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Abstract. We consider the following combinatorial auction: Given a
range space (U,R), and m bidders interested in buying only ranges in
R, each bidder j declares her bid bj : R → R+. We give a deterministic
truthful mechanism, when the valuations are single-minded: when R is
a collection of fat objects (respectively, axis-aligned rectangles) in the
plane, there is a truthful mechanism with a 1 + ε- (respectively, dlogne)-
approximation of the social welfare (where n is an upper bound on the
maximum integral coordinate of each rectangle). We also consider the
non-single-minded case, and design a randomized truthful-in-expectation
mechanism with approximation guarantee O(1) (respectively, O(logm)).

1 Introduction

In a combinatorial auction, there are m bidders competing on a finite set of k
items for sale. The preferences of a player over the different subsets of items
are expressed via a valuation function, that assigns to every subset of items a
non-negative real value. An important, well-studied objective is to allocate the
items to the bidders in a way that maximizes the social welfare, i.e., the sum of
the valuations of the players on the allocated subsets.

We consider auctions where the bundles of items of interest have a geometric
interpretation, i.e., they form connected geometric objects. Our work is inspired
by the following applications: An owner of a space considers renting her land to
exhibitors who will participate in a certain exhibition (say a computer show). The
exhibitors bid on certain subsets of the space, and the owner has to decide which
parts of the land she should allocate to which bidder, and how she should charge
each winner. Typically, the owner may only allow bidders to bid on regions of
certain shape (say squares or rectangles), and each bidder has a bid that depends
on the location of the region (for instance, central regions or regions close to the
entry of the whole exhibition can be more valuable to the bidder). A similar
situation arises in advertisements: there is a certain space on a screen that can
be used for displaying ads. A number of bidders compete for the total space,
and have their individual valuations for each region on the screen4. Again, it is
natural to expect the regions of interest to be squares or rectangles.

4 see, for instance, “http://www.milliondollarhomepage.com”.



In order to capture the above scenarios, we consider the following combina-
torial auction: Let U ⊆ R2 be a set of points in the plane. Given m customers
who are interested in buying subsets of U , each customer declares her bids on
certain subsets of U (called ranges). Based on the bids, the auctioneer has to
decide a feasible allocation of subsets to customers, and a payment to be charged
to every winner (who gets allocated a non-empty subset).

In the above applications, it is natural to consider the situation where the
possible subsets are connected regions in the plane, and moreover, those that
are axis-aligned, or have some sort of fatness, such as squares or discs.

All the participants in an auction are selfish agents whose only goal is to max-
imize their utility, i.e., they want to obtain the bundle of items that maximizes
the value minus the price. Therefore, they will try to manipulate the mechanism
by misreporting their true values if this will increase their utility. In order to neu-
tralize the effects of selfishness, a standard desired property of a mechanism that
determines the allocation and payment is truthfulness, or incentive-compatibility.
We look for truthful mechanisms, where the best strategy of each bidder is to
report his true valuation. At the same time, we are interested in maximizing the
social welfare, i.e., the sum of the valuations of the winners on their allocated
subsets. The celebrated VCG mechanism [7, 9, 18], achieves both goals, but it
runs in exponential time for most interesting scenarios. We consider polynomial-
time mechanisms that approximate the optimal social welfare. The quality of an
allocation is measured by the ratio of its total value to the optimal total value.

An important, well-studied special class of valuation functions, is the class
of single-minded valuations (SM), where each bidder is interested in obtaining
a particular subset of items. Lehmann et al. [14] showed that when the bidders
are single-minded, there exists a truthful auction with approximation ratio

√
k,

where k is the number of items. They also proved that this is the best ratio
possible, even disregarding strategic issues, like truthfulness, unless NP = ZPP.

