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Abstract

Given a set of pointsP ⊆ R
2, a conflict-free coloringof P is an assignment

of colors to points ofP , such that each non-empty axis-parallel rectangleT in
the plane contains a point whose color is distinct from all other points inP ∩ T .
This notion has been the subject of recent interest, and is motivated by frequency
assignment in wireless cellular networks: one naturally would like to minimize
the number of frequencies (colors) assigned to bases stations (points), such that
within any range (for instance, rectangle), there is no interference. Weshow that
any set ofn points inR

2 can be conflict-free colored with̃O(n.382+ε) colors in
expected polynomial time, for any arbitrarily smallε > 0. This improves upon the
previously known bound ofO(

p

n log log n/ log n).
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1 Introduction

The study of conflict-free coloring is motivated by the frequency assignment problem
in wireless networks. A wireless network is a heterogeneousnetwork consisting ofbase
stationsandagents. The base stations have a fixed location, and are interlinkedvia a
fixed backbone network, while the agents are typically mobile and can connect to the
base stations via radio links. The base stations are assigned fixed frequencies to enable
links to agents. The agents can connect to any base station, provided that the radio link
to that particular station has good reception. Good reception is only possible if i) the
base station is located within range, and ii) no other base station within range of the
agent has the same frequency assignment (to avoid interference). Thus the fundamental
problem of frequency-assignment in cellular networks is toassign frequencies to base
stations, such that an agent can always find a base station with unique frequency among
the base stations in its range. Naturally, due to cost, flexibility and other restrictions,
one would like to minimize the total number of assigned frequencies.

The study of the above problem was initiated in [ELRS03], andcontinued in a se-
ries of recent papers [PT03, HS05, FLM+05, AS06, BNCS06, CKS06, Che06, EM06,
Smo06]. It can be formally described as follows. LetP ⊆ R

2 be a set of points and
R be a set of ranges (e.g. the set of all discs or rectangles in the plane). Aconflict-free
coloring (CF-coloring in short) ofP w.r.t. the rangeR is an assignment of a color to
each pointp ∈ P such that for any rangeT ∈ R with T ∩ P 6= 0, the setT ∩ P
contains a point of unique color. Naturally, the goal is to assign a conflict-free coloring
to the points ofP with thesmallestnumber of colors possible.

The work in [ELRS03] presented a general framework for computing a conflict-
free coloring for several types of ranges. In particular, for the case where the ranges are
discs in the plane, they present a polynomial time coloring algorithm that usesO(log n)
colors for conflict-free coloring and this bound is shown to be tight. This result was
then extended in [HS05] by considering the case where the ranges are axis-parallel rect-
angles in the plane. This seems much harder than the disc case, and the work in [HS05]
presented a simple algorithm that usesO(

√
n) colors. As mentioned in [HS05], this

can be further improved toO(
√

n log log n/ log n) using the sparse negigbourhood
property of the conflict-free graph, as independently observed in [AKS99, PT03]. Cur-
rently, this is the best known upper bound for CF-coloring axis-parallel rectangles. A
lower bound ofΩ(log n) trivially follows from the intervals case. Very recently, Pach
and Toth showed that there exists a set ofn points which needΩ(log2 n) colors for a
conflict-free coloring.

Recent works have shown that one can obtain better upper bounds for special cases
of this problem. In [HS05], it was shown that for the case of random points in a
unit square,O(log4 n) colors suffice, and for points lying in anexactuniform

√
n ×√

n grid, O(log n) colors are sufficient. Chen [Che06] showed that polylogarithmic
number of colors suffice for the case ofnearly equalrectangle ranges. Elbassioni and
Mustafa [EM06] asked the following question: Given a set of points P in the plane,
can we insert new pointsQ such that the conflict free coloring ofP ∪Q requires fewer
colors? They showed that by insertingO(n1−ε) points,P ∪ Q can be conflict free
colored usingÕ(n3(1+ε)/8) colors.

While the CF-coloring problem is closed for disc ranges, the upper bounds are
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very far from the currently known lower bounds for axis-parallel rectangular ranges. It
remains a very interesting problem to reduce this gap between upper and lower bounds,
and this is, in fact, the main open problem posed in [HS05]. Inthis paper, we improve
the upper bound significantly.

Theorem 1.1 Any set ofn points inR
2 can be conflict-free colored with respect to rect-

angle ranges using̃O(n.382+ε) colors, in expected polynomial time, for any arbitrarily
smallε > 0.

