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Abstra
tIn this arti
le we study an extension of the ve
tor balan
ing gameinvestigated by Spen
er and Olson (whi
h 
orresponds to the on-lineversion of the dis
repan
y problem for matri
es). We assume thatde
isions in earlier rounds be
ome less and less important as the game
ontinues. For an aging parameter q � 1 we de�ne the 
urrent moveto be q times more important than the previous one.We 
onsider two variants of this problem: First, the obje
tive is abalan
ed partition at the end of the game, and se
ond, it is to ensure abalan
ed partition throughout the game. We 
on
entrate on the 
aseq � 2. We give an optimal solution for the �rst problem and a nearlyoptimal one for the se
ond.Key words and phrases: Ve
tor balan
ing games, on-line algo-rithms, dis
repan
y.
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1 Introdu
tion and Results1.1 Ve
tor Balan
ing Games as On-line Version of theDis
repan
y ProblemA ve
tor balan
ing problem (also referred to as dis
repan
y of matri
es) 
on-sists of a �nite set X of ve
tors and the task is to partition this set into two
lasses X1 and X2 su
h that the two sums Px2Xi x ; i = 1; 2, over all ve
torsin ea
h 
lass are ideally equal. A partition like this is 
alled balan
ed. Ingeneral, of 
ourse, a perfe
tly balan
ed partition does not exist. The obje
-tive then is to minimize the imbalan
e kPx2X1 x�Px2X2 xk for some normk � k.It is 
onvenient to represent the 2{partition by a mapping " : X ! f�1;+1gsu
h that "(x) = 1 holds if and only if x 2 X1. With this setting we
an express the imbalan
e ve
tor Px2X1 x �Px2X2 x 
orresponding to thepartition (X1; X2) simply by Px2X "(x)x.A widely investigated spe
ial 
ase is the dis
repan
y problem for hyper-graphs. Here the obje
tive is to partition the set of verti
es of a hypergraphin two 
lasses su
h that all hyperedges are roughly split into equal parts bythis partition. By taking the 
olumn ve
tors of the in
iden
e matrix as set X,the dis
repan
y problem for hypergraphs transforms into a ve
tor balan
ingproblem. For a deeper insight into dis
repan
y theory we re
ommend thesurvey of Be
k and S�os [3℄ as well as the fourth 
hapter of Matou�sek's re
entbook [7℄.In this paper we fo
us on the on-line version of the ve
tor balan
ing problem.The additional diÆ
ulty there is that one does not know the set of ve
torsat the beginning, but gets to know them one by one and has to de
ide ona sign without knowing the next ve
tors to 
ome. For the analysis of thisproblem it is 
onvenient to translate it into the language of games (this is anatural approa
h for many on-line problems). The idea is to represent boththe unpredi
tability of the ve
tors and the one struggling for a balan
edpartition by two 
ompeting players. This yields the following two-playerperfe
t information game:Ea
h round the �rst player (baptized `Paul' or `pusher' by Spen
er) sele
ts a3



ve
tor x from some given set X � Rd . The se
ond player (`Carol', `
hooser')then 
hooses a sign " 2 f�1;+1g and the position ve
tor p, initially set tozero, is 
hanged to p+ "x. The �rst player's aim is to maximize kpk for somegiven norm k � k, while the se
ond player tries to minimize this quantity. We
all kpk the pay-o� for the �rst player.A game of this kind is 
alled a ve
tor balan
ing game or `pusher-
hoosergame'. As mentioned, strategies for the se
ond player 
orrespond to theon-line algorithms for the ve
tor balan
ing problem. On the other hand,strategies for the �rst player give lower bounds on how good an on-line algo-rithm 
an possibly be.1.2 Previous ResultsSeveral forms of ve
tor balan
ing games have been studied. They di�er inthe set of ve
tors available to the �rst player and the norm that is used todetermine the pay-o�. A variant is to allow a bu�er of some size where these
ond player 
an store some ve
tors and thus postpone the de
ision on therespe
tive signs. These are some results of the di�erent types:Unit Ball Games: For a �xed norm k � k the �rst player may 
hoose anyve
tor with norm at most one, i. e. X = fx 2 Rd j kxk � 1g, and the pay-o�is measured using the same norm. For the Eu
lidean or 2{norm it is notdiÆ
ult to show that both players have strategies ensuring that kpk2 � pnrespe
tively kpk2 � pn holds after n rounds. We say that the value of thisgame is pn.For the maximum norm k�k1, Spen
er [10℄ gave an upper bound ofp2n ln(2d).For the d round game he proved a lower bound of pd log d(1� o(1)) in [11℄.Dis
rete Games: For games with �nite set X, Barany [1℄ found a 
ompletesolution. His result implies that in the 
ase X = f0; 1gd and k � k = k � k1the value of the game played suÆ
iently many rounds is 2d�2.Games with Bu�er: The �rst result allowing a bu�er is due to Barany andGrunberg [2℄. They show that given a bu�er of size d the se
ond player 
ankeep kpk below 2d no matter what norm is used (the same norm is requiredin the de�nition of X = fx 2 Rd j kxk � 1g and the pay-o�). This was4



