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Abstract. In the Maximum Interval Constrained Coloring prob-
lem, we are given a set of intervals on a line and a k-dimensional require-
ment vector for each interval, specifying how many vertices of each of k
colors should appear in the interval. The objective is to color the vertices
of the line with k colors so as to maximize the total weight of intervals for
which the requirement is satisfied. This NP-hard combinatorial problem
arises in the interpretation of data on protein structure emanating from
experiments based on hydrogen/deuterium exchange and mass spectrom-

etry. For constant k, we give a factor O(
√
|Opt|)-approximation algo-

rithm, where Opt is the smallest-cardinality maximum-weight solution.
We show further that, even for k = 2, the problem remains APX-hard.

1 Introduction

The Interval Constrained Coloring (Icc) problem was introduced recently
by Althaus et al. [1, 2] as the mathematical abstraction of a problem appearing
in the interpretation of experimental data in biochemistry. Monitoring exchange
rates via mass spectrometry is a method used to obtain information about the
3-dimensional structure of proteins. ICC captures the problem of increasing the
resolution of the exchange data from peptic fragments to single residues. We
refer the interested reader to Althaus et al. [2] for more on the biochemical
background. Interval Constrained Coloring is a decision problem that
asks for a coloring of an ordered sequence of n vertices V = [n] using k colors
such that a given set of requirements is satisfied. Each requirement is made up
of a closed interval I ⊆ [n], and a complete specification of how many elements
in I should be colored with each color.

More formally, let I be a set of m intervals defined on V = [n], let [k] be a
set of color classes, and r : I × [k]→ ZZ+ be a requirement function such that∑

c∈[k]
r(I, c) = |I| for all I ∈ I. (1)
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The given set of intervals I is said to be feasible (or colorable) if there exists a col-
oring χ : V → [k] such that for every I ∈ I we have Nχ(I, c) = r(I, c), for all c ∈
[k], where Nχ(I, c) = |{i ∈ I : χ(i) = c}| denotes the number of vertices in I
assigned color c by χ. Clearly, not all sets of intervals are colorable. In the bio-
chemical application from which our problem arises, the requirement function
models exchange data collected in real experiments, which usually contain some
noise. Hence, we might not obtain a colorable instance even if the real underly-
ing instance is colorable. This motivates the study of the problem of extracting
the largest subset I ′ ⊆ I that is colorable. More precisely, we consider a more
general version of the problem where each interval also has a weight, in addi-
tion to its color requirements, given by w : I → IR+, and we wish to find a
maximum-weight colorable subset of the intervals, as well as produce a feasible
coloring. We define the problem formally below.

Definition 1 (Max-Feasible-Coloring (Mfc)). Given a set of intervals I
with non-negative weights w : I → IR+, a requirement function r : I× [k]→ ZZ+

satisfying (1), the Max-Feasible-Coloring (Mfc) problem asks for finding
a maximum weight colorable subset I ′ ⊆ I.

The Mfc problem can also be cast as a problem on linear systems, as observed
by Byrka et al. [3]. A 0/1 matrix A has the consecutive 1’s property if in each
row of A the 1’s appear consecutively. Consider the following system, where
A ∈ {0, 1}m×n is the consecutive 1’s matrix derived in the natural manner from
the Mfc problem, and r(i) ∈ ZZm+ is a column vector of requirements for the
i-th color from the m intervals. Let I be the n× n identity matrix.

A 0 . . . 0
0 A . . . 0
...

. . .
...

0 . . . A
I . . . I



x(1)

x(2)

...
x(k)

 =


r(1)

r(2)

...
r(k)

1


The Icc problem asks for a feasible solution to the above system with x(i) ∈
{0, 1}n, i = 1, . . . , k. The Mfc problem can then be stated as the problem of
computing the maximum subset of rows of the matrix A for which the above
system has a feasible solution. In this light, the problem is similar to the Max-
imum Feasible Subsystem (Mfs) problem, where an infeasible linear system
Ax = b is given and we wish to find the largest subsystem that has a feasible
solution. However, in the Mfs problem we may allow a rational vector x.

