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Abstract. We investigate the problem to color the vertex set of a hy-
pergraph # = (X, £) with a fixed number of colors in a balanced manner,
i.e., in such a way that all hyperedges contain roughly the same number
of vertices in each color (discrepancy problem). We show the following
result:

Suppose that we are able to compute for each induced subhypergraph a
coloring in ¢; colors having discrepancy at most D. Then there are color-
ings in arbitrary numbers ¢ of colors having discrepancy at most }—é éaD.
A co—coloring having discrepancy at most % ¢iD+3¢; %) X| can be com-
puted from (¢1 — 1)(c2 — 1)k colorings in ¢; colors having discrepancy at
most D with respect to a suitable subhypergraph of #.

A central step in the proof is to show that a fairly general rounding prob-
lem (linear discrepancy problem in ¢ colors) can be solved by computing
low-discrepancy c;—colorings.

1 Introduction and Results

This paper deals with the problem of balanced hypergraph color-
ings (or equivalently, balanced partitions). A coloring in ¢ colors is
called balanced, if all hyperedges contain roughly the same number
of vertices in each color. More precise, we define the discrepancy of
a coloring to be the maximum deviation (taken over all hyperedges
E and all colors d) of vertices in color d contained in E' compared to
the fair value X|E|.

Whereas the discrepancy problem was mostly studied in the con-
text of 2 colors (see e. g. Beck and Sés [BS95], Matousek [Mat99]
or Chazelle [Cha00]), there has recently been work on the general
problem (e. g. [DS99,BCC*00]). In this paper, we are interested in
the relation between the discrepancy problem in different numbers



of colors. Since [Doe0la] gave a class of hypergraphs having very dif-
ferent discrepancies in different numbers of colors, one might be pes-
simistic. On the other hand, there are several classes of hypergraphs
having similar discrepancies in all numbers of colors, cf. [DS01]. This
paper tries to solve this dichotomy.

A first result of this type already appeared in the paper [DS99].
There a recursive algorithm was presented that computes c—colorings
from low-discrepancy 2-colorings. In this paper we extend this result
to arbitrary numbers of colors. Unfortunately, it is not possible to use
similar methods. Roughly speaking, it is relatively easy to compute
co—colorings from c;—colorings for ¢, > ¢; by a recursive partition-
ing scheme. Imbalances inflicted in earlier rounds of the recursion
are split up in the following ones in a balanced manner. Therefore
the final discrepancy can be estimated by something similar to a
geometric series.

For the case ¢; < ¢; things are different. Of course, the case
that ¢ divides ¢; is relatively trivial, but the remaining situations
need more effort. The problem becomes visible already if we try to
compute 2—colorings from 3-colorings. A natural approach would be
to find a low-discrepancy 3—coloring and then to recursively recolor
the vertices in color 3 according to further 3-colorings having low
discrepancy on these vertices. If we organize this in a suitable way,
at most O(1) vertices in color 3 are left after O(logn) iterations
(assuming n to be the number of vertices), which may be colored
arbitrarily.

The draw-back of this approach is that the imbalances of the
3—colorings might accumulate. Thus for the final 2-coloring we can-
not obtain a better discrepancy guarantee than O(log|X]|) times the
maximum discrepancy of the 3—colorings (cf. Theorem 2 for a precise
version of this statement).

Our objective in this paper though is to show that the size of the
hypergraph does not matter: Suppose that one can color a hyper-
graph and all its subgraphs with a fixed number of colors such that
the corresponding discrepancies are at most D. Then this hypergraph
can be colored with any number of colors such that the discrepancy
is at most a constant factor larger than D. More precisely, we show:



Theorem 1. Let H = (X,E) be a hypergraph. Let ¢1,co € Ny be
arbitrary numbers of colors. Suppose that for each induced subhyper-
graph of H there is a ¢y —coloring of the vertex set having discrepancy
at most D. Then there exists a co—coloring of H having discrepancy
at most % D.