improved by Peng and Yan [9℄, who proved that a bu�er of size d�1 alreadysuÆ
es. They also remark that for the 2{norm allowing a bu�er of less thand� 1 ve
tors gives no improvement 
ompared to the no-bu�er 
ase.1.3 Our ContributionAll games 
ited above relate to on-line problems without temporal aspe
ts.By this we mean that a de
ision is the same important throughout the game.In this arti
le we will assume that a de
ision made in the past (i. e. inan earlier round of the game) is less important than a newer one. Thisis represented by the di�erent update rule p := 1qp + "x for some agingparameter q > 1. Hen
e the 
urrent de
ision is q times more important thanthe pre
eding one. We restri
t ourselves to the maximum norm unit ballgame, that is, the �rst player sele
ts ve
tors from fx 2 Rd j kxk1 � 1g, andthe pay-o� is measured using k � k1 on p as well. Sin
e we will not needany other norms let us agree that from now on k � k shall always denote themaximum norm k � k1.Immediately we see that the pay-o� is bounded by qq�1 . This is due to theupdate rule whi
h res
ales the importan
e of de
isions in the past relativeto the a
tual one. A di�erent approa
h working with absolute values is thefollowing: In round i the �rst player 
hooses a ve
tor x(i) with norm atmost qi�1 and the the se
ond player updates the position ve
tor either top := p+x(i) or p := p�x(i). The values of an n round game then di�ers fromour approa
h by a fa
tor of qn�1. Hen
e we lose nothing by investigating the�rst approa
h whi
h we �nd more natural.The nature of the game is di�erent depending on whether the aging parameteris at least 2 or not. In the �rst 
ase the aging aspe
t is dominant. Thestrategies are 
ompletely di�erent from the ones in the game without aging,that is q = 1. For 1 < q < 2 the aging is less important. This 
ase requiresstrategies di�erent from the non-aging 
ase and the pure aging 
ase withq � 2. Therefore, we restri
t ourselves to the 
ase q � 2 in this paper.Contrary to the no-bu�er games des
ribed in the previous se
tion, in oursetting there are reasonable strategies su
h that the maximum value for kpkdoes not ne
essarily o

ur after the last round. This motivates the distin
tion5



of two versions of the game: First, the value of kpk after the last round is thepay-o� for the �rst player, and se
ond, the maximum value of kpk o

urredduring the game is the pay-o� for the �rst player. We 
all the two versionsthe �xed end version and 
ontinuous version respe
tively. The se
ond versionalso refers to the 
ase that the game is played for a �xed number of roundswhi
h is not known to the se
ond player1.We show that the �xed end version of the game has value q�q�blog2 d
q�1 if atleast log2 d + 1 rounds are played (otherwise it is q�q�r+1q�1 , where r denotesthe number of rounds). Note that the number q�q�blog2 d
q�1 is the maximumimbalan
e that 
an o

ur in a blog2 d
+1 round game by putting all ve
torsinto the same partition 
lass. We may thus interpret our result like this: Theoptimal strategy for the se
ond player in the �xed end ve
tor balan
ing gameleads to a partition whi
h is perfe
t apart from the last blog2 d
+ 1 ve
tors.This seems to be a more intuitive way of stating the result. Let us thereforede�ne vq(r) := q � q�r+1q � 1 ;the maximum imbalan
e that 
an o