1.1 Our Results

We study the approximability of Mfc and present the first non-trivial approx-
imation algorithm for the problem. In particular, we give a factor O(

√
|Opt|)-

approximation algorithm, where we denote throughout by Opt ⊆ I an optimal



set of intervals, that is a maximum-weight colorable subset, with smallest car-
dinality. The main technique that we use is to decompose the problem into
simpler instances using Dilworth’s Theorem [4], and then show how we can solve
these simpler instances in polynomial time. A similar technique was used ear-
lier [5] to obtain an O(

√
|Opt| log n)-approximation algorithm for the following

Maximum Feasible Subsystem problem: Given an infeasible linear system
l ≤ Ax ≤ u, x ≥ 0, where A is a consecutive 1’s matrix, the problem is to find
the largest subsystem for which there is a feasible solution satisfying the non-
negativity constraints x ≥ 0. However, the same decomposition does not work
for the Mfc problem. In particular, one needs to use a different poset definition
when applying Dilworth’s Theorem. As it turns out, the new decomposition can
also be used to save the log n-factor in the above approximation factor for Mfs.

Note that the Interval Constrained Coloring problem for k = 2 colors
can be solved in polynomial time via linear programming. In contrast, we show
that the maximization version of the problem, Mfc, is APX-hard for k = 2.
This is akin to the situation for 2SAT and Max2SAT. We thus improve on the
result in [3], which shows that Mfc is APX-hard for k = 3.

1.2 Related work

The Icc problem has been introduced in [2] by Althaus et al. who formulated the
problem of improving the resolution of exchange data as a linear minimization
problem subject to integer linear constraints (ILP), and proposed a branch-
and-bound approach to enumerate all optimal colorings (see also [6, 7]). In [1],
Althaus et al. studied the problem from a theoretical point of view. They showed
it to be NP-hard in general and developed algorithms that, given a fractionally
feasible instance, find a coloring that satisfies all the requirements within ±1
of the prescribed value. Furthermore, they considered the maximization variant
of the problem, Mfc, and showed that if one is allowed to relax the coloring
requirements by a small factor of (1 + ε), then there is an algorithm that finds a
coloring satisfying (with violations) the optimal number of intervals, and running
in quasi-polynomial time if the number of colors is constant.

Komusiewicz et al. [8] showed that the problem is fixed-parameter tractable
with respect to parameters such as the maximum interval length and the maxi-
mum number of intervals containing a given vertex. Very recently, the decision
variant of the problem (Icc) was shown to be NP-hard even when k = 3 [3]; this
settles the complexity of the problem since, for k = 2, the problem is polynomi-
ally solvable [2]. However, prior to the current paper, both inapproximability of
Mfc for k = 2, and non-trivial approximations, for constant k, were not known.

A related or specialized version of the Interval Constrained Coloring
problem also arises in discrete tomography. The goal in these problems is to
reconstruct an image from the partial information that is available. In particular,
we have an m× n matrix A whose entries have to be colored with k colors. The
entries of the matrix are integers in the range {1, . . . , k}. Further, we are given
k row vectors of dimension m, and k column vectors of dimension n, which tell
us the number of entries of each color in each row and column. The problem



is then to reconstruct the coloring of the matrix A with the information in the
row and column vectors. This is a special case of a 2-dimensional version of
our problem. See [9] for a recent survey, and [10] where the authors study the
problem when the path in our case is replaced by a general graph. We believe
that our techniques would be helpful in discrete tomography applications as well.

2 Preliminaries

In this section we recall some basic facts that we will use in our algorithm,
and introduce some definitions. Let (P,�) be a partially ordered set (poset).
A chain (respectively, anti-chain) is a set of pairwise comparable (respectively,
incomparable) elements. The well-known Dilworth Theorem [4] states that, in
any poset P, the maximum size of anti-chain is equal to the minimum number
of chain-covers (that is, a partition of the poset into chains). An immediate
corollary is that P either contains a chain or an anti-chain of size at least

√
|P|.

Applying this recursively we obtain the following decomposition.

Lemma 1. Let (P,�) be any poset. Then, P can be decomposed into k ≤ 2
√
|P|

sets P1, . . . ,Pk such that, for each i, the induced subposet (Pi,�) forms either
a chain or an anti-chain.

