Packing a Trunk — now with a Twist!
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Abstract

In anindustryprojectwith a Germarcarmanugcturemnve arefaced
with the challengeof placinga maximumnumberof uniformrigid

rectangulaboxesin theinterior of a cartrunk. The problemis of

practicalimportancedue to a Europeanindustry norm which re-
quirescarmanufcturergo statethetrunk volumeaccordingo this
measure.

No really satishctoryautomatedolutionfor this problemhasheen
known in the past. In spiteof its NP hardnessgcombinatorialopti-
mizationtechniqueswhich considermnly grid-alignedplacements,
producesolutionswhich arevery closeto the oneachievableby a
humanexpertin several hoursof tediouswork. Theremaininggap
is mostlydueto the constraintdmposedoy the chosergrid.

In this paperwe present new approactwhich combineghe grid-
basedcombinatorialmethodwith SimulatedAnnealingon a con-
tinuousmodel. This allows usto explorearbitraryorientationsand
placement®f boxes, henceclosingthe gap evenfurther, and—in
somecases- evensurpasshe manualexpertsolution.

The implementedsoftware systemallows our industrial partnerto
incorporatethe trunk volumein a very early stageof the car de-
signproceswithoutrelyingonarepeateéndcumbersomenanual
evaluationof thevolume.

CR Categories: J.6[ComputeraidedEngineering]: Computer
aided Design; G.1.6 [Numerical Analysis]: Optimization—
SimulatedAnnealing|.6.8 [Simulation and Modeling]: Typesof
Simulation—MonteCarlo; GeneralTerms: Algorithms, Design,
Measurement

Keywords: Trunk Packing, Car Design, SimulatedAnnealing,
CombinatorialOptimization,ComputationalGeometry

1 Introduction

Geometricpackingproblemsare of greatinterestto the communi-
tiesof ComputationalGeometry(seefor example[Baur andFekete
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2001;Chan2003])andCombinatorialOptimization(seefor exam-
ple [ErdosandGraham1975;Nelissen1993; Dyckhoff 1990;Iko-
nenetal. 1997]) dueto their greatimportancefor industrialappli-
cations. The packingproblemconsideredn this paperarosefrom
ajoint projectwith a major Germancarmanufcturerwho is inter-
estedin measuringhe volumeof atrunk accordingto the German
standardIN 70020.Thereasorfor theexistenceof thisstandards
thatthecontinuousrolumeof atrunkdoesnotre ect its actualstor
agecapacitysincethebagggeto bestoreds usuallydiscrete DIN
70020asksfor the numberof rigid 200mm 100mm 50mm= 1
liter boxes,thatcanbe pacledinto thetrunk.

Figurel: Physicalmeasuremerdccordingto DIN 70020

Sofarthistaskof determininghevolumeof atrunk requiredcum-
bersomemanualwork by an experiencedengineemwho packsthe
trunk by handasseenin Fig. 1. Sincedesigndecisionsalsodepend
on their effect to the volume of the trunk, the engineersestimate
the volume by manuallyplacingboxesuponvisual judgmentwith
a CAD systeminto avirtual modelof thetrunk.

An industry-strengtlautomatedolutionto the problemhasto meet
thefollowing requirements:

Boxesarenotallowedto overlapwith eachother

Boxesmustnot piercetheboundaryof thetrunk by morethan
aprede nedthreshold\which modelsits deformability).

The systemhasto dealwith arny outputof the CAD system:
input modelsasexportedfrom the CAD systemarejust a set
of triangles;they might exhibit holes,danglingtriangles,and
typically do notform a manifold. Thereis no notionof inside
or outsidethetrunkin this data.

The numberof pacled boxes shouldnever fall shortof the
expert's solutionby morethan1% or 10 liters.

The solution for a problem instanceshould be computed
within atime-frameof aboutoneday,



Previous Work

Automatedsolutionsknown in the pasthave never beenableto get
closeto the quality of a humanexpert. Ding and Cagan [2003]
publishedan approactthatis suitedfor the Societyof Automotive
EngineerqSAE) standardusedin the USA. This standarddiffers
signi cantly from the Europeamorm. It de nesaluggagesetcon-
sistingof objectsvarying from 6 to 67 liters. Thereforeour soft-
warehasto handlefar moreobjectsthanin the SAE case.

NP-Hardnes®f our packingproblemwas establishedn a recent
result([Eisenbrancket al. 2003]), but still, in the samepapera rst
almostindustry-strengthsolution was presentedhat using a dis-
cretizationmodelandtechniquesrom combinatorialoptimization
producedsolutionsvery closeto the onesachiezableby a human
expert. It only rarelyfell shortof the prescribecdboundsfor the so-
lution quality, which was dueto the fact that this algorithm only
allowedaxis-alignedanddiscreteplacementsf theboxesin agrid.
For these“bad” probleminstances- which for examplearisein
trunks with side-compartmentbolding tightly a few boxes (see
Fig. 2)—, therewasalsono hopeto obtaina bettersolution using
this approachasthediscretizationwould have hadto adaptiocally
to thegeometryof thetrunkl.

Figure2: Arbitrary placemennhecessarin side-compartmentsext
to thewheelhouse

Onthetheoryside,resultsin this areahave beenratherdiscourag-
ing. [Fowler etal. 1981]have shavn thatalreadythe 2-dimensional
problemof packingaxis-parallelunit squaresnto a polygonwith
holes is NP-complete,even though approximationschemesare
available [Hochbaumand Maass1985]. For polygons without
holes,it is conjectured[Baur and Fekete 2001]) that the problem
is polynomially solvable. The more generalproblemof packing
(a b) axis-alignedectanglesnsidea polygon,is notevenknown
to bein NP, partly becausehe representationf anoptimumsolu-
tion mightbearbitrarily complex (seg[Nelissen1993]for aelabora-
tion on thetopic). The'Open ProblemProject' website([Demaine
etal. 2005a;Demaineet al. 2005b],problems55, 56) keepstrack
of the currentstatusof theseproblems.

