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Zweitgutachter/ secondexaminer

Prof.Dr. Kurt Mehlhorn

Saarbr̈ucken,15.Januar2004





Acknowledgements

I would like to thankespeciallyProfessorElmarScḧomerwho introducedme by
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Zusammenfassung
DieseArbeit beschreibteineexakte,vollständigeundeffizienteMethodezur Be-
rechnungeinesArrangementsvonquadratischenalgebraischenFlächen(kurzQua-
driken)im drei-dimensionalenRaum.Dazuberechnenwir diezwei-dimensionalen
Arrangementsder Schnittkurven auf allen Quadrikenoberfl̈achen. UnserAnsatz
basiertauf einerProjektionderräumlichenSchnittkurven in die Ebene.Die proji-
ziertenKurvenanalysierenwir in ihrer TopologieundstellenPr̈adikatebereit,um
dengenerischenFegelinienAlgorithmusvon Bentley und Ottman(1979)für die
Berechnungder planarenArrangementsanwendenzu können. Weiterhinzeigen
wir, wie durchProjektionverlorengegangeneräumlicheInformationenwiederher-
gestellt werden. Zus̈atzlich vermitteln wir Ideen, wie Boole’scheOperationen
auf von Quadriken berandetenFestk̈orpernmit diesemAnsatzberechnetwerden
können.EineImplementierungzur Berechnungderzwei-dimensionalenArrange-
mentsin C++, die denZielenderExaktheit,derVollständigkeit undderEffizienz
(bewiesenduchLaufzeitanalysen)gerechtwird, liegt vor.

Abstract
This thesisdescribesan exact, completeandefficient methodto computethe ar-
rangementof quadraticalgebraicsurfaces(short quadrics)in three-dimensional
space. The main operationis to computethe two-dimensionalarrangementsof
their intersectioncurves on eachquadric. Our approachis basedon the projec-
tion of the spatialintersectioncurves onto the plane. We analyzethe projected
curvesin their topologyandprovide predicatesneededto computearrangements
of projectedcurveswith agenericversionof thesweeplinealgorithmdevelopedby
Bentley andOttman(1979). We show how to recover spatialinformationthatwe
losebecauseof theprojection.Additionally, wegiveideashow to computeboolean
operationson solidsboundedby quadricswith this projective approach.Thereis
a C++ implementationfor thecomputationof the two-dimensionalarrangements
which copeswith the threemaingoalsof exactness,completenessandefficiency.
Its runningtimesareusedin this thesisto prove efficiency.
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Chapter 1

Intr oduction

ProblemStatement

G

B

R

Figure1.1:

A quadraticalgebraicsurface(or quadric for short) in three-dimensionalspace
is definedas set of the roots of a trivariatepolynomial. For example,the three
quadricsR� B � G in figure1.1aredefinedby thepolynomialsr � b � g ����� x � y� z� :

r � x � y� z� � 34x2 ! 57y2 ! 237z2 " 120

b � x � y� z� � 51x2 ! 83y2 ! 71z2 " 103xy! 14xz " 24yz ! 4x " 20y ! 31z " 61

g � x � y� z� � 143x2 ! 149y2 ! 69z2 " 12xy! 101xz " 119yz " 2x " 7y " 16z " 83
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As in this example,we considerin this thesisa finite set of quadrics. This set
of input quadricsinducesa subdivision of the three-dimensionalspaceinto ver-
tices, edges,facesand volumes. This subdivision is called the arrangementof
thequadrics.Thearrangementcanberepresentedasa graphwhich describesthe
topologicalstructureof thesedifferentobjects.While thefirst threeitems- vertex,
edgeandface- lie eachon onequadricthevolumesaredescribedwith thehelpof
boundaryobjects(mostly faces).Our goal is to computethetopologyof thetwo-
dimensionalarrangementsonthequadrics- inducedby theintersectioncurveswith
otherquadrics.