Our main contribution is the design of truthful mechanisms with approxi-
mation guarantees for two natural geometric settings of single-minded bidders;
where the regions are either axis-aligned rectangles or fat objects. Intuitively, fat
objects do not contain long and skinny parts; they are a well-known generaliza-
tion of many common geometric objects like discs and squares. For instance, in
the aforementioned motivating example on exhibitions, the regions of interest
are usually rectangular with bounded width-to-height ratio; hence, they are fat.
Apart from these results for the single-minded case, we also provide randomized
truthful-in-expectation mechanisms for the non-single-minded case (non-SM).

The paper is organized as follows. We discuss related work in Section 1.1,
and we give an overview of our results along with a comparison to previous work
in Section 1.2. In Section 2, we give a precise problem formulation and describe
some preliminaries. Finally, in Sections 3 and 4, we describe our results in detail.

1.1 Related Work

The work that is most related to ours is that by Babaioff and Blumrosen [2]. Mo-
tivated by similar applications, the authors in [2] study the single-minded version



of the above problem. They generalize the greedy mechanism of Lehmann et al.
[14] to obtain truthful mechanisms whose approximation guarantees are parame-
terized by the aspect ratio of the regions under interest, defined as the maximum
ratio between the diameter and width of any object5. Two different informational
settings are considered in [2]. In the Known Single-Minded model (KSM), the
auctioneer knows the actual range of each bidder but not the true valuation. In
the more general Unknown Single-Minded model (USM), both the ranges and
valuations are private information of each bidder. The truthful mechanisms ob-
tained in [2] have approximation guarantees O(R4/3) in the USM model and
O(R) in the KSM model, where R is the maximum aspect ratio of the objects.
These approximation guarantees are improved to O(R) in case of arbitrary rect-
angles in the USM model, and O(logR) in case of axis-parallel rectangles in the
KSM model. The latter result is obtained by using the bid-monotonic algorithms
of Khanna et al. [12], which we discuss below.

In [12], the authors consider the rectangle packing problem. Here, given a
set of m weighted rectangles in the plane, the problem is to find a disjoint
collection of at most p rectangles and maximum weight. Note that without the
restriction on the cardinality of the set, the problem corresponds to assigning
disjoint rectangles to customers such that the social welfare is maximized. The
authors of [12] assume that n rectangles are given on an n×n grid (i.e., they have
integral coordinates) and obtain an O(log n) approximation algorithm that runs
in time O(n2p+np log n). In contrast, our approach (which is similar to the one in
[1]) for rectangles in the SM case only assumes that the rectangles have integral
x-coordinates in [0, n]6. It achieves an approximation ratio of dlog ne, and runs
(with a slight modification for the stated variant) in time O(m logm+mp log n),
where m is the number of rectangles. Note that m could be much smaller than
the ‘width’ n of the plane.

Our approach for the non-SM case is based on rounding the LP-relaxation for
the social welfare maximization (SWM) problem and then resorting to the gen-
eral results of Lavi and Swamy [13]. Motivated by secondary spectrum auctions,
and independently from our work, Hoefer et al. [10] considered a more general
setting for the non-SM case, in which the feasible allocations are determined
by a conflict graph, which is assumed to have a small inductive independence
number7. They obtain randomized truthful mechanisms based also on an LP
formulation of an extension of the SWM problem, combined with the results
in [13]. We note that the intersection graph of a set of fat objects has a small

5 More precisely, the aspect ratio of an object is the ratio between the maximum dis-
tance between any two points in the object and the minimum length of a projection
of the object along any direction; equivalently, it is the ratio between the diameters
of the minimum enclosing and maximum enclosed disc.

6 Actually, it is already sufficient to assume that the rectangles lie in [0, n] × R and
have a minimum width of at least 1.

7 A graph is said in [10] to have an inductive independence number ρ if there exists an
ordering on the vertices s.t., for each vertex v, the subgraph induced on the neighbors
of v, that precede v in the order, has independence number at most ρ.



inductive independence number, and hence some of the results in [10] can also
be adapted to our setting.