A co—coloring of H having discrepancy at most % 2D + 30{’“|X|
can be computed from (c; — 1)(cy — 1)k colorings in ¢, colors having
discrepancy at most D with respect to a suitable induced subhyper-

graph of H.

The key idea to prove Theorem 1 is to show an even more gen-
eral result. Roughly speaking, in the setting of Theorem 1 it is also
possible to round any floating coloring to an ordinary one with small
discrepancy. This will be made precise in Section 3, where the nec-
essary definitions introduced in Section 2 are available.

In a sense, Theorem 1 is best possible: Fix two numbers ¢y, ¢y
of colors. Since Theorem 1 works for arbitrary numbers of colors,
we may apply it also with the roles of ¢; and ¢y interchanged. This
shows that for all hypergraphs H the maximum discrepancy among
the induced subhypergraphs is the same in ¢; and ¢y colors (apart
from constant factors depending on ¢y, ¢ only).

The reason why we have these strong results (compared to the
negative example of [DoeOlal) is that we use the stronger assump-
tion that all induced subhypergraphs admit a low-discrepancy col-
oring in ¢; colors. This excludes the class of hypergraphs exhibited
in [Doe0lal. On the other hand, most results known in discrepancy
theory are hereditary (refer to the maximum discrepancy among
all subhypergraphs) since they relate the discrepancy to another
hereditary property like maximum degree (Beck and Fiala [BF81],
Srinivasan [Sri97]), VC-dimension and shatter functions (Matousek,
Welzl and Wernisch [MWW84], Matousek [Mat95]) or total unimod-
ularity (Ghouila-Houri [GH62], Doerr [Doe01b]).

Our main result admits several corollaries. We present two in
Section 4, one concerning hypergraph having more vertices than hy-
peredges, the other one showing a connection between multi-color
discrepancies and the problem of integral approximate solutions of
linear equations.



2 Notation and Preliminaries

2.1 Multi-Color Discrepancies

Let H = (X, &) be a finite hypergraph, that is, X is a finite set and
£ C 2X. Throughout this section let ¢ € N>, denote the number of
classes we want to partition the vertices of A into. It is natural to
represent the partition by a coloring. The partition classes then are
formed by the sets of equally colored vertices. A c—coloring of H is
a mapping y : X — M, where M is any set of cardinality c. For
convenience, normally one has M = [¢] := {1,...,c}. Sometimes a
different set M will be advantageous.

The basic idea of measuring the deviation of a given partition
from the ideal one motivates these definitions: The discrepancy of a
hyperedge E € € in color d € M with respect to x is

. _ E
disc, 4(E) == ||x 1( JNE|— | |

the discrepancy of H with respect to x is

disc(H, x) := Jnax discy 4(E)

and the discrepancy of H in c colors is

disc(H,c) := min disc(H, x).

x: X —[c]

For a subset Xo C X of vertices denote by Hx, = (Xo,&x,)
the hypergraph induced by Xy, i. e., £ix, := {E£ N Xo|E € £}. The
hereditary discrepancy in ¢ colors is defined by

herdisc(H, ¢) := max disc(Hx,, c).

XoCX

As in 2 colors, the notion of multi-color discrepancy has a natural
extension to matrices. Let A € R™*" be any real matrix and yx :
[n] — M, where M is again an arbitrary set of cardinality c¢. Then
the discrepancy of A with respect to x is defined by

disc(A4, x) == der]\??éc Z aij — Zaij .
j€[n]

JEX(d)
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The discrepancy of A in ¢ colors is

disc(4, ¢) :== min disc(A, ).
x:[n]—[c]

Immediately we see that disc(A,c) = disc(H,c) if A is the in-
cidence matrix of 4. The extension to matrices is justified by two
reasons. Firstly, it is an interesting optimization problem on its own
right to partition the column vectors a¥’), j € [n] of A into balanced
classes, i. e., in a way that for all partition classes x~'(d) the sums
> iex-1(d) a9 are roughly equal. Secondly, even for some hypergraph
problems the matrix notion is more convenient, e. g., to prove the
Beck—Fiala theorem.