Our Contrib ution

In this paperwe overcomethe weaknes®f the previous algorithm
andpresentainindustry-strengtisolutionto thetrunk packingprob-
lem which almostalwayscomesvery closeto the manualsolution
andin somecasesvensurpasses. This breakthroughs achieved
by allowing arbitrary orientationandplacement®f the boxes,not
restrictingto axis-alignedplacement®n a grid asin the algorithm
from [Eisenbrandetal. 2003].

Allowing suchacontinuousnodelleadsto avery high-dimensional
global optimizationproblemfor which standardnethoddik e Sim-

1Thesepathologicainstancesverediscaseredwhenevaluatingthe sys-
temfrom [Eisenbrancetal. 2003]in theindustrialproductionervironment.

ulated Annealing[Kirkpatrick et al. 1983]aretypically used. Un-
fortunately applyingthesetechniquesn a straightforvard manner
yields solutionsfar worsethanthe discretizationalgorithm. Only
by combiningbothtechniquesve wereableto obtaintheindustry-
strengthsystem.

This paperelaborate®n the detailsof the synthesiof both meth-
ods. Roughlyspeakingwe wereableto eliminatethe heatingpro-
cesdypicalfor asimulatedannealingorocedurdoy usingasolution
from the discretizationalgorithmasa startingcon guration. Fur
thermorewe devisedspecialproceduregor creationof new boxes,
arelaxationby aMonte Carlosimulation,andpruningof undesired
boxes. Dueto physical analogieswe call our methodSpecialized
Grand CanonicalSimulatedAnnealing

Theresultingsoftwaresystemmeetsall requirement®f ourindus-
trial partnerandis currently beinginstalledfor usein the actual
designprocesf new cars.

2 Modeling the Problem

We areprovidedwith thedigital dataof the cartrunk by a setof tri-
anglesexportedfrom a free-formCAD system.Sincethe original
modelin the CAD systemoften consistsof mary partswhich are
not necessarilytightly joined, the resultingsetof outputtriangles
neitherbounda closedvolumenor do they form a manifold. This
'low quality' of the input datarequiresadditionalcarein the pro-
cessingof our algorithms.In thefollowing sectionwe will present
two waysto modelthe trunk packingproblemsuchthat optimiza-
tion techniquesanbe successfullyapplied.

2.1 Discretizing Space and Box Orientations — a Com-
binatorial Approach

The approachusedin [Eisenbrandet al. 2003] proposesa dis-
cretizationof spaceandbox orientationsby constructinga three-
dimensionalcubic grid which approximatesthe interior of the
trunk. Boxescanonly be placedanchoredat a grid cubeandin
alignmentwith the grid axes, so the placemenbf a box is deter
minedby six parameterstheanchorcubewith coordinategx;y; 2),
andtheorientation(w; h; d) which describeheextensionof thebox
in width, heightanddepth(measuredn unit cubes). The spacing
w of thecubicgrid is chosersuchthatk w= 50mmfor someinte-
gerk, andhencethe orientation(w; h; d) canbeary permutatiorof
the setf 1k; 2k; 4kg. As thefollowing stagesrevery sensitve to a
“good” initial placemenandorientationof thecubicgrid, thelatter
is chosersuchthatthe numberof cubescontainedn theinterior of
theoriginaltrunk volumeis maximized.SeeFig. 3 for anexample.

The slightly modi ed goalis now to placeas mary boxesin the

cubic grid suchthat eachbox consistsonly of cubesapproximat-
ing theinterior of the trunk, andno two boxessharea cube. This

problemcan be formalizedusing the following construction: Let

G(V;E) bethe graphwith nodesetV andedgesetE. Thereis a

nodevyyzwhd 2 V iff thebox anchoredat (x;y; ) andorientation
(w; h;d) consistsonly of cubesin the interior of the trunk. There

isanedgee= (v,w) 2 E iff thetwo correspondindpox placements
of v andw intersect,i.e. sharea commoncube. G is calledthe

conict graph Packingthe largestnumberof boxesin the cubic

grid is thenequialentto determininghe maximurindependenor

maximunstablesetin thecon ict graphG.

In [Eisenbrancet al. 2003], several techniquedrom integer linear
programmingandcombinatoriabptimizationwereappliedto solve
this stableset problem. This approachproducedpackingswhich



Figure3: Cubicgrid approximatingheinterior of atrunk

most of the time were sufciently closeto the prescribedqual-

ity boundof our industrial partner Though,whenevaluatingthis

systemin the industrial productionervironment, someinstances
shavedup, wheretheresultswerenot satishictory

Theinherentproblemof this approachs thatit choosesight atthe
beginning a discretizationof spaceand orientationswhich might
not accommodatéo the local geometryof the trunk. While some
choiceof the grid axes might be suitablefor mostregions of the
trunk (e.qg. typically it is reasonabléo have two grid axesparallel
to the bottomof thetrunk), thereareareasnvherea differentorien-
tationis necessaryf no spaceshouldbe wasted. This happensn

particularalongcurved partsof a trunk, seefor examplein Fig. 4,

wheretherestrictionto onecubicalgrid systemwastesalot of vol-

umealongthecurvedlid (left picture)comparedo a solutionwith

arbitraryrotations(right picture).

