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e ([N ℄ = f0; 1; : : : ; N � 1g).The study of su
h higher dimensional arithmeti
 progressions is motivated by amulti-dimensional version of van der Waerden's theorem, namely the Gallai-theorem(1933). We solve the dis
repan
y problem for d{dimensional arithmeti
 progressionsby proving dis
(H) = �(N d4 ) for every �xed integer d � 1. This extends the famouslower bound of 
(N1=4) of Roth (1964) and the mat
hing upper bound O(N1=4)of Matou�sek and Spen
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1 Introdu
tionLet H = (X; E) denote a hypergraph, i. e., X is a �nite set and E is a family of subsetsof X. Let � : X ! f�1;+1g be a 2{
oloring of X. For E 2 E de�ne �(E) =Px2E �(x).The dis
repan
y of H is de�ned bydis
(H) = min� maxE2E j�(E)j:We are interested in arithmeti
 progressions in more than one dimension, but let us brie
yreview the one{dimensional 
ase. Let X = [N ℄ = f0; : : : ; N � 1g and letE := ffj; j + Æ; : : : ; j + lÆgjj; Æ; l 2 [N ℄; j + lÆ 2 Xgdenote the set of arithmeti
 progressions on X. The investigation of the dis
repan
y ofthe hypergraph H = (X; E) is an old issue in 
ombinatorial dis
repan
y theory.In 1927, van der Waerden proved [vdW27℄ that if the non-negative integers are 
oloredwith �nitely many 
olors, then there is an arbitrarily long arithmeti
 progression in one
olor{
lass.Investigating irregularities of arithmeti
 progressions, K. Roth [Rot64℄ exhibited anotheraspe
t of the same phenomenon: If we fo
us on long arithmeti
 progressions, then theymight not be mono
hromati
 but have large dis
repan
y. More pre
isely, he showedthat dis
(H) = 
(N 14 ). Roth himself did not believe that his lower bound is optimal,most probably due to the fa
t that the probabilisti
 method immediately gives the upperbound O(pN logN). A. S�ark�ozy [S�ar74℄ was the �rst who improved the exponent of Nand showed an upper bound of O(N 13+o(1)). A breakthrough was made by J. Be
k in 1981[Be
81℄, who showed that the lower bound is best possible up to a polylogarithmi
 fa
torby improving the upper bound to O(N 14 log 52 N). It lasted 30 years until J. Matou�sek andJ. Spen
er [MS96℄ �nally solved the problem and proved that the upper bound is O(N 14 ).In this paper we fo
us on the dis
repan
y of higher dimensional arithmeti
 progressions,a problem posed by H. J. Pr�omel in 1996.De�nition 1.1. A d{dimensional arithmeti
 progression A in [N ℄d is the 
artesian prod-u
t of d arithmeti
 progressions in [N ℄, i. e. A = Qdi=1 Ai with Ai 2 E for alli = 1; : : : ; d.The investigation of the dis
repan
y of su
h sets is motivated by Gallai's theorem [Rad33℄(see also [GRS90℄), whi
h 
an be viewed as a kind of generalization of van der Waerden'stheorem. By Gallai's theorem the following is true: Let t be a positive integer andV = [t℄d. Then there exist integers x1; x2; : : : ; xd and Æ 2 N su
h thatW = f(x1 + i1Æ; x2 + i2Æ; : : : ; xd + idÆ) : 0 � ij < t; j = 1; : : : ; dgthe ele
troni
 journal of 
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is mono
hromati
. Note that W is a d{dimensional arithmeti
 progression in the sense ofDe�nition 1.1.The main result of this paper isTheorem 1.2. Let H = ([N ℄d; E) where d � 1 is an integer and E is the family of alld{dimensional arithmeti
 progressions in [N ℄d. Then��dN d4 � dis
(H) � 
dN d4 ;where 
 is an absolute 
onstant. Thus dis
(H) = �(N d4 ) for every �xed d.Our proof of the lower bound is a variation of the Fourier transform method (in theliterature also 
alled 
ir
le{method). The novelty of our proof is the appli
ation of har-moni
 analysis on lo
ally 
ompa
t abelian groups, in parti
ular the duality bZ ' T := fz 2C j jzj = 1g and the dire
t use of the dis
repan
y fun
tion. This lower bound proof 
analso be found in Petra Wehr's dissertation [Weh97℄.The upper bound follows easily by using the produ
t of d optimal 
olorings arising fromthe theorem of J. Matou�sek and J. Spen
er [MS96℄.Some spe
ial 
ases are regarded as well, among them the following: A d{dimensionalsymmetri
 arithmeti
 progressions is the d{fold produ
t of just one arithmeti
 progression.Here the upper bound for the dis
repan
y is as in the one-dimensional 
ase O(N 14 ) witha 
onstant independent of d and N . We 
onje
ture that this is sharp apart from 
onstantfa
tors.2 The Lower BoundIn this se
tion, we determine the lower bound.Theorem 2.1. Let H = ([N ℄d; E), where d � 1 is an integer and E is the family of alld{dimensional arithmeti
 progressions in [N ℄d. Thendis
(H) � ��dN d4 :Roth's proof of the lower bound in the one{dimensional 
ase [Rot64℄ does not invoke thedis
repan
y fun
tion dire
tly. This might be one reason why we were not able to generalizeRoth's proof to higher dimensions. Instead we use a di�erent approa
h (whi
h in the 
ased = 1 gives a new proof of Roth's theorem). As Roth's proof, our method is also avariation of the Fourier transform method. The novelty of our proof is the appli
