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t. We investigate the problem to 
olor the vertex set of a hy-pergraphH = (X; E) with a �xed number of 
olors in a balan
ed manner,i.e., in su
h a way that all hyperedges 
ontain roughly the same numberof verti
es in ea
h 
olor (dis
repan
y problem). We show the followingresult:Suppose that we are able to 
ompute for ea
h indu
ed subhypergraph a
oloring in 
1 
olors having dis
repan
y at most D. Then there are 
olor-ings in arbitrary numbers 
2 of 
olors having dis
repan
y at most 1110 
21D.A 
2{
oloring having dis
repan
y at most 1110 
21D+3
�k1 jXj 
an be 
om-puted from (
1� 1)(
2� 1)k 
olorings in 
1 
olors having dis
repan
y atmost D with respe
t to a suitable subhypergraph of H.A 
entral step in the proof is to show that a fairly general rounding prob-lem (linear dis
repan
y problem in 
2 
olors) 
an be solved by 
omputinglow-dis
repan
y 
1{
olorings.1 Introdu
tion and ResultsThis paper deals with the problem of balan
ed hypergraph 
olor-ings (or equivalently, balan
ed partitions). A 
oloring in 
 
olors is
alled balan
ed, if all hyperedges 
ontain roughly the same numberof verti
es in ea
h 
olor. More pre
ise, we de�ne the dis
repan
y ofa 
oloring to be the maximum deviation (taken over all hyperedgesE and all 
olors d) of verti
es in 
olor d 
ontained in E 
ompared tothe fair value 1
 jEj.Whereas the dis
repan
y problem was mostly studied in the 
on-text of 2 
olors (see e. g. Be
k and S�os [BS95℄, Matou�sek [Mat99℄or Chazelle [Cha00℄), there has re
ently been work on the generalproblem (e. g. [DS99,BCC+00℄). In this paper, we are interested inthe relation between the dis
repan
y problem in di�erent numbers



of 
olors. Sin
e [Doe01a℄ gave a 
lass of hypergraphs having very dif-ferent dis
repan
ies in di�erent numbers of 
olors, one might be pes-simisti
. On the other hand, there are several 
lasses of hypergraphshaving similar dis
repan
ies in all numbers of 
olors, 
f. [DS01℄. Thispaper tries to solve this di
hotomy.A �rst result of this type already appeared in the paper [DS99℄.There a re
ursive algorithm was presented that 
omputes 
{
oloringsfrom low-dis
repan
y 2{
olorings. In this paper we extend this resultto arbitrary numbers of 
olors. Unfortunately, it is not possible to usesimilar methods. Roughly speaking, it is relatively easy to 
ompute
2{
olorings from 
1{
olorings for 
2 > 
1 by a re
ursive partition-ing s
heme. Imbalan
es in
i
ted in earlier rounds of the re
ursionare split up in the following ones in a balan
ed manner. Thereforethe �nal dis
repan
y 
an be estimated by something similar to ageometri
 series.For the 
ase 
2 < 
1 things are di�erent. Of 
ourse, the 
asethat 
2 divides 
1 is relatively trivial, but the remaining situationsneed more e�ort. The problem be
omes visible already if we try to
ompute 2{
olorings from 3{
olorings. A natural approa
h would beto �nd a low-dis
repan
y 3{
oloring and then to re
ursively re
olorthe verti
es in 
olor 3 a

ording to further 3-
olorings having lowdis
repan
y on these verti
es. If we organize this in a suitable way,at most O(1) verti
es in 
olor 3 are left after O(logn) iterations(assuming n to be the number of verti
es), whi
h may be 
oloredarbitrarily.The draw-ba
k of this approa
h is that the imbalan
es of the3{
olorings might a

umulate. Thus for the �nal 2{
oloring we 
an-not obtain a better dis
repan
y guarantee than O(log jXj) times themaximum dis
repan
y of the 3{
olorings (
f. Theorem 2 for a pre
iseversion of this statement).Our obje
tive in this paper though is to show that the size of thehypergraph does not matter: Suppose that one 
an 
olor a hyper-graph and all its subgraphs with a �xed number of 
olors su
h thatthe 
orresponding dis
repan
ies are at mostD. Then this hypergraph
an be 
olored with any number of 
olors su
h that the dis
repan
yis at most a 
onstant fa
tor larger than D. More pre
isely, we show:2



