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21.1 Basic De�nitions of Multi{Color DiscrepancyLet H = (V; E) denote a �nite hypergraph, i. e. V is a �nite set and E � 2V .A c{coloring of H is a mapping � : X !M , where M is any set of cardinalityc. For convenience, we may take M = [c] := f1; : : : ; cg. Sometimes | as wewill see in this paper | a di�erent set M will be of advantage. We de�ne thediscrepancy of an edge E 2 E for color i 2M with respect to � bydisc�;i(E) := ����jE \ ��1(i)j � jEjc ���� :This measures the deviation of the number of i{colored points in X from theaverage jEjc . The discrepancy of H with respect to � isdisc(H; �) := maxi2M;E2E disc�;i(E);and the discrepancy of H in c colors is de�ned bydisc(H; c) := min�:X![c] disc(H; �): (1)For a de�nition of multi{color discrepancy of a matrix, the representation ofthe colors by suitable vectors is useful. For a color i 2 [c] let m(i) 2 IRc be avector with components de�ned bym(i)j := � c�1c if i = j�1c otherwise ;for j = 1; : : : ; c. Put Mc := fm(i)ji 2 [c]g. For a c{coloring � : X ! Mc wede�ne disc(H; �) = maxE2E 




Xx2E �(x)




1 ;and disc(H; c) := min�:X!Mc disc(H; �): (2)It is straightforward to see that the de�nitions in (1) and (2) are equivalent.Let A be the incidence matrix of H and let A be the matrix which resultsfrom replacing every aij in A by aijIc, where Ic denotes the unit matrix ofdimension c. By identifying a � : X ! Mc with a cjXj{dimensional vector inthe natural way, we get disc(H; c) = min�:X!Mc 

A�

1 :This motivates the matrix notion of multi{color discrepancy for arbitrary ma-trices A 2 Rm�n: disc(A; c) = min�:[n]!Mc 

A�

1 :



3Let Mc be the the convex hull of Mc in IRc. For p 2M c set p : X ! Rc;x 7! p.We de�ne the weighted discrepancy of H with weight p bywd(H; c; p) := min�:X!Mc 

A(p� �)

1 �= min�:X!Mc maxj2[c];E2E ��jE \ ��1(j)j � pjjEj���and the weighted discrepancy of H bywd(H; c) := maxp2Mc wd(H; c; p):There is an equivalent way to de�ne weighted discrepancy which puts moreemphasis on the aspect of weights: Denote by Ec the standard basis of Rc andby Ec its convex hull, that is all p 2 [0; 1]c such that kpk1 = 1. We havewd(H; c) = maxp2Ec min�:X!Ec 

A(p� �)

1 :We de�ne the linear discrepancy of a matrix A 2 Rm�n in c colors bylindisc(A; c) := maxp:[n]!M c min�:[n]!Mc 

A(p � �)

1 :The linear discrepancy of a hypergraph is of course the linear discrepancy of itsincidence matrix. Let us write A0 � A to indicate that the matrix A0 consistsof some columns of the matrix A. For hypergraphs we write H0 � H if H0 is aninduced subgraph of H. Finally, the hereditary discrepancy in c colors is de�nedby herdisc(H; c) := minH0�H disc(H0; c):Replace H by A for the matrix version. It is easy to show that the di�erent no-tions of c{color discrepancy in the case c = 2 are identical with the usual notionsof discrepancy (cf. the survey of Beck and S�os [BS�o]) up to the constant factorof 1=2. When citing 2{color results we will use the conventional notation (whichhas no parameter c in it, e. g. herdisc(H), so there is no danger of confusion).1.2 ResultsIn this paper we give two methods for approximating the discrepancy in c colors,a recursive approach and the extension of the 
oating{color technique to multi{colorings. The recursive approach uses 2{color discrepancy theory. It turns outthat under some not too strong assumptions we have an upper bound for thediscrepancy in any number of colors that is roughly twice the bound for 2 colors.We show disc(H; c) � 2:0005�(H)1 (Beck{Fiala theorem for c colors), provedisc(H; c) � 12pn for jV j = jEj = n (Spencer's bound generalized to c colors)1 �(H) is the degree of the hypergraph.