Our main tool for proving this theorem is a probabilistic coloring technique, intro-
duced in [EM06], that can be used to get a coloring with weakerproperties, which we
call quasi-conflict-freecoloring. This will be combined with dominating sets, mono-
tone sequences, and careful griding of the pointset, in a recursive way, to obtain the
claimed result. We start with some definitions and preliminaries in Section 2. To illus-
trate our ideas, we sketch a simpleÕ(n6/13) conflict free coloring algorithm in Section
3. We recall the quasi-conflict-free coloring technique in aslightly more general form
in Section 4. The main algorithm will be given in Section 5 andanalyzed in Section 6.
Finally, we derive some corollaries of Theorem 1.1 in Section 7.

2 Preliminaries

By R ⊆ 2R
2

we denote the set of allaxis-parallelrectangles.

Definition 2.1 (Conflict-free coloring)Let P be a set of points inR2. A coloring of

P is a functionχ : P 7→ N
∗ def

= N ∪ N
2 ∪ . . . from P to the sequences of natural

numbers. A rectangleT ∈ R is said to beconflict-freewith respect to a coloringχ if
eitherT ∩ P = ∅, or there exists a pointp ∈ P ∩ T such thatχ(p) 6= χ(p′) for all
p 6= p′ ∈ P ∩ T . A coloringχ is said to beconflict-free(w.r.t. R) if every rectangle
T ∈ R is conflict-free w.r.t.χ.

Definition 2.2 (Dominating sets)For a point p = (px, py) ∈ R
2, defineW1(p) =

{q ∈ R
2|qx ≥ px, qy ≥ py} to be the upper right quadrant defined byp. Similarly,

let W2(p),W3(p) and W4(p) be the upper left, lower right and lower left quadrants
respectively. Define thedominating setof typei for a pointsetP ⊆ R

2, denoted by
Di(P ), 1 ≤ i ≤ 4, as follows:

Di(P ) = {p ∈ P |Wi(p) ∩ P = ∅}

Definition 2.3 (Monotonic sets)Let P = {p1, p2, . . . , pk} be a set of points that
is sorted byx coordinate. P is monotonic non-decreasing (resp. monotonic non-
increasing) ifpy

j ≥ py
i (resp.py

j ≤ py
i ) ∀1 ≤ i, j ≤ k, j > i.

It is easy to see that the dominating set of type 2 and 3 (resp. type 1 and 4) are
monotonic non-decreasing (resp. non-increasing).

Definition 2.4 (r-Grid) Let P ⊆ R
2 be a set of points in the plane andr ∈ Z+ be a

positive integer. Anr-grid on P , denoted byGr = Gr(P ), is anr × r axis-parallel
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grid containing all points ofP . For i = 1, . . . , r, denote byRi andCi the subsets of
P lying in theith row and column ofGr, respectively. Denote respectively byb(Gr)
andB(Gr), the minimum and maximum number of points ofP in a row or a column
of Gr. For 1 ≤ h ≤ 2r − 1, let M1

h (resp. M2
h) be the set of grid cells lying along a

diagonalh of positive slope (resp. negative slope) inGr. For l = 2, 3 (resp.l = 1, 4),
let Dh

l = ∪(i,j)∈M1
h
Dl(Ri ∩ Cj) (resp.Dh

l = ∪(i,j)∈M2
h
Dl(Ri ∩ Cj)) be the union of

dominating sets of typel over grid cells inM1
h (resp.M2

h).

Note that, forl = 2, 3 and1 ≤ h ≤ 2r− 1, Dh
l is monotonic non-decreasing, since

the grid cells inM1
h , which lie along the diagonal of positive slope, are horizontally

and vertically separated and hence the union ofDl(Ri ∩ Cj) (which are monotonic
non-decreasing), is also monotonic non-decreasing. By similar argument, forl = 1, 4
with M2

h and1 ≤ h ≤ 2r − 1, Dh
l is monotonic non-increasing.

Definition 2.5 (Quasi-conflict-free coloring)GivenP ⊆ R
2, and a gridGr = Gr(P )

on P , we call a coloringχ : P 7→ N
∗ quasi-conflict-freewith respect toGr, if ev-

ery axis-parallel rectangle which contains points only from the same row or the same
column ofGr is conflict-free.

Let Gr be ar-grid on a point setP such thatb(Gr) = B(Gr) = b. It is shown
in [EM06] that there exists a quasi-conflict-free coloring of Gr(P ) requiringÕ(b3/4)
colors.

3 An Õ(n6/13) conflict free coloring algorithm

In this section, we sketch a simple algorithm for CF-coloring P in order to illustrate
the main ideas. This algorithm CF-colorsP usingÕ(n6/13) colors. We can assume
w.l.o.g. thatP has no monotone sequences of sizeΩ(n7/13). If there is one, we pick
every other point in the sequence (this is a setI of sizeΩ(n7/13)), color them all with
one color, and recurse on the rest of the points with a different set of colors. It is easy
to show that this gives anO(n6/13) CF-coloring if such a monotone sequence always
exists (see [HS05] for more details).