Proof. Let P1 be a chain or anti-chain of size
√
|P|. Recurse on (P−P1,�). The

recurrence we get for the number of iterations is f(p) ≤ 1 + f(p − √p), where
p = |P|. This is satisfied with f(p) = 2

√
p. ut

Corollary 1. Let (P,�) be a poset and w : P → IR+ be a weight function. Then

there is either a chain or an anti-chain in P of size at least w(P)
2
√
|P|

.

Our approximation algorithm is based on decomposing the problem into sim-
pler instances, which can be solved in polynomial time. The instances are defined
on special classes of intervals, described more precisely in the following defini-
tions: A set of intervals I such that for every pair of intervals I, I ′ ∈ I either
I ⊆ I ′ or I ′ ⊆ I will be called a tower. A set of intervals I such that for every
pair of intervals I, I ′ ∈ I neither I ⊆ I ′ nor I ′ ⊆ I will be called an anti-tower.
An anti-tower in which all the intervals intersect will be called a staircase.

We will use the following notation: For a set of intervals I ⊆ 2V , let Φ(I),
Ψ(I, u, v) and Υ(I) denote respectively the set of towers, the set of anti-towers
starting at u ∈ V and ending at v ∈ V , and the set of independent sets (that is,
pairwise disjoint intervals) from I.

An optimal tower I ′ ⊆ I (respectively, anti-tower, or staircase) is one for

which there exists a feasible coloring such that w(I ′) def
=
∑
I∈I′ w(I) is maxi-

mized among all such towers (respectively, anti-towers, or staircases). We will
derive our main theorem in Section 3 form the following two lemmas, both of
which assume that k is a constant.

Lemma 2. Given any instance of Mfc, we can find an optimal tower in poly-
nomial time.



Lemma 3. Given any instance of Mfc and two vertices u and v, we can find
an optimal staircase starting at u and ending at v in polynomial time.

Two staircases are independent if the end point of one is less than the starting
point of the other, i.e., all the intervals of one are independent (i.e., disjoint) of
the intervals of the other. We will also need the following decomposition.

Proposition 1 ([11]). Any anti-tower can be partitioned into two subsets of
intervals, each of which is a set of independent staircases.

3 The Approximation Algorithm

The algorithm proceeds as follows. We first find the largest-weight colorable
tower (step 1). This can be done easily by dynamic programming, sketched in
Section 3.1. We then find, for every pair of vertices u, v ∈ V , u < v, an optimal
staircase starting at u and ending at v, and define a new weight function w′

on every possible interval of V (step 3). This can be done using the dynamic
program presented in Section 3.2. Using this weight function, we compute a
maximum wight independent set of intervals (step 5); we emphasize that we find
this independent set among all possible intervals in V , not only form I. This
can also be done by dynamic programming (see e.g. [12]). Finally, the algorithm
returns the larger among the two weights computed at steps 1 and 5. Note that
it is straightforward to modify the algorithm to also return a coloring with the
same weight that satisfies a subset of I.

Algorithm 1 Find-Mfc(V, I, r, w)

1: W1 = maxI′∈Φ(I) w(I′) (cf. Section 3.1)
2: for every u, v ∈ V s.t. u < v do
3: w′u,v = maxI′∈Ψ(I,u,v) w(I′) (cf. Section 3.2)
4: end for
5: Let W2 = maxI′∈Υ({[u,v]:u,v∈V, u<v}) w

′(I′)
6: return max{W1,W2}

Theorem 1. Algorithm Find-Mfc outputs a feasible coloring for a subset of

weight at least w(Opt)

4
√
Opt

.