Theorem 1. Let H = (X; E) be a hypergraph. Let 
1; 
2 2 N�2 bearbitrary numbers of 
olors. Suppose that for ea
h indu
ed subhyper-graph of H there is a 
1{
oloring of the vertex set having dis
repan
yat most D. Then there exists a 
2{
oloring of H having dis
repan
yat most 1110 
21D.A 
2{
oloring of H having dis
repan
y at most 1110 
21D+ 3
�k1 jXj
an be 
omputed from (
1 � 1)(
2 � 1)k 
olorings in 
1 
olors havingdis
repan
y at most D with respe
t to a suitable indu
ed subhyper-graph of H.The key idea to prove Theorem 1 is to show an even more gen-eral result. Roughly speaking, in the setting of Theorem 1 it is alsopossible to round any 
oating 
oloring to an ordinary one with smalldis
repan
y. This will be made pre
ise in Se
tion 3, where the ne
-essary de�nitions introdu
ed in Se
tion 2 are available.In a sense, Theorem 1 is best possible: Fix two numbers 
1; 
2of 
olors. Sin
e Theorem 1 works for arbitrary numbers of 
olors,we may apply it also with the roles of 
1 and 
2 inter
hanged. Thisshows that for all hypergraphs H the maximum dis
repan
y amongthe indu
ed subhypergraphs is the same in 
1 and 
2 
olors (apartfrom 
onstant fa
tors depending on 
1; 
2 only).The reason why we have these strong results (
ompared to thenegative example of [Doe01a℄) is that we use the stronger assump-tion that all indu
ed subhypergraphs admit a low-dis
repan
y 
ol-oring in 
1 
olors. This ex
ludes the 
lass of hypergraphs exhibitedin [Doe01a℄. On the other hand, most results known in dis
repan
ytheory are hereditary (refer to the maximum dis
repan
y amongall subhypergraphs) sin
e they relate the dis
repan
y to anotherhereditary property like maximum degree (Be
k and Fiala [BF81℄,Srinivasan [Sri97℄), VC-dimension and shatter fun
tions (Matou�sek,Welzl and Wernis
h [MWW84℄, Matou�sek [Mat95℄) or total unimod-ularity (Ghouila-Houri [GH62℄, Doerr [Doe01b℄).Our main result admits several 
orollaries. We present two inSe
tion 4, one 
on
erning hypergraph having more verti
es than hy-peredges, the other one showing a 
onne
tion between multi-
olordis
repan
ies and the problem of integral approximate solutions oflinear equations. 3



2 Notation and Preliminaries2.1 Multi-Color Dis
repan
iesLet H = (X; E) be a �nite hypergraph, that is, X is a �nite set andE � 2X . Throughout this se
tion let 
 2 N�2 denote the number of
lasses we want to partition the verti
es of H into. It is natural torepresent the partition by a 
oloring. The partition 
lasses then areformed by the sets of equally 
olored verti
es. A 
{
oloring of H isa mapping � : X ! M , where M is any set of 
ardinality 
. For
onvenien
e, normally one has M = [
℄ := f1; : : : ; 
g. Sometimes adi�erent set M will be advantageous.The basi
 idea of measuring the deviation of a given partitionfrom the ideal one motivates these de�nitions: The dis
repan
y of ahyperedge E 2 E in 
olor d 2M with respe
t to � isdis
�;d(E) := ����j��1(d) \ Ej � jEj
 ���� ;the dis
repan
y of H with respe
t to � isdis
(H; �) := maxd2M;E2E dis
�;d(E)and the dis
repan
y of H in 
 
olors isdis
(H; 
) := min�:X![
℄dis
(H; �):For a subset X0 � X of verti
es denote by HjX0 = (X0; EjX0)the hypergraph indu
ed by X0, i. e., EjX0 := fE \ X0jE 2 Eg. Thehereditary dis
repan
y in 
 
olors is de�ned byherdis
(H; 
) := maxX0�X dis
(HjX0 ; 
):As in 2 
olors, the notion of multi-
olor dis
repan
y has a naturalextension to matri
es. Let A 2 Rm�n be any real matrix and � :[n℄ ! M , where M is again an arbitrary set of 
ardinality 
. Thenthe dis
repan
y of A with respe
t to � is de�ned bydis
(A; �) := maxd2M;i2[m℄ ������ Xj2��1(d) aij � 1
 Xj2[n℄aij������ :4