Let A be anO(n1/2) conflict-free coloring algorithm [HS05]. Our algorithm can
be described as follows. Letr = n

5
13 . Grid the pointsetP usingGr such that each row

and column hasb = n
8
13 points ofP . Compute the dominating setsDl(P ), 1 ≤ l ≤ 4

and letD = ∪4
l=1Dl(P ) andP ′ = P \ D. We quasi-CF colorP ′ with Õ(b3/4) colors

using the algorithm of [EM06] (which usesA as subroutine). Then, we CF-colorD
usingA with a different set of colors.

Lemma 3.1 The above coloring ofP is conflict-free.

Proof. Let T ∈ R be a rectangle such thatT ∩ P 6= ∅. We show thatT contains a
point of unique color among the points inT ∩ P .

We consider 4 cases:

Case 1. A monotone sequence of sizeΩ(n7/13) is found and we colored every other
point in the sequence (setI) with one color: if(T ∩ P ) \ I 6= ∅, then by induction and
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the fact thatI andP \ I are colored with distinct sets of colors, we know thatT ∩ P
contains a point of a unique color. IfT ∩ P ⊆ I, then|T ∩ P | = 1 (sinceI consists of
every other point in a monotone sequence) and the statement trivially holds.

We assume thus that case 1 does not hold.

Case 2.T ∩D 6= ∅: The CF-coloring ofD guarantees that there is a pointp of unique
color among points inT ∩ D. SinceD andP ′ = P \ D are colored with distinct sets
of colors,p is a point of unique color among points inT ∩ P also.
Case 3. T spans at least 2 rows and 2 columns ofGr: Let (i, j) be a non-empty grid
cell of Gr that is intersected byT . SinceT contains at least one corner of grid cell
(i, j), T ∩ Dl(Ri ∩ Cj) 6= ∅ for somel ∈ [1, 4], i.e.,T contains at least one point of
the dominating set of points in grid cell(i, j). This implies thatT ∩D 6= ∅ and we are
back to Case 2.

We may assume now that cases 1, 2 and 3 do not hold.

Case 4.T lies completely within one row or one column ofGr: SinceT ∩P 6= ∅ and
T ∩ D = ∅, we haveT ∩ P ′ 6= ∅. The quasi-CF coloring ofP ′ guarantees that there
is a pointp of unique color among the points inT ∩ P ′. p is also the point of unique
color among points inT ∩ P . ¤

Analysis. We bound the total number of colors used by our algorithm. Quasi-CF-
coloring ofP ′ requiresÕ(n

8
13×

3
4 ) = Õ(n6/13) colors. To bound the number of colors

used in CF-coloringD, we first bound the size ofD: |Dk
l | = O(n7/13) for all k,

becauseDk
l is a monotonic sequence. SinceD = ∪l,hDh

l over1 ≤ h ≤ 2n5/13 − 1,
and1 ≤ l ≤ 4, we have|D| = O(n12/13). Thus, the CF-coloring ofD (using the
O(n1/2)-coloring algorithmA) requiresO(n6/13) colors. The total number of colors
used by our algorithm is thus̃O(n6/13).

Theorem 3.1 Any pointsetP ⊆ R2, can be CF-colored with̃O(n6/13) colors.

4 Generalized quasi-conflict free coloring

In this section we describe the quasi-CF coloring algorithm. Given anr-grid Gr(P )
on pointsetP , we start by coloring the points of each column, using a CF-coloring
algorithmA as a black-box. We use the same set of colors for all columns. Then
we randomly, and independently for each column, we redistribute the colors on the
different color classes of the column. Finally, a recoloring step is applied on each
monochromatic set of points in each row, again using algorithmA as the CF-coloring
procedure. When we do the recoloring, we color all sets assigned a color̀ in the first
step using the same set of colorsS`. A formal description of this procedure is given in
Figure 1.

The following is a straightforward generalization of Theorem 3 in [EM06]. We
include the proof in the Appendix A for completeness.
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Procedure QCFC(P,A, Gr, S):
Input: A pointsetP ⊆ R

2, anf(·)-conflict-free coloring algorithmA
anr-grid Gr onP , and a set of possible colorsS ⊆ N

∗

Output: A quasi-conflict-free coloringχ : P 7→ S of P with respect toGr

1. LetN be a subset ofN of sizeB(Gr)
2. for i = 1, . . . , r do
3. χi ← A(Ci, N)
4. Letπ : N 7→ N be a random permutation
5. foreachp ∈ Ci do
6. χ′

i(p) ← π(χi(p))
7. χ′ ← ∑r

i=1 χ′

i; h ← range(χ′)
8. LetS1, . . . , Sh be disjoint subsets ofN of sizeB(Gr)
9. for i = 1, . . . , r do
10. for ` = 1, . . . , h do
11. P `

i ← {p ∈ Ri : χ′(p) = `}
12. χ′′

i,` ← A(P `
i , S`)