1.2 Results and Techniques

Our main results concern single-minded valuations. We show that there is a
truthful mechanism with a (1 + ε)-approximation of the social welfare, provided
that the interesting regions (that the customers bid on) are fat ranges in [0, 1]d.
This result is best possible since the SWM problem is already NP-hard for
the setting of fat ranges [8, 11]. When the interesting regions are axis-aligned
rectangles with integral x-coordinates, the approximation ratio will be dlog ne,
assuming an upper bound of n on the maximum integral x-coordinate for each
rectangle. We remark that, when n = poly(m), getting a better bound than
O(log n) will mean to get a better approximation guarantee than O(logm) for
the SWM problem for rectangle ranges, which is a standing open problem8.

Theorem 1. Let ε > 0 be an arbitrary constant. There is a polytime determin-
istic truthful mechanism, in the single-minded case, with approximation ratio

1 + ε for β-fat ranges with β = O(1) and running time mO(ε−d+1). For axis-
aligned rectangles, there is a truthful mechanism, in the single-minded case, with
approximation guarantee dlog ne and O(m log(mn)) running time.

Here, β-fatness is a measure for how fat the object is [6]; for instance, a disc
has a constant fatness, while a line segment has unbounded fatness. A precise
definition is given in Section 2.

The results of Theorem 1 improve some of the results in [2]. For the case
of constant aspect ratio R = O(1), the mechanism of [2] achieves a constant
approximation for the KSM information model, while we are able to show a
truthful PTAS in the more general case of the USM model. It is important to
emphasize that we consider only the USM model here; the mechanism is not
aware of neither the true sizes and places of the objects nor their true values.
In particular, for the fat ranges case, we assume that we are given a priori a
square of size L in which all figures are guaranteed to lie inside. We also assume
that the fatness parameter β is a known constant. For axis-parallel rectangles,
we assume that all possible rectangles have integral coordinates, ranging from 1
to n along one of the principal directions. In that sense, our USM model is a bit
weaker than the USM model in [2], but much stronger than the KSM model, as
once we know the exact sizes and positions of the rectangles, we can compute
the premises required in our model. It is not hard to see that the definition we
use for fatness, given precisely below, is more general than bounding the aspect
ration; in other words, R = O(1) implies O(1)-fatness. Thus, we get a truthful
PTAS when R = O(1). For the case of axis-parallel rectangles, we strengthen
the O(logR) result for the KSM model in [2]. In particular, in the above USM
model, we get a truthful mechanism with a dlog ne-approximation ratio.

8 Recently, Chalermsook and Chuzhoy [5] gave an O(log logm)-approx. algorithm for
unit valuations. However, their result does not seem to extend to general valuations.



For the analysis of the algorithms in the single-minded case, we introduce
a general framework for mechanism design and give sufficient conditions for
the monotonicity of mechanisms that follow the framework. Roughly speaking,
monotonicity is essentially a sufficient condition for truthfulness and ensures that
when a range is shrunk or its value increased, then it remains in the solution
if it was there before the change. The framework captures all algorithms that
first decompose the instance into several (smaller) instances, solve each instance
independently, and then return the best of all these solutions. Both for the fat
ranges and the rectangles, the algorithms presented fit the framework and are
shown to satisfy the sufficient conditions for monotonicity. The framework might
also be of independent interest to show monotonicity of other mechanisms.

For the fat-ranges case, we modify Chan’s algorithm [6] for packing d-dimen-
sional fat ranges to get a monotone PTAS. For the rectangles case, we use a
natural decomposition technique to partition the set of rectangles into different
‘levels’. An instance is then formed by taking all rectangles of one level and,
in addition, extensions of all rectangles of higher levels. Each instance is then
solved by projecting all its rectangles to one line and solving the corresponding
interval packing problem by dynamic programming to optimality. Although in
[12], the authors also decompose the problem to instances of the interval packing
problem, the decomposition we use is simpler and yields a better running time.

