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Zusammenfassung

DieseArbeit beschreibeine exakte, vollstandigeund effiziente Methodezur Be-
rechnungeinesArrangementson quadratischealgebraischeRlachenkurz Qua-
driken)im drei-dimensionaleRaum.Dazuberechnemvir die zwei-dimensionalen
Arrangementger Schnittkunen auf allen Quadrilenoberfaichen. UnserAnsatz
basiertauf einerProjektionderraumlichenSchnittkunenin die Ebene.Die proji-
ziertenKurvenanalysieremwir in ihrer Topologieund stellenPradikatebereit,um
dengenerischeregelinien Algorithmusvon Bentley und Ottman(1979)fur die
Berechnungler planarenArrangementanwenderzu konnen. Weiterhin zeigen
wir, wie durchProjektionverlorenggangenaaumlichelnformationenwiederher-
gestelltwerden. Zusatzlich vermitteln wir Ideen, wie Boole'sche Operationen
auf von Quadrilen berandeterestiorpernmit diesemAnsatzberechnetverden
kdnnen.Eine Implementierungur Berechnungler zwei-dimensionaledrrange-
mentsin C++, die denZielender Exaktheit,der Vollstandigleit und der Effizienz
(bewiesenduchLaufzeitanalysenyerechtwird, liegt vor.

Abstract

This thesisdescribesan exact, completeand efficient methodto computethe ar-
rangemenbf quadraticalgebraicsurfaces(short quadrics)in three-dimensional
space. The main operationis to computethe two-dimensionalarrangementsf
their intersectioncurves on eachquadric. Our approachis basedon the projec-
tion of the spatialintersectioncurves onto the plane. We analyzethe projected
cunesin their topology and provide predicatesneededo computearrangements
of projectedccurveswith agenericversionof thesweedine algorithmdevelopedoy
Bentley and Ottman(1979). We shav how to recover spatialinformationthatwe
losebecausef theprojection.Additionally, we give ideashow to computeboolean
operationsn solidsboundedby quadricswith this projective approach.Thereis
a C++ implementatiorfor the computationof the two-dimensionalrrangements
which copeswith the threemain goalsof exactnessgompletenesandefficiency.
Its runningtimesareusedin this thesisto prove efficiengy.
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Chapter 1

Intr oduction

Problem Statement

Figurel.1:

A quadraticalgebraicsurface (or quadric for short)in three-dimensionaspace
is definedas setof the roots of a trivariate polynomial. For example,the three
quadricsR, B, G in figure 1.1 aredefinedby the polynomialsr, b, g € Z[x,y, Z:

r(xy,2) = 34C+5%°+2372-120

b(x,y,2) = 51x*+83y*+ 717 — 10Xy

+14xz— 24yz+ 4x— 20y + 31z— 61
143¢ + 149/ + 697 — 12xy
+101xz— 119yz— 2x— 7y — 16z— 83

(X y,2)
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As in this example,we considerin this thesisa finite setof quadrics. This set
of input quadricsinducesa subdvision of the three-dimensionaspaceinto ver
tices, edges,facesand volumes. This subdvision is called the arrangementof
the quadrics.The arrangementanbe representedsa graphwhich describeghe
topologicalstructureof thesedifferentobjects.While thefirst threeitems- vertex,
edgeandface- lie eachon onequadricthe volumesaredescribedwvith the help of
boundaryobjects(mostly faces).Our goalis to computethe topologyof the two-
dimensionahrrangementsnthequadrics inducedby theintersectiorcurveswith
otherquadrics.

Globally spolen, we wantto provide the fundamentamathematicatool to com-
putethe arrangemenof quadricsin three-dimensionapacewith respecto three
maingoals:

e Exactness
Theoutputalwayscoincideswith themathematicatorrectresult,whichim-
posedo dealwith algebraicmnumberson us.

e Completeness
Thereis norestrictionto the input. Every possiblesituation- with arbitrary
degeneracies s allowed.

e Efficiency:
Therunningtime of thealgorithmis usefulfor practicalapplications.

The critical part of computingarrangementsf quadricsis that quadricsare not

linear The computationof linear arrangementss a well-researchedrea- com-

paredto problemsof curved objects. But, this may be dueto animportantfact:

Linear objects- regardlessof curvesor surfaces- definedby rational coordinates
do not produceirrational numbersif we wantto computetheir features,suchas

intersectiomoints,tangentspointlocationetc. And computingwith rationalnum-

berson modernhardwareis nota big problem.Becausef thisfactthereis agreat

collectionof efficient algorithmsfor linearobjects for example[CGAL].

Thecruxis thatquadricsdo notbehae in thisway. Althoughdefinedwith rational
coordinateghey generatevery fastirrational algebraicnumberssuchas square
rootsandevennumberof higheralgebraiadegreein thecomputatiorof predicates
or intersectiorpoints. We have chosemuadricssincethey arethe simplestthree-
dimensionabbjectsthatarenotlinear

Unfortunately this behaior standsin oppositedirectionto our goal of efficiengy

andmakesit moredifficult to achiere exactnessand completenessThe problem
is, thatwe cannotapply arbitrary arithmeticoperationson the involved algebraic
numberson currentcomputersystems.lIt is simply impossibleor too expensve.

To fulfill our threegoalswe dealwith algebraichumbersvery cleverly - in their

representatioaswell asin theactualalgorithm.
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Ourideais basedon awork of Wolpert[W02]. Let usfix asinglequadric(called
basequadrig in anarrangemenof a finite numberof quadrics.We canobsenre
that the three-dimensionaintersectioncures of the basequadric with the re-
mainingquadricsbuild a two-dimensionahrrangemenbn the surfaceof the base
gquadric. Seeour examplein figure 1.1: Let the red quadricbe the basequadric.
Thentheintersectiorof theblueandthegreenquadricwith thebasequadricyields
two intersectioncurves on the surface of the basequadric. We cansay thatthe
intersectiorcurveslie onthesurfaceof thebasequadric. The computatiorof these
two-dimensionakrrangements the kerneloperationfor the intendedmethodof
computingthearrangemendf quadrics It is alsothekernelfor our computatiorof
booleanoperation®n quadrics.Thetrick we useto computethe two-dimensional
arrangementis to projectthespatialintersectiorcurvesontothexy-plane whichis
anideaadaptedrom the spirit of cylindrical algebraicdecompositiorfcad)[C75].
This allows to reducethe computatiornof spatialarrangementt the computation
of planararrangementsFor the computationof planararrangementthereexist
algorithmsthatachiere our threegoals,for examplethe sweepline algorithm.

AN

N

Figure 1.2: Projectedintersectioncurves on the red quadricin figure 1.1. The
greencunescorrespondso theintersectioncurve of the quadricsR andG while
theviolet curve representsheintersectioncurve of the quadricsR andB. Thered
cunvesdescribeghe boundaryof thered quadricwhenlooked at it from —oo.

Theory:

In thetheoreticalpartof this thesiswe explain the projectionphase Thenwe ana-
lyze thetopologyof the projectedintersectiorcurvesandconstructpredicategor

themthat fit well to the genericversionof the sweepline algorithmfrom Bent-
ley andOttmann[BO79]. This versionallows to computearrangementef planar
curvesaslong asonecanprovide a specifiedsetof predicate®n curve pointsand
cune sgments. We can provide this setandthis facilitatesthat the computation
of ourarrangementef projectedntersectiorcurvesbecomesxact, completeand
efficient.



Of course,we do not forget that a loss of spatialinformation resultsdueto the
projection. Anothertheoreticalpart shavs how to recover this three-dimensional
informationfor the segmentsof projectedcurves. Furthermorewe presentsome
ideashow to provide booleanoperationsn solidsboundedoy quadrics.

Practice:

The practicalpartimplementsthe computationof two-dimensionabkrrangements
on surfacesin an arrangementsf quadrics. Thesearrangementareinducedby
intersectioncurves of a quadricwith other quadrics. We have implementedthe
projectionandthe analysisof projectedcurvesandcurve pairs. This allows usto
computethesearrangementsvith the genericsweepline algorithm, becausave
alsoprovide theneededsetof predicateandconstructionsThelastpartof theim-
plementatiorcoversa methodof recovering the spatialinformationfor segments
of projectedcunes. Thusthe practicalpart containsthe completealgebraicma-
chinery neededfor the computationof an arrangemenof quadricsand boolean
operation®n quadrics.Theremainingcombinatoriaktepsarefuturework.

A side-efect of this thesisis a steptowardsa curved CAD kernel (CAD stands
for ComputerAided Desigr). A CAD kernelcollectsall importantoperationson

geometricobjects. Of course the kernelshouldbe robust and efficient - concor

dantto our goals. For the linear casewe alreadymentionedCGAL. Most current
CAD systemdor curved objects(even commercialones)arenot robust. It is easy
to constructinput datawhich causegshemto crash- for exampleif they do not

recognizea tangentialintersection.Theimplementatiorpart of this thesisis done
within the ExAcus project[EXACUSY at the Max-Planck-Institutdor computer
sciencen Saarbiicken. It is morethanjust a proof of a concepttowardsa robust
andefficientcurved CAD kernel.

Related Work

There are mainly three different areasthat are interestedin the computationof
arrangementsf curvedobjects all of themproviding stepgowardsanexact,com-
pleteandefficientcurved CAD kernel.

e Solid Modeling
e Computationalzeometry

e AlgebraicGeometry

Theareaof solid modelingis interestedn highly efficientcomputatiorof arrange-
mentsof solids, for example boxes, spheresconesetc. In the pastyearstheir
implementationsisedfloating point arithmeticand approximatie approacheso
computehearrangementsThisworksquite goodandvery fastfor thelinearcase,
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but for curvedobjectsthis approactrunsdirectly into seriougproblemsconcerning
the robustnessf the algorithms. Justremembethe situationof tangentialinter
sections.

In contrastpeoplefrom computationabeometryconsiderobustnessaisatop pri-

ority. They concentratedn algorithmsand implementationghat are exact and
complete. Efficiencgy is a secondarygoal becausecomputationalgeometrynor-

mally presumeshereal RAM modelof computation evenfor curved objects.In

thereal RAM modelof computatiorit is possiblebothto represenary algebraic
numberaswell asto do arithmeticsin constantime with ary algebraicnumbers.
But arealcomputeris not aninstanceof thereal RAM model. In currentcomput-
ersit is very expensve to computewith algebraicmumbersFor thatreasonyapet
al. [YD95] [YMO01] [LP+03] decoupledhe notion of exact arithmeticand exact
geometriccomputation.The linear caseis the instancethat fits bestinto the real

RAM modelof computatiorandthatis why alot of work hasbeendoneto compute
thearrangementsf linear objects.You canfind overviens on the computationof

arrangementby Agrawal andSharir[AS00] andHalperin[HO3].

The algebraicgeometrycommunityhasalsothe greatgoal of exactnessand effi-
cieng/. The computationof curved objectsis an easybut unfortunatelyvery ex-
pensve taskin algebraicgeometry They computewith algebraicnumbersand
thereforesomealgorithmshave superexponentialrunningtimes. A key topicin
algebraicgeometryis the analysisof single cunes (hypersuréces)insteadof ar
rangementsf them.

The biggeststepstowardsa curved CAD kernelis donein the areaof computa-
tional geometnyinfluencedoy someconceptsakenfrom algebraicgeometry This

developmenis avery youngbranchin computationagjeometryandduringthelast

few yearsgreatresultscould be presentedy differentresearcherand research
groups:

MAPC [KC+99] is a library that overcomeghe inexact floating point arithmetic
approachandprovidesalgorithmsfor exactandefficient computatiorof algebraic
pointsand sggmentsof curves andarrangementsf them. But degeneratedsitu-
ationslike tangentialintersectionsor intersectionsn singularitiesare not treated
explicitly.

More recently sereral authorsdevelopedmethodsto computearrangementsf
curved objectsthatarequite efficient - atleastin the two-dimensionaplane.Ron
Wein[We023 [We02l extendedCGAL to computeplanarmapsof conicarcsand
thereareambitions[T02] to extend CGAL with acurvedkernel.

Berberichet al. [BE+02] extendedthe Bentley-Ottman sweepline algorithm to
handlearrangementsf segmentsof arbitrary curvesand provide the setof pred-
icatesfor the sweepline algorithmto computearrangementsf conics. Details
aboutthepredicatedor sweepingconicscanbefoundin [HO2]. Eigenwillig [EOJ]

shaved how to provide the predicatesetfor the sweepline algorithmfor arbitrary

5



algebraiccurvesif oneis ableto discusssingle curves and curve pairstopologi-
cally. Heis ableto do this for planecubiccurves.

In theareaof algebraiggeometrySakkaligS91] andHong[H93] analyzedasingle
curve symbolically Anotherresultof researchn algebraicgeometryis the cylin-
drical algebraicdecompositior{cad)foundedby Collins [C75] whendoing quan-
tifier eliminationin logics. Cylindrical algebraicdecompositiorpartitionsthe d-
dimensionaEuclidearspaceR? into connectedubsetsompatiblewith zeroeof
polynomials.Thetrick is to projectthe“relevant” pointsto thelower-dimensional
spaceRY 1. The computatiorof the cylindrical algebraicdecompositioris done
recursvely. Unfortunately the recursie approacHeadsto up to doubleexponen-
tial runningtimes. But we will seehow to consolidatethe ideasof this concept
with efficient computatiorleadingto computationageometry

If we concentraten the problemof quadricintersectiorwe canfind severaldiffer-
entapproacheatthe moment:

Thefirst is basedon the theoremof Levin [L76] [L79]. His pencil methodal-
lows to computean explicit parametriacepresentationf the intersectiorbetween
two quadrics. This ideawasrefinedover the years,for exampleby Miller, Gold-
mann,Chionoh,Wang, Joe[M87] [MG91] [MG95] [CG+9]] [WJ+97] or Geis-
mann,HemmerandSctomer[GH+01].
Dupont,Lazard,LazardandPetitjieanfDL+02] improvedLevin’'s parameterization
of theintersectioncurves. This parameterizatiohasthe advantageto be asratio-
nal aspossible For the coeficientsof thefound parameterizatiorthey canalways
give the smallesffield extension(Q with maximaloneadjointsquareroot). Hem-
mer [HO2] usestheseideasto orderthe pointsof intersectionsf quadricsalong
theintersectiorcunes.

Anotherideais developedby Mourrain, Técourtand Teillaud [MT+03]. They
sweepwith a yzplanealongthe x-axis throughthe arrangemenof quadricsand
keeptrack on the intersectioncurves of the quadricswith the moving plane. On
this sweepingplanethey have to analyzearrangementsf conics.

For low-degreecurved solids,ESOLID [KC+02] describesxactboundaryevalu-
ation. But they statednot to handleall degeneracieskor detailson ESOLID (and
MAPC) we referto the Ph.D.thesisof Keyser[KO0O0].

Wolpert [W02] developedanideabasedon cylindrical algebraicdecomposition.
Theintersectiorcurvesof quadricsareprojectedinto the xy-plane. This allows to
computethe spatialarrangements the plane. Basedon this planararrangement
is it possibleto computethe cells of quadricarrangementsWolpert's work is the
basisof thisthesis.



Outline

Themainpartof thethesisconsistof the following six chapters:

e Chapter2 covers mathematicabnd problem-relatedoundations. It is di-
vided into four parts. The first of themintroducespolynomials,algebraic
numbersand(sub)resultants.

The next partis aboutalgebraichypersurices.We especiallyintroduceal-
gebraicsurfacesandalgebraiccurves. For the latter we alsodefinespecial
topologicalpoints.

The third part surweys the conceptof three-andtwo-dimensionakrrange-
ments.

An awkward choiceof the coordinatesystemcansimply leadto somemis-
behaing degeneracieén the analysisof curvesandarrangementsf them.
In thelastsectionof Chapter2 we discusssomeconditionson the choiceof
the coordinatesystento avoid thesetypesof degeneracies.

e Thefirst partof Chapter3 explainsthe projectionphaseof two-dimensional
arrangementsn quadricgto the plane.

In the secondsection,we cover the analysisof a singleprojectedcurve. We
locateall extremeandsingularpointsandnotify onthe conditionscompiled
in Chapter2. Thenwe determinethe relative positionin y-directionfor the
arcsover x-coordinates.

The last part analysegpairs of projectedcurves. We detect(degenerated)
intersection@ndwhich arcsof the two curvesareinvolvedin eachintersec-
tion. Furthermorewe locatethe arcsof the two curvesin y-directionasa
functionof x, too.

o After the analysisof projectedcurveswe reportin Chapter4 on preparing
the curvesfor the sweepline algorithm. We introducepointsandsweepable
segmentsof curvesandhow to provide the predicateseededor the sweep.

Thenwe explain how to recover spatialinformationfor projectedintersec-
tion curvesthatarelost dueto the projectionstepof Chapter3.

e After thetheoryin the precedingchapterswve give a detailedintroductionto
thecurrentimplementationn Chaptels. Thereis atourthroughthecodeand
we presenthe measurementsf runningtimesto prove practicalusability

In aminor partof thatchapteme offer someideasto improve theimplemen-
tationvia verifiedfloating pointfilters, how to extendtheimplementatiorto
surfacesof higherdegreesandwhich problemsmayoccurthen.
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e Chapter6 is an outlook on booleanoperationson quadricsusing methods
from solidmodeling.Theideaspresentedherearebasednthecomputation
of planararrangementdevelopedin the chaptersefore.

e Thethesisconcludeswith a summaryof our work andanoutlook on future
work in Chapter7.



Chapter 2

Foundations

The chapterrepresentghe basisusedthroughoutthe completethesis. In a first
stepwe introduceall algebraicconceptghatwe needto handlewith surfacesand
curwes. Therewill beashortpartof definitions,followed by a suney aboutpoly-
nomialsandtheir roots. We presentiow to find theserootswith Uspensk’s algo-
rithm, how to representhesealgebraimumberswith the helpof isolatingintenals
andwe take alook at (sub)resultantsAll thesethingsarewell-knowvn fundamen-
tal conceptof algebragcomputeralgebraandalgebraicgeometrysee[L84] [B96]
(german)GC+92][GG9Y.

In the secondpart of this chapterwe introducealgebraichypersurdcesand es-
pecially surfacesand cures. Thereis an overviev on geometryandtopology of
algebraicsurfacesanda detaileddiscussionon thesetopicsfor algebraiccurves.
[G98] givesa very accessibléntroductionto algebraiccurves. More detailedref-
erencesare[CL+97] and[BK86].

Arrangementsn threeandtwo dimensionsplay an importantrole in our thesis.
Thuswe give ashortintroductionandreferfor the detailsto [HO3].

Thelastpartdealswith someconstraint®nthechoiceof thecoordinatesystenthat
areneededo establishthe analysisof algebraiccurvesandpairsof them. These
analyseprovide thebasisfor usto computearrangementsf algebraiccurveswith

theefficient sweepline algorithm.

All algebraidoolspresentedhere,arefundamentabasicsof algebra.Our configu-
rationis justa problem-specificsubset Otherintroductionsusefulfor our problem
areaccessibléen [W02] and[E03].



2.1 Algebraic Foundations

This sectioncoversthe fundamentahlgebraictools andobjectslike polynomials,
algebraicnumbersandrootfindersthatareneededhroughouthis thesis.

2.1.1 Notation and Terminology

Remembethe algebraicconceptsf ring andfield We usethemin a restrictve
way: A field always meansa field with characteristiczero, a field is always a
supersebf therationalnumbersQ. For exampleall algebraicextensionfieldsare
allowedjustlike thereal (R) or the complex (C) numbers.

We only look atrings thatarecommutatve with unity, demandhemto containthe
integersZ andmostof thetime, unlessstateddifferently to befreeof zerodivisors.
Ringsin this senseareof courseZ andringsof polynomialsover aring or afield.
Themultiplicatively invertible elementsf aring R, the so-calledunits of R, form
amultiplicative group,denotedwith R*.

In this terminology aring R is afield if andonly if every elementbesideserois
aunit. Everyring R possessean essentiallyuniquequotientfield Q(R), thatis a
C-minimalfield containingR asa subring.For example,Q(Z) = Q.

In all othercasesve engageo usestandardermsandsymbols.As in standardve
usetheword “if f” with themeanind'if andonly if”. Squarebraclets[xy|.. denote
eguvalenceclassesnoduloanequivalencerelation~.

2.1.2 Polynomials

Adjoining an indeterminatex to a ring R yields the univariate polynomial ring
R[x]. For sucha polynomial f € R[x] we defineits degreedey(f) = deg,(f) and
its leading coeficient £(f) = £x(f). For the constantzeropolynomialwe define
deg(0) = —o0 and£(0) = 0. The leadingmonomialis definedas ¢( f)xd(") A
polynomial f is calledmonicif £(f) = 1.

Variablescan be repeatedlyaddedto a ring yielding multivariate polynomials:
R[x1]--- [Xa] = R[X1, ... ,Xn]. Theorderof adjunctiondoesnot matter Forn=2 we
usethenotionof bivariate andfor n = 3 we usethe notionof trivariate polynomi-
als. We candistinguishbetweenwo differentviews on multivariatepolynomials:

e Hierarchical view: Thepolynomialis univariatein the outermoswariablex;,
with coeficientsin R[Xxq]- - - [Xn—1]-

e Flat view: A polynomialis the sumof its monomialsa;l,,,inxill---x},,n, with
a,..i, # 0. Thetotal degreedey( f) of anon-zergpolynomial f is thehighest

10



sumof exponentd; +... + i, amongall of its monomials.It holdsagainthat
deg(0) = —o.

Polynomialsof degree0,1,2,3,4,... arecalledconstant)inear, quadatic, cubic,
quartic, etc.

A multivariate polynomial f € R[x1,... ,%y] is called x,-regular if it containsa
monomialof the form cﬁ@(f) with 0 # ¢ € R. Equivalently f is x,-regulariff its
total degreedey( f) in theflat view is equalto deg, (f) in thehierarchicaview of
theunivariatepolynomialin x, with coeficientsin Rx;] - - - [Xn—1]. The propertyof
Xn-regularity is very helpfulwhentheflat andthe hierarchicalview aremixed.

For anadequatelefinitionof leadingcoeficientandleadingmonomialof flat poly-
nomialsO # f € R[xy, ... ,Xn] we have to sortthereverseddegreevector(ip, ... ,i1)
of its monomialslexicographically Now, the leadingcoeficient of anx,-regular
polynomialis the samefor theflat andthe hierarchicalview onthe polynomial.

We further conclude: The leadingmonomialof a productof polynomials fg is
equalto the productof the two leadingmonomialsof f andg: £(fg)xd(79 =
£(F)x(0). £(g)9(0) — deg( fg) = deg(f) + deg(g)

Division, GCD and Factorizations of Polynomials:

Let K be afield. ThenK[x] is an Euclideanring by virtue of division with re-
mainder Now we caneasilydefineconceptgshathbuilt hearily ondivision,asgcd
factorizationand multiplicities of factors. We surrendemost proofs, sincethey
canbe found in standardextbooksaboutalgebra[L84] [B96] [GC+9] [GG99]
[CL+97].

Proposition 2.1.1: (Euclideandivision of polynomials)
LetK bea field. For anytwo polynomialsf,g € K[x],g # O, there existsa unique
quotientq andremainder in K[X] sud that

f=0qg9+r, with deg(r) < deg(Q). (2.1)

The constructie proof yields a simpleandreasonablefficient algorithmto com-
putethesequantities.Iff g divides f, denotedby g| f, the Euclideandivision com-
putesr =0andq= f/g.

Euclideandivision leadsdirectly to the computationof the greatestommondivi-
sor. Givenaring R, the greatestcommondivisor (gcd) of r,s € R is an element
d € Rsuchthatd|r Ad|sand(d’|[rAd’|s=-d'|d for all d’ € R).

With moredetailedalgebrgastheextendedeuclidearalgorithm,[GC+92 [GG99]
[C93][B96, 2.4][L84, 1.4, V.4]) it is shawn:
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Corollary 2.1.2:K[x] is a uniquefactorizationdomain(UFD).

If K[x is a UFD, thenthereexists for every 0 # f € K[x] a unique(up to order)
factorization

k
fzf(f)-_r!p? (2.2)

into its leadingcoeficientandpairwisedistinctmonicirr educiblefactors p; € K[x]
with correspondingnultiplicitiesg. Uniquefactorizationleadsto uniguegreatest
commondivisors. We areableto definethe symbolgcd( f,g) for f,g € K[x \ {0}
astheiruniqguemonicgreatestommondivisor.

Togethemwith Gauss TheoremB96, 2.7][L84, V.6] it is shavn thatK[xy,. .. ,X,]
is alsoa UFD leadingto a direct extensionof the notationgcd f,g) introduced
above for multivariatepolynomials.

Anotherresultis
Corollary 2.1.3:1f Risa UFD, thenR[xy, ... ,X] isa UFD.

This allows usto defineged f,g) for f,g € R[xy,...,Xn], too. But it differs from
thegcdin Q(R)[X1, ... ,Xn], becauseon-unitconstantsrerelevantfor divisibility
over R: For examplex divides2x in Z[x], but 2x doesnot divide x.

WhenR is a UFD and0 # f € R[], the contentcont(f) of f is the gcd of its
coeficients. A polynomial f is calledprimitive if cont f) = 1. We cancompute
the primitive part of f in thisway: pp(f) := f/cort(f).

With somefurthercorollariesonecanconcludehatthegcdcomputatiorfor f,g €
K[xi,...,X%] doesnot dependon the coeficient field andis equallyvalid for all
fieldscontainingthe coeficientsof f andg.

A considerablavealer conceptthanuniquefactorizationis squae-free factoriza-
tion, oraswe call it factorizationby multiplicities It is veryusefulfor ourpurposes
in laterchaptersTo geta factorizationby multiplicity, onehasto groupfactorsp;
of f with equalmultiplicities g into onefactors, with m=g:

maxe

f=2(f)- |_|1 Sme wheresn = [1] b (2.3)

a=m

Thefactorss,, aresquare-freemeaninghatall their irreduciblefactorsoccurwith

multiplicity 1 andary two sy arecoprime,or equivalentgcd(s, sj) = 1,i # j. We

cansimply definethesquae-freepart of f as[],sm, by justreducingall exponents
to 1. Thereis an efficient methodto computethe square-fredactorizationusing
derivatives.

The derivative a polynomial f(x) = S oax is f/(x) := $1 iaix~1 (using our
definition of a ring to ensureia; # 0 with g # 0). For multivariate polynomials
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viewed hierarchically we canchooseevery variableas outermostandextendthis
definitionto partial derivatives indicatedby subscriptsfor example fy,. Partial
differentiatingof polynomialsw.r.t. differentvariablescommutes. The result of
differentiatingr > 0 timesw.r.t. somechoiceof variablesis calledanr-th partial
derivativeof f. Thecolumnvectorof all first partialderivativesof f isthegradient

vf :(fxl,...,an)T

As for gcds,the square-fredactorizationdoesnot dependon the coeficient field
K andappliesequallyto all fields containingthe coeficientsof f.

Rootsof Polynomials:

Givenapolynomial f € K[x] andanelemeng, € K. & is calledarootor zeo of f if

f(&§) = 0. Whenwe dealwith polynomialswe aremainly interestedn their roots.
The simplestpolynomial having & as a root is the linear polynomial f = x—&.

Frompolynomialdivision we canconcludethata polynomial f with f(§) = 0 has
x— & asoneof theirreduciblefactors. If f(§) = 0, the multiplicity of x— & asa
factorof f is definedasthe multiplicity of & asaroot respectiely zen. Otherwise
we defineit to be 0. A simpleresultis thata polynomial f with deg(f) = n has
at mostn roots, countedwith multiplicities. An irreduciblefactor p of f is either
linear, andhencehasazeroin K, or hasalargerdegreeandno zeroesn K.

Therearefields,whereeachirreduciblefactorof a univariatepolynomialis linear:

Theorem 2.1.4: (Fundamentallheoemof Algebra)
Let f € C[x] be a polynomialwith deg(f) =n > 0. Thenf is a productof its
leadingcoeficientand exactlyn moniclinear factors.

Fieldslike C with this propertyarecalledalgebraically closed

Theorem 2.1.5: For everyfield K there existsan essentiallyuniqueC-smallestal-
gebraically closedfield K containingK, calledthealgebraic closue of K.
A proofis givenin [B96, 3.4] or [L84, VII.2].

As we will seelater, our main concernaboutrootsis to determinethe real roots
of apolynomial f € Q[X] in termsof isolatingintervals with rationalboundaries.
Anintenal [I,r] C R is calledanisolatinginterval for aroot§ € R of f € R[x] if

{xel,r]] f(x) =0} = {&}.

Root Finder:

This next paragraphgivesan algorithmto determinetheisolatingintenals for all
realrootsof a square-fregpolynomial f € Q[X], calledUspensk’s methodwhich
is primarily basedon DescartesRule of Signs:
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Proposition 2.1.6: (DescartesRuleof Signs)

Let f € R[x] bea non-zeo polynomialwith exactly p positivereal roots(counted
with multiplicity) and exactly v sign variationsin its coeficient sequence Then
V— pis non-ngativeandeven.

A signvariation in asequencey,... ,a, of realnumberds a pair of indices0 <
I < j <nsuchthatsign(a;)sign(a;) = —1anda;;1 = ... = aj—1 = 0. With simple
words,the numberof signvariationsis obtainedoy deletingall zerosandcounting
how mary pairsof adjacennumbershave oppositesigns.

Proof: Let f(x) = zi”:oa;x‘. Assumew.l.0.g.thata, > 0,ap # 0. Sincepis even
iff ag > 0 andv is eveniff ag > 0, their differenceis alwayseven. It remainsto
provev— p > 0 by inductiononn = deg(f). Thebasecasen = O is clear

For the inductive step,considerthe derivative f'. Its numberof signvariationsis
vV < v andits numberof positve real rootsis p’ > p— 1, sincean (m+ 1)-fold
root of f is alwaysanm-fold root of f’, andthereis arootof f’ betweenary two
adjacentootsof f. It followsthatv— p>V — p—1> —1. Sincev— pis even,
v—p>0. O

A directresultis

Corollary 2.1.7:With the situationfrom Proposition2.1.6we get
(i) If v=0,thenp=0.
(i) fv=1,thenp=1.

If we transforma polynomial f to a polynomial f whosepositive rootscorrespond
to therootsof f in agivenopenintenal | =], r[, thenthe two specialcasefrom

Corollary 2.1.7 canbe appliedto concludein favorablecaseghat f hasno real

rootsin | or | is anisolatinginterval for a singlerealrootof f. In the othercases
of Proposition2.1.6we subdvide | andproceedecursvely.

Theremainingstepis to identify thefirst interval |0, B[ the subdvision startswith.
Thereforewe computean upperboundB on the absolutevaluesof roots of f.
Compute

n-1 )
Ko 1= min{kz 0‘ |an| 2" > 20|a;|2"‘}
is

by successiely trying k= 0,1,2,3,... andtakingB = 2%,

A proof of terminationfor Uspensi’s methodcanbe foundin [E03] and[A89].
Along thesedeasit is quitesimpleto implementanefficientrootfinderfor square-
free polynomialsbasedon DescartesRule of Signs. Pseudo-codef this method
is givenin [HO2]. Detailsarein [A89].
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Therearefurtheralgorithmsto determinethe isolatingintenals for the real roots
of a polynomial: Kronecler's Algorithm [K87], SturmsequencefK69] or zero
isolationby differentiation[CL76].

In 82.1.4we give arepresentatiofor realrootsof arbitrarypolynomialsthatallows
to comparethem. The comparisorof real algebraicnumberss the key operation
we needontherootsof polynomials.

2.1.3 Resultantsand Subresultants

For thegivenpolynomialsf, g € K[x], we wantto know if they have anon-constant
commonfactor Elimination Theory reformulatessuchpolynomial problemsas
problemsn their coeficients,andgivesalsothe answerto our question.

Resultantsof (Univariate) Polynomials:

Proposition2.1.8:LetK bea field. Let f = s jax,an andg = 5" 4bix, b, be
two non-zeo polynomialsn K[x]. Thenthefollowing conditionsare equivalent:

() f andghavea commorzen in thealgebraic closue K.
(ii) deg(gcd(f,g)) >0

(i) Thewe are non-zeo u,v € K[x] with deg(u) < deg(g) and deg(v) < dey(f)
sud thatuf +vg= 0.

(iv) Thedeterminanbfthe Sylvestematrix

Syl(f,9) = e (2.4)

By - bo
vanishes.

Proof: (i) < (ii) is clearwith uniquefactorization.

For (ii) = (iii) letd :=gcd(f,q), u=g/d, andv=—f/d.

For —(ii) = —(iii) obsere thatwheneer uf +vg= 0, then f dividesvg but is
coprimeto g by —(ii) andhencemustdivide v, suchthatdeg(v) > deg(f). Analo-
gouslyfor thepairu andg.

It remaingo shaw (i) < (iv). This equivalencefollows by linearalgebranot-
ing thatSyl(f,g)T is the matrix of alinearmaptakinga pair of coeficient vectors
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from K" x K™, representinglegree-boundolynomialsu andyv, to the coeficient
vectorin K™ thatrepresentshe polynomialuf + vg. The determinantanishes
iff thereis anon-zerovectorthatis mappedo zero. O

The determinandet(Syl(f,qg)) is calledthe (Sylvesteryesultantreq f,g,x) of f
andg with respecto x. In unambiguougontet we do not mentionthe variable.
We conclude:

Corollary 2.1.9: Theresultantof two univariatepolynomialsf andg vanishesff
f andg havea non-constantommorfactor For K = C, req f,g,x) = 0iff f and
g havea commorcomple root.

Resultantdave interestingproperties Proofscanbefoundin thereferencesnen-
tionedin theintroductionof this chapter

Proposition2.1.10:Let K be a field and f = am %, (X — o), g = bm[]]_1 (X~
Bj) € K[X] betwo non-zeo polynomials.Thenwe have

reg f,g,x) Zaﬂmbnm]_l”](di—Bj)- (2.5)
I=1]=

Proofsaregivenin [B96, 4.4] [L84, V.10][C93, 3.3.2].

Corollary 2.1.11:Theresultantis multiplicative thatis for givenf,g,h € K[x] the
equations
reS(f 'h,g,X) = reS(f,g,X)-reS(h,g,X)
reS(f,g-h,X) = reS(f,g,X)-reS(h,g,X)
hold.
Corollary 2.1.12:The resultantis invariant under translation, that is for given

f,g € K[x] and for somec € K we definef(x) := f(x+c) and §(x) := g(x+c).
Thenit holds

reqf7g7x) = reqf\7g7x)'

The Sylvestermatrix hassize (m+ n) x (m+ n). Anotherdeterminantaformula-
tion for theresultanuseshemorecompacBezoumatrix It hassizemax{m,n} x
max{m,n} only. For detailssee[GC+92, 9.5].

Resultantsof Multi variate Polynomials:

Considettwo multivariatepolynomialsf, g € K[x1, ... ,X,]. With thehelpof Propo-
sition 2.1.8we analyzethe setof solutionsof the systemf = g = 0 whenwe con-
sider f andg aspolynomialsin Q(K[x, ... ,X,]). We have to distinguishbetween
two stepgCL+97, 3.1]:
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1. Theprojectionstepdeterminegpartial solutions(§, ... ,§n—1) of f =g=0,
thatarethe valuesof Xy, ... ,X,_1 for which the systemf = g = 0 permitsa
solutions(&y, ... ,&n).

2. Theextensionstepin which we extenda partial solutionby all possibleval-
ues, suchthat f(&s,...,&n) = 9(§1,---,&n) =0.

Let uswrite f andg ashierarchicalpolynomialsin x,. Thenby Proposition2.1.8
req f,g,%,) is apolynomialin K[xy,... ,X,—1]. We hopethatthe elementg, of the
zerosetof req f, g, x,) areextendibleto asolutionof f|z = g|s = 0. Unfortunately
theresultantanvanishif  is azeroof £( f) and¢(g). In thesecaseshefirst row of

Syl(f,q) isfull of zeroedeadingto req f,g,x,)(§) = 0ignoringthefactof & being
a partial solutionor not. Becausef that, forming the resultantand evaluationof

theinnervariablesdo notcommutein general Neverthelessteq f,9,x,)(§) =0is

anecessargonditionfor the existenceof a solutionextendingg.

Thesituationbecomedbetterif atleastoneof the polynomialsis x,-regular

Proposition2.1.13:LetK beafield,andlet f,g € K[xs, ... ,Xs] benon-zeo poly-

nomials. Furthermoke, let f bex,-regular. Thenfor all (&1,...,&n-1) € K" the
two conditions

(I) reqfagaxn)(ala cee ,En—l) =0
(i) Theris&, e K sudthat f(Ey,...,&) =g(&1,...,&n) =0

are equivalent.

The algorithmicsearchfor partial solutionsworks betterif the resultantdoesnot
vanish.Hereis aniceresultthathelpsto attainthis condition.

Proposition2.1.14:LetK beafield,andlet f,g € K[xy,...,X,] benon-zeo poly-
nomials.Thenreq f, g,x,) # 0iff f andg havenocommorfactorof positivedegree
in X.

This canbe shavn by viewing f andg aspolynomialsin K[xg, ... ,X,—1][X,] and
applyingProposition2.1.8.

Furthermorefor f,g € K[xy,... ,X] with deg(f) = nanddeg(g) = mit holdsthat
deg(reqf,g,%n)) < n -m. Wewill needthisin §2.2.

FurthermoreCorollary 2.1.11andCorollary 2.1.12(now with point-wisetransla-
tion) arealsovalid for resultant®f multivariatepolynomialsoverrings.[WO02] has
provedthis alongthe lines of the proof for the univariatecase sincemultivariate
polynomialsallow the hierarchicalview asunivariatepolynomial.