ur in an r round game by putting allve
tors into the same partition 
lass.For the 
ontinuous version we show that the �rst player 
an get a pay-o�of at least q�2q�blog2 d
�blog2 log2 d
+1q�1 (again assuming suÆ
iently many roundsplayed), while the se
ond player has a strategy keeping kpk below qq�1 �q� log2 d�log2 log2 d�4 throughout the game. In parti
ular, the value v of thisgame satis�esvq(blog2 d
+ blog2 log2 d
 � 1) � v � vq(log2 d+ log2 log2 d+ 5):We see that the 
ontinuous problem is signi�
antly harder than the �xed endversion (this also applies to their respe
tive analyses).The �xed end version with q = 2 has a ni
e theoreti
al appli
ation. In [5℄ it1A
tually, Spen
er's proof for the upper bound in [10℄ also requires the se
ond playerto know the number of rounds. Olson [8℄ later gave a strategy that does not need thisinformation and still yields the same bound (apart from 
onstants).6



is used to prove thatlindis
(A) � 2 �1� 2�blog2(m)
�1�herdis
(A)( � 2 (1� 12m) herdis
(A) )holds for any matrix A 2 Rm�n . This improves an earlier result in thisdire
tion by Lov�asz et al. [6℄ and Be
k and Spen
er [4℄, and is a step towardsSpen
er's 
onje
ture lindis
(A) � 2(1� 1n+1) herdis
(A).2 The Fixed End ProblemIn this se
tion we analyze the version of the ve
tor balan
ing game with agingwhere the pay-o� for the �rst player is the value of kpk after a �xed numbern of rounds. The obje
tive of the players thus is an imbalan
ed (respe
tivelya balan
ed) partition at the end of an n round game. Let us �x the rules ofthis game, whi
h we denote by Gndq:Initially the position ve
tor p 2 Rd is zero. A round of the game 
onsists ofthree steps:(i) Player A sele
ts a ve
tor x 2 Rd su
h that kxk � 1,(ii) Player B 
hooses a sign " 2 f�1;+1g,(iii) the position ve
tor is updated to p := 1qp+ "x.The game is played for n rounds. The value kpk at the end of the game is thepay-o� for player A, i. e. Player A aims to maximize kpk and Player B tominimize this quantity. The maximum pay-o� Player A 
an enfor
e is 
alledthe value v(Gndq) of the game.In the following let us assume that q � 2. In the analysis of this 
ase (see theproof of Theorem 1 below) we exhibit a surprising phenomenon. It turns outthat mainly the last blog2 d
 + 1 moves are important. For this reason theplayers need to know the number of rounds. Any value kpk that Player Amight have rea
hed up to round n� blog2 d
 � 1 will not only not help him,but even be 
ontraprodu
tive. Hen
e up to this point the players will pursue7



the opposite aims. The optimal strategy for player A is to sele
t x(i) = 0 forall but the last blog2 d
 + 1 moves, thus minimizing kpk in this stage of thegame.Theorem 1. Assume q � 2 and let n; d 2 N . Set r := minfn; blog2 d
+ 1g.The value of the game Gndq isv(Gndq) = q�q�r+1q�1 = vq(r):Proof. Player A has the following strategy: Choose the �rst n � r ve
torsas zero (x(i) := 0 for all i 2 [n � r℄). The last r ve
tors 
hoose like this:Components with index greater than 2r are always set zero (for instan
e). Foran index i = 1+Pr�1j=0 aj2j � 2r, a0; : : : ; ar�1 2 f0; 1g and a p 2 f0; : : : ; r�1gset x(n�p)i := 2ap � 1. Here is an example for d = 5:x(j) = (0; 0; 0; 0; 0) for i 2 [n� 3℄x(n�2) = (�1;�1;�1;�1; 0)x(n�1) = (�1;�1;+1;+1; 0)x(n) = (�1;+1;�1;+1; 0):Whatever signs "(j) 2 f�1;+1g; j 2 [n℄ are 
hosen, there will always be anindex i 2 [2r℄ su
h that x(n�r+1)i = � � � = x(n)i 2 f�1;+1g. FromnXj=1 q�n+jx(j)i = x(n)i r�1Xj=0 q�j = x(n)i 1� q�r1� 1qwe 
on
lude that the value of the game is at least q�q�r+1q�1 .This bound is sharp, as the following strategy for Player B reveals. If r = n,then any 
hoi
e of signs "(1); : : : ; "(r) by Player B keep the pay-o� below our
laimed value. Hen
e let us assume r < n. Whatever ve
tors x(1); : : : ; x(n�r)Player A 
hooses in the �rst n � r rounds, pi
k "(1); : : : ; "(n�r) := +1 (anyother 
hoi
e would do, too). Set p :=Pn�rj=1 q�n+jx(j). Choose the next sign"(n�r+1) 2 f�1;+1g in su
h a way that the number of indi
es i 2 X1 :=fi 2 [d℄jpi 6= 0g su
h that sgn(pi) and sgn("(k�r+1)x(k�r+1)i ) are di�erent ismaximal. SetX2 := fi 2 X1 j sgn(pi) = sgn("(k�r+1)x(n�r+1)i )g:8



