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t |Benjamin Doerr �yAbstra
tThis paper shows that the latti
e approximation problemfor totally unimodular matri
es A 2 Rm�n 
an be solvedeÆ
iently and optimally via a linear programming approa
h.The 
omplexity of our algorithm is O(logm) times the
omplexity of �nding an extremal point of a polytope inRn des
ribed by 2(m+ n) linear 
onstraints.We also 
onsider the worst-
ase approximability. Thisquantity is usually 
alled linear dis
repan
y lindis
(A). Forany totally unimodular m� n matrix A we showlindis
(A) � minf1� 1n+1 ; 1� 1mg:This bound is sharp. It proves Spen
er's 
onje
turelindis
(A) � (1 � 1n+1 ) herdis
(A) for totally unimodularmatri
es. This seems to be the �rst time that linearprogramming is su

essfully used for a dis
repan
y problem.1 Introdu
tion and Results1.1 Latti
e Approximation Problem, LinearDis
repan
y and Integer Linear Programs. LetA 2 Rm�n be any real matrix and b := Ap; p 2 Rn , apoint of the ve
tor spa
e generated by the 
olumns of A(the image of the linear mapping p 7! Ap). The latti
eapproximation problem is to �nd a point Az; z 2 Zn,of the latti
e AZn := fAzjz 2 Zng whi
h is 
losest tob, i. e. su
h that kAz � bk1 is minimal. Usually (andso do we) one also requires kp� zk1 � 1 to hold, thatis, z evolves from p by some rounding pro
edure. It iseasily seen that any integral part bp
 just 
arries over toz, therefore we may restri
t ourselves to the 
ase thatp is in the unit 
ube [0; 1℄n. The latti
e approximationproblem then is to �nd a 0; 1 ve
tor z whi
h minimizeskA(p� z)k1.For given A and p the approximation error of anoptimal approximation is also 
alled linear dis
repan
yof A with respe
t to plindis
(A; p) := minz2f0;1gn kA(p� z)k1:�Mathematis
hes Seminar, Christian{Albre
hts{Universit�atzu Kiel, Ludewig{Meyn{Str. 4, D{24098 Kiel, Germany. Email:bed�numerik.uni-kiel.deysupported by the graduate s
hool `EÆziente Algorithmen undMultiskalenmethoden', Deuts
he Fors
hungsgemeins
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The worst 
ase inapproximability that 
an o

ur withthe latti
e generated by A is the linear dis
repan
y of Alindis
(A) := maxp2[0;1℄n lindis
(A; p)= maxp2[0;1℄n minz2f0;1gn kA(p� z)k1:These notions arise from the 
lose 
onne
tion todis
repan
y theory, the theory of uniform distributionsand balan
ed partitions. Dis
repan
ies o

ur in severalbran
hes of dis
rete mathemati
s and 
omputer s
ien
e,e. g. in dis
rete geometry and numeri
al integration. Forreasons of spa
e we brie
y outline just the partitioningaspe
t and refer to the 
hapter of Be
k and S�os [BS95℄or the re
ent books of Matou�sek [Mat99℄ and Chazelle[Cha00℄ for a deeper insight. The dis
repan
y of amatrix A is de�ned bydis
(A) := min�2f�1;1gn kA�k1:Dis
repan
y is a measure of how well the 
olumns of A
an be partitioned into two 
lasses su
h that for ea
hrow the two sums of its entries in ea
h 
lass are nearlyequal. If A is the in
iden
e matrix of a hypergraph, thedis
repan
y problem turns into a purely 
ombinatorialproblem: Partitioning the vertex set into two 
lassessu
h that ea
h hyperedge is evenly split by the partition.Immediately we seedis
(A) = 2 lindis
(A; 121n) � 2 lindis
(A):1Therefore we may view the linear dis
repan
y as ageneralization of the dis
repan
y, where we have weightsassigned to the 
olumns des
ribing the ratio in whi
h (inaverage) we would like this 
olumn to belong to ea
h ofthe two partition 
lasses. Dis
repan
ies also yield anupper bound for the linear dis
repan
y, see x 1.2.A third problem in this 
ontext are integer linearprograms. One approa
h is to solve their linear relax-ation and then try to round the solution to a suitable1Sometimes the linear dis
repan
y is de�ned bymaxp2[�1;1℄n min�2f�1;1gn kA(p � �)k1. This makes thelinear dis
repan
y a dire
t generalization of the dis
repan
y, butputs less emphasis on the 
onne
tion to the rounding problem.This notion is larger than the one we use by a fa
tor of 2.1



