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Abstract

Given a set of pointd® C R?, aconflict-free coloringof P is an assignment
of colors to points ofP, such that each non-empty axis-parallel rectariglm
the plane contains a point whose color is distinct from all other poinf3 in7T".
This notion has been the subject of recent interest, and is motivateedpyeincy
assignment in wireless cellular networks: one naturally would like to minimize
the number of frequencies (colors) assigned to bases stations (psintk)that
within any range (for instance, rectangle), there is no interferenceshdde that
any set ofn. points inR? can be conflict-free colored with (n-**2*<) colors in
expected polynomial time, for any arbitrarily smaft> 0. This improves upon the

previously known bound ab(y/n loglog n/ log n).
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1 Introduction

The study of conflict-free coloring is motivated by the freqay assignment problem
in wireless networks. A wireless network is a heterogeneetsork consisting dbase
stationsandagents The base stations have a fixed location, and are interlinlked
fixed backbone network, while the agents are typically neobild can connect to the
base stations via radio links. The base stations are askiyeel frequencies to enable
links to agents. The agents can connect to any base statavigied that the radio link
to that particular station has good reception. Good regeps only possible if i) the
base station is located within range, and ii) no other baa#ostwithin range of the
agent has the same frequency assignment (to avoid intecixeThus the fundamental
problem of frequency-assignment in cellular networks iagdsign frequencies to base
stations, such that an agent can always find a base stationmigue frequency among
the base stations in its range. Naturally, due to cost, fllityiland other restrictions,
one would like to minimize the total number of assigned fetgies.

The study of the above problem was initiated in [ELRSO03], aeotinued in a se-
ries of recent papers [PT03, HS05, FIW5, AS06, BNCS06, CKS06, Che06, EMO6,
Smo06]. It can be formally described as follows. IRtC R? be a set of points and
R be a set of ranges (e.g. the set of all discs or rectangleg iplime). Aconflict-free
coloring (CF-coloring in short) of w.r.t. the rangeR is an assignment of a color to
each pointp € P such that for any rang& € R with TN P # 0, the setl' N P
contains a point of unique color. Naturally, the goal is teigis a conflict-free coloring
to the points ofP with the smallesthumber of colors possible.

The work in [ELRS03] presented a general framework for caiimgua conflict-
free coloring for several types of ranges. In particulartiie case where the ranges are
discs in the plane, they present a polynomial time coloriggrithm that use® (log n)
colors for conflict-free coloring and this bound is shown ®&tlght. This result was
then extended in [HSO05] by considering the case where tlyessare axis-parallel rect-
angles in the plane. This seems much harder than the discarabthe work in [HS05]
presented a simple algorithm that uses,/n) colors. As mentioned in [HS05], this
can be further improved t®(y/nloglogn/logn) using the sparse negigbourhood
property of the conflict-free graph, as independently ol [AKS99, PT03]. Cur-
rently, this is the best known upper bound for CF-coloringsgarallel rectangles. A
lower bound ofQ2(log n) trivially follows from the intervals case. Very recentlyaéh
and Toth showed that there exists a set gfoints which need(log® n) colors for a
conflict-free coloring.

Recent works have shown that one can obtain better uppedbdanspecial cases
of this problem. In [HSO05], it was shown that for the case afd@m points in a
unit square(log* n) colors suffice, and for points lying in axactuniform /n x
V/n grid, O(logn) colors are sufficient. Chen [Che06] showed that polyloberit
number of colors suffice for the caserdarly equalrectangle ranges. Elbassioni and
Mustafa [EMO6] asked the following question: Given a set oings P in the plane,
can we insert new pointg such that the conflict free coloring éfU @ requires fewer
colors? They showed that by insertiayn'=¢) points, P U Q can be conflict free
colored using)(n3(1+)/8) colors.

While the CF-coloring problem is closed for disc ranges, thpen bounds are



very far from the currently known lower bounds for axis-pklaectangular ranges. It
remains a very interesting problem to reduce this gap betwpper and lower bounds,
and this is, in fact, the main open problem posed in [HSO5}his paper, we improve
the upper bound significantly.