The dis
repan
y of A in 
 
olors isdis
(A; 
) := min�:[n℄![
℄dis
(A; �):Immediately we see that dis
(A; 
) = dis
(H; 
) if A is the in-
iden
e matrix of H. The extension to matri
es is justi�ed by tworeasons. Firstly, it is an interesting optimization problem on its ownright to partition the 
olumn ve
tors a(j); j 2 [n℄ of A into balan
ed
lasses, i. e., in a way that for all partition 
lasses ��1(d) the sumsPj2��1(d) a(j) are roughly equal. Se
ondly, even for some hypergraphproblems the matrix notion is more 
onvenient, e. g., to prove theBe
k{Fiala theorem.For the problems we are 
on
erned with in this arti
le it makesno di�eren
e whether we restri
t ourselves to the spe
ial 
ase ofhypergraphs or the generalization to matri
es. Hen
e from now onwe will deal with the matrix 
ase only. The notion of hereditarydis
repan
y translates to matri
es in the obvious way: Write AjJ todenote the submatrix of A 
ontaining the 
olumns with index in Jonly. Then herdis
(A; 
) := maxJ�[n℄dis
(AjJ ; 
):If one allows a logarithmi
 dependen
e on the size of the hyper-graph, an elementary proof shows some relation between the dis
rep-an
y problem in di�erent numbers of 
olors:Theorem 2. Let A 2 Rm�n and 
2 < 
1. If 
2 divides 
1, then any
1{
oloring �1 : [n℄! [
1℄ yields a 
2{
oloring �2 for A su
h thatdis
(A; �2) � 
1
2 dis
(A; �1):Otherwise, a 
2{
oloring � su
h thatdis
(A; �2) � j 
1
2k log1=(1� 
2
1 j 
1
2 k)(n)D� j 
1
2k log2(n)D
an be 
omputed from log2 n 
olorings in 
1 
olors having dis
repan
yat most D with respe
t to suitable submatri
es of A.5



For small hypergraphs, this result is even superior to our mainresult. In general, of 
ourse, it leads into the wrong dire
tion (sug-gesting that the size of the hypergraph might have an in
uen
e onhow di�erent hypergraphs behave in the dis
repan
y problem in dif-ferent numbers of 
olors).2.2 Linear Dis
repan
iesA rather general 
on
ept is the one of linear dis
repan
y. Here ev-ery vertex has an individual weight whi
h des
ribes in whi
h ratiothe vertex in average should 
ontribute to ea
h 
olor 
lass of ea
hhyperedge it belongs to. A less obs
ure way of viewing this problemis to re
ognize it as rounding problem: For a given 
oating 
oloringassigning ea
h vertex not a single 
olor, but a weighted mixture of
olors, we are looking for a `pure' 
oloring (assigning ea
h vertex asingle 
olor) su
h that ea
h hyperedge in total re
eives every 
olorroughly in the same amount by both 
olorings. This rounding aspe
twill be a 
entral theme of the main proof.At this point it will be 
onvenient to 
hoose a di�erent set of
olors. Denote by E
 = fe(1); : : : ; e(
)g the standard basis of R
 .Denote by E
 the 
onvex hull of E
, whi
h is nothing more than theset of all p 2 [0; 1℄
 su
h that kpk1 = 1. We 
all these ve
tors 
{
olorweights. In the hypergraph 
ase our obje
tive hen
e is to `round' a
oating 
oloring p : X ! E
 to a 
oloring q : X ! E
 in su
h away that the imbalan
es 

Px2E p(x)�Px2E q(x)

1 are small forall E 2 E .For matri
es we de�ne: A mapping p : [n℄ ! E
 is 
alled a
oating 
oloring. Denote by C
 the set of all 
oating 
olorings andby C
 := fp j p : [n℄! E
g the set of all pure 
olorings. For p; q 2 C
put dA(p; q) := maxi2[m℄ 




 nXj=1 aij(p(j)� q(j))