For the case of general valuations, that we refer to as the non-single-minded
(non-SM) case, the results of Lavi and Swamy [13] allow us to derive randomized
truthful-in-expectation mechanisms from LP-rounding algorithms for approxi-
mating the optimum social welfare. By developing such rounding algorithms, we
obtain truthful-in-expectation mechanisms with the following guarantees.

Theorem 2. There is a polytime truthful-in-expectation mechanism, in the non-
SM case, with approx. ratios 4β for β-fat ranges, and 4 logm for rectangles.

2 Problem definition and preliminaries

There is an extensive literature on the design of truthful mechanisms for combi-
natorial auctions. In this section, we will only give the basic definitions needed
in this paper. For an excellent introduction, we refer the reader to the book by
Nisan et al. [15] and the references therein.

Let [m] = {1, . . . ,m}. Let (U,R) be a range space, defined by a set U and a
collection R of subsets of U , called ranges. Given m bidders, we assume that bid-
der j declares her bid bj(r) over every possible range r ∈ R. The true valuation
of the bidder j on range r will be denoted by vj(r). It is naturally assumed that
the empty range ∅ ∈ R, and that vj(∅) = 0 for all j. In the single-minded case,
each bidder is only interested in a single range rj ∈ R, that is, vj(r) = vj(rj)
for all r ⊇ rj and vj(r) = 0 for all r 6⊇ rj .

In this paper, U will be a set of points in d-dim. Euclidean space, and R a
collection of connected regions. By the size of a region, we mean the side length
of its smallest enclosing hypercube. More specifically, we will consider rectangles
with integral x-coordinates ranging from 1 to n and fat objects in [0, 1]d.



There are several definitions of fatness in the literature [3, 6, 17]. We use the
following definition by Chan [6]. Recall that a box is the generalization of a square
to higher dimensions. In what follows we assume that boxes are axis-aligned.

Definition 1 ([6]). Let β > 0 be a constant. A collection C of ranges is β-fat
if for any ` and any box B of size `, we can choose β points H(B) s.t. every
range intersecting B and has size at least ` contains one point in H(B).

E.g., axis-aligned squares have fatness of β = 4 since for any box B of size ` and
any such square S of size at least ` that intersects B, S must contain one of the
four corners of B. On the other hand, line segments have unbounded fatness.

The social welfare maximization problem (SWM) is to find the optimum
integer solution of the following linear program:

max
∑
j∈[m]
r∈R

vj(r)xj,r (P)

s.t.
∑
j∈[m]

r∈R:u∈r

xj,r ≤ 1 for all u ∈ U (1)

∑
r∈R

xj,r = 1 for all j ∈ [m] (2)

xj,r ≥ 0 for all j ∈ [m], r ∈ R.

Informally, we want to find an allocation that maximizes the total valuations
(i.e., the social welfare) while making sure that (1) each item is only assigned to
one bidder and (2) each bidder is only assigned at most one range.

A mechanism takes as an input the set of bids {bj : j ∈ [m]} and outputs (i)
a feasible allocation, that is, a 0/1-vector x̃ (or in other words an assignment of
a (possibly empty) range rj to each bidder j ∈ [m]) satisfying (1) and (2); and
(ii) a payment p : [m]→ R+, that is, an amount pj ≥ 0 that is charged to bidder
j, for all j ∈ [m]. The mechanism is said to satisfy individual rationality if it
results in a non-negative utility for each bidder, that is, vj(rj) − pj ≥ 0, if the
mechanism allocates rj to bidder j, for j = [m]. For that, we assume that the
bids are also single-minded, i.e., similar to the valuations, for all bidders j ∈ [m]
there exists a range r′j ∈ R such that for all r ⊇ r′j we have bj(r) = bj(r

′
j)

and for all r 6⊇ r′j , bj(r) = 0. Thus, we can specify bj by a range rj and bj(rj)
and can write (rj , bj(rj)) for a bid. The mechanism is said to be truthful if a
bidder cannot improve his utility, under the mechanism, by bidding something
different from his true valuation, regardless of the other players’ bids. Formally,
if the mechanism outputs the allocation-payment (rj , pj) for bidder j ∈ [m],
given the vector of bids (bj , b−j), and it outputs (r̂j , p̂j) given the vector of bids
(vj , b−j), where b−j denotes the vector of bids of all other bidders j′ 6= j, then
the mechanism will be truthful if it satisfies vj(r̂j) − p̂j ≥ vj(rj) − pj , for all j
and all vj , bj , b−j .

