
Multi{Color Dis
repan
iesBenjamin Doerr�
1 Introdu
tionWe extend the notion of 
ombinatorial dis
repan
y of hypergraphs to arbitrary numbers of
olors. Unless otherwise stated, the following results are joint work with Anand Srivastavand appeared in [DS03℄. Let H = (X; E) denote a �nite hypergraph, i. e., X is a �nite setand E is a family of subsets ofX. Put n = jXj andm = jEj. A 
{
oloring ofH is a mapping� : X ! M , where M is any set of 
ardinality 
. Usually, we take M = [
℄ := f1; : : : ; 
g.The basi
 idea of measuring the deviation from perfe
t balan
e motivates these de�nitionsof the dis
repan
y of H with respe
t to � and the dis
repan
y of H in 
 
olors:dis
(H; �; 
) := maxi2M;E2E ����j��1(i) \ Ej � jEj
 ���� ;dis
(H; 
) := min�:X![
℄dis
(H; �; 
):Let us start with an example whi
h shows that a hypergraph may have very di�erentdis
repan
ies in di�erent numbers of 
olors.Example: Let k 2 N and n = 4k. Set Hn = ([n℄; fX � [n℄j jX \ [n2 ℄j = jX n [n2 ℄jg).Obviously, Hn has 2{
olor dis
repan
y zero, but dis
(Hn; 4) = 18n.In fa
t, su
h examples exist for nearly any two numbers of 
olors. Unless 
1 divides 
2,there are hypergraphs Hn on n verti
es having dis
repan
y �(n) in 
1 
olors and zerodis
repan
y in 
2 
olors. This has been investigated in [Doe02℄.2 Re
ursive ColoringFor some 2{
olor dis
repan
y results the proofs seem to rely heavily on the fa
t that onlytwo 
olors are used. This applies in parti
ular to those where the partial 
oloring method�Christian{Albre
hts{Universit�at zu Kiel, 24098 Kiel, Germany.1



introdu
ed by Be
k [Be
81℄ is used. A key step there is to 
onstru
t a low dis
repan
ypartial 
oloring � := 12(�1 � �2) from two 
olorings �1; �2 with �1(E) � �2(E) for allE 2 E . It is not 
lear to us how this idea 
an be extended to 
 
olors.The idea of re
ursive 
oloring is to su

essively enlarge the number of partition 
lasses. Westart with a suitable 2{
oloring of X with 
olor 
lasses X1; X2 and then iterate this pro
esson the subhypergraphs indu
ed by X1 and X2. If the weighted 2{
olor dis
repan
ies of theindu
ed subhypergraphs are bounded, su
h a re
ursive approa
h 
an be analyzed, even if 
is not a power of 2. For p 2 [0; 1℄, denote the dis
repan
y of H with respe
t to the weight(p; 1� p) by dis
(H; (p; 1� p)) = min�:X![2℄maxE2E ��jE \ ��1(1)j � pjEj��.Theorem 1. Let dis
(H0; (p; 1 � p)) � K for all indu
ed subgraphs H0 of H and allp 2 [0; 1℄. Then dis
(H; 
) � 2:0005K holds for all numbers 
 of 
olors.For many 
lassi
al results, a re�nement of the above ideas yields even stronger boundsthat de
rease for larger numbers of 
olors. For reasons of spa
e we are not able to statethe general result pre
isely. Roughly speaking, we have that if indu
ed subhypergraphs onn0 verti
es have 2{
olor dis
repan
y at most O(n�0 ) for some � 2 ℄0; 1[, then dis
(H; 
) =O((n
 )�). This gives, among many others, the following bounds. In all 
ases, the impli
it
onstants do not depend on 
.� General bound: dis
(H; 
) � 45pn
 ln(4m) + 1.� Spen
er's [Spe85℄ six standard deviations: For all hypergraphsH having n = mverti
es and hyperedges, dis
(H; 
) = O(pn
 ln(
)).� Arithmeti
 progressions: The hypergraphAn of arithmeti
 progressions in [n℄ sat-is�es dis
(An; 
) = O(
�0:16n0:25) for 
 � n0:25. This extends the bound of Matou�sekand Spen
er [MS96℄.3 Linear Methods and Lower BoundsA se
ond general approa
h is to mimi
 the proofs of two-
olor results. Sin
e the 
hoi
e ofthe 
olors �1 and 1 for two 
olors allows several powerful arguments, the key problem is to
hoose a suitable set of 
olors for the general 
ase. The 
olors we use are ve
tors in R
 . Weobtain a multi-
olor analogue of the Be
k{Fiala theorem showing that dis
(H; 
) � 2�(H)and one of the B�ar�any-Grunberg theorem. The latter was improved by B�ar�any in his talkby redu
ing the multipli
ative dependen
e on the number of 
olors to a 
onstant.An analogue of an eigenvalue bound attributed to Lov�asz and S�os shows dis
(H; 
) �qn(
�1)m
2 �min(A>A), where A is an in
iden
e matrix of A. This 
an be used to show a lowerbound of 0:04 1p
 4pn for the 
{
olor dis
repan
y of the arithmeti
 progressions in [n℄.2



For hypergraph having n = m verti
es and edges, using a random 
onstru
tion we re
entlyshowed that our upper bound in Se
tion 2 is sharp apart from 
onstant fa
tors [Doe℄:Theorem 2. For all 
 2 N�2 and n � 
 ln 
, there is a hypergraph having n verti
es, nhyperedges and 
{
olor dis
repan
y at least 140pn
 ln 
.4 A Correlation ResultIn 
ontrast to the (ordinary) 
{
olor dis
repan
y, there is a strong 
orrelation between thehereditary dis
repan
ies of a hypergraph in di�erent numbers of 
olors.Theorem 3. For any two numbers of 
olors 
1; 
2 2 N�2 and all hypergraphs H we haveherdis
(H; 
2) � 3 
21 herdis
(H; 
1):Hen
e herdis
(�; 
2) = �
1;
2(herdis
(�; 
1)). The proof given in [Doe04℄ a
tually solves amore general problem, namely it redu
es the 
olor rounding problem in 
2 
olors to thehereditary dis
repan
y problem in 
1 
olors. We 
urrently have no purely 
ombinatorialproof.Referen
es[Be
81℄ J. Be
k. Roth's estimate of the dis
repan
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repan
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repan
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repan
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repan
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repan
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