Theorem 1.1 Any set of, points inR* can be conflict-free colored with respect to rect-
angle ranges usin@(n-382%¢) colors, in expected polynomial time, for any arbitrarily
smalle > 0.

Our main tool for proving this theorem is a probabilisticarihg technique, intro-
duced in [EMO06], that can be used to get a coloring with wegakeperties, which we
call quasi-conflict-freecoloring. This will be combined with dominating sets, mono-
tone sequences, and careful griding of the pointset, in arse® way, to obtain the
claimed result. We start with some definitions and prelimesin Section 2. To illus-
trate our ideas, we sketch a sim@én5/13) conflict free coloring algorithm in Section
3. We recall the quasi-conflict-free coloring technique slightly more general form
in Section 4. The main algorithm will be given in Section 5 amélyzed in Section 6.
Finally, we derive some corollaries of Theorem 1.1 in Secio

2 Preliminaries

By R C 2%” we denote the set of adixis-parallelrectangles.

Definition 2.1 (Conflict-free coloring)Let P be a set of points iiR2. A coloring of

P is a functiony : P — N* ' NUN2U... from P to the sequences of natural
numbers. A rectangl& € R is said to beconflict-freewith respect to a coloring if
eitherT N P = (), or there exists a point € P N T such thaty(p) # x(p') for all
p# p € PNT. Acoloringx is said to beconflict-free(w.r.t. R) if every rectangle

T € R is conflict-free w.r.t..

Definition 2.2 (Dominating setsFor a pointp = (p®,p¥) € R2, defineW;(p) =

{q € R?|¢g* > p®,q¥ > pY} to be the upper right quadrant defined py Similarly,
let Wa(p), W5(p) and Wy (p) be the upper left, lower right and lower left quadrants
respectively. Define theominating sebf typei for a pointsetP C R?, denoted by
D;(P),1 <i <4, as follows:

D;i(P) = {p € P[W;(p) " P =0}

Definition 2.3 (Monotonic sets)et P = {p1,ps,...,pr} be a set of points that
is sorted byx coordinate. P is monotonic non-decreasing (resp. monotonic non-
increasing) ifp¥ > p} (resp.py <p]) V1 <i,j <k,j>i.

It is easy to see that the dominating set of type 2 and 3 (regge 1 and 4) are
monotonic non-decreasing (resp. non-increasing).

Definition 2.4 (r-Grid) Let P C R? be a set of points in the plane amdc Z, be a
positive integer. Am-grid on P, denoted by, = G,.(P), is anr x r axis-parallel



grid containing all points ofP. Fori = 1,...,r, denote byR; and C; the subsets of
P lying in theith row and column of7,., respectively. Denote respectively iy, )
and B(G,), the minimum and maximum number of point$’dh a row or a column
of G,. For1 < h < 2r — 1, let M} (resp. M?) be the set of grid cells lying along a
diagonalh of positive slope (resp. negative slopeYdn. Forl = 2,3 (resp.l = 1,4),
let D' = Ui jyearr Di(Ri N Cy) (resp.Df = Uy, jyensz Di(Ri N Cj)) be the union of
dominating sets of typleover grid cells in)! (resp. M?).

Note that, forl = 2,3 and1 < h < 2r — 1, D}' is monotonic non-decreasing, since
the grid cells inM !, which lie along the diagonal of positive slope, are hortatin
and vertically separated and hence the uniogfR; N C;) (which are monotonic
non-decreasing), is also monotonic non-decreasing. Biasiargument, fol = 1,4
with M2 and1 < h < 2r — 1, D" is monotonic non-increasing.

Definition 2.5 (Quasi-conflict-free coloringivenP C R?, and a gridG,. = G,.(P)
on P, we call a coloringy : P — N* quasi-conflict-freawith respect toG,, if ev-
ery axis-parallel rectangle which contains points onlynfrthe same row or the same
column ofG,. is conflict-free.

Let G, be ar-grid on a point se’ such that(G,) = B(G,) = b. Itis shown
in [EMO06] that there exists a quasi-conflict-free colorirfg®,.(P) requiringO (b/4)
colors.