For the problems we are concerned with in this article it makes
no difference whether we restrict ourselves to the special case of
hypergraphs or the generalization to matrices. Hence from now on
we will deal with the matrix case only. The notion of hereditary
discrepancy translates to matrices in the obvious way: Write A to
denote the submatrix of A containing the columns with index in .J
only. Then

herdisc(A, ¢) := max disc(A)y, c).
JCln]

If one allows a logarithmic dependence on the size of the hyper-
graph, an elementary proof shows some relation between the discrep-
ancy problem in different numbers of colors:

Theorem 2. Let A € R™" and ¢y < ¢q. If ¢ divides ¢q, then any
c1—coloring x1 : [n] = [e1] yields a ca—coloring xo for A such that

disc(4, x2) < & disc(A, x1).

Otherwise, a co—coloring x such that

disc(A4, x2) < L%J 10g1/(1——2

c1

< LE—;J log,(n)D

Lc_lj)(n)D

c2

can be computed from logy, n colorings in ¢, colors having discrepancy
at most D with respect to suitable submatrices of A.



For small hypergraphs, this result is even superior to our main
result. In general, of course, it leads into the wrong direction (sug-
gesting that the size of the hypergraph might have an influence on
how different hypergraphs behave in the discrepancy problem in dif-
ferent numbers of colors).

2.2 Linear Discrepancies

A rather general concept is the one of linear discrepancy. Here ev-
ery vertex has an individual weight which describes in which ratio
the vertex in average should contribute to each color class of each
hyperedge it belongs to. A less obscure way of viewing this problem
is to recognize it as rounding problem: For a given floating coloring
assigning each vertex not a single color, but a weighted mixture of
colors, we are looking for a ‘pure’ coloring (assigning each vertex a
single color) such that each hyperedge in total receives every color
roughly in the same amount by both colorings. This rounding aspect
will be a central theme of the main proof.

At this point it will be convenient to choose a different set of
colors. Denote by E¢ = {e(,... el®} the standard basis of R°.
Denote by E° the convex hull of E¢, which is nothing more than the
set of all p € [0,1]¢ such that ||p[|; = 1. We call these vectors c—color
weights. In the hypergraph case our objective hence is to ‘round’ a
floating coloring p : X — E° to a Colorlng qg: X — E°in such a
way that the imbalances ||>,cpp(z) — >, cpa(z H are small for
all E € &.

For matrices we define: A mapping p : [n] — E is called a
floating coloring. Denote by C¢ the set of all floating colorings and
by C¢:= {p|p: [n] — E°} the set of all pure colorings. For p, ¢ € C*
put

n

> ai(p(j) = a(4))

i=1

da(p, q) := max
i€[m]

o0

It is clear that d4 is pseudo-metric on C¢, in particular it satisfies
the triangle inequality. The linear discrepancy of A with respect to
p € C¢ now is

lindisc(A, p) := da(p,C°) = Hélcn da(p, q).
q c



Let p:[n] = E5j— %10. Then da(p,q) < D just means that ¢
is a c—coloring such that disc(A4, ¢) < D. Thus the linear discrepancy
problem is a direct generalization of the discrepancy problem.

2.3 Types

Let ¢1, ¢ € Noo. A vector t € {0,. .., c;—1} shall be called (¢, ¢2) -
type in this paper if [[t]}; = > ., ti = 1. Denote by Tt ., the set
of all (¢, ca)-types. Put ne, o, == |Teyco] and se, e = ZteTcl,CQ t.
The following three lemmata (proofs omitted) give some properties
of these types.

Lemma 1. The number of (cq, co)—types is

n . <01 + coy — 1) c
c1,c2 - 2.
C1
c

Lemma 2. The sum of all (¢1, ca)—types is Se,.c, = ey e e,

Lemma 3. Letv € {0,...,¢; —1}° such that ¢, divides ||v||;. Then
v s the sum of (cy,co)—types each thereof occurring just once, i.e.,
there are ¢, € {0,1},t € T,, ., such that v = ZteTcl,cz eit. These
i, t € Tt oy, can be found efficiently by a Greedy-Algorithm.

