Approximating the Interval Constrained Coloring Problem

Ernst Althaus* Stefan Canzar* Andreas Karrenbauer* Khaled Elbassioni*

Julidn Mestre*f

Abstract

We consider the interval constrained coloring problem, which appears in the interpreta-
tion of experimental data in biochemistry. Monitoring hydrogen-deuterium exchange rates
via mass spectroscopy experiments is a method used in that field to obtain information
about protein tertiary structure. The output of these experiments provides data about
the exchange rate of residues in overlapping fragments of the protein backbone. These frag-
ments must be re-assembled in order to obtain a global picture of the protein structure. The
interval constrained coloring problem is the mathematical abstraction of this re-assembly
process.

The objective of the interval constrained coloring problem is to assign a color (exchange
rate) to a set of integers (protein residues) such that a set of constraints is satisfied. Each
constraint is made up of a closed interval (protein fragment) and requirements on the number
of elements that belong to each color class (exchange rates observed in the experiments).

We show that the problem is NP-complete for arbitrary number of colors and we pro-
vide algorithms that given a feasible instance find a coloring that satisfies all the coloring
requirements within £1 of the prescribed value. In light of our first result, this is essentially
the best one can hope for. Our approach is based on polyhedral theory techniques and ran-
domized rounding. Furthermore, we develop a quasi-polynomial-time approximation scheme
for a variant of our problem where we are asked to find a coloring satisfying as many as
fragments as possible.

1 Introduction

Our motivation for the interval constrained coloring problem comes from an application in
biochemistry. The problem has been introduced recently in [1]. To be self-contained, we restrict
ourselves to a very brief and informal description in this paper and refer the interested reader
to the publication mentioned above.

A challenging and important problem in biochemistry is to determine the tertiary structure
of a protein, i.e. the spatial arrangement, which is indispensable for its function. There are
various approaches each with advantages and drawbacks. One method for this task is the so-
called hydrogen-deuterium exchange, abbreviated by HDX. This is a chemical reaction where
a hydrogen atom of the protein is replaced by a deuterium atom, or vice versa. To this end,
the protein solution is diluted by D-2O. Intuitively, the exchange process happens at a higher
rate at amino acids, or residues, that are more exposed to the solvent. Put differently, the
exchange rates for residues at the outside of the complex are higher than inside. Note that
though deuterium is heavier than deuterium, they are almost identically from a chemical point
of view. Hence, the exchange rate may be monitored by mass spectroscopy while the tertiary
structure remains unaffected by the process. However, this method does not deliver that fine
grained information such that the exchange rate for each residue can be determined directly.
Rather, we get bulk information for fragments of the protein. For example, we get the number
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of slow, medium, and fast residues for each of several overlapping fragments covering the whole
protein. That is, the experimental data only tells us how many residues of a fragment react
at low, medium, and high exchange rate, respectively. Moreover, we know the exact location
and size of each fragment in the protein. It remains to find a valid assignment of all residues to
exchange rates that matches the experimentally found bulk information. If the solution is not
unique, we want to enumerate all feasible of them or a representative subset thereof as a basis
for further chemical considerations.

The problem can be rephrased in mathematical terms as follows. We are given a protein of
n residues and a set of fragments, which correspond to intervals of [n]. The fragments cover
the whole protein and may overlap. Furthermore, there are k possible exchange rates to which
we refer as colors in the following. In the interval constrained coloring problem, the goal is to
produce a coloring of the set [n] using k colors such that a given set of requirements is satisfied.
Each requirement is made up of a closed interval I C [n] and a complete specification of how
many elements in I should be colored with each color class.

More formally, let Z be a set of intervals defined on the set V' = [n], let [k] be a set of color
classes, and let 7 : Z x [k] :— Z* be a requirement function such that > e T, ¢) = [I] for all
I €Z. A coloring x : V — [k] is said to be feasible if for every I € Z we have

{ieI|x(i)=c} =r(,c)forall c € k] (1)

Given this information, we would like to determine whether or not a feasible coloring exists,
and if so, to produce one.

The problem is captured by the integer program given below. The binary variable ;.
indicates whether 7 is colored ¢ or not. Constraint (2) enforces that each residue gets exactly
one color and constraint (3) enforces that every requirement is satisfied.

> celk] Tie =1 Vi € [n] (2)
YicrTie=1(I,c) VIeZ, ce k] (3)
zic € {0,1} Vi€ [n],ce€ k] (4)

Let P be the polytope obtained by relaxing the integrality constraint (4) in the above integral
problem. That is P is the set of values of z obeying (2), (3) and 0 < x; . <1 for all i and c.