4and derive bounds for c{color discrepancy of hypergraphs with bounded V C{dimension extending theorems of Matou�sek, Welzl and Wernisch [MWW].We give an example which shows the limit of the recursive approach: Thereare hypergraphs having 2{discrepancy zero, but arbitrarily large c{discrepancyeven if c is a power of 2. Furthermore, the recursive method does not apply to thestronger linear discrepancy version of the Beck{Fiala theorem. For this situationand in the setting of the Barany{Grunberg theorem we present an approximationalgorithmusing vector{colorings and an extension of the 
oating{color techniqueto multi{colorings.2 Recursive ColoringAs a warming up exercise let us �x the bound for discrepancy in c colors by thebasic probabilistic method.Theorem 1. Let H = (V; E) be any hypergraph. Set m := jEj and s = maxE2E jEj.Then disc(H; c) �q12s ln(2mc). With probability greater than 12 we can �nd ac{coloring � with discrepancy at most q12s ln(4mc) (this leads to a randomizedalgorithm with arbitrarily small error probability).Proof. De�ne a random c{coloring � by independently picking a random coloruniformly distributed from [c] for every vertex v 2 V . De�ne random variablesXi;v by Xi;v := � c�1c if �(v) = i�1c elsefor all v 2 V , i 2 [c]. For �xed i these are independent random variables. SetXi;E := Pv2E Xi;v for all E 2 E , i 2 [c]. From [ASE, Theorem A.4] we knowP (jXi;Ej > �) < 2e�2�2=jEj for all real � > 0. With � =q12s ln(2mc) it is easyto see that the random coloring � ful�lls disc(H; �) � q12s ln(2mc) with non{zero probability. Choosing � =q12s ln(4mc) we get this probability below 12 .For 2{colors we get disc(H) �p2s ln(4m), while the best bound in the classi-cal approach is disc(H) �p2s ln(2m). Note that with the method of conditionalprobabilities the existence result of Theorem 1 can be derandomized.The basic idea of recursive coloring is to �nd a suitable 2{coloring of Xwith color classes X1; X2 and then to iterate this process on the subhypergraphsinduced by X1 and X2. If the 2{color discrepancy of all induced subhypergraphsis uniformly bounded, such a recursive method can be analyzed, even for n nota power of 2. This will lead to a generalization of the six{standard{deviationtheorem of Spencer, the discrepancy bound of Beck{Fiala and the bound usingthe primal and dual shatter function of Matou�sek, Welzl and Wernisch. At theend of this section we will show the limits of the recursive approach. For example,



5for the linear discrepancy in c{colors recursive methods fail, and we need othermethods, which will be introduced in the next section.The following lemma analyses a single step in the recursion.Lemma 1. Let C be a set of colors with c = jCj and let C1; C2 be a partitionof C. Let p be a weight of C, i. e. p 2 [0; 1]c such that kpk1 = 1. Denote bypjCj the vector taking the components of p with indices corresponding to thecolors in the set Cj, and set qj = kpjCjk1, j 2 [2]. Let �0 be a 2{coloring ofX, set X1 := ��10 (1), X2 := ��10 (�1). Let �j : Xj ! Cj be any colorings. Set� := �1[�2. For all E 2 E , j 2 [2] and i 2 Cj the discrepancy of E with respectto the color i, the coloring � and the weight p is��jE \ ��1(i)j � pijEj�� � piqj jjE \Xj j � qjjEjj+���jE \Xj \ ��1j (i)j � piqj jE \Xj j��� :In particular wd(H; c; p) � piqj wd(H; 2; (q1; q2))+maxH0�Hwd(H0; jCjj; 1qj pjCj ):The proof is straightforward and will appear in the full version. We now inves-tigate the case where we all induced subgraphs have a common bound on theweighted discrepancy in two colors. This is an important case for two reasons:Firstly, the proof of some results on two{color discrepancy actually gives an in-formation about the weighted discrepancy of the induces subgraphs (e. g. in theBeck{Fiala setting). Secondly, the linear discrepancy (and thus also the weighteddiscrepancies of all subgraphs, note wd(H; c) � 12 lindisc(H)) are bounded by thehereditary discrepancy: From [BSp,LSV] we know lindisc(H) � 2 herdisc(H) (fora recent improvement see also [D]).We represent the iterated partitioning of C by a binary tree. We call a binarytree T = (VT ; ET ) a partition tree for C, if the following conditions are satis�ed:the nodes are subsets of C, the root is C, all leaves are singletons of C and thetwo son nodes form a partition of their common father node. For every colori 2 C there is a unique path of type C = C(i)0 � C(i)1 � : : : � C(i)k(i) = fig in thepartition tree.Theorem 2. Let wd(H0; 2) � K for all induced subgraphs H0 of H. Let C be aset of colors with c = jCj and let p be a weight of C, i. e. p 2 [0; 1]c such thatPci=1 pi = 1. Let T = (VT ; ET ) be a partition tree of C. Then there is a coloring� : X ! C such that for all colors i 2 C and all E 2 E we have��jE \ ��1(i)j � pijEj�� � pi k(i)Xl=1 1kpjC(i)l k1K:Proof. By induction on the height of T . For h(T ) = 0 we have just one color andboth sides of the inequality become zero. So let T be of height greater than zeroand assume that the theorem is true for smaller heights. Let C1 and C2 be thesons of C in T . Set qj :=Pk2Cj pk, j = 1; 2. By the assumption of the theoremthere is a 2{coloring �0 : X ! [2] such that ��jE \ ��10 (j)j � qjjE \Xj j�� � K forall colors j 2 [2] and edges E 2 E . Put Xj := ��10 (j), j = 1; 2. Denote by Tj the



