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t. In this paper we propose an advan
ed randomized 
oloringalgorithm for the problem of balan
ed 
olorings of hypergraphs (dis-
repan
y problem). It allows to use stru
tural information about thehypergraph in the design of the random experiment. This yields 
olor-ings having smaller dis
repan
y than those independently 
oloring theverti
es. We also obtain more information about the 
oloring, or, 
on-versely, we may enfor
e the random 
oloring to have spe
ial properties.Due to the dependen
ies, these random 
olorings need fewer random bitsto be 
onstru
ted, and 
omputing their dis
repan
y 
an be done faster.We apply our method to hypergraphs of d{dimensional boxes. Amongothers, we observe a fa
tor 2d=2 de
rease in dis
repan
y and a redu
tionof the number of random bits needed by a fa
tor of 2d.Sin
e the dis
repan
y problem is a parti
ular rounding problem, ourapproa
h is a randomized rounding strategy for the 
orresponding ILP-relaxation that beats the usual randomized rounding.Key words: randomized algorithms, hypergraph 
oloring, dis
repan
y,randomized rounding, integer linear programming.1 Introdu
tion and Results1.1 The Dis
repan
y Problem and Integer Linear ProgramsIn this paper we deal with a spe
ial kind of integer linear programs, namelythose that model dis
repan
y problems. Roughly speaking, the 
ombinatorialdis
repan
y problem is to partition the vertex set of a given hypergraph into two
lasses in a balan
ed manner, i.e., su
h that ea
h hyperedge 
ontains the samenumber of verti
es in ea
h of the two partition 
lasses. To be pre
ise:We 
all a pair H = (X; E), where X is �nite set and E � 2X , a hypergraph. Theelements of X are 
alled verti
es, those of E hyperedges. A partition of X into? supported by the graduate s
hool `EÆziente Algorithmen und Multiskalen-methoden', Deuts
he Fors
hungsgemeins
haft



two 
lasses is usually represented by a 
oloring � : X ! C for some two-elementset C. The partition then is formed by the 
olor 
lasses ��1(i); i 2 C. It turnsout to be useful to sele
t �1 and +1 as 
olors. For a 
oloring � : X ! f�1; 1gand a hyperedge E 2 E then the expression�(E) :=Xx2E �(x)
ounts how many of the +1{verti
es of E 
annot be mat
hed by �1{verti
es.j�(E)j is therefore a measure of how balan
ed the hyperedge E is 
olored by �.As it is our aim to 
olor all hyperedges simultaneously in a balan
ed manner,we de�ne the dis
repan
y of � with respe
t to H bydis
(H; �) := maxE2E j�(E)j:The dis
repan
y problem originated from number theoreti
al problems (e. g. vander Waerden [vdW27℄ or Roth [Rot64℄), but due to a wide range of appli
ationsand 
onne
tions it has re
eived an in
reased attention by 
omputer s
ientistsand applied mathemati
ians during the last twenty years.Most notably is the 
onne
tion to uniformly distributed sets and sequen
es whi
hplay a 
ru
ial role in numeri
al integration in higher dimensions (quasi-MonteCarlo methods). This area is also 
alled geometri
 dis
repan
y theory. Via theso-
alled \transferen
e prin
iple", geometri
 and 
ombinatorial dis
repan
ies are
onne
ted with ea
h other. An ex
ellent referen
e on geometri
 dis
repan
ies,their 
onne
tion to 
ombinatorial ones and appli
ations is the book of Matou�sek[Mat99℄.The notion of linear dis
repan
y of matri
es des
ribes how well a solution ofa linear program 
an be rounded to an integer solution (latti
e approximationproblem). Due to work of Be
k and Spen
er [BS84℄ and Lov�asz et al. [LSV86℄, thelinear dis
repan
y 
an be bounded (in a 
onstru
tive manner) by 
ombinatorialdis
repan
ies.Further appli
ations are found in 
omputational geometry and the theory of
ommuni
ation 
omplexity. For these and other appli
ations of dis
repan
ies intheoreti
al 
omputer s
ien
e we refer to the new book of Chazelle [Cha00℄.Dis
repan
y problems 
an be formulated as integer linear programs. Let X =f1; : : : ; ng =: [n℄ and E = fE1; : : : ; Emg. Then the following integer linearprogram (here given as a 0; 1 ILP) solves the dis
repan
y problem for H:2