Proof. Consider the intervals in a minimum-cardinality optimal solution Opt.
Define a poset P = (Opt,⊆) by the containment relation on these intervals. A
chain in such a poset is a tower, and an anti-chain is an anti-tower. By corollary

1, there is a tower or an anti-tower of weight at least w(Opt)

2
√
|Opt|

. If there is such

an anti-tower, then, by Proposition 1, there is an independent set of staircases of

weight at least w(Opt)

4
√
|Opt|

. Note that step 5 of the algorithm outputs the maximum

weight of an independent set of staircases. Thus, in all cases, the total weight of
intervals colored by the algorithm is as claimed. ut



3.1 Finding an optimal tower; proof of Lemma 2

Let I = {I1, . . . , Im} be a given set of intervals, where we assume that Ii = [ai, bi]
for i ∈ [m]. Given the requirement function r : I × [k]→ ZZ+ satisfying (1), we
construct a partially ordered set (P,�), where P ⊆ ZZk+2 is defined as follows:
there is one-to-one correspondence between P and I; interval Ii ∈ I is mapped
to the point (−ai, bi, r(Ii, 1), . . . , r(Ii, k)), and for two points P, P ′ ∈ P, P � P ′
if and only if at each coordinate P is at most the value of P ′. The algorithm for
finding an optimal tower is based on the following observation.

Observation 1. I ′ ⊆ I is a colorable tower if and only if it is a chain in P.

Thus, finding an optimal tower is equivalent to finding a maximum-weight chain,
which can be done in polynomial time (see, e.g., [12]).

3.2 Finding an optimal staircase; proof of Lemma 3

Let I1, I2, . . . , Im be the sequence of intervals in I, sorted in the order of their left
endpoints, i.e., if i < j, then ai ≤ aj . Assuming this ordering, let Is be an interval
with as = u, where u is the starting vertex of the optimal staircase we are looking
for. Clearly, non of the intervals I` with ` < s can be contained in the optimal
staircase starting at u. For simplicity, and w.l.o.g., let us therefore assume for
the remainder of this section, that we want to find the optimal staircase starting
at a1. Similarly, if It is an interval with bt = v, non of the intervals I` with ` > t
can be contained in the optimal staircase ending at v. W.l.o.g. we therefore
assume in the following that we want to find the optimal staircase ending at bm.
Furthermore, we will assume that we have removed, in a preprocessing step, all
intervals from the instance which do not form a staircase with I1, i.e., intervals
I` with b` ≤ b1. Note that if such intervals Is or It do not exist, the weight of an
optimal staircase for this choice of u and v is defined to be −∞ in the algorithm
in Section 3. Similarly, if Is ∩ It = ∅ no staircase starting at as and ending at
bt exists and again its weight is defined to be −∞. However, if Is or It is not
uniquely defined, we have to maximize over all possible choices of Is and It with
Is ∩ It 6= ∅.

We denote by It the set containing the subsequence I1, I2, . . . , It, for t ≤ m,
and by Optt an optimal staircase to the instance induced by interval set It that

contains intervals I1 and It. If such a solution does not exist, we set Optt
def
= ∅.

Recall that for a given coloring χ and an arbitrary interval I defined on V ,
Nχ(I, c) counts the number of vertices in I colored c by χ. Accordingly, we de-
fine vector Nχ(I) = (Nχ(I, c))c∈[k]. Note that we denote vectors by boldface

characters. For a vector r̄ ∈ IRk, Optt(r̄, I) further constrains an optimal solu-
tion Optt to be satisfiable by a coloring χ with Nχ(I) = r̄. For such a coloring
to exist, the coloring requirement r̄ imposed on interval I must be valid in the
sense that ‖r̄‖1 = |I|. Since we will constrain optimal solutions Optt only by
valid requirements on a tail subinterval of It, we will denote Optt(r̄, I) simply
by Optt(r̄). Note that such a solution Optt(r̄) for a valid r̄ might not exist, in

which case again Optt(r̄)
def
= ∅.