6subtree having Cj as its root. Then HjXj , the set of colors Cj with weight 1qj pjCjtogether with the Tj ful�ll the assumption of this theorem. Hence by inductionhypothesis there are �j : Xj ! Cj, j 2 1; 2 such that����jE \Xj \ ��1j (i)j � 1qj pijE \Xj j���� � piqj k(i)Xl=2 11qj kpjC(i)l k1Kfor all E 2 E , j 2 [2], i 2 Cj. This and lemma 1 prove that � = �1 [ �2 is asdesired.The c{color discrepancy problem is simply the case where all weights areequal. In this case only the size of the partitioning sets is of importance. Hencethe following simpler structure can be investigated:A partition tree for a positive integer n is binary tree T = (VT ; ET ) togetherwith a labeling VT ! [n] such that the following conditions are satis�ed: theroot is labeled n, all leaves are labeled 1 and for all non{leaf nodes the labels ofthe two sons sum up to the label of the node itself.For every path P : r = v0; v1; v2; : : : ; vk connecting the root r and a leaf vkwe call vT (P ) = Pki=1 1l(vi) the value of P and v(T ) the maximum vT (P ) overall these paths P . Finally v(n) is the minimum v(T ) over all partition trees Tof n.Theorem 3. Let wd(H0; 2) � K for all induced subgraphs H0 of H. Thendisc(H; c) � v(c)K.Proof. Let T = (VT ; ET ) together with l be a partition tree for c such thatv(T ) = v(c). From (VT ; ET ) we build a partition tree of [c] with same treestructure. De�ne f : VT ! 2[c] recursively: Set f(r) = [c] for the root r of T .For every node v with sons s1 and s2 such that f(v) is already de�ned choosef(s1) to be any subset of f(v) of size l(s1) and f(s2) = f(v) n f(s1). Note thatf is injective, and by replacing every v 2 VT by f(v) we get a partition tree T �for [c]. Set p = 1c1c. For every path P connecting the root with a leaf fig in T �we get that the bound in theorem 2 for the discrepancy in color i is equal tonT (P )K, hence the discrepancy is bounded by v(T )K = v(c)K.What remains is the calculation of v(c). Set bnc2 = 2blog2 nc, the largestpower of 2 that is not larger than n, and dne2 = 2dlog2 ne, the smallest one notsmaller than n. Denote by n1(n) the number of 1s in the binary representationof n (e.g. n1(9) = 2). We give a lower and an upper bound for v(n). If n is apower of 2, both bounds coincide.Lemma 2. For all n 2 N, n � 2 we have(i) v(n) � 2� 1dne2 .(ii) v(n) � 2 + (n1(n) � 2) 1bnc2 � 2 + (log2(bnc2) � 1) 1bnc2 .(iii) v(n) � 2:0005.



