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Abstract. We consider the problem of finding all minimal transversals
of a hypergraph H ⊆ 2V , given by an explicit list of its hyperedges. We
give a new decomposition technique for solving the problem with the
following advantages: (i) Global parallelism: for certain classes of hyper-
graphs, e.g. hypergraphs of bounded edge size, and any given integer
k, the algorithm outputs k minimal transversals of H in time bounded
by polylog(|V |, |H|, k) assuming poly(|V |, |H|, k) number of processors.
Except for the case of graphs, none of the previously known algorithms
for solving the same problem exhibit this feature. (ii) Using this tech-
nique, we also obtain new results on the complexity of generating mini-
mal transversals for new classes of hypergraphs, namely hypergraphs of
bounded dual-conformality, and hypergraphs in which every edge inter-
sects every minimal transversal in a bounded number of vertices.

1 Introduction

Let H ⊆ 2V be a hypergraph on a finite vertex set V of cardinality |V | = n. A
vertex set X ⊆ V is called a transversal of H if X intersects every hyperedge
of H. Let Hd = {minimal X ⊆ V | X is a transversal to H} ⊆ 2V denote
the set of all (inclusion-wise) minimal transversals of H. We denote further by
Hc def= {V \ H | H ∈ H} the complementary hypergraph of H. We say that
a hypergraph H is Sperner if no hyperedge of H contains another hyperedge.
Clearly, Hcc = H, and it is not difficult to see that for Sperner hypergraphs
Hdd = H. A vertex set I ⊆ V is called an independent set of H if I contains no
hyperedge of H. Let I(H) ⊆ 2V denote the family of all maximal independent
sets (MIS) of H. Obviously, I(H) = Hdc. We assume that a Sperner hypergraph
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H is given by the list of its hyperedges and consider problem DUAL(H, k) of
generating k sets in Hd for a given integer k:
DUAL(H, k): Given a Sperner hypergraph H ⊆ 2V , and an integer k ∈ Z+

output min{k, |Hd|} minimal transversals (or equivalently, MIS’s) of H.
This hypergraph transversal problem has received considerable attention in

recent years [5, 7, 11–15, 23, 24] due to its generality and wide applicability in a
variety of fields including artificial intelligence, reliability theory, database the-
ory, integer programming, and learning theory (see, e.g. [6, 8, 13]). It is still open
whether problem DUAL(H, k) can be solved in polynomial time for arbitrary hy-
pergraphs. The fastest currently known algorithm [15] is quasi-polynomial and
works by considering the following incremental generation problem:
NEXT (H,X ): Given a Sperner hypergraph H and a subset X ⊆ Hd, either find
a new minimal transversal X ∈ Hd \ X or show that X = Hd.

The running time of the algorithm in [15] is O(nN) + No(logN), where n =
|V | and N = |H| + |X |. For several classes of hypergraphs, polynomial time
algorithms exist, e.g. hypergraphs of bounded dimension (edge-size) [4, 7, 13], of
bounded-degree [11, 14], of bounded-edge intersections [5], of bounded treewidth
[14], and read-once (exact) hypergraphs [12].

In this paper, we consider a new decomposition method, for solving the hy-
pergraph transversal problem, with the following advantages:
(i) Global parallelism: For hypergraphs of bounded dimension:

dim(H) def= max
H∈H

|H| < δ, (1)

for some constant δ ≥ 2, it was shown in [4], that problem NEXT(H,X ) can be
efficiently solved in parallel: NEXT(H,X ) ∈ NC for δ ≤ 4 and NEXT(H,X ) ∈
RNC for δ = 5, 6 . . . Note, however, that this result implies only that we
can solve problem DUAL(H, k), in parallel, in time k · polylog(n, |H|, k) on
poly(n, |H|, k) processors. Except for hypergraphs of dimension 2, that is for
graphs [9], no global parallel algorithms, i.e. those that solve problem DUAL(H, k)
in time polylog(n, |H|, k) on poly(n, |H|, k) processors, are known. As we shall
see, our method allows for such global parallelism for any bounded-edge, as well
as some other related classes of hypergraphs.
(ii) Stronger results for new classes of hypergraphs: Using the decomposition
technique described in this paper, we also obtain stronger bounds on the (se-
quential) complexity of dualization for some classes of hypergraphs for which
the only previously known result was the quasi-polynomial bound of [15]:

1. Hypergraphs with bounded dual-conformality: These are hypergraphs H for
which the dual of I(H) has bounded-edge size (see e.g. [3]):

dim(Hdcd) < δ, (2)

for some constant δ ≥ 2. For instance, hypergraphs in which every two
minimal transversals intersect in a bounded number of vertices, belong to
this class. We show that it is possible to find all minimal transversals for
such hypergraphs in polylog time using a polynomial number of processors.



3

2. Hypergraphs in which every edge intersects every minimal transversal in a
bounded number of vertices:

|H ∩ T | < δ for every H ∈ H and every T ∈ Hd, (3)

for some constant δ ≥ 2. These generalize read-once hypergraphs, in which
every edge meets every minimal transversal in exactly one vertex (i.e. δ = 2).
Read-once hypergraphs were considered in [12], where a polynomial-delay al-
gorithm was given. We show that, for any constant δ, we can find k minimal
transversals of a hypergraph H ⊆ 2V in this class in polylog(n, |H|, k) +
∆ log |H| time using a quasi-polynomial number of processors poly(n, k,Π) ·
|H|O(log |H|), where ∆ and Π are respectively the parallel time and the num-
ber of processors required to generate a single minimal transversal of H.

We describe the general decomposition method used for obtaining the above
results in the next section. Direct application of this method yields our first
result for hypergraphs of bounded edge-size, which will be presented in Section
3. Following that, we consider in Section 4 the class of hypergraphs of bounded
dual-conformality and show how they can be dualized efficiently in parallel.
Finally, a more involved application of this decomposition method gives us the
claimed results about hypergraphs satisfying (3), and is presented in Section 5.

2 A Global parallel dualization algorithm

Let V be a finite set. Given a hypergraph H ⊆ 2V and a subset S ⊆ V , denote
by HS = {H ∈ H | H ⊆ S} the sub-hypergraph of H induced by S. For r ∈ Z+

and 0 < ε < 1, denote by H(r, ε) the family of hypergraphs H ⊆ 2V , such that
for every S ⊆ V , there exist subsets S1, . . . , Sr ⊆ S satisfying:
(H1) For every H ∈ HS , there exists an i ∈ [r] = {1, . . . , r} such that Si ⊇ H.
(H2) |Si| ≤ (1− ε)|S|, for each i ∈ [r] for which |HSi | > 1.

Given two hypergraphs H1,H2 ⊆ 2V , denote their conjunction by

H1

∧
H2 = {minimal H | H = H1 ∪H2 for some H1 ∈ H1 and H2 ∈ H2}.

Proposition 1. Let H ⊆ 2V be a hypergraph and S1, . . . , Sr ⊆ V be subsets
such that for every H ∈ H there is an i ∈ [r] such that H ⊆ Si. Then Hd =∧n
i=1HdSi .

Consider the following parallel algorithm for generating all minimal transversals
of a hypergraph H ∈ H(r, ε):

Procedure DUALIZE(H, V ):

1. If |H| = 0, then return ∅.
2. If H has only one hyperedge H, then return {{i} : i ∈ H}.
3. In parallel, do the following:
4. find sets S1, . . . , Sr ⊆ V satisfying (H1) and (H2) with S = V .
5. Let Gi ←DUALIZE(HSi , Si), for i = 1, . . . , r.
6. Compute the conjunction G ←

∧r
i=1 Gi.