Figure4: Curvedlid

Similar dif culties arisein trunkswith side compartmentsvhich
tightly hold afew boxes.If thegrid is notalignedwith theseplaces,
volumeis wasted seealsoFig. 2.

2.2 Arbitrar y Placement of Boxes —a Simulated Anneal-
ing Approach

To overcomethe problemswith thesepathologicalcaseswe have
to extendour modelto accountfor arbitrarypositionsandorienta-
tions of the boxes. In sucha modelthe placemenbf a box canbe
characterizedy a 6-tuple(x;y;z q;j ;y) 2 R® (not 28 asin the
discretemodel). We areinterestedn acollectionof n such6-tuples
suchthat their correspondindbox placementslo not overlap and
arecompletelycontainedn theinterior of the trunk. The valuen
shouldbeaslargeaspossiblesuchthatavalid placemenstill exists.

Letus rst focusonthecasewherenis x ed,andwe areonly look-

ing for avalid placemenbf n boxes. This 6n-dimensionaproblem
is far too complicatedto be solved usingtechniquesrom convex

optimization,hencegenericoptimizationtechniquedik e Simulated
Annealing(SA) are the methodof choice. This techniquecanbe
implementedby designinga suitablepotential or enegy function
U:R&I Rg from possiblecon gurations,i.e. placement®f the
n boxes, to therealnumbers.Valid con gurationsshouldresultin

alow potentialor enegy valuewhereasnvalid con gurationsdue
to overlapor non-containmernin thetrunk shouldbe assignechigh

potentialvalues.Thegoalis to nd aglobalminimum (alsocalled
groundstatg of this potentialfunctionU. The approaclof SA is

to de ne transitionsrom onecon gurationto anothermandthenba-
sically starta randomwalk on the implicitly de ned (potentially
in nite) graph.At thebeginning,at“high temperature”transitions
might happeneven to con gurationswith a higher enegy value,
but with decreasingemperaturecon gurationsof lowerenegy are
preferred.In our solutionwe enhancehe basicSA approachwith

amethodfor growing andshrinkingthesizeof acon guration(i.e.

thevaluen).

Both, a suitablede nition of a potentialfunctionfor our problem
aswell assomeextensiongo thebasicSA proceswill bethetopic
of therestof this paper Thelatter extensionswerecrucialfor ob-
tainingsolutionssuperiorto the discretizatiorapproach.

3 Simulated Annealing - Potential Function

and Basics

In thissectiorwewill derive apotentialfunctionfor thetrunk pack-
ing problem,give a brief overvien of the employed simulatedan-
nealingprocessandprovide somedetailsaboutanef cient evalua-
tion procedurdor the potentialfunction.

3.1 The Potential Function

It is naturalto split the potentialinto two parts. On one handwe
have thepenetratiorof theexteriorthatwe measurdy thesocalled
wall potentialUy. Onthe otherhandwe have a contritution from
pairwiseinteractionof the boxes. The interactionterm consistsof
theintersectionvolumeUy andtheinterpenetationdepthU; of two
boxes. We de ne our potentialasa corvex combinationof these

tion wherey; is the setof the coordinatesor boxi. Then,we have
for thepotential

n niil nil
U =Twd Uwx)+1va & Wviix)+ 11 & & Uixix);
i=1 i=1j=1 i=1j=1

wherel w;lv;l| Oaretherespectie weightsfor thethreecontri-
butions. Thecondition/ w + [y + [ | = 1 for thecorvexity ensures
thatwe do not effectively changethe temperaturef the systemby
reweightingthe contriktutionsduringthealgorithm.

In the next paragraptwe develop the contritution of the pairwise
box interactionto the potential. For the sale of simplicity, we re-
strictoursehesto thetwo-dimensionatase Theextensionto three
dimensionshouldbe straightforward.

Interaction ~ Given two boxesby the opensetsB;; Bj de ned by
their coordinatesy; x; for positionand orientation,we de ne the



intersectionvolumeUy as
z
Uv (Xi;Xj) = dv:
B\ B

Usingonly theintersectiorvolumeUy andneglectingtheinterpen-
etrationdepthU; in the potentialwould besufcient in theory But
the overlapis notquali ed very intuitively in someexceptionalsit-
uations.Thereforewve donotonly considetheintersectionzolume,
but alsothe penetratiordepthof two boxes.

- T

b
Figure5: Motivationfor penetratiordepth

Considertwo rectangleghat touch at an edgewith lengthb. If
we now pushthe rectanglesnto one anotherby e orthogonally
to that edge,we get an overlapUy = b e asdepictedin Fig. 5.
Now assumethat the two rectanglegouch by an edgeanda ver-
tex. The overlap that resultsfrom a penetrationof e is given by

Uy = 5% Sincee  btheoverlapresultingfrom the samepen-

etrationis muchsmallerin the secondcaseopposingour intuition.
Therefore we de ne an additionalmeasurehatis moreadequate
in suchsituations.
De nition 1. Givena metricspace(X;jj), the penetation depth
oftwoopensetsA;B X isde nedas

minfj tj :

A\ (t+B)=0; t2 Xg:

Informally speakingthe penetratiordepthis the distancethatone
objectneedsto be translatedn orderto dissole the intersection.
We setthe interpenetation depthU, (x;; xj) of two boxesto their
penetratiordepthandgeta further contritution to the potentialin

additionto theintersectiorvolumeUy,. We cannotsimply replace
Uy by U, becausehe latter hasalsoits dravbacks. Considerthe
left situationdepictedin Fig. 5. The penetratiordepthis the small

vertical distancee. If the rectanglesareblockedin thatdirection,
i.e. thatverticalmovesarenot permittedby the boundaryor other
rectanglesthenthe only way to reducethe overlapis by moving

horizontally But for a greatdealof horizontalmovesthe potential
looksthe samewith respecto the penetratiordepth,namelye and
thusinvolving alot of iterationsto getout.