In 83.1theElimination Theoryis givena geometriomeaning gspeciallytheresul-
tant.
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Subresultants:

Propositior2.1.8is anapplicationon the polynomialremaindeisequencef f and
g. Theresultantvanishesff theremaindesequencéerminateswithoutanon-zero
constanbccurringasthe gcd. We generalizehis relation:

Let K be afield, andlet f,g € K[x] be two non-zeropolynomialswith degrees
notlessthank > 0. Thenthek-th (scalar)subesultantsres(f,g,x) of f andgis
definedasthe determinanif the matrix obtainedfrom Syl(f,g) by deletingthe
last2k columnsof thematrix andthelastk rows of eachof thetwo parallelograms
of coeficients.

Proposition 2.1.15:With f,g and k as above the remaindersequenceomputed
by the Euclideanalgorithmfor f andg containsa non-zeo remainderof degreek
iff the k-th subesultantof f andg doesnotvanish.

Proofsarein [GG99, 6.10][GC+92 7.3].

Several efficient algorithmsare developedto computesubresultantsFor the rest
of thisthesiswe needsubresultants two explicit placesonly. Thuswe confineto
give hereonly this oneimportantpropertyto them:

Proposition 2.1.16:With f,g andk asaboveit holds

sres(f,g,x) =0forall 0<i < k < deg(gcd(f,qg)) > k. (2.6)

Thisis statedn [GC+92 Thm. 7.3].

2.1.4 (Real)Algebraic Numbers

Let0# f € Q. A complex numberd € C with f(3) = 0 is called an alge-

braic number For eachpolynomial f € Q[x] thereareonly finitely mary algebraic
numbersg(comple roots). From 82.1.2we know thatwe canalwayschoosef to

be irreducibleand monic. This unique f is called the minimal polynomialof 5.

Clearly f|h wheneer h(8) = 0 for someh € Q[x]. The degreen := deg(f) is

calledthedegreedey(d) of § andis ameasurdor theirrationality of 3. Iff n=1

it is rational. Otherwisethe C-minimalfield containingQ andd, denotedasQ(9),

is strictly largerthanQQ.

Mathematicshasa rich theoryon algebraicnumbers.For detailssee[B96] [L84]
[C93]. But thistheoryis muchricherthanwe needfor our purposesOntheone
handwe areonly interestedn a subsebf the algebraicnumberspamelythe ones
embeddedh R. Ontheotherwewill have noneedto performarithmeticoperations
onthem. We only have two demandn realalgebraicnumbers:Representation
and Comparison (for arithmeticson generalalgebraicnumbers,we refer to the
overview in [E03, 2.4]).
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Representationaslsolated Roots:

A real algebraicnumberd canbe representedoy a pair (f,[l,r]), wheref is a
square-fregoolynomial f € Q[x] vanishingatd and|l,r] is anisolatingintenal
for 9, thatis & €]l,r[A( ¢ #9 with f(¢) =0= ¢ ¢ [I,r]). Furthermorewe
demand,r € Q. Isolatingintenalsfor all realrootsof arationalpolynomialcanbe
determinedisingsquare-freéactorizationandfor exampleUspensk’s Algorithm
(see82.1.2).

Comparison of Real Algebraic Numbers:

Beforewe startwith the comparisorof two algebraicnumbersve have to analyze
the structureof representationThe polynomial f € Q[x] implies a continuously
differentiablefunctionf : R~ R,x  f(X). Letd € R bearootof thesquare-free
polynomial f with anisolatingintenal [I,r]. Then,thereis no local extremum
of f atd. Consequentlywe mustseea sign changeof f at§. By definition
[I,r] is anisolatinginterval for 9, suchthat?d is the uniqueroot of f in |. This
andthe Intermediatevalue Theoremallows usto concludethat = sign(f(l)) #

sign(f )) =

In the comparisorof two algebraicnumbersit is a crucial stepto bisect|l,r] at
apointt with | <t < r. With the obseration abose we cancomparesign( f(t)
againstsign(f(l)) andsign(f(r)) to decidewhetherd €]l,t[,  =t, or & €]t,r|.
If & =tit is theimplementatiors choiceto storea degeneratedntenal [t,t] or to
storell, (r +t)/2]. Thelatterensuredor every algebraimumberthe existenceof a
non-dgeneratedsolatinginterval andavoids thatthe next bisectionhits 8 again.
For the othertwo genericcaseghe currentintenal [I,r] will bereplacedwith [l,t]
respectiely with [t,r].

We arenow giventwo algebraicnumbersSq = (f1,[l1,r1]), 92 = (f2,[l2,r2]) and
we wantto comparethem, thatis we wantto computeif 91 < 85, 81 = 85, or
91 > 9,. Two casesareeasyto decide namelywhentheinternalsdo not overlap:

(I) nN<bh=34<9%

(II) rr,<li=38;>39,.
If theintenvals do overlap,we bisecteachintenal atthe boundarie®f the otherit
contains After thesebisectionghetwo intenalsareeithernon-overlappingandwe

canapply oneof thetwo easycasesabore, or the boundarieof the two intenals
coincide:

We areleft with the situationwhereafterbisection|ly,r1] = [l2,r2] =: [I,r]. Obvi-
ously if f; = f, we know 81 = 9,. In the othercase(f; # f,) eachsquare-free
factorof f1, f, hasexactly onezeroin [I,r]. Henced := gcd(f1, f2), obviously
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square-freehasat mostonezeroin [l,r]. With the obserationsabove we con-
clude

sign(d(l)) # sign(d(r)) Thereisn € [I,r] withd(n) =0
Thereisn € [I,r] with f1(n) =0A f2(n) =0
=9

Consequentlyif sign(d(l)) # sign(d(r)) we aredone.In the othercasewe know
91 # 92, but notthe order The orderis determinedy alternatelyrefinementf
the two numbers.A refinements a bisectionof [I;, r;] at the midpoint 3 (I +r;).
At somepoint theintenals arenon-orerlappingandwe areagainin the two easy
casedrom abore. Theterminationis guaranteetly thefactthattheinterval lengths
corvergeto 0 sothattheir sumhasto dropbelow |91 — 92| eventually

Thereareseveral possibleoptimizations:

e Wheneerd := gcd( f1, f2) is non-constantve replacef; in theinterval rep-
resentation(f;, [I,r]) of 9; with eitherd or f;/d, whichever vanishesat 9;
(determinedy comparisorof sign(d(l)) againssign(d(r))). Thisoptimiza-
tion is always-onandpaysoff in future comparisondecausat lowersthe
dagreeof fj, makingevaluationandgcd computatiorcheaper

e To avoid the costly gcd computationwe evaluatethe determinantof the
Sylvesteror Bezoutmatrix (see82.1.3)of f; and f, moduloa primenumber
p. If theresultis non-zerothenreq f, f2,x) # 0 andhenceged fy, f2) = 1.
The corversedoesnot hold, of course. This testis much cheaperthan
computingthe actualresultant,becausehe size of the involved numbers
is smaller Thusthis modularfilter shouldbe standardn animplementation.

o Anotherfilter to avoid the gcd computationis a pre-refinemenof theinter-
valsfor severaltimesto hopefor the non-overlappingcase whereit is easy
to computethe order The applicationcanchoosehe numberof refinement
stepsused.

e It isaverysimpleideato choosghemidpointof anintenal for arefinement
step,becausehis produce®nly onemorebit of & in eachiteration.Oncethe
intenals are small enough we shouldswitchto Newton-Raphsoriteration,
which doublesthe numberof known bits in eachiteration. Unfortunately
this optimizationis notyetimplemented.

The representatiof algebraicnumberwith isolatingintervals canbe seenasa
delayedversionof numericalroot finding, which is donein the comparisorsteps.
Furthermorewe canintroducea union-findschemeo cacheequalityof two alge-
braic numbers.With this, the resultof eachthree-waluedcomparisorof algebraic
numberds cachedn theboundarie®f theisolatingintenals.
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Thereis anotheroperationthat canbe provided on this representationf analge-

braicnumber Let (f,][l,r]), f € K[X, I,r € Q betherepresentationf analgebraic
numberd andlet g € K[x] thatis coprimeto f. We wantthat|l,r] doesnotcontain
ary root of g, thatis to isolatethe interval againstthe rootsof g. With Descartes’
Rule of Signsit is easyto determinejf [I,r] containsaroot of g. Otherwisewe

refine]l, r]. Someof theabove optimizationgmodularcoprimalitycheck ,Newton-

Rhapson}anfilter this operationtoo.

Arithmetics on Real Algebraic Numbers of Degree2:

In the casewherealgebraicnumberswith degreelessthanor equalto 2 arein-
volved, we are offeredtwo differentapproacheghataugmenicomparisorto war
rantedarithmeticon them:

SeparationBounds

Thefirst approacthasbeenadaptedy the developergroupsof the numbertypes
CORE::expr [KL+99] andleda:real [BFMSO0Q [MN99, 4.4]. Thesenumber
typesbuild expressiortreesandsurrendeto do arithmetics.Operationgust aug-
mentthe expressiontreeandonly whenthe sign of the expressiorhasto be com-
puted (for exampleto comparetwo numbers) the treeis evaluatednumerically
with increasingevels of precision. If the signis non-zero,a low level of preci-
sion sufficesto a certaindecisionof the sign. The crucial case however, is how

to recognizethe sign zero. A sepaation bound(or constructiveroot bound B, an
efficiently computableattribute of theexpressiorE doeshelp:If E # 0= |E| > B.

If the numericalapproximationE of the expressiorE liesin ]—B,B[,thenE =0

certainly Thussimplecasesvhere|E| is muchlargerthatB requireonly arough
approximation.Though,detectingghe E = 0 is expensve.

Both numbertypescontain@Q andare closedunderfield operationsand certain
root extraction operations:CORE::expr canhandlereal squareroots at the mo-
mentwhereadeda::real allows real k-th roots of arbitraryintegerk > 2. Su-
sanneSchmittextendedleda::real to allow real zeroesof arbitrarysquare-free
polynomials(denotedby the so-calleddiamondoperatofBFMSSO01).

Thearithmeticson realalgebraicnumbersbhasedon separatiorboundshasa great
adwantagen geometricapplicationspecauseheseareoftenaskingfor the signof
algebraicexpressions.The value of theseexpressionsarein the frequentgeneric
casedarawayfrom 0 andonly in degenerater almost-dgeneratesituationsclose
to 0. The low precisionvaluessufiice to determinethe sign of expressionsn
mostnon-dgeneratesituationsquitecheaply Thecostlydetectiorof azerooccurs
however at seldomsinglepoints. Thenthis numericaffilter resultsin aremarkable
improvementof the runningtimes comparedo the impracticalrunningtimes of
mathematicahaie arithmeticson algebraicmumbers
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It is very impressie thatthesenumbertypescanbe nestedreely, for exampleex-
tractrootsfrom polynomialswith coeficientsthatarerootexpressionshemseles.
Thisflexibility is paidoff with debasinghigherprecision)separatiobounds.But
thefloating pointfilter canevenbeusefulin purerationalarithmeticso accelerate
computatiorof long numbers.

In thegeometriccasewe hopefor seldomappearancef degeneratesituationghat
leadto a zerosign of expressionsbecausahesearevery costly This forbidsthe
useof separatiorboundbasedhumbertypesfor algebraicalgorithmsthat perma-
nently producezeroesfor examplethe Euclideanalgorithmto computethe gcd
of two polynomials.Onesolutionof this problemis the secondapproacha more
specializechumbertype:

Field Extensionwith a Square-Root

We areoften confrontedwith situationswherewe wantto performarithmeticson
expressionghatinvolve only asmallnumberof squareoots(for examplel, 2,...).
So we want to computein Q( Ds,..., Dp). It is easyto implementsucha
numbertypethatprovidesthe basicarithmeticoperationsln the EXACUS project,
MichaelHemmerhascontritutedthis numbentypethatevenallows to reuseafield
Q( D) asbasicfield andadjoinanotherroot to reachQ( D;, D). Thiscan
be donewith recursion. On this numbertype the recognitionof the sign zerois
much cheapetthan on numbertypeswith separatiorbounds,which enablesgcd
computation®n polynomialswith coeficientsthatinvolve square-roots.

Thereforewe oftencombinethesetwo approacheto getthe bestof both of them.
We symbolically perform algebraicoperationg(for examplea gcd-computation)
over Q( Dgy,..., Dp) andconvert the expressionafterwardsto a numbertype
basedon separatiorboundsthat benefitsfrom the advantagesof the separation
bound(floating pointfilter). Of coursealgebraimumbersof degreedessthantwo
canbe corverted betweenthe differentrepresentationpresentedn this chapter

exceptthe sourcerepresentatiobeinga separatiorboundnumbertype.
Square Root Expressions

Both typescanbe usedto represenhumbersrom Q wherea finite setof square-
rootsare adjoined. For the separatiorboundapproachthis canbe donedynami-
cally, in the extensionapproactwe have settherootsstatically Numbersthatcan
berepresentedith asinglesquareootarecalledone-oot expression(or OREfor
short).If severalsquarerootsareinvolved, we call themsquae-root expressions

2.2 Algebraic Surfacesand Curves

Algebraic surfacesand curves are either input datato our problemor they are
indispensablasintermediateobjectsin the computationakteps.To geta general
overview, we startwith the moreabstractonceptof analgebraichypersuréce:
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We mainly look at the affine caseandreferin questionto the projective geometry
to eithertheintroductorybookof Gibson[G98].

2.2.1 Algebraic Hypersurfaces

In generalwe consideralgebraic hypesurfacesthataredefinedin the following
way: LetK beafield andlet f beapolynomialin K[xg, ... ,Xq]. Then

ZERO(f) :={(ay,...,aq) € K| f(ay,... ,a4) = O} (2.7)

is calledthe algebraic hypesurfacedefinedby f. For the specialcaseof d = 3,
we usethetermalgebraic surfaceandfor d = 2 algebraichypersuricesarecalled
algebraic curves See82.2.2and§2.2.3for detailsonthem.

The dggreeof the algebraichypersuréceis determinedby the total degreeof its
definingpolynomial f.

If the context is unambiguousye usuallyidentify the defining polynomialwith
the zerosetof the algebraicsurface. Thuswe speakof the algebraichypersuréce
f whenwe actuallymeanthe algebraichypersuracedefinedby the polynomial f.

Algebraic hypersuracescan be definedby composedpolynomials. Considera
polynomial f which factorsinto f = gh. The factorizationof f leadsto a decom-
positionof the zerosets:

f=gh = ZERO(f)=ZERO(g) ZERO(h)
(2.8)
gf = ZERO(g)C ZERO(f)

ThereforeZERO( f) is unchangeavhenreplacingf with its square-fregart.

If two polynomialsf,g € K[xy,...,Xq] areassociatén thesensef ~g: f=Ag
with someunitA € (K[xg,...,Xq])* = K\ {0}, their zerosetsanddivisibility prop-
ertiesareidentical. Motivatedthereby we chooseto definean algebraichyper

surface to be an equivalenceclass|f]. of non-constantssociategpolynomials
f € K[x1,...,Xq]. This allows usto factorout the contentof eachpolynomial f

to cometo smallcoeficients.

Components

Let f € K[xy,-...,Xq] be an algebraichypersuréce (not necessarilysquare-free)
andlet K bethe algebraicclosureof K. OverK[xy, ... ,Xg] the polynomial f fac-
torsnaturallyinto several coprimeirreduciblefactorsf; with multiplicities m; > 0,
followed by (2.2). This implies a - not necessarilydistinct - decompaositiorof
ZERO(f). Eachfj is calledan (irr educible)componenof f with multiplicity my.
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It dependsieavily onthechoiceof K in hov mary componentanalgebraichyper
surfacedecomposesFor example,considerf =y? —2x% = (y—  2xX)(y+ 2x),
whichis notreducibleoverK = Q.

Points on Algebraic Hypersurfaces

For apointv = (vy,...,Vq) in the d-dimensionafeal spacewe saythatit lies on
thealgebraichypersuréce f if f(vq,...,vq) =0.

Recallthe conceptof componentof algebraichypersurdcesand have a closer
look atthe setof pointsp € K thatarerootsof morethanonecomponentThese
pointshave a specialmeaningon the algebraichypersurace.More formally:

The smallestm > 0 suchthatthereis anm-th partial derivative of f notvanishing
atapointv is calledthe multiplicity mult(v; f) := mof v on f. Onecanshaw that

mult(v; gh) = mult(v; g) + mult(v; h). (2.9)

For our purposeswe arenot interestedn componentsvith a multiplicity greater
than 1, sincethey do notinflict ary changego the zerosetof the algebraichy-
persurice. We thereforeassumdrom now on every defining polynomial of an
algebraichypersuriiceto be square-freeThenalmostevery point of f hasa mul-
tiplicity of 1 exceptsomeremarkablepoints. Pointswith multiplicity 1 arecalled
regular, pointswith a greatemultiplicity singular.

Thegradientvectorsy f = (fy,,... , fx,) T givesusalsothe possibilityto character
ize pointsv = (vi,... ,Vq) € K9 thatlie on the hypersuréce f. We call apointv a
singular pointof f if 57 f(v) = 0, otherwiseit is a non-singularor regular point.
During the analysesof algebraichypersurficesin this thesiswe will often refer
to the gradientvectorwhencharacterizingpointslying on the hypersurice. See
§2.2.3for detailson thattopic for algebraiccurves.

Algebraic hypersuricescan have commonpoints. Let us look at them. Let
f,g€ K[xa,..., x| bethetwo definingpolynomialsof algebraidypersurdcesand
letv= (vq,...,Vq) € K4 beapointwith f(v) = 0andg(v) = 0. Thenv is called
an intersectionpoint of f andg. Intersectionpointscaneitherbe transvesal or
tangential An intersectiorpointv is calledtangential if 57 f(v) andszg(v) arelin-
eardependenin v. Otherwisethe intersectiorpointis transvesal. If vis singular
for f or g it is atangentialintersectionpoint of f andg, justbecausey f(v) =0
respectiely 57g(v) = 0. Otherwisev is a non-singulaiintersectiorpoint of f and

g.
Thesetof all intersectiorpointsv of f andg is definedasfollows:

1(f,0) == {v=(v1,...,va) € K| f(v) = 0Ag(v) = 0}. (2.10)
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In 82.2.3we will analyzethe intersectionpointsof two algebraiccurves deeply
sincewe mainly analyzealgebraiccurvesdueto our projectionmethod.

Changing coordinates:
LetK beafield. LetM € GLy(K) andlet b € K avector Thenthe bijective map

A:Kd Kd

(2.11)
\% Mv+Db

is definedto be anaffine change of coodinates Its inversemapof A(v) = Mv+b
is alsodefined:A~1(w) = M~lw— M~1b. A=l is naturallyanaffine changeof co-
ordinatestoo. We point outtwo specialcasesif b =0, thenA s alinear change
of coodinates If M = 0, Ais calledatranslation

For eachalgebraichypersuréce f € K[xs,...,Xq], an affine changeof coordi-
natesmapszerosetZERO(f) of f to anothersetof points A(ZERO(f)). Then
A(ZERO(f)) is equalto the zerosetof the algebraichypersurace (f A1) be-
causeof f(vV) =0 < (f A1)(A(v)) =0 (notethat denotescompositionof
maps). With our corvention to identify the curves with the polynomialwe can
write A(f) for f AL

Luckily, an affine changeof coordinatesdoesnot resultin real changesof the
geometryandtopologyof algebraichypersuréces,sinceit doesnot changemain
algebraicpropertiesExamples:

e Forthetotal degreeswe know: deg(f) =deg(f A).

e Theirreduciblefactorsof f A arethe transformationsy; A of theirre-
duciblefactorsp; of f.

e Thegradientvectortransformsaccordingo thechainruleassy(f A)(x) =
MT(7 f(A(X))-

e Translatingtwo polynomialsf,g € K[x,... ,X4] by avectorb € K9, there-
sultantreq f,g,%) is translatedy thevector(Xa,... ,Xi—1,X+1,--- ,Xd)-

Thereis alarge collectionof proved statementdik e thisin [G98§]. If it shouldbe
the casethatthereis somepropertychangingwhenapplyingan affine changeof
coordinateswe will pointto that.

Themotivationfor usingaffine change®f coordinatesn thistext isto avoid certain
dageneratesituationsthat are only degeneratebecausef an awkward choice of
coordinates.Singularpoints for exampledo not fall in this cateyory, sincethey
aredegeneratalueto thegeometryof the hypersurice. Strictly speakingsingular
pointsaremappedo singularpointsagain.A proofis simply usingthe definition.
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In the following sectionsaboutsurfacesand curves we often assumesomecon-
ditions on the choiceof our coordinatesystem. Most of theseconditionscanbe
guaranteedfter applyinga hand-picled affine changeof coordinatedo the origi-
nal hypersuraces.82.4describediow to chooseaheright coordinatesystem.

2.2.2 (Quadratic) Algebraic Surfaces

An algebraic surfaceis analgebraichypersurécein three-dimensionapace Ob-
viously, it holdsd = 3. Foramoreintuitive insightwe choose; = X, X =Y, X3 =2
Let f beapolynomialin K[x,y, 7], then

ZERO(f) :={(xy,2) €K®| f(x,y,2) =0} (2.12)
is calledthe algebraic surfacedefinedby f. If not disambiguatedywe speakof f
meaningthealgebraicsurface,or surfacefor short.
A quadratic algebraic surfacesis an algebraicsuriacewhosedayree(thatis the
total degreeof thedefiningpolynomial)is equalto 2.

Let q € K[x,Y, 7 beapolynomialwith deg(q) = 2. ThenZERO(q) is the quadratic
algebraicsuriacedefinedby q. Quadraticalgebraicsurfacesare called quadrics
for short.Informally, we speakof the quadricq meaningthe quadricdefinedby g.

For this thesis,we alwaysassumeajuadricsto be zregular, meaningthatthe coef-
ficientof 2 doesnot vanish.With this, we canexcludethe quadricto containparts
parallelto zdirection,for examplea planeax+ by+ 0z= 0. In §2.4we explain
how to ensurehis.

A polynomialq defininga quadriccanthenbe expressedn differentshapes:
Polynomial in z:

If weregardq € K|x,Y, z] asarecursve polynomialover K[x,y][Z], we candefine:
q:= GZ + thz+ G, (2.13)

with 0% gz € K[x,y], a1, 0o € K[x,y] anddeg(dz) = 0, deg(qs) < 1, deg(qo) < 2.

Coefficients:

Alternatively we cangive ten coeficientsa,b,c,d, e, f,g,h k,1 € K, with ¢ # 0,
and therebycover every coeficient of a generaltrivariate quadraticpolynomial
qeKxy,Z:

q:= ax + by’ + cZ + dxy+ exz+ fyz+ gx+ hy+kz+1 (2.14)

Comingfrom the coeficients,thereis a fourth methodto definethe polynomial:
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Matrix:

We give a quadratidmplicit equationQ, which we presenin homogeneousoor
dinates

XTQX =0, (2.15)
whereX = (x,¥,z 1). Qis thesymmetric4 x 4 matrix

2-a d e g
d 2-b f h
e f 2.¢c k ’
g h k 21

(2.16)

with a,b,c,d,e, f,g,h k| € K, with ¢ #£ 0.

Thisimplicit equationcontainsafactorof 2, but is still representinghe samezero
set,andthereforels asshovn in §2.2.1the same‘quadric”.

2.2.3 Algebraic Curves

An algebraic curveis analgebraichypersurficein two-dimensionakpacewhich
meansd = 2. For a more intuitive insight we choosex; = x,xo =y, sincewe
(normally)think of algebraiccurvesasembeddedh thexy-plane.Let f bea poly-
nomialin K[x,y], then

ZERO(f) := {(x,y) € K?| f(x,y) =0} (2.17)

is calledthe algebraic curvedefinedby f. If not disambiguatedwe speakof f
meaningthe algebraiccurve, or curve for short. We assumehe defining polyno-
mial f of analgebraiccurve to besquare-freeln §2.4we shav how to achieve this
for thecurveswe have to analyze.

For the analysisof algebraiccurveswe assumehatthey arey-regular But what
doesy-regularity meangeometrically?The following is easyto shaw: Let f,, be
the highest-ordetermof f € K[x,y]. f is y-regular iff they-axisg:= x is nota
subsebf ZERO( fy) over K. This meanghatthe highestordertermdoesnot have
thefactorx if factoredoverthealgebraicclosureof K.

Let f,g € K[x,y] be two y-regular and coprimealgebraiccurves. We usePropo-
sition 2.1.14to concludethat their numberof commonpointsis finite. Further
more we assume that thereare no two pointsin the set of intersectionpoints
:={(%, i) | F(%,Yi) =a(x,Yi) = 0} thatsharethe samex-coordinatethatis for
eachi # j : (X,Yi), (Xj,yj) € | : X # Xj. They-regularity andthe latterassumption
canbe assuredy choosingan adequateffine changeof coordinates.We shav
in 82.4how to choosesucha mapandassumen this sectionthatour curveshave
theseproperties.

27



For our computationsve areonly interestedn algebraiccurvesin the real affine
planeandthereforefrom now on we will focusonthecaseK = RR.

The two conditionsabove allow usto mapthe intersectionpointsof f g bijec-
tively to therootsof r :=req f,g,y) by Propositior2.1.13andwe caneasilydefine
theintersectionmultiplicity mult(v; f,g) of f andg atanintersectiorpointv asthe
multiplicity of the x-coordinateof v asa root of r. This allows us to boundthe
numberof intersectiorpoints:

Proposition2.2.1:Let f,g € K[X,y] betwoy-regular andcoprimealgebraic curves
whee no two intersectionpointsshake the samex-coodinate Thenf andg have
at mostdeg(req f,g,y)) intersectionpointsin K2, countedwith multiplicities,and

deg(regf,g,y)) < deg(f)deg(g).

Proof: Thefirstinequalityis dueto thebijectivity of intersectiorpointswith roots
of req f,qg,y). Theseconds apropertyof resultantstatedn §2.1.3. O

Tangents:

Considera point v on an algebraiccurve f € K[x,y]. If we translatethe coordi-
natesystemsuchthatv = 0, thenthelowest-orderterm f, of f is ahomogeneous
polynomial(all monomialshavethe samedeggree), wheremis its degree.We also
knowv: m= mult(v; f) > 1. f; factorsoverK into exactly mlinearfactorsly, ... ,Im
(countedwith multiplicities). Thefactorsarecalledthetangentsof f atv. If one
of thetangentss theverticalline x, we call v vertical (for exampleavertical point,
avertical singularity, etc. of f).

Details abouttangentsin singularitiesarein the book of Brieskorn and Knorrer
[BK86]. For our purposest is enoughto statethefollowing proposition:

Proposition 2.2.2: (Multiplicity Inequality)Let K be a field, andlet v € K2 be a
point. Let f,g € K[x,y] betwo coprimealgebraic curves.Then

mult(v; f,g) > mult(v; f)mult(v;g), (2.18)

andthe equalityholdsiff f andg havenocommortangentatv.

For agivenline g (whichis analgebraiccurve of theform ax+ by+ ¢) thatinter
sectsanothercoprimealgebraiccunve f € K[x,y] atapointv, we cancharacterize
theintersectiommultiplicity now: In the generalcasemult(v; f,g) = 1, exceptg is
atangento f atv. Thenmult(v; f,g) > 2. If it is 3, thenv is calledaflex of f and
for atangentwith multiplicity 4 we usethetermundulation Thenumberof flexes
andundulationsof acunwe s finite, sincetheseareintersectiorof f with acoprime
curwe, calledthe Hessiansee[G98, 13.1].
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2.2.4 Geometryof Algebraic Curves

For theanalyse®f the geometryof analgebraiccurve we turn our flat view onthe
definingpolynomialto a hierarchicalview. Thatmeanswe consideix-coordinates
asfree andy-coordinatesasdependingon them. In this y-perx-view, eachgiven
x-coordinate € R cansubstitutex andwe geta univariatepolynomial f; € Ry].
This polynomialallows usto characterizeéhe behaior of analgebraiccurve at €.
Pluggingin € for xinto f(x,y) is thesameasdeterminingheintersectiorpointsof
f with theverticalline x— &, sincetherootsof f¢(y) areexactly they-coordinates
of theintersectiorpoints.

Themultiplicities of therootsof f; aretheintersectiormultiplicities mult(v; f,x—
&) of theintersectiorpointsv. This allows usto developamethodhow to find all
x-coordinate®f pointsthathave amultiple intersectiorwith verticallinesthrough
eaché. Let usassumehatyy is aroot of fz with a multiplicity > 2. Thenyy is
obviouslyarootof (fz)’, too. It holdsthat(f;)' = f,(€) andtherefore:fy(&,yo) =0.
Now we concludethat the vertical line x — & with & € R andthe curwe f have a
multiple intersectiorpointiff f and fy have acommonpoint.

But we have to take care. Therearetwo caseswhich could causereal trouble
when searchingfor a finite numberof affine intersectionpoints of the curve f

with a vertical line. If the verticalline is coprimeto f, we have infinitely mary

intersectionandwe cannothandleintersectionsvith y = o, thatis thealgebraic
cune hasa vertical asymptote.Luckily, we excludedthesetwo critical casesn

avery elggantway: If f is y-regular thenthesecasesdo not occur With these
obsenrationswe statethe following proposition:

Proposition2.2.3:Let f € K[x,y] bea squae-freeandy-regular definingpolyno-
mial of an algebraic curve Thenthe algebraic curvesdefinedby f and fy have
only finitely manypointsin common.

Proof: If f isy-regular thenfy is y-regular too. By Proposition2.2.1it is enough
to shaw that f and fy arecoprime. Let us assumehe contrary thatis thereis a
commonfactord of f and fy with deg(d) > 0. This factormustbe alsoy-regular,
which canbe shavn usingthe two definitionsof total degreeandthe degreein y
for a multivariatepolynomial. Sinced is a factorof f, we can concludethatd? is
afactorof f, contradictingthe squarefreeness f. O

For two coprimecurves(here f and fy) we assumedhatno two of their intersec-
tion pointssharethe samex-coordinate.We definethe setof x-coordinatef the
intersectiorpoints:

E = {xeK| (xy)€K?:f(xy)=fy(xy) =0}
= {xeK|reqf,f,y)(x) =0},
dueto Proposition2.1.13.Let n = |E|. We usethis asa startingvalueto definethe
topologyof f:
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Arcsand Topological Points:

The items of the setE partition the two-pointcompactificationR { o} of R
into n+ 1 openintenals |x, % [. Letusfix suchanintenal | :=]x,x[. Thenfor
eachxs € | theline (x— xs) hasonly simpleintersectionsvith f whichwe orderin
ascending-order Theset

A = cl({(xs,ys) € K? \ Xs €)X, %[ andys is thei-th greatestealrootof f(xs,y)})
(2.19)

is calledthei-th arc of f over the interval |, wherecl
denotesthe (topological) closure,which is easyto un- _—
derstand:We adda point over xe (with eitherxe = x or

Xe =X ) if Xe 2 0. Suchapointis theintersectiompoint

v of f with theverticalline Iy := (x— X¢) with the condi-

tion thatthepointsetA; is aC*-manifoldof dimensionl.

Note thatv canbe a multiple intersectionpoint of f and ~—
lo.

|

Obviously, the numberof arcsdoesnot changewithin |, sincethe numberof real
rootsof f(xs,Y) is equalfor eachxs € |. Overeachinterval |x, x [ thereareat most
degy (f) arcs,sincethisis equalto the degreeof the univariatepolynomial f (xs, y).
Thereis a moretheoreticalapproacho this definition usingthe Implicit Function
Theoremin [E03,3.2.5].

Thetopologyof f is determinedy thearcsandhow they areconnectedNotethat
the topology only changesvhenan arcsstartsor ends,thatis over x-coordinates
definedin E { o}. If we cancharacterizaéhe endpointsof eacharc, we have
characterizedhe topology of the curve. Let usnow fix anarbitraryintenal | =
%, %[ of the partitionof R { o} by E andan arbitraryarcover| - calledA.
Obviously, the endpointshave the x-coordinates for the left endpointandx for
the right endpoint if they exist in R2. Otherwisewe aresloppy andtalk also of
left andright endpointdying at infinity. In thefollowing thereis a casedistinction
of the six situationspossibleat the right endpoint(x;,y;) of thearcA. For theleft
endpointwe canconcludeanalogously:

1. Infinity : Thisis a constructie casesincex, = o andthe endpointdoesnot
existsin R?. A is not connectedwith otherarcsandwe say A extendsto
infinity (atits right end).

2. Singularity: Thisis anobvious case sinceeachsingularpointof f isaan
intersectiorpointof f, fy, andfy, thatis f(x,yr) = fx(X,¥r) = fy(%,¥r) =
0. In this situation, zero or more but finitely mary arcsof f meethere.
Of course(x,Yr) is a multiple intersectionpoint of f with the verticalline
(x—Xr). Theconnectiorof arcsmeetingtheredoesnot needto be smoothly
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In all othercaseqx,y;) mustbearegularpointof f becausef thesquarefreeness
of f. Thereforet alwaysconnectdwo arcsof f smoothly We know that(x;,y;) is
anintersectionof f andtheverticalline | := (x—x;). In §2.2.4we distinguished
four casedor aline | intersectinga generalalgebraiccurve f thatwe usehereto
do a casedistinction.

3. Non-Vertical Tangent f andl have a simpleintersectionat (x,yr). The
tangent of f at(x,y) isnotequalto|. Thisimpliesthatthat fy(x.,yr) # O.

In theremainingcases is alwaysaverticaltangenof f at(x,,y;) andthisintersec-
tionis notasingularityof f. Thereforefy(x;,yr) # 0andfy(x,yr) = 0. Proposition
2.2.1allows usto checkthe existenceof thefollowing possibilities.

4. x-Extremality: f andl have adoubleintersectiorat (x,y;). Thuswe know
fyy(Xr,¥r) # 0 which implies mult((x,yr); f,1) = 2. In this situationf lies
onjustonesideof | near(x;,y;) andthereforewe call this pointanx-extreme
pointof f.

As we areinvestigatingaright endpointthe cune liesto theleft of | andwe
call the point a right x-extremeor x-maximalpoint. For a left endpointthe
termsarecalledanalogouslyeft x-extremerespectrely x-minimal

An algebraiccurve f canhave x-extremal pointsiff deg(f) > 2, We also
know mult((x,yr); f, fy) = 1, becausef fyy(x,yr) # 0, whichalsoimplies
fy beingy-regular

5. Vertical Inflexion: f andl have atriple intersectiorat (x;,y;), meaningthat
it is averticalflex. Thetriple intersectiorof f andl implies fyy(x,yr) =0
and fyyy(X,yr) # 0. The two joining arcsof f at (x;,y) thereforelie on
differentsidesof | neartheendpoint.

An algebraiccurve f canhave vertical inflexions iff deg(f) > 3. We also
know mult((x,yr); f, fy) = 2.

6. Vertical Undulation: f andl have afour-fold intersectiorat (X, Y ), mean-
ing thatit is averticalundulation. The four-fold intersectiorof f andl im-
plies fyy(Xr,yr) = 0 and fyyy(X,yr) = 0. Thetwo joining arcsof f at (x,Yr)
therefordie onthe samesideof | neartheendpoint.

An algebraiccurve f canhave verticalundulationsff deg(f) > 4. We also
know mult((x.,yr); f, fy) > 3.

At this point we canconclude thatthe numberof arcsis finite, sinceeithereach
arc musthave at leastone endpointwith anx-coordinatesn E or |E| = 0. In the
latter case the numberof arcsis equalto deg, (f(x,y)) = deg(f(0,y)). Notethat,
thearcsof asinglecurve do notintersectin theirinterior.
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T 1=

)‘( X X X
Figure2.1: Typesii) to vi) of topologicalpoints. Fromleft to right: Singularpoint,
Non-\ertical Tangentx-Extremality Vertical Inflexion andVertical Undulation.

If we look at the valuesof fy, fy, fyy, and fyy, we seethatthe items2.-6. form a
completecasedistinctionon thesevaluesthereforeclassifyingall elementsf  fy,
if deg(f) < 4. Aswe will seein §3.1the degreeof the curvesin our algorithmic
view doesnot extendto morethan4.

Intersection Points within Arcs:

If we considetwo differentcoprimealgebraicurvesf andg, it is possiblghattwo
arcsAs andAg intersecin apoint (X, yv). They cannotshareacomponenbecause
of Proposition2.1.14andProposition2.2.1.Furthermorene know thatx, is aroot
of req f,g,y) andtheintersectiommultiplicity is equalto mult(x,,req f,g,y)).

Proposition2.2.4:Let f and g be two coprimecurvesthat intersectat the point
(x,W) & f fy. Thetwointersectingarcsof f andg intersectingat v change sides
iff mult(v; f,g) is odd.

Theproofisin [E03, 3.2.6].

2.2.5 The JacobiCurve

In our work we will make useof the JacobicurveJ of f andg whichis the deter
minantof the JacobiMatrix of themap(f,g) : R>  R?, thatis

J:=def{vf,v0) = fxgy — fyOx. (2.20)

The zerosetof the polynomialJ consistsof thosepointsv € R? for which v f (v)
andsyg(v) arecollinear Forv e f g thisis equivalentto mult(v; f,g) > 2 by
Proposition2.2.2. We remarkthat the algebraicdegreeof J is boundfrom above
by deg( f) + deg(g) — 2. For two curwes f,g andanaffine changeof coordinates\
it iseasytoshav J(f A,g A)=J(f,9) A

An importantresulton Jacobicurvesis thefollowing proposition:

Proposition2.2.5:Let f,g € Q[x,y] be two algebraic curveshavingan intersec-
tion pointv € C? with multiplicity mult(v; f,g) = 2. LetJ betheir Jacobi curve
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Thenmult(v; f,J) = mult(v;g,J) = 1, thatis the Jacobi curveintersectsf andg
transvesally.

Proof: A proof by resultantmatrix computationsindercertainpositionassump-
tions (we will fulfill themvia anaffine changeof coordinatesasshavn in 82.4)is
givenin [W02, Thm. 4.9]. O

In this case the Jacobicurve is a normalalgebraiccurve andits geometrycanbe
analyzedusingthemethodsshawvn in §2.2.4.