7. Return G.
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Proposition 2 ([21]). For any hypergraph H ⊆ 2V and any S ⊆ V , we have
|HdS | ≤ |Hd|.

Proposition 1 implies that the above procedure outputs all minimal transversals
of H ∈ H(r, ε) correctly. The following proposition gives the running time and
number of processors required by this procedure, in terms of the time τ =
τ(n, |H|, r, ε) and the number of processors π = π(n, |H|, r, ε) needed to find
the sets S1, . . . , Sr ⊆ V , satisfying (H1) and (H2). We shall assume in what
follows that we run our procedures on a CREW-PRAM.

Proposition 3. Let t(n,m,M) and p(n,m,M) be respectively the time and the
number of processors, required by procedure DUALIZE(H, V ) to output all min-
imal transversals of a hypergraph H ∈ H(r, ε) of size m = |H| on n vertices
and with |Hd| = M . Then t(n,m,M) = O((τ + log(n(m + Mr)) logn

ε ) and
p(n,m,M) = O((π + (m+M2r)n)n

log r
ε ).

Note that, in the above procedure, all minimal transversals are generated
simultaneously, at the very end, and there is no need to generate some of them
individually, in the course of the computations. In other words, we did not need,
in the above procedure, to compute a single minimal transversal in parallel.
In general, the efficient parallel computation of a single minimal transversal of
an arbitrary hypergraph is an outstanding open problem [18]. For some spe-
cial classes of hypergraphs, e.g. hypergraphs of bounded dimension [1, 2, 10, 20],
hypergraphs of bounded vertex-degrees [16], and linear hypergraphs [22], there
exist efficient parallel algorithms for finding a minimal transversal.

However, if the requirement is not to generate all minimal transversals of H
but only k of them, then the above procedure is not appropriate in its current
form, but in fact can be modified, provided that we know how to generate an
individual minimal transversal efficiently in parallel.

Procedure DUALIZE(H, V, k):

1. If |H| = 0, then return ∅.
2. If H has only one hyperedge H, then return {{i} : i ∈ H}.
3. In parallel, do the following:
4. find sets S1, . . . , Sr ⊆ V satisfying (H1) and (H2) with S = V .
5. Let Gi ←DUALIZE(HSi , Si, k), for i = 1, . . . , r.
6. If there is an i ∈ {1, . . . , r} such that |Gi| = k then
7. In parallel, for each Y ∈ Gi, do the following:
8. Let H[Y ] = {H \ Si | H ∩ Y = ∅}.
9. Compute a minimal transversal TY of H[Y ].
10. Return G ← {Y ∪ TY : Y ∈ Gi}, and stop.
11. else
12. Compute the conjunction G ←

∧r
i=1HdSi .

13. Return min{k, |G|} elements of G.

Notation. In the rest of the paper, we use n, m respectively to denote the
number of vertices |V | and number of edges |H| of the input hypergraph H ⊆ 2V .



5

We denote respectively further by ∆ and Π the parallel time and the number
of processors required to generate a single minimal transversal for a hypergraph
H belonging to the class under consideration.

Proposition 4. DUALIZE(H, V, k) outputs min{k, |Hd|} minimal transversals
of a hypergraph H ∈ H(r, ε) in time t(n,m, k) = O((τ + log(n(m+kr)) log n/ε+
∆), using p(n,m, k) = O((π + (m+ k2r)n)nlog r/ε + kΠ) processors.

Remark. More generally, we may consider a positive integer-valued, monotone
set-function f : V 7→ Z+, and replace condition (H2) above by

(H2′) f(Si) ≤ (1− ε)f(S), for each i ∈ {1, . . . , r} for which |HSi | > 1.

Then one can show similarly that the depth of the recursion tree required by
procedure DUALIZE(H, V, k) is O(log f(V )/ε). In Sections 3 and 4, we use
f(S) = |S|. In Section 5, we use f(S) = |HS |.