3 Linear and Hereditary Discrepancy in
Arbitrary Numbers of Colors

In this section we show how linear discrepancies in ¢y colors can
be bounded in terms of the ¢;—color hereditary discrepancy. Recall
from Section 2 that the linear discrepancy problem in particular
solves the ordinary discrepancy problem. For a matrix A we write
[Alloo := maxiem] Y jcpy laij| to denote the operator norm induced
by the maximum norm.

Theorem 3. Let A be any real matriz, ci,c2 € Nso and p € Ce:.
Then there is a q € C® such that

da(p,q) < (07%27%1,02 herdisc(A4, ¢1).

c1—1)e
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A q € C* satisfying

2
—k
dA(p, Q) < (CliﬁnChCTD + €y ||A||00
can be computed from kne, ., colorings in ¢, colors having discrepancy

at most D with respect to some submatriz of A.

Note that for ¢ = ¢ = 2, Theorem 3 is just the result
lindisc(A,2) < 2herdisc(A4,2) of Beck and Spencer [BS84] and
Lovéasz, Spencer and Vesztergombi [LSV86].! We recall the fact that
for every real number x € [0,1] that has a finite c-ary expansion
xr = 22:0 brc* for some by € {0,...,c— 1},b; # 0, this expansion
is unique (among all finite expansions). Denote by [.(z) the length
of this c—ary expansion of z. Put M.; := {x € [0,1]|l.(x) <} and
C2, = {plp:[n] = E” N M2} forall | € N,.

The following lemma is the heart of our proof. It analyzes how
well (with respect to da(-,-)) a floating coloring having a c;—ary
expansion of length [ can be rounded to one of length [ — 1.

Lemma 4. Let p € C7,; for some | € N. Then a q € C7; | such
that

da(p,q) < L™ ng, 0, D

Cc2

can be computed from ne, ., colorings in c; colors having discrepancy
at most D with respect to some submatriz of A.

Proof. This algorithm solves the problem. Set ¢® = p. Let
tM ..., t("e1es) be an enumeration of T, ., such that |[t], >
[0V for all 7 € [ng 0, — 1]. Forall 7 = 1,... ,n,, ., do:

Iteration r: For every j € [n] let =D (j) = 2L 00 D (j)er®

for some b,(ffl) (7) € {0,...,c;—1} denote the ¢;—ary expan-
sion of the vector ¢~V (5). Set J@ = {j € [n][p\"" V() >
tM}. Choose a coloring x™ : J™ — [¢] such that
disc( A, x™) < D. Choose a function f() : [¢;] — [e,] such

! By lindisc(4,c) we denote the maximum value lindisc(A,p) among all float-

ing c—colorings p € Cc¢. For two colors, this is equivalent to lindisc(4,2) :=
maxX,eqo,1]» Mingego,137 [|AP — @)||oo-



that |(f®)=1(d)| = £ for all d € [c,]. For all j € [n],d € [cy)]
put

¢ V() if j ¢ JO)
0 (g =L ¢TI G)a+ (e — et it j e T d = fFO (D ()
g V() g — tT ;! if j € JO, d+£ FO("(3)).

Finally set ¢ := ¢("e1e2).
We defer the correctness proof to the full version of this paper.
O

The proof of Theorem 3 (also omitted) mainly consist of a re-
peated application of Lemma 4. As linear discrepancies are a gener-
alization of the discrepancy problem, this already shows disc(A4, ¢z) =
Oc, ¢, (herdisc(A, ¢1)). Unfortunately, the implicit constants are ex-
ponential in the numbers of colors.

4 Proof of the Main Results

In this section, we replace the exponential dependency on the number
of colors by a quadratic dependency on ¢; only.

Theorem 4. Let A be an m by n matriz. Let c¢i,cy € N>y be arbi-
trary numbers of colors. Suppose that for each submatriz of A there
15 a ci—coloring having discrepancy at most D. Then there exists a
co—coloring for A having discrepancy at most % D.