1.1 Previous and Related Work

The polyhedral description has already been introduced in [1] and has served there as a basis to
attack the problem by integer programming methods and tools, which perform well in practice.
Moreover, the authors established the polynomial-time solvability of the two-color case by the
integrality of the polytope P and provided also a combinatorial algorithm for this case. However,
the complexity of the general problem has been left open.

A closely related problem is broadcast scheduling, where a server must decide which data item
to broadcast at each time step in order to satisfy client requests. The literature in broadcast
scheduling is vast and many variations of the problem have been studied (see [2, 4] and references
therein). In the variant we are concerned with here, a client request is specified by a time
window I and a data type A. The request is satisfied if A is broadcast at least once in I.
The similarities between the two problems should be clear with time steps, time windows and
data types in broadcast scheduling playing the respective roles of positions, intervals and colors
in interval constrained coloring. There are, however, important differences. First, whereas in
broadcast scheduling it does not hurt to broadcast an item more times than the prescribed
number, in our problem it does. Second, an interval is satisfied only if all the requirements for
that interval are satisfied exactly, which, undoubtedly, makes our problem significantly harder.



1.2 Contributions of this Paper

As mentioned above, the complexity status for the interval constrained coloring problem has
been open. In Section 4 we partly settle this by showing that deciding whether a feasible coloring
exists is NP-complete when k is part of the input.

Although the polytope P is integral for k = 2, it need to be for k£ > 3. Nevertheless, we
can check in polynomial time whether P = (). If that is the case then we know that there is
no feasible coloring. Otherwise we can find a feasible fractional solution. In Section 2 we will
show how to round this fractional solution to produce a coloring where all the requirements are
satisfied within a mere additive error of one.

In practice, the data emanating from the experiments is noisy, which normally causes the
instance to be infeasible and in some case even forces P to be empty. To deal with this problem
in Section 3 we study a variant of the problem in which we want to maximize the number of
requirements that are satisfied. Another way to deal with noisy data is to model the noise in the
linear programming relaxation to get a new set of requirements on which to run the algorithm
from Section 2. The latter approach was explored by Althaus et al. [1]; the reader is referred
to their paper for details.

2 A +1 guarantee

Let x be a fractional solution in P. We use the scheme of Gandhi et al. [4] to round = to an
integral solution & with the following properties:

Theorem 1. Given a fractional solution x € P we can construct in polynomial time an integral
solution T with the following properties

(P1) For every i € [n] there ezists ¢ € [k] such that &, =1 and &4 =0 for all d # c.

(P2) For every I € T and c € [k] we have | ;c; Tic— (I, c)] < 1.

k(k+1—Hjy_1)

(P3) Every I € T is satisfied with probability greater or equal than v = erD)!

In other words, each position gets exactly one color (P1), every coloring requirement is off by
at most one from the prescribed number (P2), and all the requirements for a given interval I are
satisfied ezactly (3 ;o7 #ic = r(I,c) for all ¢ € [k]) with probability at least v;. An interesting
corollary of this theorem is that if P is non-empty then there exists always a coloring satisfying
at least yx|Z| intervals, and such coloring can be found in polynomial time.

The high level idea is to simplify the polytope P into another integral polytope with basic
solutions satisfying (P1) and (P2). Then we show how to select a basic solution satisfying (P3).
This is done by defining a set of blocks and then setting up an assignment problem instance
between [n] and the set of blocks, whose polytope is integral.

For each color class ¢ € [k] we choose a real number a. € [0, 1], to be specified shortly. Let
us define blocks Bf, BS, ..., By : For color cand j =2,...,b.—1

B§ = |min{t| Sycpic > j = 2+ ach, min{t| Sy wic 2§~ 1+ac}]. (5)

The first and last blocks, Bf and By , are defined similarly, but starting at 1 and ending at n
respectively.

For each ¢ € Bj we define a variable y; (. ;). If i belongs to a single block B of color ¢ then
we set Y; (cj) = Tic. Otherwise, ¢ belongs to two adjacent blocks Bj ., and Bf, in which case we
set Yi (c,jr1) = Di<i Tie — (1 — 1+ ac) and y; (¢ j) = Ti,c — Yi(e,j+1)- See Figure 1 for an example
of how the blocks and the solution y are constructed. Another, equivalent, way to define y is
to ask that z;. = Zj Yi,(c,4) Zier Yi (1) = @ and ZieB;_ Yi(c,j) = 1 for every 1 < j < be.

3
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Figure 1: How the blocks Bf are constructed. The z;. values appear on top and the y; (. j)
values appear on the edges. Note that a block can only overlap with its predecessor or successor.
In this case a. = 0.7.