Wall Potential In two-dimensionalpacking problemsone often
hasa polygon that de nes the container Thereit is possibleto
take its complementandtreatit like an obstacle.In that casethe
penetratiordepthof the boxeswith theboundaryis well de ned.

Butthisdoesnotholdin our particularcase.Thedataof thetrunkis
givenasatriangularmeshwith a penetratiorthresholdpt for each
triangle. We may not assumeary further propertieson the mesh,

e.g.thatit is amanifold,watertightor thatthe normalsareoriented
consistently

Though,we canusetheprinciple of the penetratiordepthsimilarto
thetwo dimensionaktase but we mustadjustit to our setting. The
penetratiordepthfor eachboxis de ned pertriangleinsteadof the
whole body Thereby it is also possibleto treat certainregions
differently e.g. the bottom of a trunk would hardly give way in
contrasto thesideswherea few millimetersarealwaysacceptable.

This introducessomeproblemswith respecto the total potential.
We cannotjust sumup the valuesfor eachtriangle sincethenthe
valuewould increasdf the boundaryis triangulatedner. There-
fore, we usethe maximumof all triangles.It is alsopossibleto use
themeanof all positive contritutions.

The penetratiordepthfor a trianglewith respecto a givenbox is
alsode ned astheminimumdistanceto pull it apartfrom thatbox.

Therebythewall-potentialis positive only for thoseboxestouching
the boundary But this is de nitely not what we want for boxes
locatedcompletelyoutside.

Uwi

inside bour{dary outside

Figure6: Wall potentialof a box moving throughthe boundary

It is even morecounterintuitive if we think of a box moving from
the insideto the outsidelik e illustratedin Fig. 6. Its potentialin-
creaseso a maximumattainedwhenthe centercrosseghe bound-
ary andthendecreasesymmetricallyto zeroagain until it doesnot
touchthetrunk arymore.

Therefore we de ne the restrictedpenetation depthpg thatonly
considerstranslationsthat would move the box back inside the
trunk. Hence,we have to de ne whatis inside and outsidewith
respectto the trunk in a way we canuseit for computation. But
aspointedout earlier thereis anambiguityin therepresentatioof
thetrunk sincewe cannotexpectthe modelto be watertight.

Thus, the restrictedpenetrationpr is infeasibleto compute. But
sinceit coincideswith the penetrationdepthp in certainregions,
we just usethe latterandensurethatwe report“in nity” in caseof
P< Pr.

We de ne thewall potentialUyy in termsof a predicatethat tells
uswhetherabox shouldbetreatedasoutsidethetrunk andusethe
maximalpenetratiordepthotherwisej.e.

( S
Un(x) = if outside (x;) .

¥
maxf p(x;;t) :t 2 Triangley otherwise

wherep(x;; t) is theminimumdistancethatthetrianglet hasto be
translatedsuchthatit doesnot intersectthe box. We mustdesign
theoutside predicatevery carefully suchthatit is robustbut nev-
erthelesef cient to evaluate.Thisissueis addresseth Sect.4.3

Obsere that the contritution of a particularbox to the potential
hasa shortrange,i.e. it is completelydeterminedby objectsin



the neighborhood.We canbene t from this whenevaluatingthe
potential.

3.2 Monte Carlo algorithm

In 1953,Metropolisetal. introducedthe Monte Carloimportance-
samplingalgorithm[Metropolis et al. 1953]. It's a methodthat is

usedin statisticalphysicsto predictor checkmacroscopigroper

ties of comple, i.e. mary-body systemsthat resultfrom an as-
sumedpotential.

In nature,realizationswith differentenegiesof sucha statistical
ensemblalo not appeamwith the sameprobability The con gura-
tionsthatleadto a lower potentialenegy aremuchmorelikely to
occur In our casewe considerthe Boltzmanndistribution thatsug-
gestaprobabilityfor acon gurationwith potentialenegy U thatis
proportionalto e Y whereb is theinversetemperatureWe treat
b simply asa parameteandonly referto its physical meaningto
getanintuition.

Sinceit is infeasibleto enumerateall con gurations,we try to limit

theevaluationsof thepotentialto importantcon gurations.Givena
startingcon guration,we wantto “walk” throughthecon guration
spaceguidedby our potential. Therefore we proposetrial moves
thatare accepteddependingon the changein the potential. If the
proposecton guration hasa lower enegy we acceptit with prob-
ability 1. Otherwise we acceptit with a probability p= e 2™V

whereDU is positive. This schemas depictedn Fig. 7.

evaluate - - evaluate else -
: H i H N accept
‘ PotentialJ; trial move PotentialJ, P

DU=U; U;> 0 p=eb™

23

oracle = reject
else

Figure7: MetropolisMonte Carlo Scheme

It is absolutelynecessaryo take stepsthat preliminaryleadto a
higherenepy in orderto escapdrom local minima. This behaior
is controlledby the parameteb. Thehigherits valueis the more
unlikely is theworseningn termsof the potentialenegy.