13. χ′′ ← ∑r
i=1

∑h
` χ′′

i,`

14. return χ′ × χ′′ (mapped toS)

Figure 1: Quasi-conflict-free coloring of a grid

Theorem 4.1 Given any pointsetP ⊆ R
2, a grid Gr = Gr(P ) with B(GR) = B on

P , and a conflict-free coloring algorithmA with guaranteef(·) such thatB ≥ 4 and

r · f(B) log(δB)(log B)(− log B)/2 ≤ 1

2
, (1)

procedure QCFC returns a quasi-conflict-free coloring ofGr(P ) using

q(B) = f(B)f

(

2δB log B log(δB)

f(B)

)

(2)

colors, in expected polynomial time, whereδ is the constant given in Remark 5.1.

5 Generalized algorithm

In this section, we generalize the algorithm described in Section 3. Recall that, in our
coloring algorithm, we used anO(n1/2) “black-box”A for CF-coloring the dominating
set D and the quasi-CF-coloring ofP ′. As a result we obtained añO(n6/13) CF-
coloring algorithm. We can improve this coloring further byusing now thisÕ(n6/13)
as a new black-box for CF-coloring the dominating setD and quasi-CF-coloring of
P ′. An easy calculation shows that the number of colors used is asymptotically smaller
thanÕ(n6/13).
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We can now take this approach (almost) to the limit. This results in a succession
of strictly improved sequence of algorithms,A = A0,A1,A2, . . .. Fork = 1, 2, . . . ,
the structure ofAk is similar to the algorithm described in Section 3: Grid the pointset
P usingGr, wherer = n1−αk , for someαk. PartitionP into dominating setD and
P ′ = P \D and use algorithmAk−1 for CF-coloringD and quasi-CF-coloringP ′. We
choose the parameterαk such that both the CF-coloring ofD and quasi-CF-coloring
of P ′ balance-out into using añO(nβk) colors, for someβk as small as possible.

To be more precise and describe our coloring procedure formally, we need a few
more definitions. Given a coloringχ : P 7→ N

∗, we denote byrange(χ) = {χ(p) : p ∈
P}, the set of distinct colors used to colorP . Let f : R+ 7→ R+ be amonotone sub-
linear function on the positive reals. Anf(·)-conflict-free coloring algorithmA takes
as an input a pointsetP ⊆ R

2, and a set of colorsN ⊆ N
∗ such that|N | ≥ f(|P |),

and returns a conflict-free coloringχ : P 7→ N of P such thatrange(χ) ≤ f(|P |).

Remark 5.1 It will simplify the analysis to assume, without loss of generality, that
there exists a constantδ > 0 such that the size of each color class (that ismax` |{p ∈
P : χ(p) = `}) in the coloring returned byA is at mostδ|P |/f(|P |). (This can be
justified as follows. LetP ′ ⊆ P be the largest monochromatic set returned byA when
applied toP . If |P ′| ≥ δn/f(n), wheren = |P |, then letP ′′ be a subset ofP ′ of size
exactlyδn/f(n). Color all points ofP ′′ with the same color̀, then the pointsP −P ′′

recursively with colors different from̀. Sincef(n) is sublinear, we get the required
bound.)

For disjoint subsetsP ′, P ′′ ⊆ P and coloringsχ′ : P ′ 7→ N
∗ andχ′′ : P ′′ 7→ N

∗,
we letχ′ + χ′′ denote the coloringχ : P ′ ∪ P ′′ 7→ N

∗ defined byχ(p) = χ′(p) if
p ∈ P ′ andχ(p) = χ′′(p) if p ∈ P ′′. For two coloringsχ′, χ′′ : P 7→ N

∗, we denote
by χ′ × χ′′ the coloringχ : P 7→ N

∗ given byχ(p) = (χ′(p), χ′′(p)) for p ∈ P .

The generalized coloring algorithm is given in Figure 2. Letfk(n) be the number
of colors required by our algorithmAk(P, S). We set the values ofαk, βk, nk for
k ≥ 1, by the following recurrence relations and formulas:

β0 = 1/2, βk =
2βk−1(2 − βk−1)

3 + βk−1 − β2
k−1

, β = (3 −
√

5)/2 (3)

αk =
2 − βk−1

3 − βk−1
(4)

nk = C
2k

−1
αk

0 , C0 = 5 (5)

The structure of the generalised coloring algorithm is the same as the algorithm
described in Section 3. Hence, by Lemma 3.1, the above coloring is conflict-free.