minimize 2�subje
t to Xi2Ej xi � 12 jEj j � �; j = 1; : : : ;m�Xi2Ej xi + 12 jEj j � �; j = 1; : : : ;mxi 2 f0; 1g; i = 1; : : : ; n� � 0:The problem in using the linear relaxation of this ILP is that there always existsthe trivial solution x = (x1; : : : ; xn) = 121n. Therefore, a fruitful 
onne
tionbetween solutions of the [0; 1℄{relaxation and the original problem is not to beexpe
ted.On the other hand, randomized rounding strategies for this trivial solution yieldrandom 
olorings and, vi
e versa, generators of random 
olorings 
an be in-terpreted as randomized rounding strategies. Thus both problems are strongly
onne
ted. It also turns out that the tools used and the diÆ
ulties o

urringin both problems are very similar. Thus we think that the methods of this pa-per might have a broader appli
ation and are not restri
ted to the dis
repan
yproblem.Note that when applying a randomized rounding strategy to the above ILP, we donot need to 
are about feasibility (as for most randomized rounding problems).The reason is that any infeasibility in
i
ted by the rounding, i.e., any violationof the 
onstraints, simply is a dis
repan
y.1.2 Algorithmi
 Aspe
ts of Randomized Coloring and RandomizedRoundingDis
repan
y is an NP{hard problem. It is even NP{hard to de
ide whether azero dis
repan
y 
oloring exists or not. EÆ
ient algorithms �nding an optimal
oloring therefore are not to be expe
ted. Indeed, very little is known aboutthe algorithmi
 aspe
t of dis
repan
y. For some restri
tions of the problem ani
e solution exist, e. g. for hypergraphs having vertex degree at most t. Be
kand Fiala [BF81℄ gave a polynomial time algorithm leading to a 
oloring havingdis
repan
y less than 2t.A 
ommon algorithmi
 approa
h for the general 
ase (and in fa
t the only oneknown to us) are random 
olorings obtained by independently 
hoosing a random
olor for ea
h vertex. Via a Cherno�-bound analysis (see e.g. Alon and Spen
er[AS00℄) this yields 
olorings having dis
repan
y O(pn logm), where as aboven shall always denote the number of verti
es and m the number of hyperedges.More pre
isely, they show 3



Theorem 1. A random 
oloring obtained by independently 
hoosing a random
olor for ea
h vertex has dis
repan
ydis
(H; �) �p2n ln(4m)with probability at least 12 .Note that this yields a randomized algorithm 
omputing a 
oloring of the 
laimeddis
repan
y by repeatedly generating and testing a random 
oloring until thedis
repan
y guarantee of the theorem is satis�ed. This algorithm has expe
tedrun-time O(n(R +m), where R is the 
omplexity of generating a random bit.To get rid of the random aspe
t, several so-
alled derandomization te
hniqueshave been developed. We refer to [Sri01℄ for a survey. Random 
onstru
tionsshow that (at least for suitable values of n and m) there are hypergraphs havingdis
repan
y 
(pn log mn ). Thus this approa
h 
annot be improved signi�
antlyin the general 
ase.Via the transfer sket
hed in the previous subse
tion, all of the above holds forgeneral rounding problems as well. In parti
ular, no randomized rounding strat-egy for linear problem of n variables and m 
onstraints 
an guarantee a violationin the 
onstraints of less than 
(pn log mn ).A 
entral problem with random 
olorings (random rounding) is therefore how totake into a

ount the spe
ial stru
ture of the hypergraph (the ILP). One way todeal with this is to use random 
olorings as above, but to tighten the analysisusing the stru
tural information. Limited dependen
ies of `bad' events play a
ru
ial role here. Two papers in this 
ontext are S
hmidt et al. [SSS95℄ andSrinivasan [Sri96℄.A se
ond approa
h is to use a di�erent kind of random 
olorings, i.e., to designthe random experiment in a way that it exploits the stru
ture of the hypergraph.This is what we do in this paper.1.3 Our resultsWe analyze a way of generating random 
olorings not by independently 
oloringthe verti
es, but by enfor
ing some dependen
ies. Thus we are able to exploitstru
tural information about the hypergraph.This proves to be e�e
tive in several ways. Firstly, it allows to generate random
olorings having smaller dis
repan
y. Being a fairly general 
lass of hypergraphsthat have some 
ommon stru
ture, we analyze hypergraphs of d{dimensionalboxes. Our randomized 
olorings beat the ordinary random 
olorings in termsof dis
repan
y by a fa
tor roughly 2d=2.A se
ond advantage is that we also obtain some more information about therandom 
oloring. For example, we may pres
ribe that our 
olorings should be4