Thus y defines a feasible fractional assignment between [n] and the set of blocks. Let Q be the
polytope of this assignment problem, namely,

ZB]C.gi Yi(c,j) = 1 Vi€ [TL] (6)
Y iene Yi(eg) = 1 Vee k]l and 1 < j < b, (7)

J
Ziij Yieg) <1 Vee [k] and j € {1,b.} (8)
Yi(et) > 0 Vi€ [n],c€ [k],t € [b] (9)

Because Q is integral, any fractional solution y € Q can be turned into an integral solution
7 € Q; this can even be done in polynomial time. Notice that an integral solution ¢ to Q induces
an integral solution & by setting #; . = 1 if and only if y; . ;) = 1. Constraint (6) implies that
% satisfies (P1). Furthermore, & also satisfies (P2).

Lemma 1. Let y be an integral solution for Q and let & be the coloring induced by . Then
| > icr®ie—r(I,c)| <1 forall I €T and c € [k].

Proof. Since ), ; x; . = r(I, c), the number of blocks of color ¢ that intersect I is either r(I,c)
or r(I,c) + 1. Furthermore, lat least r(I,c) — 1 of these blocks lie entirely within I and at
most two blocks intersecting I partially. Due to constraint (7), each internal block will force a
different position in I to be colored c. One the other hand, the fringe blocks, if any, can force
at most two additional positions in I to be colored c. Hence, the lemma follows. O

It only remains to prove that Z obeys (P3). To do so, we need to introduce some randomiza-
tion in our construction. First, we will choose the offset a. of each color ¢ € [k] independently
and uniformly at random. Second, instead of choosing any extreme point of Q, we choose one
using a randomized rounding procedure.

Gandhi et al. [4] showed that any fractional solution y € Q can be rounded to an integral
solution § € Q such that the probability that g; ;) = 1 is exactly y; ;). It is important to
note that these events are not independent of each other.

Lemma 2. Let g be the solution output by the randomized rounding procedure and & the coloring

induced by it. For any interval I € I, the probability that ), ; ;. = r(I,c) for all c € [k] is at
k(k+1—Hj_1)

least o)1

Proof. Let I be an arbitrary, but fixed, interval throughout the proof and for time being let us
concentrate on a fixed, but arbitrary, color ¢ € [k]. Let f and [ be the indices of the first and



last blocks of color class ¢ that intersect I and define 8. = > ;c;npe Tj (e f), OT, equivalently,

f
ZiEIﬁBlC Tiey = 1 = Be-

Intuitively, the probability that » . ;#;. = r(I, c) should be greater when the blocks of ¢
are aligned with I (when [, is close to 0 or 1) and it should be low when they are not (when
B is around 0.5). By choosing a, uniformly at random, (. also becomes a random variable
uniformly distributed in [0, 1]. Thus, we have a decent chance of getting a “good value” of f,.

Let us formalize and make more precise the above idea. Denote with £y and §; the events
Zz‘emB; i (c.y = 1 and ZiEIﬂBlC Ui(c1) = 1 respectively. Let 8 = (fB1,...,08k) be the vector
offset for the color classes. For brevity’s sake we denote Pr[& | 8] with Prg[&].

Prg [Yicr@ie # (I c)] =Prg[§&V Er & ]
= Prg[&&] + Prg [ & ]
< min{Prg [&f],Prg[& ]} + min{Prg [&f ], Prg [&]}

Since Prg [£¢] = f. and Prg[§;] = 1 — (3, it follows that

Prg [ Yics #ie # r(1,¢)] <2 min {3, 1 - 8.} (10)

As a warm-up we first show that the probability that all requirements for I are fulfilled is
at least ﬁ Recall that the vector 3 is distributed uniformly over the domain D = [0, 1]¥.

Conditioning on § and averaging over D gives the desired result.
Pr [Vc DD ier Tie :r(I,c)] = /DPrﬁ [VC DD ier Tie = 7“([>C” dBy---dB
> [ 1= Sy P [ S e £ 1(1.0)] a6k
> /Dmax {0,125 cyqmin {8, 1 - 5} } By dp
- /D ma {0, 4 = ey min {6, 1 - A} } A dfe

The second inequality follows from the union bound and the third from (10). A moment’s
thought reveals that the function inside the integral is symmetrical in the 2% orthants around
the point (%, ce %) € D. Therefore, setting D' = [0, %]k we get

Pr[Ve: Y, dic=r,c)] > 2’““/
Dl

max {0, % — Zce[k] 5c} dpy---dBk

The last integral can be interpreted as the volume of a (k + 1)-dimensional simplex.

Pr[Ve : 3, dic=r(I,c)] > 2" Vol (y € errl ‘ Dicfer1 N < %)

(l)kJrl
_ ok+1 12
(k+1)!
1

(k+1)!

In order to get the stronger bound in the statement of the lemma we need two more
ideas. First, we claim that we only need to condition on fulfilling & — 1 requirements: Be-
cause .. 7(1, ¢) = |I], once we get k — 1 colors right, the kth requirement must be satisfied
as well. Second, since we can condition on any k — 1 colors, we had better condition on the ones
with smallest offset, that is, those that are close to 0 or 1.



