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Abstract

In anindustryprojectwith aGermancarmanufacturerwearefaced
with thechallengeof placinga maximumnumberof uniform rigid
rectangularboxesin the interior of a car trunk. Theproblemis of
practical importancedue to a Europeanindustry norm which re-
quirescarmanufacturersto statethetrunkvolumeaccordingto this
measure.

No reallysatisfactoryautomatedsolutionfor thisproblemhasbeen
known in thepast. In spiteof its NP hardness,combinatorialopti-
mizationtechniques,whichconsideronly grid-alignedplacements,
producesolutionswhich arevery closeto theoneachievableby a
humanexpert in severalhoursof tediouswork. Theremaininggap
is mostlydueto theconstraintsimposedby thechosengrid.

In this paperwe presenta new approachwhich combinesthegrid-
basedcombinatorialmethodwith SimulatedAnnealingon a con-
tinuousmodel.This allows usto explorearbitraryorientationsand
placementsof boxes,henceclosingthe gap even further, and– in
somecases– evensurpassthemanualexpertsolution.

The implementedsoftwaresystemallows our industrialpartnerto
incorporatethe trunk volume in a very early stageof the car de-
signprocesswithoutrelyingonarepeatedandcumbersomemanual
evaluationof thevolume.

CR Categories: J.6 [Computer-aidedEngineering]:Computer-
aided Design; G.1.6 [Numerical Analysis]: Optimization—
SimulatedAnnealingI.6.8 [Simulation and Modeling]: Typesof
Simulation—MonteCarlo; GeneralTerms: Algorithms, Design,
Measurement

Keywords: Trunk Packing, Car Design,SimulatedAnnealing,
CombinatorialOptimization,ComputationalGeometry

1 Intr oduction

Geometricpackingproblemsareof greatinterestto thecommuni-
tiesof ComputationalGeometry(seefor example[BaurandFekete

2001;Chan2003])andCombinatorialOptimization(seefor exam-
ple [ErdosandGraham1975;Nelissen1993;Dyckhoff 1990;Iko-
nenet al. 1997])dueto their greatimportancefor industrialappli-
cations.Thepackingproblemconsideredin this paperarosefrom
a joint projectwith a majorGermancarmanufacturerwho is inter-
estedin measuringthevolumeof a trunk accordingto theGerman
standardDIN 70020.Thereasonfor theexistenceof thisstandardis
thatthecontinuousvolumeof atrunkdoesnotre�ect its actualstor-
agecapacity, sincethebaggageto bestoredis usuallydiscrete.DIN
70020asksfor thenumberof rigid 200mm� 100mm� 50mm= 1
liter boxes,thatcanbepackedinto thetrunk.

Figure1: Physicalmeasurementaccordingto DIN 70020

Sofar this taskof determiningthevolumeof a trunk requiredcum-
bersomemanualwork by an experiencedengineerwho packsthe
trunkby handasseenin Fig. 1. Sincedesigndecisionsalsodepend
on their effect to the volumeof the trunk, the engineersestimate
thevolumeby manuallyplacingboxesuponvisual judgmentwith
aCAD systeminto avirtual modelof thetrunk.

An industry-strengthautomatedsolutionto theproblemhasto meet
thefollowing requirements:

� Boxesarenotallowedto overlapwith eachother.

� Boxesmustnotpiercetheboundaryof thetrunkby morethan
aprede�nedthreshold(whichmodelsits deformability).

� The systemhasto dealwith any outputof the CAD system:
input modelsasexportedfrom theCAD systemarejust a set
of triangles;they might exhibit holes,danglingtriangles,and
typically donot form amanifold.Thereis nonotionof inside
or outsidethetrunk in thisdata.

� The numberof packed boxes shouldnever fall short of the
expert's solutionby morethan1%or 10 liters.

� The solution for a problem instanceshould be computed
within a time-frameof aboutoneday.



Previous Work

Automatedsolutionsknown in thepasthave never beenableto get
closeto the quality of a humanexpert. Ding and Cagan [2003]
publishedanapproachthat is suitedfor theSocietyof Automotive
Engineers(SAE) standardusedin the USA. This standarddiffers
signi�cantly from theEuropeannorm.It de�nesa luggagesetcon-
sistingof objectsvarying from 6 to 67 liters. Therefore,our soft-
warehasto handlefarmoreobjectsthanin theSAEcase.

NP-Hardnessof our packingproblemwasestablishedin a recent
result([Eisenbrandet al. 2003]),but still, in thesamepapera �rst
almost industry-strengthsolution was presentedthat using a dis-
cretizationmodelandtechniquesfrom combinatorialoptimization
producedsolutionsvery closeto the onesachievableby a human
expert. It only rarelyfell shortof theprescribedboundsfor theso-
lution quality, which wasdue to the fact that this algorithmonly
allowedaxis-alignedanddiscreteplacementsof theboxesin agrid.
For these“bad” probleminstances– which for examplearisein
trunks with side-compartmentsholding tightly a few boxes (see
Fig. 2)–, therewasalsono hopeto obtaina bettersolutionusing
thisapproach,asthediscretizationwouldhavehadto adaptlocally
to thegeometryof thetrunk1.

Figure2: Arbitrary placementnecessaryin side-compartmentsnext
to thewheelhouse

On thetheoryside,resultsin this areahave beenratherdiscourag-
ing. [Fowler etal. 1981]haveshown thatalreadythe2-dimensional
problemof packingaxis-parallelunit squaresinto a polygonwith
holes is NP-complete,even though approximationschemesare
available [Hochbaumand Maass1985]. For polygonswithout
holes,it is conjectured([Baur andFekete2001]) that theproblem
is polynomially solvable. The more generalproblemof packing
(a� b) axis-alignedrectanglesinsideapolygon,is notevenknown
to bein NP, partly becausetherepresentationof anoptimumsolu-
tionmightbearbitrarilycomplex (see[Nelissen1993]for aelabora-
tion on thetopic). The'OpenProblemProject'website([Demaine
et al. 2005a;Demaineet al. 2005b],problems55, 56) keepstrack
of thecurrentstatusof theseproblems.