Globally spoken, we want to provide the fundamentalmathematicaltool to com-
putethearrangementof quadricsin three-dimensionalspacewith respectto three
maingoals:# Exactness:

Theoutputalwayscoincideswith themathematicalcorrectresult,which im-
posesto dealwith algebraicnumberson us.# Completeness:
Thereis no restrictionto theinput. Every possiblesituation- with arbitrary
degeneracies- is allowed.# Efficiency:
Therunningtimeof thealgorithmis usefulfor practicalapplications.

The critical part of computingarrangementsof quadricsis that quadricsarenot
linear. The computationof linear arrangementsis a well-researchedarea- com-
paredto problemsof curved objects. But, this may be dueto an importantfact:
Linearobjects- regardlessof curvesor surfaces- definedby rationalcoordinates
do not produceirrational numbersif we want to computetheir features,suchas
intersectionpoints,tangents,point locationetc.And computingwith rationalnum-
bersonmodernhardwareis notabig problem.Becauseof this factthereis agreat
collectionof efficientalgorithmsfor linearobjects,for example[CGAL].

Thecrux is thatquadricsdonotbehave in thisway. Althoughdefinedwith rational
coordinatesthey generatevery fast irrational algebraicnumberssuchas square
rootsandevennumbersof higheralgebraicdegreein thecomputationof predicates
or intersectionpoints. We have chosenquadricssincethey arethesimplestthree-
dimensionalobjectsthatarenot linear.

Unfortunately, this behavior standsin oppositedirectionto our goal of efficiency
andmakesit moredifficult to achieve exactnessandcompleteness.Theproblem
is, that we cannotapply arbitraryarithmeticoperationson the involved algebraic
numberson currentcomputersystems.It is simply impossibleor too expensive.
To fulfill our threegoalswe dealwith algebraicnumbersvery cleverly - in their
representationaswell asin theactualalgorithm.
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Our ideais basedon a work of Wolpert[W02]. Let usfix a singlequadric(called
basequadric) in an arrangementof a finite numberof quadrics.We canobserve
that the three-dimensionalintersectioncurves of the basequadric with the re-
mainingquadricsbuild a two-dimensionalarrangementon thesurfaceof thebase
quadric. Seeour examplein figure 1.1: Let the red quadricbe the basequadric.
Thentheintersectionof theblueandthegreenquadricwith thebasequadricyields
two intersectioncurveson the surfaceof the basequadric. We cansay, that the
intersectioncurveslie onthesurfaceof thebasequadric.Thecomputationof these
two-dimensionalarrangementsis thekerneloperationfor the intendedmethodof
computingthearrangementof quadrics.It is alsothekernelfor ourcomputationof
booleanoperationson quadrics.Thetrick we useto computethetwo-dimensional
arrangementsis to projectthespatialintersectioncurvesontothexy-plane,whichis
anideaadaptedfrom thespirit of cylindrical algebraicdecomposition(cad)[C75].
This allows to reducethecomputationof spatialarrangementsto thecomputation
of planararrangements.For the computationof planararrangementsthereexist
algorithmsthatachieve our threegoals,for examplethesweepline algorithm.

Figure 1.2: Projectedintersectioncurves on the red quadric in figure 1.1. The
greencurvescorrespondsto the intersectioncurve of thequadricsR andG while
theviolet curve representstheintersectioncurve of thequadricsR andB. Thered
curvesdescribestheboundaryof theredquadricwhenlookedat it from " ∞.

Theory:

In thetheoreticalpartof this thesiswe explain theprojectionphase.Thenwe ana-
lyze thetopologyof theprojectedintersectioncurvesandconstructpredicatesfor
themthat fit well to the genericversionof the sweepline algorithmfrom Bent-
ley andOttmann[BO79]. This versionallows to computearrangementsof planar
curvesaslong asonecanprovide a specifiedsetof predicateson curve pointsand
curve segments.We canprovide this setandthis facilitatesthat the computation
of ourarrangementsof projectedintersectioncurvesbecomesexact,completeand
efficient.
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Of course,we do not forget that a lossof spatialinformation resultsdue to the
projection. Anothertheoreticalpart shows how to recover this three-dimensional
informationfor thesegmentsof projectedcurves. Furthermore,we presentsome
ideashow to provide booleanoperationson solidsboundedby quadrics.