ation ofharmoni
 analysis on lo
ally 
ompa
t abelian groups, in parti
ular the duality between bZthe ele
troni
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and the torus T = fz 2 Cjjzj = 1g, and the representation of the dis
repan
y fun
tionas a 
onvolution. It seems that our proof in the one dimensional 
ase is more transparentthan Roth's approa
h, although we use the abstra
t framework of lo
ally 
ompa
t abeliangroups as des
ribed in Rudin's book [Rud62℄.For the remainder of this paper let d denote a positive integer. In this se
tion we 
onsiderthe group G := Zd. Note that G equipped with the dis
rete topology is a lo
ally 
ompa
tabelian group. A group{homomorphism 
 : G ! T is 
alled a 
hara
ter, the set of
hara
ters of G is denoted by bG. The 
onvolution of two fun
tions f; g 2 L1(G) is de�nedby (f � g)(y) :=Px2G f(x)g(y � x), the Fourier transform of f isbf : bG! C; 
 7!Xx2G f(x)
(�x):Note that we have[f � g = bf bg. Let < �; � > denote the inner produ
t on Rn. Using theduality bZ ' T (see [Rud62℄), it is straightforward to show the following proposition.Proposition 2.2. For � 2 [0; 1[d let 
� : Zd ! T ; z 7! e2�i<�;z> denote the 
hara
terasso
iated to � and T d := f
�j� 2 [0; 1[dg.(i) The dual group 
Zd of Zd is T d.(ii) The Fourier transform bf of a fun
tion f 2 L1(Zd) 
an be written asbf(
�) = Xz2Zd e�2�i<�;z>f(z):Proof of Theorem 2.1: Before going into details, let us sket
h the proof idea. We expressthe dis
repan
y of a given d{dimensional arithmeti
 progression and a given 2{
oloringas the 
onvolution of the 
oloring fun
tion and a 
hara
teristi
 fun
tion of the arithmeti
progression. Then we 
ompute the L2{norm of this fun
tion applying the Plan
hereltheorem for the group G. With an average argument (taking the sum over a spe
ial setof d{dimensional arithmeti
 progressions) and using an estimate for the sum of unit rootswe are done.We need some notation. Set� L := 12pN ,� � := f1; : : : ;pNgd,� J := [N ℄d,� Aj0;Æ0 := fj0 + Æ0iji 2 [L℄g \ [N ℄,the ele
troni
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� For Æ 2 � , j 2 J de�ne Aj;Æ :=Qdi=1Aji;Æi .De�ne the extension �F of a 2-
oloring � of [N ℄d to Zd by�F (j) = � �(j) ; if j 2 J0 ; otherwise ;and de�ne a (quasi{)
hara
teristi
 fun
tion of A0;Æ by�Æ(k) = � 1 ; if � k 2 A0;Æ0 ; otherwise :An easy 
al
ulation then yields (�F � �Æ)(j) = �(Aj;Æ) (1)for all Æ 2 �, j 2 J .As �F and �Æ have �nite support, we have �F � �Æ 2 L1(Zd) \ L2(Zd). The Plan
hereltheorem for lo
ally 
ompa
t abelian groups [Rud62℄ gives:Xj2J �2(Aj;Æ) (1)= k�F � �Æk22= k\�F � �Æk22= kb�F � b�Æk22= Z[0;1℄d jb�F (
�) b�Æ(
�)j2d�: (2)Roth [Rot64℄ showed the following estimate for sums of unit roots.pNXÆ=1 �����L�1Xj=0 e2�iÆj������2 � ��2N for arbitrary � 2 R:
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Thus we have XÆ2� jb�Æ(
�)j2 = XÆ2� ������Xj2Zd �Æ(j)e�2�i<j;�>������2= XÆ2� ������ Xj1;:::;jd2[L℄ e2�i(j1Æ1�1+���+jdÆd�d)������2= XÆ2� ����� dYk=1 L�1Xjk=0 e2�ijkÆk�k!�����2= dYk=10� pNXÆk=1 �����L�1Xjk=0 e2�ijkÆk�k �����21A� (��2N)d = ��2dNd: (3)The Plan
herel theorem yieldskb�Fk22 = k�Fk22 =Xj2J �2(j) = Nd: (4)Finally XÆ2�Xj2J �2(Aj;Æ) (2)= XÆ2� Z[0;1℄d jb�F (
�)b�Æ(
�)j2d�= Z[0;1℄d jb�F (
�)j2 XÆ2� jb�Æ(
�)j2! d�(3)� (��2N)d Z[0;1℄d jb�F (
�)j2d�(4)= (��2N)dNd = ��2dN2d:The sum PÆ2�Pj2J �2(Aj;Æ) 
onsists of N 3d2 terms. The pigeon{hole prin
iple impliesthe existen
e of Æ 2 � and j 2 J su
h that�2(Aj;Æ) � ��2dN2dN 3d2 = ��2dN d2 :So j�(Aj;Æ)j � ��dN d4 , and this means that the dis
repan
y of H = ([N ℄d; E) is at least��dN d4 . This establishes the lower bound.the ele
troni
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3 The Upper BoundIn this se
tion we determine the upper bound for the dis
repan
y of d{dimensional arith-meti
 progressions:Theorem 3.1. Let H be the hypergraph of d{dimensional arithmeti
 progressions in [N ℄d.Then dis
(H) � 
dN d4 for an absolute 
onstant 
 > 0.We give a very general argument whi
h solves the problem also for an arbitrary numberof 
olors:Let G = (X; E) and H = (Y;F) be hypergraphs. De�ne the dire
t produ
t of G and H byG �H := (X � Y; fA� BjA 2 E ; B 2 Fg):By this de�nition, the hypergraph of d{dimensional arithmeti
 progressions is the d{folddire
t produ
t of the hypergraph of (one-dimensional) arithmeti
 progressions on [N ℄.Let us shortly introdu
e the notion of multi-
olor dis
repan
y (see also [DS03℄). A 
{
oloring of G is a mapping � : X ! M , where M is any set of 
ardinality 
. For
onvenien
e, usually one has M = [
℄. For a 
olor i 2 [
℄ and a hyperedge A 2 E thedis
repan
y of A in 
olor i with respe
t to � is de�ned bydis
�;i(A) := ����j��1(i) \ Aj � jAj
 ���� ;whi
h measures the deviation of the a
tual 
oloring from an (ideal) balan
ed 
oloring inrespe
t to the 
olor i. The dis
repan
y of G with respe
t to � isdis
(G; �) := maxi2[
℄;A2E dis
�;i(A);and the dis
repan
y of G in 
 