6 Analysis

Let fk(·) denote the upper bound on the number of colors required by thealgorithm at
thekth level. If n ≤ nk or k = 0, we use a

√
n coloring algorithm. Thus,fk(n) ≥ √

n
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ProcedureAk(P, S):
Input: A pointsetP ⊆ R

2, |P | = n, a set of colorsS ⊆ N
∗ of sizefk(n)

Output: A conflict-free coloringχ : P 7→ S with | range(χ)| ≤ fk(n)

1. if k = 0 or n ≤ nk then
2. ColorP using the

√
n coloring algorithm

3. else
4. Computeαk andβk using (3)-(4); Setr ← n1−αk

5. if there is a horizontal or vertical lineL containing more thannβk

k n1−βk points ofP then
6. LetI be the set consisting of every other point ofP ∩ L
7. Color every point ofI with the same colori ∈ S
8. Ak(P \ I, S \ {i})
9. else
10. GridP usingGr

11. Compute the dominating set unionD w.r.t. Gr(P )

12. if the longest monotonic sequenceL along a diagonal inD is of sizenβk

k n1−βk then
13. LetI be the set consisting of every other point ofL
14. Color every point ofI with the same colori ∈ S
15. Ak(P \ I, S \ {i})
16. else
17. χ′ ←QCFC(P \ D,Gr,Ak−1, S

′)
18. χ′′ ← Ak−1(D,S \ range(χ′))
19. return χ′ + χ′′

Figure 2: Conflict-free coloring

for n ≤ nk or k = 0. Otherwise, if any one of the dominating sets is larger than
2nβk

k n1−βk , we color every alternate node in the monotonically increasing dominating
set with a single color and recurse on the rest. Thus,fk(n) ≥ 1 + fk(n − nβk

k n1−βk).
If there is no such dominating set, we grid the point sets suchthat no row or column
contains more thannαk points, recursively color the dominating setD and quasi color
P \D. As stated in Theorem 4.1, ifr · fk−1(K) log δK(log K)(− log K)/2 ≤ 1/2, then
quasi coloring a grid ofr rows andr columns such that each row and each column
contains at mostK points requiresfk−1(K) ·fk−1(

2δK log K log δK
fk−1(K) ) colors. This leads

to the following recursion:

fk(n) ≥ 4fk−1(n
(2−αk−βk)) + fk−1(n

αk) · fk−1(
2δnαk log nαk log δnαk

fk−1(n)
) (6)

Let,γk = 2k+1, andCk = C2k
−1

0 , k > 1.
Our main theorem in this Section is thatfk(n) = Cknβk logγk n satisfies all the

recursions mentioned above. Coupled with Lemma 6.1 where weprove that fork =
O(log 1/ε), β < βk ≤ β + ε, this shows that the number of colors required by our
algorithm is bounded above by2O(1/ε)nβ+ε logO(1/ε) n = Õ(nβ+ε) for anyε > 0.
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Lemma 6.1 β < βk ≤ β + ε for k = O(log 1/ε)

Proof. Let us defineεk = βk − β. We show thatεk = ε for k = log 2−β
2−2β

0.5−β
ε . By

definition,

βk =
2(β + εk−1)(2 − β − εk−1)

3 + (β + εk−1) − (β + εk−1)2

=
2β(2 − β) + 2εk−1(1 − β) − ε2k−1

(3 + β − β2) + (εk−1 − 2βεk−1 − ε2k−1)

≤ 2β(2 − β) + 2εk−1(1 − β)

(3 + β − β2) + (εk−1 − 2βεk−1)

≤ 2β(2 − β) + 2εk−1(1 − β)

(3 + β − β2)
(assuming2β ≤ 1)

Since3 + β − β2 = 2(2 − β), it implies

βk ≤ β +
4εk−1(1 − β)

2(2 − β)

Therefore,

εk ≤ εk−1(2 − 2β)

(2 − β)

Since this is true for anyk > 0, we get

εk ≤ (
2 − 2β

2 − β
)kε0

= (
2 − 2β

2 − β
)k(0.5 − β)

Thus fork = log 2−β
2−2β

0.5−β
ε , εk ≤ ε. ¤

Lemma 6.2 There exists constants (w.r.t.n, but dependent onk) Ck, γk, nk such that
they satisfy the following recurrences:

Ck ≥ 4Ck−1 + C
2−βk−1

k−1 (for all k > 0) (7)

Ck ≥ ((nβ
k − (n − nk

βkn1−βk)βk) logγk n)−1 (for all k > 0 andn ≥ nk) (8)

Ck ≥ n0.5−βk

k log nk
−γk (for all k) (9)

Ck ≤ n
αk(1+log log n

αk
k /2−βk−1)−1

k

2 logγk(nαk

k ) log(nαk

k /β)
(for all k) (10)

γk ≥ γk−1(2 − βk−1) + 2βk−1 (for all k > 0) (11)
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It can be easily verified that the constantsCk = 52k
−1, γk = 2k+1, nk = 5(2k

−1)/αk

satisfies the above relations.

