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Abstract. Let D be a database of transactions on n attributes, where
each attribute specifies a (possibly empty) real closed interval I = [a, b] ⊆
R. Given an integer threshold t, a multi-dimensional interval I = ([a1, b1],
. . . , [an, bn]) is called t-frequent, if (every component interval of) I is
contained in (the corresponding component of) at least t transactions
of D and otherwise, I is said to be t-infrequent. We consider the prob-
lem of generating all minimal t-infrequent multi-dimensional intervals,
for a given database D and threshold t. This problem may arise, for
instance, in the generation of association rules for a database of time-
dependent transactions. We show that this problem can be solved in
quasi-polynomial time. This is established by developing a quasi-polynomial
time algorithm for generating maximal independent elements for a set
of vectors in the product of lattices of intervals, a result which may be
of independent interest. In contrast, the generation problem for maximal
frequent intervals turns out to be NP-hard.

1 Introduction

Consider a database in which each transaction is associated with a time stamp
indicating the start and end times of the transaction. For instance, [15] gives an
example of a cellular phone company (or more generally a service provider) which
records the time and length for each phone call made by each customer. Then it is
useful, for the purpose of both improving the service and making more profit, to
determine the intervals of time during which the number of calls exceeds a given
threshold (frequent intervals), or the intervals of time during which the number
of calls lies below some threshold (infrequent intervals). Clearly, the property of
an interval being infrequent is monotone: if an interval I was occupied by less
than t customers’ phone calls, then the same is true for any interval containing I.
Thus we may restrict our attention to maximal frequent and minimal infrequent
intervals. In [15] an algorithm was proposed to enumerate all maximal frequent
intervals from a given database.

More generally, one may consider a database of transactions, each of which
describes an episode of events appearing over time. For instance, in the above
example, we may store in the database the different calls made by each customer
in different days. Then an interesting observation, that may be deduced from
the database, can take the form “Fewer than 10% of the customers make calls on
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Saturday between 1-2 AM, on Sunday between 1-2 AM, and on Monday between
9-10 AM”, or ”At least 60% of the customers who use the service between 5-
9 PM in the first 5 days of the month tend also to use the service between
5-9 PM in the last five days”. These examples illustrate the requirement for
discovering correlation or association rules [1] between occurrences of events
over time. As in the case of mining association rules between sets of items in a
database (see e.g. [1–3]), a fundamental problem that arises in our case is the
generation of frequent and infrequent multi-dimensional intervals (as opposed
to frequent and infrequent sets in [1]). As was suggested in [12, 16, 17] for the
case of frequent itemsets, it might be much more economical to represent the
frequent and infrequent intervals by their boundary, defined as the union of
maximal frequent and minimal infrequent intervals, since typically the number
of intervals in such a boundary is much smaller. This motivates us to investigate
the complexities of the problems of jointly and separately generating these two
families. It turns out that they exhibit the same behavior as that, discovered
in [5], for maximal frequent and minimal infrequent sets. More precisely, let
FD,t and GD,t denote respectively the families of maximal frequent and minimal
infrequent multi-dimensional intervals for a given database D and an integer
threshold t. Then it will be shown that we can generate, in incremental quasi-
polynomial time 1, the union FD,t ∪ GD,t (in some mixed way, and we do not
control the order in which the elements of these two families are generated).
It will be also illustrated that this result implies that the family of minimal
infrequent intervals can also be generated in incremental quasi-polynomial time.
Finally, we show also that the problem of incrementally generating the family
FD,t separately is NP-hard in general.

The paper is organized as follows. In the next section, we formally define the
problems considered and state our results, and in Section 3, we briefly survey
some related work. Following this, Section 4 explains how to view our problem as
that of generating maximal frequent/minimal infrequent vectors in the product
of lattices of intervals, constructed from the given database D. In section 5, we
reduce the problem of generating minimal infrequent intervals into the so called
dualization problem in products of lattices of intervals. Finally, In Section 6 we
show that this latter problem can be solved in quasi-polynomial time.

