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We summarize current research on the pros and cons of invariance properties of optimization algorithms:

1. Robustness optimality of comparison-based algorithms for the worst case among increasing transfor-
mations of the fitness function. Informally, we show that for the worst case on increasing transforma-
tions of the fitness function, comparison-based algorithms are in fact optimal. Precisely, we consider
x1(o, f),. . . ,xn(o, f) the points visited by an optimization algorithm o when working on a fitness func-
tion f , and we let x∗(f) be the arg min of a fitness function f . We show that (under mild technical
assumptions) for all random function f , for all optimization algorithm o, there exists an optimization
algorithm o′ which only depends on comparisons such that

Ef sup
g∈G

||xn(o, g ◦ f)− x∗(g ◦ f)||2 = Ef sup
g∈G

||xn(o′, g ◦ f)− x∗(g ◦ f)||2

where G is the set of increasing mappings from R to R [2].
2. Lower-bounds on the convergence rates in continuous optimization for comparison-based algorithms.

Precisely, we show that all algorithms o for which ∀f,∀g ∈ G,∀n, xn(o, f) = xn(o, g◦f) have a convergence
rate at most linear, with a constant scaling as O(1/d) where d is the dimension ([5], [3]), in the sense
that

− log(||xn(o, f)− x∗(f)||) = O (k(n)/d) = O (n log(n)/d)

where k(n) is the number of comparisons used before visiting xn(o, f).
3. Lower-bounds on the convergence rates in multi-objective optimization for comparison-based multi-

objective algorithms [4]. These results show lower complexity bounds u(ε) on the number of itera-
tions points necessary for ensuring a precision ε for the Hausdorff metric and u(ε) is close to random
search’s number of iterations rs(ε) when the number of conflicting objectives increase. Namely, the ratio
log (u(ε)) /log (rs(ε)) converges to d/(d−1) as ε goes to 0, i.e. u(ε) = O

(
rs(ε)(d−1)/d

)
if there is no more

assumption than the C1 nature of Pareto-fronts.
4. Homogeneity of the Markov Chain ([1]) resulting from linear invariance properties of the algorithm, e.g.

when the output of the algorithm when inputs are rotated/translated is similarly rotated/translated).
From this homogeneity plus from the stability of the resulting Markov chains follow linear convergence.
The use of drift conditions for proving the stability of the homogeneous Markov chain will be discussed.
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