7Proof. (i): For the proof of the lower bound let T = (VT ; ET ) together with l beany partition tree of n. Then there is a path v0; : : : ; vk of length k � log2dne2such that vk is a leaf and l(vi�1) � 2l(vi) for all i 2 [k]. ThuskXi=1 1l(vi) � k�1Xi=0 2�i = 2� 12k�1 � 2� 1dne2 :(ii): For the proof of the upper bound we give a strategy how to construct apartition tree of n. We do so recursively: For a vertex v labeledPi2[k] ai2k 6= 1,ai 2 f0; 1g, we add sons s1(v) and s2(v) labeled l(s1(v)) = 2minfi2[k]jai=1g andl(s2(v)) = l(v) � l(s1(v)). Immediately we see that we only need to investigatethe path P : r; s2(r); s2(s2(r)); : : : | if r denotes the root of T |, because thelabels of all other paths occur also on this path. Thus v(P ) is maximal. Thelabels of the �rst n1(n) vertices of P are greater than or equal to bnc2, so theircontribution to v(P ) is not greater than n1(n) 1bnc2 . The rest of the vertices arelabeled by 2bnc2 ; 4bnc2 ; : : : up to 1. This sums up to 2 � 2bnc2 and the the �rstinequality is proven. For the second inequality note that n1(n)�1 � log2(bnc2).(iii): For n � n0 := 217 � 1 the last inequality follows from (ii), as (n1(n)�2) 1bnc2 � log2(bnc2)�1bnc2 � log2(bn0c2)�1bn0c2 . For the remaining small numbers, v(n) canbe computed in O(n2){time and attains its maximumvalue for n = 909, namelyv(909) � 2:000450.From this we derive a c{color version of the Beck{Fiala theorem:Theorem 4. For any hypergraph H we havedisc(H; c) < v(c)�(H) � 2:0005�(H):The complexity to construct a c{coloring respecting this bound is less than 2 log2bcc2times the complexity for the 2{color case.Proof (sketch). The bound is a direct consequence of theorem 3 and Lemma 2and the Beck{Fiala theorem for 2 colors. For the complexity estimation let Cbe the constant such that the construction of a 2{coloring as in the theorem ofBeck{Fiala has complexity bounded by Cn4, where n shall denote the numberof vertices of H. Then the partition tree of Lemma 2 (ii) yields the bound ofn1(c) � 1 + log2bcc2 � 2 log2bcc2.The generalization of the `Six Standard Deviation' theorem of Spencer [Sp1] is:Theorem 5. For any hypergraph H = (V; E) such that n := jV j = jEj we havedisc(H; c) < 5:32v(c)pn � 12pn:Proof. Spencer's proof shows that herdisc(H) � 5:32pn.



8Without proof we may remark that this bound is tight (apart from the constant).The recursive approach also generalizes a result of Matou�sek, Welzl andWernisch [MWW] connecting discrepancy with the primal shatter function �Hand dual shatter function ��H of a hypergraph (the shatter functions are closelyrelated to the V C{dimension of H).Theorem 6. Let H = (V; E) be a hypergraph on n points. Let d > 1. If �H =O(md), then disc(H; c) = O(n 12� 12d (logn)1+ 12d ). If ��H = O(md), then disc(H; c) =O(n 12� 12d logn). In both cases the implicit constants can be chosen independentof c.Summary of the recursive method: We see that the recursive method isvery e�ective in situations where we can bound the weighted discrepancy of theinduced subgraphs. This is always the case if we know the hereditary discrepancyof H. There are cases where the recursive approach is the only result we have.We do not have a direct proof for a result like theorem 5. We feel that theoriginal proof relies heavily on the fact that only two colors are considered. Onthe other hand the recursive approach clearly has its limitations: We can getresults on weighted discrepancy, but we do not get any on linear discrepancy(e. g. in the Beck{Fiala setting). To apply recursion, we need a 2{color result forthe weighted discrepancy, even in the case that c is a power of two. The followingexample illustrates this limitation.Example: Let n 2 N. Set Hn = ([2n]; fX � [2n]jjX \ [n]j = jX n [n]jg). Ob-viously, disc(Hn) = 0. On the other hand it is not di�cult to show disc(Hn; 4) =18n for all n 2 N.3 Floating Vector{ColorsIn this section we give analogous results to the Beck{Fiala theorem and theBarany{Grunberg theorem. In the 2{color case both are proved using a roundingstrategy. We show how this strategy can be extended to the multi{color case.The key in both cases is the representation of the colors by the vectors m(i)de�ned in section 1.3.1 Beck{Fiala Theorem for Linear DiscrepancyThe maximum degree �(H) := maxx2X jfE 2 Ejx 2 Egj is one of the fewparameters of a hypergraph which give a good bound on the discrepancy. TheBeck{Fiala theorem [BF] states disc(H) < 2�(H). Actually Beck and Fialaproved a stronger result. For any matrix A = (aij) 2 Rm�n denote by kAk1 :=maxj2[n]Pi2[m] jaijj the operator norm induced by the 1{norm on Rn. Thenlindisc(A) < 2kAk1. We were not able to generalize this theorem to c{colorsby the recursive method, and this might also not be possible. The di�culty isthat in the phase of coloring a subhypergraph in the recursive method someinformation on the weights pj(v), j a color, v a vertex, is not available anymore.