Practice:

The practicalpart implementsthecomputationof two-dimensionalarrangements
on surfacesin an arrangementsof quadrics.Thesearrangementsareinducedby
intersectioncurves of a quadricwith other quadrics. We have implementedthe
projectionandtheanalysisof projectedcurvesandcurve pairs. This allows us to
computethesearrangementswith the genericsweepline algorithm,becausewe
alsoprovide theneededsetof predicatesandconstructions.Thelastpartof theim-
plementationcoversa methodof recovering thespatialinformationfor segments
of projectedcurves. Thusthe practicalpart containsthe completealgebraicma-
chinery neededfor the computationof an arrangementof quadricsand boolean
operationsonquadrics.Theremainingcombinatorialstepsarefuturework.

A side-effect of this thesisis a steptowardsa curved CAD kernel (CAD stands
for ComputerAidedDesign). A CAD kernelcollectsall importantoperationson
geometricobjects. Of course,the kernelshouldbe robust andefficient - concor-
dantto our goals.For the linearcasewe alreadymentionedCGAL. Most current
CAD systemsfor curvedobjects(evencommercialones)arenot robust. It is easy
to constructinput datawhich causesthemto crash- for exampleif they do not
recognizea tangentialintersection.Theimplementationpartof this thesisis done
within the EXACUS project[EXACUS] at theMax-Planck-Institutefor computer
sciencein Saarbr̈ucken. It is morethanjust a proof of a concepttowardsa robust
andefficient curvedCAD kernel.

RelatedWork

Thereare mainly threedifferent areasthat are interestedin the computationof
arrangementsof curvedobjects,all of themproviding stepstowardsanexact,com-
pleteandefficient curvedCAD kernel.# Solid Modeling# ComputationalGeometry# AlgebraicGeometry

Theareaof solidmodelingis interestedin highly efficientcomputationof arrange-
mentsof solids, for exampleboxes, spheres,conesetc. In the pastyearstheir
implementationsusedfloating point arithmeticandapproximative approachesto
computethearrangements.Thisworksquitegoodandvery fastfor thelinearcase,
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but for curvedobjectsthisapproachrunsdirectly into seriousproblemsconcerning
the robustnessof the algorithms.Justrememberthe situationof tangentialinter-
sections.

In contrast,peoplefrom computationalgeometryconsiderrobustnessasa top pri-
ority. They concentratedon algorithmsand implementationsthat are exact and
complete. Efficiency is a secondarygoal becausecomputationalgeometrynor-
mally presumestherealRAM modelof computation- evenfor curvedobjects.In
therealRAM modelof computationit is possiblebothto representany algebraic
numberaswell asto do arithmeticsin constanttime with any algebraicnumbers.
But a realcomputeris not aninstanceof therealRAM model.In currentcomput-
ersit is very expensive to computewith algebraicnumbers.For thatreasonYapet
al. [YD95] [YM01] [LP+03] decoupledthe notion of exact arithmeticandexact
geometriccomputation.The linear caseis the instancethat fits bestinto the real
RAM modelof computationandthatis whyalot of work hasbeendonetocompute
thearrangementsof linearobjects.You canfind overviews on thecomputationof
arrangementsby Agrawal andSharir[AS00] andHalperin[H03].

Thealgebraicgeometrycommunityhasalsothegreatgoalof exactnessandeffi-
ciency. The computationof curved objectsis an easybut unfortunatelyvery ex-
pensive task in algebraicgeometry. They computewith algebraicnumbersand
thereforesomealgorithmshave super-exponentialrunningtimes. A key topic in
algebraicgeometryis the analysisof singlecurves(hypersurfaces)insteadof ar-
rangementsof them.