Next 
hoose "(n�r+2) 2 f�1;+1g su
h that the number of indi
es i 2 X2su
h that sgn(pi) and sgn("(n�r+2)x(n�r+2)i ) are di�erent is maximal. SetX3 := fi 2 X2 j sgn(pi) = sgn("(n�r+2)x(n�r+2)i )g:Continue in this fashion until "(n) and Xr are determined.Note that jXj+1j � �12 jXjj�for all j 2 [r � 1℄. From jX1j � d we 
on
lude jXrj < 1, that is Xr = ;. Sofor every index i 2 [d℄ there is a j 2 fn� r + 1; : : : ; ng su
h that sgn(pi) 6=sgn("(j)x(j)i ), or pi = 0. The worst 
ase | and here q � 2 
omes into play |is the one where for one index i 2 [d℄ all "(j)x(j)i , j 2 fn� r+1; : : : ; ng are 1(or �1) and pi is zero. For the pay-o� at the end of the game we thus have




 nXj=1 q�n+j"(j)x(j)




 = 




 nXj=n�r+1 q�n+j"(j)x(j) + p




� r�1Xz=0 q�z= 1� q�r1� 1q :This ends the proof.3 The Continuous ProblemIn this se
tion we investigate the version of the problem where we want toensure a balan
ed partition throughout the game. We 
onsider the 
asethat the game is played on and on, and that the pay-o� for Player A isthe supremum over all values of kpk that o

urred during play. From theviewpoint of the se
ond player, this is equivalent to saying that the gameGndq is played with the additional restri
tion that he does not know thenumber of rounds. We denote this game by G1dq.A parti
ular sequen
e of moves respe
ting the rules of the game shall be
alled an instan
e of the game. Formally, it is a pair I = ((x(i))i2N ; ("(i))i2N)9



su
h that kx(i)k � 1 and "(i) 2 f�1;+1g for all i 2 N . From the de�nitionwe see that the pay-o� for this instan
e issupn2N Xi2[n℄ qn�i"(i)x(i):Let us assume again q � 2. This will not be ne
essary for the main ideas ofthe proof, but the result gets less interesting for q 
lose to 1. We showTheorem 2. The value of the game G1dq is bounded byq�2q�blog2 d
�blog2 log2 d
+1q�1 � v(G1dq) � qq�1 � q� log2 d�log2 log2 d�4:In parti
ular,vq(blog2 d
 + blog2 log2 d
 � 1) � v(G1dq) � vq(log2 d+ log2 log2 d+ 5):Similarly to the �xed end version of the game we will also work with strategiesof `
hanging signs'. A �rst strategy for player B is to enfor
e a `
hange ofsigns' in every blo
k Bk of rounds (k� 1)(blog2 d
+ 1) + 1; : : : ; k(blog2 d
+1). This is equivalent to saying that Player B should play a

ording tohis strategy of se
tion 2 assuming all rounds k(blog2 d
 + 1); k 2 N to belast rounds. In the worst 
ase, this might lead to a subsequen
e of roundsS = f(k � 1)(blog2 d
 + 1) + 2; : : : ; (k + 1)(blog2 d
 + 1) � 1g su
h that forsome index j 2 [d℄ all the 2 blog2 d
 values "(i)x(i)j ; i 2 S have the same signdi�erent from zero.We show that Player B 
an do mu
h better: He has a strategy su
h thatfor every index j 2 [d℄ and any set S of at least log2 d + log2 log2 d + 5su