integer one. The linear dis
repan
y bounds the extentto whi
h an optimal rounding violates the 
onstraints.This approa
h was used by Raghavan [Rag88℄ for sev-eral pa
king problems. See also Chapter 14 of [Chv83℄for more on the 
on
ept of approximate solutions.Sin
e already the dis
repan
y problem for 0; 1 ma-tri
es is NP{hard and diÆ
ult to approximate, thereis no hope for a general solution to the latti
e ap-proximation problem. For some spe
ial 
ases, betterresults are available: For sparse matri
es, Be
k andFiala [BF81℄ gave a solution with approximation er-ror less than kAk1, where k � k1 denotes the operatornorm kAk1 := maxkxk1=1 kAxk1 = maxfPi2[m℄ aij jj 2[n℄g indu
ed by the 1{norm. This result though doesnot give any 
omparison to the approximation errorlindis
(A; p) of an optimal approximation.In this paper we present a 
omplete solution forthe 
ase of totally unimodular matri
es. An m � nmatrix A is 
alled totally unimodular if ea
h squaresubmatrix has determinant �1; 0 or 1. In parti
ular,A 2 f�1; 0; 1gm�n. Totally unimodular matri
es arisenaturally in many areas (
f. also [Hof79℄). For example,in
iden
e matri
es of bipartite graph are totally uni-modular, as well as network matri
es.The dis
repan
y problem for totally unimodularmatri
es is well-understood. Their dis
repan
y is atmost one. By de�nition, submatri
es of totally unimod-ular matri
es are totally unimodular, hen
e the dis
rep-an
y of all submatri
es is at most one as well. Thebeautiful theorem of Ghouila-Houri [GH62℄ states thatalso the 
onverse holds:Theorem 1.1. (Ghouila-Houri, 1962) A matrix istotally unimodular if and only if ea
h submatrix hasdis
repan
y at most one.De�ning the hereditary dis
repan
y herdis
(�) to bethe maximal dis
repan
y among all submatri
es, wehave that totally unimodular matri
es are exa
tly theones having hereditary dis
repan
y at most one. Con-trary to the dis
repan
y and the hereditary dis
repan
y,for the linear dis
repan
y of totally unimodular matri-
es even a sharp upper bound was missing so far, not tomention an algorithmi
 solution for the 
orrespondinglatti
e approximation problem. This paper solves theseproblems via linear programming. To our knowledge,this is the �rst time that linear programming is usedeÆ
iently for dis
repan
y problems.1.2 Previous Results. Using the result due toLov�asz, Spen
er and Vesztergombi [LSV86℄ thatlindis
(A) � herdis
(A)