Pr [VC P D ierdie =1, C)] /DPrﬁ [VC P ier Bie =11, C)} dBi---dBg

= /Dmax{l_zc;édprﬁ [Zieziﬁi,c#T(Iac)]}dﬁl“'dﬁk

delk]

E/chflré?ﬁ{max{o,lQZ#dmin{ﬁc,lﬂc}}}dﬁlmdﬂk
:2’“/[) max{max{o,l—226¢dﬂc}}dﬂl-~dﬂk

1 de [k]

= 2k+1 / / max {07 % - Zce[k} /3(2 + maxde[k] ﬂd} dﬂl . dﬂk‘

The last integral can be simplified by assuming that the maximum 3y is attained by the last
variable. Of course, the maximum can be any of the k variables, thus these two quantities are
related by a factor of k.

1
2
Pr[Ve : Y dic=r(I,c)] > mk“/ [/[O max {0, 4 = Sy ﬁc}dﬁl---dﬁk_ll dz

0 }k—l

Let T'(z) denote Vol </\ € Rk ‘ Zle Ai<iand Ay, N < z). Then we can rewrite
the above integral as

1
2
Pr Ve : Y, dic=r(,c)] > k2" / T(2) dz (11)
0
The volume computed by T'(z) is not a simplex, but it can be reduced to a summation involving

only the volume of simplices using the principle of inclusion/exclusion.
Let V(p) denote the volume Vol ()\ € RE ‘ Zle Ai < p) and recall that V(p) = ’I)TT' Con-

sider what happens when z € [, 3); clearly T(2) < V/(3) since V(3) includes points A € R%
such that A; > z for exactly one coordinate i € [k — 1] (since z > ). Notice that

Vol(AeR’i ’ZleAiS%andAi>Z) =V(z —2)

Thus T(2) = V(3) — (k= 1)V (3 — 2) for z € [1,3], but T(2) > V(3) — (k — 1)V (3 — 2) for
z € |0, i) since the volume of points y such the constraint \; < z is violated for two coordinates
is subtracted twice. To avoid cumbersome notation, assume V(p) = 0 if p < 0. A simple
inclusion /exclusion argument yields

k—

T(z) =Y <k ; 1) (1) V(L —i2) (12)

1=0

[aary



Plugging (12) into (11) we get

Pr[Ve: Y, dic=r,c)] > o+l

1
24

k-1 . (L —iz)D
() e (k4 D) |,

1 +’“‘ k—1 (—1)i
K200 e\ i) (k41120

b (e B ()

Using induction on k, it is straightforward to show that the sum in the last line adds up
exactly to —Hp_1. Therefore, we get the desired bound

k(k+1— Hy_y)
(k+1)!

Remark: In our application domain the goal usually is not to find a single solution, but
to generate a number of candidate solutions and let the user choose the one that he finds most
interesting or relevant for the specific application. Our framework is amenable to this task since
there are very efficient algorithms to enumerate all the integral solutions of Q [6].

Pr[Ve : Y, dic=1r(,c)] > O

3 Maximum Coloring

In this section we study a variant of the interval constrained coloring to deal with instances
that do not admit a feasible coloring. For these instances we consider the problem of finding
a coloring that maximizes the number of intervals satisfying (1). More generally, we assume
a non-negative weight w(I), associated with each interval I € Z, and seek a subset 7 C 7,

maximizing w(Z’) e > rer w(I), such that there exists a coloring of V' satisfying (1) for each
I € 7'. We call this problem MAXCOLORING. Let OPT C Z be a subset achieving this
maximum. For o € (0,1] and 5 > 1, an («, §)-approximation of the problem is given by a pair
(x,Z") of a subset 7' C Z, and a coloring x : V' — [k], such that > ;. w(I) > a-w(OPT), and
%T(I, c) < Ny(I,c) < pr(l,c), where N, (I, c) is the number of positions in I colored ¢ by .

Theorem 2. Consider an instance (V,Z) of MAXCOLORING with |V| =n and |Z| = m. Then
we can find a (1,1 4+ €)-approximation in quasi-polynomial time nOUs lognlogm) = for any € > 0.

Note that the above bound is quasi-polynomial for k& = polylog(n,m). To prove Theorem 2
we use a similar technique as in [3]. Our approach can be divided into two parts: (i) Reducing
the search space, and (ii) developing a dynamic program. We explain these two steps in more
details in the next subsections.

3.1 Reducing the search space

Let ¢ > 0 be a given constant. For a vertex u € V and a set of intervals Z on V, denote
respectively by Zr(u), Zr(u), and Z[u] the subsets of intervals of Z that lie to the left of u, lie
to the right of u, and span u, that is



Ir(u) = {[s,t]eZ: t<u-—1},
Tr(u) = {[s,t]€Z: s>u-+1},
Tul = {[s,tf]eZ: s<u<t}.