3 An O(n%/'3) conflict free coloring algorithm

In this section, we sketch a simple algorithm for CF-colgrin in order to illustrate
the main ideas. This algorithm CF-colaRsusing O(n%/13) colors. We can assume
w.l.0.g. thatP has no monotone sequences of sixe’/'%). If there is one, we pick
every other point in the sequence (this is alsef sizeQ(n"/1%)), color them all with
one color, and recurse on the rest of the points with a difteset of colors. It is easy
to show that this gives a@(n%/13) CF-coloring if such a monotone sequence always
exists (see [HS05] for more details).

Let A be anO(n'/?) conflict-free coloring algorithm [HS05]. Our algorithm can
be described as follows. Let=n15. Grid the pointsef usingG,. such that each row
and column has = n13 points of P. Compute the dominating sef(P),1 <l1<4
and letD = U*_, D;(P) andP’ = P\ D. We quasi-CF coloP’ with O(b%/*) colors
using the algorithm of [EMO06] (which used as subroutine). Then, we CF-coldr
using.A with a different set of colors.

Lemma 3.1 The above coloring aP is conflict-free.

Proof. LetT € R be a rectangle such th@atn P # (). We show thafl’ contains a
point of unique color among the pointsihn P.
We consider 4 cases:

Case 1. A monotone sequence of sign’/!3) is found and we colored every other
point in the sequence (s€twith one color: if(T'N P) \ I # 0, then by induction and



the fact that/ and P \ I are colored with distinct sets of colors, we know tat P
contains a point of a unique color. 7fn P C I, then|T'Nn P| = 1 (sincel consists of
every other point in a monotone sequence) and the statemaailty holds.

We assume thus that case 1 does not hold.

Case 2. TN D # {): The CF-coloring ofD guarantees that there is a pointf unique
color among points i’ N D. SinceD andP’ = P\ D are colored with distinct sets
of colors,p is a point of unique color among pointsThn P also.
Case 3. T spans at least 2 rows and 2 columng3f Let (¢, j) be a non-empty grid
cell of G, that is intersected by’. SinceT contains at least one corner of grid cell
(¢,7), TN Dy(R; nC;) # () for somel € [1,4], i.e., T contains at least one point of
the dominating set of points in grid c€l, 7). This implies tha" N D # () and we are
back to Case 2.

We may assume now that cases 1, 2 and 3 do not hold.

Case 4.T lies completely within one row or one column@f.: SinceT' N P # () and
TN D =0, we havel' N P’ # (. The quasi-CF coloring o’ guarantees that there
is a pointp of unique color among the points iiN P’. p is also the point of unique
color among points ifl’ N P. O

Analysis. We bound the total number of colors used by our algorithm. sRG#&-
coloring of P’ requiresO(n13* 1) = O(n5/13) colors. To bound the number of colors
used in CF-coloringD, we first bound the size ab: |Df| = O(n"/13) for all k,
becauseD} is a monotonic sequence. Sinfe= U, ,DJ overl < h < 2n%/13 — 1,
and1 < [ < 4, we have|D| = O(n'?/'3). Thus, the CF-coloring oD (using the
O(n'/?)-coloring algorithmA) requiresO(n5/13) colors. The total number of colors
used by our algorithm is thu8(n%/13).

Theorem 3.1 Any pointsetP C Rk?, can be CF-colored witd(n%/13) colors.

4 Generalized quasi-conflict free coloring

In this section we describe the quasi-CF coloring algoritl®iven anr-grid G,.(P)
on pointsetP, we start by coloring the points of each column, using a Clbrow
algorithm A as a black-box. We use the same set of colors for all columieenT
we randomly, and independently for each column, we rebigiei the colors on the
different color classes of the column. Finally, a recolgrstep is applied on each
monochromatic set of points in each row, again using algorit as the CF-coloring
procedure. When we do the recoloring, we color all sets asdigrcolor? in the first
step using the same set of coldig A formal description of this procedure is given in
Figure 1.

The following is a straightforward generalization of Thewr 3 in [EMO06]. We
include the proof in the Appendix A for completeness.