For the single-minded case, a sufficient condition for truthfulness is mono-
tonicity and critical payment. The following formulation is adopted from [15,
Lemma 11.9] and slightly adjusted to our notation.



Lemma 1 ([15]). A mechanism for single-minded bidders in which losers pay 0
is incentive compatible if it satisfies the following two conditions: (i) Monotonic-
ity: A bidder j who wins with bid (rj , bj(rj)) keeps winning for any b′j > bj and
for any r ⊂ rj (for any fixed settings of the other bids); (ii) Critical Payment:
A bidder j who wins pays the minimum value needed for winning: the infimum
of all values b such that (rj , b) still wins.

We note that usually it is easy to define prices that satisfy the critical pay-
ment condition. Thus, the main difficulty in obtaining truthful mechanisms lies
in ensuring monotonicity.

For randomized mechanisms, the mechanism is said to be truthful-in-expect-
ation if E[vj(r̂j) − p̂j ] ≥ E[vj(rj) − pj ] for all j ∈ [m] and all vj , bj , b−j , where
the expectation is taken over the random choices made by the algorithm.

The approximation guarantee of the mechanism is the ratio between the so-
cial welfare given by the mechanism

∑
j∈[m] vj(rj) and the optimal social welfare,

defined as the optimal integral solution of LP (P). Lavi and Swamy [13] showed
that an ”LP-based” approximation algorithm for SWM can be used to get a
truthful-in-expectation mechanism of the same approximation guarantee.

Theorem 3 ([13]). An LP-based α-approximation algorithm for the SWM prob-
lem can be used to obtain a truthful-in-expectation mechanism with approxima-
tion guarantee α.

3 The single-minded case

In this section, we introduce a general framework for mechanism design in the
single-minded case and give sufficient conditions for monotonicity of such mech-
anisms. We will then apply our framework to the two cases where the ranges are
fat objects and rectangles.

3.1 A general framework for monotone mechanisms

The SWM problem can be thought of as finding a maximum-weight packing
among a set of ranges with given weights b(1), . . . , b(m). Several existing algo-
rithms for solving the packing problem can be put into the following framework:

(F1) k ordered instances R1, . . . ,Rk are obtained from the original input R;
(F2) an algorithm A is used to solve each instance Ri independently, returning a

packing R′i;
(F3) the packing R′ = argmaxi{b(R′i)} with maximum weight is returned, where

ties are broken according to the order of the instances.

The following lemma describes sufficient conditions for such an algorithm to
be monotone. In these conditions, we will consider changing one range or its
corresponding bid, while all other ranges and bids are kept the same.

Lemma 2. An algorithm that satisfies (F1)-(F3) is monotone if it satisfies fur-
ther the following conditions (with A denoting the algorithm from (F2)):



(C1) If a range is shrunk or its bid increased, the order of the instances is unaf-
fected and no new instances are created.

(C2) Algorithm A is monotone.
(C3) If a range r is shrunk or its bid increased, then for all instances Ri, the total

weight of the solution returned by A on Ri can not decrease if r is contained
in the solution (after the change) and remains the same otherwise.

Remark 1. Note that (C3) is always satisfied if we assume that the algorithm A
is (1) monotone in its output value, i.e., if a range is shrunk or its bid increased,
A returns a solution of total weight at least as large as the weight of the solution
returned before the change, and (2) for all instances Ri, changing range r can
only result in the addition or drop of r from instance Ri, i.e., all other ranges
remain in exactly the same instances as before.