Denote by Vi, (u) and Vi (u) the sets of vertices that lie to the left and right of u € V', respectively:
Vi(u)={ieV: i<u}and Vr(u)={i e V: i > u}.

Definition 1. (Assignments) Let V = {p,p+ 1,...,q}. An assignment on V is a pair A =
(Za,ra) of intervals Ty on'V and a function ra : Ta X [k] — {0,1,...,|V]|} such that ra(I) <
ra(I") for allI,I' € Ta, with I C I'. A is called a left-assignment (respectively, right-assignment)
if all intervals in T4 start at p (respectively, end at q).

In the following, we fix h = [klogn/log(1 + €)]+1.

Definition 2. (e-Partial assignments) Let u* € V' be a given vertez of V. = {p,p+1,...,q}.

A set of hi + hg + 4 intervals Ip = Ip UZp,, Ip, = {lo,11,...,In,, In, 11} and Ip, =

o, s Iy Iy s and anorp 2 Ip x [k] = {0,1,...,|V|}, such that

(R1) all intervals start or end at w*: I; = [uj,u*] for j € {0,1,...,hi}, In,41 = [p,u*],
I]’- = [u*,u;] for j € {0,1,...,ha}, and I | = [u*,q], where up, < up,—1 < -+ <
up < up < v <uy <uyp <uy < -o- <y, (and thus I C L C I3 C ... C Iy, and
Lhchclhc...cl,)

2) rp(I,c) <rp(l',c) for every I,I' € Ip, with I C I', and every c € |k,
R 1 I' c) f I,I'eT hICTI d k
(R3) 3 ey rp(L,c) = |I| for every I € Ip,
or every I € Ip, there exist c € and 1 € Z4 such that rp(l,c) = + )], an
R4) f I e€p,th k d Z h th 1 1 ' d

(R5) for every c € [k] and i € Zy with i < [(logrp(Ip,41,¢)/log(1+¢€)], there exists I €
Ip, such that rp(I,c) = [(1+¢€)']; similarly, for every ¢ € [k] and i € Zy with i <
|(logrp(I}_,,c)/log(l + €)|, there exists I' € Ip, such that rp(I',c) = [(1 4 €)'].

will be called an e-partial assignment w.r.t. u*, denoted by P = (u*,Zp,rp).

The total number p(n) of possible e-partial assignments with respect to a given vertex
u* € V with |V| = n can be bounded as follows: There are at most n1*"2+2 possible choices
for the points wug, w1, .., Up,, u(, Uy, - .., Up,. For each interval I, the number of non-negative
integer solutions rp(I, c), ¢ € [k], satisfying (R3) is ('I‘J_kl_l) < [[I|(Ink+1)/(k—1)]*"1. Letting
10 = ‘Io’, ij = ‘Ij\lj—ﬂu for j € {0, 1,.. .,hl}, ’L6 = ‘I(l)’, and ’L; = ’I;\I]I_l‘, for j € {0, 1,..., hg},
we observe by (R2) and (R3) that

h1+1 ho+1 .y
i, +k—1 4+ k-1
o) < st oI
J=0

k—1

nk 4 1\ F—Dthatd) [hatl  hotl

< plithe+2 ( I;ﬂ + ) H 1 H z;
Jj=0 j=0
—1)(h1+h2+4)
< nh1+h2+2 lnk—i— 1 (k 1)(h1+h2+4) zhi'i'l ] +Zh2+l i 1 2
N k—1 hy+ g + 4
_ nh1+h2+2 lnk—i—l n (k—1)(h1+h2+4)
—1 hyi+hyt4
logn
Ink+1 2k BT Ok

= <r;<:—+1 ") g , (13)



which is nPoY108(") for every fixed € > 0 and k = polylog(n).

Let x : V +— [k] be a coloring of V' and u* € V be an arbitrary vertex. We say that an
assignment A = (Za,r4) is consistent with x if Ny (I,¢) = ra(l,c) for all ¢ € [k] and I € Z4.
Two assignments P; and P» are said to be consistent if there exists a coloring x with which
both are consistent.

Lemma 3. Let x be a coloring of V and u* € V be an arbitrary vertex. Then there exists an
e-partial assignment P on V w.r.t. u*, that is consistent with x.