2 Problem definition and our results

Let D be a database of records each of which has n attributes, where each at-
tribute specifies a (possibly empty) real closed interval I = [a, b] ⊆ R, a, b ∈
R. Denote by Bn the set of all n-dimensional intervals (or boxes, or hyper-

rectangles): Bn
def
= {(I1, . . . , In) : I1, . . . , In are closed intervals of R}. Hence-

forth, we shall refer to an n-dimensional interval simply as an interval when it
is understood from the context that it has n dimensions. Let us denote by “�”

1 i.e. given a partial list X of elements that have been already generated, generating
a new element requires time O(kpolylog(k)), where k = n + |D| + |X |.
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the precedence relation of the partial order defined on Bn, that is, given two in-
tervals I = (I1, . . . , In) and (J1, . . . , Jn) in Bn, let us say that I � J if and only
if Ii ⊆ Ji for all i = 1, . . . , n. For I ∈ Bn, let SD(I) be the set of transactions of

D that support I, i.e. SD(I)
def
= {J ∈ D : J � I}. Given an integer threshold

0 ≤ t ≤ |D|, an interval I is said to be t-frequent if |SD(I)| ≥ t and maximal
t-frequent if |SD(J)| ≤ t − 1 for all J ≻ I. Similarly an interval I is called t-
infrequent if |SD(I)| ≤ t− 1 and minimal t-infrequent if decreasing any interval
component of I makes it t-frequent. Denote by FD,t and GD,t respectively the
families of maximal frequent and minimal infrequent multi-dimensional inter-
vals for a given database D and an integer threshold t, and by F−

D,t and G+
D,t the

families of t-frequent and t-infrequent intervals. In this paper, we consider the
following problem of incrementally generating all minimal infrequent intervals:

SEP-GEN-(GD,t,X ): Given a sublist X ⊆ GD,t of minimal t-infrequent intervals,
either find a new element in GD,t\X or declare that the given sublist is complete:
X = GD,t.

Similarly problem SEP-GEN-(FD,t,X ) of separately generating all maximal
t-frequent intervals can be defined. We prove the following positive and negative
results.

Theorem 1. Problem SEP-GEN-(GD,t,Y) can be solved in incremental quasi-

polynomial time kO(log2 k), where k = n + |D|+ |Y|.

Proposition 1. There exist instances of problem SEP-GEN-(FD,t,X ) which
are NP-hard.

On our way to proving Theorem 1, we also investigate the complexity of the
joint generation of minimal infrequent and maximal frequent intervals:

JOINT-GEN(D, t,X ,Y): Given two collections X ⊆ FD,t and Y ⊆ GD,t, either
find a new element in (FD,t \ X ) ∪ (GD,t \ Y), or declare that these collections
are complete: (X ,Y) = (FD,t,GD,t).

Theorem 2. Problem JOINT-GEN(D, t,X ,Y) can be solved in incremental quasi-
polynomial time.

Theorems 1 and 2 indicate that problems SEP-GEN-(GD,t,Y) and JOINT-GEN(D,
t,X ,Y) are, most likely, not NP-hard, since no NP-complete problem is known
to be solvable in quasi-polynomial time.

In contrast to these results, we can show that the separate generation prob-
lems SEP-GEN-(F−

D,t,X ) and SEP-GEN-(G+
D,t,X ) for t-frequent and t-infrequent

intervals can be solved with (amortized) polynomial delay (i.e. the average time
required to generate an element of F−

D,t is bounded by a polynomial in n and
|D|). This follows, for instance, from a straightforward generalization of the well-
known Apriori algorithm [3], applied to a product of lattices constructed from
the database in a certain way. We omit the proof of the following theorem from
this abstract.
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Theorem 3. Given a database D of transactions each of which is composed of
n time intervals, and an integer t, all t-frequent intervals can be computed with
amortized delay of O(n3|D|

∑n
i=1 |Pi|) per generated interval, and a total number

of O(
∑

i=1 |Pi|) scans of the database, where Pi is the set of distinct end-points
appearing in the ith column of the database. All t-infrequent intervals can be also
computed with the same amortized delay.