Our Contrib ution

In this paperwe overcometheweaknessof thepreviousalgorithm
andpresentanindustry-strengthsolutionto thetrunkpackingprob-
lem which almostalwayscomesvery closeto themanualsolution
andin somecasesevensurpassesit. This breakthroughis achieved
by allowing arbitrary orientationandplacementsof theboxes,not
restrictingto axis-alignedplacementson a grid asin thealgorithm
from [Eisenbrandetal. 2003].

Allowing suchacontinuousmodelleadsto averyhigh-dimensional
globaloptimizationproblemfor which standardmethodslike Sim-

1Thesepathologicalinstanceswerediscoveredwhenevaluatingthesys-
temfrom [Eisenbrandetal. 2003]in theindustrialproductionenvironment.

ulatedAnnealing[Kirkpatrick et al. 1983]aretypically used.Un-
fortunately, applyingthesetechniquesin a straightforwardmanner
yields solutionsfar worsethanthe discretizationalgorithm. Only
by combiningbothtechniqueswe wereableto obtaintheindustry-
strengthsystem.

This paperelaborateson thedetailsof thesynthesisof bothmeth-
ods.Roughlyspeaking,we wereableto eliminatetheheatingpro-
cesstypical for asimulatedannealingprocedureby usingasolution
from the discretizationalgorithmasa startingcon�guration. Fur-
thermorewe devisedspecialproceduresfor creationof new boxes,
arelaxationby aMonteCarlosimulation,andpruningof undesired
boxes. Due to physicalanalogies,we call our methodSpecialized
GrandCanonicalSimulatedAnnealing.

Theresultingsoftwaresystemmeetsall requirementsof our indus-
trial partnerand is currently being installedfor usein the actual
designprocessof new cars.

2 Modeling the Problem

Weareprovidedwith thedigital dataof thecartrunkby asetof tri-
anglesexportedfrom a free-formCAD system.Sincetheoriginal
model in the CAD systemoften consistsof many partswhich are
not necessarilytightly joined, the resultingsetof output triangles
neitherbounda closedvolumenor do they form a manifold. This
' low quality' of the input datarequiresadditionalcarein the pro-
cessingof our algorithms.In thefollowing sectionwe will present
two waysto modelthe trunk packingproblemsuchthatoptimiza-
tion techniquescanbesuccessfullyapplied.

2.1 Discretizing Space and Box Orientations – a Com-
binatorial Appr oach

The approachused in [Eisenbrandet al. 2003] proposesa dis-
cretizationof spaceandbox orientationsby constructinga three-
dimensionalcubic grid which approximatesthe interior of the
trunk. Boxes canonly be placedanchoredat a grid cubeand in
alignmentwith the grid axes,so the placementof a box is deter-
minedby six parameters:theanchorcubewith coordinates(x;y;z),
andtheorientation(w;h;d) whichdescribetheextensionof thebox
in width, heightanddepth(measuredin unit cubes).The spacing
ew of thecubicgrid is chosensuchthatk� ew = 50mmfor someinte-
gerk, andhencetheorientation(w;h;d) canbeany permutationof
thesetf 1k;2k;4kg. As thefollowing stagesarevery sensitive to a
“good” initial placementandorientationof thecubicgrid, thelatter
is chosensuchthatthenumberof cubescontainedin theinteriorof
theoriginal trunkvolumeis maximized.SeeFig. 3 for anexample.

The slightly modi�ed goal is now to placeasmany boxes in the
cubic grid suchthat eachbox consistsonly of cubesapproximat-
ing the interior of the trunk, andno two boxessharea cube. This
problemcanbe formalizedusing the following construction:Let
G(V;E) be the graphwith nodesetV andedgesetE. Thereis a
nodevx;y;z;w;h;d 2 V iff thebox anchoredat (x;y;z) andorientation
(w;h;d) consistsonly of cubesin the interior of the trunk. There
is anedgee= (v;w) 2 E iff thetwo correspondingboxplacements
of v andw intersect,i.e. sharea commoncube. G is called the
con�ict graph. Packing the largestnumberof boxes in the cubic
grid is thenequivalentto determiningthemaximumindependentor
maximumstablesetin thecon�ict graphG.

In [Eisenbrandet al. 2003],several techniquesfrom integer linear
programmingandcombinatorialoptimizationwereappliedto solve
this stablesetproblem. This approachproducedpackingswhich



Figure3: Cubicgrid approximatingtheinteriorof a trunk

most of the time were suf�ciently close to the prescribedqual-
ity boundof our industrialpartner. Though,whenevaluatingthis
systemin the industrial productionenvironment,someinstances
showedup,wheretheresultswerenotsatisfactory.

Theinherentproblemof thisapproachis thatit choosesright at the
beginning a discretizationof spaceand orientationswhich might
not accommodateto the local geometryof the trunk. While some
choiceof the grid axesmight be suitablefor most regionsof the
trunk (e.g. typically it is reasonableto have two grid axesparallel
to thebottomof thetrunk), thereareareaswherea differentorien-
tation is necessaryif no spaceshouldbe wasted.This happensin
particularalongcurvedpartsof a trunk, seefor examplein Fig. 4,
wheretherestrictionto onecubicalgrid systemwastesa lot of vol-
umealongthecurvedlid (left picture)comparedto a solutionwith
arbitraryrotations(right picture).

Figure4: Curvedlid

Similar dif�culties arisein trunkswith sidecompartmentswhich
tightly holdafew boxes.If thegrid is notalignedwith theseplaces,
volumeis wasted,seealsoFig. 2.

