%"'d(A,, B;) < 37*'. Hence an easy induc-
tion yields a binary B such that d(A, B) < Zf;é 37" < 1.5. Note that
by Lemma 4 we also have b;; = a;; whenever a;; is integral. Density of
the set of all matrices having finite ternary expansion and the fact that
A" — min{d(A’, B) | B is a rounding of A} is continuous in A, yield the claim
for arbitrary A. O

Our result above can be extended to infinite matrices as well. The easiest
way to do so involves the “compactness principle”. Alternatively, one can
extend Lemma 2 and 4 in a suitable way to obtain a sequence of matrices of
increasing size that contain earlier members of the sequence and that all are
roundings with error at most 1.5 of the corresponding parts of A.



We may add that the analysis of Lemma 4 is sharp, even if we omit the
rounding requirement. Let

O OO OO OO oo
O OO OO oo oo
O O Owhwi—win O O
O Owikr O Owim O O
O Owivw O Owhnw O O
O O Owrwi— O O O
O O O Ow—OoO O O
OO O Ow—OoO O O
O O Owrwi— O O O
O Owivw © Owhn O O
O Owikr O Owi= O O
O O Owhwi—win O O
O OO DO OO oo
O OO OO oo oo

Then d(A,B) > 1 holds for all integral B: If not, then b;; = 0 whenever
a;; = 0, as all zeros of A are contained in a 2 x 2 box containing zeroes only.
Thus, in the circle of %s and %s in column 3 to 6, all %s have to become zeroes
in B and all %s ones. The same holds in the circle in the right half of the
matrix. Now any choice of values for the remaining two entries generates a

2 x 2 box R with |d(A, B, R)| > 1.

This example shows again the lower bound of 1 for the matrix rounding prob-
lem, and also that an improvement of Lemma 4 (which would immediately
show an upper bound of 1 for the general case) is not possible.

3 Improvement to Strictly Less Than 1.5

In this section, we show how to extend the proof of the previous section to
obtain a bound of strictly less than 1.5. Since we are only able to show
1.5 — exp(—O(mn)), we decided not to spoil the proof above, but to do this
in a separate section.

The key idea is to make sure that for each box R not all {0, 3, 2,1} inter-
mediate roundings have the same error d(A, B, R) of —1 or 1. To this end,
we modify Lemma 4 to ensure that a particular box R does not get a par-
ticular error ¢ € {—1,1}, i.e., that d(A, B, R) # . We start with a slight
enhancement of Lemma 2 stating that we may exclude an arbitrary point
from possibly being in the transversal.
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Lemma 5. In the situation of Lemma 2, for all x € [m] x [n], there is a
T C (Im] x [n]) \ {z} such that |T N E| =1 for all E € £ and such that for
all (s1,89), (t1,t2) € T we have sy # to whenever |s; — t1| = 1.

Proof. The proof is along the lines of the proof of Lemma 2. In the inductive
step, if x ¢ E*, we face no problems. Hence the only difficulty occurs if
we have x € F for all E € £ that have least extension to the left and (by
symmetry) all £ € £ that have least extension to the right. In this case,
x is contained in some E € £ that is both the unique set in £ having least
extension to the left and the unique set in £ having least extension to the
right. However, if such a set exists, each row {i} X [n] contains at most one
set of £, in which case it is trivial to find a T" as desired. O
Lemma 6. Let A € {0, %, %, 1} R € R and e € {—1,1}. Then there is

a rounding B of A such that d(A, B) <1 and d(A, B, R) # ¢.

Proof. Let T and B be as in the proof of Lemma 4. Assume that d(A, B, R) =
e. Let R = {i,i+1} x {j,7 + 1}. By symmetry, assume that b;; — a;; +
bi7]‘+1—ai7j+1 = 6% and bi+17j_a'i+1,j+bi+1,j+1_a'i—l—l,j—i-l = 5%. Then (Z,j) eT.
Apply Lemma 5 with = (4, j) to obtain 7”. Use 7" to construct B’ as in
the proof of Lemma 4. It remains to show that d(A, B',R) # . Since
Lemma 3 yields only two possible values for b;; — a;; + b} ., — a; ;41 and
|b; — ai; + b} ;1 — ai 1| = 3 is not possible due to (i,7) ¢ 7", we conclude
b;.j—aij—kb;’jﬂ—ai?jﬂ = —5%. AISO, we have bg—&-l,j_ai+17j+b;+1,j+1_ai+17j+1 c
{e, —2}. Hence d(A, B, R) € {0, —¢}. O

Now it is easy to prove the stronger version of the theorem.

Proof. Let M = 2(m — 1)(n — 1). Let (Ry,e1),...,(Run,enm) be an enu-
meration of R x {—1,1}. For sake of notational convenience, let (R;,¢;) €
R x {—1,1} be arbitrary for i > M. Let AY := A € [0,1]™" have fi-
nite ternary expansion of length ¢. Inductively, we define a sequence A® €
[0,1]™" 4 = ¢ —1,...,0 such that A® has ternary length at most 4,
d(ATD AD) < 377 and d(ATY, AD R, 1) # £;4137". Assume that AG+D
is already defined. Let A;; be a {0, %, %, 1} matrix such that AT —3714,,,
has ternary length at most i. Apply Lemma 6 on A;y 1, R;i1, ;41 to obtain
a rounding B;,,. Put A® = ACD _371(A, ., — B;,1). Now A® has the



desired properties. In particular, A € {0,1}™*". We compute d(A®) A®).
Let R € R. Let j € [M] such that R = R; and ¢; = 1. Then

-1
15— d(AY A9 R) > 15— 374137 > 37,

1=0

Similarly, d(A®, A® R) — 1.5 < —37* where k € [M] is such that R = Ry
and €, = —1. Hence d(A®), A®) <15 -3~ M, O

We did not try to optimize the 37 term. A closer inspection of Lemma 4
shows that a positive fraction (say «|R]) of all boxes do not have an error
d(A,B,R) € {—1,1}. Hence we can use Lemma 4 up to the definition of
A=2)RD and then use Lemma 6 only in the last (1—a)|R| rounds to ensure
that the at most (1—a)|R| boxes R such that d(A((1=)IRFDA(A=)IRD R ¢
{—1,1} do not get this same error in all remaining rounds.
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