We remark that we can also obtain a polynomial delay algorithm for generating
G+
D,t and F−

D,t, but at the cost of increasing the number of scans of the database.

3 Some related work

The problem of enumerating frequent sets arises in the context of mining asso-
ciation rules from binary data, see e.g. [1], mining correlations [6], episodes [18],
and many other applications. In [3], an algorithm called Apriori was suggested
to find all frequent sets from a binary database. Improvements on this algorithm
as well as other methods were subsequently proposed, see e.g. [21, 22]. Further
work had also considered non-binary databases, for example, databases where
items belong to sets of taxonomies (or is-a hierarchies) [13, 14, 19], and databases
with categorical or quantitative attributes [13, 20]. While the Apriori algorithm
generates all frequent sets with amortized polynomial delay, it was shown in [5]
that the generation of maximal frequent sets is NP-hard. It was also shown in
the same paper that the generation of minimal infrequent sets can be solved in
incremental quasi-polynomial time. In this paper, we establish similar results for
the case of multi-dimensional intervals.

The problem of finding frequent 1-dimensional intervals, in a discrete do-
main, was considered in [23], where an Apriori-based algorithm was suggested.
In [15], an algorithm for finding maximal frequent 1-dimensional intervals, in
a continuous domain, was proposed. Another related problem is the generation
of empty or sparse boxes in multi-dimensional data, considered in [4, 9]. In this
problem, it is required to generate all inclusion-wise maximal hyper-rectangles
that contain no point of the database in their interior. A polynomial-time algo-
rithm was presented in [9] to solve the problem in 2-dimensions. This problem
was shown to be solvable in quasi-polynomial time in [4] using a similar ap-
proach to the one used in this paper. The main difficulty that arises in dealing
with frequent intervals is that they may contain some components representing
empty intervals, a problem which did not appear in the case of maximal sparse
boxes.

4 Embedding the problem into the products of lattices of

intervals

4.1 The lattice of intervals

Let I1, . . . , In ⊆ Rn be n sets of real closed intervals. For i = 1, . . . , n, let
Li be the lattice of intervals whose elements are all possible intersections and
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a: A set of intervals I1. b: The corresponding lattice of intervals L1.

Fig. 1. The lattice of intervals.

spans defined by the intervals in Ii, and ordered by containment: The meet of
any two intervals in Li is their intersection, and the join is their span, i.e., the
minimum interval containing both of them (see Figure 1 for an example). Let

L
def
= L1 × · · · × Ln be the Cartesian product of these n lattices. Throughout

we shall denote by � the precedence relation in L (and also in L1, . . . ,Ln, i.e.
if p = (p1, . . . , pn) ∈ L and q = (q1, . . . , qn) ∈ L, then p � q in L if and only if
p1 � q1 in L1, . . . , pn � qn in Ln) and use ∨ and ∧ to denote the join and meet
operators over L. We shall also denote by l = (l1, . . . , ln) and u = (u1, . . . , un)
the minimum and maximum elements of L, respectively. For x ∈ Li, denote by
x⊥ the set of immediate predecessors of x, i.e.

x⊥ = {y ∈ Li | y ≺ x, (∄z ∈ Li : y ≺ z ≺ x)}.

Similarly, denote by x⊤ the set of immediate successors of x. The following is a
simple property satisfied by any lattice of intervals.

Proposition 2. Let Li be a lattice of intervals. Then (i) |x⊤| ≤ 2 for all x 6= li
in Li, and (ii) |x⊥| ≤ 2 for all x ∈ Li.