holds for any matrix A, immediately we havelindis
(A) � 1 for a totally unimodular matrix A.Spen
er 
onje
tures that even lindis
(A) � (1 �1n+1 ) herdis
(A) holds for any A. This would yieldlindis
(A) � 1 � 1n+1 for totally unimodular matri-
es, but Spen
er's over 15 years old 
onje
ture seemsfar from being proven. The 
urrent best bound islindis
(A) � (1� 12m ) herdis
(A), 
f. [Doe98℄.The 
onje
ture is ba
ked up by the fa
t thatSpen
er [Spe87℄ provides an example of a matrix Asu
h that lindis
(A) = (1 � 1n+1 ) herdis
(A): De�neA 2 f0; 1g(n+1)�n by aij = 1 if and only if i = j ori = n+1. Set p = 1n+11n. Then lindis
(A; p) = 1� 1n+1 .As A is totally unimodular, this example also shows thatlindis
(A) � 1� 1n+1 is the best possible general upperbound for the linear dis
repan
y of totally unimodularmatri
es.For a spe
ial 
lass of totally unimodular matri
es,Peng and Yan [PY00℄ used a 
ombinatorial approa
h.A matrix A is 
alled strongly unimodular, if it is totallyunimodular and if ea
h matrix obtained from A byrepla
ing a single non-zero entry by zero is also totallyunimodular. Peng and Yan show that for a stronglyunimodular 0; 1 matrix A,lindis
(A) � 1� 3�n+12holds. They use a de
omposition lemma due to Crama,Loebl and Poljak [CLP92℄, whi
h states that su
h amatrix is the union of in
iden
e matri
es of digraphs,if all rows 
ontain an even number of ones. In the samework, Peng and Yan show an upper bound of 1� 1n+1 forstrongly unimodular 0; 1 matri
es whi
h have at mosttwo non-zeros in every row.1.3 Our Contribution. In this paper we do not fol-low the approa
h via the hereditary dis
repan
y, nordo we use any stru
ture theory for totally unimodularmatri
es. Instead, we 
onsider suitable linear programsand apply the theorem of Ho�man and Kruskal. Thisyields two types of results: A theoreti
al one boundingthe approximation error of an optimal solution and 
har-a
terizing the 
riti
al 
ases, and a pra
ti
al one, namelyan eÆ
ient algorithm solving the latti
e approximationproblem optimally.We show that there is always a solution to thelatti
e approximation problem with error at most 1 �g(Ap), where g(Ap) is a number of at least 1m . Usingsome basi
 linear algebra, we re�ne this result toTheorem 1.2. Let A 2 Rm�n be a totally unimodularmatrix and p 2 [0; 1℄n. Then there is an z 2 f0; 1gnsu
h thatkA(p� z)k1 � minf1� 1n+1 ; 1� 1mg:



In parti
ular, lindis
(A) � 1� 1n+1 .This result is sharp, as the example due to Spen
erproves. Theorem 1.2 shows that Spen
er's 
onje
turelindis
(A) � (1� 1n+1 ) herdis
(A) holds for totally uni-modular matri
es. As a side produ
t, our approa
hyields a 
hara
terization of all totally unimodular ma-tri
es su
h that lindis
(A) = 1� 1n+1 :Theorem 1.3. Let A be an m � n totally unimodularmatrix. Then lindis
(A) = 1� 1n+1 holds if and only ifthere is a 
olle
tion of n + 1 rows of A su
h that ea
hn thereof are linearly independent. If lindis
(A; p) =1� 1n+1 for some p 2 [0; 1℄n, then pi 2 f 1n+1 ; : : : ; nn+1gfor all i 2 [n℄.Thus all su
h `extreme' matri
es 
ontain a matrixresembling Spen
er's example and possibly some addi-tional rows whi
h have no in
uen
e on the linear dis-
repan
y.This is the theoreti
al analysis. As mentioned weare also able to solve the latti
e approximation problemoptimally. This isTheorem 1.4. There is an algorithm that 
omputes forany totally unimodular A 2 Rm�n and p 2 [0; 1℄n anoptimal solution x for the latti
e approximation prob-lem, i. e. an x 2 f0; 1gn su
h that kA(p � x)k1 =lindis
(A; p). The 
omplexity of this algorithm isO(logm) times the 
omplexity of �nding an extremalpoint of a polytope in Rn des
ribed by 2(m + n) linear
onstraints or proving its emptiness.2 De�nitions and NotationFor a real number r 2 R write br
 := maxfz 2 Zjz � rgfor the largest integer not greater than r, and dre :=minfz 2 Zjz � rg for the smallest integer not being lessthan r. Set frg := r � br
, the fra
tional part of r.Let b 2 Rm . We assume the above notation lifted tove
tors in the natural way, e. g. bb
 := (bbi
)i2[m℄. Partof our strategy will be to round those 
omponents ofb to the nearest integer whi
h are already very 
loseto an integer. For d 2 [0; 12 ℄ we de�ne I�(b; d) :=fi 2 [m℄jfbig < dg, the set of indi
es su
h that biis less than d above the nearest integer (and hen
e a
andidate for being rounded down), and I+(b; d) :=fi 2 [m℄j1 � fbig < dg, the set of indi
es su
h thatbi is less than d below the nearest integer. Set I(b; d) :=I�(b; d) [ I+(b; d). Let r(b; d) 2 Rm denote the ve
torresulting from rounding the 
omponents with index inI(b; d) to the nearest integer, i. e. for all i 2 [m℄ we haver(b; d)i =8<: bbi
 if i 2 I�(b; d)dbie if i 2 I+(b; d)bi else.