Procedure QCFC(P, A, G, S):
Input: A pointsetP C R?, an f(-)-conflict-free coloring algorithrd
anr-grid G,- on P, and a set of possible colofsC N*
Output: A quasi-conflict-free coloring : P — S of P with respect td7,.

Let N be a subset df of size B(G,)
fori=1,...,rdo
Xi — A(C;, N)
Letw : N — N be arandom permutation
foreachp € C; do
X;(p) < m(xi(p))
X' = 2251 Xii b — range(x')
LetSy,..., S, be disjoint subsets df of size B(G..)
fori=1,...,rdo
10. for/=1,...,hdo
11. Pl —{peR;: X(p)=1{}
13, X" = i e X
14. return x’' x x”" (mapped toS)

©CoNoO kWD R

Figure 1: Quasi-conflict-free coloring of a grid

Theorem 4.1 Given any pointseP C R?, a grid G, = G,.(P) with B(Gg) = B on
P, and a conflict-free coloring algorithnd with guaranteef(-) such thatB > 4 and
1

- f(B)log(6B)(log B)( -5 P)/2 < ®

procedure QCFC returns a quasi-conflict-free coloring®f( P) using

26B 10gBlog(5B)>
f(B)

colors, in expected polynomial time, whe¥és the constant given in Remark 5.1.

a(B) = 1(B)f ( @)

5 Generalized algorithm

In this section, we generalize the algorithm described «ti&e 3. Recall that, in our
coloring algorithm, we used an(n'/2) “black-box” A for CF-coloring the dominating
set D and the quasi-CF-coloring aP’. As a result we obtained af(n5/'3) CF-
coloring algorithm. We can improve this coloring further liing now thisO (n/13)
as a new black-box for CF-coloring the dominating seand quasi-CF-coloring of
P’. An easy calculation shows that the number of colors usesyimptotically smaller
thanO(n%/13).



We can now take this approach (almost) to the limit. Thislisdn a succession
of strictly improved sequence of algorithmd,= Ay, A1, As,.... Fork =1,2,...,
the structure of4y, is similar to the algorithm described in Section 3: Grid tloapset
P usingG,., wherer = n' =2+, for someqy,. Partition P into dominating seD and
P’ = P\ D and use algorithri;,_; for CF-coloringD and quasi-CF-coloring’. We
choose the parametey; such that both the CF-coloring @ and quasi-CF-coloring
of P’ balance-out into using afi(n”*) colors, for some3;, as small as possible.

To be more precise and describe our coloring procedure fbyrmae need a few
more definitions. Given a coloring: P — N*, we denote byange(x) = {x(p) : p €
P}, the set of distinct colors used to colbr Let f : R, — R, be amonotone sub-
linear function on the positive reals. Afi(-)-conflict-free coloring algorithmA takes
as an input a pointsé? C R?, and a set of color& C N* such thaiN| > f(|P]),
and returns a conflict-free coloring: P — N of P such thatrange(x) < f(|P]).

Remark 5.1 It will simplify the analysis to assume, without loss of gafity, that
there exists a constant> 0 such that the size of each color class (thatisx, [{p €

P : x(p) = £}) in the coloring returned by is at most|P|/f(|P]). (This can be
justified as follows. LeP’ C P be the largest monochromatic set returned4dwhen
applied toP. If |[P’| > dn/f(n), wheren = | P|, then letP” be a subset oP’ of size
exactlyén/ f(n). Color all points of P with the same colot, then the pointd® — P”
recursively with colors different fromh Sincef(n) is sublinear, we get the required
bound.)

For disjoint subset®’, P” C P and coloringsy’ : P’ — N* andy” : P” — N*,
we letx’ + x”" denote the coloring; : P’ U P” — N* defined byx(p) = x/(p) if
p € P'andx(p) = X" (p) if p € P”. For two coloringsy’, X’ : P — N*, we denote
by x’ x x” the coloringy : P — N* given byx(p) = (x’(p), X" (p)) for p € P.