In the next subsections, we apply this general framework to the special cases
of ranges of bounded fatness and axis-aligned rectangles, to prove Theorem 1.

3.2 The fat ranges case

We describe now how to modify Chan’s algorithm [6] for packingm d-dimensional
fat ranges to get a monotone PTAS for this case. By scaling, we can assume that
all objects lie in [0, 1]d. We define the size of a range r to be the size of the
smallest bounding box B(r). We first sketch Chan’s algorithm, which follows
the framework (F1)-(F3). The idea is to choose the instances Rj such that they
can be solved to optimality using dynamic programming. For that, the space is
divided recursively by the following procedure: start with a hypercube contain-
ing all the ranges, then partition every non-empty hypercube recursively into
2d equally sized hypercubes. Such a division is represented by means of a 2d-
dimensional tree (for d = 2 it is called a quadtree). Each instance Rj is obtained
from a (different) shifted version of this basic division by including all ranges
into Rj that are ‘large’ w.r.t. the smallest cell in which they are contained. Each
instance is then solved to optimality and the one of maximum value is returned.

The dynamic program (DP) introduces for each cell C and disjoint subcol-
lection B of the ranges crossing the boundary of C the table entry pack[C,B],
which is defined as the maximum weight of a subcollection B′ of ranges that lie
completely inside C, such that B∪B′ is a disjoint collection. For a collection B′ of
ranges, let B′|∂C be the subsets of ranges from B′ crossing the boundary of C. Let
C1, . . . , C2d denote the children of cell C in the tree. The table is filled bottom-up

by the easily verifiable formula: pack[C,B] = maxB′
(∑2d

i=1 pack[Ci, (B′∪B)|∂Ci ]+

b(B′)
)
, where b(B′) is the sum of bids of all ranges in B′, and where the max-

imum is over all disjoint subcollections B′ ⊆
⋃
iR|∂Ci \ R|∂C s.t. B′ ∪ B is a

disjoint collection.
The problem with such a straightforward approach is that the size of the

table might be too large since we might have to consider an exponential number
of disjoint subcollections B for some cell C. To overcome this problem, we only
consider ranges that are large with respect to their (smallest) enclosing cell.



Definition 2 ([6]). A range of size ` is k-aligned if it is inside a tree cell of
size at most k`.

The key observation now is that when all objects are β-fat and k-aligned, the
packing problem can be solved exactly in polytime using dynamic programming.
The reason is that any feasible solution to the packing problem can have at most
K = 2βdkd−1 objects that intersect the boundary of any cell and there are only
O(m) many relevant cells in the bottom-up approach. Thus, for every such cell
we consider only collections B′ with |B′| ≤ 2dK ranges. Hence, the table will
have at most mO(K) entries. Note that K is a constant if k and d are constants.
In summary, we have the following lemma.

Lemma 3 ([6]). If all ranges in C are β-fat and k-aligned, then the packing

problem can be solved in mO(βdkd−1) time.

Chan now considers O(k) shifts of the basic division, each of which defines an
instance Rj by removing all ranges that are not k-aligned w.r.t. that shift. Each
instance is solved to optimality by the above DP, and the packing of maximum
value is returned. Choosing k to be roughly d/ε, a 1+ε-approximation is achieved.

Theorem 4 ([6]). Given a collection of m O(1)-fat objects in Rd, the above

algorithm gives a 1 + ε-approximation to the packing problem in mO(ε−d+1) time.