It is easy to see that |Li| = O(|Ii|2) and that, if li represents the empty
interval, then |l⊤i | ≤ |Ii|. Clearly every element in L represents an n-dimensional
interval in Bn, and the precedence relation in L corresponds to that in Bn, i.e. if
p � q in L, then the corresponding intervals I, J ∈ Bn satisfy I � J . Although
L is a proper subset of Bn, for our purposes the elements of L represent the set
of all possible extremal intervals that are of interest to us, as we shall see in the
next subsection.

4.2 Lattices of intervals defined by the database

Given a database of n-dimensional intervalsD, and i ∈ [n], let Pi = {p1
i , p

2
i , . . . , p

ki

i }
be the set of end-points of intervals appearing in the ith column of D. Clearly
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ki ≤ 2|D|, and assuming that p1
i < p2

i < . . . < pki

i , we obtain a set Ii =

{[p1
i , p

2
i ], [p

2
i , p

3
i ], . . . , [p

ki−1
i , pki

i ]} of at most 2|D| intervals. Now we let Li be the
lattice of intervals defined by the set Ii, for i = 1, . . . , n, and let L = L1×· · ·×Ln.
Clearly, each record in D appears as an element in L, i.e. D ⊆ L. For x ∈ L, let
S(x) = {y ∈ D | y � x}. Given an integer threshold t, let us say that an element
x ∈ L is t-frequent (with respect to D) if |S(x)| ≥ t and maximal t-frequent if
|S(y)| < t for all y ≻ x. Similarly we define t-infrequent and minimal t-infrequent
elements of L.

Now, it is easy to see that the maximal t-frequent elements of L are in
one-to-one correspondence with the maximal t-frequent intervals defined by D,
in the obvious way: if x = (x1, . . . , xn) ∈ L is a maximal frequent element,
then the corresponding interval (I1, . . . , In) (where Ii corresponds to xi, for
i = 1, . . . , n) is the corresponding maximal frequent interval. The situation with
minimal infrequent intervals is just a bit more complicated: if x = (x1, . . . , xn) ∈
L is a minimal infrequent element then the corresponding minimal infrequent
interval (I1, . . . , In) is computed as follows. For i = 1, . . . , n, if xi = li is the
minimum element of Li, then Ii = ∅. If xi represents a point pi ∈ R then
Ii = [pi, pi]. Otherwise, let [ai, bi] and [ci, di] be the two intervals corresponding
to the two immediate predecessors of xi, where we assume ai < ci (note that
ci ≤ bi). If ai = bi and ci = di then xi corresponds to the interval [ai, ci] and
we have an infinite number of minimal infrequent intervals defined (uniquely)
by Ii, namely Ii = [pi, pi] for all points pi in the open interval (ai, ci). Finally,
if ai < bi and ci < di, then Ii = [ci − ǫ, bi + ǫ] for an infinitesimal constant
ǫ > 0. Consequently, in all cases, our problems reduce to finding maximal t-
frequent/minimal t-infrequent elements in the lattice product L.

5 Enumerating minimal infrequent intervals

5.1 Dualization problem in products of lattices of intervals

For a subset A ⊆ L of n-dimensional intervals in L, denote by A+ = {x ∈
L | x � a, for some a ∈ A} and A− = {x ∈ L | x � a, for some a ∈ A}. Any
element in L\A+ is called independent of A. Let I(A) be the set of all maximal
independent elements for A (also referred to as the dual of A):

I(A)
def
= {p ∈ L | p 6∈ A+ and (q ∈ L, q � p, q 6= p ⇒ q ∈ A+)}.

Given A ⊆ L, we consider the problem of incrementally generating I(A):

DUAL(L,A,B): Given subsets A ⊆ L and B ⊆ I(A), either find a new element
x ∈ I(A) \ B, or prove that A and B form a dual pair: B = I(A).