2.3 Arrangements

A finite setSof geometrimbjectsin RY, herealgebraichypersuricesdecomposes
RY into connecteapencellsof dimension®, 1,...d. Thisdecompositiotis called
thearrangementinducedby S. Many realworld problems- for exampleintersect-
ing solids,motionplanning.etc.- canbeformulatedasproblemghatcanbesolved
with the computationof arrangements low-dimensionalEuclideanspace.This
was a motivation for researchon arrangementsind their computationin recent
years. Detailsaboutgeneralarrangementgsheir representatiomnd computation
canbefoundin [HO3].

Sometermsanddefinitions:
Arrangement of hypersurfaces: Let Sbeafinite setof hypersurficesin RY. The
hypersurficesn Sinduceadecompositiorf R? (into connectedpencells),

thearrangementArr(S). A d-dimensionakell in Arr(S) is amaximalcon-
nectedregion of RY notintersectedy ary hypersurécein S

Simple arrangement: An arrangemenérr (S) of a setS of hypersurécesin RY,
with n > 0, is calledsimpleif every d hypersurhcesmeetin a single point
andif ary d + 1 hypersuraceshave no pointin common.

Vertex, edge face,facet: Cellsof thedimensior0,1,2, and(d — 1), respectiely.
k-cell: A k-dimensionatell in thearrangement.

Combinatorial complexity of arrangements: The overall numberof cells of all
dimensionsn the arrangementThe maximumnumberis

K d—i n
i;) k—i d—i

andis attainedexactly iff Arr(S) is simple. Thusthemaximalcombinatorial
compleity of anarrangementf n hypersuracesin RY is O(n) ando(n9)
if it is simple.
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The representatiof an arrangementiependseaily on factorslike the type of
hypersuréces,their degreed, and the desiredoperationsone wantsto perform
on the arrangement.Thereare mainly two accessingnethodsto the cells of an
arrangement(i) The arrangemenshouldbe traversedcell by cell or (ii) thecells
of thearrangementouldbe accessedirectly.

Dependingon thesedifferentfactorswe canchoosea representationor example
the incidencegraph which storesthe incidenceof all k-cellsin the arrangement.
lts numberof nodesis clearly O(n). But the incidencegraphlosesorder in-
formation betweencells. Storingthe naturalorder of cells leadto the cell-tuple
structue, that addsorderinginformationto the incidencerelation, for examplea

double-connectedegedist. Therearefurtherrepresentationsuchasskeletonor
Nef-structue.

Arrangementcan be decomposedn several ways. A good-behging (even for
cuned objects)and generaldecompositiorschemeis the vertical decompaosition
or trapezoidadecompositionin two-dimensionahrrangementae just shootrays
upwardanddowvnwardstartingin eachvertex until it hits anothembjector extends
toinfinity, seefigure2.2. Theextensionto higherdimensionss definedrecursvely,
but resultsin muchhigheralgebraiadegrees.

Figure2.2: Verticaldecompositiorof anarrangement.

Arrangementscan be computeddeterministicallyor randomized. Deterministic
approacheareincrementaktonstructionwhichinsertsoneobjectaftertheotheror
asweepverthearrangementconstructinghe entriesof therepresentationnline.
Incrementatonstructiorcanberandomizedy choosingheorderof objectsto be
insertedrandomly

For our purposeswe can restrict our view to arrangementsn three-and two-
dimensionaEuclideanSpacegR® andRR?):
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2.3.1 Arrangements of Algebraic Surfaces(or Quadrics)

ConsiderasetQ = {as,...,0n} of algebraicsurfaces. Then surfacesform athree-
dimensionaklrrangemenandpartition the affine spacein a naturalway into four

differenttypesof maximalconnectedegionsof dimension3, 2,1, andO, respec-
tively. To statethismoreformally letsign: R~ {—1,0,1} bethefunction:

-1 ,ifa<O
sign(a) = 0 ,ifa=0
1 ,ifa>0

Thenevery pointv:= (a,b,c) € R® hasawell definedsignsequence

(sign(p1(V)),sign(pz(Vv)), ... ,sign(pn(V))) € {—1,0,1}",

whichdefinesanequivalencerelationonthe setof pointsin space We saythattwo

pointsv; andv, areequialent,if they have the samesignsequenceOf coursethe

pointsof oneequvalenceclassmustnot belongto thesameconnectecomponent,
but every connectedubsethasa uniquesignsequencén {—1,0,1}". A maximal

connectedsetof equivalentpointsis calledcell, face edg, andvertex depending
onits dimension:

1. A cellis of dimension3 andon eithersideof eachsuriace.lt is a connected
subsebf anequivalenceclasswith no 0-entryin its signsequenceNotethat
we usethetermcell meaninga 3-cell from now on.

2. A faceis of dimension2 andhasat leastone 0-entryin its sign sequence.
A facelies on the surfaceof onealgebraicsurface(exactly oneiff they are
coprime).

3. An edgeis aregion of dimensionl andhasat leasttwo 0-entriesin its sign
sequencelt is part of the intersectioncurve of two algebraicsurfacesand
therefordies onthe surfaceof atleasttwo algebraicsurfaces.

4. A vertex is 0-dimensionaland hasa sign sequencewith at leastthree 0-
entries. It is the intersectionpoint of at leastthreealgebraicsurfacesand
therefores theintersectiorof two or moreintersectiorcurves.

For our purposesye restrictthedegreeof thealgebraicsurfacesto 2, meaninghat
we analyzearrangementsf quadrics.

2.3.2 Two-DimensionalArrangements on Algebraic Surfaces

Let usrestrictour view to one algebraicsurfacein a three-dimensionahrrange-
ment. Fromthe distinctionmadein 8§2.3.1- cells, faces,edgesandvertices- the
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latter threetypesdecomposédhe surfaceinto maximal connectedegions, since
eachof theseregionshasa zerosignwith respecto the algebraicsurfacewe are
looking at. This decompositioris obviously a two-dimensionaarrangement.

To built the three-dimensionahrrangemenbf algebraicsurfacesit is enoughto

know the two-dimensionahrrangementsn their surfacesinducedby their inter

sectioncunes. For eachk-cell of the two-dimensionakurfacearrangementsye
storewhich otheralgebraicsurfacesareinvolved. More precisely for anedgewe
have to storeat leastone additionalsurface,anda vertex is connectedo at least
two othersurfaces.t remaingo connectheseobjectsfacedrom differentsurfaces
attheir boundariego build the cellscombinatorically

2.3.3 Planar Arrangements of Algebraic Curves

We considera setC := {cy,... ,C,} of algebraiccurvesin the two-dimensional
affine planeRR?. Thesecurvesform analogouslyto the three-dimensionatasean
arrangementvhosecells canalso be identified with the help of a sign sequence
(sign(c1(v)),sign(cz(V)),... ,sign(cn(v))). Obviously, therecannotbe a region of
dimensiorB. Thuswe only distinguishbetweervertices edgesandfacesasregions
of dimension0, 1 and2, respecitiely.

1. A faceis of dimension2 andhasno 0-entryits signsequence.

2. An edgehasdimensionl andhasat leastone0-entryin its sign sequence
(andexactly oneiff the curvesarecoprime).

3. A vertex is 0-dimensionalindcontainsat leasttwo 0-zeroentriesin its sign
sequencelt is theintersectiorof two or morealgebraiccurves.

Our ideato computethe two-dimensionalarrangemenbn a surfaceis basedon
the computatiorof planararrangementsWe will usea generalizedrersionof the
well-knowvn sweepline algorithmfrom Bentley and Ottmann[BO79] to compute
planararrangementsAn introductionto this algorithmis givenin 84.1.In §3.1we
definethe curveswe wantto sweepandbreakthemup into sweepablsegmentsn
84.1.In 84.2we reporton aboutidentifying segmentsof planararrangementsith
segmentsof two-dimensionahrrangementsn quadrics.

2.4 Choosinga Coordinate System

In thelastsectionwe startedto assumesomeconditionson the choiceof the coor
dinatesystemsuchsuriacesandcurveswe have to analyzedo not behae in some
unlovely senseln this sectionwe will refinetheseconditionsandwe shav how to
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excludeunwantedchoicesof the coordinatesystem.This sectionis thefirst where
we restrictour view on the actualproblemwe wantto discuss:Quadricsandtheir
intersectiorcurves

Before we startto choosea new coordinatesystem,we explain how to ensure
squarefreeness surfacesandcurves. Let x, be the outermostariableof a poly-
nomial f defininga surface(2) or a curve (y). Thenthe square-fregartof f is
givenby

f:=f/gedf, fy ). (2.21)

Whene&er we have to createan instanceof analgebraicsurfaceor curve, we can
replaceits non-square-fredefiningpolynomialsusingthis methodwith its square-
freeversion.

Furthermorewe do not want to have non-coprimesurfacesand cunes. If two
hypersurécef,g have anon-constantommonparth := gcd( f, g), we will replace
f andg with f/h, g/h andhitself. All of themaresquare-fredecause andg are
alreadysquare-freelf oneof thembecomegonstantwe canomitit.

Besideghesdnputconditionswe mentionedtherdifficult situationgfor example
coverticality of intersectionpoints)thataredueto a badchoiceof the coordinate
system.We canchangehis usinga shear:A shearof thethree-dimensionapace
R3 is alinearmapwith threeshearingparametesr, st € Z:

X 1 r s X X+ry+sz
Sa({ y D=[0 1t y |=| vy+tz (2.22)
z 0 01 z z

The shearis an affine changeof coordinatesanddoesnot changethe degreeof a
trivariatepolynomialdefiningasurface.A shealS s; canbeseerastwo composed
shearsst andS::

X 1 0 s 1r O X X+ry+sz
Sste(ly )= 01t 010 y | = y+tz
z 0 01 0 01 z z
=S5t =S
(2.23)

Thisdecompositiortanbeusedto minimizethe change®nthe coordinatesystem
duringthe algorithm.We will seethat

e anS;; sheamhasanimpactonthe z-regularity of quadrics.

e an S shearinfluencesthe y-regularity of projectedcurwes, coverticality of
intersectiorpoints,etc.

Dependingontherecognizedsituationwe have to choosenew valuesfor sandt or
anew valuefor r only. In the next paragraphsve give the answetrto the questions
whento usewhich shearandhow to chooseheir values:
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As we will see,eachunlovely situationdueto the choiceof the coordinatesystem
is critical for this certainconfigurationof theshearingparametersnly. In addition
we shav thatthereis only a finite numberof undesiredsituations. Thuswe can
determinethe numberof disalloved valuesfor a certainshearingparameter If

we choosethis parameteffrom a setof valueswhich is k times larger than the
numberof undesiredzalues,we hit a non-problemativaluewith probability k2.

This means,if therearen unlucky choicesof a shearingparameterwe have to
choosdits valuefor examplefrom therange[0,kn] or [ £ n, X n]. So,for each

parameteit sufiicesfor ouranalysisnow to countthe numberof unlucky values.

A shearing,which is an affine changeof coordinateshasthe adwantage,that
the topology of the surfacesand curves doesnot change. Intersectionpointsare
mappedto intersectionpoints. Only the coordinatesf the points change.More
detailsarein §2.2.1.

Unfortunately we cannotgetrid of onedisadwantage:Shearingncreaseshe size

of thecoeficientsandthisleadsto longerrunningtimesfor all algebraicoperations
suchasresultantcomputatioror rootisolation. To improve thiswe canstartwith a

smallsetandincreasats sizefor everyfailure. With increasingsizetheprobability

thata “good” coordinatesystemis chosenincreasespayingwith longerrunning

times.

Anotherapproachs to chooseationalshearingparameterslf theirabsolutevalues
arecloseto 1, thelengthof the involved numbersstayrelatvely small. Thuswe
“normalize” the shearingparameters, s,t € Z by a commondenominatowu € Z:
f=r/u, §=s/uandf =t/u. It is easyto seehow this changesheshearingnatrix:

uo0o0 1 r/u s/u ur s
Ouo 0 1 t/u|=l0ut |=2z%3 (2.24)
0 0wu 0 0 1 0 0u

Geometrically this methodis a scalingand a shearing. The crucial stepis the
choiceof u: Wehaveto ensureu > |r|, u> ||, andu > |t|, whichkeepgheincrease
of bit lengthsmall.

Now we distinguishwhich methodsandwhich parameterareuseful:

2.4.1 Input quadrics

For every input quadricg; we demandhe following conditions:

() q; is square-free.

(i) Foreachquadricq; (i # j) it holdsthatg; andq; arecoprime.
(iii) qj is zregular
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Thefirstitem canbeeasilyensuredy applying(2.21). Thetopologyof thesurface
doesnotchangeasshavn in 82.2.1.We alsogave a solutionto thesecondtemin
theintroductionof this section.

The third item is equivalentto a vanishingleadingcoeficient of q viewed asa

polynomialin z It canbe solved usingan S;; shear The questionis how to

find goodvaluesfor s andt. Let uslook at theleadingcoeficientsof then input

polynomialsg; whensubstituting(x, y, z) by (sztz z). Theleadingcoeficientsare
thenat mostquadraticpolynomialsin K[s,t], sincethe total degreeof quadricsis

atmost2. We will call them/,,...,£4,. Theleadingcoeficientscanbe seenas
planarcurves(conics)andwe have to choosea point (s,t) thatis notlying on ary

of thesecurves. If we substitutes= ain thepolynomials?;, 1 <i < n, thenit might

happerthata leadingcoeficient/; vanishesThis happensf (s— a) is afactorof

¢;. But each/; hasatotal degreeof at most2 andbecausef thatthis unwelcome
effect canoccurfor atmost2n valuesof s. Let us substitutethis values into each
¢; obtainingn univariatepolynomialsts(a,t),... ,#n(at). Each/i(a,t) hasatmost
two roots,sothereareall in all < 2n valueswe arenotallowedto chooseor t.

2.4.2 Algebraic Curves

Thealgebraiccurveswe consideiin thisthesisareprojectedcurveswhoseoriginals
areintersectioncurves of algebraichypersuriceswith dimensionl in R3. There
aresomeconditionsfor thetopologyof acune f; in thechosercoordinatesystem:

() fiissquare-free.
(i) Foreachcurwe f; (i # j) is holdsthat f; and f; arecoprime.
(iii) f;isy-regular
(iv) fi containsneitherverticalflexesnor verticalundulationsor vertical singu-
larities.

(v) Theintersectiorpointswith anothercurve f; arenotallowedto bevertical.

(vi) Theintersectiorpointswith anothercure (includinginvolvedJacobicurves)
do notsharethe samex-coordinates.

We canapply the algorithmicanalysisgivenin Chapter3 only whenthesecondi-
tionshold. Exceptfor thefirst two items, which aretreatedbelown, we canrefor
mulatetheseconditionsasnon-\erticality of a finite numberof lines:

(iii) non-\erticality of thefactorsof the highest-ordeterms

(iv) non-\erticality of tangentsat flexes,undulationssingularities,
(v) non-\erticality of tangentstintersectionsith othercunes,
(vi) non-\erticality of thelinesjoining the pointsdefinedabove.

We recognizethat all of theseverticality violations resultfrom a bad choice of
coordinates:
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Using the shear(2.22) we map eachpoint (a,b,c) of a spatialintersectioncurve
to the point (a+rb+scgb+tc,c). Sothe projectionof a spatialpoint (a,b,c) is
just settingc = 0 leadingto a planarpoint (a,b). Thusthe changeof coordinates
in (2.22)mapsa point (a,b) to

(a,b) = (a+rb+schb+tc). (2.25)

To reachnon-cwerticality of afinite setof lines, it is notimportantto choosenew
valuesfor r,s,t. A new valuefor r (if sandt areconsideredixed) leadsto new
x-coordinatedor points. Thuswe assumanv.l.0.g.thats=t = 0.

Our currenttaskis to give an upperboundfor the numberof lines that are not
allowedto bevertical. Thereforewe first determinghe numbem of planarcurves
(without Jacobicurves)andthe upperboundd for the degreesof thesecurves.

Let us startcounting: Substitutex with the expressionry dueto our choiceof r
in the leadingcoeficient 41,... ,4y € K[r] of them curves. Noneof themshould
vanish. With the upperboundfor the degreeof the curveswe concludethatthere
areat mostmd differentrootsof the/; whichwe shallnot usefor our choiceof r.

We shaved that the x-coordinatesof flexes and undulationsare roots of ry :=
reqf, fy,y) with a multiplicity atleast2. The degreeof ry is boundfrom above
by deg(f)deg(fy). Thereareatmostd(d — 1) rootsfor ry andthereforeeachcurve
hasat most&;” flexes or undulations. All in all, thereat at most %
verticalflexesor undulationdn the planararrangement.

The next stepis to boundthe numberof intersectionpoints. For themwe have
to excludeverticality. For two (coprime)curvesthereareat mostd? intersection
points. This yields that we have to add md? other lines we do not want to be
vertical.

Thelastitem (iv) containghe biggestnumberof possiblyverticallines: We define
theset:

ly == {(a,b) € K[x,Y] \ f,g J(f,0) (f(a,b)=0Afy(ab)=0)
(f(a,b) =0Ag(a,b) =0)
(J3(f,9)(a,b) =0AJ(f,g)(a,b) =0)}

The numberof lines joining eachpair of pointsin I, is a crudeupperboundfor
theactualnumberof lines, checledin thealgorithmin Chapter3. Thereis abetter
possibility to estimatethe numberof lines. Anyhow, we give this rough upper
boundandreferto thefact,thatthe choiceof the shearingparameter shouldstart
picking valuesfrom asmallrange:

In I, we canfind

e md(d — 1) intersectiorpointsof them curves f with their correspondingy.
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e m?d? intersectiorpointsof ary two curves f andg.

e n?(2d — 2)(2d — 3) intersectiorpointsof the m? JacobicurvesJ(f,g) with
the correspondingy(f,g).

Thisyieldsto thefollowing numberof suspicioudines:

md(d — 1) + mPd? + m?(2d — 2)(2d — 3)
2

Sincethe planarcurveshave their origin in R® we have to take careof the chosen
valuesfor s andt in the currently appliedS;; shear An awkward choiceof r,s

andt doesnhot changethe x-coordinatesn the new coordinatesystem.Let v; ;=

(a,by,c1) andv; := (a,by, c2) with by # by be two spatialpointswith the same
x-coordinatea. The projectedpointsV; = (a,b;),V» = (a,by) definethe vertical

line x—a. For which parameters, s,t of ashearS s; doestheline joining thetwo

pointsbecomenon-\ertical, thatis the x-coordinatef the mappedpointsdo not

coincide?

Theanswelis simple: V3 ismappedov; = (a+rb; +sc, y+tci) andv, is mapped
toV, = (a+rby +sg,y+tcz). Thex-coordinatesareequaliff

C—C
= S. s
by — by

r

with by # by, andwhereb, by, ¢;, ¢, ands canconsidereasarefixedvaluesatthis
moment.We concludethatthe line joining ¥, andv, staysverticaliff r is chosen
to bethis specialvalue. This is anothemunwelcomevaluefor the parameter.

All the differentcasesmply the following upperboundto the disalloved values
forr

md(d — 1)

> +md®+w +1 (2.26)

W= md+

This completeghecountingof notallowedvaluesfor theshearingparameter and
we areleft with two situationghatcannotbe solvedusinganS shear:

As we will seein 83.1 our algebraiccurves result from a projectionof spatial
intersectiorcurves. Eachpoint (a, b, c) € R3 will be projectedto thepoint (a,b) €
R?. It canhappenthat thereare several points (countedwith multiplicities) that
have a andb asx- andy-coordinateLet f beanalgebraiccurve thatis not square-
freeandlet (a,b) be a multiple point of f, thatis a (multiple) point of gcd(f, fy)
andasinglepointof f/gcd(f, fy). Letcy,...,c; € R bethe zcoordinatesf the
j spatialpoints(a, b, ¢;) thatareprojectedto (a,b). If c; = ¢; = ... = ¢;j, thenwe
replacethe curwve f by thetwo curvesgcd(f, fy) and f/gcd(f, fy). Thedegreeof
both curvesis olviously < 2. For the othercase(thereare at leasttwo different
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valuesin thec;), wecoulduseeitherareshearingvith anS;; sheawhichincreases
thesizeof theinvolved numbers)r we alsoreplacef with its square-fredactors.
We preferthe latter possibility which - unfortunately- introducesa specialbut
simplehandlingatalaterpoint (see§4.2).

If two algebraiccurvesarenot coprime,we canusethe sametrick asfor quadrics
anddivide thecommonfactoroutto insertthreeinsteadof two curveswith smaller
coeficientsizesinto thearrangementin 83.1wetake acloserlook atthis situation
sincewewill definetwo differenttypesof cunesandhave to take carethatthenew

cunwesinheritthe correctattributes.

2.4.3 DetectingViolations and ChoosingShearingValues

The choiceof anothercoordinatesystemis not a restrictionof the possibleinput
data.lt is rathera methodto simplify or evenfacilitatetheanalysisof surfacesand
- asin the next chapter- of curvesand pairsof them. The sweepline algorithm
doesnot dependon this choiceof coordinatesystem,it can handlefor example
covertical intersectionpoints. But we needthe changeof coordinatedo provide
the predicategor the sweepline algorithm.

Most of the violations presentederecannot be detectedvithout computingcer

tain propertieghatarealreadyresultsof theanalysisof algebraiccunes. We delay
therecognitionof theseviolationsto thetime we analyzetheinvolved curves. The
detailsarein 83.2and§3.3.

Only for theinput quadricswe cantestthe conditionsbeforestartingtherealcom-
putationof thearrangement.

For the computatiorof thearrangementye have the following flow:

Checkinput quadrics:Make themsquare-fre@andcoprime;if atleastoneis
not zregular, chooses,t # 0O for initial S;¢ shear

Startthearrangementomputatiorwith S sheaysetr = 0.
If noviolationis recognizedthenwe have computedhearrangementStop.

Otherwise,male the curves coprime or choosenev S sheardepending
which violation occurred. Thenrestartthe arrangementomputationuntil
thereis noindicationof a conditionviolation.

In the next chapterswve introducethe geometricobjectswe have to dealwith and
in 84.1.3thereadercanfind somefurtherdetailsaboutshearingbackwhich differs
in the mathematicalntuitive way dueto our chosenrepresentatiof pointsand
curvesin 84.1.1.
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Chapter 3

Projection of
Surfacesand Curvesand their
Algorithmic Analyses

In this chapterwe introducethe projectionof the two-dimensionakrrangements
onquadricgo theplane.We will seethattheseplanararrangementareequivalent
to the original arrangementsTo computesuchprojectedarrangementwe define
two typesof curvesandwe shaov how to analyzetheir geometryalgorithmically
- andpractically We further pair curves of projectedarrangementand analyze
their topology too. Theseanalysegprovide the basisto computesuchprojected
arrangementwith the sweepine algorithmin the next chapter

Thisis ourinput: A quadricg is definedby atrivariatepolynomialof degreeatmost
2. Thecoeficientsarechoserfrom Q, thatis q € Q[x,Y,Z. Theinputconsistsf n

quadrics:Q:= {du,.-- ,0n}-

Thisis ourtask: For eachquadricq € Q - whichis calledbasequadricif it isin the

currentfocusof the algorithm- we wantto sortall verticesalongthe intersection
curveswith the otherquadricsin Q. A vertex is theintersectionof g with at least
two otherquadricsp andr. Recallthe examplefrom the first chapterin figure

1.1. If we choosethered quadricasbasequadric,thenthe intersectioncurves of

the otherquadrics(blue, green)with the red quadricinducea subdvision on the
surfaceof this basequadric.

3.1 Projection Phase:Silhouettecurve and Cutcurve

How canwe computethe arrangemenbn the surfaceof the basequadricq? The
ideawe useis basedon cylindrical algebraicdecompositiorthat usesElimination
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Theoryto projectthe spatialscene(mainly the intersectioncurves)to the plane.
As we have seenin 8§2.1.3Elimination Theorycanuseresultantgo performthis

projectionstepalgebraicallyusingProposition2.1.13. The neededz-regularity of

thequadrican Q is fulfilled atleastaftera shean§2.4). Of coursethis projection
stepis opento arbitrary algebraicsurfacesand we discussthe extensionof our

methodto higherdegreesurfacesin §5.5. The problemthereis a higheralgebraic
degreeof the curvesandtheinvolved numbers.

For two quadricsqg, p, we have alreadydefinedthe set of the intersectionpoints
| == {(a,b,c) € R® | q(a,b,c) = p(a,b,c) = 0} in §2.2.1. The zerosetof the
projectedintersectiorcune f is directly givenby [ := {(a,b) € R? | (a, b,c) €1}
by settingc = 0 for all intersectiorpoints. A bivariatepolynomialthathasl asits
zerosetcanbefoundusingElimination Theory:

Definition 3.1.1:Let g, p be two square-freez-regular and coprimequadrics(al-
gebraicsurfaces).Thealgebraiccurve with the definingpolynomial

cut(q, p) :=regq, p,2) 3.1)
is calledthe cutcurve of gandp.

With proposition2.1.13ZERO(cut(q, p)) = | holdsandwe know

deg(cut(q, p)) < 4
respectiely < deg(q) deg(p) for generaklgebraicsuriaces.

Theprojectionof intersectiorcurvesleadsto alossof spatialinformation.Mainly,
we candistinguishbetweernwo problems:

Different points in thr ee-dimensionakpacewill beidentified:

The pointsv; = (a,b,c;) andv, = (a,b,cz) will both be mappedto
V= (a,b) ignoringc; # Cy.

If we considera singlespatialintersectioncurve, thenthe projection
canleadto (new) singularpointsof the planarcurve, besideghe pro-
jectedsingularpointsalreadypresenin three-dimensionapace.

The sameholdsfor eachpair of spatialintersectioncunes. Besides
the projectionof spatialintersectionpoints onto the xy-plane, it can

happenrthatthe projectedcurvesintersectat planarpointsover which

we cannoffind spatialintersectiorpoints.

In this chapterwe explain how to find these“artificial” points.

Beforewe cango onto the secondproblem,we have to take aview on the quadric
gfrom —oo, A quadricg thenconsistof threedifferentparts:lower part,silhouette
andupperpart.
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The partof the quadricp which canbe seefrom z=
—oo is called lower part. But we exclude the seen
borderexplicitly andcall the bordersilhouetteof the
quadric. The unseenpart (on the other side of the
lower part)is calledupperpart. Thereis alsoa more
formal definition of this distinction: <)

-co

-

upper part
silhouette
“lower part

ThezerosetZERO(q) of aquadricq canbepartitionedinto threedistinctsets(if z
regular, but we assumedhat). Let (a,b,c) € ZERO(q). We define§ := q(a,b,z) €
R[Z]. Thenthepoint(a,b,c) belongsto the

e lower part of qif § hastwo differentrealrootsof whichc is thesmallerone.
¢ silhouetteof qif § hasonedoublerealrootwhichis equalto c.
e upperpartof qif § hastwo differentrealrootsof which c is thegreaterone.

Of course,we can project thesethree setsby definingeachc = 0 to the plane.
Projectinglower and upperpartis quite uninterestingoecauset resultsin open
setsof points- differentfrom theprojectionof thesilhouette If we projectits point
setto the plane,we getthe zerosetof an algebraiccurve, which is algebraically
definedasfollows:

Definition 3.1.2:Let q be a square-freendzregular quadric(algebraicsurface).
Thealgebraiccurve with the definingpolynomial

sil(q) := regd,q,,2) (3.2)
is calledthe silhouettecure of g.

Becausef thedeggreesit holds

deg(sil(q)) < 2
respectrely < deg(q)(deg(q) — 1) for generaklgebraicsurfaces.
Then

ZERO(sil(q)) = {(a,b) € R? | (a,b,c) is apointonthesilhouetteof q}.

Proof: Thesilhouetteof g containsall points(a, b, c) suchthatc is a doubleroot
of q(a,b,z). Thusc mustalsobe a root of g,(a,b,z) - thefirst partial derivative
w.r.t. z. With proposition2.1.13for g(a, b, z) andq,(a,b,z) we aredone. O

The distinctionof a quadricq into lower part, silhouetteand upperpart naturally
definegwo differentarrangementsn eachquadric: Thetwo-dimensionahrrange-
mentArr, on the lower partandthe two-dimensionakarrangemenfrrd on the
upperpart. Both arrangementhave to includethe silhouettesinceotherwisethey
would not have a closedboundary Furthermore the silhouetteconnectshe ar-
rangement®n a quadric. Thesetwo arrangementhelpto solve the secondprob-
lem thatresultsfrom the projectionof intersectiorcurves:
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The silhouette of a quadric partitions two-dimensionalfaces:
Formerfaceson a quadric, lie either completelyon the lower part,
on the upperpart of the quadricor extend over both arrangements.
Unfortunately the projectedscenecannotseesuchsituationswherea
facerunsoverthesilhouette.lt is anintegratedview of thelowerand
upperarrangementT heprojectionof thelowerarrangemerpartitions
the projectionof the upperarrangemernandvice versa.

Sincewe decomposeduchspecialfacesinto two smallerones- each
on exactly onepartof the basequadric,we cancomputedheminde-
pendentlyandstitchthemtogetheronly topologically

We explainin Chapte” how to decomposgheintegratedarrangement
of abasequadricinto thetwo independentnes.

After the projectionof spatialintersectiorcurves,the planararrangementonsists
currentlyof n— 1 cutcunes. Sincewe have to decomposéhis arrangemeninto
two, we addthesilhouettecurg of the currentbasequadric,to obtaintheintegrated
arrangemenArrq. Intersection®f the cutcuneswith this silhouettecurg indicate
thata spatialintersectiorcurve eithertoucheghe silhouettetangentially or thatit
runsfrom the lower partto the upperpart (or vice versa).In the latter case there
arefaceson g which are partitionedby the silhouette. In figure 3.1 we shawv the
differentstepghatmustbeperformedo achiese thetwo arrangementsng. In the
remaingchapterswve explain how to getthesearrangementsnd how to compute
their topologyalgorithmically

Beforewe startto analyzeprojectedcurves, we have to keepour promisein §2.4
to give somedetailsaboutnon-coprimecurves. Now we can offer them, since
we have to distinguishbetweenwo thesetypesof planarcurves: silhouettecurgs
andcutcunes. A planararrangementonsistsof onesilhouettecurve andseveral
cutcunes,which leadto only two casef non-coprimecurves:

1. Let f beasilhouettecurg andg be a cutcune, which arenot coprime.That
is thereis apolynomialh := gcd( f,g) suchthatdeg(h) > 0. In thiscasewe
canapplyanSs; shearasseenn §2.4,becaussomepartof the spatialinter-
sectioncurve eitherlies on the silhouetteof the basequadricor is projected.
A changeof the silhouette(which is ensuredwith an S;; shear)solvesthis
situation.

2. Let f andg be two different cutcunes, that are not coprime. Again, we
computeh := gecd f,g) andreplacef andg with threenew cunes(if non-
constant):f := f/h, §:= g/h andh itself. Sincebothtypesof curvesneed
theinformationof involved quadricswe have to adjustthis informationfor
thesethreenew polynomial - or more specially- only for h. The set of
involved quadricsfor f andg doesnot change.For h we meige the setsof
involved quadricanto anew set.
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Figure 3.1: Thedifferentphase®f the algorithmfor the introductaryexampleof
figure 1.1. We starton the top with the projectionof the intersectioncurvesto
the plane. Thenwe addthe silhouettecurg of the basequadricq which givesus
in the middle the integratedarrangemenfrry. On the bottom, we seehow Arry
decomposesto thetwo arrangementarr g (left) andArrg (right). Ourtaskis to
getthesetwo arrangementen eachquadricandto computethem.
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Thedetectionof non-coprimecurvesis delayedto §83.3wherewe analyzepairsof
cunes. The projectionphasefor our currentbasequadricis now completeandat
the momentwe obtainedthe planararrangemen#\rrg. For this arrangementye
candefinethefollowing:

Definition 3.1.3: The eventpointsof a planar arrangementinducedby a setof m
curvesC aredefinedby theintersectiomointsof eachtwo curnes f,g € C andthe
intersectiorpointsof f andfy for all f € C.

In the next two sectionswe shaw how to analyzesilhouettecurgs, cutcunesand
pairsof them,includingfindingall eventpointsof thearrangementAll thissufices
to breaksinglecurvesin 84.1linto sggmentsandto provide predicatessowe can
sweepthesesggmentsin orderto computesucha planararrangementin 84.2we
explain how to decomposérrq into two arrangements.

3.2 Analyzing One Curve

In this sectionwe wantto analyzethe geometryof the a single algebraiccurve
f € Q[x,y| - eithera silhouettecurg or a cutcune. Our view on the geometryis
x-fixed, meaningthatfor a given x-coordinatet, € R we determinethe numberof
realpointsof f aver¢, thatis theintersection®f f with theverticalline x—&. To
computethe completegeometryof f we have to do this for every &. If we order
this analysiscontinuouslyfrom left to right, we get a sweepline algorithmthat
determinegshe geometryof f (thatis the verticalline g = x— & sweepdsrom —oo
to +0).

In 82.2.4we alreadydefinedarcs. Arcs areC® andthe
arcsof a single curve do not intersectin their interior. \ A
Thusthetopologyof f doesnotchangewithin arcs.There
is only a finite numberof points f  f, € R? at whose
x-coordinate”somethinghappens”: Arcs startor endor \ §
thereis anisolatedpoint. We call the pointsof f f, ——

the (one-curve)kventpointsof f, andspeakof the (one-
curve)eventx-coodinatesmeaningtheir x-coordinates. /7

Let usdefinethe propertiesve wantto computealgorith-
mically for agivensilhouettecurg or cutcune f:

e Thedecompositiorof the x-axisinto eventx-coordinatesandopenintenals
betweerthem.

e Thenumberof arcsof f overary § € R.
e Thekind of eachevent(left/right x-extremeor singular).
e Thearcsinvolvedin eacheventandtheir positionrelative to otherarcs.
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As wewill seefor silhouettecurgsthisis mucheasierthanfor acutcunes.

The algorithm we presentover the next pagesis basedon the y-perx-view we
introducedin 82.2.4. This allows usto reducethe algebraicexactnesgo a topo-
logical relation betweeny-coordinates:A y-coordinateof a point v is implicity
definedby the arcthat containsv. And the comparisorof two pointsat the same
x-coordinatds thencomputedoy comparingherelative positionof two arcs.Thus
our algorithmis mostly of topolgicalnature.We often have to comparealgebraic
numberswhich canbe doneefficiently by chosingthe representiorpresentedn
§2.1.4. Therewill be casesn which our algebraicnumberdie in Q( D;, Dy)
with radicand9) < D1,D, € Q. In §2.1.4we introduceda numbertype which is
ableto represensuchsquareroot expressiongfficiently. At eachtime of thealgo-
rithm we distinguishexplicitely the choiceof the currentnumbertype. Onegoalis
to avoid algebraicmumberswith a degreegreaterthan?2.

As long asthereare only rationalnumbersinvolved, our algebraicoperationsare
purelyrational. This is obvious, but asseenin 82.1.2purerationalalgebraicop-
erationscan be reformulatedto pure integral algebraicoperations for example
resultantandgcd computationlt is aconsequencef Gauss'Lemma.This should
beconsideredn theimplementationbecausét acceleratethealgorithm.

For thealgorithmicanalysisof acurve f we requiresomepreconditions:

e fissquare-free.

e fisy-regular

¢ No two pointsof ZERO(f) ZERO(fy) arecovertical.

e Thereareneitherverticalflexesnorverticalundulationson f.

Two points(a,b), (&, b') arecovertical if a=a andb # b'. Remembethatapoint
v of acuneis calledverticalif it hasa verticaltangent.

For all thesepreconditionsve have presentedolutionsin §2.4. Note thatall the
changesnadetherehave noimpactontherangeof “input” curves(if seemaspoint
sets). We only restrictthe choiceof the coordinatesystemby choosinga certain
shearing.The callerof the following algorithm,hasto guaranteghatthereareno
preconditionviolations. But the caller cannotdo this without testingsomevalues
computedin this algorithm. Thusthe algorithm detectstheseviolations, aborts
itself with an appropriateexceptionsignalledto the caller Thenit is his taskto
applymethodsrom §2.4.

Theorem 3.2.1: Thegeometryandtopolayy of a single projectedcurve f (silhou-
ettecurveof a quadricor cutcurveof two quadrics)canbeanalyzedusingrational
numbes, squae-root expressionsand ordering of rootsof polynomialsonly.
Theproofis thealgorithmpresentedn the remainingsectionsof §3.2:
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3.2.1 Eventx-Coordinates

We startwith aresultancomputationRecallthat f is square-freéf reqf, fy,y) #
0,see§2.1.3.

Resultant:
If thecoeficientof y3®(f) of f is zero,signal‘not y-regular” andabort.

ComputeRy :=reqf, fy,y). If Ry =0, signal“not square-free’and
abort.

Letx; < X < ... < X, bethedistinctrealrootsof Ry - calledtheeventx-coordinates
thatinducea partitionof the x-axis:

R:=]—oco,x3[ {X1} Jx, %[ {X} .= {X} ]Xn,+o[. (3.3)

Definition 3.2.2:LetX_1 < X € {X1,...,X} { o}. Then]x_1,%][ is calledthe
i-th interval betweerevents

We representhe roots of Ry (thatis the set{xs,...,X,}) asalgebraicnumbers
aswe describedn 82.1.4. If all preconditionshold, thereis a bijection between
{X1,...,%} and f  fy, andwe alreadysaw thatm := mult(x;;R¢) distinguishes
betweerthedifferentkindsof eventpoints. For m; = 1 we have anx-extremepoint
of f atx andfor m > 1 thereis eithera singularityor a vertical flex respectiely
a vertical undulation,see82.2.4. The analysisof f at a given x; is donebelaw,
dependingn f beingasilhouettecurg or a cutcune. Bothtypeshave in common
theanalysisof thearcsover intenals:

3.2.2 Arcsover Intervals

Let usfix anintenal betweereventsl :=]xi_1,%[. In §2.2.4
we definedthearcsof f to betheconnectedomponentsn
theverticalstripef [x_1,%] x R, notintersectingn | x R.
Let their numberbe ki. We sortthe arcsA; in ascending
y-orderby choosingindicesl,... ,k suchthatfor all x e I,
(% Yu) € Ayand(x,yy) € A, it holdsthatu<v <=y, <w.
Referringto this order we saythatthe arc A, hasthe arc
numbernuon f overl, oris thep-tharc of f overl.