fair, that is, have equal-sized 
olor 
lasses. This 
an be useful in some appli
a-tions, e. g. the re
ursive method to 
onstru
t balan
ed multi-
olorings of [DS01℄uses fair 
olorings. A ni
e thing from the te
hni
al point of view is that we getthese fair 
olorings without extra te
hni
al diÆ
ulties. Usually, working withfair 
olorings is more diÆ
ult, sin
e the hypergeometri
 distribution is harder toanalyze than the binomial one (
f. Chv�atal [Chv79℄ and Uhlmann [Uhl66℄).A third point 
on
erns the 
omplexity of generating the 
olorings. Due to thedependen
ies the number of random bits needed to generate our random 
ol-orings is smaller than for ordinary random 
olorings. For the hypergraphs ofd{dimensional boxes we redu
e the number of random bits needed by a fa
torof 2d. This is important, if generating random bits is 
ostly.Finally, 
omputing the dis
repan
y of our random 
olorings 
an be done faster
ompared to ordinary random 
olorings. The reason is that (depending on thehypergraph, of 
ourse) the number of relevant hyperedges, i.e., those for whi
h�(E) has to be 
omputed, is redu
ed. Sin
e a typi
al randomized algorithm
omputes a low-dis
repan
y 
oloring by repeatedly generating a random 
oloringand then 
omputing its dis
repan
y until a satisfa
tory solution is found, thisfa
t also speeds up 
omputing low-dis
repan
y 
olorings.2 Stru
tured Randomized ColoringAs mentioned in the introdu
tion, our aim is to generate random 
olorings thatto not independently 
olor the verti
es, but on the 
ontrary use suitable depen-den
ies that re
e
t the stru
ture of the hypergraph. To do so, we partition thevertex set into 
lasses. Within su
h a 
lass, we will have perfe
t dependen
e,that is, ea
h vertex determines the 
olor of all other verti
es in the 
lass. Fortwo verti
es lying in di�erent 
lasses, their 
olors shall be 
hosen independently.The problem of this very general approa
h is of 
ourse to 
at
h the stru
tureof the hypergraph through the partition and the dependen
ies in the partition
lasses. We show an example of how to do so in the next se
tion and pro
eed by�xing the general framework.Let P = fP1; : : : ; Prg be a partition of the vertex set. Let �Pi : Pi ! f�1;+1gbe 
olorings su
h that j�Pi(E\Pi)j � 1 holds for all edges E 2 E . For a hyperedgeE 2 E set I(P ; E) := fi 2 [r℄j�Pi (E \ Pi) 6= 0g;hen
e �Pi(E\Pi) 2 f�1;+1g for all i 2 I(P ; E). We generate a random 
oloringlike this: For ea
h i 2 [r℄ := f1; : : : ; rg we `
ip a 
oin', i.e., independently anduniformly 
hoose a random sign "i 2 f�1;+1g. Let � : X ! f�1;+1g denotethe union of the "i�Pi , that is, we have �(x) = "i�Pi(x) for all x 2 Pi. We 
all� a stru
tured random 
oloring with respe
t to P and the �Pi ; i 2 [r℄. Here is adis
repan
y estimate for su
h a 
oloring.5