1 :It is 
lear that dA is pseudo-metri
 on C
, in parti
ular it satis�esthe triangle inequality. The linear dis
repan
y of A with respe
t top 2 C
 now is lindis
(A; p) := dA(p; C
) = minq2C
 dA(p; q):6



Let p : [n℄ ! E
; j 7! 1
1
. Then dA(p; q) � D just means that qis a 
{
oloring su
h that dis
(A; q) � D. Thus the linear dis
repan
yproblem is a dire
t generalization of the dis
repan
y problem.2.3 TypesLet 
1; 
2 2 N�2 . A ve
tor t 2 f0; : : : ; 
1�1g
2 shall be 
alled (
1; 
2){type in this paper if ktk1 = Pi2[
2℄ ti = 
1. Denote by T
1;
2 the setof all (
1; 
2){types. Put n
1;
2 := jT
1;
2j and s
1;
2 := Pt2T
1;
2 t.The following three lemmata (proofs omitted) give some propertiesof these types.Lemma 1. The number of (
1; 
2){types isn
1;
2 = �
1 + 
2 � 1
1 �� 
2:Lemma 2. The sum of all (
1; 
2){types is s
1;
2 = 
1
2n
1;
21
2.Lemma 3. Let v 2 f0; : : : ; 
1�1g
2 su
h that 
1 divides kvk1. Thenv is the sum of (
1; 
2){types ea
h thereof o

urring just on
e, i.e.,there are "t 2 f0; 1g; t 2 T
1;
2 su
h that v = Pt2T
1;
2 "tt. These"t; t 2 T
1;
2, 
an be found eÆ
iently by a Greedy-Algorithm.3 Linear and Hereditary Dis
repan
y inArbitrary Numbers of ColorsIn this se
tion we show how linear dis
repan
ies in 
2 
olors 
anbe bounded in terms of the 
1{
olor hereditary dis
repan
y. Re
allfrom Se
tion 2 that the linear dis
repan
y problem in parti
ularsolves the ordinary dis
repan
y problem. For a matrix A we writekAk1 := maxi2[m℄Pj2[n℄ jaijj to denote the operator norm indu
edby the maximum norm.Theorem 3. Let A be any real matrix, 
1; 
2 2 N�2 and p 2 C
2.Then there is a q 2 C
2 su
h thatdA(p; q)� 
21(
1�1)
2n
1;
2 herdis
(A; 
1):7



A q 2 C
2 satisfyingdA(p; q) � 
21(
1�1)
2n
1;
2D + 
�k1 kAk1
an be 
omputed from kn
1;
2 
olorings in 
1 
olors having dis
repan
yat most D with respe
t to some submatrix of A.Note that for 
1 = 
2 = 2, Theorem 3 is just the resultlindis
(A; 2) � 2 herdis
(A; 2) of Be
k and Spen
er [BS84℄ andLov�asz, Spen
er and Vesztergombi [LSV86℄.1 We re
all the fa
t thatfor every real number x 2 [0; 1℄ that has a �nite 
{ary expansionx =Plk=0 bk
�k for some bk 2 f0; : : : ; 
� 1g; bl 6= 0, this expansionis unique (among all �nite expansions). Denote by l
(x) the lengthof this 
{ary expansion of x. Put M
;l := fx 2 [0; 1℄ j l
(x) � lg andC
2
1;l := fp j p : [n℄! E
2 \M 
2
1;lg for all l 2 N0 .The following lemma is the heart of our proof. It analyzes howwell (with respe
t to dA(�; �)) a 
oating 
oloring having a 
1{aryexpansion of length l 
an be rounded to one of length l � 1.Lemma 4. Let p 2 C
2
1;l for some l 2 N. Then a q 2 C
2
1;l�1 su
hthat dA(p; q) � 1
2 
�l+21 n
1;
2D
an be 
omputed from n
1;
2 
olorings in 
1 
olors having dis
repan
yat most D with respe
t to some submatrix of A.Proof. This algorithm solves the problem. Set q(0) = p. Lett(1); : : : ; t(n
1;
2) be an enumeration of T
1;
2 su
h that kt(r)k1 �kt(r+1)k1 for all r 2 [n
1;
2 � 1℄. For all r = 1; : : : ; n
1;
2 do:Iteration r: For every j 2 [n℄ let q(r�1)(j) =Plk=0 b(r�1)k (j)
�k1for some b(r�1)k (j) 2 f0; : : : ; 
1�1g
2 denote the 
1{ary expan-sion of the ve
tor q(r�1)(j). Set J (r) := fj 2 [n℄jb(r�1)l (j) �t(r)g. Choose a 
oloring �(r) : J (r) ! [
1℄ su
h thatdis
(AjJ(r); �(r)) � D. Choose a fun
tion f (r) : [
1℄! [
2℄ su
h1 By lindis
(A; 
) we denote the maximum value lindis
(A; p) among all 
oat-ing 
{
olorings p 2 C
. For two 
olors, this is equivalent to lindis
(A; 2) :=maxp2[0;1℄n minq2f0;1gn kA(p� q)k1. 8