Arcs over Intervals:
Using the rational isolating intervals of the x; determinea rational
pointr; €]xi—1,%[ Q within eachinterval betweerevents.

Counttherealzeroef f(ri,y) € Qly] to determinethe numberk; of
arcsof f overthei-th interval betweerevents.
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With 0 < k < deg(f), we concludethat thereareat mostdeg( f) arcsover each
interval betweerevents.

3.2.3 “Arcs” over Event Points

Now we turn our view to the behaior of f at eventx-coordinates.Thefirst step
is to find the distinct real points of f over eachx;. We alreadysaw that this is
equialentto look for therealrootsof f(x;,y) € R[y]. Letthenumberof realroots
in this casebe k! suchthatthe notationdiffers from the notationof the numberof
arcsover thei-th intenal betweereventsk;.

Sincewe wantto unify terminologywe alsosaythata point (x;,y,) € f hasarc

numbeny, 1 < pu <k, overx; if it is thep-th realrootof f(x;,y) € R]y], numbered
in ascendingorder and countedwithout multiplicities. Let (x;,y;) be the event
point. Theny; is amultiple rootof f(x;,y). For all otherpoints(x;,yi) on f should
hold thaty! is a singleroot. Otherwise we have detecteccovertical event points,
which is signalledto the caller How this is checled algorithmicallyis shavn in

83.2.5sincethis canhapperonly for cutcunes. Weknow for surethatk! > 1 since
thereis at leastthe eventpointitself. Onthe otherhandthe definition of anevent
pointimpliesk! < deg(f) — 1.

Our interestnow lies on how thesepoints over x; are connectedo the arcsof f
lying over |; =]x_1,%[ andli+1 =]X,%1[, thatis to the left andto the right of
X. For suchanarc,we distinguishif it is involvedin the event, thatis the unique
eventpointoverx; is containedn theinvolved arc(andby definitionanendpoint).
Otherwiseit is continuing meaningthatits endpointat x; is a point of f over x;
which is covertical to the event point. Throughthis point the continuingarc is
connectedo anothercontinuingarcon the othersideof theeventpoint.

We are mainly interestedn the arcsinvolved in the event. In the following we
describenow to computefor eacheventpointatx = x; a setof information:

e Thekind of event(left/right x-extreme,singularity).

e Thenumberk! of distinctpointson f over x;.

e Thearcnumberof theeventpoint overx;.

¢ A rangeof the arcsinvolved at the event on both sidesof the event point.
Thesearegiven by the minimal andthe maximalarc numberor they canbe
emptyin somecases.

We split this analysisinto two parts: Event points of silhouettecurgs and event
pointsof cutcunes. The latter onesare much more complicated but canbenefit
from somealgorithmictechniquegpresentedhow for silhouettescumes:
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3.2.4 Event Points of Silhouettecurves

Recallthatthe eventx-coordinatesaretherootsof Ry. We know thatdeg(R¢) <
2 becausagg(f) < 2. ThusR; haseithertwo simpleroots (my = mp = 1) of
algebraicdegree 2, or one doubleroot (m; = 2), which hasto be rational, since
Rf € Q[x]. In 82.2.4,we statedthata root of Ry with my = 1 corresponds$o an
x-extreme point androotswith highermultiplicities to singularpointsor vertical
flexes/undulations.Becauseof the degree,we sawv in §2.2.4thatin this casea
singularpointis possibleonly.

Let x; bearootof Rs with my = 1. Ourtaskis to determinethe
type (left/right) of the x-extremepoint andthe involved arcs.
An x-extremepoint joins two arcsof f smoothlyandon one
side of the point only. Thusthe numberof arcsto the left k;
andto theright ki1 of an event point mustdiffer becauseof
the y-regularity by exactly two (in ary case: silhouettecurg
or cutcune). We defineAk := ki1 — ki. If Ak =+2, then
thereis aleft x-extremalpoint over x;, otherwiseAk = —2 and
theremustbe a right x-extremal point over x;. Sincethereis
currentlya silhouettecure f (with deg(f) < 2) in thefocusof
thealgorithm,we canconcludethatk; is eitherO or 2. For ki 1
we concludetheinverse.

This completeghe analysisof x-extremalpointsfor silhouettecurgs:

-Extreme Point:
Computethe numberof arcsk; overtheinterval betweereventsto the
left of x;.

If ki = 0, therangeof involved arcsat the left side of X; is empty; at
the right side of x; botharcs(1 and2) occur Otherwise ki = 2, the
right sideis emptyandtheleft sidecontaingheinvolvedarcs1 and?2.

Sincethereis obviously only onesinglearcof f overx;, thearcnum-
berof theeventpointis 1.

We areleft with thecasehattheuniquerootx; of Rt isadoubleroot. In §2.2.4we
saw thatacurve f with deg( f) < 2 cannothave flexesor undulations Furthermore
we canexcludecovertical eventpoints,sincefy is aline andis alsoy-regulat

Thus(x1,y1) mustbe a singularpoint. For the analysisof this
uniquesingularpointit suficesto know, thatm = 2. All other
informationarestill storedin thenumberof arcsto theleft and
symmetricato theright. We take theleft side: Sincedeg(f) =

2 thecurwe f factorsin two eitherreal or comple lines (over
K). Thetwo reallines have to occurastwo arcsat bothsides.
Two comple linescannotimply ary realarcs.
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Singular Point:
Computethe numberof arcsover the left intenal
betweereventsk;.

If ki = 0, thenthereareno involved arcsat both
sides.

Otherwisejf ki = 2, thereareexactly two involved arcsat both sides,
numberedrom 1to 2.

Sincethereis obviously onesinglearcover x; only, thearc numberof
theeventpointis 1.

3.2.5 Event Points of Cutcurves

Theanalysisof eventpointsof cutcunesis splitinto threeparts: At first we handle
all simplerootsof R correspondingo x-extremepoints. For the rootsof higher
multiplicity we cangive anexactrepresentatioin afield extensionQ( Di, Dy),

0 < Dj € Q (usingthefactthatthereareno vertical flexesand undulations).The
last part consistsof the analysisof singularpoints(the only possiblepoints over
X with m; > 2 whenwe canexclude vertical flexes and undulations)oy explicit

arithmetics.

Beforewe start,we will boundthe numberof eventpointsof f by deg(f)deg(fy).
In our casethereareatmost12 eventpointsonacutcune.

We startto sorttherootsof R¢ by their multiplicities usingthe correspondindac-
torizationfrom §2.1.1.

deg(Rs

)
Ri =: £(Ry) u R;

-Extr emePoints

Thefirst task- the analysisof x-extremepoints- tendsthe simplerootsof R¢, so
we take therootsof Ry, .

For an x-coordinatex;, we learnedin §3.2.4thatthe numberof arcsover the left
intenval betweereventsdiffersby 2 from the numberof arcsovertheright inter
val betweerevents. If oneintenal doesnot containary arcs,therecannotbe ary
continuingarc at x;. This allows usto fall backto the simple casepresentedor
silhouettecurgs which givesus the involved arcsandthe arc numberof the event
point- whichis 1 - directly.

At all otherx-coordinates; with my = 1 thereis atleastonecontinuingarcon both
sidesof theeventpoint. Our algorithmshoulddeterminghetwo involved arcsthat
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existon onesideof theeventpointandhow thecontinuingarcsarerelatedto them.
At first we have to introducea little bit of theory:

For eachx-extreme point (x;,y;) we know that fy(x;,y;) = 0 and fyy(x;,yi) # 0
implying that fy(x;,y) hassimplerootsaty;. Sincetherearecontinuingarcs(in-
dicatedby therootsof f(x,y)) the MeanValueTheoremensureghatall rootsof
fy(Xi,y) mustbesimple.An implicationis that fy, hasno eventpointatx; meaning
req fy, fyy,y)(Xi) # 0. This allows usto refinetheisolatinginterval Jr;, ri1[ for x;
to anisolatingintenval | :=]r_,r [ of x; notcontainingary eventx-coordinateof f
(see§2.1.4).Thestripel x R C R? containssub-acs (thatareconnectedubset®f
arcs)of fy. Furthermorehereis exactly oneintersectiorof f with fy in thisstripe.

The Mean Value Theoremfrom calculusis helpful: For all § € | we know that
betweenary two zeroesof f(&,y) € R]y] thereis a zeroof fy(&,y) € Rly]. Geo-
metrically eacharcof f, over& separateswvo arcsof f over ¢ (andthereforeover
). We saw thatwe canorderarcsof f overl by sortingtherootsof f(&,y). Sowe
couldusetherootsof f(r_,y), fy(r_,y) ontheleft sideandtherootsof f(r,y),
fy(r+,y) ontheright side sortedin ascendingorderto matcharcsof f, on both
sidesandfind the not extendinginvolved arcson onesideof the eventpoint.

But for our searchof involved arcsat an x-extremepoint of a cutcune we cando
better In fact,we only have to checkthesequencef f-arcsand fy-arcsattheside
with the smallernumberof f-arcs.Firstwe give thealgorithmfor aleft x-extreme
pointatx andafterthatwe prove correctnessTheright cases symmetricandcan
bedistinguishedrom theleft caseby testingAk asin the caseof a silhouettecurs.

X-Extreme Point: (Triple Tes)
Computer_ asabore.

Computetherootsof f(r_,y), fy(r_,y) € R[y].

Take from all rootsthethreesmallesbnesandstorethemin ascending
ordertogethemwith theinformationwhetherthey belongto f or f.
Theeventpoint hasarcnumben equalto
e 1,if thefirstrootis arootof fy(r_,y).
e 2,if thefirstrootis arootof f(r_,y) andthethird rootis aroot
of fy(r_,y) (thesecondootis arootof fy(r_,y)).
e 3,if thefirstrootis arootof f(r_,y) andthethird rootis aroot
of f(r_,y) (thesecondootis arootof fy(r_,y)).
The rangeof involved arcson the right sideis numberedrom p to
1+ 1. Ontheleft sidethereis no arcinvolved. The total numberof
arcsatx; is simply k; + 1.

For cunesof degree3 and4 we candistinguishfive caseqif therearecontinuing
arcs),seefigure 3.2. On the sidecontainingthe involved arcs(herethe right side)
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Figure3.2:
The first row displaysthe three casesof (left) x-extreme points of cures with
dagreeexactly 4. The secondrow the samefor curvesof degree3. In bothcases,
the orderof the threesmallestpointson the greenline determineghe arc number
of theeventpoint andtheinvolved arcs(enclosedvith dottedlines).

55



therootsof f(r,,y) andfy(r,,y) alternate startingwith aroot of f(r,,y). This
is true dueto the Mean Value Theorem. On the other side (left) the numberof
arcsof f is smallerby 2 thanon theright side. The choiceof r_ ensureghe same
numberof fy-arcsoverr_ andslightly to theright of x; (in factall x smallerthan
r;). Furthermorewve saw that fy, cannothave aneventpoint over x;, which would
resultin differentnumbersof arcsover r_ andr. Assumethereis sucha point
of fy overx;. Thenatleastonearcof f, mustintersectanotherarcof f, yielding
to a covertical event point which contradictsthe fact that m = 1, which is the
multiplicity of x; asrootof reqf, fy,y). Thusthenumberof arcsof fy is equalon
bothsidesandthey have to matchto eachother This allows usto find two arcsof
f overr_ thathave morethanonearcof fy in betweenwhich happen®nly when
two arcsof f to theright of x, meetatx; andthereforedo notextendto theleft. All

otherarcson theright sidemustbe continuingandhave to find their partneratthe
left side.

Thedifferentpossiblesituationsarepresentedn thefive picturesin figure 3.2and
theseshav that the order of the threesmallesty-coordinatesdetermineghe arc
numberof the eventpointsandtheinvolved arcs(hereon theright side).

Singular Points

We areleft with the multiple rootsof R¢. Theserootsresultfrom tangentialinter-
sectionsof f and fy. Let (a,b) € C be sucha point, thenobviously fy(a,b) = 0
andeither(a,b) is

(i) asingularpointof f, with fy(a,b) =0, or
(i) averticalflex or averticalundulationwith fy(a,b) # 0 and fyy(a,b) = 0.

Thesetwo possibilitiescanbe checled simply if we areableto getexplicit values
for aandb. At the moment,we know of a to be a multiple root of Rs. We claim
to provide for eachsingularpoint (a,b) anat mostquadraticpolynomialh € Q[x]
orhe Q( D)[x,0< D € @, with h(a) = 0. In theend,we hopefullyfind sucha
polynomialfor all multiplerootsof R;. Otherwisewe canconcludehat f contains
verticalflexesor verticalundulations [W02] providesthe fundamentatheoryfor
this. It will bechecledlater, if therearereally singularpointsovertherootsof this
polynomial,whensearchingdor involvedarcs.

Proposition 3.2.3: Letq, p € Q[x, Y, 2] betwoquadricsand f € Q[x,y] thecutcurve
of gand p. Thenf hasat most6 singularpoints.

Proof: Singularpointsof f areeventpointsof f. The x-coordinateof an event
pointis arootof req f, fy,y) andif theeventpointis singularit mustbe atleasta
doubleroot. Sincedeg(req f, fy,y)) < 12therecanbeatmost6 doubleroots. [

Theseb singularpointscanbe classifiednto two types:
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Definition 3.2.4:Letq, p € Q[x,Y, Z betwo quadricsand(a,b) € C? beapointon
their cutcune definedby f = reqq, p,2) € Q[x,y]. If thetwo complex numbersc
andc’ aretherootsof q(a,b,z) € C[z] andwe have q(a,b,c) = p(a,b,c) = 0 and
g(a,b,c') = p(a,b,c’) = 0, thenwe call (a,b) atop-bottonpoint Otherwise(a,b)
is the projectionof atangentiaintersectiompointof g and p andwe call it genuine

Anotherdefinition of the top-bottompointsstateghatthey arethe commonroots
of reqq, p,2) andthefirst subresultansres(q, p, z), we definedin §2.1.2.

Using thesedefinitions, we can shawv that every singularpoint of a cutcune is
eithera top-bottompoint or a genuinepoint andthat every top-bottompoint and
every genuinepoint is a singularpoint. The numberof top-bottomand genuine
pointsof a cutcune areimportantalso:

Proposition3.2.5: A cutcurvef € Q[x,y] of two quadricsq, p € Q[x,Y, 2, which
fulfills our our conditionsstatedin §82.4,hasat most2 top-bottompoints.

Proof: Letw.l.o.g. q:=Z+q1z+qo € Q[x,y,Z andp:= 2+ p1z+ po € Q[x, Y, 7|
(with deg(q) < 2—i anddeg(p;) < 2— j). Then,thefirst subresultandf g andp
hastheform

sres(q, p,z) = p1— 0.

It is impossiblethatsres(q, p,z) = 0. If so,every pointof f would betop-bottom
andthereforesingular Then f and fy would have infinitely mary intersections,
contradictinghefactof f beingsquare-free.

Ontheotherhand,deg(sres(q, p,2)) < 1. Thussres(q, p, 2)

(i) is eitherconstantandnon-zeroconcludingthat f hasnotop-bottompointat
all, or

(i) |:=sres(q,p,2) is apolynomialof total degreel definingaline.

In the first case,we aredone. In the secondcase,all commonroots of f and
| aretop-bottomandthereforesingularpoints. We know that all our conditions
hold for | (especiallyy-regularity and squarefreenessptherwise f would have
coverticaleventpointsor infinitely mary singularpoints. Furthermorereq f,1.,y)

hasa degreeof atmost4 andis notthe zeropolynomialandtheline | cannotbea
factorof f sincethereis afinite numberof singularpointson f.

Therootsof reqf,l,y) have multiplicity > 2, becausehey resultfrom singular
pointsof f which alsol cutsthrough. Thusthe resultantpolynomialcanhave at
most 2 distinct (real) roots, which provesthat f canhave at most2 top-bottom
points. O

Proposition3.2.6: A cutcurvef € Q[x,y] of two quadricsq, p € Q[x,Y, 2, which
fulfills the sameconditionsasin 3.2.5,hasat most4 genuinepoints.

If it hasmote than 2 genuinepoints, f consistof two distinctlines and another
quadiatic curve all of thembeingnot necessarilyrational.
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The proof of this propositioncanbefoundin [WO02].

This distinctioninto top-bottomand genuinepointsallows to groupthe multiple
rootsof R¢ into up to threegroups.Eachgroupcontainsat mosttwo rootsdefined
by an at mostquadraticpolynomial (being not necessarilyrational). We have to

mentionthatthe classificatiorof top-bottompointsdoesnot helpin restoringspa-
tial informationfor a planarcurve, sincewe do not know which arcsinvolved in

thetop-bottompointlie onthelower andwhich onesonthe upperpartof the base
quadric.

Let ustry to find the threeat mostquadraticpolynomials.We startwith a polyno-
mial thatcontainsall multiple rootsof Rs assimpleroots:

d&_} Ry)

-

If deg(ﬁf) < 2, thenwe have found oneat mostquadratigpolynomialwhichis the
only oneandwe canstopour searcHor furtherpolynomials.

Otherwise,we first try to find x-coordinatesof top-bottompoints. We saw that
the top-bottompointsof f arecommonrootsof f andl := p; — q; (definedas
above) andthattheir numberis atmosttwo. Their x-coordinatesaremultiple roots
of Ry :=reqf,l,y). If R¢, is constantthereis no top-bottompoint. Otherwise
th:=gcdR¢ 1, (R 1 )y) containghex-coordinate®f thetop-bottompointsassingle
roots,which |sthef|rstgrouppolynom|alwearelookmgfor sinceits dggreeis < 2.
It is now easyto divide R; by tb andgetanew simplerR;.

After splitting off the x-coordinatesf all (existing) top-bottompoints,the degree
of theR¢ shouldbeatmost4. If thisis notthe casewe canabortimmediatelyand
signal“verticalflex/undulation”,becauseve know thatthereareatmost4 genuine
points.

If deg(ﬁf) < 2,we canalsostopour searchor at mostquadratigpolynomialswith
the currentRs assecondat mostquadratigpolynomial. Otherwisejf deg(Ry¢) > 2,
we have to work muchharder:

In accordancéo Proposition3.2.6, f eitherconsistsof two intersectindines and
anotherquadraticcune or the cutcune hasat leastone vertical flex or vertical
undulation.Thefollowing theoremis helpful:

Theorem 3.2.7:Letq, p betwo quadricsin space

1. If f =reqq, p,2) consistoftwolinesandanotherquadiatic curvenotequal
to two lines, thenthere existsa polynomialr € Q[x, Y, Z] definingtwo planes
sud that f =reqq,r,2).
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2. If f =reqq,p,2) consistsof four lines, thenthere existsa polynomialr €
Q( P)XY,Z (with0 < p € Q) definingtwo planessud that f =reqq,r,2).

For usit is important,thatr is computablén both casesTo computethis we need
thehelpof quadricpencils:

Quadric Pencils

Recallthe differentpossibilitiesto definea quadricin §2.2.2. Onemethodis the
implicit equationwith the help of a4 x 4 matrix U. On this matrix we canapply
linear algebraoperationgo characterizehe quadricu. For examplethe determi-
nantAU = detU) is calledthe discriminantof p. If AU = 0 we classifyu to be
singularandcall u a cone A conedegeneratego distinct two real or comple
planesjf U hasrank2. If rankU) = 1, thetwo planesareidentical.

For two differentquadricsUp andU; we can definean infinite linear family of
gquadrics thequadricpencil| givenby

U, ;= AUg+Uq,with A € R.

An importantpropertyof the quadricpencil is thatary two elementdJ,,Us with

r # s have the sameintersectiorncurve asUp andUs. It is ouraimto find a pencil

membelUs which facilitatesour computation.Sucha quadricUs shouldconsists
of two planes.

This memberis given by a root of the discriminantof the pencilwhich is defined
as

A(}\) = det(U;\) .

Its distinct roots characterizehe conesof the pencil. If A(A) containstwo dou-
ble roots, then the intersectioncurve of Ug andU; consistsof two intersecting
lines and anotherquadraticcurve, asin our assumectase. It is easyto check,
whetherthis conditionis satisfied. Otherwise,we canabortand signal“vertical
flex/undulation”.

Let A; andA; bethedoublerootsof A(A), thatarethe simplerootsof the square-
freepartof A(A). They areeitherbothrationalor bothirrational(algebraimumbers
of degree2). In both casesve computerankU,, ). For atleastonewe know that
its rankis 2. Thisis our committer- sayw.l.0.g.A;. It is thematrix representation
of a quadricu consistingof two not necessarilyrational planesus, up, suchthat
u=Ulp. If bothU, have ranklessthan3, thenue Q( A1)[x,Y,Z, otherwise

ue Qlx,y, 2.

Similarto the caseof top-bottompoints,thegoalis to find aline thatintersectghe
genuinepointsof f. It is shavn thatat most2 genuinepointsof f mustlie onthe
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line I, which is the projectedintersectionline of u; andu,. The otherup to two
genuinepointsdo notlie onthisline. Althoughwe cannotcomputeu; anduy, we
areableto computetheir projected(double)intersectioriine:

12 := requ, Uz, 2).

Sinceu canbedefinedby non-rationakoeficients,the coeficientsof theline can
have non-rationakoeficients,too. Thex-coordinate®f the genuinepointscanbe
foundanalogouslyto the searcthof top-bottompointsfrom aline.

Thereis the specialcasewhereat leastoneof thetwo quadricsdefiningthe pencil
alreadyconsistsof the two planeswe aresearchingor. Thenthe searchedine is
simply given by the square-fregart of the silhouettecure of the corresponding
quadricwhichis rationalin this case.

With theseresultswe canfactoroff the next quadratigpolynomialfrom R; andget
againa hew Rf. Its degreeshouldbe < 2. This would be the lastpolynomialwe
have searchedor, representinghelasttwo explicit valuesof roots. If d@(F\;f) > 2,
we know for surethat no singularpoint of f is responsibldor this. At leastone
of the threeor moreroots mustbe the root of a vertical flex/undulation,that we
signal.

Every multiplerootof Ry is now givenasarootof anatmostquadratic- notneces-
sarily rational- polynomial. Thuswe have eitherfoundvertical flexesrespectiely

undulationsor we areableto give explicit valuesfor therootsof all multiple roots
of reqf, fy,y) for acutcune f. Thesevaluescanbe expressedvith no morethan
two squarerootsadjoinedto Q. Unfortunately we now have to check,thatthese
rootsreally belongto singularpointsof f. We shav now how to getthe explicit

value of the event point’s y-coordinate too. Thenwe cantestwith the explicit

point coordinatesyhetherfy(xi,yi) = 0 or not, which distinguishedetweensin-

gular point andvertical flex/undulation. Furthermorewe mustexcludecovertical

eventpointsof f.

Let & € R beamultiple root of Rs which we know explicitly. To computethearcs
over & asin 8§3.2.3we have to find therootsof f(&,y) € Qp, p, :=Q( D, D>),
0< D4,D; € Q. Wefirstfactorby multiplicities: fs := f(&,y) = £(f(&,y)) k=1 fi,
whichis possibledueto thechosemumbertype of €.

Sincedeg(f(&,y)) < 4 we candistinguish4 casedor the kinds of roots(andthus
the degreesof thefactorsby multiplicities) it has:

(i) Only simpleroots- upto 4
(allin f1(€,y) with deg(f1(€,y)) < 4).
(i) Only doubleroots- upto 2
(allin f2(&,y) with deg(f2(&,y)) < 2).
(iii) Onedoublerootandup to two singleroots
(the singlerootsin f1(&,y) with deg(f1(&,y)) < 2 andthe doubleroot in

f2(€,y) with deg(f2(&,y)) = 1).
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(iv) Onetriple rootandupto onesingleroot
(thesinglerootin f1(&,y) with deg(f1(&,y)) < 1andthetriple rootin f3(&,y)

with deg(f3(&,y)) = 1).
(v) Onefour-fold root
(in f4(&,y) with deg(fa(&,y)) = 1).

The polynomial f (§,y) mustcontainat leastone multiple root, sinceotherwisef
doesnot have an event point at &, which excludesthe first pattern. On the other
hand,it is notallowedto have morethanmultiple root. If thiscaseoccurswe abort
andsignal“covertical events”. We areleft with the caseqiii), (iv) and(v). In all
of themthe multiple rootappearssaroot of alinear polynomialwith coeficients
in the field in which & is definedandthe simple roots appearas roots of an at
most quadraticpolynomial over the samecoeficient field. The degreesof these
factorsallows usto computeall y-coordinatef the pointsof f over & explicitly
- includingthe eventpoint. For the non-event pointsit could happenthatanother
squareroot mustbeintroduced But it is enoughto storethesevalueson anumber
type basedon separatiorbounds. Thesey-coordinategyive usthe relationof the
event point to the up to two otherintersectionpointsof f with the vertical line
x—¢&. Theseotherpointsarethe endpointf eventuallycontinuingarcsat&. With
this obsenation we cancomputethe arc numberk! of the event point over & and
theinvolvedarcs:

Let& € Qp, p, beamultiple rootof R¢, whichis thereforearoot of ﬂi(jfgz(Rf) R¢

Singular Point:
Computethefactorizatiorby multiplicities of f(&,y) € Qp, p,[Y]

4

f(E.y) = £(T(EY) ]

k=1

If deg(it, fi) > 1, abortandsignal“covertical event points”, other
wiselet fp bethe f; with i > 1 anddey(f; = 1).

Computetheexplicit valuep € Qp, p, of thesinglerootof fo. pisthe
y-coordinateof the eventpoint.

Checkfy(&,p) = 0. If not,abortandsignal“verticalflex/undulation”.

Computethe explicit valuesof the up to two rootspi,p2 € Qp, b, b,
of fq, if existing.

If deg(f1) =0, thensetn, = ny =0 else

determinen, ;= |{pi | 1 <i < 2Api < po}| and

determineng ;= |{pi | L <i < 2Ap; > po}|-
Therestdeterminegheinvolved arcson theleft side(theright sideis
symmetric):
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Computethe numberof arcsk; overtheinterval betweereventsto the
left.

If ki = ny+ ng, thenthereis noarcinvolved.

Otherwise: The smallestarc involved is given by k, := np + 1, the
greatesarcinvolvedis givenby k; := k; — na. All arcsnumberedrom
ky to ky areinvolved. Theotherarcsarecontinuing.

Thearcnumberof the eventpointitself is n, + 1; the total numberof
arcsatég is ny+ ng+ 1. (seefigure 3.3)

Figure3.3:
Differentkinds of singularpoints(from left): Isolatedpoint, cusp,x-extremeself-
intersection. The involved arcsarein dashedareasand their intersectionpoints
with the verticalline(s) at the given rationalx-coordinateggreenlines) aredarker
thantheintersectiorpointsof this line/thesdineswith the continuingarcs.

3.3 Analyzing Two Curves

The next stepis the analysisof a pair of projectedcurves f,g € Q[x,y], denoted
with { f,g}. Sincewe distinguishedwo typesof curves,therearethreepossibilities
of pairs: silhouettecurg with silhouettecure, silhouettecurg with cutcune, and
cutcune with cutcune. Our algorithmis identicalfor all of thesepairs,although
thefirst kind is normally not relevantin the later algorithmandfor the third kind

we needa pre-processingtep.Thedetailsarein §3.3.1.

The methodsusedhereare very similar to the onesusedin the one-cure case.
Again, we take the y-perx-view, thatis for a given x-coordinatet, we analyzethe
numberof pointsof f andg over & andhow their relative positionschangewhen
we maove & from —oo to 0.

Becauseof this similarity we computeagainthe x-coordinatef the event points
andfor eacheventx-coordinatesa setof propertieshatdescribeshe behaior of
thetwo curvesateacheventpoint.
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In somesensethe analysisof a curve pair { f,g} is
simply the analysisof a single curve composedof \
two partsf g. If we apply the definition of event ' \ o
points and arcs from §2.2.4, we seewith (2.8) that N\ e
ZERO(f) ZERO(g) = ZERO(fg). The (two-curve) )
eventpoints are againthe commonpoints of fg and
(fg)y, thatis fg (fg)y. Thenext propositionshavs
thatevery one-cure eventpointof f respectiely g is
atwo-cune eventpointof fg andthusof { f,g}:

Proposition3.3.1: LetK beafieldandlet f,g € K[x,y] bealgebraic curves.Then
fg (fgy=(f ) (@ g9) (f 9 (3.4)

holds.

Proof: Obsere (fg)y = fyg+ fgy. “ " follows immediately For “C”, letv e
fg (fg)yandassumav.l.o.gthatf(v) =0. ThenO= (fg)y(v) = (fyg)(v) sothat
vef fyorvef g O

Eachintersectionpointv € f g is aneventpoint of {f,g}. It may be a one-
curve eventof f or a one-cure eventof g. If the eventpointv € {f,g} is not
an intersectionpoint, thenit mustbe a one-cure eventof f or of g. Again the
connectedcomponent®f fg betweerthe eventpointsarethe arcs,which canbe
classifieddueto coprimality)to bean f-arc or ag-arc.
For the algorithmwe alsohave somerestrictionson f andg.

e f andg bothsatisfythe conditionof §3.2.

e f andgarecoprime.

¢ No two eventpointsof { f,g} arecovertical.

e Nopointof f gisanx-extremepointof f org.

e The Jacobicurve J = fygy — fygy of {f,g} is y-regular andits setof one-

curve eventsdoesnot containa point coverticalto ave f g C R? with
mutlt(v; f,g) = 2, seeproposition2.2.5.

Theseconditionsarechecled by the algorithmwhencomputingthe following in-
formation:

e Thedecompositiomf thex-axisinto two-curne eventx-coordinatesndopen
intenals betweerthem.

e Thenumberandrelative positionsof arcsof f andg overary ¢ € R.

e For eachtwo-cune event: Whetherit is anintersectionandwhatkind of
one-cure eventit ison f andg, if ary.

e Theintersectiommultiplicity of eachintersection.

e Thearcsinvolved in eacheventandthe sortedsequencef arcsbelov and
above theevent.
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As in the one-cure case the algorithmstartsassuminghe conditionsabore and
signalsviolationsto the caller (againthe overall algorithm)thathasto useapplica-
ble methodsrom 82.4.If ary violationis discovered,this algorithmaborts.

Theorem 3.3.2: Thegeometryandtopolagy of eact curvepair { f,g} (silhouette-
curvesor cutcurvesof quadrics)canbeanalyzedusingrational numbes, squae-
root expressionsand ordering of rootsof polynomialsonly.

Theproofis now thealgorithmpresentedn theremainingsectionsof §3.3:

3.3.1 Eventx-Coordinates

As in theone-cure casethesortedsequencef thetwo-cune eventx-coordinates
for {f,g} inducesa partition of the x-axis. And again,we can speakof “event
x-coordinates’and‘intervals betweerevents”.

Thetwo-cune eventx-coordinatesf { f, g} originatefrom threesets.Two of them
arewell-known for us: The one-cure event x-coordinateof f andg. The third
groupof eventx-coordinatezontainghex-coordinate®f thepointsin f g. This
setcorrespondso therootsof req f,g,y), seeProposition2.1.8. Assumethatthe
intersectionpointsare not covertical (this is checled in this algorithm),thenthe
rootsof req f,g,y) correspondijectively to pointsof f g.

Letushave acloserlook atR¢ g = req f,g,y). Westatedthat f andg canbeeither
silhouettecurgsor cutcunes. We now distinguishthreecases:

e Let f andg be two differentsilhouettecurgs: Thenwe know deg(f) < 2
anddey(g) < 2. Both imply deg(Rfg) < 4. Thusf g canhaveupto 4
intersectiorpoints.

e Let f beasilhouettecure andg be a cutcune: Thenwe know deg(f) < 2
anddeg(g) < 4. Both imply deg(Rfg) < 8. Thusf g canhave upto 8
intersectiorpoints.

e Let f and g be two different cutcunes: Thenwe know deg(f) < 4 and
deg(g) < 4. Both imply deg(Rfg) < 16. Thus f g canhave upto 16
intersectiorpoints.

We canexcludethefirst case sincewe saw in 83.1thatthe arrangementa/e have
to computecontainexactly onesilhouettecurg, suchthatpairs of two silhouette-
curvesdo notoccur Anyhow, we includedthis casein the algorithm,sinceit can
behandledvery easily

Assumethatwe computea factorizationby multiplicities of R¢ ¢ in all threecases
andtherootsof the differentfactorsusingUspensit’s algorithm(seeg§2.1.2).We
have to computewhathappenstsucharootof Rt g:
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e For all roots belongingto a polynomial correspondingo odd multiplicity
we useProposition2.2.4to detectthe unigueintersectionvia a flip in the
sequencesf f- andg-arcsto the left andto the right of the intersection
point.

e For the roots of multiplicity 2 we shav how to apply Proposition2.2.5to
find theintersectingarcsof f andg.

e Unfortunatelywe areleft with therootsthathave amultiplicity greaterthan
2,thatis 4, 6,8 in the caseof a silhouettecurg with a cutcune andaddition-
ally 10,12 14 and16if bothcurvesarecutcunes. It would be very helpful,
if we knew thesevaluesexplicitly, becausehenwe cansubstitutex with an
explicit valueg in f(x,y) andg(x,y) andfind thecommony-valuewith agcd
computation.

Let ushave acloserlook atthe degreeof theresultanin casesvherea silhouette-
curnweis involved. ThenRy g hasadegreeof atmost8. How doesthe degreeof the
factorsbehae, if we factorR¢ g by multiplicity. Thetwo polynomialscontaining
the simpleanddoublerootsof Ry canhave a degreeof up to 8 respectiely up to
4. But whataboutthe otherfactorscorrespondingdo at leasttriple rootsof Ry ¢ -
especiallythe onescorrespondingo high multiplicities (> 4 andeven)? Are we
done? Yes, becausdhe degreesof suchfactorscannotexceed2, which leadsto
explicit solutionsfor them, althougheventually introducinganothersquare-root.
More exactly, only thefactorsbelongingto triple andfour-fold rootscanhave de-
greeaupto 2. A polynomialof degree8 containsatmostonerootwith multiplicity
> 4, sothefactorscontainingsuchmultiple rootsarelinear

This obsenationis very niceif aleastonesilhouettecurg is involved. We will see
later, how to usethe explicit valuesto computewhat happensat this event point.
The caseof bothinvolved curvesbeingcutcunesis still open. Thendeg(Ry ¢) <

16, which immediatelybreaksdown this approach.t would be good,if we could
partition Ry g into two polynomialssuchthateachpolynomialhasa degreeat most
8. Thenthe obseration abore would helpagain. Let us have a closerlook atthe
intersectiorpointsof two cutcunes:

Definition 3.3.3:Let (a,b) € C? be an intersectionpoint of two cutcunes f :=
redp,q,2z) andg := reqp,r,z) with p,q,r being quadratictrivariate polynomi-
als. We call (a,b) spatial if for arootc of p(a,b,z) € C[Z] we have p(a,b,c) =
q(a,b,c) =r(a,b,c) =0. If p(a,b,z) € C[Z hastwo rootsc andc’ andit holds
p(a,b,c) =q(a,b,c) = 0andp(a,b,c’) =r(a,b,c’) =0, thenwe call (a,b) artifi-
cial.

For our algorithmit is very important,that the cutcunes have one basequadric
in common. In our applicationwe only computethe intersectionpoints of pairs
of cutcunes, whenthey lie on the samequadric. In this case we canboundthe
numberof spatialandartificial intersectiorpoints:
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Theorem 3.3.4: Two cutcurvesf := reqp,q,y) and g :=reqp,r,y), with p,q,r
guadricshaveat most8 spatialandat most8 artificial intersectionsgcountedwith
multiplicities.

Proof: Thenumberof spatialintersectiorpointsis a directresultfrom Bézouts
Theorem[G98]. Theotherboundis shavn by [W02] usinga verticalmirroring of
qat p,. Themirroring of aquadricq = gp22+ 912+ qo at p; of p:= p222+ p1z+ Po
is definedas:

:= (P5%)Z + (2p1P2C — P50) 2+ (PEC + P50 — P1p2ch)  (3.5)

A mirrored quadricis againa quadric(seeleadingcoeficient) and thuswe can
applytheBézoutboundagain.In themirroredcasetherole of spatialandartificial
pointsis interchanged. O

Let usassumethatwe have choserour coordinatesystemsuchthateachintersec-
tion point of two cutcunesis eitherspatialor artificial. Thenthereexistsaunivari-
atepolynomialRs € Q[X] with deg(Rs) < 8 whoserootsarethex-coordinate®f all
spatialpointsandrespecirely thereexistsanothemunivariatepolynomialR, € Q[X]
with deg(R,) < 8, whoserootsarethe x-coordinatef all artificial points.