The generalized coloring algorithm is given in Figure 2. |fgtn) be the number
of colors required by our algorithm, (P, S). We set the values aky, B, ny for
k > 1, by the following recurrence relations and formulas:

2Bk-1(2 — Br-1)

50:1/27 5k = m’ 52(3*\/5)/2 (3)
2 — Or_

O “

n = C;a;l, 00:5 (5)

The structure of the generalised coloring algorithm is thme as the algorithm
described in Section 3. Hence, by Lemma 3.1, the above ogl@siconflict-free.

6 Analysis

Let f(-) denote the upper bound on the number of colors required bgigfoeithm at
thek'” level. If n < ny ork = 0, we use a/n coloring algorithm. Thusfy(n) > /n



Procedure A (P, S):
Input: A pointsetP C R?,|P| = n, a set of colorsS C N* of size fx(n)
Output: A conflict-free coloringy : P — S with | range(x)| < fx(n)

1. ifk=0o0rn <ngthen

2. Color P using the,/n coloring algorithm

3. else

4, Computey, and 3y, using (3)-(4); Set «— n'—»

5. if there is a horizontal or vertical line containing more thanfknl—ﬁk points of P then
6. Let! be the set consisting of every other point/oh L

7. Color every point of with the same coloi € S

9. else

10. Grid P usingG,.

11. Compute the dominating set unidnw.r.t. G,.(P)

12. if the longest monotonic sequenEe&long a diagonal itD is of SiZEnf"nl_ﬂk then
13. Let] be the set consisting of every other point/of

14. Color every point of with the same colof € S

15. A (P\ 1,5\ {i})

16. else

17. X' «—QCFQP\ D,G,, Ax_1,5")

18. X" — Ap—1(D, S\ range(x’))

19. return x’ + x”

Figure 2: Conflict-free coloring

forn < ng ork = 0. Otherwise, if any one of the dominating sets is larger than
2nfkn1—5k, we color every alternate node in the monotonically indrepdominating

set with a single color and recurse on the rest. THu&;) > 1+ fr(n — nf’“nl‘ﬂk).

If there is no such dominating set, we grid the point sets shahno row or column
contains more than®* points, recursively color the dominating 9etand quasi color
P\ D. As stated in Theorem 4.1,if- f_1(K)log 6K (log K)(~1085)/2 < 1/2, then
quasi coloring a grid of- rows andr columns such that each row and each column
contains at mosk’ points requireg"k_l(K)jk_l(W) colors. This leads

to the following recursion:

20n%* log n®* log dn“*

Jr—1(n)

fe(n) > 4 fya (nBox ) i (%) - fra( ) (6)

Letyy, = 251, andCy, = Cgk‘l, k> 1.

Our main theorem in this Section is that(n) = Cyn”* log™ n satisfies all the
recursions mentioned above. Coupled with Lemma 6.1 wherprosxe that fork =
O(logl/e), B < Br < (B + ¢, this shows that the number of colors required by our
algorithm is bounded above B (/9 nf+€10g% /<) n = O(nf+¢) for anye > 0.



Lemma6.1 8 < By < g+ efork =0(ogl/e)

Proof. Letus defing;, = 3, — 3. We show that;, = ¢ for k = log;;;; @- By
definition,

2Bt ep1)2— B —ex_1)

3+ (Bten—1)— (B4 e€p—1)?
28(2=B) +26,-1(1 - B) — 654

B34+ 38— 0% + (k-1 —20ex—1 — €5 _4)

26(2 = B) + 26,11 — B)

T (34852 + (k-1 — 2Bex-1)

_ 282 - ) + 26 1(1- )

B (3+6-p52)

Since3 + 3 — 32 = 2(2 — 3), itimplies

Br

(assumin@s < 1)

der_1(1 —
Br < B+ 7’;(21<_ 5)ﬂ)
Therefore,
c Ek,1(2 — 25)
SN CEC)
Since this is true for ang > 0, we get
2—2
€ < (Tﬁﬁ)keo
o 2=28 0
= (=) 05-9)
Thus fork = log 2 05-8 ¢ < e. 0

Lemma 6.2 There exists constants (w.nt, but dependent oh) Cy, v, nx such that
they satisfy the following recurrences:

Cr > 4C)_1 + Cr_=1 (forall k > 0) ©)

Cy > ((nf — (n —ngP*nt=Pr)PeY10g™ n)~1 (forall k > 0andn > ny)  (8)

Cr, > nY® P logn, = (for all k) (9)
nak(l—HOglogn:k/Q—ﬂk,l)—l
< Ck for all 1
N T T i T 1o
Vi = Ve-1(2 = Br—1) +28k—1  (forall k > 0) (11)



It can be easily verified that the consta@is= 52" 1, v, = 2k+1 n; = 52" —1/a
satisfies the above relations.