The total error of this rounding is des
ribed bye(b; d) := kr(b; d)� bk1= Xi2I�(b;d)(bi � bbi
) + Xi2I+(b;d)(dbie � bi):Let g(b) denote the maximum value of d 2 [0; 12 ℄ su
hthat e(b; d) < 1 (the maximum exists, sin
e d 7! e(b; d)is left-
ontinuous). For a matrix A 2 Rm�n set g(A) :=maxp2[0;1℄n g(Ap).Lemma 2.1. Let b 2 Rm and d 2 [0; 12 ℄. Then(i) e(b; d) < jI(b; d)j d � md,(ii) g(b) � 1m .In parti
ular g(A) � 1m holds for any m� n matrix A.Proof. We havee(b; d) = Xi2I�(b;d)(bi � bbi
) + Xi2I+(b;d)(dbie � bi)< Xi2I�(b;d) d+ Xi2I+(b;d) d= jI(b; d)j d � md:In parti
ular e(b; 1m ) < 1. Thus g(b) � 1m by de�nition.These bounds are sharp. The ve
tor (d�")1m; " > 0shows that (i) does not allow any further improvement,and b = 1m1m is an example for g(b) = 1m .3 Solving the Latti
e Approximation ProblemIn this se
tion we present an algorithm that solves thelatti
e approximation problem for totally unimodularmatri
es eÆ
iently and optimally.3.1 Polyhedra. Our proof is self-
ontained apartfrom the well-known theorem of Ho�man and Kruskal[HK56℄. This states that the set of feasible solutionsof a linear program is an integral polyhedron, if the
onstraint matrix is totally unimodular and the right-side ve
tor is integral. Hen
e in this 
ase the existen
eof optimal solutions implies that there are also integraloptimal solutions. All polyhedra in this work willbe bounded and thus 
ompa
t (of 
ourse everythingis �nite-dimensional). Hen
e the existen
e of optimalsolutions is ensured if the polyhedron is non-empty.Let A be a totally unimodular m � n matrix andp 2 [0; 1℄n. Set b = Ap. For all d 2 [0; 12 ℄ de�nePd := fx 2 [0; 1℄n j brd(b; d)
 � Ax � drd(b; d)eg:Pd is an integral polyhedron by [HK56℄. We �rstobserve