3 Hypergraphs of bounded dimension

Let H ⊆ 2V be a hypergraph on V , satisfying (1). As mentioned in the introduc-
tion, an efficient parallel algorithm exists [4] for solving problem NEXT(H,X )
for such hypergraphs. This is based on an NC-reduction of problem NEXT(H,X )
to problem DUAL(H′, 1) of finding a single minimal transversal in a partial sub-
hypergraph H′ of H, for which NC algorithms exist, if dim(H) ≤ 3 ([1, 10]), and
an RNC algorithm exists if dim(H) = 4, 5, . . . ([2, 20]). In particular, these reduc-
tions do not yield a global parallel algorithm. The case of graphs, dim(H) ≤ 2,
was considered in [9], where it was shown that problem DUAL(H, k) can be
solved in O(log3(nk)) parallel time on O(n2k6) processors, on a CREW-PRAM.
Here we show the following stronger and more general results.

Theorem 1. There is a deterministic parallel algorithm that, for any hyper-
graph H ⊆ 2V such that dim(H) < δ, solves problem DUAL(H, |Hd|) in time
O(δ2 log n log(n|Hd|)) using O(nδ log δ+1(m+ |Hd|2δ)) processors.

We also get an NC reduction of finding k minimal transversals of H, when
dim(H) ≤ Const., to computing a single minimal transversal in a restricted
sub-hypergraph of H.

Theorem 2. There is a deterministic parallel algorithm that, for any H ⊆ 2V

such that dim(H) < δ, and any integer k ∈ Z+, solves problem DUAL(H, k) in
time O(δ2 log n log(nk) +∆) using O(nδ log δ+1(m+ k2δ) + kΠ) processors.

Theorem 2 extends the results of [2, 20] which show that problem DUAL(H, k)
∈ RNC, for hypergraphs H of bounded dimension and for k = 1, to any integer
k. Theorem 2 also extends the results of [9] where it was shown that problem
DUAL(H, k) ∈ NC, for hypergraphs of dimension 2 and for any integer k, to
hypergraphs of any bounded dimension.
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Proofs of Theorems 1 and 2. We apply the results of the preceding sec-
tion to solve problem DUAL(H, k), by setting r = δ and ε = 1/δ. Then H ∈
H(r, ε). Indeed, given any set S ⊆ V , we partition S into r (almost) equal parts
W1, . . . ,Wr, and let Si = S \ Wi, for i = 1, . . . , r. The fact that any hyper-
edge H ∈ HS has size at most δ − 1 implies that H cannot intersect all sets
W1, . . . ,Wr, i.e. H must be contained in at least one of the sets S1, . . . , Sr. This
implies that (H1) holds for H. (H2) follows form the fact that |Si| is roughly
(δ−1)|S|

δ , for i = 1, . . . , r. Thus Theorems 1 and 2 follow from Propositions 3 and
4 respectively. ut

4 Hypergraphs of bounded dual-conformality

Given a hypergraph H ⊆ 2V , a vertex set S ⊆ V is called a sub-transversal of
H if S ⊆ X for some minimal transversal X ∈ Hd. By the above definitions,
the hypergraph Hdcd is just the family of minimal non sub-transversals of H.
For a subset S ⊆ V , and a vertex v ∈ S, let Hv(S) = {H ∈ H | H ∩ S = {v}}
and let H0(S) = {H ∈ H | H ∩ S = ∅}. A selection of |S| hyperedges {Hv ∈
Hv(S) | v ∈ S} is called covering if there exists a hyperedge H ∈ H0(S) such
that H ⊆

⋃
v∈S Hv. The next proposition states that a non-empty set S is a

sub-transversal of H if and only if there exists a non-covering selection for S.