Theorem 6.1 f,(n) = CxnP* log™ n satisfies all of the following recursions:

fr(n) >+v/n (forall k > 0,n <nyork=0) 12)
fr(n) > 1+ fp(n —npFnt=P)  (for k > 0 andn > ny) (13)

n=% fi(n*) log(n®* / 3) (log n*)(=108m™)/2 < 1 /2 (for k > 0 andn > ny)
(14)

20n%* log n®* log yn“*

fr—1(n)

fe(n) > 4fp_1 (7% P4 iy (n*)- oo (
(15)

Proof. Equation 9 states that for all Cj, > n}° 7 logn,,~*. This implies that
Cknf’“ log ng " > \/ni and sinceC,nP* logn* — \/n is a decreasing function of,
fr(n) > /nistrue for alln < ny. Fork =0, 8y = 1/2 and therefore, Equation 12 is
trivially satisfied.

In order to prove Equation 13, we use inductionorThe equation is trivially true
for n = ny. By induction hypothesis, we assume tifatn) = Cyn”* log”* n is true
for all n < r and we prove it for. For this we need to prove that, % log”* r >
1 4 Cr(r — npPrri=Pr)Br log?* r. Equation 8 states that for all > 0 andr > ny,
Cr > ((rPx — (r — ngPrrt=Br)Br)log? r)~1. This implies thatCy,(r® — (r —
ng e rt=Br)Br) log?* r) > 1 and thereforeCyr? log™ r > 14+Cy (r—ny, et =88 ) Bk log™
thereby proving Equation 13.

Lemma 6.3 uses Equation 10 to prove Equation 14. Equatiomp#las that the
pre-requisite for applying quasi-coloring is satisfieddbrk > 0 andn > ny.

Lemma 6.4 uses Equation 7 and 11 to prove Equation 15, thexhpleting the
proof. O

Lemma 6.3 For all k > 0 andn > ng, fr(n) = Cxnf*log’n satisfies
nl =% fi.(n®* ) log(n®* / B) (log n®+)(~1gn™*)/2 < 1 /2

Proof. We first prove it forn = ny. Equation 10 states that
ak(1+loglogn:k/27,6k71)fl
Cy <

Cy log"k lognyy /3

- 2log7k (ng) log(ng /B) for all k. ThUS, ak(1+loglogﬂ,zk/25[;‘;671)—1 < ]‘/2
k

So,n,lcfa’“Ck( 2k YOk 1og7® (n*) log(ng/B)n ](C loglog m,*)/2 <1/2.

Thus,nk kO (n*) P log™ (ng* ) log(ng /3) (log(nf ))( log(n*))/2 < 1/2.

Sincen!'~**Cy(n "“c)ﬂk log”* (n ak)log( O‘/ﬂ)(log( #))(=1oe(n™F))/2 is a decreas-

ing function ofn, this is true for alln > ny. O

Lemma 6.4 For all k£ > 0 andn > ny, fr(n) = CrpnP*logn satisfies
fu(n) > 4fi_a(n®=ox0)) 4 fi_y (no)- fi,_y (2t lorn Tt loronk )

) (fork > 0andn > ny)



The proof of this Lemma can be found in Appendix B

Using Theorem 6.1 and Lemma 6.1, we get the following:

Theorem 6.2 Let P be a set of: points inR?. Algorithm A, (P, S) conflict-free colors
P with respect to rectangle ranges usiag(}/9nf+<1og®/9 n = O(nf+<) colors,
for any arbitrarily smalle > 0.