Intuitively, the dynamic program exploits the following optimality property
Consider a set I ′ ⊆ It′ with I1, It′ ∈ I ′ that can be satisfied by a coloring
χ′. Then the colors assigned by χ′ to vertices within [at′ , b1] can be shuffled
arbitrarily without causing any interval in I ′ to be not satisfied. Therefore, for
I ′ ∪ {It} to be satisfiable it suffices to require that there exists a coloring χ
satisfying both It′ and It such that Nχ([b1, bt′ ]) = Nχ′([b1, bt′ ]). In particular,
rearranging the colors of χ′ within [at′ , b1] such that it satisfies It (under an
appropriate coloring of the remaining vertices in [bt′ + 1, bt]) does not affect the
intervals in I ′, since none of them starts or ends in this interval. Furthermore,
the remainder of interval It′ , namely [bt′ +1, bt], does not intersect any interval in
I ′. In other words, if It′ is the predecessor of It in Optt, realized by a coloring χ,
then the intervals in Optt \{It} must form a solution to It′ of maximum weight
among those solutions that can be realized by a coloring χ′′ that conforms with
χ′ in [b1, bt′ ], i.e., for which Nχ′′([b1, bt′ ]) = Nχ′([b1, bt′ ]) holds. An equivalent
composition of optimal solutions can be established if we condition on the colorig
within interval [p, bt′ ], at ≤ p ≤ b1, i.e., when we extend the left boundary of
[b1, bt′ ] in the above observation to any p ≥ at. More formally, an optimal solution
exhibits the following optimal substructure.

Theorem 2. (Optimal Substructure)
Assume that the optimal staircase Opt starts at interval I1 and ends at interval
It, i.e., I1, It ∈ Opt and I` /∈ Opt for all ` > t. Further assume that It′ is the
predecessor of It in Opt, i.e., It′ ∈ Opt, for some 1 ≤ t′ < t, and for all I`
with t′ < ` < t, I` /∈ Opt. Let χ be a coloring satisfying intervals in Opt.Then
for any at ≤ p ≤ b1, w(Opt \ {It}) = w(Optt′(Nχ([p, bt′ ]))).

Proof. Let χ be a coloring satisfying intervals in Opt and let at ≤ p ≤ b1 be
fixed. We show that for any subset I ′ ⊆ It′ with I1, It′ ∈ I ′, that can be satisfied
by a coloring χ′ s.t. Nχ′([p, bt′ ]) = Nχ([p, bt′ ]), set I ′∪{It} is colorable. For that,
we construct a coloring χ̃ as follows.

χ̃(u) =

{
χ(u) if u ∈ [bt′ + 1, bt] or u ∈ [at′ , p− 1]
χ′(u) if u ∈ [p, bt′ ] or u ∈ [a1, at′ − 1]

We show that coloring χ̃ satisfies I ′ ∪ {It}. First, consider interval It. The only
vertices spanned by It whose coloring differs from χ lie in [p, bt′ ]. These are
colored according to χ′, which satisfies Nχ′([p, bt′ ]) = Nχ([p, bt′ ]). Therefore
Nχ̃(It) = r(It) and the interval is satisfied by χ̃. Analogously, it can be shown
that interval It′ is satisfied by χ̃. Now consider an arbitrary interval I` ∈ I ′
with ` < t′. The only vertices spanned by I` whose coloring differs from χ′ lie
in [at′ , p− 1]. Since both χ and χ′ satisfy It′ , and Nχ([p, bt′ ]) = Nχ′([p, bt′ ]), we
have Nχ([at′ , p− 1]) = Nχ′([at′ , p− 1]) and thus Nχ̃(I`) = r(I`). ut

Let [p, bt] be a tail subinterval of It with at ≤ p ≤ b1, and let vector r̄ be
a valid coloring requirement with r̄ ≤ r(It) on that subinterval. To obtain an
optimal solution to It containing I1 and It that can be satisfied by a coloring χ
with Nχ([p, bt]) = r̄, the following recurrence “guesses” the predecessor It′ and



the best allocation of r̄ to Iα = [p, bt′ ] and the remaining interval Iβ = [bt′ +1, bt],
and recursively solves the resulting subproblem optimally.

w(Optt(r̄)) = max
1 ≤ t′ < t : at′ < at and bt′ < bt

¯̄r ∈ IRk : ||¯̄r||1 = bt′ − p+ 1 and ¯̄r ≤ r̄,
r(It′)− ¯̄r ≥ r(It)− r̄

w(Optt′(¯̄r)). (2)

If there is no coloring satisfying both I1 and It under the restriction Nχ([p, bt]) =

r̄, we set Optt(r̄)
def
= ∅ and define w(∅) def

= −∞.