Clearly, the entire set I(A) can be generated by initializing B = ∅ and iteratively
solving the above problem |I(A)| + 1 times. When each lattice Li = {0, 1}, the
problem reduces to the well-known hypergraph transversal problem, for which
the best-known algorithm [10] runs in time ko(log k), where k = |A| + |B|. An
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extension of this algorithm, for solving the dualization problem for general lat-
tices was given in [8], and runs in time poly(n, µ(L)) + mγ(W (L))·o(log m), where

m = |A| + |B|, γ(W ) = O(W 2 lnW ), µ = µ(L)
def
= max{|Li| : i ∈ [n]}, and

W = W (L)
def
= maxi∈[n]{W (Li)} is the maximum width of the n lattices, i.e.

the maximum size of an antichain in the n lattices. Note that for the lattice
of intervals Li, defined by a set of intervals Ii, we have W (Li) = O(|Ii|) and
|Li| = O(|Ii|2). Thus, for this special case, the result of [8] gives an exponential
algorithm in the total number of intervals of

∑n
i=1 |Ii|. Here, we shall strengthen

this result, in the case of products of lattices of intervals, as follows:

Theorem 4. Problem DUAL(L,A,B) can be solved in kO(log2 k) time, if L is a
product of interval lattices, where k = |A|+ |B|+

∑n
i=1 |Li|.

The proof of Theorem 4 will be given in Section 6. In the next section, we
show how to use this result to prove Theorems 1 and 2.

5.2 Proof of Theorems 1 and 2

In this section, we argue that the generation problems JOINT-GEN(D, t,X ,Y)
and SEP-GEN(GD,t,X ) reduce in polynomial time to dualization in products
of lattices of intervals. For the former problem, the reduction follows from a
straightforward generalization of a known result, relating the time complexity of
joint generation to that of dualization:

Proposition 3 ([7, 11]). Problem JOINT-GEN(D, t,X ,Y) can be solved in time
poly(n, |D|, |X |, |Y|) +Tdual where Tdual denotes the time required to solve prob-
lem DUAL(L,A,B).

For the latter problem, we use Proposition 3 together with a combinatorial
Lemma from [5], to show that the family GD,t is uniformly dual-bounded in the
sense that

|I(X ) ∩ I(GD,t)| ≤ |D||X |, (1)

for any non-empty X ⊆ GD,t. Inequality (1) implies that, if we apply joint gen-
eration to problem SEP-GEN(GD,t,X ), we generate, in addition to the elements
of the required family GD,t, only a polynomial number of unrequired elements
belonging to the family FD,t = I(GD,t). This proves Theorem 1. It remains to
show (1), which follows from the following Lemma:

Lemma 1 ([5]). Let t ∈ R+ be a given positive threshold, and S 6= ∅ and T be
two families of subsets of a finite set V such that (i) for all X ∈ S and Y ∈ T ,
we have |Y | ≥ t > |X |, (ii) for every Y ′ 6= Y ′′ ∈ T there exists an X ∈ S such
that X ⊇ Y ′ ∩ Y ′′. Then |T | ≤ |V ||S|.

To apply the lemma to get (1), let V = D, S = {S(x) : x ∈ X} and T =
{S(y) : y ∈ I(X )∩ I(GD,t)}, and observe that |S(y)| ≥ t > |S(x)| for all x ∈ X

and all y ∈ Y
def
= I(X ) ∩ I(GD,t), since X ⊆ GD,t and Y ⊆ FD,t. Furthermore,

given two distinct elements y′, y′′ ∈ Y, it follows by their maximality in L \ X+

that y′∨y′′ � x, for some x ∈ X , and thus S(y′)∩S(y′′) = S(y′∨y′′) ⊆ S(x) ∈ S.
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6 Dualization algorithm

6.1 Preliminaries

Let L = L1 × · · · × Ln where each Li is a lattice defined by a set of intervals
Ii. We denote respectively by li and ui the minimum and maximum elements
of Li. Given two subsets A ⊆ L, and B ⊆ I(A), we say that B is dual to A if
B = I(A). Given any Q ⊆ L, let us denote by