A cy—coloring for A having discrepancy at most % D +
3¢, || Al|oe can be computed from (c; — 1)(cy — 1)k colorings in ¢,
colors having discrepancy at most D with respect to a suitable sub-
matriz of A.

This improvement is made possible by a detour through 2 colors.
Already by applying Theorem 3 first on the numbers of colors ¢; and
2 and then a second time on 2 and ¢, we can lower the constant to
O(c2cy). We do slightly better (completely removing the dependence
on ¢g) by invoking the result of Srivastav and the author [DS99].
Using a recursive approach, they show that c—color discrepancies can
be bounded in terms of 2—color discrepancies: For any hypergraph
‘H and any number ¢ of colors, a c-coloring x satisfying

disc(H, x) < 2.0005 D
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can be computed from at most (¢ — 1) 2—colorings for induced sub-
hypergraphs of H having discrepancy at most D with respect to
a suitable weight. From the proof it is clear that an analogous re-
sult holds as well for discrepancies of matrices. We will use this fact
without further proof.

Proof (of Theorem /, sketched). By Theorem 3, we can compute
good 2—colorings with respect to weights, since the weighted discrep-
ancy problem is just the linear discrepancy one restricted to constant
floating colorings (in the language of hypergraphs: All vertices have
the same weight). Note that Theorem 3 works for induced subma-
trices as well. Therefore, combining Theorem 3 with the result cited
above, we have Theorem 4 and its hypergraph version Theorem 1.
O

We end this section with two corollaries. If A has more columns
than rows, a reduction by linear algebra due to Spencer [Spe87| can
be applied: In two colors, the linear discrepancy is at most the max-
imum linear discrepancy among all submatrices containing at most
m columns of A. This yields:

Corollary 1. For any m X n matriz A and any number of colors
c € N>y, we have
. 11 2 .
disc(4,c) < 3¢ max disc(A), ).
[IT<m
A c—coloring x for A having discrepancy disc(A4,x) < 1D +
3¢ || Alloo can be computed from (c —1)%k colorings in ¢ colors hav-
ing discrepancy at most D for a suitable submatriz of A having at
most m columns.

Proof (sketched). We use Theorem 3 to step down to 2 colors, apply
Spencer’s reduction and return to ¢ colors again (using [DS99]). O

The linear discrepancy in two colors also describes how well a
solution of a linear system can be rounded to an approximate integer
one (this is a folklore result easily being deduced from the definition).
Combined with Theorem 3 we derive:

Corollary 2. Let A € R™" and b € R™ such that the linear system
Ax = b has a solution x. Then there is a z € Z™ such that ||x—z||c <
1 and [|Az — bl| < 15¢® herdisc(A, ¢) for all ¢ € Ns.

10



5 Concluding Remarks

In this paper we showed that the hereditary discrepancy in nearly
independent of the numbers of colors. This strongly contrasts the or-
dinary discrepancy. Our result suggests that the hereditary discrep-
ancy is a very general measure of how well a hypergraph behaves in
partitioning problems.

To prove the main result herdisc(A, ¢y) = O, (herdisc(A, ¢1)) we
needed a detour through linear discrepancies. It seems to be an in-
teresting question whether this is necessary, or if a bound of type
herdisc(A, ¢3) = O, ¢, (herdisc(4, ¢;)) can be proven more directly.
The best result avoiding the detour we have contains a logarithmic
dependence of the number of columns, cf. Theorem 2.

A second open problem is the precise influence of the numbers of
colors. Our bound contains a factor of O(c?), whereas we only know
examples justifying a factor of 2(¢y).
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6 Appendix
This appendix contains proofs omitted for reasons of space.

Proof (of Theorem 2). Let x : [n] — [c1] be a ¢;—coloring such that
disc(A, x) < herdisc(A4, ¢1). Let f: [¢1] = [c2] U{0} be any mapping
such that |f~1(7)] = LC—IJ for all i € [cg]. Set

C2

n:n] = [e] U{0}; 2 — f(x(2)).