2.2 Arbitrar y Placement of Boxes – a Simulated Anneal-
ing Appr oach

To overcometheproblemswith thesepathologicalcases,we have
to extendour modelto accountfor arbitrarypositionsandorienta-
tionsof theboxes. In sucha modeltheplacementof a box canbe
characterizedby a 6-tuple (x;y;z;q; j ;y ) 2 R6 (not Z6 as in the
discretemodel).Weareinterestedin acollectionof n such6-tuples
suchthat their correspondingbox placementsdo not overlapand
arecompletelycontainedin the interior of the trunk. The valuen
shouldbeaslargeaspossiblesuchthatavalidplacementstill exists.

Let us�rst focusonthecasewheren is �x ed,andweareonly look-
ing for avalid placementof n boxes.This6n-dimensionalproblem
is far too complicatedto be solved usingtechniquesfrom convex
optimization,hencegenericoptimizationtechniqueslikeSimulated
Annealing(SA)are the methodof choice. This techniquecanbe
implementedby designinga suitablepotentialor energy function
U : R6n ! R+

0 from possiblecon�gurations,i.e. placementsof the
n boxes,to therealnumbers.Valid con�gurationsshouldresultin
a low potentialor energy valuewhereasinvalid con�gurationsdue
to overlapor non-containmentin thetrunkshouldbeassignedhigh
potentialvalues.Thegoal is to �nd a globalminimum(alsocalled
groundstate) of this potentialfunctionU. The approachof SA is
to de�ne transitionsfrom onecon�gurationto anotherandthenba-
sically start a randomwalk on the implicitly de�ned (potentially
in�nite) graph.At thebeginning,at “high temperature”,transitions
might happeneven to con�gurationswith a higher energy value,
but with decreasingtemperature,con�gurationsof lowerenergy are
preferred.In our solutionwe enhancethebasicSA approachwith
amethodfor growing andshrinkingthesizeof acon�guration(i.e.
thevaluen).

Both, a suitablede�nition of a potentialfunction for our problem
aswell assomeextensionsto thebasicSA processwill bethetopic
of therestof this paper. The latterextensionswerecrucial for ob-
tainingsolutionssuperiorto thediscretizationapproach.

3 Simulated Annealing – Potential Function
and Basics

In thissectionwewill deriveapotentialfunctionfor thetrunkpack-
ing problem,give a brief overview of theemployedsimulatedan-
nealingprocessandprovide somedetailsaboutanef�cient evalua-
tion procedurefor thepotentialfunction.

3.1 The Potential Function

It is naturalto split the potentialinto two parts. On onehandwe
havethepenetrationof theexteriorthatwemeasureby thesocalled
wall potentialUW. On theotherhandwe have a contribution from
pairwiseinteractionof theboxes. The interactiontermconsistsof
theintersectionvolumeUV andtheinterpenetrationdepthUI of two
boxes. We de�ne our potentialasa convex combinationof these
threeparts. Let x = (x1; : : : ;xn) be thecoordinatesof a con�gura-
tion wherexi is thesetof thecoordinatesfor box i. Then,we have
for thepotential

U(x) = l W

n

å
i= 1

UW(xi) + l V

n

å
i= 1

i� 1

å
j= 1

UV (xi ;x j ) + l I

n

å
i= 1

i� 1

å
j= 1

UI (xi ;x j );

wherel W; l V ; l I � 0 aretherespectiveweightsfor thethreecontri-
butions.Theconditionl W + l V + l I = 1 for theconvexity ensures
thatwe do not effectively changethetemperatureof thesystemby
reweightingthecontributionsduringthealgorithm.

In the next paragraphwe develop the contribution of the pairwise
box interactionto the potential. For thesake of simplicity, we re-
strictourselvesto thetwo-dimensionalcase.Theextensionto three
dimensionsshouldbestraightforward.

Interaction Given two boxesby the opensetsBi ;B j de�ned by
their coordinatesxi ;x j for positionandorientation,we de�ne the



intersectionvolumeUV as

UV (xi ;x j ) =
Z

Bi \ B j

dV:

Usingonly theintersectionvolumeUV andneglectingtheinterpen-
etrationdepthUI in thepotentialwould besuf�cient in theory. But
theoverlapis not quali�ed very intuitively in someexceptionalsit-
uations.Thereforewedonotonly considertheintersectionvolume,
but alsothepenetrationdepthof two boxes.

b

e j

Figure5: Motivationfor penetrationdepth

Considertwo rectanglesthat touch at an edgewith length b. If
we now push the rectanglesinto one anotherby e orthogonally
to that edge,we get an overlapUV = b � e as depictedin Fig. 5.
Now assumethat the two rectanglestouchby an edgeanda ver-
tex. The overlap that resultsfrom a penetrationof e is given by
UV = e2

sin2j . Sincee � b theoverlapresultingfrom thesamepen-
etrationis muchsmallerin thesecondcaseopposingour intuition.
Therefore,we de�ne an additionalmeasurethat is moreadequate
in suchsituations.
De�nition 1. Givena metric space(X; j�j ), the penetration depth
of twoopensetsA;B � X is de�nedas

minfj tj : A\ (t + B) = /0; t 2 Xg:

Informally speaking,thepenetrationdepthis thedistancethatone
objectneedsto be translatedin order to dissolve the intersection.
We set the interpenetration depthUI (xi ;x j ) of two boxes to their
penetrationdepthandgeta furthercontribution to thepotentialin
additionto the intersectionvolumeUV . We cannotsimply replace
UV by UI becausethe latter hasalsoits drawbacks. Considerthe
left situationdepictedin Fig. 5. Thepenetrationdepthis thesmall
vertical distancee. If the rectanglesareblocked in that direction,
i.e. thatverticalmovesarenot permittedby theboundaryor other
rectangles,thenthe only way to reducethe overlap is by moving
horizontally. But for a greatdealof horizontalmovesthepotential
looksthesamewith respectto thepenetrationdepth,namelye and
thusinvolving a lot of iterationsto getout.