The biggeststepstowardsa curved CAD kernel is donein the areaof computa-
tionalgeometryinfluencedby someconceptstakenfrom algebraicgeometry. This
developmentis averyyoungbranchin computationalgeometryandduringthelast
few yearsgreatresultscould be presentedby different researchersand research
groups:

MAPC [KC+99] is a library that overcomesthe inexact floating point arithmetic
approachandprovidesalgorithmsfor exactandefficient computationof algebraic
pointsandsegmentsof curvesandarrangementsof them. But degeneratedsitu-
ationslike tangentialintersectionsor intersectionsin singularitiesarenot treated
explicitly.

More recently, several authorsdevelopedmethodsto computearrangementsof
curvedobjectsthatarequiteefficient - at leastin thetwo-dimensionalplane.Ron
Wein[We02a] [We02b] extendedCGAL to computeplanarmapsof conicarcsand
thereareambitions[T02] to extendCGAL with acurvedkernel.
Berberichet al. [BE+02] extendedthe Bentley-Ottmansweepline algorithm to
handlearrangementsof segmentsof arbitrarycurvesandprovide thesetof pred-
icatesfor the sweepline algorithmto computearrangementsof conics. Details
aboutthepredicatesfor sweepingconicscanbefoundin [H02]. Eigenwillig [E03]
showedhow to provide thepredicatesetfor thesweepline algorithmfor arbitrary
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algebraiccurves if one is ableto discusssinglecurvesandcurve pairs topologi-
cally. He is ableto do this for planecubiccurves.

In theareaof algebraicgeometrySakkalis[S91] andHong[H93] analyzedasingle
curve symbolically. Anotherresultof researchin algebraicgeometryis thecylin-
drical algebraicdecomposition(cad)foundedby Collins [C75] whendoingquan-
tifier eliminationin logics. Cylindrical algebraicdecompositionpartitionsthe d-
dimensionalEuclideanspace$ d into connectedsubsetscompatiblewith zeroesof
polynomials.Thetrick is to projectthe“relevant” pointsto thelower-dimensional
space$ d % 1. The computationof thecylindrical algebraicdecompositionis done
recursively. Unfortunately, therecursive approachleadsto up to doubleexponen-
tial runningtimes. But we will seehow to consolidatethe ideasof this concept
with efficient computationleadingto computationalgeometry.

If weconcentrateontheproblemof quadricintersectionwecanfind severaldiffer-
entapproachesat themoment:

The first is basedon the theoremof Levin [L76] [L79]. His pencil methodal-
lows to computeanexplicit parametricrepresentationof the intersectionbetween
two quadrics.This ideawasrefinedover theyears,for exampleby Miller, Gold-
mann,Chionoh,Wang,Joe[M87] [MG91] [MG95] [CG+91] [WJ+97] or Geis-
mann,HemmerandScḧomer[GH+01].
Dupont,Lazard,LazardandPetitjean[DL+02] improvedLevin’sparameterization
of theintersectioncurves. This parameterizationhastheadvantageto beasratio-
nalaspossible.For thecoefficientsof thefoundparameterization,they canalways
give thesmallestfield extension( & with maximaloneadjointsquareroot). Hem-
mer [H02] usestheseideasto order the pointsof intersectionsof quadricsalong
theintersectioncurves.

Another idea is developedby Mourrain, Técourtand Teillaud [MT+03]. They
sweepwith a yz-planealongthe x-axis throughthe arrangementof quadricsand
keeptrack on the intersectioncurvesof the quadricswith the moving plane. On
thissweepingplanethey have to analyzearrangementsof conics.

For low-degreecurvedsolids,ESOLID [KC+02] describesexactboundaryevalu-
ation. But they statednot to handleall degeneracies.For detailson ESOLID (and
MAPC) we referto thePh.D.thesisof Keyser[K00].

Wolpert [W02] developedan ideabasedon cylindrical algebraicdecomposition.
Theintersectioncurvesof quadricsareprojectedinto thexy-plane.This allows to
computethespatialarrangementsin theplane.Basedon this planararrangement
is it possibleto computethecellsof quadricarrangements.Wolpert’s work is the
basisof this thesis.