A(Q) = {a ∈ A | a+ ∩ Q 6= ∅}, B(Q) = {b ∈ B | b− ∩ Q 6= ∅},

the subsets of A,B whose ideal and filter respectively intersect Q.
To solve problem DUAL(L,A,B), we decompose it into a number of smaller

subproblems which are solved recursively. In each such subproblem, we start with
a sub-latticeQ = Q1×· · ·×Qn ⊆ L (initiallyQ = L), and two subsetsA(Q) ⊆ A
and B(Q) ⊆ B, and we want to check whether A(Q) and B(Q) are dual in Q.
To estimate the reduction in problem size from one level of the recursion to
the next, we measure the change in the ”volume” of the problem defined as

v = v(A,B,L)
def
= |A||B|

∑n
i=1 |Li|. Since B ⊆ I(A) is assumed, the following

condition holds for the original problem and all subsequent subproblems:

a 6� b, for all a ∈ A, b ∈ B. (2)

We stop decomposing a problem when one of the sets A or B becomes sufficiently
small, in which case the problem is easily solvable in polynomial time.

Let us say that a coordinate i ∈ [n] is essential for an element a ∈ A (b ∈ B),
if ai ≻ li (respectively, bi ≺ ui). Let us denote by E(x) the set of essential
coordinates of a element x ∈ A ∪ B. The following lemma generalizes a known
fact for dual Boolean functions [10].

Lemma 2. If A,B ⊆ L, then either (i) there exists an element x ∈ A ∪ B with
few essential coordinates: |E(x)| ≤ log m, where m = |A|+|B|, or (ii) an element
x ∈ L \ (A+ ∪ B−) can be found in polynomial time.

Lemma 3. Let A,B be a pair of dual subsets of L with |A||B| ≥ 1. Then there
exists a coordinate i ∈ [n] and a element z ∈ Li, such that either:

(i) |{a ∈ A | ai � z}| ≥ 1 and |{b ∈ B | bi 6� z}| ≥ |B|
log m , or

(ii) |{b ∈ B | bi � z}| ≥ 1 and |{a ∈ A | ai 6� z}| ≥ |A|
log m .

6.2 The algorithm - Proof of Theorem 4

Given subsets A,B ⊆ L that satisfy (2), we proceed as follows:

Step 1. If max{|A|, |B|} ≤ 1, the problem can be solved in poly(
∑n

i=1 |Li|) time.

Step 2. For each k ∈ [n]: if ak 6∈ Lk for some a ∈ A (bk 6∈ Lk for some b ∈ B),
set ak ←

∧
{x | x ∈ a+

k ∩ Lk} (respectively, set bk ←
∨
{x | x ∈ b−k ∩ Lk}).
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Step 3. Check if there is an x ∈ A∪B with at most log m essential coordinates.
If no such x can be found, a new element in L \ (A+ ∪ B−) can be obtained as
described in Lemma 2. Otherwise, we proceed to the next step.

Step 4. If x = ao ∈ A, find an i ∈ E(ao), and a z = ao
i ∈ Li, for which condition

(i) of Lemma 3 is satisfied. Assume without loss of generality that i = 1.

In the following steps, we shall decompose L1 into two (not necessarily dis-
joint) sub-lattices L′1 and L′′1 , and let L′ = L′1 × L2 × · · · × Ln, and L′′ =
L′′1 × L2 × · · · × Ln be the sub-lattices of L induced by this decomposition. It
will follow then that A and B are dual in L if and only if

A(L′),B(L′) are dual in L′, and A(L′′),B(L′′) are dual in L′′, (3)

each of which is a dualization problem over the product of lattices of intervals.
Note that A(L′) = {a ∈ A | a+

1 ∩ L
′
1 6= ∅} and B(L′) = {b ∈ B | b−1 ∩ L

′
1 6= ∅};

A(L′′) and B(L′′) are defined similarly. Let ǫ = 1/ logm.