Wall Potential In two-dimensionalpackingproblemsone often
hasa polygon that de�nes the container. Thereit is possibleto
take its complementandtreat it like an obstacle.In that casethe
penetrationdepthof theboxeswith theboundaryis well de�ned.

But thisdoesnotholdin ourparticularcase.Thedataof thetrunkis
givenasa triangularmeshwith apenetrationthresholdpT for each
triangle. We may not assumeany further propertieson the mesh,

e.g.thatit is amanifold,watertightor thatthenormalsareoriented
consistently.

Though,wecanusetheprincipleof thepenetrationdepthsimilar to
thetwo dimensionalcase,but we mustadjustit to our setting.The
penetrationdepthfor eachbox is de�ned pertriangleinsteadof the
whole body. Thereby, it is also possibleto treat certainregions
differently, e.g. the bottomof a trunk would hardly give way in
contrastto thesideswhereafew millimetersarealwaysacceptable.

This introducessomeproblemswith respectto the total potential.
We cannotjust sumup the valuesfor eachtrianglesincethenthe
valuewould increaseif the boundaryis triangulated�ner. There-
fore,weusethemaximumof all triangles.It is alsopossibleto use
themeanof all positivecontributions.

Thepenetrationdepthfor a trianglewith respectto a givenbox is
alsode�ned astheminimumdistanceto pull it apartfrom thatbox.

Thereby, thewall-potentialis positiveonly for thoseboxestouching
the boundary. But this is de�nitely not what we want for boxes
locatedcompletelyoutside.

pR

p

pT

UW

outsideinside boundary

Figure6: Wall potentialof aboxmoving throughtheboundary

It is evenmorecounter-intuitive if we think of a box moving from
the insideto the outsidelike illustratedin Fig. 6. Its potentialin-
creasesto a maximumattainedwhenthecentercrossesthebound-
aryandthendecreasessymmetricallyto zeroagainuntil it doesnot
touchthetrunkanymore.

Therefore,we de�ne the restrictedpenetration depthpR thatonly
considerstranslationsthat would move the box back inside the
trunk. Hence,we have to de�ne what is insideandoutsidewith
respectto the trunk in a way we canuseit for computation.But
aspointedoutearlier, thereis anambiguityin therepresentationof
thetrunksincewecannotexpectthemodelto bewatertight.

Thus, the restrictedpenetrationpR is infeasibleto compute. But
sinceit coincideswith the penetrationdepthp in certainregions,
we just usethelatterandensurethatwe report“in�nity” in caseof
p < pR.

We de�ne the wall potentialUW in termsof a predicatethat tells
uswhethera box shouldbetreatedasoutsidethetrunk andusethe
maximalpenetrationdepthotherwise,i.e.

UW(xi) =

(
¥ if outside (xi)
maxf p(xi ; t ) : t 2 Trianglesg otherwise

;

wherep(xi ; t ) is theminimumdistancethatthetrianglet hasto be
translatedsuchthat it doesnot intersectthe box. We mustdesign
theoutside predicatevery carefullysuchthat it is robustbut nev-
erthelessef�cient to evaluate.This issueis addressedin Sect.4.3

Observe that the contribution of a particularbox to the potential
hasa short range,i.e. it is completelydeterminedby objectsin



the neighborhood.We canbene�t from this whenevaluatingthe
potential.

3.2 Monte Carlo algorithm

In 1953,Metropoliset al. introducedtheMonteCarloimportance-
samplingalgorithm[Metropolis et al. 1953]. It' s a methodthat is
usedin statisticalphysicsto predictor checkmacroscopicproper-
ties of complex, i.e. many-body, systemsthat result from an as-
sumedpotential.

In nature,realizationswith differentenergiesof sucha statistical
ensembledo not appearwith thesameprobability. Thecon�gura-
tions that leadto a lower potentialenergy aremuchmorelikely to
occur. In ourcaseweconsidertheBoltzmanndistribution thatsug-
gestaprobabilityfor acon�gurationwith potentialenergyU thatis
proportionalto e� bU whereb is theinversetemperature.We treat
b simply asa parameterandonly refer to its physical meaningto
getanintuition.

Sinceit is infeasibleto enumerateall con�gurations,wetry to limit
theevaluationsof thepotentialto importantcon�gurations.Givena
startingcon�guration,wewantto “walk” throughthecon�guration
spaceguidedby our potential. Therefore,we proposetrial moves
that areaccepteddependingon the changein the potential. If the
proposedcon�gurationhasa lower energy we acceptit with prob-
ability 1. Otherwise,we acceptit with a probability p = e� b �DU

whereDU is positive. Thisschemeis depictedin Fig. 7.

evaluate
PotentialU1

- trial move - evaluate
PotentialU2

-else

�
�

�
�

�
�3

p = e� b �DU

accept

-
else

reject

?
DU = U2 � U1 > 0

oracle

Figure7: MetropolisMonteCarloScheme

It is absolutelynecessaryto take stepsthat preliminary lead to a
higherenergy in orderto escapefrom local minima. This behavior
is controlledby theparameterb . Thehigherits valueis themore
unlikely is theworseningin termsof thepotentialenergy.

Sincetheboxesin themiddlearemuchless�e xible thantheboxes
at the boundary, eachbox hasits own rangefrom that we choose
our trial moves. We dynamicallyadapttheserangesby increasing
it if a move is acceptedanddecreasingit otherwise.Thereby, we
achieve thattheacceptancesettlesdown at50%.