Lemma 3.1. For all d 2 [0; 12 [; x 2 P0 we havex 2 Pd () kb�Axk1 � 1� d:Proof. As a 
ompa
t polyhedron is the 
onvex hull ofits extremal points we may assume x to be an extremalpoint of Pd. Thus x is integral. Let i 2 [m℄. Note�rst that bbi
 � brd(b; d)i
 and drd(b; d)ie � dbie. Thus(Ax)i 
an take at most two values, namely bbi
 and dbie.If fbig =2 [0; d[[ ℄1 � d; 1℄, then is does not matterwhi
h of these values is taken as jbi�(Ax)ij � 1�d holdsin both 
ases. This is di�erent if fbig 2 [0; d[[ ℄1�d; 1℄.Taking the wrong value would yield an approximationerror of more than 1�d. Fortunately, rd(b; d)i is integralif fbig 2 [0; d[[ ℄1 � d; 1℄ by de�nition. Moreover,rd(b; d)i equals the 
loser of the values bbi
 and dbie.Thus we have (Ax)i = rd(b; d)i and jbi � (Ax)ij � 12 �1� d.The se
ond impli
ation is proved similarly.3.2 The algorithm. We 
laim that the followingalgorithm solves the latti
e approximation problem fortotally unimodular matri
es:(i) SetD := fd 2 [0; 12 [ j 9i 2 [m℄ : fbig 2 fd; 1�dgg[f 12g.(ii) Using a binary sear
h strategy determine thelargest d 2 D su
h that Pd 6= ;.(iii) Find an extremal point x of this Pd.3.3 Corre
tness. Let d; x be the output of thealgorithm. As Pd is integral, x 2 f0; 1gn. FromLemma 3.1 we have kb�Axk1 � 1�d. Let y 2 f0; 1gnsu
h that lindis
(A; p) = kb � Ayk1, that is, y isan optimal approximation. Assume �rst that l :=lindis
(A; p) > 12 . Then P1�l 6= ;, as y 2 P1�l byLemma 3.1. Sin
e kb � Ayk1 = l, there is an i 2 [m℄su
h that jbi�(Ay)ij = l. As Ay is integral, bi 2 fl; 1�lgand 1 � l 2 D. From the maximality of d we dedu
e1 � l � d. From kb � Axk1 � 1 � d � l and theoptimality of y we 
on
lude kb�Axk1 = lindis
(A; p).Now let us 
onsider the 
ase that lindis
(A; p) � 12 .Then for ea
h i 2 [m℄ we have(Ay)i = bbi
 () fbig < 12(Ay)i = dbie () fbig > 12 :(3.1)In parti
ular, kb�Ayk1 = maxi2[m℄minffbig; 1�fbigg.We also �nd that y 2 P 12 . Thus d = 12 and (3.1)holds as well with y repla
ed by x. Therefore we alsohave kb� Axk1 = maxi2[m℄minffbig; 1 � fbigg. Thuskb�Axk1 = lindis
(A; p) again.This proves that x is an optimal solution of the lat-ti
e approximation problem 
orresponding to A and p.

3.4 Complexity. It remains to show that ouralgorithm is eÆ
ient. We do not want dis
uss any linearprogramming theory here and simply assume that linearprograms 
an be solved eÆ
iently. See any book onlinear programming for a dis
ussion of that problem.Nor do we want to dis
uss any problems 
on
ernedwith exa
t number representations and 
omplexities ofelementary 
al
ulations. We therefore assume that allelementary 
al
ulations 
an be done in 
onstant timewith perfe
t a

ura
y.Computing D requires m steps, namely 
he
kingwhether fbig or 1 � fbig should be in
luded in D forea
h i 2 [m℄. This also shows jDj � m + 1. For thebinary sear
h we need to sort the elements of D bytheir size whi
h has worst-
ase 
omplexity O(m logm)(
f. e. g. [CLR90℄). Finally, up to dlog2(m+ 1)e timesa linear system of 2(m+n) 
onstraints has to be solvedto de
ide emptiness of the 
orresponding polytope andto 
ompute the extremal point of the �nal Pd. Notethat if the linear systems are solved using the simplexmethod any solution already is an extremal point of thepolytope. Summarizing we see that solving the linearsystems dominates the other steps of the algorithm interms of 
omplexity. This �nally proves Theorem 1.4.4 Approximability, Linear Dis
repan
yThe next lemma analyses the linear dis
repan
y prob-lem for �xed A and p 2 [0; 1℄n, that is, analyzes howbad an optimal approximation 
an be in the worst 
ase.The proof is independent of the pre
eding se
tion.Lemma 4.1. Let A 2 Rm�n be a totally unimodularmatrix and p 2 [0; 1℄n. Thenlindis
(A; p) � 1� g(Ap):In parti
ular, lindis
(A) � 1� 1m .In the language of Se
tion 3, Lemma 4.1 
laims thatPg(Ap) 6= ;, but this approa
h is misleading. Insteadwe 
onsider the polytope P0 together with a suitableobje
tive fun
tion.Proof. Set b := Ap. LetP := fx 2 [0; 1℄n j bb
 � Ax � dbeg:As A is totally unimodular, P is an integral polyhedron(this is [HK56℄). De�ne f : P ! R byf(x) = Xi2I�(b;g(b))((Ax)i � bbi
)(4.2) + Xi2I+(b;g(b))(dbie � (Ax)i):