that j(f (r))�1(d)j = t(r)d for all d 2 [
2℄. For all j 2 [n℄; d 2 [
2℄putq(r)(j)d := 8<:q(r�1)(j)d if j =2 J (r)q(r�1)(j)d + (
1 � t(r)d )
�l1 if j 2 J (r); d = f (r)(�(r)(j))q(r�1)(j)d � t(r)d 
�l1 if j 2 J (r); d 6= f (r)(�(r)(j)):Finally set q := q(n
1;
2).We defer the 
orre
tness proof to the full version of this paper.utThe proof of Theorem 3 (also omitted) mainly 
onsist of a re-peated appli
ation of Lemma 4. As linear dis
repan
ies are a gener-alization of the dis
repan
y problem, this already shows dis
(A; 
2) =O
1;
2(herdis
(A; 
1)). Unfortunately, the impli
it 
onstants are ex-ponential in the numbers of 
olors.4 Proof of the Main ResultsIn this se
tion, we repla
e the exponential dependen
y on the numberof 
olors by a quadrati
 dependen
y on 
1 only.Theorem 4. Let A be an m by n matrix. Let 
1; 
2 2 N�2 be arbi-trary numbers of 
olors. Suppose that for ea
h submatrix of A thereis a 
1{
oloring having dis
repan
y at most D. Then there exists a
2{
oloring for A having dis
repan
y at most 1110 
21D.A 
2{
oloring for A having dis
repan
y at most 1110 
21D +3
�k1 kAk1 
an be 
omputed from (
1 � 1)(
2 � 1)k 
olorings in 
1
olors having dis
repan
y at most D with respe
t to a suitable sub-matrix of A.This improvement is made possible by a detour through 2 
olors.Already by applying Theorem 3 �rst on the numbers of 
olors 
1 and2 and then a se
ond time on 2 and 
2, we 
an lower the 
onstant toO(
21
2). We do slightly better (
ompletely removing the dependen
eon 
2) by invoking the result of Srivastav and the author [DS99℄.Using a re
ursive approa
h, they show that 
{
olor dis
repan
ies 
anbe bounded in terms of 2{
olor dis
repan
ies: For any hypergraphH and any number 
 of 
olors, a 
{
oloring � satisfyingdis
(H; �)� 2:0005D9




an be 
omputed from at most (
� 1) 2{
olorings for indu
ed sub-hypergraphs of H having dis
repan
y at most D with respe
t toa suitable weight. From the proof it is 
lear that an analogous re-sult holds as well for dis
repan
ies of matri
es. We will use this fa
twithout further proof.Proof (of Theorem 4, sket
hed). By Theorem 3, we 
an 
omputegood 2{
olorings with respe
t to weights, sin
e the weighted dis
rep-an
y problem is just the linear dis
repan
y one restri
ted to 
onstant
oating 
olorings (in the language of hypergraphs: All verti
es havethe same weight). Note that Theorem 3 works for indu
ed subma-tri
es as well. Therefore, 
ombining Theorem 3 with the result 
itedabove, we have Theorem 4 and its hypergraph version Theorem 1.utWe end this se
tion with two 
orollaries. If A has more 
olumnsthan rows, a redu
tion by linear algebra due to Spen
er [Spe87℄ 
anbe applied: In two 
olors, the linear dis
repan
y is at most the max-imum linear dis
repan
y among all submatri
es 
ontaining at mostm 
olumns of A. This yields:Corollary 1. For any m � n matrix A and any number of 
olors
 2 N�2 , we havedis
(A; 
) � 1110
2 maxJ�[n℄jJj�m dis
(AjJ ; 
):A 
{
oloring � for A having dis
repan
y dis
(A; �) � 1110
2D +3
�kkAk1 
an be 
omputed from (
� 1)2k 
olorings in 
 
