
MULTICOLOR DISCREPANCY OF ARITHMETIC PROGRESSIONS{EXTENDED ABSTRACT{BENJAMIN DOERR AND ANAND SRIVASTAV1. Introdu
tionWe introdu
e 
ombinatorial multi-
olor dis
repan
ies and show for the hypergraph of arith-meti
 progressions in f1; : : : ; ng a lower bound for the dis
repan
y in 
 
olors of 125p
 4pnand an upper bound of O(
�0:16 4pn). For 
 = 2 this is the famous lower bound of Roth(1964) and the optimal upper bound of Matou�sek and Spen
er (1996).2. PreliminariesCombinatorial dis
repan
y theory deals with the problem of partitioning the verti
es of ahypergraph (set-system) in su
h a way that all hyperedges are split into roughly equal-sizedparts. Dis
repan
y measures the deviation of an optimal partition to an ideal one, that isone where all edges 
ontain the same number of verti
es in ea
h 
lass of the partition.Usually one represents the partition by a 
oloring, that is a mapping from the verti
es intosome set su
h that the 
lasses of equal images form the partition 
lasses. In this language,most results known so far only deal with two 
olors. Re
ent results from 
ommuni
ation
omplexity (e. g. [BHK98℄) further motivate the study of multi-
olor dis
repan
ies.In this arti
le we show how to 
onstru
t multi-
olorings with low dis
repan
y.Up to now little is known about the dis
repan
y problem where we ask for a partition intomore than two 
lasses. The only one we found isTheorem 2.1 ([BS95℄). Let H be any hypergraph su
h that the in
iden
e matrix of H isunimodular. Then for any number 
 2 N there is a 
{partition X = X1 _[ : : : _[X
 of Xsu
h that for any edge E 2 E and i 2 [
℄����jE \Xij � jEj
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he Fors
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2 BENJAMIN DOERR AND ANAND SRIVASTAVLet us introdu
e some notation 
on
erning 
{
olor dis
repan
ies. A 
{
oloring of H issimply a mapping � : X ! M , where M is any set of 
ardinality 
. For 
onvenien
e,normally one has M = [
℄ := f1; : : : ; 
g. Sometimes a di�erent set M will be of advan-tage. Note that in appli
ations to 
ommuni
ation 
omplexity M 
ab be a �nite abeliangroup [BHK98℄. The basi
 idea of measuring the deviation from the average motivates thede�nitions of the dis
repan
y of an edge E 2 E in 
olor i 2M with respe
t to � asdis
�;i(E) := ����j��1(i) \ Ej � jEj
 ���� ;(1)the dis
repan
y of H with respe
t to � asdis
(H; �) := maxi2M;E2E dis
�;i(E)(2)and the dis
repan
y of H in 
 
olors asdis
(H; 
) := min�:X![
℄dis
(H; �):(3)Immediately we seeRemark 2.2. dis
(H; 2) = 12 dis
(H):To add some further motivation to what follows let us give an example whi
h shows thata hypergraph may have very di�erent dis
repan
ies in di�erent numbers of 
olors.Example: Let k 2 N and n = 4k. Set Hn = ([n℄; fX � [n℄j jX \ [n2 ℄j = jX n [n2 ℄jg).Obviously, Hn has dis
repan
y zero, but dis
(Hn; 4) = 18n.Proof. Let � : [n℄ ! [4℄ be any 4{
oloring. Let i 2 [4℄ be a 
olor su
h that j��1(i)j � 14n.Then there are sets E1 � [n2 ℄, E2 � [n℄ n [n2 ℄ su
h that jEjj = 14n and ��1(i)\Ej = ;. ThusE1[E2 is an edge in H and has dis
repan
y 18n in 
olor i. On the other hand � : x 7! d4xn eis a 
oloring having dis
repan
y 18n.In the above notion we 
an not express dis
repan
ies simply by sums of 
olors. As thisis very pra
ti
al sometimes and a step towards the matrix 
on
ept, we des
ribe the 
olori 2 [
℄ by a ve
tor m(i) 2 R
 de�ned bym(i)j := � 
�1
 if i = j�1
 otherwise.Then dis
(H; �) = maxE2E 