Sincethe potentialseenby a box doesnot look like the samein
every direction,we do not adjustthe rangesfor all coordinatesin
thesameway. We ratherdistributetheamountof thechangeto the
coordinateswith respectto thesuggestedtrial move.

Wedonotmoveall boxessimultaneouslybut onerandomlypicked
in eachiteration.

3.3 Evaluating the Potential Function ef�cientl y

Thisis themosttime-consumingtaskin ouralgorithm.Pro�ling ex-
perimentshaveshown thatmorethan90percentof theCPU-timeis
spentin theroutinesfor thecomputationof theintersectionvolume
andthepenetrationdepth.Again,weconsiderthetwo dimensional
caseto illustratetheidea.

First, we describea methodthat decideswhethertwo rectangles
overlap. Afterwardswe slightly modify that procedureby adding
little costsso that it alsotells us thepenetrationdepth.At theend
of this section,we illustratehow to computetheoverlappingarea.

It canbeeasilyshown thatthede�nition of thepenetrationdepthis
equivalentto

minfj~tj :~t 2 A� (� B)g;

i.e. in thecomplementof theMinkowski sumof bothsets.Actually,
wedonotcomputeany Minkowski sumsherebut usethistechnique
to prove thecorrectnessof ourapproach.

By thede�nition of thepenetration-depthof two rectanglesRi and
Rj , theminimum is attainedat the borderB of the setRi � (� Rj )
which is determinedby atmosteightconstraintsthatareparallelto
thesidesof thetwo rectanglesasseenin Fig. 8.

Ri

Rj

~t

B

Figure8: Determiningthepenetrationdepth

Sincewe considerthe penetrationdepthwith respectto the Eu-
clideandistance,it coincideswith theradiusof themaximalcircle
centeredat theorigin that�ts into B.

By elementarygeometrythevectorpointingfrom theorigin to the
boundarypoint is perpendicularto thecorrespondingface.Hence,
thedirectionof a translationthatdeterminesthepenetrationdepth
is anormalof oneof thefacesthatde�ne B.

By the separatingaxis theoremfor convex polyhedra[Gottschalk
et al. 1996],thesenormalsareeithertheonesof thetwo polyhedra
or areparallel to the crossproductof an edgeof the �rst polyhe-
dronandanedgeof thesecondone. Sincewe considerrectangles
in 2D thosenormalsareexactly the directionsof the edgesof the
rectangles.

Ri

Rj

Figure9: Separatingaxis

Weconsidertheprojectionsof theobjectsononeof thosedirections
now. Hence,wehavetwo intervalseachcorrespondingto oneof the
polyhedra.Theseparatingaxistheoremtellsusfurtherthatthetwo



polyhedraaredisjoint if f for at leastoneof thosedirectionsthetwo
intervalsaredisjoint.

Thus,we have a testthattells ustwo rectanglesapart.In theworst
caseit requiresto testfour directionssinceat leasthalf of theeight
edgesareparallel. As soonaswe get two disjoint intervalswe are
doneandreportthat thereis no overlapor thepenetrationdepthis
zerorespectively.

Furthermore,we can modify this test slightly in order to get a
methodthat computesthe penetrationdepthdirectly at not much
morecost.Assumewe testin directionk = 1; : : : ;4 andobserve an
overlapof tk of theintervalsthatresultfrom theprojection.

Without lossof generality, we mayassumethattk is positive since
otherwiseweswaptherolesof therectangles.Weconstructatrans-
lation~tk with j~tkj = tk pointingin thedirectionof theprojection.

~t

Rj

Ri

Figure10: Penetrationdepthby projection

If we translatethecorrespondingrectangleby~tk thetwo rectangles
becomedisjointbecausethenwecanplaceaseparatinghyperplane
with normal~tk betweenthem.Recallthatthevaluefor thepenetra-
tion depthis attainedby a vectorthatpointsinto oneof the tested
direction. Thus,we simply reportthe minimum absolutevalueof
all thosetk.

Inter section volume of two boxes Sinceboxesareconvex poly-
hedratheir intersectioncanbesimplycomputedby solvingahalfs-
paceintersectionproblem.In generaltheintersectionbodyconsists
of trimmed facetsoriginating from both boxes. In order to �nd
thesetrimmedfacets,wetriangulatetheboundaryof everyboxand
clip its trianglesby the threepairsof parallelplanesde�ning the
otherbox. Clippingatriangleby aplanemayproduceaquadrangle
which we decomposeinto two trianglesfor further clipping. This
basicgeometricoperationcanbe implementedvery easilyandre-
sults in a highly specializedandeffective routinefor determining
a setT of orientedtriangleswhich form the boundaryof the in-
tersectionbody. Connectivity informationamongthesetrianglesis
notrequiredfor computingthedesiredvolume:Let D= (~aD;~bD;~cD)
denoteanorientedtriangleof T thenthevolumeV is givenby

V =
1
6 å

D2T

�
�
�
�

1 1 1 1
~o ~aD ~bD ~cD

�
�
�
� ;

where~o is anarbitrary�x edreferencepoint.

Becauseof the shortrangeof interaction,only boxesin the direct
neighborhoodof amoving boxconstituteto its intersectionvolume
andpenetrationdepth.Thatis why weuseauniformgrid asaspace
partitioningschemeto locateall potentially interferingboxesand
penetratedboundarytriangles. The relatively expensive computa-
tion of theintersectionvolumefor two boxesis only executedif the

Figure11: Intersection�gure by iterativeclipping

fastdisjointnesstest(basedon the separatingaxestheorem)fails.
In this way we succeedin performingthousandsof trial movesper
secondin theMonteCarlosimulation.