9The method of 
oating colors though can be extended to multi{colorings. WehaveTheorem 7. For any matrix A, lindisc(A; c) < 2kAk1. The problem of comput-ing a � : [n] ! Mc for a given p : [n] ! M c such that kA(p � �)k1 < 2kAk1has time{complexity O(c4) times the complexity of the 2{color problem.Proof. Set � := kAk1 and A = (aij) the matrix resulting from A by replacingevery entry aij by aijIc as introduced in section 1. Note that � = kAk1. Letp : [n]!Mc. Set � = p. Successively we will change � to a � : [n]!Mc.Set J := fj 2 [cn]j�j =2 f�1c ; c�1c gg and call these columns 
oating (theothers �xed). Set I := fi 2 [cm]jPj2J jaijj > 2�g and call these rows active (theothers ignored). We will ensure that during the rounding process the followingconditions are ful�lled (this is clear for the start because � = p):(i) (A(p � �))jI = 0, i. e. all active rows have discrepancy zero, and(ii) all colors are in M c, in particular Pc�1k=0 �cj�k = 0 for all j 2 [n].Note that (ii) is the crucial di�erence to the 2{color case, where we only needa condition of type (i). This will increase the number of equations investigatedbelow, and is thus the reason why the multi{color bound is o� the classical resultby a factor of 2.We have jJ j� �Xj2JXi2I jaijj =Xi2IXj2J jaijj > jIj 2�:Note further that for every vertex it cannot happen that exactly one color is
oating, soc�1Xk=0�cj�k = 0; j 2 [n] such that c(j � 1) + k 2 J for some k 2 [c]is a system of at most 12 jJ j equations. Hence the systemAjI�J �J = 0c�1Xk=0�cj�k = 0; j 2 [n] such that c(j � 1) + k 2 J for some k 2 [c]is under{determined (taking just the �j ; j 2 J as variables). Thus there is anon{trivial solution x 2 RJ. Expand x to xE 2 Rcn by(xE)j := �xj if j 2 J0 else :Note that for any such x we can replace � by �+xE in (i), (ii). Choose � 2 Rsuch that at least one component of � + �xE becomes �xed and all colors arestill in M c, i. e. �+�xE 2 Mnc . Set � := �+�xE . Since (i), (ii) are ful�lled, we



10can continue this rounding process until all �j, j 2 [cn] are in f�1c ; c�1c g. Weshow kA(p � �)k1 < 2�. Let i 2 [cm]. Denote by �(0) and J (0) the values of� and J when the row i �rst became ignored. Note that Pj2J(0) jaij j < 2� byde�nition of I. Thusj(A(p��))ij = j(A(p��(0)))i+(A(�(0)��))ij = 0+Pj2J(0) aij(�(0)��)(i) < 2�.3.2 Theorem of Barany{GrunbergThe theorem of Barany{Grunberg [BG] for 2 colors states:Theorem 8. Let k � k be any norm on Rn and v1; v2; : : : ; vk be a �nite sequenceof arbitrary length of vectors of norm at most 1 in Rn. Then there are signs"i; i = 1; : : : ; k such that for all l 2 [k] we have