Sincethe boxesin themiddlearemuchless e xible thantheboxes
at the boundary eachbox hasits own rangefrom that we choose
our trial moves. We dynamicallyadapttheserangesby increasing
it if amove is acceptechnddecreasingt otherwise. Thereby we

achieve thatthe acceptancsettlesdown at 50 %.

Sincethe potentialseenby a box doesnot look like the samein
every direction,we do not adjustthe rangesfor all coordinatesn
thesameway. We ratherdistribute theamountof the changeto the
coordinatesvith respecto the suggestedrial move.

We do not move all boxessimultaneouslyut onerandomlypicked
in eachiteration.

3.3 Evaluating the Potential Function efcientl y

Thisis themosttime-consumingaskin ouralgorithm.Pro ling ex-
perimentshave shovn thatmorethan90 perceniof the CPU-timeis
spentin theroutinesfor the computatiorof theintersectionzolume
andthepenetratiordepth.Again, we considerthetwo dimensional
caseto illustratetheidea.

First, we describea methodthat decideswhethertwo rectangles
overlap. Afterwardswe slightly modify that procedureby adding
little costssothatit alsotells usthe penetratiordepth. At the end
of this sectionweillustratehow to computethe overlappingarea.

It canbeeasilyshovn thatthede nition of the penetratiordepthis
equivalentto

minfjtj:t2 A ( B)g;

i.e. in thecomplemenbf theMinkowski sumof bothsets.Actually,
we donotcomputeary Minkowski sumsherebut usethistechnique
to prove thecorrectnessf our approach.

By thede nition of the penetration-deptbf two rectanglesR; and

Rj, the minimumis attainedat the borderB of thesetR; ( R;)
whichis determinecy at mosteightconstraintghatareparallelto
the sidesof thetwo rectanglessseenin Fig. 8.

R

Figure8: Determiningthe penetratiordepth

Sincewe considerthe penetrationdepthwith respectto the Eu-
clideandistancejt coincideswith the radiusof the maximalcircle
centeredattheorigin that ts into B.

By elementarygeometrythe vectorpointing from the origin to the
boundarypointis perpendiculato the correspondindace.Hence,
the directionof a translationthat determineghe penetratiordepth
is anormalof oneof thefaceshatde ne B.

By the separatingaxis theoremfor corvex polyhedra[Gottschalk
etal. 1996],thesenormalsareeitherthe onesof thetwo polyhedra
or are parallelto the crossproductof an edgeof the rst polyhe-

dronandan edgeof the secondone. Sincewe considemrectangles
in 2D thosenormalsare exactly the directionsof the edgesof the

rectangles.

Figure9: Separatingxis

We considetheprojectionof theobjectson oneof thosedirections
now. Hencewe havetwo intenalseachcorrespondingo oneof the
polyhedra.Theseparatingxistheoremntells usfurtherthatthetwo



polyhedraaredisjointiff for atleastoneof thosedirectionsthetwo
intervalsaredisjoint.

Thus,we have atestthattells ustwo rectanglespart.In theworst
caseit requiregto testfour directionssinceat leasthalf of the eight
edgesareparallel. As soonaswe gettwo disjointintenalswe are
doneandreportthatthereis no overlapor the penetratiordepthis
zerorespectiely.

Furthermore,we can modify this test slightly in orderto get a
methodthat computesthe penetrationdepthdirectly at not much

overlapof ty of theintervalsthatresultfrom the projection.

Without lossof generality we may assumehatty is positive since
otherwisewe swaptherolesof therectanglesWe constructtrans-
lationty with jtgj = tx pointingin the directionof the projection.

Figure10: Penetratiordepthby projection

If we translatethe correspondingectangleby t thetwo rectangles
becomdlisjointbecausghenwe canplacea separatindiyperplane
with normalty betweerthem.Recallthatthe valuefor the penetra-
tion depthis attainedby a vectorthat pointsinto oneof the tested
direction. Thus,we simply reportthe minimum absolutevalue of
all thosety.

Inter section volume of two boxes Sinceboxesarecorvex poly-
hedratheirintersectiorcanbe simply computedy solvinga halfs-
paceintersectiorproblem.In generatheintersectiorbodyconsists
of trimmed facetsoriginating from both boxes. In orderto nd
thesetrimmedfacetswe triangulatetheboundaryof every boxand
clip its trianglesby the three pairs of parallel planesde ning the
otherbox. Clipping atriangleby a planemayproduceaquadrangle
which we decomposénto two trianglesfor further clipping. This
basicgeometricoperationcanbe implementedvery easilyandre-
sultsin a highly specializedand effective routinefor determining
asetT of orientedtriangleswhich form the boundaryof the in-
tersectiorbody Connectvity informationamongthesetrianglesis
notrequiredfor computingthedesiredvolume:Let D= (ap;bp;€p)
denoteanorientedtriangleof T thenthevolumeV is givenby

1 1 1 1 1
6D2TeaD‘DDeD

[e]

V=

whereo is anarbitrary x edreferencepoint.

Becauseof the shortrangeof interaction,only boxesin the direct
neighborhooaf a moving box constituteto its intersectionvolume
andpenetratiordepth.Thatis why we usea uniformgrid asaspace
partitioning schemeto locateall potentiallyinterferingboxesand
penetratedoundarytriangles. The relatively expensve computa-
tion of theintersectionvolumefor two boxesis only executedf the

Figurell: Intersectiongure by iterative clipping

fastdisjointnesgest (basedon the separatingaxestheorem)fails.
In this way we succeedn performingthousand®f trial movesper
secondn the Monte Carlosimulation.