4 Simulated Annealing – The Ef�cient Imple-
mentation

Thissectionis dedicatedto ourextensionsandmodi�cationsof the
simulatedannealingapproach.At the beginning, we take a com-
binatorialsolutionfrom thediscretemodelto eliminatetheheating
process,i.e. we avoid to equilibratethesystemat a very high tem-
peratureleadingto stronglydisorderedcon�gurations.This issueis
describedin Sect.4.5 in moredetail.

In ouralgorithm,we iteratively applyasequenceconsistingof

� aspecialcreationprocedurefor new boxes,

� a relaxationperiodby aMonteCarlosimulation,and

� a randomlytriggereddestructionof the“worst” box.

Beforewe explain the specialcreationprocedureandthe destruc-
tion of boxes in Sect.4.4, we give someimplementationdetails
thatarenecessaryfor anef�cient simulation.During therelaxation
period,we selectwith probability of 1

2 betweentranslationaland
rotationalmoves.

4.1 Translational Trial Moves

Let Dx;Dy;Dz bethreeparametersde�ning therange

R= (� Dx;Dx) � (� Dy;Dy) � (� Dz;Dz)

from which thedisplacements~t 6= 0 for the trial movesarepicked
uniformly at random.Wedonothingin thestationarycasebecause
it getstrivially acceptedanddoesnot give any usefulinformation.
ThepotentialchangeDU is givenby

DU = U(~r +~t) � U(~r);

where~r is theold positionand~t 2 R thedisplacementof thebox.
Now we considerthe two cases“Accepted”and“Rejected”sepa-
rately.

Accepted In the caseof an acceptedtrial move, we updatethe
positionof the box and increasethe parametersDx;Dy andDz by
multiplying by a factor of 1+ jtxj=j~tj, 1+ jtyj=j~tj and 1+ jtzj=j~tj
respectively.



Rejected If the trial move is rejected,we discardthe trial move
anddecreasethe parametersDx;Dy andDz by division by a factor
of 1+ jtxj=j~tj, 1+ jtyj=j~tj and1+ jtzj=j~tj respectively.

4.2 Rotational Trial Moves

We choosequaternionsas representationfor orientationsand ro-
tationsinsteadof the Euleriananglesq; j ;y becausethey easily
allow choosingrotationsuniformly at random. For this purpose,
weconsidertheinterpretation

q = (cosJ ;~u� sinJ )

which is a rotationby anangle2J aboutanaxisrepresentedby the
unit vector~u.

We pick a pointuniformly distributedin thethreedimensionalunit
ball by choosingthreeindependentuniformly distributedrandom
numbersp1; p2; p3 2 [0;1) and rejectingevery triple with p2 :=
p2

1 + p2
2 + p2

3 � 1. Thenwegenerateaquaternion

dq =
1

p
1+ p2

(1; p1; p2; p3)

which de�nes a rotation about a uniformly distributed axis.
Whereas,J 2 [0; p

4 ) coversrotationsbetweenzeroand2� 45= 90
degrees.By scalingthevector~p we cancontrol themagnitudeof
therotation,too.

Givena trial rotationdq 2 R4, thepotentialchangeDU is givenby

DU = U(q� dq) � U(q);

whereq 2 R4 is theold orientation.Similar to thecaseof transla-
tional moveswe maintainparametersD1;D2;D3 to scalethe com-
ponentsof ~p. Thereby, weeffectively choosetherotationalaxisout
of anellipsoidinsteadof aball.

4.3 Prevention of Boxes from Escaping

As we have seenin Sect.2.2,thepenetrationdepthp doesnot suf-
�ce to modelthewall potential.We areinterestedin therestricted
penetrationdepthpR, but cannotcomputethis valuedueto thede-
�ciencies of therepresentationof thetrunk. Actually, it suf�ces to
distinguishthecasesp = pR � 1

2 lmin andp < 1
2 lmin < pR in Fig. 6

wherelmin is theshortestsidelengthof a box. In thefollowing we
describeanapproachto overcomethisproblem.

Thegoal is to developa predicatecalledoutside (~c), that re�ects
the positionof a box with center~c with respectto the trunk. The
predicateshouldreturn false for boxes completelycontainedin
thetrunkor for boxeswith smallrestrictedpenetrationdepth.If the
restrictedpenetrationdepthexceedsa certainthreshold,thepredi-
cateshouldreturntrue . This predicateis usedto distinguishboth
casesin thede�nition of thewall potentialUW.

Weuseathree-dimensionalgrid thatsegmentstheboundingboxof
the trunk into cells. Thepurposeof thegrid is to approximatethe
spacewith respectto the trunk. Eachgrid cell belongsto exactly
oneof threesets,namelyinterior, boundaryandexterior cells. The
spacingd of thegrid is discussedlater.

The setof boundarycells canbe easilydeterminedby computing
the intersectionsbetweengrid cellsandthe triangularmeshof the
trunk. Next we want to identify the interior andexterior cells. We
computeconnectedcomponentsof grid cells not yet identi�ed as

boundarycells. For this computation,cellsareviewedasnodesof
agraphandcellsnext to eachotherarehandledasadjacentnodes.

In order to ensurethat regions in the interior and exterior of the
trunk do not endup in the samecomponent,we demandthat the
holesin thetriangularmeshdonotexceedarectangleof sized� d.
All cellsof theconnectedcomponent(s)thatcontain(s)theoutmost
layer of the grid cells clearly belongto the outside(or boundary)
andaremarkedassuch.

Sinceour modelis not a manifoldwe might still have two or more
componentsnot yet assignedto oneof the treesets.Thereforewe
requiretheuserto specifyonepoint in theinteriorof thetrunk. The
cellsin thecorrespondingcomponentaremarkedasinside,all other
remainingcomponents(if any) aremarkedasoutside.