Then disc(Ag -1 ((eo))> 1) < {%J herdisc(A, ¢1) since each color

class of 1 is the union of L%J color classes of y. If ¢y divides ¢y,

n7'([ca]) = [n] and we are done. Let us therefore assume that c,
does not divide ¢;. We may choose f in such a way that it maps the

c1 — ¢ | 2| smallest color classes of x to 0. Hence at least co™> | £
c2 C1 C2

points are colored by 7, i. e., are not mapped to 0. We repeat this
procedure on 7 '(0) until all points are colored. This takes at most
{C—IJ)(n) < logy(n) iterations. O

c2

logl/(l_c_2

c1

Proof (of Lemma 1). Each type t € T, ., can be uniquely described
by the set N, of indices i such that t; # 0 and a vector £ € NIVl
which results from deleting the zero entries from ¢.2 Conversely, for
any N C [cy], IN| > 2, and any to € NIV |||, = ¢ there is a type
t €T, ., such that N; = N and t = ty. Denote by r; the number of
to € N such that [|ty]|; = ¢;. Then we just showed

&)
Z Co
nclm = Z ;.
=2

The numbers r; are easy to compute: There is a one-one mapping ¢
from the set of i—dimensional vectors in N having sum ¢; onto the
i — 1 element subsets of [¢; — 1]. Each vector ¢ is mapped on the set
o(t) = {Z§:1 tilk € [i — 1]} of all but the last of its partial sums.

2 We denote by N the set of positive integers, by Ny the nonnegative ones.
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Hence r; = (Ciljll). As (Cil:ll) = (Ccllj), we conclude

c2 c2
. Co . Co C1 — 1
Neyyer = E LT = E . .
- (4 - 7 ci —1

1=2 1=2

= (CQ) (Cl — 1) <01 + co — 1)
_y (¢ ) o= o
i1 7 Ci — 1 C1

Proof (of Lemma 2). For every permutation m € S., denote by 7 :
R — R the (linear) mapping such that 7(v); = v, for all i €
[ca],v € R™. Set S, := {7|r € S, }. From the definitions we see
that S, leaves T,, ., invariant, i. e., T(Ty, ¢,) = Tp,.c, for all T € S.,.
Hence s, ., is a fixed point of S.,, i. €., T(S¢.c) = Seycp for all

7™ € S.,. The only fixed points of S., are multiples of 1.,, hence
there is a A € Ry such that s, ., = A1.,. From

O

)‘02 = ||)‘102||1 = ||501,02||1 = Z ||t||1 = Ney,eaCl

teTCI,CQ
we get A = S, ¢, O

Proof (of Lemma 3). Let (V... #(Me1e2) he an enumeration of T,, .,
such that ||| > ||tV for all 7 € [ng, ¢, — 1]. We claim that
the following greedy algorithm is correct:

v_0 := v,
for r=1 to n_{c_1,c_2} do el[r] := 0;
for r=1 to n_{c_1,c_2} do
if t[r] <= v then {v := v - t[r]; elr] := 1}

It is easy to see that > n4% e[r]t[r] +v = vy is satisfied after the
execution of each line. Furthermore v is nonnegative all the time.
Therefore is suffices to show that v = 0 holds after the termination
of our algorithm.

Assume that v # 0 after the termination of the algorithm. By
induction we see that ¢; divides ||v||;, in particular ||v][; > ¢;. Hence
there is an r € [n,.,] such that t) < p. At first we note that this

forces e[r] = 1. Denote by v"~ the value of v after termination of

14



iteration r — 1. As e[r] = 1 we have 2t(") < v("=1_ We show that this
can never happen:

Let s be minimal such that 2¢(*) < v(=Y_ Then ||t Mo < ‘”T’l
Hence there is a type t™ such that |t ||oo = 2[|t¥]|o, and t® <
2t(). We conclude u < s. By minimality of s we have e[u] = 0. This
is a contradiction as ¢ < 2¢(8) < pls=1) < ylu—1), O