essive rounds there are i1; i2 2 S su
h that sgn("(i1)x(i1)j ) 6= sgn("(i2)x(i2)j )or x(i1)j = x(i2)j . This bounds the value of the game G1dq as the next lemmashows.Lemma 1. Let r 2 N.(i) Suppose that for every sequen
e (x(k))k2N of ve
tors Player B 
an 
hoosehis moves ("(k))k2N in su
h a way that for every k 2 N and every indexi 2 [d℄ not all signs sgn("(k)x(k)i ); : : : ; sgn("(k+r)x(k+r)i ) are equal anddi�erent from zero.Then v(G1dq) � qq�1 � q�r � vq(r + 1).10



(ii) Suppose that Player A has a strategy using �1; 1 ve
tors su
hthat there exist k 2 N and i 2 [d℄ su
h that all numbers"(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i are equal.Then v(G1dq) � q�2q�r+1q�1 � vq(r � 1).Proof. Let (x(k))k2N be a sequen
e of ve
tors in [�1; 1℄d and ("(k))k2N be asequen
e in f�1;+1g.Assume �rst that for every k 2 N and every index i 2 [d℄ not all numbers"(k)x(k)i ; : : : ; "(k+r)x(k+r)i have the same sign di�erent from zero. Let k > rand p :=Pj2[k℄ q�k+j"(j)x(j) denote the position ve
tor at the end of roundk. Let i 2 [d℄. As not all of the numbers "(k�r)x(k�r)i ; : : : ; "(k)x(k)i have thesame sign, jpij is maximal if x(k�r)i is zero and other numbers "(j)x(j)i ; j 2fk � r + 1; : : : ; kg are all 1 or all �1. Thus we havejpij = ������Xj2[k℄ q�k+j"(j)x(j)i ������ � Xj2[k℄j 6=k�r q�k+j < qq � 1 � q�r:Assume now that all ve
tors are �1; 1 ve
tors and there are k 2 N and anindex i 2 [d℄ su
h that all numbers "(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i are equal.Let p :=Pj2[k+r�1℄ q�k�r+1+j"(j)x(j) denote the position ve
tor at the end ofround k + r � 1. We havejpij = ������ Xj2[k+r�1℄ q�k�r+1+j"(j)x(j)i ������� �����k+r�1Xj=k q�k�r+1+j"(j)x(j)i ������ �����k�1Xj=1 q�k�r+1+j"(j)x(j)i ������ r�1Xj=0 q�j � q�r k�2Xj=0 q�j> 1� q�r1� 1q � q�r 11� 1q = q � 2q�r+1q � 1 :
11



Note that an upper bound of qq�1 � 2q�r+1q�q�r 
an be shown by applying theassumption of 
hanging signs not only on the last r+1 ve
tors, but on everygroup of r+1 ve
tors. A similar argument improves the lower bound slightly.By Lemma 1 the analysis of G1dq is redu
ed to sign 
hanging strategies. Ig-noring for the moment the possibility that some x(r)i might be zero, we noti
e:By 
hoosing "(r) = 1, a 
hange of sign is in
i
ted on all those 
omponentsi su
h that sgn(x(r)i ) 6= sgn("(r�1)x(r�1)i ), while 
hoosing "(r) = �1 yields a
hange of sign on the opposite 
omponents. We may therefore investigatea simpli�ed game Cd (whi
h in parti
ular is independent of q): Given are dpiles p1; : : : ; pd of, say, 
ards that initially hold one 
ard ea
h. A round ofthis game 
onsists of the three steps(i) Player A sele
ts a set S � [d℄ of piles,(ii) Player B either removes all 
ards from the piles in S or all 
ards fromthe piles in [d℄nS. Formally, B 
hooses a set T 2 fS; [d℄nSg and resetspi := 0 for all i 2 T .(iii) One 
ard is pla
ed on every pile (pi := pi + 1 for all i 2 [d℄).The game is played in�nitely many rounds. The pay-o� for Player A is themaximum value of kpk that o