Lemma 1. Let � be a stru
tured random 
oloring with respe
t to P and the�Pi ; i 2 [r℄. For any hyperedge E 2 E we haveP (j�(E)j > �) < 2e� �22jI(P;E)j :The proof is not very diÆ
ult. We still state it here, as it reveals why ourstru
tured random 
olorings are superior to the ordinary ones.Proof. For ea
h i 2 I(P ; E) de�ne a random variable Zi = �Pi(E \ Pi) =Px2E\Pi �Pi(x). Set Z = Pi2I(P;E) Zi. Note that Z = �(E). Sin
e the Zi aremutually independent �1; 1 random variable, we may apply the Cherno� bound(
f. [AS00℄, Corollary A.1.2) and getP (jZj > �) < 2e� �22jI(P;E)j : utComparing Lemma 1 with the analogous estimate for ordinary random 
oloringsP (j�(E)j � �) � 2e� �22jEj ;we see that in our version we repla
ed the 
ardinality jEj of the hyperedge bythe possibly smaller number of Pi su
h that �Pi(E \ Pi) 6= 0. We thus redu
edthe relevant size of the hyperedges.There is a se
ond way stru
tured random 
olorings 
an improve dis
repan
ybounds, namely by redu
ing the number of relevant hyperedges. SetEP :=[f(E \ Pi) j�Pi(E \ Pi) 6= 0gfor all E 2 E and EP := fEP jE 2 Eg. From the de�nition of stru
tured random
olorings it is 
lear that any stru
tured random 
oloring � with respe
t to P andthe �P ; P 2 P ful�lls �(E) = �(EP ). In parti
ular, we havedis
(H; �) = dis
((X; EP); �):Depending on the partition P and the 
olorings �Pi , the mapping E 7! EP isnot inje
tive, and hen
e jEP j < jEj. In this 
ase we only need to 
onsider thesmaller number jEP j of hyperedges. Sin
e the dis
repan
y bound depends on thenumber of hyperedges just logarithmi
ally, this e�e
t is less important 
omparedto the redu
tion of the relevant sizes of the hyperedges. It 
an however be useful,as it makes the 
omputation of dis
(H; �) easier.This observation together with Lemma 1 yields6



Theorem 2. Let s0 := maxE2E jI(P ; E)j and m0 := jEP j. Then a stru
turedrandom 
oloring with respe
t to P and the �P ; P 2 P has dis
repan
y at mostdis
(H; �) �p2s0 ln(4m0)with probability at least 12 .Proof. Omitted. utThere are two more points to add 
on
erning stru
tured random 
olorings. Oneis that we may get information about � through properties of the 
olorings�P ; P 2 P . For example, if ea
h �P ; P 2 P has equal-sized 
olor 
lasses, thenthis also holds for �. Conversely of 
ourse, we may enfor
e 
ertain properties on� by 
hoosing suitable 
olorings �P ; P 2 P .Se
ondly, it is easily seen that to generate a stru
tured random 
oloring withrespe
t to P and �P ; P 2 P we need only jPj random bits instead of n randombits needed for ordinary random 
olorings.3 Higher-Dimensional BoxesIn this se
tion we show how the method des
ribed above 
an be applied to ana
tual example, namely hypergraphs of higher-dimensional boxes. They displaysome regularity that 
an be exploited. On the other hand, this is still a fairlygeneral 
lass of hypergraphs. For similarly geometri
ally de�ned hypergraphs,so-
alled 
ylinder interse
tions, a dis
repan
y result was used to prove boundson multi-party 
ommuni
ation 
omplexities by Babai et al. [BHK98℄.We say that a hypergraph H = (X; E) is a hypergraph of d{dimensional boxesfor some d 2 N, if there is a de
omposition X = X1 � � � � � Xd su
h thatea
h hyperedge E 2 E has a representation E = E1 � � � � � Ed respe
ting thede
omposition of X , i.e., su
h that Ei � Xi holds for all i 2 [d℄. Obviously, theEi then are uniquely determined by the de
omposition X = X1 � � � � �Xd. Letus agree to 
all any set E1 � � � � �Ed su
h that Ei � Xi for all i 2 [d℄ a box.For an arbitrary number r we denote by dre2 the smallest even integer not beingsmaller than r. We showTheorem 3. Let H = (X; E) be a hypergraph of d{dimensional boxes. Let X =X1�� � ��Xd be a 
orresponding de
omposition. Set n := jX j, ni := jXij for i 2[d℄ and m := jEj. Then there are stru
tured random 
olorings � : X ! f�1; 1ghaving dis
repan
y at mostdis
(H; �) � 2�d�12 qdn1e2 � � � dnde2 ln(4m)7