The recurrence considers only possible predecessors It′ that together with It
form a staircase. The tail subinterval [p, bt] is divided into interval Iα overlapping
with It′ and the remaining interval Iβ . A valid requirement ¯̄r on Iα is chosen in
such a way that there exists a coloring χ satisfying both Iα and Iβ under the
constraints Nχ([p, bt]) = r̄ and Nχ([p, bt′ ]) = ¯̄r. Such a coloring χ exists if and
only if requirement ¯̄r on [p, bt′ ] is consistent with requirement r̄ on [p, bt] (i.e., ¯̄r ≤
r̄) and at the same time the resulting requirement on [at, p − 1] of a coloring
satisfying It, namely r(It) − r̄, is consistent with the resulting requirement on
[at′ , p−1] of a coloring satisfying It′ , namely r(It′)−¯̄r (i.e., r(It′)− ¯̄r ≥ r(It)−r̄).

We compute the recurrence relation by a dynamic programming approach as
follows. An entry in the dynamic program matrix D is indexed by an interval
index t, the left boundary p of a tail subinterval of It, and a valid coloring
requirement vector r̄ on this subinterval [p, bt]. Then table entry D[t, p, r̄] stores
the weight of an optimal solution to It that contains I1 and It and that can be
satisfied by a coloring χ with Nχ([p, bt]) = r̄, more precisely

D[t, p, r̄] = w(Optt(r̄)).

Concerning the base case t = 1, we simply have to decide, for each p = a1, a2, . . . ,
am and each valid coloring requirement r̄ on tail subinterval [p, b1] of I1, whether
interval I1 is satisfiable under r̄:

D[1, p, r̄] =

{
w({I1}) if r̄ ≤ r(I1),
−∞ otherwise.

For all 2 ≤ t ≤ m, p = at, a3, . . . , am, and valid coloring requirements r̄ on [p, bt],
we simply “guess” the predecessor of It in Optt(r̄) according to (2):

D[t, p, r̄] = max
1 ≤ t′ < t : at′ < at and bt′ < bt

¯̄r ∈ IRk : ||¯̄r||1 = bt′ − p+ 1 and ¯̄r ≤ r̄,
r(It′)− ¯̄r ≥ r(It)− r̄

D[t′, p, r̄],

where Iα = [p, bt′ ] and Iβ = [bt′ + 1, bt], as above. The desired value of the
optimal staircase starting at a1 and ending at bm is D[m, am, r(Im)].



4 APX-hardness

We show that Mfc is APX-hard even with k = 2 colors. The reduction is from
Max2ESAT which was shown to be APX-hard by H̊astad [13]. The input to the
Max2ESAT problem is a boolean formula φ in conjunctive normal form with
variables x1, . . . , xn, and clauses C1, . . . , Cm, where each clause Ci is a disjunc-
tion of exactly 2 literals. The problem asks for an assignment of boolean values
to the variables that satisfies the maximum number of clauses(where a clause
is satisfied if it evaluates to 1). For a variable i, we let mi denote the number
of clauses that the variable appears in. The reduction is inspired by the APX-
hardness proof for the maximum feasible subsystem on interval matrices [5]. We
construct gadgets for each variable and each clause. Let P be a path on 8n+2 ver-
tices, where the vertices are labeled {v−4n−1, v−4n, v−4n+1, . . . , v−1, v1, v2, . . . ,
v4n, v4n+1}. In the figures, we represent the path having vertices on integer
points on the number line. However, the origin is not a vertex of P . Let the
two colors we use be BLACK and WHITE. We start with a description of the
variable gadgets.

Variable Gadget: The gadget for variable xi consists of 2mi copies of the
following basic gadget that we describe, i.e., each interval of the basic gadget for
xi is replicated 2mi times to obtain the variable gadget for xi.