7 Discussion

Note that the quasi-CF-coloring Algorith@C F'C' when fed with ar@(nﬁkﬂ)-CF-
coloring algorithmA;_; as an input, returns @(n”*) = O(B(G,.) 1 (2~Fr-1))-
quasi-CF-coloring of the grid:,.(P’), defined on subsg?’ C P, wherer = n!=o,
This is actually how the successive improvements are ma® &, < (;_1. Suppose
there exists a quasi-CF-coloring algorithm that us&s7,.)¢ colors for some: > 0.
Then an easy calculating shows that our algoritdm returns a CF-coloring using
n¢/(¢+1) colors. Clearly any improvement on the quasi-CF-coloritgpathm will
translate to an improvement on the general case. More pigoige have the following.

Corollary 7.1 Let P be a set of points of size andr = n!~“ for somea € (0,1).
If there exists a quasi-CF-coloring algorithm of the gidg.(P’) that requiresO(n°)
colors for some: > 0 then, we can obtain a CF-coloring algorithm Bfthat requires
O(n®/(¢+1)) colors.

By settinge = ¢, we have the following:

Corollary 7.2 Let P be a set of points of sizg andr = n!~ for somea € (0,1).
If there exists a quasi-CF-coloring algorithm of the giid.(P’) that requiresO(n¢)
colors for anye > 0, then we can obtain a CF-coloring algorithm &f that requires
O(n®) colors.

One might think that, if such an improved CF-coloring algfuri (that use$)(n”)
colors,5 < 0.382) is obtained, it could be further improved using our iteddtaprove-
ment scheme given in Section 5. This is not possible, sinceamesasily show that,
for any 8,1 < 0.382, there exists nay; € (0, 1) for which the quasi-CF coloring of
P’ and CF-coloring of dominating sé& can both be done using(n”+) colors where
Bk < Br—1. Thus, one cannot hope to obtain a CF-coloring algorithrhukas fewer
thanO(n-3%2) colors by using our idea.
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A Appendix: Proof of Generalized quasi-conflict free
coloring theorem

Theorem A.1 Given any pointseP C R?, a grid G, = G..(P) with B(Gr) = B on
P, and a conflict-free coloring algorithmd with guaranteef(-) such thatB > 4 and

- f(B)log(9B) (log B~ 5 /2 < .

procedure QCFC returns a quasi-conflict-free coloring®f( P) using

o(B) = £(B)f (25BlogBlog(5B)>

f(B)

colors, in expected polynomial time, whe¥és the constant given in Remark 5.1.
Proof. Let;, X', X", h, P/ be as defined in the procedure, apd= x’ x " be the
coloring returned in Step 14. The theorem follows from theofeing two claims.

Claim A.1 ([EMO06]) x is quasi-conflict-free.

Proof. LetT € R be any rectangle that lies completely inside a row or a colomn
G, such thatl’ N P # . If T contains only points belonging to a single column
C; of G, then the fact that algorithod returns a conflict-free coloring @f; and the
definition of x; imply thatT" contains a poinp € 7'N C; such that; (p) # x;(p") for
allp # p’ € Tn P. Theny'(p) and hence(p) is different in the first coordinate from
x(p') for everyp # p’ € T N P. Now assume thaf contains only points belonging to
a single rowi of G,.. SinceT’'N P # (), there is arf € [m] such thal’ N P! # (). Since
A returns a conflict-free coloring;’, of P!, there is a poinp € T'N Pf, such that
X[ o(p) # X!, (p)) forall p # p' € TN Pf. Thusifp’ € T N Ry, then eithey’ € P!
for ¢ # ¢ in which case((p') # X' (p), orp’ € Pf butx”(p') # x"(p). In both cases
x(p") # x(p)- O

Claim A.2 With probability at least /2, | range(x)| < ¢(B) given by (2).