with probability at least 12 . Generating these stru
tured random 
olorings needs2�dn random bits.Note that Theorem 1 using ordinary random 
olorings only proves a bound ofp2n1 � � �nd ln(4m) =p2n ln(4m). This is worse by a fa
tor of 2d=2 (in the 
aseof even ni).Proof. Without loss of generality we may assume that Xi = [ni℄. We �rst 
on-sider the 
ase that all ni; i = 1; : : : ; d; are even.Set P := ff2x1 � 1; 2x1g � � � � � f2xd � 1; 2xdg j 8i 2 [d℄ : xi 2 [ni2 ℄g, that is, wepartition the vertex set into small 
ubes of size 2d in a rather 
anoni
al way.The 
oloring 
orresponding to ea
h small 
ube shall be su
h that adja
ent (in theHamming distan
e sense) 
orners always re
eive opposite 
olors. More formally,for a given 
ube P 2 P we de�ne a 
oloring �P : P ! f�1; 1g by�P (x) = 1 () Xi2[d℄xi is evenfor all x = (x1; : : : ; xd).Let E 2 E and P 2 P . As both E and P are boxes, so is E\P . From the de�nitionof �P we see that any subbox S of P su
h that jSj 6= 1 ful�lls �(S) = 0. Hen
ej�P (E \ P )j � 1 for all E 2 E and P 2 P . We may therefore de�ne randomstru
tured 
olorings with respe
t to P and the �P ; P 2 P as introdu
ed inSe
tion 2. Let � be su
h a 
oloring.We have jI(P ; E)j � jPj = 2�dn. Applying Theorem 2 with s0 = 2�dn, we getthe bound dis
(H; �) � 2� d�12 pn ln(4m);whi
h �nishes the proof in the 
ase that all ni; i = 1; : : : ; d; are even.For the general 
ase we 
onsider the hypergraph H1 = ([dn1e2℄�� � �� [dnde2℄; E).Sin
e H is a subhypergraph of H1, any 
oloring �1 for H1 by restri
tion yieldsa 
oloring � = (�1)jX for H. The 
laim follows from dis
(H; �) � dis
(H1; �1)and applying the 
ase of even 
ardinality sets to H1. utApart from this improved dis
repan
y bound, we also gained some informationabout the 
oloring itself. For example, all geometri
 boxes are 
olored very ni
ely.We 
all a box B � X a geometri
 box, if it 
an be represented in the formB = I1� � � �� Id for some intervals Ii � [ni℄; i 2 [d℄. As 
an be seen easily, theseboxes ful�ll j�(B)j � 2d for any stru
tured random 
oloring � with respe
t to Pand �P ; P 2 P .Furthermore, our 
olorings are fair, that is, they are perfe
tly balan
ed on thewhole vertex set. We have �(X) = 0, if jX j is even, and �(X) 2 f�1; 1g, if jX j8



is odd (note that any odd 
ardinality set S 
annot have dis
repan
y �(S) = 0,no matter what the 
oloring � is like).Fair 
olorings are important in re
ursive algorithms and divide-and-
onquer pro-
edures. The relation between 
ombinatorial dis
repan
ies and "{approximations(and thus also the \transfer prin
iple" 
onne
ting geometri
 and 
ombinatorialdis
repan
ies) rely on the 
on
ept of fair 
olorings. We refer to the �rst 
hapterof Matou�sek [Mat99℄ for the details. Another example is the re
ursive methodto 
onstru
t balan
ed multi-
olorings from 2{
olor dis
repan
y information (
f.[DS01℄).If X 2 E , then fairness 
an be obtained by re
oloring some verti
es in the larger
olor 
lass. This in
reases the dis
repan
y by a fa
tor of at most 2. With ourstru
tured random 
olorings, we 
an get fairness \for free".To show how su
h stru
tural knowledge about the random 
oloring 
an be usedto redu
e the number of relevant hyperedges, we examine a spe
ial 
lass ofbox hypergraphs: The hypergraph of all d{dimensional boxes in [n0℄d for somen0 2 N is Hdn0 := ([n0℄d; fS1 � � � � � SdjSi � [n0℄g). The usual random 
olorings(Theorem 1) ful�ll dis
(Hdn0) �q2nd0 ln(4 2n0d)= p2 ln 2n d+120 pd (1 + o(1))� 1:18n d+120 pd (1 + o(1))with probability at least 12 . In the following theorem we improve this boundand also show that less than 3n0d=2 of the 2n0d hyperedges are relevant. For
onvenien
e let us 
on
entrate on the 
ase that n0 is even. The general result
an be obtained from similar reasoning as in the proof of Theorem 3.Theorem 4. Let n0; d 2 N, n0 even, d � 2 and set n := nd0. There are stru
turedrandom 
olorings � for Hdn0 that havedis
(Hdn0 ; �) � 1:05 2�d=2n d+120 pdwith probability at least 12 . Generating these 
olorings needs 2�dn random bits.To 
ompute their dis
repan
y, only 2�d3n0d=2 hyperedges have to be regarded.Proof. Set P := ff2x1 � 1; 2x1g � � � � � f2xd � 1; 2xdg jx1; � � � ; xd 2 [n02 ℄g andde�ne �P ; P 2 P as in the proof of Theorem 3. Let � be a random 
oloring withrespe
t to P and �P ; P 2 P . As above we have jI(P ; E)j � 2�dnd0.Now let us bound the number of hyperedges that are relevant for the dis
repan
yof � with respe
t to H. We �rst 
ompute jEP j. Let E = S1 � � � � � Sd. Assumethat for some i 2 [d℄ and x 2 [n02 ℄ we have f2x � 1; 2xg � Si. Then no box9