A basic gadget for variable xi, BGi consists of 4 sets of intervals Li, Ri, Ci,
and Bi, nemonic for left, right, center and boundary respectively. The sets Li, Ri
and Ci consist of 2 intervals each, labeled L0

i and L1
i , and so on, and the set Bi

consists of two intervals labeled B′i and B′′i . Figure 1 gives a graphic representa-
tion of the gadget along with the requirements and coordinates of the intervals.
The intervals in set Li, for i = 1, . . . , n have their right end-point at −1, and
the intervals of set Ri have their left end-point at 1. The set Ci is symmetric
around 0. A variable gadget consists of 2mi copies of the basic gadget BGi for
variable xi. Assume we fix the colors of the vertices v−1 and v1 so that they
have distinct colors. Then, in any solution that satisfies the maximal number
of intervals of BGi, the two sets of vertices SA = {v−4i−1, v−4i, v4i, v4i+1}, and
SB = {v−4i+1, v−4i+2, v4i−2, v4i−1} receive two consecutive BLACK and two
consecutive WHITE colors in the same order, i.e., there are two possible ways
in which this happens encoding TRUE and FALSE.

(2i, 2i− 1)

(2i− 1, 2i)

(2i, 2i− 1)

(2i− 1, 2i)

(4i+ 1, 4i− 3)

(4i− 3, 4i+ 1)

(4i+ 1, 4i+ 1)

(4i− 3, 4i− 3)

−1 0 1

B′
i

R0
i

R1
i

L0
i

L1
i

C0
i

C1
i

B′′
i

xi

−4i+ 3 4i− 3

4i− 2−4i+ 2

−4i+ 1 4i− 1

−4i− 1 4i+ 1

Fig. 1. The basic gadget for variable xi



Lemma 4. The maximum number of intervals of a basic gadget BGi that can
be satisfied simultaneously is 5. If we assume that the vertices v−1 and v1 recieve
distinct colors, then there are exactly two colorings of the sets SA and SB (modulo
the colors on v−1 and v1).

Proof. Consider a basic gadget BGi. Each set Li, Ri and Ci consist of a pair of
mutually exclusive intervals, and we can satisfy at most one interval from each
set. This leaves us with the two intervals in the set Bi. Hence, we can satisfy at
most 5 intervals simultaneously, viz. one each from Li, Ri, Ci, and both intervals
from Bi. Note that such a set can always be satisfied as follows. Color the vertices
in the range of B′i arbitrarily with equal numbers of each color. Now, suppose we
color the vertices in the sets SA the same color (either BLACK or WHITE),
and the set SB the same color. This gives a feasible coloring satifying 5 intervals.
Note that any optimal solution must select both intervals in the set Bi and one
interval from each of the remaining sets for an optimal solution.

Now consider a coloring that assigns distinct colors to the vertices −1 and 1.
We claim that there is no optimal solution that simultaneously satisfies both R0

i

and L1
i , and similarly there is no optimal solution simultaneously satisfying both

the intervals R1
i and L0

i . Since we have assumed that v−1 and v1 recieve distinct
colors, the set of vertices S = {v−4i+3, v−4i+2, . . . , v−3, v−2}∪{v2, v3, . . . , v4i−3}
must satisfy the color requirement (4i − 4, 4i − 4) in order to satisfy B′i. Fur-
ther, assume that we can satisfy R0

i . Then, the range {v2, . . . , v4i−2} satisfy the
requirement (2i − 1, 2i − 2). Now, if we satisfy L1

i , the range {v−4i+2, . . . , v−2}
have color requirements (2i − 2, 2i − 1). Summing them up, the range S′ =
S ∪ {v−4i+2, v4i−2} has colors (4i − 3, 4i − 3). But, S′ ∪ {v−1, v1} has colors
(4i− 2, 4i− 2), and we can not satisfy any interval in the set Ci. Hence, we can
not have both R0

i and L1
i in an optimal solution. A symmetric argument holds

for the case where we have R1
i and L0

i together in an optimal solution. ut

For a variable gadget then, we can satisfy 10mi intervals simultaneously. We
abuse notation and use Li, L

0
i , etc. to refer either to the intervals of the basic

gadget, or to the 2mi copies of the variable gadget. An optimal solution for a
variable gadget consisting of {Bi, L0

i , R
0
i , C

0
i } is said to be in a FALSE configura-

tion, and an optimal solution for a variable gadget consisting of {Bi, L1
i , R

1
i , C

1
i }

is said to be in a TRUE configuration.
We can show easily by induction on n that the variable gadgets can each be

in TRUE or FALSE configuration independently, i.e., for any choice of an opti-
mal configuration for each variable gadget corresponding to variables x1, . . . , xn,
there exists a coloring that satisfies all of them simultaneously. This is encoded
in Lemma 5.