A truthful algorithm. In order to make the algorithm monotone, we show how
to ensure that all conditions of Lemma 2 are met. First, we order the instances
given by the shifts in an arbitrary, but fixed order. Second, we need to ensure
that, for each shifted instance, the (quadtree) partitioning is independent of the
ranges. This can be achieved by assuming that all ranges in the instance lie in
a fixed range, say [0, 1)d. So the initial cell will be the unit hypercube. We keep
partitioning a cell until it does not contain any range in its interior. Even though
the number of cells is not polynomial in m, it is easy to see that one can still
implement the DP in polytime (assuming fixed d), by ‘zooming’ into the relevant
cells (those that are intersected by at least one range).

Since the partitioning of the instances is independent from the ranges, (C1)
is immediately satisfied. In order to satisfy (C2) and (C3) we do not drop any
ranges from the instances even if they are not k-aligned, and modify the DP
accordingly. In particular, we now have a table entry pack[C,B] for every cell C
and every disjoint subcollection B ⊆ R|C of ranges that either cross the boundary
of C or are completely inside C, and have cardinality at most K. In contrast to the
DP before, the maximum in the above recurrence is now over all subcollections
of ranges in H(C,B), where H(C,B) is the set of disjoint subcollections of ranges
B′ ⊆ R|C \ R|∂C such that B′ ∪ B is a disjoint collection and |B′| ≤ K:

pack[C,B] = max
B′∈H(C,B)

( 2d∑
i=1

pack[Ci, (B′ ∪ B)|Ci ] + b(B′)
)
. (3)

Note that in contrast to the original DP we do not only consider ranges that lie
on the boundary of the child cells of C but all ranges that lie (completely) in C.
Despite these modifications, we still have mO(K) relevant table entries.



Clearly, the solution computed by the modified DP is no worse than the
solution computed by the original DP (since we just search over a larger space).
Still, we have to ensure that the DP is monotone (i.e., satisfies (C2)). For that we
specify how to break ties during the computation of pack[C,B] in (3). Consider
an arbitrary but fixed order on all ranges: r1, . . . , rm. Note that during the
computation (3), we consider all optimal subcollections B′ ∈ H(C,B). Whenever
there is more than one such subcollection we return the subcollection that forms
the lexicographically smallest ordered sequence of ranges.

Lemma 4. Let ε > 0. The modified algorithm for fat ranges returns a 1 + ε-

approximate, monotone solution and runs in time mO(ε−d+1).

In order to ensure that the algorithm is truthful, we still have to specify
the critical payment of each winner. We use a similar payment as in the VCG
mechanism (see e.g. [15]). Let Wj be the maximum value returned by the DP
over all instances if we remove the object rj and W ′j the value if in addition to
rj we also remove all objects that intersect rj . Clearly, W ′j ≤ Wj . Then define
the payment of bidder j to be pj = Wj −W ′j . To see why this definition indeed
yields the critical value for bidder j, note that if bidder j bids less, no solution
of maximum value over all instances contains rj , so bidder j does not win. On
the other hand, if bidder j bids pj + ε for any ε > 0, every solution of maximum
value must contain rj , so bidder j wins for sure. Finally, individual rationality
follows as in the VCG mechanism, since for a winner j, bj +W ′j ≥Wj .

3.3 The rectangles case

We now consider the case when the given objects are axis-aligned rectangles
with integral x-coordinates assuming values from 1 to n. We assume that n is a
power of 2; otherwise we can extend the interval to the nearest power of 2. In
that case, it is easy to verify that we achieve an approximation ratio of dlog ne.

Any set of rectangles r1, . . . , rm can be partitioned into at most k = logm
sets, which can be interpreted as lying at different ”levels”. The rectangles at level
` ∈ [k] can be further partitioned into h = 2`−1 sets, such that all rectangles in
one set intersect one vertical line, while every pair of rectangles from two different
sets are disjoint (see, e.g., [1]). We will denote by L` the set of these 2`−1 vertical
lines at level `. To make this decomposition independent of the rectangles them-
selves, which is needed for monotonicity, we give the decomposition explicitly. We
define Li to be the set of vertical lines x = n/2i, x = 3·n/2i, . . . , x = (2i−1)·n/2i.
Clearly, we get k = log n levels. We assign each rectangle to the smallest level
such that one of its lines intersects the rectangle. Note that each rectangle is
intersected by exactly one vertical line of its level.