Proof. Assume that V = {p,p+1,...,¢}. Clearly, for every ¢ € [k|, the function N, ([u*,u],c)
is monotonically increasing on u > u* with a smallest positive increment of 1. This allows us to
define P as follows. Let up = u*. For j = 1,2,...,hy let uj = min{u > uj_; : Ny([u*,u],c) =
[(1+¢)"] for some i € Zy and ¢ € [k]}, and set I} = [u*,u)] and Ij,1 = [u*, q]. The highest
index j for which this iteration can be done will be the value of hy. Similarly, we define h; and
the intervals I; for j = 0,1...,h; + 1. Since N, (I,c) < n for all intervals I C V and colors
c € [k], we get hi,hy < klogn/log(l+ €). Finally, we define rp(I,c) = Ny (I, c) for all c € [k]
and I € Tp. ]

3.2 The dynamic Program

The algorithm is shown in Figure 2, and is parameterized with two assignments P; and Pg,
both initially empty. It is based on a divide-and-conquer approach where a point u* in the
middle of V is picked and all intervals containing u* are evaluated to see if they should be taken
into the solution. To do this evaluation conservatively, the procedure iterates over all e-partial
assignments P, consistent with P;, and Pg, w.r.t. to the middle vertex u*, then recurses on the
subsets of intervals to the left and right of u*.

Lemma 4. Let w = (n,Z,k,r) be an instance of MAXCOLORING. If the set of intervals T can
be partitioned into two sets I; and To, such that for x € {1,2} it holds

(o) I;NI; =0, VI;,I; € I, i.e. intervals are disjoint
(b) UljeIz I; = [s,t], i.e. the union of intervals is an interval again

then the feasibility problem for w can be solved in time O (nk |I|)

Proof. We are given an instance w = (n,Z,k,r), r : Z x [k] — {0,1,...,n}, of MAXCOLORING,
which allows the partitioning of the interval set Z into two subsets Z; and Zs, satisfying condi-
tions (a) and (b) in Lemma 4. We represent sets 7y, Zo as sequences ([a1,b1], [a2,ba],. .., [a;, b))
and ([a], V)], [ah, by], ..., [al,,bl,]), respectively, where a; = b;—1 + 1, for 2 < i <[, and similarly
a,=b,_,+1, for 2<i<m.

Without loss of generality assume a; < a)j. Let ¢ be the smallest integer for which b, > df.
Then instance w is feasible if and only if

° Z;‘f:l r([ai, bi],7) =bi —a;+ 1, forall 1 <i<t—1, and

e instance w' = (n,Z’,k,r’) is feasible, where 7 = 7 \ {[a;,b;] : 1 < i < ¢t — 1} and
I x [k] — {0,1,...,n}, where r'(I,c¢) = r(I,c) for I € T'.

From instance w’ we construct an instance © = (n,f ,k,7), where set 7T itself satisfies conditions
(a) and (b) from Lemma 4. In particular, intervals in Z are disjoint (condition (a)) and there-
fore feasibility of instance @ can be determined by verifying for every interval [a,b] € Z that

Sk #(la,b),5) =b—a+1.



We define 7 to be the partition of {1,...,n} into a minimal number of intervals, such that
for each interval I € 7 and each element I’ € 7’ either I C I’ or I N I' = (). We represent Z by
sequence ([i1, 1], [i2, J2)s - - - » [ip, Jp])- )

What remains is the assignment of demands to intervals in Z, i.e. the definition of 7 :
I x[k] — {1,2,...,n}. We will show by induction that the definition of #([ay, b1], ), for ¢ € [k],
uniquely determines 7([a;, by, ¢), for 2 < i < p.

Therefore let us be given values #([ay,bi],¢), for ¢ € [k], such that Z?Zl #(lar,b],j) =
by — ar +1 (otherwise the instance is infeasible and nothing is to show). Assume that values

7([Gi, Z], ¢), for ¢ € [k] and 1 < i < ¢ < p have been determined. Consider interval I,y =
lagi1,0g1). If o1 € Ty or Iy € Ty then it clearly must hold #(Z, c) = r(Z,c), for ¢ €
[k]. Otherwise, WLOG assume d,41 = ay, for some [ap,by] € 1, and byyy = b}, for some
[a},, b,] € Tz, Let w be such that [, bo] € T and Gy, = a},. Then by induction hypothesis
all 7([a;, b;],c) with w <1 < ¢ and c € [k] have been determined and therefore we have to set
7([ag41,bg41],¢) = by —ap, + 1 — w T(las, bi], c).