Proposition 5 (cf. [7]). Let S ⊆ V be a non-empty vertex set in a hypergraph
H ∈ 2V .

i) If S is a sub-transversal for H then there exists a non-covering selection
{Hv ∈ Hv(S) | v ∈ S} for S.

ii) Given a non-covering selection {Av ∈ Av(S) | v ∈ S} for S, we can extend
S to a minimal transversal of H by solving problem DUAL(H′, 1) for the
induced partial hypergraph H′ = {H ∩ U | H ∈ H0(S)} ⊆ 2U , where U =
V \

⋃
v∈S Hv.

In general, finding a non-covering selection for S (or equivalently, testing if
S is a sub-transversal) is NP-hard if the cardinality of S is not bounded. In fact,
this is so even for dim(H) = 2, that is for graphs (see [4]). However, if the size
of S is bounded by a constant then there are only polynomially many selections
{Hv ∈ Hv(S) | v ∈ S} for S. All of these selections, including the non-covering
ones, can be enumerated efficiently in parallel.

Corollary 1. For any fixed δ there is an algorithm which, given a hypergraph
H ⊆ 2V and a set S of less than δ vertices, determines whether S is a sub-
transversal to H and if so finds a non-covering selection {Hv ∈ Hv(S) | v ∈ S},
in O(log(nm)) parallel time using O(nmδ) processors.

Let H be a hypergraph such that (2) is satisfied for some constant δ. It is not
clear how to check (2), even for δ = 3. However, as far as the generation of the
dual hypergraph Hd is concerned, such a check is not needed. In fact, we present
below an efficient parallel algorithm that, for any given constant δ, either solves
problem DUAL(H, k) or discovers that (2) is not satisfied.
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Theorem 3. There is a deterministic parallel algorithm that, given H ⊆ 2V ,
k ∈ Z+, and a constant integer δ, either solves problem DUAL(H, k), or proves
that dim(Hdcd) ≥ δ, in time O(log n log(nmk) +∆) using O((nmk)2δ log δ + kΠ)
processors, where ∆ and Π are respectively the parallel time and the number of
processors required to generate a single minimal transversal in a hypergraph of
dimension less than δ.

A hypergraph H ⊆ 2V is said to be δ-conformal [3] if for every vertex-
set X ⊆ V the following property holds: X is contained in a hyperedge of H
whenever each subset of X of cardinality at most δ is contained in a hyperedge
of H. It is not difficult to see that a hypergraph H satisfies (2) if and only if its
dual Hd is (δ−1)-conformal. Note that the dualization problem for hypergraphs
H satisfying dim(Hd) < δ, for some constant δ, can be trivially solved efficiently
in parallel, just by enumerating all subsets of vertices of size less than δ, and
checking which of them are minimal transversals. Note further that dim(Hd) ≤ δ
implies that dim(Hdcd) ≤ δ+1. Thus Theorem 3 extends the parallel dualization
result for hypergraphs whose duals are of bounded dimension to the wider class
of hypergraphs whose duals are δ-conformal, for some constant δ.

Proof of Theorem 3. We present an algorithm that, will keep generating in
parallel minimal transversals of H, and halt only when either all or at least k
of such transversals have been generated, or when the algorithm discovers that
condition (2) is not satisfied. The algorithm proceeds in the following two steps:
Step 1. Generate the hypergraph F ⊆ 2V , whose hyperedges are defined as
follows: F = {S ⊆ V : |S| < δ and S is a minimal non sub-transversal of H}.
For a constant δ, the hypergraph F can be generated in O(log(nm)) parallel
time using O((nm)δ) processors by Corollary 1.
Step 2. Note that dim(F) < δ. Thus Theorem 2 implies that problem DUAL(F , k)
can be solved efficiently in global RNC time. However, we may not need to gen-
erate all the hyperedges of Fd. We stop generation when either an edge X ∈ Fd
is generated such that V \X is not a minimal transversal of H, or when k edges
of Fd have been generated, whichever happens sooner.