Theorem 6.1 fk(n) = Cknβk logγk n satisfies all of the following recursions:

fk(n) ≥ √
n (for all k > 0, n ≤ nk or k = 0) (12)

fk(n) ≥ 1 + fk(n − nβk

k n1−βk) (for k > 0 andn > nk) (13)

n1−αkfk(nαk) log(nαk/β)(log nαk)(− log nαk )/2 ≤ 1/2 (for k > 0 andn > nk)
(14)

fk(n) ≥ 4fk−1(n
(2−αk−βk))+fk−1(n

αk)·fk−1(
2δnαk log nαk log δnαk

fk−1(n)
) (for k > 0 andn > nk)

(15)

Proof. Equation 9 states that for allk, Ck ≥ n0.5−βk

k log nk
−γk . This implies that

Cknβk

k log nk
γk ≥ √

nk and sinceCknβk log nγk −√
n is a decreasing function ofn,

fk(n) ≥ √
n is true for alln ≤ nk. Fork = 0, βk = 1/2 and therefore, Equation 12 is

trivially satisfied.
In order to prove Equation 13, we use induction onn. The equation is trivially true

for n = nk. By induction hypothesis, we assume thatfk(n) = Cknβk logγk n is true
for all n < r and we prove it forr. For this we need to prove thatCkrβk logγk r ≥
1 + Ck(r − nk

βkr1−βk)βk logγk r. Equation 8 states that for allk > 0 andr ≥ nk,
Ck ≥ ((rβk − (r − nk

βkr1−βk)βk) logγk r)−1. This implies thatCk(rβk − (r −
nk

βkr1−βk)βk) logγk r) ≥ 1 and therefore,Ckrβk logγk r ≥ 1+Ck(r−nk
βkr1−βk)βk logγk r,

thereby proving Equation 13.
Lemma 6.3 uses Equation 10 to prove Equation 14. Equation 14 implies that the

pre-requisite for applying quasi-coloring is satisfied forall k > 0 andn > nk.
Lemma 6.4 uses Equation 7 and 11 to prove Equation 15, therebycompleting the

proof. ¤

Lemma 6.3 For all k > 0 andn > nk, fk(n) = Cknβk logγkn satisfies
n1−αkfk(nαk) log(nαk/β)(log nαk)(− log nαk )/2 ≤ 1/2

Proof. We first prove it forn = nk. Equation 10 states that

Ck ≤ n
αk(1+log log n

αk
k

/2−βk−1)−1

k

2 logγk (nα
k ) log(nα

k /β) for all k. Thus, Ck logγk log nα
k /β

n
αk(1+log log n

αk
k

/2−βk−1)−1

k

≤ 1/2.

So,n1−αk

k Ck(nαk

k )βk logγk(nαk

k ) log(nα
k /β)n

(− log log n
αk
k )/2

k ≤ 1/2.

Thus,n1−αk

k Ck(nαk

k )βk logγk(nαk

k ) log(nα
k /β)(log(nαk

k ))(− log(n
αk
k ))/2 ≤ 1/2.

Sincen1−αkCk(nαk)βk logγk(nαk) log(nα/β)(log(nαk))(− log(nαk ))/2 is a decreas-
ing function ofn, this is true for alln > nk. ¤

Lemma 6.4 For all k > 0 andn ≥ nk, fk(n) = Cknβk logγkn satisfies
fk(n) ≥ 4fk−1(n

(2−αk−βk)) + fk−1(n
αk)· fk−1(

5δnαk log nαk log δnαk

fk−1(n) )
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The proof of this Lemma can be found in Appendix B

Using Theorem 6.1 and Lemma 6.1, we get the following:

Theorem 6.2 LetP be a set ofn points inR
2. AlgorithmAk(P, S) conflict-free colors

P with respect to rectangle ranges using2O(1/ε)nβ+ε logO(1/ε) n = Õ(nβ+ε) colors,
for any arbitrarily smallε > 0.