Thereis a methodshavn in [WO02] which startswith the computationof the re-

sultantRy ¢ :=req f,g,y), which hasdegreel6. It canbe partitionedwith further
resultantandgcd computationsnto the two desireddegree8-polynomialsRs and
Ra. Anothermoredirectway is givenin [ES03. They give a direct formula for

the degree-8polynomial Rs which containsthe x-coordinatesof the spatialinter

sectionpointsof threegiven quadricsp,q andr. We only shav how to compute
this polynomial,andomit thelengthyproof, givenin thereference:

Polynomial of x-Coordinates of Spatial Intersection Points:

ThepolynomialRs containingall (upto 8) x-coordinate®f the spatial
intersectionpointsof threequadricsp, g, andr is given by the deter
minantof thefollowing matrix:

Po P1 P2 0] P4 Ps

Jo a1 07) 03 Qa4 Os

. o ri ro ra g I's
spatia(p,q,r) ;= det ,

patialp,d,r) C GCg Co—-Ci2 O Ci7 Cis

0 G Cs Ciz3 Ci14+Cis Cyy

C C-C Cs G Cs 0
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with pi,q;,ri € Q[x] chosersuchthat

P = PoZ+ pryz+ Poz+ psy? + pay+ ps
GoZ + ChyZ+ Goz+ Gay? + Gay + s
I = 122 +r1yzZ+roZ+ 13y +ray+rs

o
I

andeachC; € Q[x], 0 <i < 19 computedwith this algorithm:

n:=0
Fori fromOto 3do

For j fromi+ 1to4do
Fork from j+ 1to5do
Pi P Pk
n:=det| g g O
i ry Tk
n:=n+1

The desiredpolynomial R is given by spatia(p,q,r). To find the degree-8poly-
nomial R, containingthe x-coordinatef all artificial points,we apply the same
formulato p,§ andr. In thiscasef is the mirroredquadricq, see(3.5). Notethat
it is not neededo computethe resultantRs ¢ in this caseby hand. It holdsthat
Rt g = RsRa. So,when f andg arenot coprime(indicatedby R¢ g = 0), at least
oneof Rs, Ry mustvanish. Meaning,thatif eitherRs = 0 or R; = 0 we cansignal
“curves not coprime” andabort. If deg(gcdRs,Ra)) > 0, thatis Rs and R, have
a non-constantommonfactor thenintersectionpointsof f andg are covertical
which we signalandwhich resultsin an abortof the algorithm. More exactly, a
spatialandanatrtificial point sharea commonx-coordinate.

This completeghealgorithmto computethe eventx-coordinates:

Two-curve Event -Coordinates:
Let f andg betwo projectedcunes.

If oneof themis asilhouettecurg, then

ComputeRy ¢ :=reqf,g,y). If R g = 0, signal“‘curvesnot
coprime”andabort.
FactorRy 4 by multiplicities andobtainR¢ g = [18,_, RT.

Otherwise,both are cutcunes on the samebasequadricp. Let f =
cut(p,q) andg = cut(p,r) andthen
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ComputeRs := spatia(p,q,r) andR, := spatia(p, §,r).
(If g asdefinedin (3.5),we know Rt g = RsRa).
If Rs= 0 orR; =0, signal“curvesnotcoprime”andabort.

If deg(gcd(Rs,Ra)) > 0, signal “covertical event points”
andabort.

Factorboth Rs and R, by multiplicities andobtainR¢ g =
RsRa = =1 R

Therestis independentrom thetypesof f andg:

Merge the zeroesof all factorsRy, (1 < m < 8) of Ry 4 with the ze-
roesof Ry andRy to obtainthe sortedsequencef two-cune eventx-

coordinates; < X < ... < Xy andtheirrespectie multiplicities m(fg),
m(f) andm(g).

If thereis 1 < i < n suchthatm{'¥ = 0Am{” > 0Am? > 0, signal
“covertical events”andabort. Notethatthis doesnot handleall cases,
sinceit canhappenthat the intersectionof f andg takes placein a
singularpointof f or g, whichwe cannotdetecthere.

Furthermorewe know the x-coordinateof anintersectionof f andg explicitly if
it takes placein a singularpoint of f and/org. ThenR¢ 4 and- let ussay- Rs
have acommonroot. And for singularpointswe discoveredexplicit valuesof their
x-coordinatessee83.2.

3.3.2 Arcsover Intervals

Arcsover Inter vals:

For theintenals| betweerary two two-curne eventx-

coordinatestheanalysisof thearcsabove | isidentical
to the analysisof arcsfor a singlecune, with the dif-

ferencethatwe distinguishf-arcsandg-arcs. We also
say thatthearc A of f or gis thep-tharc of fg over
l.

Arcs over Intervals: _——
Usetherationalisolatingintervals of the eventx-coordinates;_; and
X to find rationalpointsr; €]x_1,%[ Q for eachi.

Computethe real zeroesof f(ri,y),q(ri,y) € QJy]. The sortedse-
guenceof themdefinesheorderof f-arcsandg-arcsoverl.
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3.3.3 One-Curveevents

Now we canturn our view towardsthe analysisof eventpoints. Thefirst casewe

wantto considelis anx-coordinatex; with rn(f 9_0.lts correspondingventpoint
is obviouslyaone-cure event. Weassumav.l.0.g.thatit is aneventpointof f with
the coordinategx;,y;). It wasalreadychecledin Two-curve Event x-Coordinates
thatthereis no eventpoint of g over x; andsincethereis no intersectiorof f and
g we know g(x;, i) # 0. We have to determinethe relative positionof all f- and
g-arcsto (X, Y;).

Two piecesof information are alreadycomputed. The arc numbersof the event
pointasarcof f andasarcof g. Thefirst valueis givenfrom the discussiorof f

andthe seconds simply undefinedtheimplementatioruses—1 to indicatethis).
Butwe have to determinghesequencesf f- andg-arcsbelon andabore theevent

point (X, V;):

Note that thesetwo sequenceslreadyexist over the intenal betweeneventsto

both sidesof the eventpoint. In thesesequenceall arcsof f appearaswell asall

continuingarcsof f - evenin the correctorder We only have to identify involved
arcswhich separatesucha sequencénto the two desiredones. Unfortunately it

canhappenthatthereis no involved arcin the event,asin the caseof anisolated
point. Thenwe have to computea separatgrwhich allows usto partition sucha
sequencénto two.

We startwith the case whereat leastone side containsinvolved
arcs.Assumew.l.0.g.thatthe eventpoint hasinvolved arcsto the
left. Thenwe iteratefrom the sequencef arcsover the intenal
betweereventsto theleft andcopy theorderto thesequencéelon
theeventuntil we reachthefirst involved f-arc. All involvedarcs
of f separatdhe sequencef g-arcs(if theseexist), sincethere
is nointersectionof f andg over theleft interval betweenevents

xi—i,x[. We canskip the involved arcsof f and continuewith \'ﬂ;/
theremainingarcsover theintenal to the left thatmustformthe =7
sequencef f- andg-arcsabove the eventpoint of f. e

%

If theeventpoint(x;,Y;) is isolated we cannoffind a sidewith asequenc¢hatcon-
tainsinvolvedarcswhich separatethearcsin the sequencinto thetwo sequences
belov andabove the event point. We have to constructa separator:Fortunately
since(x;, y;) is aneventpointit mustbea pointof thecurve fy, too. Thereis atleast
onearcof fy, onwhichwe canlocate(x;,y;). It dependn the multiplicity of the
isolatedpoint. If it is equalto 2, thereis exactly onearcof fy, since(x;,y;) is not
aneventpointof fy (becausef fyy(x,yi) # 0). Otherwise theisolatedpoint has
multiplicity 4 andin this casewe canfind aneventpointof fy, too. Furthermore,
thereareup to three“involved arcs” of f, ateachsideof the eventpoint (thereis
only onerealarcof fy, whentheothertwo are“complex”).
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Our goalis a separatiorof thearcsof g into two sets:Thearcsof g thatlie belov
(%,yi) andthearcsof g above theisolatedpoint (x;,y;). But we wantto avoid the
construcof theintersectiorpointsof g with theverticalline x— x; to compareheir
y-coordinatewith y;. Thisis relatively cheaponly if x; € Q, becausg¢henwe can
constructtherootsof g(xi,y) € Q[y] andcomparethemwith y; € Q. If x € Q we
do sohut if thereare square-rootsnvolved, we do not want to extract algebraic
numberdrom a polynomialover a square-rooextensionof Q. It is too expensve.

In generalsince(x;,y;) mustlie on somearcof f, over x;, we concludethatthis
arc separateghe arcsof g asthe eventpointitself separateshe arcsof g, aslong
asthereis nointersectiorof g with fy whenmoving away from x;. It is suficient
to choosea rationalnumberl slightly to the left of x; andto comparethe pointv
whichliesonsuchanarcof fy with theintersectiorpointsof g andtheverticalline
x— 1| to separatehe g-arcs.

We have to take carethatwe do notmovetoofar. Thereare
two caseswhich have to beconsideredFor agivenrational
valuel thecurwe fy is notallowedto have aneventpointin
| :=]l,x[ and f, andg arenotallowedto intersectin |. We
startwith theintenal betweereventsto theleft |x_1, %[ and
take for | therationalvaluer; betweenx,_; andx; already ~~-®-----—=
computed.Thenwe canrefinel suchit doesneithercon-

tain roots of reqfy, fyy,y) nor rootsof req fy,g,y), which

areexactly the eventx-coordinatef the two setsof event - -

pointswe have to exclude. Do

The last thing we have to do, is to choosethe correctarc W
of fy. At first, we canignore the fact whether fy shares aE
a componenwith g, becausdhis componenicannotcon- \,/
tain (x,yi). Letd = gcd(fy,g) andcomputef, := f,/d if R T
deg(d) < 1. Oneof the remainingarcsof f, mustcarry Y
(%,Yi). If thereis only onecandidateyve aredone.

Otherwisefy hasmultiple arcsover x;. If f hasonly onearc,namelytheisolated
pointitself, we usethefact, thatwe know y; explicitly: The polynomialy—y; is a
factorof fy(x;,y) € Rly]. We computethe up to two rootsof fy(x;,y)/(y—Vyi) ex-
plicitly (sincedeg( fy(x;,y)) < 3) andcomparethemwith y;. The numberof roots
smallerthany; definesthe fy-arconwhich (x;,y;) mustlie. Thereis onecaseleft,
wheretheoriginalnumberof fy-arcsis thesameasthenumberof f-arcsoverx;. In
generalthedesiredarcnumber of fy is givenby thearcnumberof theeventpoint
of f overx. Butif fy, sharesacomponentvith g belov the eventpoint, we have
to adjustp. Fortunately the degreeof a componentommonwith d is bounded
by 2, suchthatwe cancomputeexplicit solutionsof d(x;,y) € R]y] andcompare
themwith y;, which allows usto computethe correctarcnumberof the eventpoint
(xi,¥i) on fy.

Sincewe preferrationalarithmeticswe computethe orderslightly to theleft and
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computethe y-coordinateof the p-th point of f, over |, wherep is the computed
correctarc number Thesey-coordinateseparatehe rootsof g(l,y) andthusthe

arcsof g into two sets. The numberof f-arcsbelov andabove theisolatedpoint

is alreadycomputedin the analysisof f. Now we cancopy the corresponding
numberof arcsover| to thetwo sequencebelonv andabove the eventpoint.

One-Curve Events:
Letm(f,g) =0, with (x,y;) beinganeventof f.

If (xi,yi) is notanisolatedpoint, we iterateover the sequencef arcs
overl. Thearcsseenbeforethelowestinvolved arc of the eventpoint
of f form the sequenceof arcsbelav the (two-cune) event point.
Analogously the arcs beyond the highestinvolved arc of the event
pointof f formthesequencef arcsabore the (two-cune) eventpoint.

Theremainingpartcontritutesto thecasewhere(x;, y;) is anisolated
pointof f.

Refinethe isolatingintenal |ri,ri+1[ to anintenal [r_,ry] X such
thatit containsno rootsof req fy, fyy,y), which areexactly the event
x-coordinate®f fy.

Defineh := fy.

ComputeR:=reqg,h,y). If R=0, thencomputed := gcd(g,h), h:=
fy/d andrecomputeRr.

Let d, be the numberof rootsof d(x,y) € R[y] thataresmallerthan
Yi-

Refine[r_,r] further until it doesnot containary zeroesof R differ-
entfrom x;.

Computetherootsof h(r_,y) € R[y] andtherootsof g(r_,y) € R[y],
which correspondo thearcsof handg atr_.

If h hasonly onearc over X, this arc must containthe event point
(%, i)
Otherwisethe (d, + 1)-th arcof h containghe eventpoint.

The arcdiscoveredon h separateshe arcsof g overr_ asthe event
pointof f separatethearcsof g over x;. Thusdeterminghenumber
of g-arcsbelav andabove thath-arcatr_.

Thetotal numberof arcsbelown the event pointis simply the number
of g-arcsbelav the event point plus the numberof f-arcsbelow its
eventpoint (computedn theanalysisof f).

Coypy this numberof arcsstartingat the lowest from the sortedse-
guenceof arcsover r_ as sequencef arcsbelov the event point.
Theremainingarcsoverr_ form thesequencef arcsabove theevent
point.
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3.3.4 Two-Curve Intersections

Now we considerthe two-cune event-coordinates; with mi(f 9 > 0. The condi-
tionswe setupon{ f,g} donotallow thatthereis anx-extremepointof f or g at

X.

Exclude -Extreme Points:
Check, whetherthereis 1 < i < nwith m{'9 > 0 andm"” = 1 or

If so,signal“x-extremeover intersectiorx-coordinate”.

We canassumeanow, thata one-cure eventpoint of f or g coverticalto theinter
sectionx-coordinatex; is a singularpoint. In this casewe even have the explicit
valuefor x;, asshavn in §3.2.

But how canwe excludecoverticalintersectiorpoints?

In the casewhere at most one curve hasa singular point over x; at leastone
of the two polynomials f (x;,y),a(X,y) € R[y] is square-freeand thus the num-
ber of distinctcommonzeroesy € R is equivalentto the numberof commonin-
tersectionpoints of f and g over x;. Thereis more than one commonroot, if
d :=gcd f(x,Y),9(x,y)) hasa degreelargerthanl. We concludethatthereare
no covertical intersectionpointsof f andg iff deg(d) = 1. Thisis equialentto
sreg(f,q,y)(x) # 0. In otherwords: d := gcd(R, gm ' ,sreg(f,qg,y)) hasx as
zeroiff thereare covertical intersections. This can be checled easily by a sign
changeof d atx;, sinced hasat mostoneroot.

If bothcurveshave a singularpoint coverticalto x; the non-caverticality condition
forcesthe intersectionto take placein thesesingularities. We will handlethis
specialcasein the correspondingparagraph.

In caseswherewe canexcludecoverticalintersectiorpoints,we candefinerr\(f 9
astheintersectiormultiplicity of f andg atx;.

Intersection Regular-Regular

Let x; beatwo-cune eventx-coordinatewith m:= mi(f 9 >

Oand m(f) = mi(g) — 0. Thesubresultantheckguarantees %+
non-cwerticaly of intersectionpointsat x;. Thereis only
oneintersectiorpointof f andg atx; andit hasmultiplicity
m.

Proposition2.2.4helpsin all caseswherem is odd. Then -/
we canfind theintersectionof two arcsby orderof thearc —*
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sequencesf theleft andtheright interval betweenreventpoints. Thereis exactly
oneflip. All otherarcsmustmatch.

We areleft with the intersectionghat have even multiplicity. It is relatively easy
to computetheinvolved arcsif m > 2 (the casem = 2 receves specialtreatment
below). We know from 83.2anexplicit valueof x;, which allows usto computehe

commonrooty; of f(x,y) € R[y] andg(x,y) € R]y] explicitly. It is theroot of the

linear polynomiald; := gecd f(x;,y),a(X,y)) (notethatd; = y—y;). Thelasttask
is to computethearcnumberof the f-arcinvolved andthe g-arc,respectiely:

Divide f(x;,y) andg(x;,y) by d; to get f(y) = f(x;,y)/di. Now we have to locatey;
in therealrootsof thesetwo polynomials whichrepresenthecontinuingarcsof f.

We shav haw thisis achievedfor f; it is analogouslyor . If deg(f) < 2, wecan
computsts rootsexplicitly andlocatey; easily It remainghecasewheredey( f) =
3. Thecoeficientsof f areeitherfrom Q or from Q( D),with0< D e Q. Wecan
converty; andthecoeficientsof f to anumbertypebasecdn separatiooundsas
statedn 82.1.4,which filters automaticallythe following comparisoroperation:

We assumew.l.o.g. that the Ieadingcoeficienté(f) > 0, otherwisewe multiply
all coeficients of f with —1, which doesnot changeits roots. Togetherwith
deg(f) = 3thisimplieslimy _, f = —co respectiely limy o f = . Thenf has
thefollowing combinationf realroots:

(i) onesinglerealroot

(ii) threesinglerealroots

(iii) onesinglerealrootandonedoublerealroot

(iv) onetriple realroot
It is not very complicatedto distinguishthesethreetypes. With the assumptions
above, a classificatioris given by the numberof realrootsof f' andthe signsof f

evaluatedattheseroots. It is fundamentathat f changests monotonichehaior at
therootsof f'iff f” #£0.

1. If f’ hasnoroot,thenf is strictly monotonicincreasingover R. Thusit has
exactly onesimpleroot.

2. If f" hasexactly oneroot, thenthis mustbea doubleroot, smcedeg(f’)
Letro € R bethisroot. A doublerootof f’ is alsoarootof f”, consequently
ro is alsoa root of f”. We concludethat the function f is strictly mono-
tonicincreasingover R, with a saddlepointatrg. The numberof rootsof f
depend®n thevalueof f(ro):

o If f(ro) :0,ther1r0 is atriple rootof f (usingthefactthatry is already
adoublerootof f').

o Otherwise f(ro) #0,andf hasexactlyonesimpleroot( ro), because
of themonotonicbehaior of f.
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3. Let f' have two distinct simplereal roots. We call themrg,r; € R. Since
ro andry aresimpleroots, the function f changests monotonicbehaior
attheir locations: It is strictly monotonicincreasingover | — oo, ro], strictly
monotonicdecreasingver [ro,r1] andagainstrictly monotonicincreasing
over [r1, 0. We computethetwo valuessy := f(ro) ands; := f(ry).

If sign(sp) = sign(sy), thenthereis no root of f in [ro,r1]. Thusit can
have only oneroot. It is eitherin | — oo, rg] (if so > 0) orin [rq, o[ (if

S < 0).

Assumew.l.0.g.thatsp = 0. Then f musthave a doubleroot at ro.

It hasanotherbut obviously a simpleroot in [r1,]. The othercase
(s1 = 0) is symmetric.

Otherwisejt holdsthatsign(sp) # sign(s;), andevens, > 0 ands; < 0.

Thisimpliesthattheremustbearootof f in [ro,r1], sinceit is strictly
monotonicdecreasingover that intenal. Furthermore,f is strictly
monotonicincreasingover R\ [ro, r1], which resultsin two otherroots
of f. Thereforef hasthreesimpleroots,which areall differentfrom

ro andrj.

Due to our conditions,it is not allowed, that f hasmultiple roots. If we detect
sucharoot, we canabortandsignal“covertical eventpoint”. We areleft with two
casesOnesingleroot andthreesingleroots. For thesetwo caseswe describethe
algorithmto find out, how mary rootsof f aresmallerthanagivenyg € R (in our
casey;). Thenumberof largerrootscanbereadoff directly. All othercaseswvork
in avery similarway, but we leave themoutin thetranscriptof thethis algorithm:

SmaLIer-and—Greater—Roots
For f we assuméhe sameconditionsasaborve andfor thegivenygy we
know that f(yo) # 0.

Computethetotal numberof rootsof f with therootsof f’.
Computes:= f(yo).
o If f hasonesimpleroot,thens < 0 saysthat f hasnorootwhich

is smallerthanyy (seefigure 3.4a).

e If f hasthreesimpleroots,computerg,r; € R with f/(rg) =0

andf’(r1) = 0 (seefigure3.4b-d):
b) If yo < ro < r1, thenf hasnoroot (oneroot) smallerthanyp
iff s<0(s>0).
c) If ro < Yo < r1, then f hasoneroot (two roots)smallerthan
Yo iff s> 0 (s< 0).
d) If ro < r1 < yo, thenf hastwo (three)rootssmallerthanyq
iff s<0(s>0).

1The implementatiorof this function givesthe correctanswerfor every univariate polynomial

f D;

Dk x,0 Dj withdeg f 3.
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Figure3.4: A
Smallerroots: The big bIaAckdot representyy, the black boxestherootsof f and
theyellow dotrepresentd yp .
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This methodappliedto f givesusthenumberof f-arcshe-
low the event and the numberof f-arcsabove the event.
It is analogoudor arcsof g whenthe algorithmis called
with y; and§. We addthe two numbersbelov of arcsbe-
low the event point andthe two numbersof arcsabove the
eventpointto getthetotal numberof arcshelov andabove
theeventpoint. The orderof thearcsis alreadydetermined \/
by the orderof the arcsover theintenal to theleft. Only -«
the computedchumberof arcsmustbe selectedor eachse-

guence.

Intersection Regular-Regular:
Letm m'9 oandm’ m?¢ o
Check,whetherthereis only oneintersectiorpointat x; usingthefirst

subresultan{see83.3.3), otherwisesignal “covertical intersections”
andabort.

If mis odd, iterate simultaneouslythroughthe arc sequencesver
1 X 1% andri X X 1 until atranspositionof two adjacent
arcstakesplace.Thesetwo arcsintersect.

If misevenandm 2, computed gcdf Xy gx y . Since
degd 1llety; betheuniquerealrootof d.

Computef fxy dand§g gx vy d.

Use Smaller-and-Greater-Roots for f andg eachwith y; to compute
thetotal numbem, of f- andg-roots(meaningarcs)belown y; andthe
correspondingotal numbern, of roots (againwe meancurve arcs)

abore y;. The order of the correspondingarcscan be found in the
sequencef arcsovertheintenal betweereventsto theleft.

Theinvolvedarcof f is determinedy thenumberof f-arcsbelow the
eventpoint. Thisis symmetricfor thecurve g.

Coyy thefirst n, arcsof thesequencef arcsovertheintenal between
eventsto theleft to thesequencef arcsbelon theeventpointandthe
last n, arcsof the samesequencdo the sequencef arcsabove the
eventpoint - alwayspreservingheorder

For intersectiormultiplicity m 2 usethe next algorithm.

Theremainingcasewherem 2, canbe computedusingthe Jacobicure. This
techniquevasdevelopedby Nicola WolpertandElmar Sctbmer[GH+01] [WO02].
We alreadydefinedthe Jacobicurve of f andgin §2.2.5as:

Jfg: fogy fyox
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With Propositior2.2.5we cansole thislastcase We havetofind anintenal | x;
suchthatthearcof J f g containingthe currenteventpoint x; y; extendsover
bothboundariesFurthermorehestripel mustbefreeof eventpointsof J and
freeof intersection®f J f and J g exceptthepoint x; y; itself. Viewedfrom
the x-axis, we cansaythatl is allowedto containexactly oneeventx-coordinate:
Xi. All otherone-cure andtwo-cune eventx-coordinatef the aforesaidcurves
mustlie outsideof I.

At first, we determinethe polynomialswhoseroots are not allowed to be in our
searchedntenal |. AssumeJ being square-freeptherwisewe replaceit with
J gcdJ Jy . Thefirst polynomialis R; :  resJ J, y , which containsall one-
cune eventx-coordinate®f the Jacobicure.

Anothertwo polynomialsincludethe eventx-coordinatef theintersectionf J

with f andJ with g asroots. Thesetwo casesbehae symmetrically so we exe-
cutethestepsexemplaryfor J with f. ThepolynomialR; s : resJ f y contains
all eventx-coordinatef the intersectionpointsof J with f. It is the zeropoly-

nomial iff for h: gcdJ f holdsdeggh 0. Sincemult x vy ;J f 1we
have x y;  handthis permitsto substitutel with J h. Furthermoreywe demand
mult x; Ry ¢ 1, to concludethat thereare no covertical intersectionpoints of

Jandf to x y; . ButJandf alsointersectin the singularitiesof f. In fact, J

must have event points at the singularpointsof f. This allows us to factorout
someredundantootsof R; s - the polynomialbecomesmore square-free”:We

divide Ry 1 by the polynomialcontainingall x-coordinatesf singularpointsof f

assimpleroots.

This simpleobsenrationsyieldsa muchbetterrunningtime
sincewe alwayshave to malke R; 1 square-frego refinethe
stripe.In §85.4we give somefurtherdetailson that.

Now we areableto refineanisolatinginternval of therepre-
sentatiorof x; suchthatit doesnot containary root of R;,
R + andR; g excepty; itself. Thearcsequenceattheinter

val boundariesarethenequal,exceptfor the desiredjump /
of J overtheintersectingarcsof f andg.

Intersection Regular-Regular for Intersection Multiplicity 2:
Computed :  fygy fyox. If Jis noty-regular, abort.

LetRy: resJJyy.
IfR; O,letJ: J gcdJJ, andrecomputeR;.

LetRys: resJ fy.
IfRyf O,letd: J gcdJ f andrecomputeR; R;¢.

Divide Ry ¢ by the polynomialcontainingall multiple rootsof R as
simpleroots.

77



LetRyg: resJgy.
OfRjy O,letd: J gcdJ g andrecomputeR; Ry Ryg.

Divide Ry 4 by the polynomial containingall multiple roots of Ry as
simpleroots.

If x; is azeroof R; oramultiplerootof Ry ¢ or Ry g,
signal“covertical Jacobievent” andabort.

Refinetheisolatingintenal r; ri 1 of x, toanintenal r r Xi
containingno zeroof RjR; 1Ry g exceptx;.

Computethe sortedsequencef real zeroesof the six polynomials
fr y,gr y,Jr yandfr y,gr yJr y.

Comparghesesequence®® detectthepairof an f-arcandag-arcthat
changesideswith a J-arc.

Thereadermay ask,why R;, R; ¢ or Ry4 arerecomputedwhenJ changes.We
claimthatthere-computatioravoids unneededestartgwith shearing)pf thealgo-
rithm. Anotherside-efectis thecomputatiorof r r beingcheaperbecausef
the smallerpolynomialdegree(and smallerbit lengthof coeficients) of R;, Ry
andRy g.

Intersection Regular-Singular

In thissituationtheintersectiorof f andgtakesplacesn asingulampointof exactly
onecure. We assumev.l.o.gthat f is thecorrespondingurve, suchthatm fo
oom' 2andm?® o.

From the analysisof f we know the explicit value of x; and, as seen,even the
explicit valueof they-coordinatey; of theeventpoint. This helpsvery muchin this
case.Thecoverticality of intersectiorpointscanbe ensuredisingthe subresultant
methoddescribedn §3.3.4.

Note thatit is enoughto compute ,which arcsof g

arebelov andabove theintersectiorpointof fg e o = —

at x;, thatis the singularpoint of f. The number !
of f-arcsbelov andabove this pointis alreadyde- }
termined. The order of all arcsis determinedby
their orderto the left of the event point. We use

themethoddescribedor theregularregularcasefo @ —
computethe numberof g-arcsbelov x; y; , which y

is given asthe numberof rootsof gx y vy Vi \‘\.‘/
smallerthany;.
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Intersection Regular-Singular:
Letm m'® om’' o0andm? o.

Check,whetherthereis only oneintersectionpoint of f andg at x;
usingthe first subresultan{see§3.3.3),otherwisesignal “covertical
intersections’andabort.

Let x y; bethesingularpointof f atx;, with explicitly known x; and
yi ascomputedn §3.2.5.

Computeg x; ¥y y . It hasupto 4 real but simpleroots. Oneof
themmustbeequalto y;.

Computedy gxy Yy Vi ,wthdegg 3.

Use Smaller-and-Greater-Roots with § andy; to computethe number
of g-arcsbelav andabore X v; .

Togetherwith the arc numberof X y; computethe total numberof
arcsbelov andabore x; y; andcopy thecorrespondingrcsfrom the
sortedsequencef arcsover the left interval of the intersectiorpoint
to thesequencesf arcsbelov andabove the event.

Intersection Singular-Singular

This situationis similar to the lastone - with the exceptionthat the intersection
pointof f andg is asingularpointof f andasingularpointof g. This meansthe

multiplicity valuesarelikethissm 9 0,m" 2andm® 2. Theintersection
of thetwo cunwesis allowedin the singularpointsonly, for whosecoordinatesve

know explicit values- asseenin §3.2. We comparethetwo y-coordinateslf they

arenot equal,we cansignalcovertical event pointsandabort. To excludefurther
coverticalintersection®f f andg we comparethe y-values(which we alsoknow

explicitly) of theotherpointsof f with they-valuesof otherpointsof g. If thereis

amatch thenwe signalagain“coverticalintersections’andabort.

For thesequencesf arcsbelon andabore theeventpointwe
useagaintheorderof arcsover anintenal to theleft side.In

this case,we know which arcsof both curves areinvolved
on that side and we have to remove them from the sorted
sequencef arcsto theleft to obtainthe sortedsequencef

arcsbelov andabove theintersectiorpoint.

Intersection Singular-Singular:

Check,whetherthe singularpoint of f hasthe
samey-coordinateasthesingularpointof g, oth- P¢
erwiseabortandsignal“coverticaleventpoints”. T
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Check,whetherthereareotherintersectionf f andg over x; using
the explicit valuesof thesey-coordinates.

Getthesortedsequencef arcsover theintenal left to theeventpoint.

Remore thearcsof f thatareinvolved in its singularpoint from the
sequencef arcsontheleft side.

Remore the arcsof g thatareinvolved in its singularpoint from the
sequencef arcsontheleft side.

Thelowersectionformsthesequencef arcsbelown theeventpointand
theuppersectionformsthe sequencef arcsaborve the eventpoint.

3.3.5 Non-Coprime Curve Pairs

At the end of the analysisof a curve pair, we wantto tell somethingaboutnon-
coprimecunes.As we alreadystatedn §3.1we usea shearto solve the situation,
if oneof theinvolved curvesis a silhouettecurg. But if both curvesarecutcunes,
we have to addsomedetails:

Letf: cu pq andg: cu pr betwo cutcuneson the samebasequadric
p that sharea commonfactorh: gcd f g, with degh 0. In this case,we
replacethe two curves f andg with threenew curves: f: f h, §: g hand
hitself. If day f 4anddegyg 4it holds,thatdegy f 3,dey§ 3and
deg h 3. Furthermoref andg inherit the informationof f andg respectiely
andh includestheinformationthat p g andr areinvolved.

Theold cunes f andg canstill be usefulfor the nev curves,sowe do not throw
themdirectly avay. More exactly, the event pointsof f § andh area subsetof
the event pointsof f andg. Thuswe adjustthe event x-coordinatesof the new
cuneswith the eventx-coordinate®f the old curves,of whichwe know additional
informationsuchasexplicit representationsThe computationof the information
of the eventspoint is thenthe sameasfor the original curves. Of course the arc
numbersaregettingsmalleron average.

In the next chapterwe introducepoints and segmentsof algebraiccurvesand a
generalrepresentatiof them. This representatioms supportedby an algebraic
cure. Wheneer we have to replacea curve with another we have to updatethe
pointsandsegmentsthat are supportedby the old curve. Somedetailsaboutthat
canbefoundin §4.1.4.

3.3.6 Slices
A key stepis the generalizatiorof the relative positionof arcsand event points

into onedatastructure. One conceptthat achiezesthis is called slicing, invented
by [EO3] andis definedasfollows:
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Let & be an x-coordinateand let p be the
arcnumberof a point p on f over& (either
thearcnumberof aneventpoint, or thearc
numberof the arc containingp in its inte-
rior). A sliceof thecurve pair f g atg
is a pair of two tables. Onetable belongs
to f andoneto g. Thetablefor f mapsthe
arcnumbersof the points p of f to thearc
numbersof fg. In otherwords,the f-table
mapsy to v iff the p-th pointof f over¢ is
thev-th pointof fg over&. Similarfor g.

4>8

Wi
z

Sincethereis only a finite setof two-cure event pointsfor a curve pair f g ,
thereis only afinite setof slices.Let n bethe numberof non-cwerticaltwo-cune
eventpoints. Thenthereareexactly n slicesfor the eventpointsandanothem 1
distinctslicesfor the intenals betweerthe eventpoints(sincethe geometryof the
two curvesdoesnot changean theinterior of arcs).Note thattherearetwo special
slices.Theoneontheleft to thefirst eventpointandtheoneontheright to thelast
eventpoint. Our uniform notationthenspeaksf slicesat «. The x-coordinates
of theseslicesare chosensuchthat the behaior of the curves doesnot change
whenincreasing/decrearsy themtowards co. It is the notion of infimaximalx-
coordinatesNaturally they do notdescribehe behaior of thetwo curvesat o
asthe projective geometrydoes. For detailson projective geometrywe refer to
[G98].

The constructionof the 2n 1 slicesis relatively easyusingthe analysisof the
curve pair f g . It is quiteintuitive, thata sliceis the topologicalequivalent of
comparingy-coordinate®ver a givenx-coordinate.
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Chapter 4

Arrangements of
Intersection Curveson Quadrics

Again, we focusourview on oneselectedjuadricq in the setof n input quadrics.
It is calledbasequadric The projectionphaserom Chapter3 createda bunchof

planarcurves: Onesilhouettecurg for the silhouetteof the basequadricandn 1

cutcunescorrespondingon 1intersectiorcurveswith theotherquadrics.In this

chaptemwe explain how to computethis planararrangemenirrg usinga modified
versionof thesweegine algorithmdevelopedby Bentley andOttmann[BO79]. In

fact,we do notsweepwhole curves,but ratherclosedsubset®f them,which must
satisfysomeconditions.We call sucha subseta sweepablsgmentandwe define
it in thefirst partof this chapter

The secondpart of this chapterdealswith the problemswe alreadymentionedn
§3.1. Remembethat Arrq is currently an integrated- sinceprojected- view of
two different two-dimensionalarrangementsn the two partsof . In 84.2we
will explain how to decomposehe projectedcurves representingArrq into two
planararrangementérr, andArr, which containthe segmentsof the projected
spatialcurvesof the arrangementsn the lower partof g andon the upperpart of
q, respectiely.

4.1 Segmentsaand Arrangements

A s@gments of analgebraiccurve f K xy isasubsets f whichis eithera
single point (called a trivial segmen}, or a connectedclosedsubsetof f whose
interioris aC*-manifold of dimensionl andis homeomorphi¢o anopenintenal.
Arcs definedin §82.2.4aregoodexamplesfor segments.But not every segmentis
anarc: A sggmentmay passsmoothlythrougha singularpointalongarealbranch
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or cancontainanx-extremepointin its interior. If asubses sof aseggmentsis
againa segment,thenit is calleda subsgment

Due to our uniform notation,a segments hastwo endpoints The lexicographic
orderof the two endpointsdetermineshe smallerendpoint(called source point)

andthe larger endpoint(called target point). For atrivial sggments v , the
two endpointscoincide,thatis v is sourceandtamet at the sametime. Of course,
a sgmentcanextendto infinity. As for arcswe call suchan endpointlying at

infinity.

In fact,whichwewill mentionin Chaptel6, we do hot have to usesegmentswhich
have singularpointsin its interior - neitherfor computingthe three-dimensional
arrangemenhor for booleanoperationson quadrics. Thus,whenwe initially de-
composea projectedcune into segments,its arcswill be mappedto nontrivial
sgmentsandits isolatedpointsto trivial sggments.

A finite setof sggmentsS inducesa planararrangemenfrr S, see82.3. The
arrangementonsistsof vertices(endpointsandintersectionpoints of segments),
edgeg(minimal subsgmentsof the sggmentsin S that connecttwo adjacentver-
tices) and faces(connectedopen subsetsof the plane boundedby the union of
verticesandedges) We usea planarmapto representhetopologyof thearrange
ment. A planarmapis a bidirectedgraph(every edgepossesseareversal)thatis
annotatedvith thecyclic orderingof theedgedeaving eachvertex. Of coursejt is
possibleto attachgeometricdata(the pointsandsegmentssupportingverticesand
edges}o the elementof the planarmap.

Oneefficient approachto computethe arrangemenis the useof a sweegine. A
vertical line sweepsrom left to right over the sceneandand eachevent point is
processedvhenit is hit by theline. It detectswhethersegmentsstart, intersect
or end. Bentley and Ottmanndevelopedan algorithm[BO79] basedon this idea.
It mustbefed with a certainsetof predicatesand constructionsn the geometric
objects(points and segments). A predicateis a function on a fixed numberof
geometrimbjectswith asmallfinite rangeof valuestypically true,false or less,
equal,greater. An exampless: “Doespointv lie onseggments?”. A construction
mapsa finite setof geometricobjectsto afinite setof nev geometricobjects.An
exampleis theconstructiorof all intersectiorpointsof two segments.Bentley and
Ottmannstatedthatthe algorithmis ableto handleall kind of input sgmentsas
longasoneis ableto provide theneededsetof predicatesandconstructionswhich
we will give for our curvesbelaw. But the original algorithmcould not handleall
dageneracieslik e intersectionsat the endpointsof segments. Somerefinements
dueto thework of MehlhornandNaherfMN99] overcometheserestrictions.They
adwvancedhework of Bentley andOttmannto asweegine algorithmthatis ableto
handleall situations.An arbitrarynumberof sggmentsmay start,endor intersect
in a single point and segmentsare allowed to overlap (to have infinitely mary
intersectiorpoints).
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Anyhow, thereis onerestrictionto the input segments: The sweepline algorithm
demandsegmentsto be x-monotonewhich meanghat every homeomorphiga-
rameterizatiorof the segmentis strictly monotonadn its x-coordinate.This restric-
tion ensureshatthefirst contactof the sweegine with thesegmentis atthesource
of thesggment.

Our goalis to computethe arrangemenbdf segmentsof one silhouettecurg and
several cutcunes,which leadsusto someconditionswe have to ensure;:

All curwessatisfytherequirement®f §3.2
All curve pairsinspectedy thealgorithmsatisfytherequirement®f 83.2

Every segmentis a subsebf anarcof the supportingcurve or is anisolated
point; all pointsin theinterior of the sggmenthave the samearcnumber

If asementfulfills thethird conditionwe call it a sweepablsayment Thereader
caneasilyseethatan arcis a maximal sweepableseggmentdueto this definition,
since an arc doesnot contain x-extreme points and singularities. Thusthe arc
numberof every point in the interior of every sweepablesegmentis the same.
A s@gment- we always meana sweepableseggmentfrom now on - hasthenthis
advantageof arcs: They do no include one-cure event points. As we will see
in the definition of the predicateshelow, the non-&istenceof singularpointson
sgmentsensureshattheintersectiormultiplicity of the supportingcurvesreflects
theintersectiorbehaior of the sgmentsproperly

4.1.1 The GeneralizedBentley-Ottmann Algorithm

To computethe planarmapthatrepresentsin arrangementf N segmentswe de-
scribethe refinedversion of the well-knowvn Bentley-Ottmannsweepline algo-
rithm. This versionis ableto computethe arrangementor arbitrary sggmentsof
ary algebraiccurwe, at leastif oneis ableto give a certainsetof predicatesand
constructiongseebelow). We are ableto give this setfor silhouettecurgs and
cutcunesdefinedin §3.1.