urred during play. This game is similar tothe tenure game Spen
er investigated in [12℄. Instead of step (iii), there a
ard is added only to those piles pi that have pi 6= 0. Hen
e the number ofa
tive piles redu
es in play and �nally is zero. The tenure game has a ni
esolution: Both players do their best if they 
hoose their moves in su
h a waythat the potential fun
tion Pi2[d℄ 2i is maximized respe
tively minimized.For the game Cd a solution like this 
an not be expe
ted as all piles keepa
tive throughout the game.Before analyzing the game Cd let us �rst �x the 
onne
tion with G1dq:Lemma 2. Suppose that the value of Cd is r, i. e. Player B has a strategysu
h that no pile ever 
ontains more than r 
ards and Player A 
an enfor
e apile of height r. Then Player B has a strategy as in Lemma 1(i) and Player Ahas a strategy as in Lemma 1(ii). In parti
ular, the value of Cd determinesthe value of G1dq almost 
ompletely:vq(v(Gd)� 1) � v(G1dq) � v(v(Gd) + 1):12



Proof. Let IG = ((x(j))j2N; ("(j))j2N) be an instan
e of the game G1dq. We
all an instan
e IC = ((S(j))j2N; (T (j))j2N) of Cd 
orresponding to IG if(i) 8j 2 N : S(j) = fi 2 [d℄j sgn("(j)x(j)i ) = sgn(x(j+1)i ) 6= 0g,(ii) 8j 2 N : T (j) = S(j) () "(j+1) = �1.In parti
ular IC is uniquely determined by IG.Suppose IG and IC as above and 
orresponding. Then for all i 2 [d℄ andk 2 N we havei 2 T (k) () ���sgn("(k)x(k)i ) + sgn("(k+1)x(k+1)i )��� � 1:Note that the right-hand side just means that "(k)x(k)i and "(k+1)x(k+1)i havedi�erent signs or are both zero. Hen
e for an index i 2 [d℄ and r 2 N wehave that all numbers "(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i have the same non-zerosign if and only if i =2 T (k) [ : : :[T (k+r�2). This is equivalent to the fa
t thatthe position ve
tor p(k+r�2) after round k + r � 2 in Cd ful�lls p(k+r�2)i � r.Thus it is enough to show that Player B 
an 
hoose signs in game G1dq su
hthat the 
orresponding instan
e of Cd has value at most r and Player A 
an
hoose f�1; 1g ve
tors su
h that the 
orresponding instan
e of Cd has valueat least r.Player B's strategy for Cd yields the following strategy for the game G1dq.For the �rst move in G1dq Player B may 
hoose any sign "(1). After A'sse
ond move x(2) set S(1) = fi 2 [d℄j sgn("(1)x(1)i ) = sgn(x(2)i ) 6= 0g. ChooseT (1) 2 fS(1); [d℄nS(1)g a

ording to the strategy that keeps the position ve
torin Cd at norm at most r. If T (1) = S(1) sele
t "(2) = �1 in G1dq, and "(2) = 1otherwise. Continue like this for all rounds of the game. It is 
lear thatIG = ((x(j))j2N; ("(j))j2N) and IC = ((S(j))j2N; (T (j))j2N) are 
orrespondinginstan
es su
h that at no time any pile in IC gets higher than r.The following strategy serves for Player A. For the �rst move in G1dqPlayer A may 
hoose any f�1;+1g ve
tor x(1). Set p = (1; : : : ; 1)> 2 Rd .Let S(1) be a 
hoi
e of A in Cd following the strategy that enfor
es a pile ofheight r on
e in the game Cd. De�ne x(2) 2 Rd byx(2)i := ( "(1)x(1)i if i 2 S�"(1)x(1)i else :13