for all x 2 P . Thus f(x) is the total error in
i
ted byrounding Ax in that way that was used to get r(b; g(b))from b.2 By de�nition, f is non-negative. We �rst showthat for all x 2 P \ Zn8i 2 [m℄� fbig < g(b)) (Ax)i = bbi
fbig > 1� g(b)) (Ax)i = dbie(4.3)is equivalent to f(x) < 1.Suppose that f(x) < 1 for x 2 P \ Zn. As A andx are integral, f(x) � 0, and sin
e f is non-negative,f(x) = 0. Sin
e all parts of the sum in (4.2) are non-negative, they are all zero. Hen
e (Ax)i = r(b; g(b))i forall i 2 I(b; g(b)). This is (4.3). On the other hand, if(4.3) is ful�lled, we have f(x) = 0 by (4.2).Consider the linear optimization problemminx2P f(x):p is a feasible solution and f(p) = e(Ap; g(b)) =e(b; g(b)) < 1. Hen
e there is an optimal solution x�su
h that f(x�) < 1. As P is integral, we may assumex� 2 Zn.Let us 
ompute kA(p � x�)k1 = kb� Ax�k1. Leti 2 [m℄. If i 2 I�(b; g(b)), then (Ax�)i = bbi
 by (4.3).Hen
e jbi� (Ax�)ij < g(b). Similarly for i 2 I+(b; g(b)).Thus we may assume i 2 [m℄ n I(b; g(b)), i. e. bi 2[bbi
+g(b); dbie�g(b)℄. As (Ax�)i 2 fbbi
 ; dbieg due tox� 2 P , we 
on
lude jbi � (Ax�)ij � 1� g(b).The se
ond 
laim follows from Lemma 2.1.Lemma 4.1 is sharp in the worst-
ase, as thisexample due to Spen
er shows: Set m := n + 1. LetA 2 f0; 1gm�n denote the m� n matrix withaij = � 1 if i = j or i = n+ 10 else :Set p = 1m1n. It is easy to see that any z 2 f0; 1gnful�lls kA(p� z)k1 � 1� 1m : If any zj ; j 2 [n℄ equals 1,then (A(p� z))j = pj � zj = 1m � 1. Otherwise we have(A(p� z))n+1 = n 1m = 1� 1m .5 The Re�nementIn this se
tion we re�ne the result of the previous oneand �nally prove Theorem 1.2. Before doing so letus remark that a weaker bound in terms of n followsfrom a purely 
ombinatorial argument. If A 2 Rm�n istotally unimodular and any two rows of A are linearlyindependent, then m � �n2�+�n1�(5.4)2To be pre
ise: We do not really round Ax. We do round p toa 0; 1 ve
tor x. If x 2 P , then kAx� bk1 < 1, i. e. Ax looks likea rounding of b.

holds. We would show (5.4) using the 
onne
tionbetween the VC{dimension and the primal shatterfun
tion of hypergraphs, but may-be more dire
t waysare possible as well. Unfortunately, (5.4) is sharp.To prove Theorem 1.2, we therefore need a di�erentapproa
h.Proof. [of Theorem 1.2℄ Let p 2 [0; 1℄n and b := Ap.Denote the rows of A by a1; : : : ; am. SetI := I(b; 1n+1 ) = fi 2 [m℄ j jbi � rd(bi; 12 )j < 1n+1g:Let us 
all these rows `
riti
al' for the moment, be
ausethey are the ones where a rounding error of more than1 � 1n+1 
an o