Given a set of rectangles {r1, . . . , rm}, we iterate the following two steps,
for ` ∈ [k]: First, we project every rectangle whose level is at least ` onto the
nearest vertical line at level `. This gives a set of intervals on each vertical
line in L`. The bid of a bidder j on a given projection is the same as on the
original rectangle. Second, we apply a monotone DP for the maximum weight-
independent set problem on the set of intervals on each vertical line in L`. The



resulting independent set of intervals corresponds to a disjoint set of rectangles
R`. At the end we output the set of rectangles R` that achieves the highest
total bid, i.e., maximizes

∑
r∈R`

bj(r). In case of ties, we choose the R` at the
lowest level. It is straightforward to verify that this algorithm is a special case
of the general framework described in Section 3.1, so monotonicity follows from
Lemma 2. Finally each winner is charged the critical payment of the projection
that made him a winner.

Lemma 5. The above procedure for rectangles is monotone, gives an approxi-
mation guarantee of log n and has a running time of O(m log(mn)).

4 The Non-Single-Minded case

In this section, we show that in the non-single-minded case, we get a truthful-
in-expectation mechanism with approximation guarantee O(1) (resp., O(logm))
for fat objects (resp., axis-aligned rectangles.) The idea is to use Theorem 3. For
that, we show that the integrality gap of the LP (P) is O(1) for fat objects and
O(logm) for rectangles (and there is an algorithm verifying this).

We give a randomized algorithm that with high probability returns an inte-
gral solution x̃ such that bT x̃ = Ω(bTx), where b denotes the (column) vector
of bids and x denotes the optimal fractional solution This algorithm can be
derandomized using the work of [16]. Combining the results yields Theorem 2.

The fat ranges case. Assume all ranges are β-fat. We apply randomized rounding
with alteration (see, e.g., [4]). Let (xj,r : j ∈ [m], r ∈ R) be any feasible solution
for (P). Let γ ∈ (0, 1) be a constant to be specified later. We define the rounded
solution x̃ by its winner set W , obtained by the following procedure. First, for
every bidder j, we choose a range r = rj with probability γxj,r if r is non-empty
and with probability 1−γ(1−xj,r) if r = ∅. Second, let W = ∅, and r1, r2, . . . , rm
be the ranges selected in Step 1 in non-increasing order of size. For j = 1, . . . ,m,
if rj does not intersect any range ri with i ∈W , add j to W .

By construction, the set (rj : j ∈ W ) is a valid allocation. It remains to
prove the approximation guarantee of O(1).

Lemma 6. E[
∑
j∈W bj,rj ] ≥ 1

4β

∑
j∈[m],r∈R bj,rxj,r.

The rectangles case. We use a similar technique as in the previous section.
However, since rectangles can have unbounded fatness, we refine the previous
technique by using the levelwise decomposition described in Section 3.3. Let
(xj,r : j ∈ [m], r ∈ R) be any feasible solution for (P), and γ = 1

2 . We define the
rounded solution x̃ by its winner set W , obtained by the following procedure.

1. For every bidder j, we choose a rectangle r = rj with probability γxj,r if r
is non-empty and with probability 1− γ(1− xj,r) if r = ∅.

2. Let r1, r2, . . . , rm be the rectangles selected in Step 1, ordered from top to
bottom (breaking ties arbitrarily).

3. Consider a levelwise decomposition of these rectangles into logm levels. Pick
a level i ∈ {1, 2, . . . , logm} at random. Let S be the set of rectangles in level i.



4. Let W = ∅. For j ∈ S, if rj does not intersect any ri, i ∈W , add j to W .

Lemma 7. E[
∑
j∈W bj,rj ] ≥ 1

4 logm

∑
j∈[m],r∈R bj,rxj,r.
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