olors isdis
(G; 
) := min�:X![
℄dis
(G; �):Theorem 3.2. For any 
 2 N and any two hypergraphs G and H we havedis
(G �H; 
) � 
 dis
(G; 
) dis
(H; 
):Proof. Pi
k a Latin square Q = (qij) of dimension 
, i. e. Q 2 [
℄[
℄�[
℄ su
h that every rowand 
olumn 
ontains every number of [
℄ exa
tly on
e. Note that for every 
 2 N there isa Latin square of dimension 
 : Let � be any group multipli
ation on [
℄. Then qij := i � jde�nes a Latin square. As Q is a Latin square we may de�ne a permutation �i of [
℄ forevery i 2 [
℄ by the following rule: �i(j) is the unique k 2 [
℄ su
h that qjk = i.the ele
troni
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Choose optimal 
olorings �G and �H of G and H respe
tively, i. e., dis
(G; �G) = dis
(G; 
)and dis
(H; �H) = dis
(H; 
). De�ne � : X � Y ! [
℄ by�(x; y) := q�G(x)�H(y)for all x 2 X; y 2 Y .Let A 2 E ; B 2 F . Set ai = j��1G (i) \ Aj � jAj
 ;bi = j��1H (i) \ Bj � jBj
for all i 2 [
℄. Then we have 
�1Xi=0 ai = 0 = 
�1Xi=0 bi: (5)This yieldsj��1(i) \ (A� B)j = 
�1Xj=0 j��1G (j) \ Aj j��1H (�i(j)) \ Bj= 
�1Xj=0 �aj + jBj
 ��b�i(j) + jAj
 �= 
�1Xj=0 ajb�i(j) + jAj
 