P = f2x1�1; 2x1g�� � ��f2xd�1; 2xdg su
h that xi = x interse
ts E in exa
tlyone vertex. From some elementary properties of boxes and the de�nition of �Pwe derive �P (E \P ) = 0. Thus EP = (S1�� � �� (Si nf2x�1; 2xg)�� � ��Sd)P .By indu
tion we see that � : E 7! EP is a proje
tion of E onto E . Thereforewe need to 
ounts its �xed points only to get jEP j. We just exhibited that ane
essary (and suÆ
ient) 
ondition for a hyperedge E = S1 � � � � � Sd to be a�xed point is 8i 2 [d℄8x 2 [n02 ℄ : jSi \ f2x� 1; 2xgj � 1:For ea
h i 2 [d℄; x 2 [n02 ℄ we therefore have exa
tly three possibilities: Si \f2x�1; 2xg is empty or f2x� 1g or f2xg. This makes jEP j = 3n0d=2 �xed points.Still, not all hyperedges in EP are relevant. From the stru
ture of � we derive afurther redu
tion: Note that for all i 2 [d℄,
i : E ! E ;S1 � � � � � Si � � � � � Sd 7! S1 � � � � � ([n0℄ n Si)� � � � � Sdis a �xed-point-free bije
tion of E that leaves the set EP of redu
ed hyperedgesinvariant and preserves dis
repan
y: We have�(E) = ��(
i(E))for all hyperedges E 2 E . In parti
ular, the group h
1; : : : ; 
di ' Zd2 a
ts on Eand EP in su
h a way that all orbits have length 2d. As all elements of an orbithave the same dis
repan
y with respe
t to �, it is enough to 
onsider just onerepresentative from ea
h orbit. Let E0 � E be system of representatives of theorbits in EP , that is, E0 
ontains exa
tly one element of ea
h orbit in EP . Sin
ejE0j = 2�djEP j, we redu
ed the number of relevant hyperedges by another fa
torof 2d. From Theorem 2 we �nally get (with probability at least 12 )dis
(H; �) = dis
((X; E0); �)�q2 2�dnd0 ln(4 2�d3n0d=2)� pln 3 2�d=2n d+120 pd� 1:05 2�d=2n0 d+12 pd: utWe should remark that the size redu
tion yields a 
hange in the order of mag-nitude in terms of d, namely the additional 2�d=2 fa
tor, whereas 
ounting therelevant edges (less than (7=8)n of the total number of edges) only improves the
onstant by about 11%. Re
all however, that redu
ing the number of relevanthyperedges does redu
e the 
omplexity of 
he
king whether a stru
tured random
oloring ful�lls the dis
repan
y bound of the theorem or not.10



4 Summary and Con
lusionIn this paper we presented a new way of generating random 
olorings for thedis
repan
y problem of hypergraphs. This allows to use stru
tural informationabout the hypergraph and thus{ improves dis
repan
y guarantees,{ allows to pres
ribe additional properties regarding the 
oloring, e.g. fairness,{ redu
es the number of random bits needed to generate the 
oloring,{ redu
es the number of relevant hyperedges, and thus redu
es the 
omplex-ity of 
omputing the dis
repan
y of the random 
oloring and the expe
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