To verify that the above procedure indeed generates k transversals of Hd in
global RNC time if (2) is satisfied, notice the equivalences

dim(Hdcd) ≤ δ ⇐⇒ F = Hdcd ⇐⇒ Fdc ⊆ Hd.

Now Theorem 3 becomes a consequence of Theorem 2, applied to the hypergraph
F constructed in Step 1 above. ut

5 Hypergraphs generalizing read-once hypergraphs

Let V be a finite set, δ ≥ 2 be a positive constant, and H ⊆ 2V be a hypergraph
satisfying (3). Note that testing a hypergraph H for (3) can be done efficiently
in parallel. Indeed, H satisfies (3) if and only if for every edge H ∈ H and every
subset X ⊆ H of size |X| = δ, X is not a sub-transversal to H.
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If δ = 2, any hypergraph satisfying (3) is read-once (exact). For such hyper-
graphs, the following corollary is almost immediate from Theorem 1.

Corollary 2. Let H ⊆ 2V be a read-once hypergraph. Then for any integer
k Problem DUAL(H, k) can be solved deterministically in polylog(|V |, |H|, k)
parallel time using poly(|V |, |H|, k) number of processors.

It is not known whether a similar criterion can be used to reduce the dualiza-
tion of hypergraphs satisfying (3) to that of hypergraphs of bounded dimension.
Nevertheless, we use our decomposition approach to prove the following result.

Theorem 4. For any hypergraph H ⊆ 2V satisfying (3), Computing k ele-
ments of Hd can be done in O((δ log(nmk) + ∆)δ logm) parallel time using
O(((nmk2)δ + kΠ)m2δ2 logm) processors.

Proof. Let H be a hypergraph satisfying (3). For a subset S ⊆ V , let H(S) =
{H ∈ H : H∩S 6= ∅}, HS = {minimal (H∩S) | H ∈ H, H∩S 6= ∅} and HS =
{H ∈ H | H ⊆ S}. Note that if H satisfies (3) then so does HS for any S ⊆ V ,
while HS satisfies (3) if S is a transversal to H. Denote by deg(v) = degH(v) the
number of hyperedges of H containing v ∈ V , and let 0 < ε1 < ε2 < 1/(δ − 1)
be positive constants. Let ε = max {1− ε1, (δ − 1)ε2, 1− (ε2 − ε1)} ∈ (0, 1). To
generate k minimal transversals of H, we use the following procedure:
Step 1. Set Z ← ∪{H ∈ H : |H| = 1}, V ← V \ Z, and H ← HV .
Step 2. If |H| = 0, then return {Z}. If H has only one hyperedge H, then
return {Z ∪ {i} : i ∈ H}.
Step 3. Let L = {v ∈ V : deg(v) ≥ ε1|H|}. If V \L is a transversal to H, then
we proceed with Steps 3.1, 3.2, and 3.3 below, otherwise, we go to Step 4.
Step 3.1. Let T = {v1, . . . , vt} ⊆ V \ L be a minimal transversal to H. Let
T1 ∪ T2 ∪ . . .∪ Tδ = T be a partition of T computed by the following procedure:
(a) find indices i1, . . . , iδ−1 ∈ [t] such that, for j = 1, . . . , δ − 1,