Given this datastructure,we implementthepredicateoutside (~c)
asfollows. We returntrue if the center~c is not containedin the
boundingbox. Otherwise,welook upthegrid cell correspondingto
thequerypoint~c andreturntrue iff thecell is markedasboundary
or outside.

Whatremainsto bediscussedis thechoiceof thespacingparame-
terd andits in�uence on thepredicatewith respectto therestricted
penetrationdepthof a box. This relationis establishedby the fol-
lowing proposition.
Proposition 1. Givena grid with spacingd > 0 and a box with
center~c and minimumside length lmin. If outside (~c) returns
true , wehavefor thetherestrictedpenetrationdepthpR

pR �
1
2

lmin � d
p

3:

Proof. Considerthecasethatthecell correspondingto thecenter~c
is marked asboundary(seeFig. 12). The distancebetween~c and
theboundaryis atmostthediagonalof thecell,whichis d

p
3. Thus

therestrictedpenetrationdepthis at least1
2 lmin � d

p
3.

lmin=2

d

outside

inside~c

� d
p

3

pR

boundary

Figure12: Box centerlies in boundarycell

Now considerthe casethat the cell of the center~c is marked as
outside(seeFig. 13). TherestrictedpenetrationdepthpR is greater
or equalthanthedistanceof thecenter~c to theboundaryof thebox,
hencepR � 1

2 lmin.

The casethat the center~c is not containedin the boundingbox
canbe handledasthe secondcasefor a grid augmentedwith one
additionaloutmostlayerof cubesmarkedasoutside.



d

outside

pR

lmin=2

inside

boundary

~c

Figure13: Box centerlies in outsidecell

The contrapositionyields that our predicatereports false for
pR < 1

2 lmin � d
p

3. Additionally, the predicatereturnstrue for
pR > 1

2 lmin (sincethecenterof sucha box lies in a cell markedas
boundaryor outside). Hencethe spacingparameterd adjuststhe
interval of “uncertainty” in which theresultof thepredicateis not
solely relatedto the relative positionof thebox andthe trunk, but
alsoto thealignmentandorientationof thegrid cells. Thesmaller
theparameterd, thesmallerthis interval.

On theotherhand,onehasto take into accountthecomplexity of
thegrid which scaleswith d� 3. Anotherreasonthatpreventsarbi-
trary small valuesof d is the requirementthat the triangularmesh
maynotcontainholeslargerthana rectangleof sized � d.

4.4 Creation and Destruction of Boxes

As of yet,wehaveonly describedthesimulationof ensembleswith
a constantnumberof boxes. We have not yet explainedhow to
solve themaximizationproblem.Themissingthing is thecreation
of boxes and the destructionof prematurelycreatedones. From
a physical point of view, the simulationof a grandcanonicalen-
semble,i.e. anensemblewith creationanddestructionof particles,
would �x this issue.

In many physical systems,we have particlesenteringandleaving
theregionof interestdependingonexternalconditions.Thedepen-
dency is expressedin thesocalledchemicalpotential,thatbrie�y
speakingdescribestheenergy thatis necessaryto addarandompar-
ticle to thesystemor thechangein theenergy if a randomparticle
leaves. Therefore,thehigherthechemicalpotentialis, thesmaller
is theprobabilityof acceptingthecreationof particleat a random
position. The interestedreadermay have a look at Chapter5.6 of
[Frenkel et al. 2001] for the physical background.Intuitively, the
chemicalpotentialincreaseswith thedensityof theparticlesin the
system.

However, it would be physically nearly impossiblethat the simu-
lation of sucha grandcanonicalensemblecomesup with a valid
optimalsolution. Sincewe dealwith closepackings,i.e. packings
with a very high density, the chemicalpotentialfor sucha setting
would bevery large,andhencetheprobabilityto createa new box
would be vanishinglow, or on the otherhand,the destructionof
boxeswouldoccurtoooften.

Nevertheless,we canmodify thecreationproceduresothatit �nds
promisingpositionsandorientationsfor new boxesandinsertsthem

there. An examplefor sucha promisingpositioncan be seenin
Fig. 14. Sincewe may allow temporarilygreaterpenetrationsof
the trunk thanthe thresholdin theSimulatedAnnealingapproach,
positionsfor new boxesmayexist dueto missingcubesin thedis-
cretizationwhich is constrainedby thesesthresholds.Furthermore,
promisingpositionsmayoriginateduringthesimulation,becausea
nearbyboxhasbeendestructedor rearranged.

Figure14: Promisingposition

Creation In eachiterationstepwe pick a box uniformly at ran-
domandinvestigateits surroundingfor promisingpositionsof new
boxes.Moreprecisely, weconstructsix candidateboxesandevalu-
atetheir contribution to thepotentialfunction.

Eachcandidatefor a new box is obtainedby mirroring theselected
box at oneof thesix planesde�ning its boundary. Candidatesout-
side the trunk as decidedby our predicateoutside are rejected.
We also reject candidatesthat exceedthresholdsfor intersection
volume,interpenetrationdepthandpenetrationdepth. Remaining
candidates(if any) areacceptedasnew boxes.

Next wedescribeanadditionalstepmodifyingourapproachabove.
Considera candidatethat hasbeenobtainedby mirroring the se-
lectedbox at a planethat containsoneof its facesof size200mm
� 100mm. Imaginean obstaclethat interfereswith the candidate
just slightly below our threshold. Consequently, the candidate
would becreated.But if thesubsequentrelaxationstepfails to im-
prove the situation,the just createdbox is likely to be destroyed
again. Theheuristicswouldcyclebetweencreationanddestruction
of aboxat thatposition.