�1Xj=0 aj + jBj
 
�1Xj=0 bj + 
 jAjjBj
2= 
�1Xj=0 ajb�i(j) + jA� Bj
 by (5).As jaij � dis
(G; 
) and jbij � dis
(H; 
), we have����j��1(i) \ (A� B)j � jA� Bj
 ���� = 
�1Xj=0 ajb�i(j) � 
 dis
(G; 
) dis
(H; 
):This proves the theorem.For two 
olors, this dis
repan
y notion nearly 
oin
ides with the one introdu
ed in thebeginning of this arti
le: We have dis
(G; 2) = 2 dis
(G).the ele
troni
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Theorem 3.3. Dis
repan
y is sub-multipli
ative, i. e.,dis
(G � H) � dis
(G) dis
(H):Proof of Theorem 3.1: It follows from De�nition 1.1 that the hypergraph of d{dimensionalarithmeti
 progressions is nothing else than the d{fold dire
t produ
t of the hypergraphof one{dimensional arithmeti
 progressions. Using optimal 
olorings for any of the fa
torsof the hypergraph of d{dimensional arithmeti
 progressions arising from the theorem ofMatou�sek and Spen
er [MS96℄, Theorem 3.3 implies Theorem 3.1.A problem of some interest on its own is to de
ide if or to what extent the dis
repan
y ofG�H 
an be smaller than the produ
t dis
(G) dis
(H). The 
ase of arithmeti
 progressionsmight suggest equality, but this is not the 
ase, as the following examples show:Example 1: The hypergraph of two{element subsets of a three{element set G = ([3℄; �[3℄2 �)has dis
repan
y two (one 
olor 
lass has at least two elements, i.e., it 
ontains a mono
hro-mati
 two{set). The dire
t produ
t G � G 
an be 
olored in a way that there is nomono
hromati
 re
tangle: �(i; i) := 1 and �(i; j) := �1 for i; j 2 [3℄; i 6= j. Sodis
(G � G) � 2 < 4 = dis
(G)2. (Easy to see if we visualize G � G like that: Theverti
es form a 3� 3{grid, the hyperedges 
onsist of the 
orners of the re
tangles havingaxis-parallel edges. All these re
tangles have one or two points on the diagonal of thegrid, thus having dis
repan
y two or zero with respe
t to �.)Looking at examples like this one might ask whether the dis
repan
y of a dire
t produ
tis at least the dis
repan
y of its fa
tors, or in an even weaker form we ask, whether thedis
repan
y of a dire
t produ
t of two hypergraphs of nonzero dis
repan
y has dis
repan
ygreater than 0. In general this is not true:Example 2: Let G be the hypergraph(f1; : : : ; 7g; ff1; 2g; f1; 3g; f1; 4g; f1; 5g; f2; 3; 4; 5; 6; 7gg)as depi
ted in Figure 1.
1

23567 4

Figure 1: Example 2the ele
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G does not have dis
repan
y 0; if so, the points 2; 3; 4 and 5 were in the same 
olor 
lassleaving the edge E = f2; 3; 4; 5; 6; 7g imbalan
ed.The hypergraph G�G however has dis
repan
y 0. The 
oloring depi
ted in Figure 2 doesthe job.
1 2 3