|H({vij−1+1, . . . , vij})| ≤ ε2|H| and |H({vij−1+1, . . . , vij+1})| > ε2|H|,

where i0 = 0 and iδ = t, by definition (b) set Tj ← {vij−1+1, . . . , vij} and
Sj ← V \ Tj , for j = 1, . . . , δ. Note that for every H ∈ H, since |H ∩ T | ≤ δ− 1,
we have H ⊆ Sj for some j ∈ [δ]. Note also that |HSj | < (1− (ε2 − ε1))|H|, for
j = 1, . . . , δ, and |HSδ | ≤ (δ − 1)ε2|H|.
Step 3.2. Let recursively (and in parallel) Gj ← DUAL(HSj , k), for j = 1, . . . , δ.
Step 3.3. If |Gj | = k, for some j ∈ [δ], then compute (in parallel) for each Y ∈ Gj
a minimal transversal TY of the sub-hypergraphH[Y ] = {H\Sj : H∩Y = ∅} ⊆
2V \Vj . Note that H[Y ] also satisfies (3). Return G ← {Y ∪ TY ∪ Z : Y ∈ Gj}.
Step 3.4. Otherwise, return k elements of the conjunction G ← G1∧. . .∧Gδ∧{Z}.
Step 4. If there are distinct vertices v1, . . . , vδ ∈ L such that no edge of H
contains {v1, . . . , vδ}, then proceed with Steps 4.1 and 4.2 below, otherwise go
to Step 5.
Step 4.1. Let Sj ← V \ {vj}, for j = 1, . . . , δ. Then H =

⋃δ
j=1HSj , and

|HSj | ≤ (1− ε1)|H| ≤ ε|H|, for j = 1, . . . , δ.
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Step 4.2. Compute recursively Gj ← DUAL(HSj , k), for j = 1, . . . , δ, and
continue as in Steps 3.3 and 3.4 above.
Step 5. Assume now that V \ L is not a transversal to H, and that for every
subset L′ ⊆ L of δ distinct vertices, there is an edge H ∈ H such that H ⊇ L′.
Then for every minimal transversal T ∈ Hd, we have 1 ≤ |T ∩L| ≤ δ− 1 by (3).

In this case, we proceed as follows. Let S def= {S ⊆ L | ∃T ∈ Hd : T ∩L = S},
and for S ∈ S, denote by VS the set V \ (L \S). Elements of S can be identified
as follows: a non-empty set S ⊆ L of size at most δ − 1 is in S if and only if (i)
VS is a transversal to H, and (ii) S is a sub-transversal of the hypergraph HVS .
For S ∈ S, let T (S) = {T ∈ Hd | T ∩ L = S}. Then Hd is the disjoint union

Hd =

(⋃
S∈S
T (S)

)
∧ {Z}. (4)

For each S ∈ S, we find T (S) by applying the sub-transversal criterion
(Proposition 5). More precisely, for v ∈ S, let Hv(S) = {H ∈ HVS | H ∩ S =
{v}} and H0(S) = {H ∈ HVS | H ∩ S = ∅}. Let FS be the family of non-
covering selections of HVS with respect to S, i.e. collections of |S| hyperedges
{Hv ∈ Hv(S) | v ∈ S} for which there exists no hyperedge H ∈ H0(S) with
H ⊆

⋃
v∈S Hv. For every F = {Hv ∈ Hv(S) | v ∈ S} ∈ FS , denote by VF =

V \
(⋃

H∈F H ∪ L
)
. Then it is easy to see that

T (S) =
⋃
F∈FS

(H0(S)VF )d ∧ {S}. (5)

Note that, for all F ∈ FS and S ∈ S, we have |H0(S)VF | ≤ (1 − ε1)|H|
since none of the edges intersecting S belongs to H0(S). Using (4) and (5), we
compute k elements of Hd by recursively finding GF ← DUAL(H0(S)VF , k) for
every F ∈ FS and S ∈ S. We stop either when |GF | = k for some F ∈ FS
and some S ∈ S, or when all families (H0(S)VF )d have been generated, for all
F ∈ FS and S ∈ S, in which case we use (4) and (5) to compute Hd.

This completes our procedure for finding Hd. The following proposition gives
the parallel running time t(n,m, k) and the number of processors p(n,m, k)
required to generate k minimal transversals, in terms of n, m, and k.

Proposition 6. t(n,m, k) = O((δ log(nmk)+∆) logm/ log 1
ε ) and p(n,m, k) =

O(((nmk2)δ + kΠ)mδ logm/ log 1
ε ).

Setting ε = 1− 1/(2δ) in Proposition 6 completes the proof of Theorem 4. ut
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