6



Outline

Themainpartof thethesisconsistof thefollowing six chapters:# Chapter2 covers mathematicaland problem-relatedfoundations. It is di-
vided into four parts. The first of themintroducespolynomials,algebraic
numbersand(sub)resultants.

Thenext part is aboutalgebraichypersurfaces.We especiallyintroduceal-
gebraicsurfacesandalgebraiccurves. For the latterwe alsodefinespecial
topologicalpoints.

The third part surveys the conceptof three-andtwo-dimensionalarrange-
ments.

An awkwardchoiceof thecoordinatesystemcansimply leadto somemis-
behaving degeneraciesin theanalysisof curvesandarrangementsof them.
In thelastsectionof Chapter2 we discusssomeconditionson thechoiceof
thecoordinatesystemto avoid thesetypesof degeneracies.# Thefirst partof Chapter3 explainstheprojectionphaseof two-dimensional
arrangementson quadricsto theplane.

In thesecondsection,we cover theanalysisof a singleprojectedcurve. We
locateall extremeandsingularpointsandnotify on theconditionscompiled
in Chapter2. Thenwe determinetherelative positionin y-directionfor the
arcsover x-coordinates.

The last part analysespairs of projectedcurves. We detect(degenerated)
intersectionsandwhicharcsof thetwo curvesareinvolvedin eachintersec-
tion. Furthermorewe locatethe arcsof the two curves in y-directionasa
functionof x, too.# After the analysisof projectedcurveswe report in Chapter4 on preparing
thecurvesfor thesweepline algorithm.We introducepointsandsweepable
segmentsof curvesandhow to provide thepredicatesneededfor thesweep.

Thenwe explain how to recover spatialinformationfor projectedintersec-
tion curvesthatarelostdueto theprojectionstepof Chapter3.# After thetheoryin theprecedingchapterswe give a detailedintroductionto
thecurrentimplementationin Chapter5. Thereisatourthroughthecodeand
we presentthemeasurementsof runningtimesto prove practicalusability.

In aminorpartof thatchapterweoffer someideasto improvetheimplemen-
tationvia verifiedfloatingpoint filters,how to extendtheimplementationto
surfacesof higherdegreesandwhichproblemsmayoccurthen.

7



# Chapter6 is an outlook on booleanoperationson quadricsusingmethods
from solidmodeling.Theideaspresentedtherearebasedonthecomputation
of planararrangementsdevelopedin thechaptersbefore.# Thethesisconcludeswith a summaryof our work andanoutlookon future
work in Chapter7.
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Chapter 2

Foundations

The chapterrepresentsthe basisusedthroughoutthe completethesis. In a first
stepwe introduceall algebraicconceptsthatwe needto handlewith surfacesand
curves. Therewill bea shortpartof definitions,followedby a survey aboutpoly-
nomialsandtheir roots.We presenthow to find theserootswith Uspensky’s algo-
rithm, how to representthesealgebraicnumberswith thehelpof isolatingintervals
andwe take a look at (sub)resultants.All thesethingsarewell-known fundamen-
tal conceptsof algebra,computeralgebraandalgebraicgeometry, see[L84] [B96]
(german)[GC+92] [GG99].

In the secondpart of this chapterwe introducealgebraichypersurfacesand es-
pecially surfacesandcurves. Thereis an overview on geometryandtopologyof
algebraicsurfacesanda detaileddiscussionon thesetopicsfor algebraiccurves.
[G98] givesa very accessibleintroductionto algebraiccurves. More detailedref-
erencesare[CL+97] and[BK86].

Arrangementsin threeand two dimensionsplay an importantrole in our thesis.
Thuswe give ashortintroductionandreferfor thedetailsto [H03].

Thelastpartdealswith someconstraintsonthechoiceof thecoordinatesystemthat
areneededto establishtheanalysisof algebraiccurvesandpairsof them. These
analysesprovide thebasisfor usto computearrangementsof algebraiccurveswith
theefficient sweepline algorithm.