Step 4.1. If L1 is a total order (chain), then use the following decomposition
of L1: L′1 ← z+ ∩ L1, L′′1 ← L1 \ L′1. Then |B(L′)| ≤ (1 − ǫ)|B| by the selection
of ao, and |A(L′′)| ≤ |A| − 1 since (ao)+ ∩ L′′ = ∅. This reduces the original
problem, of volume v = |A||B|

∑n
i=1 |Li| into two subproblems (3) of volumes

v′ ≤ |A||B|(1− ǫ)(
n∑

i=1

|Li| − 1) ≤ (1− ǫ)v,

v′′ ≤ (|A| − 1|)|B|(
n∑

i=1

|Li| − 1) ≤ v − 1.

Step 4.2. Otherwise (L1 is not a chain), let w be the largest element, with
respect to the precedence relation “ �′′ on the lattice L1, such that |w⊥| = 2
(see Figure 2–a). Denote respectively by q and y the two immediate predecessors
of w. Let Iq = [a, b] and Iy = [c, d] be the two intervals represented by q and y
respectively, and assume that a < c (and therefore b < d). It is not hard to see
that q− is a lattice of intervals and that L1 \ q− is a chain. Now we consider
three cases:

(i) if z ≻ w, we use the decomposition L′1 ← z+∩L1, L′′1 ← L1 \L′1. Otherwise,
the choice of z implies that either cases (ii) or (iii) hold.

(ii) |{b ∈ B | b1 ∈ q−}| ≥ ǫ
2 |B|: in this case, we decompose L1 as L′1 ← L1 ∩ q−,

L′′1 ← L1 \ q−.
(iii) |{b ∈ B | b1 ∈ y−| ≥ ǫ

2 |B|: in this case, we decompose L1 as L′1 ← L1 ∩ y−,
L′′1 ← L1 \ y−.

In case (i), we get again that |B(L′)| ≤ (1 − ǫ)|B| and |A(L′′)| ≤ |A| − 1, and
consequently, the resulting problems are of respective volumes v′ ≤ (1− ǫ)v and
v′′ ≤ v − 1. In case (ii), we get |B(L′′)| ≤ (1 − ǫ/2)|B| and |L′1| ≤ |L1| − 1, and
therefore, the resulting two problems have volumes v′ ≤ v−1 and v′′ ≤ (1−ǫ/2)v.
Similarly, in case (iii), we get also that v′ ≤ v − 1 and v′′ ≤ (1− ǫ/2)v.
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Fig. 2. Decomposing the lattice L1.

Step 5. Now assume that x = bo ∈ B, and find an i ∈ E(bo), and a z = bo
i ∈ Li,

for which condition (ii) of Lemma 3 is satisfied. Assume again, without loss of
generality, that i = 1.

Step 5.1. If min(L1) = l1 does not represent the empty interval, or z ≻ l1,
then let Iz = [a, b] be the interval corresponding to z, and let LL ⊆ L1 be the
lattice of intervals I = [c, d] for which c < a, and likewise, LR ⊆ L1 be the
lattice of intervals I = [e, f ] for which f > b (see Figure 2–b). Note that these
definitions imply that (LL ∪ {l1}) ∩ z− = {l1}, (LR ∪ {l1}) ∩ z− = {l1}, and
LL ∪ z− ∪LR = L. Note also that LL ∪LR 6= ∅ since z 6= u1 = max(L1). By our
selection of z, either

(i) |{a ∈ A | a1 ∈ LL \ {l1}} ≥
ǫ

2
|A|, or (ii) |{a ∈ A | a1 ∈ LR \ {l1}} ≥

ǫ

2
|A|.