Proof (of Lemma 4). Let us analyze a single iteration r first: Let
d € [eo] and i € [m]. We compute

[n jeJm
() ()
_ .+l C1 — td td
Cl 70,1']' — —aij
C1 C1
jeg() jeg()
F (M) ())=d F (M) (5))#d
—I+1 Z Z
=C Q5 — Q5
jes() ]GJ(T
F (M) ())=d
1
41
=0 E: E: aij_C_E:aij
1
ee(fM)=1(d) \je(x()~'(e) jeJm
—I+1
<)) >, o Z
ec(fM)=1(d) je(x(”)‘l(e) JGJ“

< Cl_H_ltElr) diSC(A‘J(r), X(r))

< cl_l“tg)D.
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Thus we have

Ney,eq

Z aij (p(7)a — q(4)a)| = Z Z ai; (4" V() — 47 (5)a)

r=1 j€[n]

Neq,en
<D Z tg“)
r=1
—1
=G +1(801,C2)dD'
Lemma 2 gives

dA(pa q) < ||301 C2||OOCIZ+1D
S - 1_l+2n01702D-

Next we claim that ¢"(j) € E® n Mgz, for all r €
{0,... ,n¢;eo},J € [n]. This is clear for r = 0 as ¢@ = p. We
proceed by induction. Let r € [ng,.] and j € [n] such that
" V() e E®n Mg, Tf j ¢ J™ then ¢ () = ¢~V (j) and there
is nothing to show. Assume j € J). Since bl(rfl)(j) > (") we have
¢V (4) > t"e;t and hence ¢ () is not negative by definition. We
compute

> 4"V 0y + (@ = BT

d€[es]
+ Y (@G- e

l

d€[co]
a# M x (M ()
1)
= E q (r= Na + (1 — E t
d€e2] d€e2]
1)
= Z ¢ )a =

d€e2]

Since ¢\)(j) is nonnegative, we conclude My <1 for all d € [ca).
Finally, from the definition of ¢ () it is clear that ¢ (j) € € Mg, if

and only if ¢~V (j) € M¢?,. This proves the claim.

The definitions of ¢ (j ) and b (j) also yield b{" (j ) = b V() -
) for all j € JO r € [ng ). Since ¢; divides ||bz (])||1 for all
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J € [n], Lemma 3 shows that the range of ¢ is actually contained in
M?? O

c1,l—1°

Proof (of Theorem 3). Let p : [n] — Ecz We show that there is a
q : [n] = E° such that d4(p,q) <

Ney ., herdise(A, ¢) and

— (e1— 1)02
how to approximate it. Let us first assume that p: [n] = E°" N MZ2,
for some l E N.
Set p@ = p. Inductively, we define a sequence (p(i))iem such
that p(®) : [ ] — E” N M2, ;. In particular, p) : [n] — E. Having

defined p® for some i < [ we apply Lemma 4 on p® and get plth)
[n] = E” N M,_,_, such that d(p®,pl+)) < 4 o e D Set
q :=p". Then

IN

-1
> da(p®,p)

da(p,q)

—
I
- o

1 —l+i4+2
< =G Neyep D
=0
‘i
(Cl — 1)02

IN

Ney o D.

__ For arbitrary p and [ € N do the following: Choose ap® :[n] —

B 0 M2, such that [p() — 9O ()l < i'. Then da(p,p®) <

|| Al oo With p(® proceed as above and get a ¢ : [n] — E° such
2

that da(p®,q) < cilhncl,CQD. Since d4(-,-) obeys the triangle

. - — (c1-1)e
inequality, we are done.

For the existence result choose D = herdisc(A4,c;). Since
Uien, Cc2y i dense in C2 and lindisc(4,:) : C2 —

R; p > lindisc(A,p) is continuous, we have lindisc(4,p) <
(= 1) Ne, o, herdisc(A4, ¢;) for all p € Ce.
O
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