Thereforewe rotatethe candidateandthe original box by 90 de-
greessuchthat they cover the samespacetogether, but changed
theirorientation.By triggeringtherotationrandomly, we increased
the chancethat a box may escapeout of this situationduring the
relaxation.A similar rotationis performedfor candidatesthatorig-
inatefrom mirroring theselectedbox at theplanesthatcontainthe
facesof size200mm� 50mm. No suchrotationis possiblefor the
remainingcasewith respectto the faceof size 100mm� 50mm.
Candidatesof thiscaseareseldomacceptedanyhow.

Destruction In eachiterationstepweconsidertheworstbox, i.e.
the box that contributesmostto the potential. We simply remove
the box with a probability proportionalto its contribution to the
potential.

4.5 Eliminating the Heating Process

Thestandardsimulatedannealingapproachrequiresthatthesystem
is broughtinto equilibriumwith a suf�ciently hight temperatureat



thebeginning. Thereby, onecanguaranteetheconvergenceof the
methodassumingadecreasingtemperaturewhich is logarithmicin
time [Nolte andSchrader1996].

Sincethis impliesanexponentialrunningtime,onehasto usefaster
schedules,e.g. a geometricone. But thereby, we experiencedlots
of cantingof theboxeslikedepictedin Fig. 15.

Figure15: Cantingof boxes

Therefore,wecameupwith theideato useacombinatorialsolution
asstartingcon�gurationin connectionwith ourcreationprocedure.
In the following, we give a modelof the con�guration spacethat
explainsthesuccessof ourmethod.

Letsassumethatwe only have uniform objectsto packlike in our
real world problem. Therefore,the potentialdoesnot changeby
swappingthe identity of two boxes. Hence,it is suf�cient to con-
sideronly onerepresentative con�guration x = (s1; : : : ;sn) for all
its n! permutationswheren is thenumberof boxesandsi thesetof
parametersthatdescribeonebox.

If we considerthestatessi ;sj of two boxesin a commonsubspace,
thentheir “distance”cannotbearbitrarily closein a valid packing.
Therefore,wemayassumethateachstateoccupiesacertainvolume
of the con�guration space.Sincewe are interestedin a maximal
packing,i.e. a packingwith a high densityof states,an optimal
solutionwouldbeaclosepacking.

optimalsolution
startingcon�g

occupiedspace

Figure16: Modelof statesin thecon�gurationspace

Our heuristicsconsistsof choosinga startingcon�guration in a
way thatyieldsaclosestpackingbecausetherebywecanmapeach
stateof thestartingcon�gurationto onestateof anoptimalsolution
suchthateachdistanceis bounded.Therefore,anappropriatestart-
ing con�gurationwould bea combinatorialsolutionto thediscrete
modelwith theadditionalconstraintthatit is densein its interior.

Sincethe startingcon�guration is “near” an optimal solutionbut
doesnot matchexactly, we have anadditionalrequirementthatthe
combinatorialsolutionshouldbe“�e xible” enough,i.e. ratherho-
mogeneousin theorientationof theboxes.

Notethatwe still follow a coolingschedulein thecourseof our al-
gorithm.But by usingthecombinatorialsolution,weareallowedto

startata lower temperaturethatdoesnot leadto arandomizationof
thewholestartingcon�gurationandtherelatedcantingproblems.

5 Project Overview and Evaluation

Thecompleteprojecthasbeenimplementedin C++ andis portable
acrosstoday's major systemplatforms. Several external libraries
have beenusedsupportingthe implementationof the user inter-
face,thevisualizationpartaswell asproviding somelow-level al-
gorithmsanddatastructures.Sinceour systemis employed in an
industrialproductionenvironment,ease-of-usehasbeenamajorre-
quirementof our industrialpartner.

5.1 Evaluation

Herewebrie�y reportontheresultsweachievedwith ourapproach
of theSpecializedGrandCanonicalSimulatedAnnealingheuristic.

Theplainresultsaresummarizedin Tab. 1whereweopposetheval-
uesachieved by a humanexpert, our bestcombinatoricsolutions,
andthenovel approachwhichis abbreviatedby SGCSA.Justto get
animpression,wealsoaddedanapproximatevaluefor thecontinu-
ousvolumein thelastcolumn.Thisvalueis theaverageof aninner
andouterapproximationby acubicgrid with aspacingof 6.25mm
or 12.5mmandhasbeenroundedto aprecisionof 5 liters.

A, B, C, andD denotedifferenttrunk types,'C w/ extras' thesame
trunk asC but with a reducedvolumedueto controlunitsfor addi-
tionalequipmentlikeair-conditioning.

expert combinatoric SGCSA continuous
A 62 l 61 l 64 l � 95 l
B 80 l 80 l 81 l � 120l
C 513l 507l 510l � 595l
C w/ extras 480l 475l 479l � 555l
D 499l 491l 493l � 595l

Table1: Sometestcases

Recallthat thequality restrictionsof our industrialpartnerrequire
usto achieve least99%of their bestmanualpackingandnot more
than10 liters less.Onecanseein Tab. 1 that for modelsA andB,
our implementationevenoutperformstheexpert's solution.All so-
lutionswerecomputedwithin a time-frameof onedayallowedby
our industrialpartner;sincenouserinteractionis requiredafterini-
tializing theoptimizationprocess,this �ts verywell into thedesign
process.

6 Conc lusion

We have presentedanindustrial-strengthsystemwhich enablescar
manufacturersto estimatereliably the volume of car trunks even
at an early stageof the designprocess. Comparedto the previ-
oussystempresentedin [Eisenbrandet al. 2003],themainnovelty
is the possibility to placeboxesin arbitraryorientationsandposi-
tions. Thelack of thelatterhasshown to bea weaknessof theold
systemwhenit wasevaluatedin theactualproductionenvironment.
Thenew systemhasbeencerti�ed usingalargenumberof different
trunk typesandproven to be of industrialstrength.It is currently
beinginstalledfor usein theactualdesignprocessof thecarmanu-
facturer.
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