If Player B 
hooses "(2) = �1, set T (1) = S(1), else set T (1) = [d℄nS(1). Updatethe position ve
tor p of the 
ard game as required by the rules. Continuelike this for the rest of the game. As Player A is following his strategy forCd, there will on
e be a pile of height r. By de�nition these instan
es of theve
tor game and the 
ard game are 
orresponding. Thus there are k 2 N,i 2 [d℄ su
h that all numbers "(k)x(k)i ; : : : ; "(k+r�1)x(k+r�1)i have the same signdi�erent from zero. This shows that A's strategy for G1dq is as required byLemma 1(ii).To 
omplete the proof of Theorem 2 we bound the value v(Cd) of the 
ardgame Cd.Lemma 3. For d � 3 the value of the 
ard game Cd satis�esblog2 d
+ blog2 log2 d
 � v(Cd) � log2 d+ log2 log2 dlog2 �2� 1log2 d� + 1� log2 d+ log2 log2 d+ 4:For d = 2 we have v(Cd) = 2.Proof. The 
ase d = 2 is solved by a moment's thought, so let us assumed � 3. We �rst observe that the order of the piles is irrelevant, hen
e we maydes
ribe the a
tual position ve
tor by an expression xn11 xn22 : : : xnll meaningthat there are ni piles ea
h holding xi 
ards for all i 2 [l℄. Similarly, a moveby Player A (whi
h is a subset S of the index set [d℄) 
an be des
ribed bysu
h an expression (again it is not important whi
h of the possibly severalpiles of same size are in S).We start with a strategy for Player A. Let us assume �rst that d is a power of2. It is 
lear that Player A 
an 
hange a position ve
tor xn11 xn22 : : : xnll , whereall ni; i 2 [l℄ are even, to the position ve
tor (x1 + 1)n12 (x2 + 1)n22 : : : (xl +1)nl2 1 d2 by sele
ting the set xn121 xn222 : : : xnl2l . Repeated appli
ation of thisstrategy on the initial position ve
tor of 1d leads to the position (log2 d +1)1(log2 d)1(log2 d� 1)2(log2 d� 2)4 : : : 2 d4 1 d2 .We 
all a partial position (whi
h is just the restri
tion of p to a subset of[d℄) a logarithmi
 ladder of type L(s; e; l) for some s; e; l 2 N ; s � l, if it14



equals se(s�1)2e(s�2)4e : : : (s� l+1)2(l�1)e. In this notation we just showedthat Player A 
an enfor
e a logarithmi
 ladder L(log2 d; 1; log2 d). We nowshow that Player A 
an enfor
e a logarithmi
 ladder L(s + 1; 1; � l2�) froma position 
ontaining a logarithmi
 ladder L(s; 1; l). A's �rst move is S =L(s; 1; � l2�). If B 
hooses S, then (among other piles) a logarithmi
 ladderL(s� � l2� ; 2b l2
; � l2�) remains and is updated to L(s+1� � l2� ; 2b l2
; � l2�) instep (iii) of this round. By the equi-partition argument from above (applied� l2� times) Player A 
an enfor
e a logarithmi
 ladder L(s+1; 1; � l2�). On theother hand, if B 
hooses the 
omplement of S, then S is simply updated toL(s + 1; 1; � l2�).Applying this logarithmi
 ladder partition strategy blog2 log2 d
 times onL(log2 d; 1; log2 d), Player A 
an rea
h a logarithmi
 ladder L(log2 d +blog2 log2 d
 ; 1; 1), whi
h is nothing more than a single pile of heightlog2 d + blog2 log2 d
. This proves the lower bound for d a power of 2. Ifd is not a power of 2, Player A �xes a set of 2blog2 d
 piles, plays on these pilesa

ording to the strategy just des
ribed and ignores the remaining piles.2For the upper bound set � := 2 log2 d�1log2 d and v : N ! R; i 7! �i�1. Setv(p) :=Pi2[d℄ v(pi) for a position ve
tor p 2 Nd . We analyze the strategy forPlayer B to 
hoose that one of the alternatives whi
h minimizes v(p) for theresulting position ve
tor p. Write p ÆT for the position ve
tor resulting fromp if Player B 
hooses the set T of piles to be emptied. We havev(p Æ T ) = jT jv(1) + Xi2[d℄nT v(pi + 1) = jT j+ � Xi2[d℄nT v(pi):We 
laim that Player B 
an ensure v(p) � d log2 d throughout the game.This is 
lear for the start (where pi = 1 for all i 2 [d℄), so let us assumethat we are in some round su
h that the position ve
tor p at the start of this2Joel Spen
er (private 
ommuni
ation, 2000) noted that the last two paragraphs 
anbe repla
ed by a potential fun
tion argument. Having rea
hed the position (log2 d +1)1(log2 d)1(log2 d�1)2(log2 d�2)4 : : : 2 d4 1 d2 , PlayerAmay use his strategy from the tenuregame. This means trying to maximize the potential fun
tion v(p) = Pi2[d℄ 2pi . Doingso involves the so-
alled splitting lemma whi
h states that he 
an split the piles into twogroups having similar potential. See [12℄ for the details. As a result of this approa
h,the lower bound improves to blog2 d+ log2(2 + log2 d)
. This is not so important for ourpurposes, but both beautiful and a great step towards the determination of the exa
t valueof this game. 15