7 Discussion

Note that the quasi-CF-coloring AlgorithmQCFC when fed with anÕ(nβk−1)-CF-
coloring algorithmAk−1 as an input, returns ãO(nβk) = Õ(B(Gr)

βk−1(2−βk−1))-
quasi-CF-coloring of the gridGr(P

′), defined on subsetP ′ ⊆ P , wherer = n1−αk .
This is actually how the successive improvements are made, sinceβk < βk−1. Suppose
there exists a quasi-CF-coloring algorithm that usesK(Gr)

c colors for somec > 0.
Then an easy calculating shows that our algorithmAk returns a CF-coloring using
nc/(c+1) colors. Clearly any improvement on the quasi-CF-coloring algorithm will
translate to an improvement on the general case. More precisely, we have the following.

Corollary 7.1 Let P be a set of points of sizen, andr = n1−α for someα ∈ (0, 1).
If there exists a quasi-CF-coloring algorithm of the gridGr(P

′) that requiresO(nc)
colors for somec > 0 then, we can obtain a CF-coloring algorithm ofP that requires
O(nc/(c+1)) colors.

By settingc = ε, we have the following:

Corollary 7.2 Let P be a set of points of sizen, andr = n1−α for someα ∈ (0, 1).
If there exists a quasi-CF-coloring algorithm of the gridGr(P

′) that requiresO(nε)
colors for anyε > 0, then we can obtain a CF-coloring algorithm ofP that requires
O(nε) colors.

One might think that, if such an improved CF-coloring algorithm (that usesO(nβ)
colors,β < 0.382) is obtained, it could be further improved using our iterated improve-
ment scheme given in Section 5. This is not possible, since wecan easily show that,
for anyβk−1 < 0.382, there exists noαk ∈ (0, 1) for which the quasi-CF coloring of
P ′ and CF-coloring of dominating setD can both be done usingO(nβk) colors where
βk < βk−1. Thus, one cannot hope to obtain a CF-coloring algorithm that uses fewer
thanO(n.382) colors by using our idea.

10



A Appendix: Proof of Generalized quasi-conflict free
coloring theorem

Theorem A.1 Given any pointsetP ⊆ R
2, a grid Gr = Gr(P ) with B(GR) = B on

P , and a conflict-free coloring algorithmA with guaranteef(·) such thatB ≥ 4 and

r · f(B) log(δB)(log B)(− log B)/2 ≤ 1

2
,

procedure QCFC returns a quasi-conflict-free coloring ofGr(P ) using

q(B) = f(B)f

(

2δB log B log(δB)

f(B)

)

colors, in expected polynomial time, whereδ is the constant given in Remark 5.1.
Proof. Let χi, χ

′, χ′′, h, P `
i be as defined in the procedure, andχ = χ′ × χ′′ be the

coloring returned in Step 14. The theorem follows from the following two claims.

Claim A.1 ([EM06]) χ is quasi-conflict-free.

Proof. Let T ∈ R be any rectangle that lies completely inside a row or a columnof
Gr, such thatT ∩ P 6= ∅. If T contains only points belonging to a single column
Cj of Gr, then the fact that algorithmA returns a conflict-free coloring ofCj and the
definition ofχ′

j imply thatT contains a pointp ∈ T ∩Cj such thatχ′

j(p) 6= χ′

j(p
′) for

all p 6= p′ ∈ T ∩P . Thenχ′(p) and henceχ(p) is different in the first coordinate from
χ(p′) for everyp 6= p′ ∈ T ∩P . Now assume thatT contains only points belonging to
a single rowi of Gr. SinceT ∩P 6= ∅, there is aǹ ∈ [m] such thatT ∩P `

i 6= ∅. Since
A returns a conflict-free coloringχ′′

i,` of P `
i , there is a pointp ∈ T ∩ P `

i , such that

χ′′

i,`(p) 6= χ′′

i,`(p
′) for all p 6= p′ ∈ T ∩ P `

i . Thus ifp′ ∈ T ∩ Ri, then eitherp′ ∈ P `′

i

for `′ 6= ` in which caseχ′(p′) 6= χ′(p), or p′ ∈ P `
i butχ′′(p′) 6= χ′′(p). In both cases

χ(p′) 6= χ(p). ¤

Claim A.2 With probability at least1/2, | range(χ)| ≤ q(B) given by (2).

Proof. Fix i ∈ [r] and` ∈ [h]. Definet = δB/h. For j ∈ [r], let A`
i,j = {p ∈

Cj : χj(p) = `} and note that|A`
i,j | ≤ δB/f(B) ≤ t andh ≤ f(B). For m =

1, 2, . . . , log t, let

Am
i,j = {A`

i,j : 2m−1 ≤ |A`
i,j | ≤ 2m, ` = 1, . . . , h},

and note that
r

∑

j=1

|Am
i,j | ≤

B

2m−1
, (16)

since the total number of points in rowi of Gr is at mostB, and each set inAm
i,j has at

least2m−1 points.
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Note that, for anyj ∈ [r], every pointp ∈ A`
i,j gets the same colorχ′(p) in Step 6.