olors hav-ing dis
repan
y at most D for a suitable submatrix of A having atmost m 
olumns.Proof (sket
hed). We use Theorem 3 to step down to 2 
olors, applySpen
er's redu
tion and return to 
 
olors again (using [DS99℄). utThe linear dis
repan
y in two 
olors also des
ribes how well asolution of a linear system 
an be rounded to an approximate integerone (this is a folklore result easily being dedu
ed from the de�nition).Combined with Theorem 3 we derive:Corollary 2. Let A 2 Rm�n and b 2 Rm su
h that the linear systemAx = b has a solution x. Then there is a z 2 Zn su
h that kx�zk1 �1 and kAz � bk1 � 1110
2 herdis
(A; 
) for all 
 2 N�2 .10



5 Con
luding RemarksIn this paper we showed that the hereditary dis
repan
y in nearlyindependent of the numbers of 
olors. This strongly 
ontrasts the or-dinary dis
repan
y. Our result suggests that the hereditary dis
rep-an
y is a very general measure of how well a hypergraph behaves inpartitioning problems.To prove the main result herdis
(A; 
2) = �
1(herdis
(A; 
1)) weneeded a detour through linear dis
repan
ies. It seems to be an in-teresting question whether this is ne
essary, or if a bound of typeherdis
(A; 
2) = �
1;
2(herdis
(A; 
1)) 
an be proven more dire
tly.The best result avoiding the detour we have 
ontains a logarithmi
dependen
e of the number of 
olumns, 
f. Theorem 2.A se
ond open problem is the pre
ise in
uen
e of the numbers of
olors. Our bound 
ontains a fa
tor of O(
21), whereas we only knowexamples justifying a fa
tor of 
(
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6 AppendixThis appendix 
ontains proofs omitted for reasons of spa
e.Proof (of Theorem 2). Let � : [n℄ ! [
1℄ be a 
1{
oloring su
h thatdis
(A; �) � herdis
(A; 
1). Let f : [
1℄! [
2℄[ f0g be any mappingsu
h that jf�1(i)j = j 
1
2k for all i 2 [
2℄. Set� : [n℄! [
2℄ [ f0g; x 7! f(�(x)):Then dis
(A0 j��1([
2℄); �) � j 
1
2kherdis
(A; 
1) sin
e ea
h 
olor
lass of � is the union of j
1
2k 
olor 
lasses of �. If 
2 divides 
1,��1([
2℄) = [n℄ and we are done. Let us therefore assume that 
2does not divide 
1. We may 
hoose f in su
h a way that it maps the
1 � 
2 j
1
2k smallest 
olor 
lasses of � to 0. Hen
e at least 
2 n
1 j
1
2kpoints are 
olored by �, i. e., are not mapped to 0. We repeat thispro
edure on ��1(0) until all points are 
olored. This takes at mostlog1=(1� 
2
1 j 
1
2 k)(n) � log2(n) iterations. utProof (of Lemma 1). Ea
h type t 2 T
1;
2 
an be uniquely des
ribedby the set Nt of indi
es i su
h that ti 6= 0 and a ve
tor t 2 N jNt jwhi
h results from deleting the zero entries from t.2 Conversely, forany N � [
2℄, jN j � 2, and any t0 2 N jN j , kt0k1 = 
1 there is a typet 2 T
1;
2 su
h that Nt = N and t = t0. Denote by ri the number oft0 2 N i su
h that kt0k1 = 
1. Then we just showedn
1;
2 = 
2Xi=2 �
2i �ri:The numbers ri are easy to 
ompute: There is a one-one mapping �from the set of i{dimensional ve
tors in N having sum 
1 onto thei� 1 element subsets of [
1 � 1℄. Ea
h ve
tor t is mapped on the set�(t) = fPkj=1 tjjk 2 [i � 1℄g of all but the last of its partial sums.2 We denote by N the set of positive integers, by N0 the nonnegative ones.13