 lXi=1 "ivi




 < 2n:As in the proof of the Beck{Fiala theorem we describe the colors by vectorsfrom the set Mc. As above let v1; v2; : : : ; vk be a �nite sequence of vectors inRn and k � k a norm on Rn. A mapping � : [k] ! Mc; i 7! �(i) is called acoloring for these vectors. Since Barany{Grunberg works for any norm, we needto lift our norm to a suitable norm on Rcn: De�ne a norm k � kc on Rcn bykvkc := maxj2[c] kvjfj;j+c;::: ;j+(n�1)cgk.We need a calculus for substituting vectors into each other. For any twovectors v 2 Rn, w 2 Rm, we de�ne v � w to be the vector u 2 Rnm such thatu(i�1)n+j = viwj for all i 2 [n], j 2 [m]. So u is obtained by replacing everyentry vi of v by viw. The following lemma follows from direct calculations.Lemma 3. 


Pi2[k] vi � �(i)


c = maxj2[c] 


Pi2[k];�(i)=mj vi � 1cPi2[k] vi


 :The latter expression in the lemma measures the maximal deviation (overthe colors) of the sum of vectors in this color from the average 1cPi2[k] vi withrespect to the norm k � k. This is the c{color analogue of the discrepancy term


Pli=1 "ivi


 in the Barany{Grunberg theorem.The multi{color version of Barany{Grunberg is:Theorem 9. Let k � k be any norm on Rn and v1; v2; : : : ; vk be a �nite sequenceof vectors of norm at most 1 in Rn. Then there is a c{partition I1; : : : ; Ic of [k]such that for all l 2 [k] and j 2 [c] we have





 Xi2Ij\[l] vi � 1c lXi=1 vi





 < (c� 1)n:The complexity for computing this partition is O(c3) times the complexity of the2{color case.



11Proof. By Lemma 3 it is enough to construct a coloring � : [k]!Mc such that(�) 





Xi2[l] vi � �(i)





c � (c� 1)n for all l 2 [k]:We sketch an algorithm for this task: To start with put A := [n] and �(i)j := 0for all i 2 [k], j 2 [c]. We repeat the following rounding process: Let us call those�(i)j where i 2 A and �(i)j =2 f c�1c ;�1cg variables. We try to �nd a nontrivialsolution of the system of equationsXi2A vi � �(i) = 0 for all j 2 [c� 1].Xj2[c] �(i)j = 0 for all i 2 A.If one exists, change � in the way that one variable becomes c�1c or �1c andall variable stay in [�1c ; c�1c ]. If not, then increase the number of vectors underconsideration, i. e. set A := A [ fmaxA + 1g, if A 6= [k], and stop, if A = [k].After the rounding process stopped, change the remaining variables to c�1c or�1c in such a way that all �(i) are in Mc. For the correctness proof we calculatethe number of indices in A such that the color of vi is not completely determinedto be at most (c � 1)n. This together with the properties of � and k � kc showsthat � ful�lls the su�cient condition (�). The journal version of this paper willcontain the missing details.Note that this time the number of colors in
uences our bound in a muchstronger way than in the theorems before: In the Beck{Fiala situation, the multi{color bound is o� the 2{color one by a factor of 2 for the simple reason that inthe 2{color case one can actually ignore one color (the discrepancy in both colorsis the same). In the Barany{Grunberg theorem the bound contains a factor ofc� 1 and both the original result (translated to our notion) and our result yieldthe same bound. This is due to the fact that we use an arbitrary norm. Thus inthe analysis we can `ignore' a vector vi only from the point on when its color �(i)is completely determined. Compare this to the proof of Beck{Fiala, where the�xing of a single �k (which is equivalent to a �(i)j here) improves the situation.4 ConclusionThis paper presents two types of results. Firstly, some important discrepancytheorems can be lifted to c{colorings via 2{color results. Secondly, using theright vector{representation of the colors and an appropriate matrix calculussome results of the 2{color discrepancy theory can be generalized to any numberof colors. Nevertheless c{color discrepancy theory is more than a generalizationfor generalization's sake as the recent applications in communication complexitymight indicate. We hope that our paper can spur further research in this part ofdiscrepancy theory.
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