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1 Introduction

We extend the notion of combinatorial discrepancy of hypergraphs to arbitrary numbers of
colors. Unless otherwise stated, the following results are joint work with Anand Srivastav
and appeared in [DS03]. Let H = (X, ) denote a finite hypergraph, i. e., X is a finite set
and £ is a family of subsets of X. Put n = |X|and m = |€|. A ¢—coloring of H is a mapping
X : X — M, where M is any set of cardinality c. Usually, we take M = [¢] :== {1,... ,c}.
The basic idea of measuring the deviation from perfect balance motivates these definitions
of the discrepancy of H with respect to x and the discrepancy of H in ¢ colors:

. _ y _|E]
disc(#,x.¢) = max J[x"(0)NE[— =~
disc(H,c) = min disc(H,x,c).
x: X —c]

Let us start with an example which shows that a hypergraph may have very different
discrepancies in different numbers of colors.

Example: Let ¥ € N and n = 4k. Set H, = ([n],{X C [n]|[X N [3]| = | X\ [5]]})-
Obviously, H, has 2-color discrepancy zero, but disc(H,,4) = %n.

In fact, such examples exist for nearly any two numbers of colors. Unless ¢; divides ¢o,
there are hypergraphs #, on n vertices having discrepancy ©(n) in ¢; colors and zero
discrepancy in ¢, colors. This has been investigated in [Doe02].

2 Recursive Coloring

For some 2—color discrepancy results the proofs seem to rely heavily on the fact that only
two colors are used. This applies in particular to those where the partial coloring method
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introduced by Beck [Bec81] is used. A key step there is to construct a low discrepancy
partial coloring x := (x1 — x2) from two colorings xi, x> with x1(E) ~ x»(E) for all
E € £. Tt is not clear to us how this idea can be extended to ¢ colors.

The idea of recursive coloring is to successively enlarge the number of partition classes. We

start with a suitable 2—coloring of X with color classes X7, X, and then iterate this process

on the subhypergraphs induced by X; and Xj,. If the weighted 2—color discrepancies of the

induced subhypergraphs are bounded, such a recursive approach can be analyzed, even if ¢

is not a power of 2. For p € [0, 1], denote the discrepancy of H with respect to the weight
1 —p) by di 1— = mi Enyx (1) —p|E||.

(p,1—p) by disc(H, (p.1 —p)) = min max||FNx(1)] - p|2|

Theorem 1. Let disc(Ho, (p,1 — p)) < K for all induced subgraphs Ho of H and all

p € [0,1]. Then disc(H,c) < 2.0005K holds for all numbers c of colors.

For many classical results, a refinement of the above ideas yields even stronger bounds
that decrease for larger numbers of colors. For reasons of space we are not able to state
the general result precisely. Roughly speaking, we have that if induced subhypergraphs on
ng vertices have 2—color discrepancy at most O(n§) for some a €10, 1], then disc(#,c) =
O((2)*). This gives, among many others, the following bounds. In all cases, the implicit
constants do not depend on c.

¢ General bound: disc(#,c) < 45,/% In(4m) + 1.

e Spencer’s [Spe85] six standard deviations: For all hypergraphs H havingn = m
vertices and hyperedges, disc(#,c) = O(y/% In(c)).

e Arithmetic progressions: The hypergraph A, of arithmetic progressions in [n] sat-
isfies disc(A,, c) = O(c7%15n%%) for ¢ < n%?°. This extends the bound of Matousek
and Spencer [MS96].

3 Linear Methods and Lower Bounds

A second general approach is to mimic the proofs of two-color results. Since the choice of
the colors —1 and 1 for two colors allows several powerful arguments, the key problem is to
choose a suitable set of colors for the general case. The colors we use are vectors in R°. We
obtain a multi-color analogue of the Beck—Fiala theorem showing that disc(H, ¢) < 2A(H)
and one of the Barany-Grunberg theorem. The latter was improved by Barany in his talk
by reducing the multiplicative dependence on the number of colors to a constant.

An analogue of an eigenvalue bound attributed to Lovdsz and Sés shows disc(H,c) >

\/"572;21))\min(ATA), where A is an incidence matrix of A. This can be used to show a lower

bound of 0.04%% for the c¢—color discrepancy of the arithmetic progressions in [n].
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For hypergraph having n = m vertices and edges, using a random construction we recently
showed that our upper bound in Section 2 is sharp apart from constant factors [Doe]:

Theorem 2. For all ¢ € N5y and n > clne, there is a hypergraph having n vertices, n
hyperedges and c—color discrepancy at least 4—10, /Z1nec.

4 A Correlation Result

In contrast to the (ordinary) c—color discrepancy, there is a strong correlation between the
hereditary discrepancies of a hypergraph in different numbers of colors.

Theorem 3. For any two numbers of colors ci,co € Nso and all hypergraphs H we have

herdisc(H, ¢3) < 3¢} herdisc(H, ¢;).

Hence herdisc(+, c3) = O, ., (herdisc(+, ¢1)). The proof given in [Doe04] actually solves a
more general problem, namely it reduces the color rounding problem in ¢y colors to the
hereditary discrepancy problem in ¢; colors. We currently have no purely combinatorial
proof.
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