Optimization IT Winter 2009/10

Lecture 7 — November 23
Lecturer: Khaled Elbassioni

7.1 A fast approximation scheme for maximum mul-
ticommodity flows

In the this lecture, we will show how to derive the result of Garg and Kénemann |[GKO98|
for multicommodity flows from the framework presented in the previous lecture.

Recall that the maximum multicommodity flow problem, on a graph G = (V, E') with
edge capacities ¢, > 0, e € F, can be cast as the following packing LP:

Z=max{) fr: > ?g Vee E, fi >0 VI eI},

Iez I€T, ecI ©

where 7 is the set of paths between a source-sink pair, and f; is a variable representing the
flow on path I. We apply the framework of the previous lecture to obtain an algorithm
for finding an e-approximate solution of the above LP. Let A € REXI be the constraint
matrix, i.e., a.; = Ci if edge e € E belongs to path I € Z, and a.; = 0 otherwise. Then
we can rewrite the above LP as Z* = max{e’ f | Af <1, f >0}.

When we attempt to apply the framework of the previous lecture, we face one problem:
the number of columns corresponds to the number of paths in the graph, and hence could
be exponential in general. To handle this, we keep track only of the paths with positive
flows, and replace the operation of sampling from the columns by a call to a shortest path
oracle. We will still maintain weights on the rows (which can be thought of as sampling
probabilities), at time ¢, proportional to

Ye(t—1)

pe(t) —_= (]_ _I_ g)AeF(t_l) —= (1 + 6) Ce y

where A, is the row corresponding to edge e in the matrix A, F(t — 1) € R is the (not
necessarily feasible) flow vector at time ¢t — 1, and Y.(t — 1) o o ret, ecr Fr(t') is
the total flow routed on edge e upto time ¢ — 1.
Denote by AF(t) € R_{ the change in the flow vector at time ¢. The following property
will be crucial for the analysis:
magc{AeAF(t)} =1, (7.1)
ec
(recall conditions (i) and (iii) in the previous lecture) and hence will be maintained

throughout the algorithm.

For a path I € Z, we denote by ¢; = min{c, : ¢ € I} the bottleneck capacity on

that path. The algorithm starts with F;(0) = 0 for all I € ¢I. As long as M(t) o

def 1nm

maxeeE{YZ—it)} <T = =3, where m = |E|, we pick a path I(t), shortest with respect to
edge lengths
of Pelt
I*(e) o p_()’ fore e E, (7.2)
[p(t)]ce
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and push a flow of ¢;(;) on this path. This will guarantee (7.1)), at any time ¢, since we
essentially increase Fiy)(t — 1) (and hence Y.(t — 1) by 6(t) = ¢y for every e € I(t); this
corresponds to setting §(t) = % in Exercise 3 of the previous lecture) At the end we
have to scale the flows by M(t) to get a feasible flow. We are now ready to describe the
algorithm.

Algorithm 1 FPTAS FOR MAXIMUM MULTICOMMODITY FLOWS

Fr(0):=0forall I € Z;t:=0; and T := 22

while M(t) < T do
t=1t+1
Let I(t) be a shortest path in G with edge lengths given by
Fin(t) := Fr(t = 1) + cro);

return f(t) = %

S Ttk W=

Theorem 7.1. The above procedure terminates in at most m1' iterations with a feasible
flow. At termination, it holds that

> fit) = (1-20)2", (7.3)

Proof: Feasibility is obvious since we scale by max.cp{A.F(t)/c.}. Note also that the
update step implies that property (7.1)) is satisfied, since ¢ is the minimum capacity
along path I(¢). This implies in particular the bound on the termination time, since any

Yec(t/) for at most T iterations ¢, before termination.
To show ([7.3]), we analyze, as usual, the increase in the potential function ®(t) =

p(t+1)|:

Ye (t— 1) Cr(t+1) Ye(t—1)
pE+D] = Yoplt+)= Y (I4e) w T + 3 (l4e)
eck ecl(t+1) eZI(t+1)
Crt+1)
= > pA+e) e + > pelt
e€I(t+1) egI(t+1)

< p@)||1+¢ Z pe Pe\l)Crt+1) (By Fact (I)-Exercise 2-Lecture 6)
e€l(t+1) |
e(t)e
< ’p(t) ’eaz:eel(ﬁrl) = |p(t§‘(z:1) . (7.4)

Iterating, we get

petDeprin

Ip(t + 1)| < |p(0)|e XU Deet+) " e — p(0)]e° Ztr=1 (U Eerar)

where ¢(I(t')) = ¢ (I(t')) is the length of the shortest path picked at time ¢’ (with respect
to edge lengths at time ¢'). This gives

(14 ) < |p(0)|es = 1UENerery  for all e € E.
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Taking logs and using |p(0)| = m, we conclude that

Ye(®)

Ce

In(1+¢) <lnm+ 5Z€ Nerwy foralle e E. (7.5)

t'=1

We will relate the flow e” F(t) = >_},_, ciy We obtain by the algorithm at time ¢ to the
optimal flow z* by the following claim.

Claim 1. Y, ((I(t'))eypy < “EO,

Proof: Let f* € R_{ be a maximum multicommodity flow. Then by feasibility of f*, we
have IeT, cel {:_i < 1 for all e € F, and taking convex combinations with multipliers
pe(t'), we get that

Z f Jr

ecE |p IeI ecl Ce

S I <

Iez
Since I(t') is a shortest path at time ¢’ we have that ¢(I(t")) < ¢(I), for all I € Z. Thus,

)= freI) <> freI) <1

IeT IeT

which is equivalent to

Multiplying both sides of this inequality by c;y and summing up over ¢’ < ¢ finishes the
proof. U

Using the above claim, we can deduce from ([7.5)) that

Y. (¢ TE(t
—()ln(l—i—g)glnm—l—se *()
Ce 2

foralle e F.

Dividing both sides by M (t), arranging, and noting that at termination M (t) > T, we
get that for all e € F|
In(l1+¢) Y.(¢) Inm S In(l4+¢) Ye(t) Inm

£ M(t)ee eM(t) — € M(t)ee T~

Ye ()

Ce

TF(t)
M(t)z* =

In particular for the edge e such that M(t) = , we have at termination,

TE(t) In(I+¢e) Inm In(l+¢)
M(t) * 5 eT 5 ©= ©

TE(t) > In(l+¢) Inm

M(t)z 5 eT

Using T' = , we finally get

el f(t) S In(1+¢)
A €

—e>1-—2¢,

where the last inequality follows from Fact (IV) of Exercise 2 of the previous lecture. [
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