round ful�lls v(p) � d log2 d. Let S � [d℄ denote A's move and T be one ofthe alternatives S and [d℄ n S whi
h minimizes v(p Æ T ). Thenv(p Æ T ) � 12(v(p Æ S) + v(p Æ ([d℄ n S)))= 12(jSj+ Xi2[d℄nS �v(pi) + j[d℄ n Sj+Xi2S �v(pi))= 12(d+ �v(p))� 12(d+ 2 log2 d� 1log2 d d log2 d)= d log2 d:Hen
e B's strategy ensures that v(p) � d log2 d holds throughout the game.This implies �pi�1 = v(pi) � v(p) � d log2 dfor all i 2 [d℄. Hen
ekpk � log�(d log2 d) + 1 = log2 d+ log2 log2 dlog2 �2� 1log2 d� + 1 � log2 d+ log2 log2 d+ 4;where the last inequality follows from some 
al
ulus.The proof of Theorem 2 follows from Lemma 1 to 3.4 Summary and OutlookThis paper is a �rst exposition of ve
tor balan
ing problems that 
ontain atemporal aspe
t. For a spe
i�
 aging assumption we gave optimal respe
-tively quasi-optimal strategies for the two di�erent problems that a balan
edpartition is required at the end of the game and throughout the game.There are many balan
ing problems with some aging aspe
t thinkable. Webelieve that the one we 
hose is one of the more interesting ones. Let usbrie
y analyze what happens if we add the aging aspe
t to the problemsmentioned in the introdu
tion:For the k � k2{norm problem the non-aging 
ase simply generalizes to16



Theorem 3. Let q � 1. The ve
tor balan
ing game Gndq where the maxi-mum norm is repla
ed with the Eu
lidean norm has valuevuutn�1Xi=0 1q2i :It makes no di�eren
e whether the players know the number of rounds or not.Allowing a bu�er seems a little strange. On the one hand time plays animportant role (aging) and on the other de
isions 
an be postponed (bu�er
on
ept). Some results also give the impression that bu�ers are not veryhelpful: For the �xed end version Gndq with q � 2, it is easy to see that abu�er does not 
hange the value of the game. This also leads to a lower boundfor the 
ontinuous version. Similarly, for the Eu
lidean game of Theorem 3a bu�er of size less than d� 1 gives no improvement. For a bu�er of any sizeqPd�1i=0 1q2i is a lower bound. Hen
e for q not too 
lose to 1, the e�e
t of abu�er is small.Dis
rete ve
tor balan
ing games (i. e. the �rst player may 
hoose his ve
-tors from a �nite set) are harder to analyze. As our fooling strategies used�1; 0;+1 ve
tors only, our lower bounds are still valid for X = f�1; 0;+1gd(and the upper ones all the more). For �nite sets X di�erent from that, theproblems seems to depend heavily on the individual stru
ture of X.A 
ompletely di�erent problem arises from a linear aging assumption, thatis, the position ve
tor at the end of round k is de�ned byminfl;kg�1Xi=0 (1� il )"(k�i)x(k�i)for some parameter l 2 N . For small l, that is fast aging, our sign 
hangingargument is suÆ
ient again. For the �xed end version (n rounds) and l �blog2 d
+1, the �rst player 
an enfor
e a position ve
tor p satisfying kpk1 =Pminfl;ng�1i=0 (1� il ) by the same strategy he used in Se
tion 2. Similarly, in theopen end version he 
an enfor
e kpk1 = Pl�1i=0(1 � il ) if l � v(Cd). Clearly,both of these results are optimal. For larger values of l the problem is open.A se
ond open problem is the 
ase 1 < q < 2 of the games Gndq and G1dq.17
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