Thus we can think of the coloring in Step 6 as of permuting randomly the colors to the
setsA`

i,j , ` = 1, . . . , h, and may useχ′(A`
i,j) to denote the color assigned in Step 6 to

all points inA`
i,j . Let Y m,`

i,j be the indicator random variable that takes value 1 if and

only if there exists a setS ∈ Am
i,j with χ′(S) = `. Let Y m,`

i =
∑r

j=1 Y m,`
i,j . Then,

E[Y m,`
i,j ] = Pr[Y m,`

i,j = 1] =
|Am

i,j |
h

E[Y m,`
i ] =

r
∑

j=1

|Am
i,j |
h

≤ B

h2m−1
=

t

2m−1
,

where the last inequality follows from (16).
Note that the variableY m,`

i is the sum of independent Bernoulli trials, and thus
applying the Chernoff bound1, we get

Pr[Y m,`
i >

t log B

2m−1
] ≤ e

−
t log B

4·2m−1 ln

„

t log B

E[Y
m,`
i

]·2m−1

«

. (17)

UsingE[Y i,`
m ] ≤ t/2m−1 and2m ≤ t, we deduce from (17) that

Pr[Y m,`
i >

t log B

2m−1
] ≤ (log B)−(log B)/2.

Thus, the probability that there existi, `, andm such thatY m,`
i > t log B/2m−1 is at

most

rh(log t)(log B)−(log B)/2 ≤ 1

2
,

by (1). Therefore with probability at least1/2, Y m,`
i ≤ t log B/(c.2m−1) for all i, `,

andm. In particular, with constant probability, for alli and`, we have

|P `
i | ≤

log t
∑

m=1

Y m,`
i · 2m ≤ 2t log B log t.

Since algorithmA has guaranteef(·), with constant probability, the total number of
colors needed, by the sublinearity off(·), is

| range(χ)| ≤
h

∑

`=1

f(|P `
i |) ≤ h · f(2t log B log t) ≤ q(B),

as claimed. ¤

1In particular, the following version [MR95]:Pr[X ≥ (1+ δ)µ] ≤ e−(1+δ) ln(1+δ)µ/4, for δ > 1 and
µ = E[X].

12



B Proof of Lemma 6.4

Lemma 6.4 For allk > 0 andn ≥ nk, fk(n) = Cknβk logγkn satisfies
fk(n) ≥ 4fk−1(n

(2−αk−βk)) + fk−1(n
αk)· fk−1(

2δnαk log nαk log δnαk

fk−1(n) )

Proof. We prove by induction onk. For k = 0 the claim is true since we always
have a

√
n log n coloring. Assuming it to be true for allk < k′, we need to prove that

Ck′nβk′ logγk′ n ≥ g(n) whereg(n) is given by the following equation:

g(n) = 4Ck′−1(n
(2−αk′−βk′ ))βk′

−1 logγk′
−1(n(2−αk′−βk′ ))+

Ck′−1n
αk′βk′

−1 logγk′
−1 nαk′ ·

Ck′−1(
2δnαk′ log nαk′ log δnαk′

Ck′−1n
αk′βk′

−1 logγk′
−1 nαk′

)βk′
−1 logγk′

−1(
2δnαk′ log nαk′ log δnαk′

Ck′−1n
αk′βk′

−1 logγk′
−1 nαk′

)

Sinceδ = 1/β

g(n) ≤ 4Ck′−1(n
(2−αk′−βk′ ))βk′

−1 logγk′
−1 n

+ (Ck′−1n
αk′βk′

−1 logγk′
−1 nαk′ )1−βk′

−1 · Ck′−1(n
αk′ log2 nαk′ )βk′

−1 logγk′
−1 n

≤ 4Ck′−1n
(2−αk′−βk′ )βk′

−1 logγk′
−1 n

+ (Ck′−1)
2−βk′

−1nαk′βk′
−1(2−βk′

−1) log((2−βk′
−1)(γk′

−1)+2βk′
−1) n

Using Equation 11 in the above inequality, we get the following:

g(n) ≤ 4Ck′−1n
(2−αk′−βk′ )βk′

−1 logγk′ n

+ (Ck′−1)
2−βk′

−1nαk′βk′
−1(2−βk′

−1) logγk′ n

Since by our definition ofα′

k, β′

k, (2−α′

k −β′

k)βk′−1 ≤ β′

k, α′

kβk′−1(2−βk′−1) ≤
β′

k,

g(n) ≤ (4Ck′−1 + C2
k′−1)n

βk′ logγk′ n

Using Equation 7 in the above inequality, we getg(n) ≤ Ck′nβk′ logγk′ n, thus com-
pleting the proof. ¤
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