1

2

3

4

5

6

7

4 5 6 7

Figure 2: A 
oloring of G � G with dis
repan
y 0
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4 Some Spe
ial CasesIn this se
tion, we investigate some related problems.4.1 Symmetri
 Arithmeti
 ProgressionsFirst we 
onsider d{dimensional arithmeti
 progressions that are the produ
t of just onearithmeti
 progression (we 
all them symmetri
), i. e., our hypergraph HS is de�ned byHS = ([N ℄d; f dYi=1 AjA arithmeti
 progressiong):At the workshop of the graduate s
hool ,,Algorithmis
he Diskrete Mathematik" in Berlinin April 1997 Walter Deuber asked about the bounds for the dis
repan
y of this hyper-graph.Note that this is a spe
ial 
ase of our general problem in the sense that HS � H. Thisshows dis
(HS) � 
N d4 , but a
tually we have a mu
h stronger result.Theorem 4.1. There is a 
onstant C independent of d and N su
h thatdis
(HS) � CN 14 :We give a general solution.Let H = (X; E) denote a hypergraph. Set Edsym := fEdjE 2 Eg. We 
all Hdsym :=(Xd; Edsym) the d{fold symmetri
 dire
t produ
t of H. We haveTheorem 4.2. dis
(Hdsym) � dis
(H):Proof. Let D := f(x; : : : ; x)jx 2 Xg be the diagonal of Xd. For x 2 Xd nD seta(x) := minfijxi 6= xi+1g:De�ne f : Xd ! Xd byf(x)i := 8<: xa(x)+1 if x =2 D; i � a(x)x1 if x =2 D; i = a(x) + 1xi otherwise :Note that f(f(x)) = x for all x 2 Xd, so f is a bije
tion. For all x 2 Xd nD the f{orbitOf(x) of x has order 2 and 
onsists of x and f(x). Further we havefxiji 2 [d℄g = ff(x)iji 2 [d℄g;the ele
troni
 journal of 
ombinatori
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and thus f leaves the hyperedges of Hdsym invariant.Pi
k an optimal 
oloring �H of H. Choose a system R of representatives of the f{orbitsin Xd nD, i. e., for all x 2 Xd nD either x or f(x) lies in R. De�ne � : Xd ! f�1; 1g by�(x) := 8<: �1 if x 2 R�H(v) if x = (v; : : : ; v) 2 D1 otherwise :Let E 2 E . From the properties of f and R we dedu
e jEd \ Rj = jf(Ed \ R)j =jf(Ed) \ f(R)j = jEd \ (Xd nD nR)j = jEd nD nRj. So we haveXx2Ed �(x) = Xx2Ed\R�1 + Xx2Ed\D�(x) + Xx2Ed\f(R) 1 =Xv2E �H(v);and this proves the theorem.Unfortunately, we do not know very mu
h about lower bounds. For the general 
ase,nothing 
an be said, as is obvious from Example 2 in Se
tion 3. In the spe
ial 
ase ofarithmeti
 progressions, it is not possible to use the 
ir
le-method in the way of Se
tion 2,be
ause the 
onvolution and Fourier{transform take pla
e on di�erent groups, namely Zdand the diagonal of Zd. Thus we do not have k\�F � �Æk22 = kb�F � b�Æk22, i. e., we are notable to separate the 
oloring from the 
hara
teristi
 fun
tion, whi
h was one main stepin the proof of Theorem 2.1.4.2 Arithmeti
 Progressions on LinesAnother generalization of one{dimensional arithmeti
 progressions are one{dimensionalarithmeti
 progressions in the [N ℄d{latti
e.Let l 2 f1; : : : ; Ng, u 2 [N ℄d and v 2 f�(N�1); : : : ; N�1gd su
h that u+(l�1)v 2 [N ℄d.Then we 
all Al;u;v := u+ [l℄v = fu+ jvjj 2 [l℄g an arithmeti
 progression on a line. Forthe hypergraph of all arithmeti
 progressions on lines HdL, in the mean-time Valko [Val02℄has found sharper bounds than in [Weh97℄. He proved a lower bound of 
(Nd=(2d+2)) andan upper bound of O(Nd=(2d+2)(log 52 N).Yet, if we allow only \a few" lines, we 
an determine the dis
repan
y quite well. First letus 
onsider only lines parallel to the axes. Then from the produ
t 
oloring argument inSe
tion 3, the following is obvious.Corollary 4.3. Let EdL0 = fAl;u;vj9!i 2 f1; : : : ; dg : vi 6= 0g and let HdL0 := ([N ℄d; EdL0) bethe hypergraph under 
onsideration. Thendis
(HdL0) = �(N 14 ):the ele
troni
 journal of 
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We may also add any 
onstant number of lines and still get a result sharp up to polylog-arithmi
 fa
tors:Theorem 4.4. For all C; d 2 N exist 
onstants 
; 
0 > 0 su
h that for all V � [N ℄d,jV j = C and HdL;V := ([N ℄d; fAl;u;vjv 2 V g [ EdL0) we have
N 14 � dis
(HdL;V ) � 
0N 14 log 52 N:Proof. The lower bound is 
lear. The upper bound is (apart from a 
onstant) the same asthe upper bound that J. Be
k a
hieved for 1{dimensional arithmeti
 progressions [Be
81℄.Like there we 
an de
ompose any arithmeti
 progression into O(logN) 
anoni
al arith-meti
 progressions (this is a one{dimensional phenomenon). Thereforedis
(HdL;C) � 
0 logN dis
(HC) (6)where HC is the hypergraph of the 
anoni
al sets and 
0 a 
onstant independent on N .Similarly, all degree problems 
an be bounded by the respe
tive one-dimensional resulttimes C, hen
e for a suitable 
onstant 
1 we also get deg(fA 2 HC : jAj � 
1pNg) �
1pN . Thus a theorem of Be
k [Be
81℄ yields dis
(HC) � 
2N 14 log 32 N (all 
onstantsindependent of N).4.3 Arithmeti
 Progressions in NThere are also some results on the dis
repan
y of the hypergraph of all �nite arithmeti
progressions on the set of all non-negative integers N. An easy 
onsequen
e of Roth'slower bound proof 
an be found, e. g., in [BS95℄:Corollary 4.5. Given any 2{
oloring � : N ! f�1;+1g of the non-negative integers,then for in�nitely many values of Æ there is a (�nite) arithmeti
 progression A of di�eren
eÆ su
h that j�(A)j > 
pÆfor an absolute 
onstant 
.The so far best upper bound for the dis
repan
y in terms of the di�eren
e was shown byJ. Be
k and J. Spen
er [BS84℄:Theorem 4.6. There is a 
onstant 
0 su
h that the following holds: Let n be a positiveinteger. Then there exists a 2{
oloring � : N ! f�1;+1g su
h that for any arithmeti
progression A of di�eren
e Æ � n and of arbitrary lengthj�(A)j < 
0pÆ log3:5 n:the ele
troni
 journal of 
ombinatori
s 11 (2004), #R5 13