In case (i), we decompose L1 as follows: L′1 ← LL, L′′1 ← (L1 \ L′1) ∪ {l1}. Note
that both L′1 and L′′1 are also lattices of intervals, that |L′1| ≤ |L1| − 1 since
z 6∈ L′1, and that A(L′′) ≤ (1 − ǫ/2)|A|, since w 6� y for all w ∈ L′1 \ {l1} and
y ∈ L′′1 \ {l1} (indeed, if Iw = [c, d] is the interval corresponding to w ∈ L′1 \ {l1}
and Iy = [e, f ] is the interval corresponding to y ∈ L′′1 \ {l1}, then c < a while
e ≥ a and thus Iw 6⊆ Iy). Therefore, we get, in this case, two subproblems of
volumes v′ ≤ v − 1 and v′′ ≤ (1 − ǫ/2)v. In case (ii), we let similarly L′1 ← LR

and L′′1 ← (L1 \ L′1) ∪ {l1}, and we decompose the original problem into two
subproblems of volumes v′ ≤ v − 1 and v′′ ≤ (1− ǫ/2)v, respectively.

Step 5.2. If z = l1 represents the empty interval, then we let z′ be any immediate
successor of z, and let LL and LR be the lattices of intervals as defined in Step
5.1, but with respect to Iz′ = [a, b] instead of Iz. Note in this case that any
interval [c, d] in LL either must be strictly to the left of Iz′ , i.e. with d < a, or
must contain Iz′ . Similarly, any interval [e, f ] in LR either must be strictly to
the right of Iz′ , i.e. with e > b, or must contain Iz′ . We consider four cases:
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(i) No interval of I1, corresponding to an element of L1, lies strictly to the
left or strictly to the right of Iz′ : the choice of z, in this case, implies that
|{a ∈ A | a1 � z′} ≥ ǫ|A|. Thus using the decomposition L′1 ← (z′)+ and
L′′1 ← {z} results in two subproblems of volumes v′ ≤ v−1 and v′′ ≤ (1−ǫ)v.

(ii) No interval lies strictly on the right of Iz′ , but there is at least one that lies
strictly to its left: by our choice of z, one of the sets {a ∈ A : a1 ∈ LL}
or {a ∈ A | a1 � z′} have size at least ǫ

2 |A|. In the former case we use the
decomposition L′1 ← LL, L′′1 ← L1 \L

′
1, and get two subproblems of volumes

v′ ≤ v − 1 and v′′ ≤ (1 − ǫ)v. In the latter case, we let L′′1 be the lattice of
intervals lying strictly to the left of Iz′ and L′1 ← (z′)+ ∪ {z}, and get two
subproblems of volumes v′ ≤ v − 1 and v′′ ≤ (1− ǫ)v.

(iii) No interval lies strictly on the left of Iz′ , but there is at least one that lies
strictly to its right: we use a similar decomposition as in case (ii) above.

(iv) There is at least one interval that lies strictly to the left of Iz′ , and at least one
interval strictly to its right: in this case, we know that either |{a ∈ A | a1 ∈
LL ∪ (z′)+}| ≥ ǫ|A|/2 or |{a ∈ A | a1 ∈ LR ∪ (z′)+}| ≥ ǫ|A|/2. In the former
case, we use the decomposition L′1 ← LL ∪ (z′)+ ∪ {z}, L′′1 ← L1 \ L′1 ∪ {z},
and in the latter case, we use the decomposition L′1 ← LR ∪ (z′)+ ∪ {z},
L′′1 ← L1 \ L′1 ∪ {z}. In both cases, we get two subproblems of volumes
v′ ≤ v − 1 and v′ ≤ (1− ǫ/2)v.

Thus, in all cases, we apply the algorithm recursively to the resulting sub-
problems, and obtain the recurrence

C(v) ≤ 1 + C((1 − ǫ/2)v) + C(v − 1),

where C(v) is the number of recursive calls required to solve a problem of volume
v. Together with C(v) = 1, this recurrence evaluates to C(v) ≤ v2 log v/ǫ. Since

v ≤ m2nµ, we get that the running time of the algorithm is O((m2nµ)2 log m log(m2nµ)).
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