Hen
e ri = �
1�1i�1 �. As �
1�1i�1 � = �
1�1
1�i�, we 
on
luden
1;
2 = 
2Xi=2 �
2i �ri = 
2Xi=2 �
2i ��
1 � 1
1 � i�= 
2Xi=1 �
2i ��
1 � 1
1 � i�� 
2 = �
1 + 
2 � 1
1 �� 
2: utProof (of Lemma 2). For every permutation � 2 S
2 denote by � :R
2 ! R
2 the (linear) mapping su
h that �(v)i = v�(i) for all i 2[
2℄; v 2 R
2 . Set S
2 := f�j� 2 S
2g. From the de�nitions we seethat S
2 leaves T
1;
2 invariant, i. e., �(T
1;
2) = T
1;
2 for all � 2 S
2.Hen
e s
1;
2 is a �xed point of S
2, i. e., �(s
1;
2) = s
1;
2 for all� 2 S
2. The only �xed points of S
2 are multiples of 1
2, hen
ethere is a � 2 R�0 su
h that s
1;
2 = �1
2. From�
2 = k�1
2k1 = ks
1;
2k1 = Xt2T
1 ;
2 ktk1 = n
1;
2
1we get � = 
1
2n
1;
2. utProof (of Lemma 3). Let t(1); : : : ; t(n
1;
2) be an enumeration of T
1;
2su
h that kt(r)k1 � kt(r+1)k1 for all r 2 [n
1;
2 � 1℄. We 
laim thatthe following greedy algorithm is 
orre
t:v_0 := v;for r=1 to n_{
_1,
_2} do e[r℄ := 0;for r=1 to n_{
_1,
_2} doif t[r℄ <= v then {v := v - t[r℄; e[r℄ := 1}It is easy to see thatPn
1;
2r=1 e[r℄t[r℄ + v = v0 is satis�ed after theexe
ution of ea
h line. Furthermore v is nonnegative all the time.Therefore is suÆ
es to show that v = 0 holds after the terminationof our algorithm.Assume that v 6= 0 after the termination of the algorithm. Byindu
tion we see that 
1 divides kvk1, in parti
ular kvk1 � 
1. Hen
ethere is an r 2 [n
1;
2℄ su
h that t(r) � v. At �rst we note that thisfor
es e[r℄ = 1. Denote by v(r�1) the value of v after termination of14



iteration r� 1. As e[r℄ = 1 we have 2t(r) � v(r�1). We show that this
an never happen:Let s be minimal su
h that 2t(s) � v(s�1). Then kt(s)k1 � 
1�12 .Hen
e there is a type t(u) su
h that kt(u)k1 = 2kt(s)k1 and t(u) �2t(s). We 
on
lude u < s. By minimality of s we have e[u℄ = 0. Thisis a 
ontradi
tion as t(u) � 2t(s) � v(s�1) � v(u�1). ut
Proof (of Lemma 4). Let us analyze a single iteration r �rst: Letd 2 [
2℄ and i 2 [m℄. We 
ompute������Xj2[n℄aij �q(r�1)(j)d � q(r)(j)d������� = ������ Xj2J(r) aij �q(r�1)(j)d � q(r)(j)d�������= 
�l+11 �������� Xj2J(r)f(r)(�(r)(j))=d 
1 � t(r)d
1 aij � Xj2J(r)f(r)(�(r)(j))6=d t(r)d
1 aij��������= 
�l+11 �������� Xj2J(r)f(r)(�(r)(j))=daij � t(r)d
1 Xj2J(r) aij��������= 
�l+11 ������ Xe2(f(r))�1(d)0� Xj2(�(r))�1(e) aij � 1
1 Xj2J(r) aij1A������� 
�l+11 Xe2(f(r))�1(d) ������ Xj2(�(r))�1(e) aij � 1
1 Xj2J(r) aij������� 
�l+11 t(r)d dis
(AjJ(r); �(r))� 
�l+11 t(r)d D: 15