Xx2Em(�(x))
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 := fm(i)ji 2 [
℄g. Apparently, we havedis
(H; 
) = min�:X!M
maxE2E 




Xx2E �(x)




1 :(5)As for 2 
olors, the notion of multi-
olor dis
repan
y has a natural extension to matri
esvia the tensor produ
t. Let A 2 Rm�n be any matrix. Let A be the matrix whi
h resultsfrom repla
ing every aij in A by aijI
, where I
 shall denote the unit matrix of dimension
. A is the tensor produ
t of A and I
. Identifying a � : [n℄ ! M
 by a 
n{dimensionalve
tor in the natural way, we getTheorem 2.3. dis
(A; 
) = min�:[n℄!M
 

A�

1 :(6) 3. The Main ResultFor a; d; l 2 N denote by Aadl := fa + idj0 � i � l � 1g the arithmeti
 progressionwith starting point a, di�eren
e d and length l. Denote by En the set of all arithmeti
progressions in [n℄, that is En = fAadl \ [n℄ja; d; l 2 [n℄g. Set Hn = ([n℄; En). Roth [Rot64℄proved the 
elebrated lower bound dis
(Hn) � 120 4pn. It took 20 years until Matou�sekand Spen
er [MS96℄ solved the dis
repan
y problem for Hn by proving the upper boundO( 4pn).We haveTheorem 3.1. The hypergraph of arithmeti
 progressions ful�lls0:04 1p
 4pn � dis
(Hn; 
) � �
�0:16 4pn;where � is an absolute 
onstant.Proof idea for the upper bound. For some 2{
olor dis
repan
y results the proofs seemto rely heavily on the fa
t that only two 
olors are used. A prominent example is Spen
er'sO(pn) bound for hypergraphs having n verti
es and edges. One key step in the proof isto 
onstru
t a low dis
repan
y partial 
oloring � := 12(�1 � �2) from two 
olorings �1; �2with �1(E) � �2(E) for all E 2 E . It is not 
lear to us how this idea 
an be generalizedto 
 
olors. As the partial 
oloring method has been a major break-through in 2{
olordis
repan
y theory we somehow need a similar method for 
 
olors too. What we do inthis se
tion is not partial 
oloring, i. e. enlarging the partition 
lasses su

essively 
oloringpoints, but re
ursive 2{
oloring, i. e. su

essively enlarging the number of partition 
lasses.The basi
 idea is to �nd a suitable 2{
oloring of X with 
olor 
lasses X1; X2 and then toiterate this pro
ess on the subhypergraphs indu
ed by X1 and X2. If the weighted 2{
olor



4 BENJAMIN DOERR AND ANAND SRIVASTAVdis
repan
y of all indu
ed subhypergraphs is uniformly bounded, su
h a re
ursive method
an be analyzed, even for 
 not a power of 2.The proof is quite te
hni
al as we have to keep tra
k of de
reasing dis
repan
ies in subhy-pergraphs along a suitable partition tree.Proof idea for the lower bound. Using the tensor produ
t 
al
ulus we have the fol-lowing 
{
olor version of a result attributed to Lov�asz and S�os in [BS95℄.Theorem 3.2. Let A 2 Rm�n . Then dis
(A; 
) �qn(
�1)m
2 �min(A>A).For the proof of the lower bound we use the above theorem in the following way. Setk = bq16n
. Re
all that a matrix is 
alled 
ir
ulant if the i-th row 
an be obtained fromthe �rst by shifting it i�1 times to the right. The in
iden
e matrix A = (aij) 2 f0; 1g6kn�nde�ned by aij = 1 if and only if j 2 Ei 
onsists of 6k 
ir
ulant sub-matri
es. As sum andprodu
t of two 
ir
ulant matri
es is 
ir
ulant again, A>A is 
ir
ulant. The eigenve
tors of
ir
ulant matri
es are known to be of the form (1; "; "2; : : : ; "n�1)>, where " is an nth rootof unity. Using this one gets that the minimum eigenvalue �min(A>A) of A>A is greaterthan 14k2. Using Theorem 3.2 we have dis
(([n℄; En); 
)2 � n(
�1)6kn
2 14k2 = (
�1)k24
2 and an easy
al
ulation �nishes the proof. Referen
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