The algorithm sweepswith a vertical line - the sweepline - over the sceneand
preseres this invariant: Left of the sweepline, the planarmapis alreadycon-
structedcompletely It storesthe sggmentsintersectingthe sweepline in the so
calledY-structue. Thisis asortedsequencén ascending-orderof theseintersec-
tion points.Rightof thesweegine, thealgorithmstoresall sggmentendpointsaand
atleastthe intersectionpoints of sgmentsadjacenin the Y-structurein a queue,
whichis calledthe X-structure.This queues sortedin lexicographicorder

All pointsin the X-structurearecalleduniformly eventpoints becaus@nly atthis
pointsthestatusof thesweegine, thatis thenumberof sggmentdn the Y-structure
or theorderof thesggmentsin the Y-structure changeslf a sggmentscontainsan
eventpoint, thenwe saythatthe segmentis involvedin theevent.
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Y-structure

-

X-=structure

Figure4.1: Sweegdine algorithm: Thearrangemento theleft of theredsweegine
is alreadyconstructed.The X-structurestoresthe segmentendpointsandat least
the intersectionpoints of adjacentsggmentsin the Y-structure. The Y-structure
storeghe sortedsequencef segmentsintersectinghe sweepline.

Conceptually insteadof sweepingover every x-coordinate the sweepline only
stopsat the event pointsandcomputeghe changesith the help of the predicates
andthe constructions.To handlecovertical event points,MehlhornandNahertilt
the sweepline infinitesimally to jump in exact lexicographicalorder from event
pointto eventpoint.

At every event point the algorithm performsthe following five steps. We also
mentionwhich predicatesandconstructionsareneededn thedifferentsteps.

1. Catching Next Event Point:
Remore the lexicographicallysmallestevent point vs (currentsweeppoint)
from the X-structure. Find sgmentsinvolved in vs by locating vs in the
Y-structure gxploiting its order
Requirements:
Testwhethervs is aborse, on, or belav a givensegment.

2. Removing Ending Segments:
Remore all sgmentsfrom the Y-structurewhosetarget pointis equalto vs.

Requirements:

Compatrisonof two event points to test equality with currentsweep
point.
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3. Reordering Segments:
Reorderthe remainingsegmentsinvolved in vs suchthatthe nev orderre-
flectsthe orderof this sgmentsslightly to theright of vs. Thiscanbedone
naiwely by sortingor cleverly.

Requirements:
Testwhethenwo segmentsoverlap.
Intersectiormultiplicity of non-oserlappingsegments.

(Naively: Comparisonof segmenty-order right of a commonpoint.
Cleverly: seebelav)

4. Inserting Starting Segments:
Add segmentsto the Y-structureat the correctposition.

Requirements:

Comparisonof two event points to test equality with currentsweep
point.

Comparisorof sgmenty-orderto theright of acommonpoint.

5. Compute New Intersection Points:
Add intersectionof newly adjacentsegmentsin the Y-structureto the X-
structure with respecto thelexicographicorder

Requirements:

Computingintersectiorpointsof two segments.
Lexicographiccomparisorof two eventpoints.

We have to mentiontwo importantfactsaboutthis sweepline algorithm, which
areresponsibldor the goodperformanceThefirst onewasfound by Bentley and
Ottmannthemseles. The algorithmcomputeghe intersectionpoints, which can
bequitecostly for adjacensggmentsn the Y-structureonly. Thistechniqueavoids
thenaie call for O N? pairsof sggments.

The secondproblemoccursfor segmentsof curved input
dataonly, for example sggmentsof algebraiccurves that
arenot straightlines. The reorderingstepof the algorithm
is very easyfor straightlines: We only have to flip the or-
der, sinceeachtwo sggmentsmeetingin vs eitheroverlap
or have anintersectionmultiplicity of 1, following Propo-
sition 2.2.4. This propositionsaysthat eachtwo segments
(cunwes) changesidesfrom left to right if the intersection //
multiplicity is odd (herel). For curved segments Proposi-
tion 2.2.4helpsagain.We give analgorithmto computethe

new orderbasedn this obseration:
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Reorder Segments:

Let 51 s« be sggmentspassingthrougha commonevent point,
numberedn ascendingy-orderto the left of the event point (thatis
the currentorderin the Y-structure).

Let my mx 1 be the intersectionmultiplicities of adjacentsay-
mentsin the Y-structure.

Let M beanevenupperboundof all finite m.

Form MM 1 1take all maximalsubsequences s 1 Sj
with the propertymy my 1 m; 1 mandreversetheirorder

The upperboundM mustnot be known beforestartingthis algorithm. It canbe
determinedvhenreadingoff thek 1 intersectiommultiplicities. Berberichet al.
[BE+02] statedand proved this nice algorithmfor segmentsof conics(algebraic
curvesof degreeupto 2) and[EO3] provedit for generaklgebraiccurves.

For k segmentsmeetingat v, this O M k sub-algorithmreplacestheir costly
sorting(O klogk ) to theright of vs. Asymptotically this algorithmbehaesbetter
thansortingiff M logk. In our practicalexperience we sav that one sorting
stepis muchmore expensve, thancomputingthe intersectiomrmultiplicity, which
is alreadygiven from the analysisof eachtwo curves. Thuswe preferthe clever
method.Lutz Kettnerhasproposed a O k method thatusesa linearsizetreeto
reflectsthe nestingof subsequencdsy minimumintersectiommultiplicities.

In summarythesweedine algorithmneedghefollowing predicatesndconstruc-
tions:
(Lexicographic)comparisorof eventpoints.
Comparisorof y-coordinate®f a pointanda segment(at the samex).
Comparisorof two seggmentsin y-directionto theright of acommaonpoint.
Segymentoverlaptest.
Computatiorof theintersectiorpointsof two segments.
Intersectiormultiplicity of two non-overlappingsegments.

Notethatthis setof predicate@ndconstructionseduceshe geometricanalysisto
theanalyse®f atmosttwo curvesatatime, evenin thecasewheremary sggments
run througha commonpoint. This factis supportedy therepresentatiowe have
choserfor pointsandsegments:

4.1.2 Representationof (End)Points and SweepableSegments

Our representatiolis genericand hasalreadyproven usability for computingar
rangementsf cubics(generalalgebraiccurvesof degreeup to 3) [E03]. We first

Ipersonatommunication to be published
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give therepresentationsf pointandsegmentandthenwe explain how to setupon
themthepredicatesindconstructiongor the sweegine algorithmwith thehelp of
analyzingcurve pairs:

Point

Let f X y beanalgebraiccurve andletv 2 beapointlying on f. Thex-
coordinaté, of vis representedsarealalgebraimumbewith definingpolynomial
andisolatingintenval asdescribedn 82.1.4. The y-coordinateis not storedasa
number It is implicitly givenasthe arcnumberpu of the pointv onthecurve f as
seenn 83.2.Then,thetriple f & p representshepointv.

4

2

1,,///

1 2

Surely it is possibleto represenpointson f with & 0. Suchpointsrepresent
pointsof f in theinfimaximal sensealreadymentioned.In this case,u is anarc
numberthatexists over thefirst/lastinterval betweereventsof f.

Segment

Let f Xy beanalgebraiccurve andlets 2 be
a (sweepablepeggmentof f. In addition,let pbethe —| |
commonarc numberof all pointsin the interior of s. .
For thesourcev andtametv of s (which maylie at z/\
infinity) we candeterminetheirarcnumberqu andp \/
on f. Note that the supportingcurve of sourceand/or
taigetmustnotbeequalto f. In eithercasethesextuple — |
fv v g pp representthesegments.

Both representatioaresimpleandconstanin size.
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4.1.3 ShearingBack

In the casewherethe algorithmis forcedto apply a changeof coordinatesisinga
shearit is mathematicallyclearhow to sheambackthe computedpoints. Although
thetopologyis invariantundera shearingwe alsowantto getbackto theoriginal

coordinates.Unfortunately this constitutesin a conflict to our z-per x y -view

for surface intersectionsand y-perx-view for curves. For example, assumean
intersectionpoint of two quadricsg and p, which lies on the upperpart of both
guadrics. In three-dimensionapaceits coordinatesare given asthreealgebraic
numbersxg, Yo, Zo. Our genericcaserepresentsg asan algebraicnumberwith

definingpolynomialandisolatingintenal. Its y-coordinatds givenimplicitly with

anarcnumberu of thecutcune f; it is thep-th rootof f xg y y . And thez

coordinatds againanotherroot of a polynomialq Xp Yo z z. Itisthebigger
oneof two rootsaccordingto our assumptionNotethatit is not possibleto apply
S ; directly dueto our choserrepresentationf points.

Ourideais to computea high-precisiorfloatingpointapproximatiorfor eachpoint
of interest. After the computationof anarrangemenin a shearedcoordinatesys-
tem, the usercandefinean error bound,which refinesthe representationf each
x-coordinatestepby stepsuchthatthe outputerrorin eachcoordinateis smaller
thanthe bound. The diamondoperatormentionedn 8§2.1.4will provide aninter

facethatallows userspecificerrorboundsfor algebraicnumbers.

Note that thereis one well-conditionedcase: For projectedsingularpoints, we
know their x- andy-coordinates andygp explicitly, which alsoallows usto com-
puteexplicit valuesof their z-coordinatessinceq xo Yo z z hasdgyree 2.

4.1.4 Changingthe Support Curve

In the following paragraphsve often have to build pairsof curvesto computethe
resultsof predicatesndconstructionsWhenwe try to analyzesucha curwe pair,

it can happen,that the analysissignals“curves not coprime”. In this case,the
supportingcurve of somepoints and sggmentshasto be exchangedandthe arc
numberanustberecomputedsincethesenumberdoosetheir validity with a nev
cune. Assumethatthe supportingcurve f of anobjectdecomposesito f: gh.

Thenew curve (g or h) andthe nev arcnumbersanbecomputedisingtheslicing
techniquédor thecurne pair f g attheparticularx-coordinatesTheslicesimply
mapsthe old arc numberto the correspondingarc numberof the new (unique)
curve. Note that becauseof coprimality of g andh, an old arc numberw.r.t. f

matchego eitheranarcof g or to anarcof h, but notto both.

Unfortunately the exchangeof supportingcurvesis currently not implemented,
but it will be avaible in the nearfuture. Neverthelessthe following comparison
predicatesndconstructiondasemnacurve pairanalysiscandetectnon-coprime
cunes:
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4.1.5 ComparisonPredicates

A key operationin the sweepline algorithmis the comparisorof coordinatesFor
purex-coordinatesve do not have to explain somethingnew. It is simply the or-
deringof realalgebraimumbersvhich arerepresentedith adefiningpolynomial
andanisolatinginterval. In 82.1.4we shaved how to determinethe orderof two
suchnumbers.

They-coordinatesarenot representeth this way andthereforeneedfurtheexpla-
nation. More formal, the y-coordinateof a segments at a given x-coordinateg, (in
thex-rangeof s) is they-coordinateof theuniquepointonsoverg.

Fortunately y-coordinatesof points and/or segmentsare only comparedover a
commonx-coordinates. If bothgeometricobjects(point, sggment)have the same
supportingcurve f, thenthecomparisorof theiry-coordinatess justacomparison
of theirarcnumbersaté. In theothercasetherearetwo cunesinvolved: f for the
first objectandg for the secondobject. Thenwe comparethe arc numberof the
objectswith respecto thecure pair f g . Theoriginal arc numbersof thetwo

objectscanbe matchedo arcnumbersof the curve pair usinga slice (see83.3.6).
If € is the x-coordinateof aneventpointof f g , we take the obviousslice. In

theothercase£ liesin someintenal betweereventsl  r; ri 1, andwetakethe
sliceof I.

Thefollowing predicateshusethis cornvenience:

(Lexicographic) Comparison of Two Points:

Let vy f1 & W andvs f, & W2 betwo pointson cures f; and f,. The
lexicographicorderis alreadydeterminedf &1,  &». Intheothercaseg: &, &,
we comparethe corresponding-coordinatedy comparisorof thearchnumbersas
alreadyseen.

An equalitytestof two pointsis simply thetestof equalx- andy-coordinates.

y-Comparison of a Point and a Segment:

Lets fv v p pu beasegmentofthecurve f andletv g & v bea
pointonthecurve g, suchthatv liesin thex-rangeof s. To determinghey-orderof
v relatedto s, we constructanauxiliary pointv f & p wherep is eitherequal
toy, if & liesin theinterior of thex-rangeof s,orp  u , if € liesattheboundary
of thex-rangeof s. Theorderis givenby the orderof v relatedto v .
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y-Comparison of Two Segmentdo the Right of a Common Point:

Lets; ands, betwo segmentswith onepointvin commongthatisv s, . The
predicateshoulddeterminethe y-orderof s; ands, slightly to theright of v. We
just comparetheinterior arc numbersf both segmentsare supportedy the same
cune f.

If f is thesupportingcurve of s; andg is the supportingcune of s, we have to

locatethe x-coordinateg, of v in the two-cune eventcoordinatef the curve pair
f g . Thenweapplythesliceof theintenal to theright of this eventx-coordinate

andcompareherelevantarcnumbersamappedn theslice.

4.1.6 Intersection Construction and Related Predicates

Beforewe startto computediscreteintersection®f two segmentswe have to han-
dlethecaseof overlappingsegments yieldingin infinite mary intersectiorpoints.
For suchintersectiorpointsit is not possibleto defineanintersectiomrmultiplicity.

SegmentOverlap Test:

Recallthattwo curves are coprimeif the resultantof their defining polynomials
doesnot vanish. Curves sharinga commonpart are not coprime,which canbe
detectedby the vanishingresultant. Thustwo segmentsthat overlap musthave
a vanishingresultantof the defining polynomialsof their supportingcurves. In
our specialcaseof coprimecurves,we canconcludethatthe sgmentsmusthave
the same(andlater - if cached- the identical) supportingcurve. Two sggments
overlapiff they arenon-triial, theirinteriorarcnumbersarethe sameandtheir x-
rangesverlap.All thesecriteriaareeasyto check.Thelatteris acheckof intenal
boundaries.

For overlappingsegmentswe forbid the constructiorof intersectiorpointsandthe
call of theintersectiormultiplicity predicatewhich aredefinednow:

Segmentintersection Points:

Two non-overlappingsegmentswith the samesupportingcurve canintersectonly
in their endpoints.This reduceghe computatiorof intersectiorpointsto compar
ing endpoints.

In the othercase/et f andg be the supportingcurvesof two segmentss; ands,.
Intersectionshetweenthe two segmentsoccuronly in the intersectionl of their
x-ranges.If | is empty we canstop. Otherwise for every two-cune event point

with anx-coordinate in | we checkif it isapointof f g (thatisif m, fo 0, for
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anappropriatechoicesof i). It remaingo checkwhetherthearcnumbersof f and
g of theintersectiorat & coincidewith thearcnumbersf s; ands,. This givesthe
constructiorof all intersectiorpointsbetweers; ands,.

Intersection Multiplicity:

Thelastpredicatewe have to provide (for reorderingsegmentspassingthrougha
commonpoint) returnsthe intersectionmultiplicity of two segmentsat aninter
sectionpointv. Let & be the x-coordinateof v. Sincedifferentcurves f andg
arecoprimeandcurvwesare not allowed to have covertical intersectionpoints (in
our choiceof the coordinatesystem),we returnthe multiplicity of & asa root of
r: resf gy. Thepolynomialr with its roots (with multiplicities) is already
computedn theanalysisof thecurve pair f g .

4.2 Lower and Upper Arrangement on a Quadric

Eachprojectedcure f (whichis assumedo bey-regular)canbeseerascomposed
from a finite setof sggments: Arcs andisolatedpoints. The computationof a

planararrangementf curvesis thusreducedo the computationof an equivalent

arrangementonsistingonly of segments. Fortunately the computationof such
a decompositiorof a curve f is a relatively easytaskwith the help of the curve

analysiggivenin 83.2:

(Silhouette)Curve to Segments:
Performtheanalysisof thecune f.

For all intenals| betweerevents,andall arcsover |, createa sweep-
ablesggment.

For all events thatareisolatedpoints,createatrivial segment.

In principle, this methodis applicableto silhouettecurgs aswell asto cutcunes.
Using this, we caneasilyfeedthe sweepline algorithmwith all segmentsof the
ourintegratedarrangemenfrrq on the basequadricq.

But in this integratedarrangementve have lost spatialinformation. Considerin
this settinga sggmentof a cutcune andits correspondingpart of the spatialinter-
sectioncurve onthebasequadric.It canhappenthatthis partrunsfrom thelower
partof the basequadricover a point of the silhouetteand continueson the upper
partof thebasequadric. The segmentof thecutcune doesnotreflectthis behaior,
dueto theprojection.

Fortunately the intersectionof a spatialintersectioncurve with the silhouetteof
thebasequadricareechoedn the projectedcurvesasintersection®f the cutcune
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with the silhouettecurg. The one-cure eventpointsof the cutcune togethemwith
theseintersectionpoints decomposédhe cutcune into sggmentswhoseinterior
originatesfrom a part of the intersectioncurve in three-dimensionaspacethat
lies on exactly one part (either lower or upper)of the basequadric. Their end-
pointsmay lie on the silhouettecurg but a cutcune segmentcannotbe a part of
thesilhouettecurg, sincethis would be a violation to our coprimality conditionof
cunes.

Let f bethesilhouettecurg of the quadricq andg bea cutcune of g with another
quadricp. In this casetheanalysisof thecure pair f g doesthework:

Cutcurve to Segments:
Performtheanalysisof thecurve pair f g .

For all intenals | betweenevents,andfor all g-arcsover I, createa
sweepablsgment.

For all events,thatareisolatedpointsof g, createatrivial sgment.

Now, it remainsto find out for eachsegmentof a cutcune, whetherit lies on
the lower or the upperpart (or both) of the basequadricandto built two planar
arrangementarr, andArr, thatrepresenthetwo two-dimensionalrrangements
on bothpartsof the basequadricq.

To determingthe part of a quadricfor a single cutcune segment,we first assume
that we know one (interior) point of the segmentwith explicit coordinates.For
trivial segments(isolatedpoints)we shaved how to reachthisin §3.2. Thereare
two othercasesvherewe cangive explicit coordinatedor all interior pointsof a
seggment:

The sgments’counterparin three-dimensionapaceis alreadya multiple
intersectiorcune - asin degeneratedituations:For exampletwo cylinders
intersectingangentiallyin a spatialline.

The projectionis responsiblgor mappingone partof a spatialintersection
cune on the lower part of the basequadricand anotherpart of the spatial

intersectioncurve on the upperpart of the basequadricto the sameplanar
segment.

It is simpleto checkthat after making cutcunes square-freghe degreesof these
mustbe 2. Thenfor eachrationalr betweentwo event x-coordinatesve find
explicit valuesfor theup to two y-coordinate®f f above r: Whenwe computethe
rootsof f ry y we getup to two planarpoint ry; ry, . Thenwe can

decidewhich onelies on the arrangemenandapply the following method(asfor
isolatedpoint):

Letv: ab be a point of the cutcune f : resp q z suchthatwe can
represena andb explicitly. Weuse a b to determingwo univariatepolynomials
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4: qabz,p: pabz zwithdeg§ degp 2. Wearesearching
for the valuesof z suchthatfor abz Sholds:qabz pabz O

Becausef the dggreesof p and§ we cancomputethesez-valuesexplicitly - and
comparethem. Let g be the basequadric. If the smallerroot of § is alsoa root
of p, thenthe projectedpoint originatesfrom the lower part of the basequadric-

analogouslyfor thebiggerroot.

We have to mentiontwo specialkituations:Whenbothrootsof § and p match,then
theremustbe correspondingointson both partsof the basequadric. But it can
alsobethatthe polynomialshave no realroot. Sucha situationis givenin figure
4.2. In this situationwe candiscardthis projectedooint (or the sggmentcontaining
thispoint a b ), sincethe cutcune is extendedartificially (§ or p have rootsin
only) dueto theresultanttomputation.

Figure 4.2: Silhouettecurgs of two intersectingballs g and p (black thin lines)
and their cutcune (blue line). The dashedpartsof the cutcune areirrelevant,
they areartificial. Let a b apoint ana dashedine segment. The polynomials
d qabz zandp pabz Zz havenorealroot.

Determine Part of Quadric for Projected Point:
Computetherootsof g a b z Z.

If therearenorealroots,discardthis point.

If thereis onedoublerealroot, the point lies on the silhouetteof the
basequadric.

Otherwisetherearetwo realrootz; 2.
If pabz 0,thepointliesonthelower partof thebasequadric.
If pabz 0,thepointliesontheupperpartof thebasequadric.

Note that both casescan occur at the sametime. If no caseoccurs,
thenwe candiscardthis point.

95



The correctnesemegesfrom the definition of the partitioning of a quadricinto
lower andupperpartandsilhouette.

For all othernon-trivial sgmentsof a cutcune f: resq p z we take alsoa
pointin its interior. Its x-coordinateshouldbe rationalg . Its y-coordinateis
represente@sthe arcnumberp of the point over €. Althoughwe do not have an
explicit representatiomf the point’s y-coordinate we are ableto representit as
an algebraicnumberwith the definingpolynomial f & y y andanisolating
interval for the p-th root. We refinetheisolatinginternal y 'y of y suchthatall
the four polynomialsq ¢y z q&y z,péy z péy z Z contain
eithertwo or no realroot. In the latter case,we candiscardthe segmentsinceit
belongsto anirrelevant part of the cutcune. Otherwise,it canbe thaty is now
explicitly known (its defining polynomialhasdegree 2). Thenwe canswitch
to the former algorithm. If not, we know that the segmentdoesnot resultfrom
a multiple partof the intersectioncurwe in three-dimensionadpace.It mustbea
“transwersal” intersectionandtheflip in the rootsof the four polynomials,which
representg-coordinate®f raysintersectingrertically thetwo intersectingquadrics,
determineghe partof thebasequadricfor this sggment- seefigure4.3.

Determine Part of Quadric for Projected Segment:
Letsheasementof acutcune f resq p z andv beapointonit
with arationalx-coordinatet.

Computethep-throotys of fg - f &y y asanalgebraicnum-
berrepresentethy a definingpolynomial f; andanisolatinginteral.
It representthey-coordinateof theroot.

Refiney; with they-coordinatef all pointsof the silhouettecure of
goveré&. Thentheisolatinginternal y 'y of yg lies completelyin
the xy-rangeof q.

Refiney; with they-coordinatef all pointsof the silhouettecure of
p over&. Thentheisolatinginterval y y of y; lies completelyin
the xy-rangeof p.

If y: hasdegree 2 useDetermine Part of Quadric for Project Point
with theexplicit pointcoordinatesg ys .

Otherwise:
Computethe sequenceof therealrootsofq : q&y z z
andp : p¢y z z. Thesearethe z-coordinatesf the two

guadricsbelow (in y-direction)the segment.

Computeghesequenceftherealofqg : q&y z Z andp
psy z z. Theseare the z-coordinatesof the two quadrics
above (in y-direction)the segment.

If ary of themhasno real root, thenwe candiscardthis part of the
cutcune.
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Figure4.3: Thisarrangemeris inducedby two intersectingquadrics We shav the
view ontheplaneatx r paralleltoyzplane.Assumehattheredcurve belonggo
thebasequadricqg while thebluecurne describeshebehaior of anotherguadricp.
Thefigure shavs two segmentgdottedlines) of the cutcune of g and p. For both,
we wantto determingheir correspondingartonthebasequadric.It is determined
shootingvertical rays (dashedines). Theflip in eachtwo sequencedetermines
thecorrectpart.
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Otherwise,the uniquecrossingin the two sequencegsachwith 4 z
coordinatesletermineshe partof the basequadricwhich slies on. If
thereis a matchof the basequadricbelow the crossingthe sggment
lies on the upperpart, otherwiseit lies on the lower part - seefigure
4.3.

Thesealgorithmsallows usto decompos¢he silhouettecure andthe cutcunesof
theintegratedarrangemenérrg into segmentsandto createthetwo arrangements
Arrq andArr, representinghe sceneon the lower and on the upperpart of the
basequadric. The segmentsof the silhouettecurg mustbelongto both segments,
while for sgmentsof cutcunes we usethe two methodsabove to determineto
which part(s)they belong.

This completeghe algebraicpart of our algorithmto computethe arrangements
inducedby intersectiorcurveson quadrics.The remainingtasktowardsthe com-
putationof thethree-dimensionarrangemenr to provide booleanoperationsn
gquadricsare combinatorialstepson this data. Chapter6 focuseson that topic of
booleanoperations. In the next chapterwe first give an overview to the current
implementation.
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Chapter 5

Implementation

The precedingchaptersouild the algebraichasisandalgorithmsfor the computa-
tion of athree-dimensionarrangementf quadricswith the projectionapproach.
In this chapter we report on the implementationof the presentedalgorithmsas

partof the ExAacus libraries[EXACUSY. Firstwe introduceits partsandthenwe

presenthe detailsaboutthe implementatiorof the part concerningthe quadrics.
All topicspresentedofarin thelastchapterareimplementedwithoutthealready
mentionednissingexchangeof supportingcurvesfor pointsandsegments).

Furthersectionsntroducethe delivereddemoprogramsandmeasurementsf the
runningtimesfor differentinput sets.

Thelastsectioncomprisessomeideasto acceleratehe computationwith floating
point filters andhow to extendthe codeto plug in algebraicsurfaceswith higher
algebraicdegree.

5.1 The ExAcus Project

The ExXAcus projectoriginatesfrom the Max-Planck-Institutefiir Informatik in
Saarbiicken. It containsLibrariesfor Efficient and Exact Algorithmsfor Curves
andSurfaces. The librariesfollow the genericprogrammingparadigm{A98] and
cover distinct partsof curved computationabeometryfor examplemathematical
foundations arrangementf conics,arrangemendf cubics,and- of course- our
work: arrangementsf quadrics.The projectitself is partof the EuropeariJnion’s
Effective ComputationalGeometryproject(ECG).

The projectcomesup with the EXAcuUs root directory EXACUS From thereyou
canaccesdiles relatedto the configurationand compilationand you canaccess
thesubdirectoriesontainingthedifferentlibraries,for exampleEXACUS/QuadriX .
The configurationallows to selectthe subsetof libraries of the projectyou are
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interestedn. A detailedintroductionto theinstallationandtheuseof theExAcus
librariesis givenin EXACUS/Developers _manual/manual.ps . The sourcecode
itself is mainly templatecodeandresiststhereforein the headeffiles, which can
be foundin the directoriesEXACUSHibrary-namé ncl ude/ library-atbrev/ . The
QuadriXcodecanbefoundfor examplein EXACUS/Quadrics/incl  ude/QdX. The
file namesdescribeeitherthe classthey containor the objectsto which thefile is
related(for example: Quadric _3.h or Quadric _3_utils.h ). Many classesare
implementedashandlesandreps,which allows the userto copy themnearlyfree
andwith noinvestment®nthe memory-managemefdr theuser A classC is just
a smartreference-countedointerto a representatiommbjectof classC_rep. This
objectcontainsthe actualdata. For examplethe classegepresentingjuadricsor
representingrojectedcurvesareimplementedn this way.

All classesndfiles have areferencelocumentatioembeddedn thesourcecode.
Doxygen[Dox] extractsit andoutputsformatedHTML or TgX. With anabstract
knowledgeof our algorithmsthereadercanaccessry relevantinformationof the
implementatiorwhenstartingin EXACUS/doc.html .

Therelevantpartsof ExAcus for ourwork are:

TheLibrary Support (LiS) providesbasicservicessuchasmemoryman-
agementjnput/outputformatting, file input/output(LiS/fle  _io.h ), han-
dletemplate(LiS/Handle.h ), basicenumerationsteratorsetc.

TheNumeriX (NiX) library containsheimplementatiorof the mathemati-
cal conceptave discussedn 82.1:

Thepolynomialclass(NiX::Polynomial ) offerstherepresentationf poly-
nomialsover arbitrarynumberntypes(evenrecursvely for multivariatepoly-
nomials)andalarge setof algebraicoperation®nthem:gcd resultantcom-
putation factorizationby multiplicities, etc. For the specialcaseof bivariate
andtrivariatepolynomialsthe files NiX/bivariate ~ _polynomial _hacks.h
andNiX/trivariate _polynomial _hacks.h containauxiliary functionsfor
exampleto accessnnervariables suchasNiX::substitute _Xy Thisfunc-
tion is usefulto replacex andy in trivariatepolynomialto geta new univari-
atepolynomialin z. Therearemorefunctionsof this shape.

With the help of NiX/bezout _matrix.h , NiX/sylvester — _matrix.h  and
NiX/Linear _algebra.h , oneis ableto computethe (sub)resultantén the
presentedvay. In fact,we usethecompacformulationof Bezoutmatricego
computeresultantsandfor subresultantse usethe correspondingylvester
submatrix(82.1.2).

The representationf algebraicnumberswith definingpolynomialandiso-
lating intenal (asdiscussedn §2.1.3)is implementedn differentversions:

1All implementationgremaintainedby MichaelHemmer
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NiX::Algebraic ~ _number andNiX::Algebraic ~ _real simplify the repre-
sentationto a one root numberor a rational numberif the degree of the
definingpolynomialbecomeg or 1, respectiely. They differ in the beha-

ior of the isolating intenal which degenerategor rationalnumbersin the
first implementation.The latter ensuresa non-dgeneratdsolatingintenal

for every algebraicnumber A third version, which simplifies itself only

whenit is rational,is implementedn NiX::Algebraic ~ _real _pure .

All harein commonthatthey built link liststo otheralgebraimumberdrom

thesameunivariatepolynomial. Thisallows to distribute simplifications(for

exampleof thedefiningpolynomial)yieldingto fastercomparisoni thefu-

ture. Furthermoregvery implementatiorprovidesareal _roots functorto

constructherealrootsof aunivariatepolynomialasrealalgebraimumbers.
It currently usesUspensk’s methodfor root isolation. If the polynomial
is not square-freethe functor iteratesover the differentsquare-fred¢actors
andthe outputis a sortedsequencef all rootstogethemwith their multiplic-

ities asroots. Theintervals areisolatingagainsthe otherrootsof the same
polynomial.

Besideghegenerahlgebraimumbeythefile NiX::Extension providesthe
numberypefor adjoiningafinite setof squareroots(recursvely) to agiven
numbertype - for examplerationals. This allows to represensquareroot
expressiongasin §82.1.3)for smallnumberf squareoots. We cancorvert
algebraicnumberto this type andbothto separatioboundnumbertypes.

Michael Hemmerhas implementedthe modular filter, which we already
mentionedin §2.1.4. This speedaup algorithmsthat build on a gcd com-
putation,for examplethe comparisorof two algebraicnumberspr thefac-
torizationof polynomialsby multiplicities whencomputingged f f

Most partsof the NumeriX library were alreadyimplementeddue to the
work on othertopicsin the project(ConiX, CubiX), but the authorhadalso
to add,to extendor to modify somefilesin the preparatiorof this thesis.

TheQuadriX (QdX) library is themaincontrikution of thisthesisto the Ex -
AcuUs project. It collectstherepresentationf quadricqQdX/Quadric _3.h ),
therepresentationf projectedcurves(QdX/P_curve _2.h ) andthepairingof
projectedcurves(QdX/P_curve _pair _2.h ). In 85.2we presenthedifferent
classeandfunctionsof the QuadriXlibrary in detail.

Thelibrary is designedo implementalsootherapproacheso computethe
arrangemenof quadrics. For example, Michael Hemmer[HO2] is imple-
mentinga methodusingparameterizationsf the spatialintersectiorcurves.

The SweepX(SoX) library containsthe implementatiorof the generalized
sweepline algorithmwe presentedn 84.2.1t is a LEDA-descendantyhich
usesthe presentedlgorithmto reordersegmentsrunningthroughthe same
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point(84.1.1).Anotherpartof SweepXoffersLEDA-descendarmegularized
booleanoperationn polygonshoundedy sggmentsthataresweepable.

The main functionality of SweepXis the computationof arrangementsAt
the momentthe SweepXlibrary supportsplanararrangementsnly, which
sufficesto computeour problems.In Chapter6 we give someideashow to
useourapproacho computdantersectiorcurvesbetweerguadricgo provide
booleanoperation®n quadrics.

ThefunctionSoX::sweep _curves() implementghegenericsweepine al-
gorithmof 84.1.1.1t is parametrizedvith a traits class,thataggr@atesthe
pointandsegmentclassedo be usedtogethemwith their predicatesandcon-
structions. QdX::P _curve _sweep_traits _2 is the classwhich implements
this collectionfor our planarcurwes. It is parameterizedavith curve pairs
of projectedcures. Suchan instantiatedunction SoX::sweep _curves()
takesa setof sweepablsegmentsasaniteratorrangeandoutputsa LEDA
planar map representinghe arrangement. The edgesand verticesof the
maparelabelledaccordingly Usedsegments(with endpoints)aneitherbe
hand-craftedasdonefor ConiX library [BE+02]) or onecanusea degree-
independenasthe approachdevelopedby Arno Eigenwillig [EO3]:

The latter methodis implementedn ExAcus in the module GAPSin the
SweepXlibrary. GAPSstandsfor GenericAlgebraicPoints and Segments.
The chosemamealsoreflectsthe closedgap betweenthe sweepline algo-
rithm andthe analysisof curve pairs. GAPSincludestwo classtemplates
SoX::Algebraic ~ _point _2 andSoX::Algebraic  _segment _2 whichimple-
mentpointsandseymentsasdiscussedn 84.1.2. Theimplementatiorcer
tainly containsthe predicatesandconstructionsisedin the sweepine algo-
rithm. GAPSis a degree-independénmplementation.lt canhandlepoints
and seggmentsof arbitrary algebraiccunes. One hasonly to provide the
analysisof analgebraiccurve pair astemplateparameter

Remembethatthe analysisof curve pairshasto computeso calledslices.
But slicesarealsodegree-independerandthereforeGAPS providesan ap-
propriateclasstemplatefor the slicesdiscussedn §3.3.4,too.

Thereis anotherrequirementwhenusing GAPS: Wheneer the supporting
cunes of two objects(pointsor segments)are equal,they mustbe identi-
cal, meaningthatthey arerepresentedby the samepieceof memory This
speedsip equalitytestsandavoids multiple analyse®f thesamecurvesand
later of the samecurve pairs. Thuswe have to ensurethat for eachcurve
f andfor eachunordereccurve pair f g thereexistsonly oneobjectrep-
resentingit. To achieve this, QdX and GAPS indirect the constructionsf
curvesandcurve pairsthroughcaches:For singlecurves(supportof points
andsggments)we developedaspecialcachingtechnologyandthedetailsare
presentedn the next section.Concerninghe cachingof curve pairs,GAPS
usesan instanceof the classtemplateSoX::Curve _pair _cache _2 to con-
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structcachedcurwe pairson the fly when evaluatingthe predicatesduring
the sweep.It indirectstheir constructionghrougha staticmemberfunction
of SoX::Algebraic  _point _2.

All theserelevant partsare accessibldo the thesisexaminersanda future public
releaseof the ExAcus librarieswill alsocontainour code.

5.2 Welcometo the QuadriX-Library

This library coversthe implementationof the algorithmic partsso far presented
in this thesis: Representationf quadrics;creation representatiomnddiscussion
of silhouettecurgsandcutcunes;creation representatioanddiscussiorof curve
pairs.We startwith therepresentationf quadrics:

5.2.1 Quadric_3

A quadricis representedby aninstanceof the classtemplateQdX::Quadric 3.
Following the genericprogrammingparadigm,we explicitly allow to choosethe
set of numbertypesusedfor quadricsand projectedcurves. As the projected
curves originate from quadrics,their numbertypesinherit the numbertypes of
quadrics.We mainly usethe LEDA typesleda::integer , leda::rational and
leda::real and provide them cohesie with the help of a traits class. A traits
classbundlesa setof relatedtypesandoffersthemascompoundo genericclasses
andfunctions. Suchobjectsareimplementedype independenandcanbefedin
this way with differentimplementations.

In our casethe classNiX::LEDA _arithmetic  _traits  collectsthesethreemen-
tionednumbertypesandadditionally senesthe type of algebraicnumbershased
on this chosenset. The typesof the univariate,bivariateandtrivariate polynomi-
als with integer andrational coeficients are alsoincluded. Of course,a userof

the quadricslibrary is allowed to build his own arithmetictraits class,or for ex-

ample,if onewishesto usethe GMP/COREnumbertypes,we also provide the

classNiX::CORE _arithmetic ~ _traits ~ which collectsthemin the sameway as
NiX::LEDA _arithmetic  _traits  doesthisfor the LEDA numbertypes.

In fact, we often usethe NiX::Extension numbertype. Therefore,we intro-
duceda new traits classNiX::Arithmetic _traits _extension  which takes a
usual arithmetic traits class (for example NiX::.LEDA _arithmetic ~ _traits  and
addsthe typesExtn andNested _extn . The former represent®ne-rootexpres-
sionsandthe latter onecanrepresenexpressionith two adjoinedsquareroots.
Of course the extendedclassprovidesthe low-variatepolynomials(degreesl 2
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and3) onExtn andNested _extn . Backto therepresentationf quadricswe nor
mally parameterizés classtemplatewith thefollowing traitsclass:
NiX::Arithmetic _traits  _extension<NiX::LED  A_arithmetic  _traits>

An objectof classQuadric _3 is really sparse.lt is constructedrom a trivariate
polynomialdefiningthe quadric.We force integral coeficientsof the polynomial,
which do not constitutein a restrictionof theinput: For every rationalpolynomial
defininga quadric,we canfind at leastoneintegral polynomialdefiningthe same
quadricby multiplying with thecommondenominatoof all coeficients(see§2.2).
Integercoeficientsof quadricsnaturallyleadto integercoeficientsfor eachresul-
tant stepdonein our algorithm: All projectedcurves suchassilhouettecurgs of

onequadricor cutcunesof two quadricsthenhave integer coeficientsaswell as
the definingpolynomialsof the eventx-coordinate®f projectedcunes.