ur when using the approa
h of theprevious se
tion.We pro
eed by showing that it is enough to 
onsiderat most n 
riti
al rows. Let I0 � I be 
hosen su
h thatfaiji 2 I0g is a basis for the ve
tor spa
e generated byall 
riti
al rows. In parti
ular, jI0j � n. Let A0 denotethe matrix obtained from A by deleting all 
riti
al rowsex
ept ai; i 2 I0. Then A0p = bj([m℄nI)[I0 =: b0.From Lemma 2.1 and I(b0; 1n+1 ) = I0 we 
on
ludee(b0; 1n+1 ) < nn+1 . Hen
e g(A0p) � 1n+1 . By Lemma 4.1there is a z 2 f0; 1gn su
h that kA0(p�z)k1 < 1� 1n+1 .In parti
ular, for all i 2 I0 we havejai � (p� z)j < 1n+1 ;(5.5)where � denotes the usual inner produ
t on Rn .We end the proof by showing that this z also ful�llskA(p�z)k1 � 1� 1n+1 . Let j 2 InI0. As I0 is a basis forthe ve
tor spa
e generated by all 
riti
al rows, there are�i; i 2 I0 su
h that aj =Pi2I0 �iai. Sin
e A is totallyunimodular, Cramer's rule implies �i 2 f�1; 0; 1g forall i 2 I0. Nowjaj � (p� z)j �Xi2I0 j�iai � (p� z)j < n 1n+1by (5.5).6 A Chara
terizationThe proof above yields some more information whi
hwe now use for a 
hara
terization of totally unimodularmatri
es that have lindis
(A) = 1� 1n+1 .Proof. [of Theorem 1.3℄ Let lindis
(A) = 1 � 1n+1 .Choose p 2 [0; 1℄n su
h that lindis
(A; p) = 1 � 1n+1 .Set b := Ap andI := fi 2 [m℄j jbi � rd(bi; 12 )j � 1n+1g:Note that I = I(b; d) for some d > 1n+1g. For anyJ � [m℄ de�ne VJ to be the ve
tor spa
e generated



by the rows aj ; j 2 J . Let I0 be a minimal subsetof I su
h that VI0 = VI . In parti
ular, the rowsai; i 2 I0 form a basis of VI . If there is an i 2 I0su
h that fbig =2 f 1n+1 ; 1 � 1n+1g, or if jI0j < n, thenby mimi
king the proof above we get a z 2 f0; 1gn su
hthat kA(p�z)k1 � maxf1�d;Pi2I0 jbi� rd(bi; 12 )jg <1� 1n+1 . We 
on
lude jI0j = n and fbig 2 f 1n+1 ; 1� 1n+1gfor all i 2 I0, and hen
e also for all i 2 I . FromLemma 2.1 we get jI j � n + 1 (otherwise g(b) � d,and Lemma 4.1 yields a 
ontradi
tion).From the fa
t that A is totally unimodular, we knowthat ea
h ai; i 2 I n I0, 
an be expressed in the formai = Pj2I0 �jaj with some �j 2 f�1; 0; 1g; j 2 I0.Let us assume that for ea
h i 2 I n I0 there is su
han expression ai = Pj2I0 �jaj su
h that at least oneof the �j ; j 2 I0 is zero. Then by mimi
king theproof of Theorem 1.2 above (using this I0), we �nd az 2 f0; 1gn su
h that jai � (p � z)j = 1n+1 for all i 2 I0and jai � (p � z)j � n�1n+1 for all i 2 I n I0. This is againa 
ontradi
tion to our 
hoi
e of p. Hen
e there is ani 2 I n I0 su
h that ai =Pj2I0 �jaj with some (by theway unique) �j 2 f�1; 1g; j 2 I0. In parti
ular, any n ofthe rows with index in I0[fig are linearly independent.Let A0 and b0 denote the restri
tions of A and b onthe rows with index in I0. Then A0 is non-singular, andthus p is already determined by A0p = b0. As (n+1)b0 2f1; ngn was shown in the �rst paragraph, we have(n+1)p 2 Zn (the inverse of a totally unimodular matrixis totally unimodular, and thus integral). Clearly, noneof the pi; i 2 [n℄ is 0 or 1 | otherwise we may just putzi = pi redu
ing the dimension of the problem by one.Hen
e all pi; i 2 [n℄ are in f 1n+1 ; : : : ; nn+1g as 
laimed.Now let A be su
h that there are n + 1 rowsea
h n thereof being linearly independent. Withoutloss of generality we may assume these to be the rowsa1; : : : ; an+1. As above there are �1; : : : ; �n 2 f�1; 1gsu
h that an+1 =Pi2[n℄ �iai. De�ne b0 2 Rn byb0i := � 1n+1 if �i = 11� 1n+1 elsefor all i 2 [n℄. Let A0 denote the matrix 
onsistingof the rows a1; : : : ; an only. As A0 has full rank, thesystem A0x = b0 has a unique solution x. Sin
e A0 istotally unimodular and (n+ 1)b0 2 Zn, (n+ 1)x is alsointegral. Set p = fxg and b = Ap. Then fbig = fb0igfor i 2 [n℄. We 
laim that any z 2 f0; 1gn ful�llskA(p� z)k1 � 1� 1n+1 . Let us assume jai � (p� z)j <1 � 1n+1 for all i 2 [n℄ (otherwise we are done). Then�iai � (p� z) = 1n+1 holds for all i 2 [n℄ by de�nition ofb0. Thus an+1 � (p � x) =Pi2[n℄ �iai � (p � x) = n 1n+1 .This proves the 
laim.