As for the determination of r([al,bﬂ ¢), ¢ € [k], we have to distinguish between a; < a
and a; = a}. Note that a; < a} by the definition of index ¢. In the latter case a1 = a; and
by = min(b;, b)) and thus 7#([ay, b1, ¢) = r([a, bi, ), respectively #([a1, b1],¢) = r([a], 1], ¢). In

the former case a; = a; and by = a} and we have to try at most (allfgt_ﬁkfl) combinations of
#([a1, b1], ¢) < r([at, be), c), for ¢ € [K], such that S5 #([a1, b1], j) = af — ay. O
Corollary 1. The feasibility problem for given left assignment P, = (Zp,,rp,) and right
assignment Pp = (Zp,,Tp,) on a set of vertices V. = {1,2,...,n} can be solved in time
O (n*(1Zp | + |Zpgl))-

Proof. Let Zp, = ([1,u1],[1,u2],...,[1,%]) and Zp, = ([u},n], [uy,n], ..., [u,n]) be sorted with

respect to “C” and “D”, respectively, in non-decreasing order, where | = |Zp, | and r = |Zp,|.
Then the feasibility problem on P;, and Pg is equivalent to the feasibility problem on assignments
Py = (Zp;,rp;) and Py = (Zpy,rpr), where Ipr = ([L,w], [u1 + 1,uo],..., [w—1 + 1,w)),
rp; ([Lwi], ¢) = rp, ([1,u1],¢), and rpy ([ui—1+1,w], ¢) = rp ([, ], ¢) —rp, ([1,ui-1], ), for 2 <
i < l. Symmetrically, Zp, = ([uy, uy — 1], [uy, us —1],..., [ug, n]), rp ([ug, n], ¢) = rp, ([uz, 1], €),
and 7p ([ug, ui g — 1],0) rpg([up n], ) = rpg([uiyq, ], ), for 1 <@ <r. Interval sets Zp; and
Zpy, satlsfy conditions (a) and (b) in Lemma 4 and therefore the claim follows. O

For given left assignment P, and right assignment Pr on a vertex set V = {p,...,q}, and a
e-partial assignment P w.r.t. u*, procedure REDUCE constructs, considering the recursive call
on Vp, a left assignment P; and right assignment P on vertex set V = {p,...,u*} as follows:

o Ip; ={lp.t:] € Ip, | ti < u},

o Ip, = Ijlp U{[si,u*] | d[si,q] € Ip, :si <u*},and forall1 <c <k

e rpr(I,c) =rp,(I,c), for I € Ip;, and ’I"PII%(I,C) =rp(I,c), for I € I,
° TP}/%([Si,u*:I,C) = 1p,([si,q],¢) —rp([u*, q],c), for [s;, q] € Ip,, si < u*.

Note that procedure REDUCE on V,(u*) or Vr(u*) results in left assignment P; and right
assignments Pp,, such that a; = af, respectively b; = b/,, holds. Therefore in the construction
of instance w = (n,f ,k,7) in the proof of Lemma 4 function 7 is uniquely determined and we
can decide feasibility in time O (|V|). Adding an e-partial alignment to P; and P}, in step 6 in
algorithm MAXCOLORINGAPPROX only splits intervals in 7 with uniquely determined demands
on the new subintervals and thus does not increase the time needed to determine feasibility.

Procedure MAXCOLORINGSPECIAL on a vertex set V' is based on the construction of instance
W= (n,f ,k,7) in the proof of Lemma 4. Since intervals in 7 are disjoint, we can define x on
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Algorithm MaxColoringApprox(Z,V, Pr, Pg):
Input: An instance (Z,V') of MAXCOLORING, and consistent left- and right-
assignments P;, and Pr on V
Output: A (1,1 + €) approximation (x,J)

if |Z| =0, then
X < MAXCOLORINGSPECIAL( Py, Pr)
return (y,0)
let u* € V be such that |Zp(u*)| < m/2 and |Zg(u*)| < m/2
for every e-partial assignment P w.r.t. u* do
if P is consistent with P; and Pg then
(x1,J1) < MAXCOLORINGAPPROX(Zf(u*), VL (u*), REDUCE(VL (u*), P, Pr, Pr))
(x2, J2) < MAXCOLORINGAPPROX(Zg(u*), Vr(u*), REDUCE(VR(u*), P, Pr, Pr))
let x — x1Ux2
K~ {I €ZIu]: ﬁig <rp(Iyz,py;c) +rp(Lir,p),c) <r(l,c)}
J KU UJ,
store (x,J)
. return the recorded solution with largest w(J) value

© 0N oA WD =

—_ =
—= O

—
w o

Figure 2: The dynamic program for computing a (1,1 4 €)-approximation.

vertices in each interval I € 7 independently, respecting only Nx(f ,C) = f(f ,c), for all colors
c € [k]. Again, due to the specific structure of Zp, and Zp,,, function 7 is uniquely determined
and therefore MAXCOLORINGSPECIAL runs in time O (|V]).

Let P = (u*,Zp,rp) be an e-partial assignment w.r.t. u*. Given an interval I = [s,t] € Z,
with v* € I, we let j(I,P),l(I, P) be respectively the smallest and largest indices such that
[uj(lyp),uz(I,P)] C1I, ie j(I,P)=min{i: u; > s} and (I, P) = max{i : u} < t}. If either of
these indices does not exist, we set the corresponding rp(Iy(;, p),c) or TP(Ij(LP), ¢) to 0.