All algebraictoolspresentedhere,arefundamentalbasicsof algebra.Ourconfigu-
rationis justaproblem-specificsubset.Otherintroductionsusefulfor ourproblem
areaccessiblein [W02] and[E03].

9



2.1 Algebraic Foundations

This sectioncoversthefundamentalalgebraictoolsandobjectslike polynomials,
algebraicnumbersandroot findersthatareneededthroughoutthis thesis.

2.1.1 Notation and Terminology

Rememberthe algebraicconceptsof ring andfield. We usethemin a restrictive
way: A field always meansa field with characteristiczero, a field is always a
supersetof therationalnumbers& . For exampleall algebraicextensionfieldsare
allowedjust like thereal( $ ) or thecomplex ( ' ) numbers.

Weonly look at rings thatarecommutativewith unity, demandthemto containthe
integers� andmostof thetime,unlessstateddifferently, to befreeof zerodivisors.
Ringsin this senseareof course� andringsof polynomialsover a ring or a field.
Themultiplicatively invertibleelementsof a ring R, theso-calledunitsof R, form
amultiplicative group,denotedwith R( .
In this terminology, a ring R is a field if andonly if every elementbesideszerois
a unit. Every ring R possessesanessentiallyuniquequotientfield Q � R� , that is a)

-minimal field containingRasasubring.For example,Q �*�+�,�-& .
In all othercasesweengageto usestandardtermsandsymbols.As in standardwe
usetheword “if f ” with themeaning“if andonly if ”. Squarebrackets � xy�/. denote
equivalenceclassesmoduloanequivalencerelation 0 .

2.1.2 Polynomials

Adjoining an indeterminatex to a ring R yields the univariate polynomial ring
R� x� . For sucha polynomial f � R� x� we defineits degreedeg � f �1� degx � f � and
its leadingcoefficient 23� f �4�52 x � f � . For the constantzeropolynomialwe define
deg � 0�6� " ∞ and 27� 0�6� 0. The leadingmonomialis definedas 23� f � xdeg 8 f 9 . A
polynomial f is calledmonicif 23� f �:� 1.

Variablescan be repeatedlyaddedto a ring yielding multivariate polynomials:
R� x1 �<;=;=;>� xn �?� R� x1 �=@=@=@7� xn � . Theorderof adjunctiondoesnotmatter. For n � 2 we
usethenotionof bivariateandfor n � 3 we usethenotionof trivariate polynomi-
als.Wecandistinguishbetweentwo differentviews on multivariatepolynomials:# Hierarchical view: Thepolynomialis univariatein theoutermostvariablexn

with coefficientsin R� x1 �<;=;=;>� xn % 1 � .# Flat view: A polynomial is the sumof its monomialsai1 A A A inxi1
1 ;=;=; xin

n , with
ai1 A A A in B� 0. Thetotal degreedeg � f � of anon-zeropolynomial f is thehighest

10



sumof exponentsi1 ! @=@=@ ! in amongall of its monomials.It holdsagainthat
deg � 0�C� " ∞.

Polynomialsof degree0 � 1 � 2 � 3 � 4 �=@=@=@ arecalledconstant,linear, quadratic, cubic,
quartic, etc.

A multivariatepolynomial f � R� x1 �=@=@=@7� xn � is called xn-regular if it containsa

monomialof the form cxdeg 8 f 9
n with 0 B� c � R. Equivalently, f is xn-regular iff its

total degreedeg � f � in theflat view is equalto degxn
� f � in thehierarchicalview of

theunivariatepolynomialin xn with coefficientsin R� x1 �<;=;=;>� xn% 1 � . Thepropertyof
xn-regularity is very helpfulwhentheflat andthehierarchicalview aremixed.

For anadequatedefinitionof leadingcoefficientandleadingmonomialof flat poly-
nomials0 BD f � R� x1 �=@=@=@7� xn � wehave to sortthereverseddegreevector � in �=@=@=@E� i1 �
of its monomialslexicographically. Now, the leadingcoefficient of an xn-regular
polynomialis thesamefor theflat andthehierarchicalview on thepolynomial.