Besideghe constructionthereareseveralsaccesgunctionsto a greatsetof prop-
ertiesof a quadricthatalreadyexist with its definingpolynomial:

f() - thedefiningpolynomial f

degree() - thedgyreeof f

.coeff(i,j k) - the coeficient & jx belongingto the monomialx'y! ¢

fz() - thefirst partialderivateof f w.r.t. z: f,.

fzz() - thesecondpartialdervateof f w.r.t. z: f,..

resultant  _f fz() -theresultantR, resf f,z

sqf _res f _fz - thesquare-fre@artof Ry.

.matrix<Type>() - thematrix representationf f asin §2.2.2(theType of
the entriesmustbe constructiblefrom integers).

substitute _xy(NT X, NTy) - replacex andy in thetrivariatepolyno-
mial f with the givenvaluesto getannew univariatepolynomial.

Silhouette  _f() - the defining polynomial of the silhouettecurg of the
quadric(is equalto .sqf _res _f fz() ).

.cut _f(Quadric  p) - thedefiningpolynomialof the cutcune of aquadric
with anothemquadricp: Thesquare-fregartofresqf pf z.

TheclassQuadric _h isimplementedshandleclasswith aninternalrepresentation
class.We needit only for the representationf quadricsandthe re-substitutiorof
X y -valuesto getup to two z-valueswith thehelpof .substitute ~ _xy() .

For the indispensablecachingof projectedcurves, we implementedtwo static
memberfunctionsthatareusedto indirectthe constructionof silhouettecurgs of
asinglequadricandcutcunesof two quadrics:

Silhouette() - thesilhouettecurg of this quadric
.cut(Quadric  _3 p) - thecutcune of this quadricwith anothemuadricp.
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In the next sectionwe explain theimplementatiorof thetwo curve typesandgive
detailsonthe cachingstratgy behindthe staticmemberfunctions.

Pertainingto therepresentationf quadricsthefile QdX/Quadric _3_utils.h  col-
lectssomevarioushelperfunctions thatareusefulwhendealingwith quadrics:

get _polynomial _from _coefficients()
takestencoeficientsandreturnsthetrivariatepolynomialdefiningaquadric
asin §2.2.2.

mirror(Quadric -3 ¢, Quadric _3 p)
performsthe mirroring of aquadricq on aquadricp asdefinedin (3.5).

spatial _x(Quadric _3 p, Quadric -3 g, Quadric _3 r)
computeghe deggree8 polynomialcontainingthe x-coordinate®f all spatial
intersectiorpointswith thealgorithmfrom 83.3.1for threegivenquadrics.

5.2.2 P_curve2

If we considerarrangementsf quadricswe computesilhouettecurgs of quadrics
andcutcunesfor pairsof quadrics.In this sectionwe describeheimplementation
of thesetwo typesof curves. A projectedcurwe is always definedby a bivari-
atepolynomialwith integer coeficients. Theintegrality of the coeficientscomes
automaticallyfrom the integrality conditionto the polynomialsdefiningquadrics
sincethe definingpolynomialsof projectedcurvesarecreatedrom resultants.

Silhouettecurgs and cutcunes have to store,which quadricsareinvolved in the
curve. For asilhouettecurgthisis usuallyasinglequadricandacutcune is usually
createdby two quadrics.Only in the exceptionalcasewheretwo silhouettecurgs
or two cutcunes are not coprime,we have to storemore thanthe usualnumber
of quadrics(see83.1). But the two typesof curves alsodiffer in the developed
algorithmsto analyzehemandwe have to considethattherepresentationf points
andsegmentswith GAPSusesplanarcurvesassupport. This supportmustbethe
sametype for all segments(of silhouettecurgs and cutcunes), since otherwise
we are not ableto feedthe SoX::sweep _curves() functionwith a uniquetype
of sgments. Thesethreeproblemsleadto the following representatiof planar
cunes:

Thefile QdX/P_curve _2.h 2 collectsthreehandleclassesandthreeinternalrepre-
sentatiorclassesAll classesare parameterizethy analgebraicsurfacethat have

to provide somerequiredfunction, suchasthe polynomialof its silhouettecurg or

thepolynomialof its cutcune with anotheisurface.Ourrepresentatioof quadrics
is thefirst modelthatfits to theserequirements.

We startatthe bottomwith the classtemplateP_curve _2_rep . It is the baserepre-
sentationof ary projectedcurve andaninstanceis createdfrom a bivariatepoly-

2Seehaw thenameP_curve _2 reflectswell the propertyof beinga planarandprojectedcune.
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nomial f with integercoeficients. In this representatiowe alsostoreanarbitrary
numberof links to objectsof the given algebraicsurfacetype. An instanceof

P_curve _2_rep offersalarge numberof variousmembeifunctionseitherto access
or to computepropertiesof thecurve, suchasres f f, y . Sincethehandleclasses
reflectthem,we omit alist here.

Fromthis baserepresentatiowe derivedtwo otherrepresentationlassespnefor
silhouettecurgs and onefor cutcunes: P_silhouette  _2_rep andP_cut _2_rep .
They overwrite exactly two specificmemberfunctionsof P_curve _2_rep : More
exactly, we speakaboutthe functioninitialize _events() ontheonehandand
aboutthe function compute _eventl _info(i)  on the otherhand. Thefirst is re-
sponsibldo find theeventx-coordinate®f thecurve andtheseconccomputesvhat
happensover the i-th® event x-coordinateof the curve. In §3.2we presentedor
bothtypesof curvesthealgorithmsthesefunctionsimplement.ln ourcaseacurwe
is eitherasilhouettecurg or a cutcune, which meanghattheclassP_curve _2_rep
is semanticallypurelyabstractFor technicalreasonghisis notthe casein theim-
plementation.The two functionsarevirtual memberfunctions,which ensuregor
eachgivencurwe, thatevery time the correct(specializedplgorithmis applied.

To hide theseinternaldetailsfrom the userof a projectedcurve, we put a handle
classcalledP_curve _2 in front of therepresentationn fact,acomplicatechandle
classdesigrt allows to have thesehierarchicalrepresentatioslasses The handle
classP_curve _2 mainly offerstwo constructorsOnethatcreatesaninitial silhou-
ettecure from a single surfaceand onethat createsan initial cutcune from two

surfaces.Later, whenwe detectacommonpartin two curves,we alsoneeda con-
structorfrom two projectedcurves (which extractsthe commonpartandjoins the
lists of involved surfaces).

With two otherderived handleclasse® silhoutte 2 andP_cut _2 we candistin-
guishdifferenttypesof curveson the syntacticallayer Fortunately dueto C++
polymorphism both typesarestill P_curve _2 classes.Thisis very usefulfor the
pairing of curvesin 85.2.3andto sene asa commonsupporttype for pointsand
segmentsfrom GAPS.
We promisedo give somemembeifunctionsof the handleclasses:

f() - thedefiningpolynomial f

fy() - thefirstpartialdervative of f w.rt.y: fy.

resultant  _f fy() -theresultanR; resf f,y.

.num _events () - thenumberof one-cure events

rational  _in _interval(i) - arationalvaluerepresentingury valueof the
i-th interval betweerevents

3Notethattheindex is shifted: Almostall indicesarezero-basedpllowing the C++ arrayindex-
ing corvention
4Thanksto Lutz Kettner who providedthisin LiS/Handle.h
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.event x(i) -thei-th eventx-coordinate
.event _info() - theinformationonthei-th event(seebelow)
andmary more  (asaccessunctionsto theinvolved surfaces)

Sincethe topologyof a curve changesat event pointsonly, the maininformation
on thatis storedin an instanceof the Eventl _info classfor eachevent point.
Besideghetopologicalinformationit alsostoresan explicit representatioof the
x-coordinateof the event point (if possible;see83.2). Hereis an extract of the
code:

template < class ArithmeticTraitsEx ten sio n >
class Eventl _info
public:
n the type of the event
Eventl _type type;
n on LEFT and RIGHT side: range of arc numbers involved in event
Interval<int> arcs[2];
n number of distinct arcs at event x-coordinate
int  numarcs _at;

n index of event-carrying arc at event x-coordinate
int arc _at;
n the multiplicity of the event as multiplicity of resultant

mutable int  mult;

n x-coordinate of event

Algebraic _real value;

private:

n stores if yalue is known as an expression  with two roots
bool knows _nested _extn;

n stores yalue as expression  with two roots
Nested _extn nested _extn;

n the first  root

Rational  rootl,;

n the second root

Extn root2;

Thepublic membersareself-explaining using83.2,with the exceptionof the vari-
abletype . This memberstoreswhat type of eventthis eventinfo structurede-
scribes for examplea top-bottompoint of a cutcune. The private membersstore
the explicit valueof value (thex-coordinate)asroot expressionsith two square
roots(if possible).If value is rational,it cangive theinformationitself andif it
is a one-roothumbery thereis a functionto _Extension()  in NiX/Extension.h
which convertsanalgebraicnumberof degree2, to aone-rootexpression.This al-
lows usto storealwaysjanexplicit representationf the x-coordinateof a singular
point.

Most of the computationgfor a curve (resultant,eventlinfos) take placein the
representatioclassandnotin the handleclass,but they arecomputedonly once
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andonly ondemand:This meansthatwe delaythe computatiorof a certainitem
until it is requestedor thefirst time andthenwe cachethe computedvalue. Every
repeatedequesteturnsthealreadycachedralue. A similartrick is usedfor thera-
tional valuesbetweenrevents.They arealsocomputedonly onceusingtherational
valuesof theisolatingintenals of the new constructedeventx-coordinatesTheir
role as representates for the whole intervals betweeneventsis constant,even
whenthe event x-coordinatesarerefined. The early computationensuresmaller
bit lengthof thevalues.

We canconcludethatthediscussiorof a planarcurve is invoked by the creationof
the curve objectitself andby therequestdor thedifferent(in the senseof needed)
topologicalproperties.

Caching Silhouettecuivesand Cutcurves

We alreadystatedthatthe classQuadric _3 providessomestaticmembeifunctions
thatindirectthe construction®f silhouettecurgsandcutcunesthroughcachesA

caches simplyastd::map , which getsa certainkey andmapsit to a valuetype.
We explain the cachedetailsfor silhouettecure, becausehis casehasa simpler
key. It is justa quadricwhile in the caseof cutcunesthekey is anorderedpair of

two quadrics.

Our goalis to cross-linkthe differentobjects: Quadric,silhouettecurg anddefin-
ing polynomial. This linking is very useful, whenwe detectnon-coprimecures
andwe have to createnen curvesfrom two old ones,or whenwe try to restore
information,which quadricsof athree-dimensionacendnteractin agivencurve.

Every curwe considerechasa unique canonicaldefining polynomial. Wheneer
a new cunwe is constructedwe map this unique polynomialto the curve object
itself. This ensuredo find the curve belongingto a polynomial, only whenthe
polynomialis given. Anothercachestoresfor eachquadricwhich curveshbuild its

silhouettecurg. This might be a bit confusing,but hereis oneexample: Assume
thata silhouettecurg of a quadricq hasacommonpartwith the silhouettecurg of

quadricp. Thenthesilhouettecurg of g (analogougor p) consistf two objects:
Onefor the commonpartandonefor theremainingpart. Both partsmustbelong
to thelist of silhouettecurgsfor the quadricq. Of coursethis problemgetsmore
complicatedwhenwe cachethe partsof cutcunesfor eachpair of quadrics. At

last but not least,eachprojectedcurve storeswhich quadricsareinvolved, which

is alreadymentionedabore.

5.2.3 P_curve_pair_2

Oncewe have discussedinglecurves,we canpairthemasdescribedn 83.3.0n
theimplementatiorside,thereis a correspondinglasstemplateP_curve _pair _2.
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Its templateparameters aninstanceof P_curve _2. The polymorphismallows to
usethetwo derivedtypesaswell. Two curvesconstructthe pair, whichwe call f
andg, or curve 1 andcune 2, respectiely.

As for the singlecurve, the constructiorof the curve pairinvokestheanalysisand
the callsof thedifferentmemberfunctionsperformthe analysison demand.Their
resultsare also cachedfor future requests.This digestshavs the main member
functions:

.curve(i) - theunderlyingcurve
resultant  _f_g-theresultantRy resf gy
.num_events() - thetotal numberof two-cune events

rational  _in _interval(j) - arationalvaluerepresentingry valueof the
j-th interval betweerevents

.event _X(j) -thex-coordinateof the j-th event
.event _info(j) - theinformationonthe j-th event
slice _at(x) -thesliceof f g atx

andmary more

Remembethatthetwo-cune eventsof apair f g consistof all one-cure events
of f, of all one-cure eventsof g andof theintersectionpointsof f andg. Thus

eventx-coordinateof f g arethemegedrootsof R¢, Ry andRs g, wheresome
rootsmaycoincide.For eacheventx-coordinateve mapwith thememberfunction

.event _indices(j) theindex j of atwo-cune eventto thetriple of corresponding
indicesw.r.t. eachof thethreeresultantswhere 1 denoteghenon-«istenceof a

correspondingndex.

As for single curves we also computeconstantrational representates for each
intenal betweenevents. Sincewe alreadyhave computedsomerational values
in the discussiorof the two single curves, we try to reusethem. A clever sorted
sequencef the alreadyknown rationalshelpswhensearchingor rationalvalues
betweenthe memgedevents. In somecaseghereare no suspectandwe have to
computea new value. If thereare multiple suspectsye canchooseoneof these
values.Thereuseof theserationalsfastenghe computationof the orderof the f-
and g-arcsover this value, becausdor at leastone curve we have precomputed
valuesfor the pointsover this valuegivenin the analysisof this singlecurve.

Again, we fill for eachtwo-cune eventpoint a structurecontainingtheimportant
topologicalinformationastheinvolved andcontinuingarcs:

struct  Event2 _info
public:
n for CURVEland CURVE2: event's arc number of -1
int arc _at[2];
n arcs below event as a sequence of CURVEL, CURVE2values
std::vector<Curve _index> below;
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In arcs above event as a sequence of CURVE1, CURVE2values
std::vector<Curve _index> below;

The codefor the computationof anEvent2 _info is locatedin the additionalfile
QdX/compute _event2 _info.h

At theendof this part,we wantto give someimportantinformationabouttherun-

ning times: The on-demandtomputatioravoids unneedeaallsto expensve parts
of the code.For example,the expensve detectionof tangentialintersectiorpoints
is invoked only whentwo segmentscontainthe x-coordinateof this intersection
pointin their x-range.Anotherimportantthing is cachingcurve pairs. It is doneon

thefly duringtheevaluationof predicateg@ndconstructioron algebraigointsand

seggmentsdefinedin GAPS.The orderof curvesdoesnot play ary role. This al-

lows usto reusethe samecurve pair alsofor the contra-orderedurve pairs,which

canhalf the total runningtime of curve pair analyses.But we have to introduce
an orderon curwe pairs. For sometechnicalreason(85.2.4explainsit) we usea

lexicographicorder: Let f andg betwo projectedcures. We definethat

f g, if fisasilhouettecurg andgis acutcune
g f,if gisasilhouettecurg andf is acutcune

f g,if fid gid andf andg have thesametype.
(Theid of acurweis auniquenumberdefinedby the memorymanagement).

5.2.4 Decompositionof Curvesinto SweepableSegments

To computethe two-dimensionalarrangemenbn a quadric (inducedby the in-

tersectioncurves with otherquadrics)we learnedin 84.1to split the curvesinto

sweepablsegments. As segmenttype we usethe genericapproachprovided by

GAPS. Sinceevery instanceof P_silhouette 2 or P_cut _2 is alsoa P_curve _2

we usethis type asbasicsupportfor pointsandsegments. In fact, we instantiate
the geometricobjectsof GAPSwith P_curve _pair _2, which alsodefinesthetype
of singlecurves.

The algorithmsto decomposeurves into segments(seeg4.2) are implemented
in two files: QdX/Silhouette  _to _segments.h  for splitting silhouettecurgs and
QdX/Cut _of _surfaces _to _segments.h for cutcunes. Thefirst file providesthe
functionsilhouette  _to _segments() which takesa silhouettecurve anddecom-
posesdt into its maximalsweepablasegments.Thelatterfile offersthreefunctions:
The generalfunction segments _of _surface _cut() decomposes cutcune of a
baseguadricq with anotheiquadricp into its sweepablseggments partitionednto
two setsfor thetwo partsof the basequadricwe mentionedn 84.2. The othertwo
functionshave thesamenputsetassegments _of _surface _cut() but outputonly
thesagymentdying eitheronthelower part(segments _of _cut _on_lower _part() )
or the sggmentslying on the upperpart(segments _of _cut _on_upper _part() ) of
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thebasequadric.As learnedn 84.2,we have to split cutcunesattheir own events
aswell asat intersectionswvith the silhouettecure of the basequadric. Thusthe
splitting of cutcunesintroduceshis curwve pair. We have chosenthe abose men-
tioned lexicographicorderon curvesto distinguishthe silhouettecurg from the
cutcune in this pair.  This ensureshat the silhouettecurg is always the “first
cune”.

5.2.5 Arrangementsand Shearing

Oncewe have collectedall the sggmentsof a lower or anupperarrangemenasin
84.2,we wantto feedthesweep _curves() functionwith themto computethis ar
rangementThetraitsclassP_curve _sweep _traits  is amodelof the CurveSweep-
Traits 2 concepffor our curves. It aggrgatespointandsegmentclassedo beused
togethemith their predicatesandconstructiondor P_curve _2 instances.

Aroundthe call to the sweep_curves()  functionwe put somelinesto inform the

userwith textual outputsaboutthecurrentwork: Thenumberof sggmentsthestart
of thesweegine algorithm,thenumberof verticesandedgesn theplanararrange-
mentandthetime usedfor the sweep.This functioncompute _arrangement()  is

locatedin thehomorymousfile. It canreturnwith exceptionghatmustbe caught.
We distinguishthreekinds of exceptions:

Ex_reshear _3 is thrown, whenthe violation canbe solved using a spatial
shearn(see82.4- anS;; shear):An exampleis a pair of non-coprimesilhou-
ettecure andcutcune.

Ex_reshear _2 is thrown, whenthe violation canbe solved usinga planar
shearn(see82.4- anS shear).An exampleis anony-regularcurve.

Ex_any is thrown on generalexceptions(it cannotbe solved usinga shear):
An exampleis anon-square-freeune.

The programs(as our demosin 85.3) thatincludethe compute _arrangement()
functionmustcatchtheseexceptionsandapply the correspondingolutionssteps.
Oneis ashearingf the coordinatesystem:

TheclassQdX::Random _shear providesthe shearingof the coordinatesystem by
applyingtheinverseshearto the objects.We have implementedhe shearingmeth-
odsdescribedn §82.4andprovidein this classsomefunction-calloperatorghatap-
ply the definedaffine changeof coordinategor exampleto trivariatepolynomials.
Theparameters s andt of theaffine changeof coordinatearesetrandomlywith
threefunctions:random() choosesandomvaluesfor all threeparametersyhile
random _st() andrandom _r() choosenew valuesfor s andt respectiely r only.
The exceptionhandlingof a programshouldapply random _st()  only, whenan
Ex_reshear _3isthrown. Forthrown Ex_reshear _2 it sufficesto callrandom_r() .
This keepsthe bit lengthof involved coeficientssmallerthanresettingall values.
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In 84.1.3we presentech methodthat useshigh-precisionfloating point approxi-
mationsfor shearingback points of interest. We omitted the implementationof
this, sinceits mechanisnbuilds a centralpartsof the upcomingimplementatiorof
diamondoperatorfor theleda::real numbernype(see82.1.4).

At the end, we have to repeatthatit is not possibleto exchangethe supporting
curwes of pointsand sggmentsfrom GAPS, which we proposedn 84.1.4. Thus
currently theimplementatiorito computeprojectedarrangementdoesnot support
non-coprimecurves,thoughit candetectthesesituations.

5.3 DemoPrograms

In the QuadriX directory the readermay also find someexecutabledemo pro-
grams.Themainexampleis thegraphicaldemocalledxquadri . Its Qtdesigrnwas
developedby Elmar Schimerfor the CubiX demoxcubi . Theauthorhasrekuilt it
to computeandvisualizethe arrangemendf a silhouettecurg andcutcunes.

Figure5.1: Lowerandupperarrangementen theredquadricof figure 1.1 asbase
quadric(overlaid). Note that somecurves seemto intersectalthoughthereis no

event point printed. Theseare the artificial intersectionpoints we mentionedin

83.3.

For a given setof quadrics the usercanchooseone of themasbasequadricand
cancomputethe projectedversionof thearrangemenbn the basequadricinduced
by the silhouetteandtheintersectiorcurveswith the otherquadrics. The projected

112



Figure5.2: Lowerarrangemenbn thered quadricof figure 1.1 asbasequadric.

arrangemenis visualized- eithertheintegratedview or theusercanselectto view
the lower or the upperarrangemen(seefigures5.1- 5.3). The graphicaldisplay
canbe pannedand zoomedusingthe right and the middle mousebutton andthe
usercanhidethegrid, the eventpointsand/orthe currentsilnouettecure.

Thedemoxquadri integratesall partsof theimplementationThevisualizationis
donestraightforvard. For afinite setof x-coordinatesn the x-rangeof a segment,
we evaluatethe supportingpolynomial f at thesex-coordinatesand computethe
u-th root of it approximatiely (doublearithmeticwithout error bound),with the
directsolutionformulasfor univariatedegree-4polynomials. Thenwe connecthe
finite setof approximategointswith straightline segments.The numberof such
x-coordinatess chosenin a way, thatwe have to zoomin very deeplyto seethe
straightline sgments.

Theuseof xquadri is straightforvard. With afile opendialog,theusercanspecify
theinput file (*.qdx ) thatcontainsa finite setof quadricsastrivariate polynomi-
als (ASCll-outputof ExAcus polynomials)or as setof interpolationpoints for

examplegeneratedy thethird democreateQdX ). The setof quadricsis listedin

the “Quadrics” menuthen. You can choosethe one you want to selectas base
guadric. In the“Action” menuthe button “Sweepcurves” startsthe computation
of the lower andthe upperarrangemenbn the chosenbasequadricat the same
time. Thetextual interfaceprintstherunningtimesof the differentsteps(splitting

of curnwes,time for computingthe lower/upperarrangement)lin the “Side” menu,
you canswitch betweenthe differentviews on the basequadric: Lower arrange-
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Figure5.3: Upperarrangemendn thered quadricof figure 1.1 asbasequadric.

ment,upperarrangemendr botharrangement@heintegratedarrangement)Since
theconstructiorof curves,segmentsandcurve pairsis cachedary re-computation
of thesamearrangemenis muchmorecheapethantheinitial computation Each
cutcune belongsto exactly two basequadricsandthereforeto four arrangements.
Oncethis cutcune is analyzedor oneof the quadrics the computatiorof the ar
rangemenbn the otherquadricsares a repeatedanalysis. Anotherside effect is,
thateachcutcune hasa constantoloring- excepttherewasashearingn between.
Thedemoxquadri chooses globalshearingspace:We startwith no shearingat
all andwheneer a shearingexceptionis throvn, we indicatethis to the userwith
thecurrentshearingparametersThis leadsto re-computationsf arrangementsn
alreadycomputedquadrics- to unify the coordinatesystemfor all arrangements.
The projectedarrangementare alwaysdisplayedin the currentchoiceof the co-
ordinatesystem.A fastdouble -basedshearingoackfor visualizationwill be part
of afutureimplementationwheretheusercanswitchbetweerthe shearegndthe
original coordinatesystem.

Besideghegraphicaldemo therearetwo otherdemoprogramsBoth have textual
interfacesonly. The sweepQdX demointegratesthe differentarrangementompu-
tationsfrom xquadri  into onesequenceEachquadricof theinput (eitherin afile
orviacommandine) is choserby oneafteranotherasbasequadric.For eachbase
guadric,the programcomputeghe lower andupperarrangemenasxquadri  does
andoutputsthe maininformation: Neededime for creationandsplitting curves,
numberof edgesand verticesin the lower/upperarrangementrunning times of
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the two arrangementomputations.In the end,for n quadricswe have computed
2n arrangementandthe total runningtime with someadditionalaveragevalues
(runningtime peredgeetc.) is printed. Similar to xquadri , a shearingexception
enforcesa completerestartof the computatiorof all arrangements the new co-
ordinatesystem.While in xquadri  the usercanchosewhich arrangementsust
berecomputedsweepQdX doesthis for all quadricsautomaticallyuntil all arrange-
mentsarecomputed.

Thelastdemoprogramis alsotextual-basedlt is calledcreateQdX andgenerates
data- genericandinterpolatedquadrics.The outputof the programconsistseither
of trivariate polynomialsor a setof interpolationpoints. In both casesthe user
canindirect the outputto afile, for examplecreateQdX 16 > rnd _16.qdx , or
specifiesthe commandine flag -i to switch the programinto interactve mode.
Thenthe output can be piped directly to other programslike createQdX 12 |
sweepQdX.

To constructquadrics we have implementedhreepossibilities: The first method
determinedor eachquadricits tenrandomcoeficientsin a certainrangeof values.
For example,the call createQdX 12 -g 15 generated2 quadricswhosecoefi-

cientsarein therange 2%° 215 Thetrivariatepolynomialsfound arecopiedto
the output. Calling createQdX with the-g optionforbidsthe useof thetwo other
methodgo constructquadrics.

Theothermethodsaremoreusefulwhenconstructinglegenerategituations First,
we wantto remembethe specialcaseof §3.2whena cutcune hasfour genuine
points. We statedthat this occursonly, whentwo quadricsintersectin four lines
embeddednto two non-rationalplanes.How canwe find two suchquadricsWe
turn the order startingwith a non-rationalpair of planespp andtry to find two
rationalquadricsa andb suchthata b a pp b pp. Inthiscase,pp must
beamemberp, of thequadricpencilof a andb (see83.2.5).Ourtaskis to find a
andb for given pp.

For afixedvalueO Kk , anirrational plane-pairpp k xy z is defined
by the polynomial
a1 ap kX by bz ky ¢ ci2 kz din diz k
a1 ap kx by b Ky € Cp kz da dx K

with & byj Gj dij . Notethatirrationality is achieved herewith a singlein-
volved square-rootWe only have to ensurehatthe coeficientsof pp arereallyin

k 0 k , Which is easyto testby usingthe correspondingqiumbertype
for one-rootexpressions.

If pp shouldbein the pencil of two rational- still unknavn - quadricsqg andr,
theremustbeapencilvalueA suchthatpp a\ b. Sincea andb areunknavn,
we canchoose\ randomly Now we cangive an algorithn? to computethe two

5Theconstructionwasdevelopedin personatommunicationsvith ChristianKlein.
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desiredquadricsa andb from ourrandomchoiceof rationalk, rationalcoeficients
aj byj ¢j dij andirrationalA. In fact, we canrefineour choiceof A to the choice
of two valuesy v withA p v kv 0,sincethecoeficientsof pp belong
to k andthecoeficientsof a andb areknown to berational.

We startwith thefollowing equation:

uw v kg r pp

which holds,iff for all coeficientsqjk rijx of all monomial9<iyjzk hold
Hov ok Gijk Tijk  PPijk-

The only unknawns in one of theseeguationsareqijk andrijx. They areeasyto
computewhenweuseppijxk P P K T: ¢gjkandr: rjj Thenit holds

W v kit popk
For example the equatiorfor the coeficient of x? lookslike this:

B v ki T a;ga2l audpk  asdr ande K

In s_uchanequationthecoeficientsof kland k 9 mustmatch.We startwith
k 1 whichleadsto

q

< o™

Thenthe coeficient of x? for the quadrica is gpoo 2222221122 This canbe
pluggedinto theremainingequationeadingto

<=

T p -h

whichresultsin rogg  aj1821  ajiak %‘ ajpap1  a1dp2 . Inthisway, we can
computerationalcoeficients of g andr yielding two rationalquadrics. After we
have foundtwo suchquadrics the generatorcreateQdX randomlycomputeswo
quadricss andt from the pencil of g andr (with rational pencil parametersand
copiesthemastrivariatepolynomialsto the output.

The default way to constructarrangementsf quadricsis the useof interpolation
points. The following ideasare taken from a Maple [Maple] implementationof
MichaelHemmerfHO02] andElmar Scrbmer Eachquadric(thatis tencoeficients
up to a commonmultiple) is defineduniquelyby nine homogeneouBnear equa-
tionsin thetenunknavn coeficientsAc 0. If ninegivenequationsdo not build
anunderdeterminedsystemwe have found a quadric. To generateequationghat
define(degeneratedsituationsof a quadricwe startwith a genericquadricin ma-
trix representation:
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2a d e g Xt
d 2b f h yt

xt yt zt 1 f 2c k - 0
g k 21 1

If wereplaceheparameterizedoordinatext yt zt ortheirderivativesw.r.t.t
with specialvalues,we gethomogeneousquationsn the coeficientsa | of
the quadric. With the help of suchequationswe can force the quadricto run
througha given point or we candefinethe deriatives of the quadricsin different
points:

1. For a given rational point px py p, 3 that shouldlie on the desired
quadric,the coeficientsof the quadricmustfulfill thefollowing equation:

2pfa 2pib  2pic
2pxpyd  2pxp£ 2pyp.f
2pg  2pyh 2pk

2l 0,

withabcdefghkl

As written above, we canalsodifferentiatethe polynomialin parameterizedoef-
ficientswith respecto the parametet. The resultingderivative variablescanbe
replacedwith given values. We have the possibility to assignfurther conditions
to a given point on a quadriclike tangentplane(first curvature),torsion (second
curvature)or third cunature. Eachadditionalfact producesanotherequationof

thesystem Herearethe remainingequationghatcanbefulfilled additionally:

2. Foragivenpoint py py p, onthequadricandnormalvector tn, tny tn,
atthis pointthe coeficientsof the quadricmustfulfill this equation:

4pitna  4pytnyb  4pitn,c
2tnepy  2pytny d
2tingp; 2pgtn; e
2tnyp; 2pytn; f
2tng  2tnyh - 2tnk 0

3. Foragivenpoint py py p; onthequadric,normalvector tny tny tn, and
torsionvector toy toy to, atthis pointthe coeficientsof the quadricmust
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fulfill thisequation:

4n2  Aptox a

4tng  4pytoy b

42 4Ap;to, c

2toxpy 4tntny  2pytoy d

2togp, 4tngtn, 2pyto, e

2toyp, 4tnytn, 2pyto, f
2toxg 2toyh 2tok 0

4. For a given point py py p, on the quadric, normalvector tny tny tn, ,
torsionvector toy toy to, andvectorof third cunature thy thy th, atthis
pointthe coeficientsof the quadricmustfulfill this equation:

l2antox  4pgthy a
12nytoy, 4pythy b
12nto, 4pzth, c
2thypy 6togtny, 6tnto, 2pythy d
2thyp, 6tosttn, 6tngto, 2pgth, e
2thyp, 6toytn, 6tnyto, 2pyth, f
2thyg 2thyh  2thyk 0

For example,two pointswith all conditionssetanda third simplepoint determine
the quadricuniquely Of course,we could deeperthis methodup to the eight-th
cunaturefor onespecialpoint which determinegshe quadricuniquely too. With
this technique,it is easyto constructdegeneratedsituationslike commonpoints
of multiple quadricsjntersectionsn singularpoints,creationof top-bottompoints
andsoon. Thereis thelittle disadwantagethat all the pointsand cunaturevec-
tors aregiven asrationalvalues. Insteadof the trivariatepolynomials,we output
the interpolationpointswith their vectorsof derivatives (if existing). This allows

to perturbthe interpolationpoints slightly in orderto constructneardegenerate
situationg(for detailsseeg5.4).

Thegeneralkall of createQdX lookslike this:
createQdX n ipd pl p2 p3 -¢c [nc] -x nx [-]

Theseparametersieterminethe behaior of the generatar The value n defines
thetotal numberof quadricswhile the parameterx enforceshe generatiorof nx
specialquadricsvhosecutcuneshave morethan4 singularpoints. Theremaining
nn: n nxquadricsarecreatedy choosingd conditionsof asetof interpolation
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points. Normally, this setcontains9nn randompoints (only with coordinates).
This numbercanbe shrunkto afactorof ipd 100with 10 ipd 100,suchthat

the quadricscontainmore commonpoints. Whenp; p>  ps, all pointshave

no derivative vectorsassignedwhich yieldsto the situationwhereeachquadricis

determinedoy nine spatialcoordinates.The usercanchangethis behaior using

thevaluespl p2 p3. With probability p; 100,theprogramsaddsarandomvector
for thefirst derivative to eachpointin theset. If the programhasconstructec point

with afirst derivative vector avectorfor theseconds constructedvith probability

p2 100andsoon. Furthermoretheoptionalparameterc togethemwith anumber
nc choosesic numbersof conditionsin this point setthateachgeneratedjuadric
will fulfill. If theuseromitsavaluefor nc whenspecifying-c , arandomnumber
betweerl and8 conditionswill bedetermined.

Of course,it is easyto extendthe generatotto higherderivatives or to construct
other specialsituations(top-bottompoints) or to retuild the userinterfaceto be
moreinteractie.

In the next chaptewe usecreateQdX with differentparameterso produceinput
for benchmarkingur code.

5.4 Benchmarks

In this sectionwe wantto prove thatthe computationof arrangementsisingour
projectionmethodis a practicableapplication. We generatevarioussetsof input
quadricswhich we describebelov andcomputefor eachquadricin sucha setthe
two arrangementimducedoy intersectiorcurveswith otherquadriconits surface.
To determinethe runningtime, we usedsweepQdX on a Pentiumlll Mobile 800
MHz with 256 KB cacheunderLinux. ThetestprogramsweepQdX wascompiled
with the GNU C++ compilerv3.1with optimizationg(-02) switchedon andwith-

out ary dehuggingassertion§-DNDEBUG. The usedarithmetichnumbertypesare
theonesprovided by LEDA 4.4 andasalgebraicnumbersve usedthe implemen-
tationwith degeneratingntenals (see§2.1.4and8§5.1).

Therunningtimesaremeasuredvith LiS::User _timer whichreportsonthetimes
allocatedby the operationsystem. We measuredhe total runningtimesto com-

puteall arrangementsnall quadricdn agivenset,but we alsostartedsomespecial
timersto have a sharperesultwherethe algorithmspentits time. We candistin-

guishbetweera timer thatmeasuredhe time to decomposeurvesinto segments
(Split) andatimer to measurehetime neededor theactualsweepof thearrange-
mentsof decomposedurves (Sweep The first corresponddo the analysesof

single curves and their location on the partsof the basequadricand the second
denoteghetime spentfor theanalyse®f curve pairs.

In our detailedview on the algorithm,onespecialpartattractsattentionin its run-
ning time. The analysisof y-coordinate®f singularpointsseemso be anexpen-
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sive operation.Thereforewe addeda third timer (Sing which measuredhetotal
time for this analysis.Note thatthis time hasalreadycontributedto the measure-
mentof decomposingunes.

Sincethe function sweep_curves internally usesa randomizeddata-structurg¢o
maintainX- andY-structure(we meanleda::skiplist ), therunningtimespre-
sentedbelow areaveragedvaluesover threerunsfor eachsetof quadrics.

We usetwo quantitiesto characterizeénput data. On the one hand,we countthe
numbem of quadricsin anarrangemenivhich resultsin O n? intersectiorcurves
andthereforecutcunes. The secondquantityis the bit lengthof the largestcoefi-
cientof eachquadricon average Notethattheprojectedcurveshave amuchlarger
bit lengthdueto theresultantstep.In fact,their bit lengthis twice asbig asthe bit
lengthof the coeficientsof theinput quadricson average.

Our testedinput consistof four differenttypesof sets. For eachtype we provide
datasetswith 4 8 12 and16 quadrics.All of themarecreatedoy specificcalls of
createQdX (for detailsseethe correspondingpartin §85.3):

rnd At first, we createch randomquadricsby interpolatingthemthrough9n ran-
dom points. The point coordinatesare randomintegersbetween 48 and
48.

deg For degeneratedituationswe generatech quadricshatshare4 randomcon-
ditions(for exampleequalpointsperhapsvith someadjoinedderivative val-
ues). The remaining5 conditionsfor eachquadricaretaken from a setof
anotherbn interpolationpointsthat carry additionalderivative valueswith
probability 0 6, 05 and0 4. All vectorentriesare againchosenfrom the
range 48 48.

gcc Half of thequadricdn the next setsarespecialquadricsvhosecutcunescon-
tain morethan4 singularpoints. The remainingm quadricsareinterpolated
through9m points.

rndg Thelastsetsconsistof quadricswhosetencoeficientsarechoserrandomly
usingthe-g parametenf createQdX with differentbit lengths.

Eachdatasetis chosersuch,thatthe computatiorof all arrangementsanbedone
without shearing.A reshearingesultsin two side-efectsthat confusethe unifor-
mity of themeasurementszirst, thetestprogramsweepQdX startsthecomputation
of thearrangementfom scratch suchthatthe total runningtime cannotbe com-
paredwith the total runningtime of datasetsthatdo not needanothercoordinate
system.And secondthe bit lengthof the quadricsincreasesvith shearingwhich
resultsin longerrunningtimes. Again, thesedatasetscannotbe comparedwith
the othersetscomputedn the original coordinatesystem.We includeda special
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benchmarkto shav the influenceof the bit lengthon the runningtime of the al-
gorithm. All datafiles areincludedin the software andtheir namesindicatethe
parametersf createQdX we usedto generatehem.Figure5.4 shavstheoverlaid
arrangementsn a quadricin a degeneratarrangementf 12 quadrics.