Note by (R5) that

re(Iy1,py, c) +7e(Li,py;¢) < Ny (I,c) < (1+€)(rp(Lyq,py, c) + rr(Liz,p),c)), (14)
holds for any coloring x’ : V — [k] and e-partial assignment P consistent with y’.

The algorithm uses two subroutines: MAXCOLORINGSPECIAL checks if a pair of a left-
and right-assignments are consistent, and if so, returns a feasible coloring (see Figure 2);
REDUCE(VL (u*), P, P, Pr) (respectively, REDUCE (Vg (u*), P, Pr,, Pr)) combines the assignments
P, Pr,, Pg into a left- and right assignments P;, Py, on Vi (u*) (respectively, on Vi (u*)).

When the procedure returns, we get two independent colorings x; : Vi(u*) — [k] and
X2 : Vgr(u*) — [k], which are combined into a coloring x = x1 U x2 defined in the obvious way:
x(u) = x1(u) if u € Vi(u*) and x(u) = x2(u) if u € Vg(u*).

2
Lemma 5. Algorithm MAXCOLORINGAPPROX runs in time T'(n,m) = pO(c lognlogm)

Proof. The number of possible e-partial assignments is at most p(n), given in (13). This gives
the recurrence

T(n,m) < poly(n,m) +2u(n) - T (%) .

The lemma follows. O
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Lemma 6. Algorithm MAXCOLORINGAPPROX returns a coloring x : V +— [k] and a subset of
intervals J C I such that w(J) > w(OPT) and r(I,c)/(14+¢€) < Ny(I,c) < (1 +¢e)r(I,c) for
allI € J and c € [k].

Proof. Let (x*,OPT) be an optimal solution. By Lemma 3, there is an e-partial assignment
P consistent with x*, which will be eventually considered by the algorithm in Step 5. If
I € Opt[u*], then Ny«(I,¢) = r(I,c) and thus (14) implies, for x’ = x* that I belongs to the
set KC selected by the algorithm in Step 10, i.e., OrT[u*] C K, and hence w(K) > w(OprT[u*]).
Since the returned coloring y is consistent with P, we also know by using x' = x in (14
that 7(Z,c)/(1 +¢€) < Ny(I,c) < (1 +¢€)r(l,c) for I € K. By induction, we have w(Ky) >
w(OpPTL(u*)), w(lCa) > w(OrTR(u")), r(I,c)/(14+¢€) < Ny,(L,¢) < (1 +¢e)r(1,c) for I € Ji,

and r(I,c)/(14+¢€) < Ny,(I,c) < (14 ¢€)r(l,c) for I € Jp. The lemma follows.

(I

4 Hardness

In this section we show that, in general, deciding whether a feasible coloring exists is NP-hard.

Theorem 3. The problem of testing the feasibility of an instance of the interval constrained
coloring problem is NP-complete when the number of colors is part of the input.

Proof. Clearly, the problem belongs to NP. To prove the problem is NP-hard we reduce a known
NP-hard problem to it using the approach of Chang et al. [2]. In the ezact coverage problem we
are given a ground set I/ and a collection S of subsets of U and we want to know whether there
exists a sub-collection C C S of size t, which forms a partition of I/; that is, UgeeS = U and for
any R,S € Cif R# S then RNS = (). It is well known that exact coverage is NP-complete [5]
even when the cardinality of sets in S is 3.

Let u = |U| and s = |S|. For the instance of the coloring problem we divide V' = [n] into
u blocks By, ..., B, each of length s; thus, n = us and B; = [(i — 1)u + 1,...,iu]. Each color
c € [k] is associated with a specific set S, in S; thus, k = s. Let Y = {z1,...,x,} and suppose
that z; is contained 7; in sets. For every i € [u] we have

Li=[s(i—-1)+1,...,s1] and r(I;,c) =1 for all ¢ € [K]
L=[si—t+1...,s(+1)—1 and r(Il,c) = 1 for all ¢ € [k]
I =lin—t—ry....in—t+1] and r(I/,¢) =1 if and only if z; € S,

Realize that any coloring satisfying all the I; and I] intervals must use the same set of ¢
colors for the last ¢ positions of every block and the remaining s — t colors for the first s — ¢
position of every block. We therefore encode the cover C with the last ¢ colors of each block. To
enforce that C is a partition, we ask that for every element x € U exactly one set in C contains
z. in S, then we include the interval I/’ = [in —t — r;,in — t + 1] and require r(I/',c) = 1 if
and only if z; € S.. Clearly, a feasible coloring encodes a solution for the exact coverage and
vice-versa. It follows that the testing feasibility is NP-hard. O

Acknowledgments: Thanks to Hubert Chan for useful discussions.
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