Proof. Fixi € [r] and? € [h]. Definet = 6B/h. Forj € [r], let AL, = {p €
Cj : x;(p) = £} and note thatA! ;| < 6B/f(B) < tandh < f(B). Form =
1,2,...,logt, let

AT ={AL 2™V <AL <2m 0=1,... b},
and note that

ZlA 1< s (16)

since the total number of pomts in ravef G, is at mostB, and each set inl]"; has at
least2™ ! points.
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Note that, for anyj € [r], every pointp € Af’j gets the same colgy (p) in Step 6.
Thus we can think of the coloring in Step 6 as of permuting canlgt the colors to the
setsAfJ, {=1,...,h,and may use{(AZ{j) to denote the color assigned in Step 6 to

all points inA{ ;. Let YZ.””;.’Z be the indicator random variable that takes value 1 if and
only if there exists a sef € A with x'(S) = £. Lety;™" = 3", V. Then,

m,l m, L |AZL
E[ng |= Pr[Yi,j =1]= Tj

ey~ AT Bt
E[Yz ]_ h < hom—1 = 9m-1’

j=1
where the last inequality follows from (16).

Note that the variabl&;™" is the sum of independent Bernoulli trials, and thus
applying the Chernoff bouridwe get

_ _tlogB 1 tlog B
R R

UsingE[Y%] < t/2m~! and2™ < t, we deduce from (17) that

tlog B
oam— 1

Pry;™¢ > ] < (log B)~(es B)/2,
Thus, the probability that there exist¢, andm such thaﬁfim’e > tlog B/2™ 1 is at
most )

rh(logt)(log B)~ (e B)/2 < 3
by (1). Therefore with probability at leasy2, Yim’z < tlog B/(c.2™~1) for all 4, ¢,
andm. In particular, with constant probability, for alland/, we have

logt
|Pf| < Z Y;m’f -2™ < 2tlog Blogt.

m=1

Since algorithmA has guarante¢(-), with constant probability, the total number of
colors needed, by the sublinearity ff ), is

h

|range(x)| < Y f(IF{]) < h- f(2tlog Blogt) < ¢(B),
£=1

as claimed. 0

1in particular, the following version [MROSPr[X > (1+6)u] < e~ (1+8) In(1+8)u/4 for 5 > 1 and
n=E[X].
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B Proof of Lemma 6.4

Lemma 6.4 Forallk > 0andn > ng, fr(n) = CxnPtlog’n satisfies

Fu(n) = 4fima (n@=ok00)) 4 fi g (no)- fi,_y (207 logn k logonk

Proof. We prove by induction ot. Fork = 0 the claim is true since we always
have a,/nlog n coloring. Assuming it to be true for all < k', we need to prove that
CrnP log"™ n > g(n) whereg(n) is given by the following equation:

g(n) = 4Ck’—1(n(27ak/7ﬁk,))ﬂk’fl logyk’—l(n(Qfaklfﬁk/))_"_
Ck/_lnak’ﬁk’—l IOgA’/k/*l nek’ .
20n+ log n®+" log dn®+’
Ck/il’n,ak’ﬁk’—l log’)'k’—1 Nk’

26n* " log n®' log dn®’

Crr_
k 1( Cklflnak'ﬁ’“/*l log”'*l now

)51&71 log’yk’—l (

Sinced = 1/4

g(n) < 4Ck/_1(n(Q_()‘k/_ﬂk’))ﬁk’—l log" -1 n

+ (Chr—1n® P =1 1og™ =1 n@k Y170k 1. Oy (n® log? n )Pk —1 log?' -1 ny
40]@/71”(2_&7“/ —ﬁk/)ﬁk/_l 10g7k/71 n

4 (Ckl*l)Q_Bk’—lnak/ﬁk’—l(Q_Bk/—l) log((Qfﬁk’71)(’%’71)4’2[3&"71) n

IA

Using Equation 11 in the above inequality, we get the follayvi
g(n) < 4Cp_ =W =01 logh n
+ (Ck/_l)%ﬁk/,lnakfﬁkul(%ﬁkul) log™ n
Since by our definition o}, 5;,, (2—a}, —08;.)0kw—1 < B, )0k —1(2—Fr—1) <
Bres
g(n) < (ACw—1 + CR_1)n"¥ log’' n

Using Equation 7 in the above inequality, we gét) < Cjn’ log™ n, thus com-
pleting the proof. O
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