4 Simulated Annealing — The Ef cient
mentation

Imple-

This sectionis dedicatedo our extensionsandmodi cations of the
simulatedannealingapproach.At the beginning, we take a com-
binatorialsolutionfrom thediscretemodelto eliminatethe heating
processij.e. we avoid to equilibratethe systemat a very high tem-
peraturdeadingto stronglydisorderecton gurations.Thisissueis
describedn Sect.4.5in moredetail.

In our algorithm,we iteratively apply a sequenceonsistingof
aspecialcreationprocedurdor new boxes,
arelaxationperiodby a Monte Carlosimulation,and
arandomlytriggereddestructiorof the “worst” box.

Beforewe explain the specialcreationprocedureandthe destruc-
tion of boxesin Sect.4.4, we give someimplementationdetails
thatarenecessarjor anef cient simulation.During therelaxation
period, we selectwith probability of % betweentranslationaland
rotationalmoves.

4.1 Translational Trial Moves

Let Dy; Dy; D; bethreeparametersle ning therange
R=( D;Dx) ( DyiDy) ( DzDy

from which the displacements 6 0O for the trial movesare picked
uniformly atrandom.We do nothingin the stationarycasebecause
it getstrivially acceptecanddoesnot give ary usefulinformation.
The potentialchangeDU is givenby

DU=U@F+t) UF),;

wherert is the old positionandt 2 R the displacemenof the box.
Now we considerthe two cases'Accepted”’and “Rejected” sepa-
rately

Accepted In the caseof an acceptedrial move, we updatethe
position of the box andincreasethe parameterdy; Dy and D, by
multiplying by a factor of 1+ jtyj=jtj, 1+ jtyj=jtj and 1+ jtzj=tj
respectiely.



Rejected If thetrial move is rejected,we discardthe trial move
anddecreasehe parameter®y; Dy and D, by division by a factor
of 1+ jtyj=ftj, 1+ jtyj=jtj and1+ jt;j=tj respeciiely.

4.2 Rotational Trial Moves

We choosequaternionsas representatiorior orientationsand ro-
tationsinsteadof the Euleriananglesq;j ;y becausedhey easily
allow choosingrotationsuniformly at random. For this purpose,
we considertheinterpretation

g= (cosJ;t sinJ)

whichis arotationby anangle2J aboutanaxisrepresentetly the
unit vectory.

We pick a point uniformly distributedin the threedimensionalnit
ball by choosingthreeindependentniformly distributed random
numberspl p2; p3 2 [0;1) and rejectingevery triple with p? :=

p?+ p3+ p3 1. Thenwe generate quaternion

1
dq= p—= (1 p1; P2; P3)
1+ p

which de nes a rotation about a uniformly distributed axis.
Whereas,J 2 [0; ) coversrotationsbetweerzeroand2 45= 90
degrees.By scalingthe vectorp we cancontrol the magnitudeof
therotation,too.

Givenatrial rotationdq 2 R4, thepotentialchangeDU is givenby
DU = U(q dg) U(a);

whereq 2 R4 is the old orientation. Similar to the caseof transla-
tional moveswe maintainparameter$;; D,; D3 to scalethe com-
ponentf p. Therebywe effectively chooseherotationalaxisout
of anellipsoidinsteadof aball.

4.3 Prevention of Boxes from Escaping

As we have seenin Sect.2.2,the penetratiordepthp doesnot suf-

ce to modelthewall potential. We areinterestedn the restricted
penetratiordepthpg, but cannotcomputethis valuedueto the de-
ciencies of therepresentatioof thetrunk. Actually, it sufces to
distinguishthecases = pr %Imin andp< %Imin < prin Fig.6
wherelmin is the shortessidelengthof abox. In thefollowing we
describeanapproacho overcomethis problem.

Thegoalis to develop a predicatecalledoutside (€), thatre ects
the positionof a box with centere with respecto thetrunk. The
predicateshouldreturnfalse for boxes completelycontainedin
thetrunk or for boxeswith smallrestrictecpenetratiordepth.If the
restrictedpenetratiordepthexceedsa certainthreshold the predi-
cateshouldreturntrue . This predicates usedto distinguishboth
casesn thede nition of thewall potentialUyy.

We useathree-dimensionajrid thatsegmentsheboundingbox of
thetrunkinto cells. The purposeof the grid is to approximatehe
spacewith respecto the trunk. Eachgrid cell belongsto exactly
oneof threesets,namelyinterior, boundaryandexterior cells The
spacingd of thegrid is discussedater.

The setof boundarycells canbe easily determinedoy computing
the intersectiondbetweengrid cells andthe triangularmeshof the
trunk. Next we wantto identify the interior andexterior cells. We
computeconnecteccomponent®f grid cells not yet identi ed as

boundarycells. For this computationgcells areviewed asnodesof
agraphandcellsnext to eachotherarehandledasadjacennodes.

In orderto ensurethat regionsin the interior and exterior of the
trunk do not endup in the samecomponentwe demandthat the
holesin thetriangularmeshdo notexceedarectangleof sized d.

All cellsof theconnectedomponent(s)hatcontain(stheoutmost
layer of the grid cells clearly belongto the outside(or boundary)
andaremarkedassuch.

Sinceour modelis not a manifoldwe might still have two or more
componentsiot yet assignedo oneof thetreesets. Thereforewe
requiretheuserto specifyonepointin theinterior of thetrunk. The
cellsin thecorrespondingomponenaremarkedasinside,all other
remainingcomponentgif ary) aremarkedasoutside.