It is a trivial 
onsequen
e of the de�nition of thelinear dis
repan
y that if a matrix B 
onsists of somerows of the matrix A, then lindis
(B) � lindis
(A). Inthe light of Theorem 1.3 it makes sense to 
all a totallyunimodular m � n matrix 
riti
al, if m = n + 1 andlindis
(A) = 1 � 1n+1 . Theorem 1.3 then states that atotally unimodular m�n matrix has linear dis
repan
y1 � 1n+1 if and only if it 
ontains a 
riti
al one. Thereasoning above also shows that for 
riti
al matri
es A,there are just two di�erent p su
h that lindis
(A; p) =1� 1n+1 holds, namely the one 
onstru
ted, 
all it p(1),and p(2) := 1� p(1).Referen
es[BF81℄ J. Be
k and T. Fiala. \Integer making" theorems.Dis
rete Applied Mathemati
s, 3:1{8, 1981.[BS95℄ J. Be
k and V. S�os. Dis
repan
y theory. In R. Gra-ham, M. Gr�ots
hel, and L. Lov�asz, editors, Handbookof Combinatori
s. 1995.[Cha00℄ B. Chazelle. The Dis
repan
y Method. Prin
etonUniversity, 2000.[Chv83℄ V. Chv�atal. Linear Programming. W. H. Freemanand Company, New York, 1983.[CLP92℄ Y. Crama, M. Loebl, and S. Poljak. A de
ompo-sition of strongly unimodular matri
es into in
iden
ematri
es of digraphs. Dis
. Math., 102:143{147, 1992.[CLR90℄ T. H. Cormen, C. E. Leiserson, and R. L. Rivest.Introdu
tion to algorithms. MIT Press, Cambridge,MA, 1990.[Doe98℄ B. Doerr. Linear and hereditary dis-
repan
y. Te
hni
al Report 98{34, Beri
ht-sreihe des Mathematis
hen Seminars der Uni-versit�at Kiel, 1998. 7 pages. Available athttp://www.numerik.uni-kiel.de/reports/1998/.A

epted for publi
ation in Combinatori
s, Probabilityand Computing.[GH62℄ A. Ghouila-Houri. Cara
t�erisation des matri
estotalement unimodulaires. C. R. A
ad. S
i. Paris,254:1192{1194, 1962.[HK56℄ A. J. Ho�man and J. G. Kruskal. Integral boundarypoints of 
onvex polyhedra. In H. W. Kuhn andA. W. Tu
ker, editors, Linear Inequalities and RelatedSystems, pages 223{246. 1956.[Hof79℄ A. J. Ho�mann. The role of unimodularity inapplying linear inequalities to 
ombinatorial theorems.Ann. Dis
. Math., 4:73{84, 1979.[LSV86℄ L. Lov�asz, J. Spen
er, and K. Vesztergombi. Dis-
repan
ies of set-systems andmatri
es. Europ. J. Com-bin., 7:151{160, 1986.[Mat99℄ J. Matou�sek. Geometri
 Dis
repan
y. Springer-Verlag, Berlin, 1999.[PY00℄ H. Peng and C. H. Yan. On the dis
repan
y ofstrongly unimodular matri
es. Dis
rete Mathemati
s,219:223{233, 2000.



[Rag88℄ P. Raghavan. Probabilisti
 
onstru
tion of deter-ministi
 algorithms: Approximating pa
king integerprograms. J. Comput. Syst. S
i., 37:130{143, 1988.[Spe87℄ J. Spen
er. Ten Le
tures on the Probabilisti
Method. SIAM, 1987.