We further conclude: The leadingmonomialof a productof polynomials f g is
equalto the productof the two leadingmonomialsof f andg: 27� f g� xdeg 8 f g9 �23� f � xdeg 8 f 9 ;F23� g� deg 8 g9,G deg � f g�:� deg � f � ! deg � g�
Division, GCD and Factorizationsof Polynomials:

Let K be a field. Then K � x� is an Euclideanring by virtue of division with re-
mainder. Now we caneasilydefineconceptsthatbuilt heavily on division,asgcd,
factorizationandmultiplicities of factors. We surrendermostproofs,sincethey
canbe found in standardtextbooksaboutalgebra[L84] [B96] [GC+92] [GG99]
[CL+97].

Proposition2.1.1:(Euclideandivisionof polynomials)
Let K bea field. For anytwo polynomialsf � g � K � x�H� g B� 0, there existsa unique
quotientq andremainderr in K � x� such that

f � qg ! r, with deg � r �4I deg � g� . (2.1)

Theconstructive proof yieldsa simpleandreasonableefficient algorithmto com-
putethesequantities.Iff g divides f , denotedby g J f , theEuclideandivision com-
putesr � 0 andq � f K g.

Euclideandivision leadsdirectly to thecomputationof thegreatestcommondivi-
sor. Given a ring R, the greatestcommondivisor (gcd) of r � s � R is an element
d � Rsuchthatd J r L d J s and � d MNJ r L d M*J s G d MHJ d for all d MO� R� .
With moredetailedalgebra(astheextendedEuclideanalgorithm,[GC+92] [GG99]
[C93] [B96, 2.4] [L84, II.4, V.4]) it is shown:
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Corollary 2.1.2:K � x� is a uniquefactorizationdomain(UFD).

If K � x� is a UFD, thenthereexists for every 0 BD f � K � x� a unique(up to order)
factorization

f �P27� f �,; k

∏
i Q 1 pei

i (2.2)

into its leadingcoefficientandpairwisedistinctmonicirreduciblefactors pi � K � x�
with correspondingmultiplicitiesei . Uniquefactorizationleadsto uniquegreatest
commondivisors.We areableto definethesymbolgcd� f � g� for f � g � K � x�SR1T 0U
astheiruniquemonicgreatestcommondivisor.

Togetherwith Gauss’Theorem[B96, 2.7] [L84, V.6] it is shown thatK � x1 �=@=@=@7� xn �
is alsoa UFD leadingto a direct extensionof the notationgcd� f � g� introduced
above for multivariatepolynomials.

Anotherresultis

Corollary 2.1.3:If R is a UFD, thenR� x1 �=@=@=@7� xn � is a UFD.

This allows us to definegcd� f � g� for f � g � R� x1 �=@=@=@7� xn � , too. But it differs from
thegcdin Q � R�V� x1 �=@=@=@7� xn � , becausenon-unitconstantsarerelevant for divisibility
over R: For examplex divides2x in ��� x� , but 2x doesnotdividex.

When R is a UFD and 0 BD f � R� x� , the contentcont� f � of f is the gcd of its
coefficients. A polynomial f is calledprimitive if cont� f �C� 1. We cancompute
theprimitivepart of f in thisway: pp � f � : � f K cont � f � .
With somefurthercorollariesonecanconcludethatthegcdcomputationfor f � g �
K � x1 �=@=@=@7� xn � doesnot dependon the coefficient field and is equallyvalid for all
fieldscontainingthecoefficientsof f andg.

A considerableweaker conceptthanuniquefactorizationis square-freefactoriza-
tion, or aswecall it factorizationbymultiplicities. It is veryusefulfor ourpurposes
in laterchapters.To geta factorizationby multiplicity, onehasto groupfactorspi

of f with equalmultiplicitiesei into onefactorsm with m � ei :

f �P27� f �,; maxiei

∏
mQ 1 sm

m, wheresm � ∏
ei Q mpi (2.3)

Thefactorssm aresquare-free,meaningthatall their irreduciblefactorsoccurwith
multiplicity 1 andany two sm arecoprime,or equivalentgcd� si � sj �:� 1 � i B� j. We
cansimplydefinethesquare-freepart of f as∏msm, by justreducingall exponents
to 1. Thereis an efficient methodto computethe square-freefactorizationusing
derivatives.