We will show an analogous result in the d{dimensional 
ase. Let Al;a;Æ := a + Æ[l℄ denotethe arithmeti
 progression with starting point a, di�eren
e Æ and length l. For a; Æ; l 2 Ndset Al;a;Æ := Qdi=1Aai;Æi;li. Write Æ > k (resp. Æ � k) to express that all 
omponents Æi ofÆ are greater than k (resp. less or equal than k).Theorem 4.7. For any 2{
oloring � : Nd ! f�1;+1g and every ve
tor k 2 Nd thereexists a d{dimensional arithmeti
 progression Al;a;Æ su
h that Æ > k andj�(Al;a;Æ)j > ��dpÆ1 : : : Æd:Conversely, for any positive integer n there exists a 2{
oloring � : Nd ! f�1;+1g su
hthat for any arithmeti
 progressions Al;a;Æ of di�eren
e Æ � n and of arbitrary length andstarting point j�(Al;a;Æ)j < 
d0pÆ1 : : : Æd log3:5d n:Proof. For the upper bound, the produ
t 
oloring argument again solves the problem.Let � and k be given. De�ne a 2{
oloring �k of Nd by�k(x) := �(kx)for all x 2 Nd (where kx := (kixi)di=1). Choose an integer N > kkk21. From the proofof Theorem 2.1 we have the existen
e of ve
tors l; Æ0 2 � = f1; : : : ;pNgd and a0 2 [N ℄dsu
h that j�k(Al;a0;Æ0)j > ��dN d4 � 
pÆ01 : : : Æ0d:From �k(Al;a0;Æ0) = �(Al;ka0;kÆ0) we see that Al;ka0;kÆ0 is an arithmeti
 progression satisfyingour needs.
5 Dis
ussionThis arti
le determines the dis
repan
y of 
artesian produ
ts of arithmeti
 progressions.A related problem remains open: For the symmetri
 arithmeti
 progressions a lower boundis missing. Our feeling is that if both the dimension of the grid and the hyperedges areraised from one to d, then everything stays �ne, but if we 
hange just one dimension, thenthings get quite diÆ
ult.Also, the problem of a polynomial-time 
onstru
tion of good 
olorings for arithmeti
progressions remains open. For arbitrary hypergraphs this is a NP{hard problem. Atthe moment, there is not mu
h hope even for the hypergraph of arithmeti
 progressions,be
ause the existen
e of optimal 
olorings is proved via the pigeonhole prin
iple.the ele
troni
 journal of 
ombinatori
s 11 (2004), #R5 14
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