Giventhis datastructure we implementthe predicateoutside (€)
asfollows. We returntrue if the centere is not containedn the
boundingbox. Otherwisewe look upthegrid cell correspondingo
thequerypointe andreturntrue iff thecellis markedasboundary
or outside.

Whatremainsto be discusseds the choiceof the spacingparame-
terd andits in uence onthe predicatewith respecto therestricted
penetratiordepthof a box. This relationis establishedy the fol-
lowing proposition.

Proposition 1. Givena grid with spacingd > 0 and a box with
centere and minimumside length |y If outside (€) returns
true , wehavefor thetherestrictedpenetation depthpr

1 p_
Pr élmin d 3

Proof. Considetthe casethatthe cell correspondingo thecentere
is marked asboundary(seeFig. 12). The d|stancebetw86ne and
theboundaryis atmostthedlagonabftheceII Whl(ﬂ’]lsd 3. Thus
therestrictedpenetratiordepthis atleastl 5lmin d 3.

outside boundary(—_
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/ >< \)
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Figure12: Box centeriesin boundarycell

Now considerthe casethat the cell of the centere is marked as
outside(seeFig. 13). Therestrictedpenetratiordepthpg is greater
or equalthanthedistanceof thecentere to theboundaryof thebox,
hencepr 3 Imin.

The casethat the centere is not containedin the boundingbox
canbe handledasthe secondcasefor a grid augmentedvith one
additionaloutmostlayerof cubesmarkedasoutside. O
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Figure13: Box centeriesin outsidecell

The contraposiHQnyields that our predicatereportsfalse for
PR < %Imin d 3. Additionally, the predicatereturnstrue for

PR > %Imin (sincethe centerof suchabox liesin acell markedas
boundaryor outside). Hencethe spacingparameted adjuststhe
interval of “uncertainty”in which the resultof the predicateis not
solely relatedto the relative positionof the box andthe trunk, but
alsoto the alignmentandorientationof the grid cells. The smaller
theparameted, thesmallerthisinterval.

On the otherhand,onehasto take into accountthe compleity of
the grid which scaleswith d 2. Anotherreasorthatpreventsarbi-
trary smallvaluesof d is the requirementhatthe triangularmesh
may not containholeslargerthanarectangleof sized d.

4.4 Creation and Destruction of Boxes

As of yet,we have only describedhesimulationof ensemblesvith
a constantnumberof boxes. We have not yet explainedhow to
solve the maximizationproblem. The missingthing is the creation
of boxes andthe destructionof prematurelycreatedones. From
a physical point of view, the simulationof a grandcanonicalen-
semblej.e. anensemblavith creationanddestructiorof particles,
would x thisissue.

In mary physical systemswe have particlesenteringandleaving
theregion of interestdependingn externalconditions.Thedepen-
deng is expressedn the so calledchemicalpotential,thatbrie y
speakinglescribesheenegy thatis necessaryo addarandompar
ticle to the systemor the changen the enepy if arandompatrticle
leaves. Therefore the higherthe chemicalpotentialis, the smaller
is the probability of acceptingthe creationof particleat a random
position. The interestedeademmay have a look at Chapter5.6 of
[Frenkel et al. 2001] for the physical background.Intuitively, the
chemicalpotentialincreasesvith the densityof the particlesin the
system.

However, it would be physically nearlyimpossiblethat the simu-
lation of sucha grandcanonicalensemblecomesup with a valid

optimal solution. Sincewe dealwith closepackingsj.e. packings
with a very high density the chemicalpotentialfor sucha setting
would be very large,andhencethe probability to createa new box

would be vanishinglow, or on the other hand,the destructionof

boxeswould occurtoo often.

Neverthelessywe canmodify the creationproceduresothatit nds
promisingpositionsandorientationdor new boxesandinsertsthem

there. An examplefor sucha promisingposition can be seenin
Fig. 14. Sincewe may allow temporarilygreaterpenetrationf
thetrunk thanthe thresholdin the SimulatedAnnealingapproach,
positionsfor new boxesmay exist dueto missingcubesin the dis-
cretizationwhichis constrainedy theseghresholdsFurthermore,
promisingpositionsmay originateduringthe simulation,because
nearbybox hasbeendestructedr rearranged.

Figure14: Promisingposition

Creation In eachiterationstepwe pick a box uniformly at ran-
domandinvestigateits surroundingor promisingpositionsof new
boxes.More preciselywe construcsix candidatéboxesandevalu-
atetheir contritution to the potentialfunction.

Eachcandidatdor a new boxis obtainedby mirroring the selected
box at oneof the six planesde ning its boundary Candidate®ut-

side the trunk as decidedby our predicateoutside arerejected.
We also reject candidateghat exceedthresholdsfor intersection
volume, interpenetratiordepthand penetrationdepth. Remaining
candidategif ary) areacceptedsnew boxes.

Next we describeanadditionalstepmodifying our approactabore.
Considera candidatethat hasbeenobtainedby mirroring the se-
lectedbox at a planethat containsone of its facesof size200mm

100mm. Imaginean obstaclethat interfereswith the candidate
just slightly belov our threshold. Consequentlythe candidate
would becreated But if the subsequentelaxationstepfails to im-
prove the situation,the just createdbox is likely to be destrged
acain. Theheuristicawvould cycle betweercreationanddestruction
of aboxatthatposition.

Thereforewe rotatethe candidateandthe original box by 90 de-
greessuchthat they cover the samespacetogethey but changed
their orientation.By triggeringtherotationrandomly we increased
the chancethat a box may escapeout of this situationduring the
relaxation.A similarrotationis performedfor candidateshatorig-
inatefrom mirroring the selecteox at the planesthat containthe
facesof size200mm 50mm No suchrotationis possiblefor the
remainingcasewith respectto the faceof size 100mm 50mm.
Candidate®f this caseareseldomacceptednyhow.