Lemma 5. The variable gadgets can be independently set to a TRUE or FALSE
configuration, with v−1 and v1 receiving distinct colors.

Clause Gadgets: We have 4 different clause gadgets corresponding to the 4
different types of clauses. If a clause Cp is of the form (xi∨xj) or (xi∨xj), then
the gadget for this clause consists of two intervals Ipα, I

p
β . If Cp is of the form



(xi∨xj) or (xi∨xj) the gadget consists of 3 intervals Ipα, I
p
β and Ipγ . Table 1 shows

the gadgets for the 4 different types of clauses. The intervals corresponding to a
clause gadget are mutually exclusive, and satisfy the property that exactly one
interval will be satisfied if and only if the corresponding interval is satisfied. We
show this in the next lemma.

Table 1. The Clause gadgets corresponding to the 4 different types of clauses. We
assume that i < j.

Clause Intervals Requirement

Cp = (xi ∨ xj) Ipα = [v−4j+2, v4i−2] (2i + 2j − 3, 2i + 2j − 1)
Ipβ = [v−4j+2, v4i−2] (2i + 2j − 2, 2i + 2j − 2)

Cp = (xi ∨ xj) Ipα = [v−4j+1, v4i−2] (2i + 2j, 2i + 2j − 3)
Ipβ = [v−4j+1, v4i−2] (2i + 2j − 2, 2i + 2j − 1)

Ipγ = [v−4j+1, v4i−2] (2i + 2j − 3, 2i + 2j)
Cp = (xi ∨ xj) Ipα = [v−4j+1, v4i−2] (2i + 2j, 2i + 2j − 3)

Ipβ = [v−4j+1, v4i−2] (2i + 2j − 1, 2i + 2j − 2)

Ipγ = [v−4j+1, v4i−2] (2i + 2j − 3, 2i + 2j)
Cp = (xi ∨ xj) Ipα = [v−4j+2, v4i−2] (2i + 2j − 1, 2i + 2j − 3)

Ipβ = [v−4j+2, v4i−2] (2i + 2j − 2, 2i + 2j − 2)

Lemma 6. Let C be a clause, and assume that the gadgets for all the variables
are all optimally satisfied with v−1 and v1 receiving distinct colors. Then, exactly
one interval of C is satisfied if and only if the corresponding clause is satisfied
with the truth assignment implied by the satisfied variable gadgets.

Assume that all the variable gadgets are optimally satisfied. Then, the lemma
follows directly by counting the colors of the vertices contained in the intervals
corresponding to the clause gadget; the details are omitted.

The final part of the reduction, we show how we can ensure the assumption
in Lemmas 4, 5 and 6 that v−1 and v1 recieve distinct colors. We do this by the
addition of a set of 24m Z intervals spanning [v−1, v1], with requrirement (1, 1).
This completes the reduction. We are now ready to prove the main theorem.

Theorem 3. Mfc is APX-hard with k ≥ 2 colors.

Proof. (Sketch) Given an Max2ESAT instance with n variables and m clauses
that has an assignment satisfying k clauses, we construct a solution to the cor-
responding Mfc as described in the previous paragraph, encoding TRUE and
FALSE that satisfies at least 44m+k intervals. We can show that in the reverse
direction that in any optimal solution to the Mfc instance, all Z intervals are
satisfied, and all intervals corresponding to each variable gadget are satisfied
optimally. Hence, correspoding to each satisfied clause, exactly one interval cor-
responding to the clause gadget is satsified. Since the instance has at most O(m)
intervals, the reduction is gap preserving. ut



The reduction above heavily uses mutually exclusive intervals with the same
end-points in order to achieve the gap preserving reduction. However, we believe
that we can modify the gadgets, albeit making the reduction more complicated
so that there are no mutually exlusive intervals with the same end-points, and
yet the reduction is gap preserving.
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