Figure 5.4: Outputof xquadri  which shawvs both (overlaid) arrangementsn a
quadricin a degeneratearrangemenbf 12 quadrics. The silhouettecurg of the
basequadriccanbefoundin thelower right corner

Thetotal runningtime dependsery muchon the compleity of the output,thatis
thesweptarrangementsl hereforewe addthetotalnumberof nodesand(directed)
edgesn thecomputedarrangements.

Wemeasuredherunningtime of computingall arrangementandsumup all swept
sgments computedhodesandedges.In fact, this givesan averageview on com-
putingour arrangementdecausef two cachingreasons:

The two arrangementsn a singlequadric(lower and upperpart) arecom-
putedusingthe sameprojectedcurves. While thefirst computation in our
casethelower one- doesa lot of expensve stepsof the differentcurve and
cune pair analysesthe computatiorof the upperarrangementenefitsfrom
thesealready-computedalues.

Furthermorewhile thecomputation®f thearrangementsnthefirst quadric
enforcethe new creationandcomputatiorof all its cutcunes,the computa-
tion of thearrangementen thelastquadricdoesnot needto createary new
cutcunes, sincewith eachprecedingguadric,the algorithmhascreatedhe
correspondingutcunes,cachedhemandcomputedmostof their analyses.
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Seconds

Seconds

In theoveralltime measuremenhedifferentamountsf time consumptiorcannot
beseen We proposeo runthesweepQdXto seethesecachingeffectsin therunning
timesof the differentsteps.

The adjacenfigure presentshe
1200 graphof the runningtimes (to-

o e Ve tal and sweeponly) as func-
ey Z%‘E L tion of the number of input
ol - Y guadrics. We can see,that the

growth is roughlyquadratic put

s00 | with differentslopes: The data
. 4 setscontainingspecialquadrics

400 - T have smallerrunningtimesbe-
’ a7 | causeof asmallerbit lengthon

;V;gjf‘ o average. On the otherside, the
degeneratedituationsaremuch

owdies s more expensve than the other
randomsets. In thesecases tangentialintersectionsoccutr which are more ex-
pensve dueto the more comple analysesf intersectionpoints with the Jacobi
cune or explicit arithmetic(see83.3).

A similar behaior canbe seen

008 in the next figure, where we
007 | e o) m- . divided the running times by
. deg (sweep) -}

qoace ot & the numberof computededges.
oo . This allows to analyzethe run-
0.05 o ning time in the compleity of
. the computedoutput of the al-

o gorithm. For the two setsrnd

0.03

and gcc the average running
times are “nearly” linearith-
iieee# Metic, which seemsto match

| the expected output-sensitie
4 8 12 v complity of the straightline
segmentsweep[MN99 "10.7. 2]. But for the degeneratedsets(deg), we seein-
creasingrunningtimes. This increasingoehaior canexplainedwith theincreas-
ing numberof degeneraciesn this datasets. The quadricsin thesesetsshare4
conditions. Sincethe numberof quadricssharingtheseconditionsincreaseghe
percentagef degenerate@ndthuscostly situationsincreasestoo. Dependingon
the commoninterpolationconditions the algorithmoften usesthe Jacobicure to
find theintersectioror the explicit coordinate®f singularpoints.

0,02 @ e

P
»®

0.01

0

The measurementaluesfor the differentdatasetscanbe foundin the following
table(all valuesroundedto onedigit):
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All arrangements

Series| n | Bits || Segs | Nodes| Edges| Total | Split (Sing) | Sweep
md 4| 72| 336] 474| 1032 20.7| 16.7 (11.1)] 4.0
rd 8 71| 1440 2552| 6702| 148.0| 101.8 (70.0) 46.2
rnd 12 72| 3474 | 7544 21980| 457.4| 280.6(180.0)| 176.8
rd 16| 70| 5464 | 13592| 42168| 876.2| 460.7(295.6)| 415.5

deg 4] 70 282] 378] 836] 358 30.4 (19.1)] 5.4
deg 8| 72| 1514| 2330| 5956| 293.7| 99.6 (62.6)| 194.1
deg | 12| 71| 3300| 5594| 15480| 1138.0| 305.7(187.1)| 832.3

qee 4] 51| 176] 226] 440] 15.2] 13.7 (85)] 15
qee 8| 50| 964| 1710| 4560| 94.7| 615 (39.2)| 33.2
qcc | 12| 52| 2656| 5402| 15496| 281.6| 163.1(107.1)| 118.5
gcc | 16| 521 4076 9396| 27608| 496.3| 246.2(155.3)| 250.1

We have asledtwo questionsvhenwe seetheseresults:
(i) Why isthetotal runningtime quitebig?

(i) Why doesthe splitting needmorethanthe half of the runningtime in most
cases?

Theanswelto thefirst questionis quitesimple.Look atthe numberof intersection
curvesandtheirbit length. Thenumberof intersectiorcurvesis O n? andtheirbig
lengthis abouttwice asbig asfor theinput quadrics.Both arereally large values,
which alsoresultsin much bigger coeficients to representhe x-coordinatesof
intersections.For that reasonwe addedthe fourth of the setsof input datawith
smallerbit lengthof the coeficients- seethelasttablein this section.

Theanswerto the secondquestioncanbefoundin the columnpresentinghe run-
ning times to analyzey-coordinatesof singularpoints. Wheneer we have the
explicit valuexg of the x-coordinateof a singularpoint assquareroot expression,
we factorthe polynomial f xg y y by multiplicities to find the y-coordinate
of the singularpoint. Although this is computedwith a specialnumbertype that
modelsthefield extensionwith squarerootsperfectly it needsaswe cansee yvery
longtime comparedo othersteps.In thecurrenimplementationywe evenreplaced
the genericfactorizatiorby multiplicities with a morespecializedmplementation
to usethatdeg f Xp ¥ 4, whichyield a smallimprovementonly. We propose
to look at this algorithmicmethodfirst, whensearchindgor futureimprovements.

Neverthelesscomparedo a former prototypeimplementatiorby Wolpert[W02],

our runningtimesaremuchbetter We cannotgive a comparisorfactor sincethe
prototypewasonly ableto computewhat happensat the differentone-cure and
two-cune event points without sorting segmentsof projectedcurvesto quadric
partsor evento sweepa completearrangement.The detectionof somegenuine
pointswas alsoimpossible. But for threequadricsgiven with 70 bit coeficient
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lengthit took aboutthe time to computethe event pointsof anarrangemenbn a
singlequadric,which we needto computeall 24 arrangementen 12 quadrics.

The next figure to the
00 left shaws theincreaseof
"o tora) - the running time (again
deg (sweep)
total and sweep only)
P by the influence of the
e % coeficient's bit lengths.
1500 | o We tested it for the
e e for rd _08.qdx and for
B " deg_08.qdx , which we
s modified with the pro-
R P gram pertubQdX , which
0§© ‘ keepsthe topology of an
100 B e 250 arrangemenbf quadrics
interpolatedby a set of
points nearly unchanged. This programfirst scalesthe integral interpolation
points x; y; z by afactorof s 107, s 10 ands 10% respectiely. Af-
ter that, it perturbsthem with randomly chosengy ¢y €, 10 10 to
SX & SY & Sz & . Weomittedthedatasetsgcc sincehalf of theirquadrics
are not representedby interpolationpointsthat canbe perturbed. Again, the de-
tailed runningtimescanbe foundin tablebelov. Notethatwith biggerbit length
theanalyse®f singlecurvesaremuchmoretime consuminghanthe sweeptself.
If welook atthetime usedto analyzethey-coordinate®f singularpoints,we have
foundthe culprit for the samereasomasabove, but with muchbiggercoeficients
in thepolynomialswe have to factorby multiplicities.

Omoe

2500 -~

2000 -

Seconds

1000 -

500 -

All arrangements

Series | Bits || Seys | Nodes| Edges| Total | Split (Sing) | Sweep
rnd _08 71| 1440| 2552| 6702| 148.0| 101.8 (70.0) 46.2
s 10% | 166 | 1414| 2530| 6668| 899.9| 699.3 (468.6)| 200.6
s 10° | 226 | 1440| 2552| 6704| 1347.9| 1057.0 (778.6)| 290.8
s 10* | 273| 1440| 2552| 6702| 1925.3 1519.1(1148.8)| 406.1

deg_08 72| 1514| 2330| 5956| 293.7 99.6 (62.6)| 194.1
s 107 | 147 | 1494| 2348| 5972| 1264.4| 515.0 (337.1)| 749.4
s 10° | 186 1524| 2390| 6048| 1836.5| 766.5 (541.6)| 1070.0
s 10% | 233 1528| 2404| 6080| 2543.7| 1088.3 (804.0)| 1455.4

As promisedabove, we have generatedomefurther setsof quadricswith random
coeficients. In comparisonto the interpolatedquadrics,we can control the bit
length of thesequadricsmuchmoredirectly. In fact, we have chosenquite small
bit lengths(10, 20 and30 bits) but with thesamenumberof 4 8 12 and16quadrics
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Figure5.5:

in eachset. Unfortunatelytherandomizedyeneratiordoesnotallow to controlthe
compleity of thethree-dimensionarrangementsThetotal numberof sggments,
nodesandedgesn thecorrespondingablesreflectsthis unlovely behaior.

All arrangements
Series| n [ Bits || Segs | Nodes| Edges| Total || Split(Sing) | Sweep
rndg 4 10 148 198 464 2.3 1.5 (0.7) 0.7

mdg | 4| 20| 278| 388| 868| 51| 35 (20| 16
mdg | 4| 30| 202| 272| 556| 76| 6.1 (34)| 15
mdg | 8| 10] 1166] 1998 5100| 17.3]] 6.6 (2.6)| 10.7
mdg | 8| 20| 894| 1478| 3564| 26.6| 14.4 (7.8)| 12.3
mdg | 8| 30| 1106| 1788| 4364| 46.8|| 28.3(15.4)| 18.5

mdg | 12| 10] 2652] 5332] 14904] 49.3] 135 (5.3)| 35.8
mdg | 12| 20| 1332| 2398| 6400| 57.5| 32.0(17.0)| 255
mdg | 12| 30| 2276| 4876| 14040| 131.6| 64.0(36.8)| 67.0

rndg 16 | 10| 4082| 10060| 30076| 103.0|| 20.7 (8.0) 82.4
rndg 16| 20| 3678| 8696 | 25188| 163.1|| 54.7(27.6)| 108.4
rndg 16| 30| 4672| 10442 | 30456 | 272.4| 113.7(68.0) | 158.7

Therefore figure 5.5 shawvs the output-sensitie runningtimesonly. Althoughthe
averagetotal runningtimesfluctuatesn somesenseagaindueto the analysesf
singularpoints,theaveragerunningtimesof thesweeine algorithmarebehaing
very parallel. Thisis againareasorto have acloserlook attheanalyse®f singular
points. Thereis onelastremarkon thesedatasets: The smallerbit lengthsof the
coeficientsleadto muchbetterrunningtimes.

At the end, we want to mentionsomeexamplesthat yield betterrunning times
comparedo anaive approachThetriple testto determinghe arcnumberof anx-
extremepoint of cutcunesavoids the constructiorof algebraicnumbersandtheir
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orderings. In fact, in eachx-extremepoint of a cutcure we save morethanthe
half of algebraicnumbers. Another greatimprovementof the running time is
achieved by filtering gcd computationswith the modulararithmetic. Wheneer
we have to computethe square-fregartof a univariatepolynomial p we compute
p gcd p p . Butwhenpis alreadysquare-freghisis very expensve. The mod-
ular filter may_have _commonroot detectsalreadysquare-fregpolynomialswith
very high probability This filter works very goodin the caseswherewe can
remove somemultiple rootsfrom p. In 83.3we mentionedhe casewherethere-
sultantof thecurve f andthe Jacobicurve J of f andg hasmultiple roots,because
J intersectghe singularpointsof f. Fortunately we know polynomialsfor these
x-coordinateswhich allow usto simplify Ry ¢+ towardssquarefreenegalthough
we do not know the correctmultiplicity of eachroot). But in mostcaseghis di-
vision makesR; ¢ “more square-freeWwhich canbe filtered betterby the modular
arithmetic. The improvementof the runningtime wasvery big, especiallywhen
weremovethesefew linesof code. This big improvementof therunningtimeswas
our motivationto omit a presentatioof themwith time measurements.

Justbecauseof somelarge running times, especiallyin the analysesf singular
points,we hopethattwo thingshelpto getaroundthem: One of themarefiltered
algorithmsthat use cheaphardware arithmeticto determinethe answerin non-
degeneratesituations.Only in exceptionaldegeneratesituationswe have to usethe
expensve exactalgorithm. In Chapter6 of this thesis,we introducesomeideasto
performbooleanoperationson solidsdefinedby quadrics. Theseoperationshave
not the needto computethe arrangementsf intersectioncurveson eachquadric,
which candecreas¢he numberof considerecurvesandarrangementandthere-
fore therunningtime of suchabooleanoperation.

5.5 Enhancementsof the Implementation

Althoughthe currentcodeis morethanjust a prototypeor proof of conceptthere
aresomepointswheresomerefinementganimprove runningtime or generality:

5.5.1 Filters

The codein the QuadriX library in this first versionis completelyfree of filters,
which meanghatthe exactandthusexpensve computationsare usedalways, al-
thoughthe answercan often be given using approximatedvalues. This radical
statementustbereleasedn somesensesincetherearesomefilters applied,but
mainly in theimplementatiorof the NumeriX library: We alreadymentionecthe
modulararithmeticthataccelerategcd computationandsomenumbertypes(for
exampleleda::real ) make frequentuseof internalfilters. All thesefilters have a
big impacton therunningtimesof thealgorithm.
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But, thereare several possibilitiesin the different methodsshavn in chapters3
and4 whereapproximatedilters could do a greatjob. We wantto point out one
smallexampleonly: A numericalfilter for thesortingof arcsof acurve pair f g
overanintenal. At themomentwe evaluatethetwo polynomialsf xy g xy

Xy atsomerationalvalueg to getfz y g y y. In the next step,we
computetheir rootswhich we canidentify with the y-coordinateof the pointsof
f andg over . The expensve orderingof themyieldsa sortedsequencef the f-
andg-arcsover&.

This operationcanbe filtered using verified intenal arithmeticson floating point
numberg(for exampledouble insteadof rationalarithmeticsandthe orderingof

realalgebraicnumbers).For the x-coordinatet, it is simpleto computeanintenal

approximation.In fact, the NumeriX library offers a function that performsthis

transformationWe substituteherationalvalueof ¢ with its interval approximation
andplugthisinto thepolynomial f whichis thepolynomial f whereall coeficients
aretransformedo intenal arithmetic.

With a verified numericalroot finder, we areableto find internval approximations
of the algebraicnumbergrepresentinghe y-coordinatesof pointsover &). If the
resolutionof theapproximatiorsufiicesto give theansweyit is very cheapto deter
minethe order sinceonly systemintegratedfloating point operationsareinvoked.
Otherwisetherootfindermustbeableto detectwhentheinterval arithmeticis not
ableto separatendto comparethe differentroots. In this case,it mustthrow an
exceptionwhich triggersthe alreadyimplementedexactmethod.

We hopethat suchnumericalfilters canalsobe usefulin the analysisof singular
pointsof cutcunes.

5.5.2 Generic Programming: Surfacesof Higher Algebraic Degree

Theapproacthof projectingsilhouettecurgs andcutcunesof algebraicsurfacesis
not limited to algebraicsurfacesof degree2. But surfacesbeyond quadricscan
involve morethantwo “parts” (quadricsalwayshave at mosttwo parts). This also
impliesthatthesilhouettemustnotbeembeddedh a singleplane- asfor quadrics.
For cutcunes,you canimagineeasilythatthey canspanover seseral partsof such
asurface(averticalray in z-directioncanhit the surfacemorethantwice). But the
techniqueof mappingcutcune sggmentgo acertainpartof thebasesurfaceis very
similarto thealgorithmwe developedfor cutcune segmentsof two quadrics.There
aremainly threeproblems:Thefirst andthe secondcorrespondo the analyseof
singlecurvesandcune pairs. If we couldfill the eventinfo structureswe would
be done. Thethird difficulty is thatin generalwe do not have explicit coordinates
of projectedisolatedpointsto determinetheir correspondingpart on the surface.
Luckily, for quadricghesebehae luckily very well.
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Neverthelesghe files P_curve _2 andP_curve _pair _2 canbe modifiedsuchthat
theactualanalysisunctionsaresourcedut. Theseshouldbe providedasmember
functions(or functor classespf the algebraicsurface. If the computationsf the
eventinfo structuresare sourcedout to the algebraicsurfaces,we claim thatless
technicalwork onthecurrentimplementatiorsufiicesto getageneridmplementa-
tionthatprovidesthecomputatiorof two-dimensionaérrangementsf intersection
cunveson arbitraryalgebraicsurfaces.

This concludegheview onthecurrentimplementationln thenext chapteme give
someideasto build booleanoperationson algebraicsurfaceswith the help of the
computatiorof the two-dimensionakrrangementsn the surfaces(in our caseon
quadrics).
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Chapter 6

Outlook:
Solid Modeling on Quadrics

In the previous chapterwe have developedandimplementedan algorithmthatis
ableto computethetwo-dimensionahrrangementsn eachquadricin anarrange-
mentof a finite setof quadrics.Thesearrangementareinducedby the silhouettes
of the guadricsandthe spatialintersectioncunes of eachtwo quadrics.To com-
pute the completethree-dimensionahrrangemenof quadrics,we have to stitch
thesedifferentarrangementtogether We only wantto sketchhow to do this: In
fact, we have computedall incidencesbetweenvertices,edgesand facesin the
three-dimensionadrrangementWe missedto find the cells andhow they relate
to lower-dimensionalobjects. Exceptfor somedegeneratecaseqa quadriccol-
lapsingto a single point - for examplex? y?> 7 0) the cellsareincidentto
a finite numberof faces. Incidentfacescan be identified using their boundary
becausdheseare describedby silhouettecurgs and cutcunes. We cantraverse
the sgmentsdescribinga faceand canfind out which facesof otherquadricsare
incidentto this sgment,which is storedin the supportof the segment. If it is a
silhouettecure, thereis no otherquadricinvolved normally andfor a cutcune we
canfind atleastoneincidentface.The correspondindaceon theincidentquadric
canbefoundvery easilysinceit mustcontaina sub-sgmentof this segmentin its
boundarydescription With somepointlocationto relatethevolumesto eachother
we aredone.

Themainpartof this chaptergivesan outlookon how to assemblesolid modeling
methodsusing the projectedarrangementsf intersectioncurves. We caneven
nameour desire:BooleanOperations on Quadrics.
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6.1 Intr oduction to Solid Modeling

Solid Modeling is a consistentset of mathematicaland computermodeling of
three-dimensionasolids and has beendevelopedover the last thirty years. Its
majorthemesaretheoreticafoundationsgeometricabindtopologicalrepresenta-
tions, algorithms,systemsand applicationsof three-dimensionabbjects. A good
overviaw is givenin thearticle of Shapiro[S02.

Solid Modeling mainly hastwo modelsto represensolid objects: Constructie
Solid Geometry(CSG)andBoundaryRepresentationd@-reps).

6.1.1 Constructive Solid Geometry (CSG)

A CSGmodelalwaysconsistof afinite setof basicsolid objects- the primitives

In our case quadricsareusedas primitives. A CSGmodelconstructanorecom-
plex objectswith booleanopemtionson the primitives andintermediateobjects.
Examplesareunion intersectionanddifference The CSGmodelstoresits repre-
sentedobjectasa binary tree,wherethe leaf nodesare primitivesandthe interior
nodesdefinebooleanoperationsntendedfor the objectsat their child nodes.lIt is

thusa descriptionof whatto do with primitives. An examplecanbeseenin figure
6.1. Thereis an equivalent representatiomising set-theoretiexpressionson the
primitives.

Whenwe talk abouta solid, we talk abouta point setS that satisfiessomecondi-
tions: Eachpoint p of asolid Scanbeclassifiedusingits local neighborhootl Full
ballsindicatethata point p liesin theinterior of S Ontheotherside,partiallocal
neighborhoodgeverythingexceptthefull ball) identify a pointon theboundaryof
the object.

To considerS asa solid, we mustensurethatit containsinterior pointsonly and
all boundarypointshave aninfinite setof interior pointsnearby All otherpoints
of erodediower-dimensionaheighborhood#ndicatea lack of solidity. An object
X is calledregulariff X  closureinterior X . Applying this definition to the
resultof abooleanoperationwe canregularizeanobject. Theregularizedboolean
operationsaredenotecby , ,and . Infigure6.2we examplethe difference
betweera normalanda regularizedbooleanoperation.This distinctionallows us
to branchinto two directions: Representatioof regularizedand non-reularized
objects. Solidsitself are closedunderregularizedbooleanoperationsonly. In

fact, we wantto considerregularizedbooleanoperationsonly, sincenon-regular
objectsare much more complicatedto handle,althoughthe non-reyular objects
caneasilymodeledwith CSG.In §6.1.2we give a methodto describeobjectsby

their boundarywhichis alreadycomplex enoughfor non-regyularsolids.

IThelocalneighborhoodf apointp ~ Sis theintersectiorof asuficientsmallopenball centered
atpwith S
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Figure6.1: An objectin CSGrepresentatiobuilt from two primitivesA andB.
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Figure 6.2: Comparisorof normalbooleanoperationversusregularizedboolean
operationof boxesin thetwo-dimensionaplane.

6.1.2 Boundary Representation(B-rep)

Another representatiorof solid objectsis basedon the fact that objectshave a
well-definedboundarywhich is a unique descriptionof the objectitself andis
called BoundaryRepesentation(B-rep) [B74]. It allows usto represent solid
implicitly by the boundarywithoutenumeratinggvery pointin theinterior. In fact,
the boundaryof a solid S partitionsthe three-dimensionadpaceexactly into two
subsets not necessarilyyonnectedThe boundednterior of Sandthe unbounded
exterior space Thequestionis, how to representheboundaryof S. In generalwe
canrepresenthe boundaryin ary way we like, asfar asit describes solid. One
way is to divide the boundaryinto points,curvesandsuriacesandthetopologyon
them. In fact,we only usesmall connectedcomponent®f them(whenrepresent-
ing comple solids). The main geometricobjectsobviously arethe surfaces.We
only wantto use(small) patchesof them- comparabldo facesasin the previous
chaptersPointsandcurves(indeedsegmentsof spatialcurves)connecthediffer-
entnon-orerlappingpatchedn a boundaryrepresentatiofasverticesandedges).
In fact,every edgemustbeincidentto anevennumberof patches otherwisejt is
notavalid solid. A realworld examplecouldbe a solid whichis built from seved
remnants.

How do we represenpatches?Fortunately this is a relatively easytask. In our
casea patchlies on a quadricand- indeed- on the lower or the upperpart. Us-
ing the silhouetteof the quadricsand spatialintersectioncurves asboundary we
candefinea faceon the correspondingpart of the quadric. This faceis a two-
dimensionalpolygonon the quadric. With the help of our projectionphase the
representatiois indirect. Insteadof the spatialsilhouetteandintersectiorcunes,
we can usethe projectedversions: silhouettecurg and cutcunes. Segmentsof
themcanbuild planarpolygons. But we have to storefor the planarpolygonon
which sideof which quadricit exists.

Sincethis chapteiis only anoutlook,we mustsaythatcurrentlythereis no imple-
mentationavailableto build polygonson algebraicsegmentsdefinedin §4.1. But
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Figure6.3: Thesameobjectasin figure 6.1 andits boundaryrepresentation.
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this is only dueto time restrictions. As [BE+02] [MN99, 10.8] stated the setof

predicatesand constructionsieededor the sweepsufice to build booleanoper

ationson polygonsthat are definedby sweepablesegments. In fact, we have to

extendpointsandsegmentsof GAPSin somedirectionto infinity: For somepoly-

gonswe mustbe ableto represensggmentsrunningfor examplefrom the point
oo co tothepoint o o (seefigure6.4).

00 00 00 00
00

(o, 2ndarcof f over ) B w,2ndarcof  overco
f
A A
o, 1starcof f over o oo, 1starcof f overoo
(oo} (oo} e (oo}

Figure6.4: Infimaximal sgments:Assumef to be a silhouettecure. Depending
on which sidethe quadriclies (A or B) we have to representhe thin or the thick
redsegmentsatinfinity, with the correspondingpoints. This allows usto represent
patchesof primitives.

Besidesthe storageof geometricdataas spatialpoints, curve sggmentsand sur

face patcheswe have to provide a data-structurehat storesthe topologicalin-

formationbetweenthesegeometricobjects. Dependingon the classof solidswe

wish to representthereexist severaltopologicalapproachesMainly, we candis-

tinguish betweenregularizedor non-regyularizedand manifold or non-manifold.
Manifold solidsdiffer from non-manifoldsolidsin their boundarypoints. A three-
dimensionakolid Sis calledmanifoldif thelocal neighborhoof eachboundary
point p is homeomorphido a two-dimensionalisk. Otherwiseit is callednon-

manifold Every realworld solid is a manifold, unlike someconstructionsn solid

modeling.Examplesarethe unionof two sphereghatintersectin onesinglepoint

only, or two cylindersthatmeetin asingleline.

For every combinationof them, we canfind topologicaldata-structureshat are
ableto represensuchsolids. Non-regular solids for examplecan usethe com-
plex Nef-3d structure. In fact, Michael Hemmeris currentlyworking on this for
quadrics. For regular solids, we have to distinguishbetweenmanifold and non-
manifold solids. For manifold solids, every edgeis sharedby exactly two faces
andthe popularwinged-edg data-structur¢B74] is ableto representhis kind of
solids. As the examplesof abore shaw, our goal of completenesenforcesus to
representlsonon-manifoldsolidsthat resultfrom degeneratesituations(tangen-
tial intersectiongtc.). Theradial-edg data-structurelevelopedby Weiler [W86]
is ableto dothisjob. It storeghetopologyinformationalsoin anedge-basetier
archicaldata-structurelt connectgoints,curvesandpatchesandbuilds vertices,
edgesfaces,shellsandregionson them. While the first threeare quite intuitive,
we mustexplain the latterones:A regionis a volumeof spaceandis boundedby
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a shell which consistsof afinite setof faces(connectedvith verticesandedges).
We omit the detailsandmentionhereonly thatthe adjaceng betweerthedifferent
topologicalitemsplaysaregreatrole.

We alreadystatedthat the patchesare the main objectsin a B-rep. Two solids
intersecteither in the interior of patchesor, in somedegeneratecases.at their
boundary(which consistof curvesandpoints).In thefollowing algorithm,which
corvertsa CSGmodelto a B-repmodel,we concentrat®n patches:

6.2 Boundary Evaluation

Both main modelsof solid modelinghave advantagesanddisadwantages A CSG
representatioiis muchmore compactandintuitive, sinceeveryonecanbuild the
resultingobject by evaluatingthe expressionfrom the leafs. Eachinterior node
builds a bigge? object(union) or a smallef object(intersectionanddifference).
In fact, B-repsoften are usedfor visualizationand generatingconstructiondata
for industrialmachines.It would be greatif we could convert onerepresentation
to the other The conversionof a simple CSG modelto more comple B-repis
mucheasierthanthe otherway around,sincea the primitivesin the CSGmodel
definea unique boundary The otherway is more complicated. It dependson
the primitives available, if therecanbe no or several valid CSG modelsfor a B-
rep model. Sincewe wantto modelsolidswith booleanoperationdrom quadric
primitives,we concentrat®n the corversionfrom CSGto B-rep.

Oneidealis to corvert first the primitives of the CSGtreeto B-rep. Thenall re-

maining evaluationsof the CSGtree consistsof (regularized)booleanoperations
on B-reps. The computationof booleanoperationson B-repsis called Boundary
Evaluation[RV85] andis famousin solid modeling. It is basedon the fact, that

for two given solidsanda booleanoperationon them, the patchesdescribingthe

boundaryof the new objectare subsetof the patchesn the old boundariegwe

omit the proof).

The corversionof primitivesto B-repsis very easy:We (normally) have to create
two faces:Onefor the completelower andonefor the completeupperpartof the
quadric. As stated,we representhemas planarpolygonsfor which we storeon
which quadric(part)they exist. A polygonthatrepresentthe completelower (up-
per)partof aquadricis definedby the silhouettecurg of the quadric(andperhaps
someinfimaximal segments seefigure 6.4).

Any boundaryevaluationof two B-rep modelsconsistsof the four main stepsfol-
lowing:

2Up to equality
3Up to equallity
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1. Intersectall patchesof the two B-reps, subdviding eachpatchalong the
intersectiorcurves.

2. Generatdhe new topologicalstructurefor the differentpartitionsof a patch
(new patches).

3. Classifythenew patchesasinside/outsidef the othersolid.

4. Decidewhich of thesepatchego keepfor thefinal solid. Discardthe other
patchesandgetthetopologyof the new solid.

We cannotexplainthedetailsof thecompletealgorithm,thatshouldevenhandleall
degeneratesituations pbut we cangive themainideashow to performthedifferent
stepsusingour projective approach.

Ourinput consistsof two B-repmodelsS; andS,. For simplicity we assumehat
both consistof one connectedcomponentonly. Eachpatchof the two solidsis

representedby a correspondingpolygonin the planeandits supportingquadric
(part). For eachpatchof the two solidswe mustdecidehow this patchliesin the
othersolid. In fact,eachpatchof S; eitherlies completelyoutsideS,, completely
inside S, or S cutsit into several (smaller)sub-patches.in the latter case,we
have to computethesesub-patcheandto locatethemin the othersolid. Actually,

we split all patchesof S; atintersectionwith the patchef S anddistribute this
relationto their neighboredatcheghatdo not have intersectionsvith S,.

In thefollowing, wefix apatchP; of S andlocateit with respecto S. Weassume
for themomentthatP; lies onthelower partof aquadricg. Obviously, it cannotbe
largerthanthe completelower partof the quadric. It is alwaysa connectedgubset
of the lower part of the quadric. To computehow the patchP; subdvidesat the
boundaryof S, we assumehat we can determinea newv patchP, on the lower
partof g which exactly representshe polygonon (the lower part of) g which lies
insideS,. This polygonP, canbe computedn three-dimensionapaceusingthe
intersectiorcurvesof g with the supportingguadricsof all patchedrom S;.

Using our projectionapproactthis is reducedto the computationof a planarar
rangementonsistingof the segmentsfrom the correspondingutcunes andthe
silhouettecurg of g. It fact, thisis non-trivial. At first, we trim the cutcunesat
the boundarieof the patchesof S,. Furthermorefor eachfaceof the planarar
rangementve mustdecidewhetherit liesinsideS, or not. Puttingall thesethings
togetherwe getthe desiredpatchP, representedby a planarpolygonon g. Be-
low, we give somespecialcasedor cutcuneswhich we have to treatexplicitly to
handledegeneratgositions.

In the generalcase we cancontinueto computethe following booleanoperations
onPiandP,: B : Py P,andRy: P P,-seefigure6.5.1t holdsthath, Py

P:. Thusthe polygonsk, andPRy partition P, into two polygons,thatcanconsists
of several parts. Assumew.l.0.g. thateachP, andPy hase only onecomponent.
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Figure6.5:

ThenpatchP, describeghe partof P; which lies insideof the solid S, while the
patchPy representshepartof P, which lies outsideof thesolid S;.

This is a very importantobsenration, sinceit allows usto updatethe topological
structureof S;. We replacethe patchP; with thetwo new patches? andPy, both
markedasvisitedandstorefor P thatit liesinsideS, andfor Py thatit lies outside
S,. Computethis partition of patchedor every patchof S; and analogouslyfor

every patchof $. Thentheoriginal patcheof the solidsS; andS, arepartitioned
into smallerpatchesvhich arenotintersectingwith theothersolidin theirinterior.

Notethatthis completeghefirst threestepsof the boundaryevaluationalgorithm.

It remainsto built the final solid. We have to choosefrom eachsolid a subsetof
thenew patchesandstitchthemtogetherdependingn thebooleanoperation:

Union (S $): Chooseall patchesfrom S that are outsideS, and all
patchedrom S, thatareoutsideS;.

Intersection(S;, $): Chooseall patchedrom S, thatareinsideS, andall
patchedrom S, thatareinsideS;.

Difference(S; $): Chooseall patchedrom S, thatareoutsideS, andall
patchedrom S, thatareinsideS;.

Difference(S; S;): Chooseall patchedrom S thatareinside S, andall
patchedrom S, thatareoutsideS;.

Of course we have to connectthemtopologically For eachboundaryedgeof a
patch,we have storedto which otherquadric(andthereforepatch)it is adjacent.
This makesit easyto find the correspondin@djacenpatchesitherin the sameor
in the othersolid.

At the end, we want to satisfythe mindful readerthinking aboutefficiengy, ex-
actnessand completenessFor the first two we wantto remembetthat we only
computeplanararrangementandthe restis cheapcombinatoricson the topolog-
ical data. Althoughthe numberof planararrangements/e have to computemay
belarge, their sizesarequite smallin generalsincewe arealwayscomputingthe
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arrangemenbf two overlaid polygon boundaries. Of course,one can construct
arbitrary comple solids, but the computationof the planararrangementss still
efficientandthisimpliestheefficiengy of theboundaryevaluationin thesizeof the
input aswell asin the size of the output. Exactnessomeswith the exactcompu-
tation of thetwo-dimensionahrrangementen quadrics.As alreadysaid,in some
caseswe have to take careto reachcompletenessHereis alist of suchspecial
situationgthatcanoccurfor newly createccutcunes:

An isolated points is found:
Thereis asinglepoint, wheretwo patcheof S; andS;, intersect.

The facesto both sidesof a cutcurve segmentlie inside (outside) S:
In this casethe cutcure itself lies ontheboundaryof S.

A cutcurve intersectsP; in a vertex:
Thereis a pointin three-dimensionapacenhereat least4 quadricameet.

All theseitemsaredegeneratdoften non-manifold)situationswhich needspecial
handling.

The detailson boundaryevaluationof quadricsusing the projectionmethodfor
representingpatchesis still anopenresearctield. Thereis alot of spacefor im-
provementsandspeed-up®f the boundaryevaluationon quadricsusingthe pro-
jectionof spatialpatchesNeverthelessywe wantedto give theinitial ideason how
to implementbooleanoperatioron quadricsusingtheboundaryevaluationscheme
andthe projectionof spatialarrangementto the plane.
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Chapter 7

Conclusion

Results

We have developeda methodto computehetwo-dimensionaarrangementahich
areinducedby intersectionrcurvesandsilhouetten the surfacesin a given setof
quadrics. It is basedon a projectionof the scenego the xy-plane. The method
compriseghefollowing goals:

Exactness:
Thegivenmethodalwayscomputeshe mathematicallycorrectresult.

Completeness:
It computeghecorrectresultfor every situation- evenwith arbitrarydegen-
eracies.

Practical Feasibility:
We are able to computethe inducedarrangement®n all quadricsin an
amountof time, whichis of practicableuse.

Available Implementation:

We have implementedhe methodin C++ as part of the EXACUS project,
which standdor reliability andmaintenancef code.This is agoodbasisto
publishit assoftwarein thefuture.

Basisfor BooleanOperations on Quadrics:
We have shovn, how the methoddealsasa basisfor booleanoperationson
guadricsby identifying spatialpatcheswith planarpolygons.

More detailed,our methodusesthe sweepine algorithmto computethe projected
arrangementsyhich beatgheformerprototypeimplementatiofW02] in usability
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andrunningtime. The useof the efficient sweep-linealgorithmresultsin better
performancef thealgorithm,sincenot every pair of curvesmustbe consideredn

somesituations. Furthermore pur approachgivesalsothe possibility to partition
the segmentsof the projectedintersectioncurvesinto two sets- the oneslying on
thelower partandtheoneslying onthe upperpartof thebasequadric. This allows
to computethe arrangemenon the two partsof a quadricindependentlyWe also
shaved someideasto usethis methodwhenusingquadricsas primitivesin solid
modeling.Beyondtheseresultsthereis muchspacdeft for furtherwork.

Future Work

Besideghe completionof the softwareto handlenon-coprimecurves,we already
mentionedsomeimportantenhancements 85.5. Firstly, we wantto take adwan-
tage of guaranteedloating point filters, which are at leastin genericsituations
well-conditioned. The usageof them avoids the costly comparisonof algebraic
numberswith exactrationalinterval boundariesn mary situations.

Another openwork was alreadyreminiscentin 85.5. The projectionof surface
intersectiorcurvesis notlimited to quadrics.Much moregenerakurfacescanalso
be handledusing this approach. This enforcesthe possibility to analyzeplanar
cunesandtheir pairswith a higherdegreethan4. For thesecurves, we do not
exceptsuchspecialcasesaswe have givenin the quadriccase.Currentandfuture
work on analyzinggeneraklgebraiccurvesmay be moreuseful.

The projectionmethodallows to computeall geometricinformationof the three-
dimensionakrrangementsf quadrics. Basedon this, future researcrshouldde-
veloptheremainingcombinatoriaktepsandimplementthem.

Facing the areaof solid modeling respectrely booleanoperationson surfaces
(whichincludesquadrics) we gave somepreliminaryideashow to build a bound-
ary evaluationalgorithm. In this case,the patchesof the solids are represented
as polygonsof projectedintersectioncurves and silhouetteswhich obviously is
a genericapproachandnot limited to quadrics,too. Furtherwork mustbe spent
on handlingall degeneratssituations,for which we could give a digestonly. Of
course,it is the greatgoal to have then an exact, completeand efficient imple-
mentationof the boundaryevaluationalgorithmto computeregularizedboolean
operation®n quadricsandat sometime in the future generaklgebraicsurfaces).

Colophon

The figuresare either screen-shotsr createdby the Linux tools xfig or gnuplot,
the ray-shootePOV-Ray [Pov] or the 3d-modeleRhinocerogRhing]. The text
hasbeentypesetwith -IATEX usingpslatex , epsfig  andwrapfig
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