Destruction  In eachiterationstepwe considertheworstbox, i.e.
the box that contritutesmostto the potential. We simply remove
the box with a probability proportionalto its contritution to the
potential.

4.5 Eliminating the Heating Process

Thestandardimulatedcannealingapproachrequireghatthesystem
is broughtinto equilibriumwith a sufciently highttemperaturet



the beginning. Thereby onecanguaranteehe convergenceof the
methodassuminga decreasingemperaturevhichis logarithmicin
time [Nolte andSchraded 996].

Sincethisimpliesanexponentiakunningtime, onehasto usefaster
schedulese.g. a geometricone. But thereby we experiencedots
of cantingof the boxeslik e depictedn Fig. 15.

Figure15: Cantingof boxes

Thereforewe cameupwith theideato useacombinatoriakolution
asstartingcon gurationin connectiorwith our creationprocedure.
In the following, we give a model of the con guration spacethat
explainsthe succes®f our method.

Letsassumehatwe only have uniform objectsto packlike in our
real world problem. Therefore,the potentialdoesnot changeby
swappingthe identity of two boxes. Hence,it is sufcient to con-
sideronly onerepresentatie con guration x = (sp;:::;sn) for all
its n! permutationsvheren is the numberof boxesands; the setof
parametershatdescribeonebox.

If we considerthe statess;; sj of two boxesin acommonsubspace,
thentheir “distance”cannotbe arbitrarily closein avalid packing.
Thereforewe mayassumehateachstateoccupiescertainvolume
of the con guration space. Sincewe areinterestedn a maximal
packing,i.e. a packingwith a high densityof states,an optimal
solutionwould be a closepacking.

® startingcon g

occupiedspace

Figurel6: Model of statesn thecon gurationspace

Our heuristicsconsistsof choosinga starting con guration in a
way thatyieldsa closesipackingbecause¢herebywe canmapeach
stateof thestartingcon gurationto onestateof anoptimalsolution
suchthateachdistancds bounded Thereforeanappropriatestart-
ing con gurationwould be a combinatoriakolutionto the discrete
modelwith theadditionalconstrainthatit is densdn its interior.

Sincethe startingcon guration is “near” an optimal solution but
doesnot matchexactly, we have anadditionalrequirementhatthe
combinatorialsolutionshouldbe “ e xible” enoughj.e. ratherho-
mogeneoufn theorientationof the boxes.

Notethatwe still follow a coolingschedulén the courseof our al-
gorithm. But by usingthecombinatoriakolution,we areallowedto

startatalowertemperatur¢hatdoesnotleadto arandomizatiorof
thewholestartingcon gurationandtherelatedcantingproblems.

5 Project Overview and Evaluation

Thecompleteprojecthasbeenimplementedn C++ andis portable
acrosstoday's major systemplatforms. Several externallibraries
have beenusedsupportingthe implementationof the userinter-

face,thevisualizationpartaswell asproviding somelow-level al-

gorithmsand datastructuresSinceour systemis emplo/edin an
industrialproductionervironment,ease-of-ushasbeenamajorre-
quirementbf ourindustrialpartner

5.1 Evaluation

Herewe brie y reportontheresultswe achiezedwith ourapproach
of the Specializedsrand CanonicalSimulatedAnnealingheuristic.

Theplainresultsaresummarizednh Tah 1 wherewe opposeheval-
uesachiezed by a humanexpert, our bestcombinatoricsolutions,
andthenovel approactwhichis abbreviatedby SGCSA Justto get
animpressionwe alsoaddedanapproximatevaluefor thecontinu-
ousvolumein thelastcolumn. Thisvalueis theaverageof aninner
andouterapproximatiorby a cubicgrid with aspacingof 6.25mm
or 12.5mmandhasbeenroundedo a precisionof 5 liters.

A, B, C, andD denotedifferenttrunk types,'C w/ extras'thesame
trunk asC but with areducedvolumedueto controlunitsfor addi-
tional equipmentik e air-conditioning.

[ expert | combinatoric| SGCSA | continuous]

A 621 611 641 951
B 801 801 81l 1201
C 513 5071 510l 595]
Cw/ extras | 480l 475| 4791 555I
D 499| 4911 493| 595]

Tablel: Sometestcases

Recallthatthe quality restrictionsof our industrialpartnerrequire
usto achiere least99% of their bestmanualpackingandnot more
than10 liters less. Onecanseein Tah 1 thatfor modelsA andB,

ourimplementatiorevenoutperformghe expert's solution. All so-
lutionswerecomputedwithin a time-frameof oneday allowed by
ourindustrialpartner;sinceno userinteractionis requiredafterini-

tializing the optimizationprocessthis ts verywell into thedesign
process.

6 Conclusion

We have presentednindustrial-strengtisystemwhich enablesar
manuBcturersto estimatereliably the volume of car trunks even
at an early stageof the designprocess. Comparedto the previ-

oussystempresentedn [Eisenbrancet al. 2003],the main novelty
is the possibility to placeboxesin arbitrary orientationsand posi-
tions. Thelack of the latterhasshowvn to be a weaknes®f theold

systemwhenit wasevaluatedn theactualproductionervironment.
Thenew systemhasbeencerti ed usingalargenumberof different
trunk typesandproven to be of industrialstrength. It is currently
beinginstalledfor usein theactualdesignprocesf thecarmanu-
facturer
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