Thus we have������Xj2[n℄aij (p(j)d � q(j)d)������ = ������n
1;
2Xr=1 Xj2[n℄aij �q(r�1)(j)d � q(r)(j)d�������� 
�l+11 D n
1;
2Xr=1 t(r)d= 
�l+11 (s
1;
2)dD:Lemma 2 gives dA(p; q)� ks
1;
2k1
�l+11 D� 1
2 
�l+21 n
1;
2D:Next we 
laim that q(r)(j) 2 E
2 \ M 
2
1;l for all r 2f0; : : : ; n
1;
2g; j 2 [n℄. This is 
lear for r = 0 as q(0) = p. Wepro
eed by indu
tion. Let r 2 [n
1;
2℄ and j 2 [n℄ su
h thatq(r�1)(j) 2 E
2 \M 
2
1;l. If j =2 J (r), then q(r)(j) = q(r�1)(j) and thereis nothing to show. Assume j 2 J (r). Sin
e b(r�1)l (j) � t(r), we haveq(r�1)(j) � t(r)
�l1 and hen
e q(r)(j) is not negative by de�nition. We
omputeXd2[
2℄ q(r)(j)d = q(r�1)(j)f(r)(�(r)(j)) + (
1 � t(r)f(r)(�(r)(j)))
�l1+ Xd2[
2℄d6=f(r)(�(r)(j))(q(r�1)(j)d � t(r)d 
�l1 )= Xd2[
2℄ q(r�1)(j)d + (
1 � Xd2[
2℄ t(r)d )
�l1= Xd2[
2℄ q(r�1)(j)d = 1:Sin
e q(r)(j) is nonnegative, we 
on
lude q(r)(j)d � 1 for all d 2 [
2℄.Finally, from the de�nition of q(r)(j) it is 
lear that q(r)(j) 2 M 
2
1;l ifand only if q(r�1)(j) 2M 
2
1;l. This proves the 
laim.The de�nitions of q(�)(j) and b(�)l (j) also yield b(r)l (j) = b(r�1)l (j)�t(r) for all j 2 J (r); r 2 [n
1;
2℄. Sin
e 
1 divides kb(0)l (j)k1 for all16



j 2 [n℄, Lemma 3 shows that the range of q is a
tually 
ontained inM 
2
1;l�1. utProof (of Theorem 3). Let p : [n℄ ! E
2 . We show that there is aq : [n℄ ! E
2 su
h that dA(p; q) � 
21(
1�1)
2n
1;
2 herdis
(A; 
1) andhow to approximate it. Let us �rst assume that p : [n℄! E
2 \M 
2
1;lfor some l 2 N.Set p(0) := p. Indu
tively, we de�ne a sequen
e (p(i))i2[l℄ su
hthat p(i) : [n℄! E
2 \M 
2
1;l�i. In parti
ular, p(l) : [n℄! E
2 . Havingde�ned p(i) for some i < l we apply Lemma 4 on p(i) and get p(i+1) :[n℄ ! E
2 \M 
2
1;l�i�1 su
h that dA(p(i); p(i+1)) � 
�l+i+21 
2 n
1;
2D. Setq := p(l). Then dA(p; q)� l�1Xi=0 dA(p(i); p(i+1))� l�1Xi=0 1
2 
�l+i+21 n
1;
2D� 
21(
1 � 1)
2n
1;
2D:For arbitrary p and l 2 N do the following: Choose a p(0) : [n℄!E
2 \ M 
2
1;l su
h that kp(j) � p(0)(j)k1 � 
�l1 . Then dA(p; p(0)) �
�l1 kAk1. With p(0) pro
eed as above and get a q : [n℄ ! E
2 su
hthat dA(p(0); q) � 
21(
1�1)
2n
1;
2D. Sin
e dA(�; �) obeys the triangleinequality, we are done.For the existen
e result 
hoose D = herdis
(A; 
1). Sin
eSl2N0 C
2
1;l is dense in C
2 and lindis
(A; �) : C
2 !R; p 7! lindis
(A; p) is 
ontinuous, we have lindis
(A; p) �
21(
1�1)
2n
1;
2 herdis
(A; 
1) for all p 2 C
2. ut
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