The derivative a polynomial f � x�W� ∑n
i Q 0aixi is f M � x� : � ∑n

i Q 1 iaixi % 1 (using our
definition of a ring to ensureiai B� 0 with ai B� 0). For multivariatepolynomials
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viewedhierarchically, we canchooseevery variableasoutermostandextendthis
definition to partial derivatives, indicatedby subscripts,for example fx1. Partial
differentiatingof polynomialsw.r.t. different variablescommutes.The result of
differentiatingr X 0 timesw.r.t. somechoiceof variablesis calledan r-th partial
derivativeof f . Thecolumnvectorof all first partialderivativesof f is thegradientY f �Z� fx1 �=@=@=@7� fxn �F[
As for gcds,thesquare-freefactorizationdoesnot dependon thecoefficient field
K andappliesequallyto all fieldscontainingthecoefficientsof f .

Rootsof Polynomials:

Givenapolynomial f � K � x� andanelementξ � K. ξ is calleda rootor zero of f if
f � ξ �:� 0. Whenwe dealwith polynomialswe aremainly interestedin their roots.
The simplestpolynomial having ξ as a root is the linear polynomial f � x " ξ.
Frompolynomialdivision we canconcludethata polynomial f with f � ξ �:� 0 has
x " ξ asoneof the irreduciblefactors. If f � ξ �1� 0, the multiplicity of x " ξ asa
factorof f is definedasthemultiplicity of ξ asa root respectively zero. Otherwise
we defineit to be 0. A simpleresult is that a polynomial f with deg � f �\� n has
at mostn roots,countedwith multiplicities. An irreduciblefactor p of f is either
linear, andhencehasazeroin K, or hasa largerdegreeandno zeroesin K.

Therearefields,whereeachirreduciblefactorof aunivariatepolynomialis linear:

Theorem 2.1.4:(FundamentalTheoremof Algebra)
Let f �]'^� x� be a polynomialwith deg � f �W� n _ 0. Then f is a product of its
leadingcoefficientandexactlyn moniclinear factors.

Fieldslike ' with thispropertyarecalledalgebraically closed.

Theorem 2.1.5:For everyfield K there existsanessentiallyunique
)

-smallestal-
gebraically closedfieldK containingK, calledthealgebraic closure of K.

A proof is givenin [B96, 3.4] or [L84, VII.2].

As we will seelater, our main concernaboutroots is to determinethe real roots
of a polynomial f �`&a� x� in termsof isolatingintervals with rationalboundaries.
An interval � l � r � ) $ is calledan isolating interval for a root ξ ��$ of f �b$+� x� ifT x �c� l � r �dJ f � x�e� 0 Uf�gT ξ U .
Root Finder:

This next paragraphgivesanalgorithmto determinethe isolatingintervals for all
realrootsof a square-freepolynomial f �h&i�X � , calledUspensky’s methodwhich
is primarily basedonDescartes’Ruleof Signs:
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Proposition 2.1.6:(Descartes’Ruleof Signs)
Let f �h$^� x� bea non-zero polynomialwith exactly p positivereal roots(counted
with multiplicity) and exactly v sign variations in its coefficient sequence. Then
v " p is non-negativeandeven.

A signvariation in a sequencea1 �=@=@=@7� an of realnumbersis a pair of indices0 j
i j j j n suchthatsign� ai � sign� a j �d� " 1 andai k 1 �l@=@=@m� a j % 1 � 0. With simple
words,thenumberof signvariationsis obtainedby deletingall zerosandcounting
how many pairsof adjacentnumbershave oppositesigns.

Proof: Let f � x�C� ∑n
i Q 0aixi . Assumew.l.o.g. thatan _ 0 � a0 B� 0. Sincep is even

iff a0 _ 0 andv is even iff a0 _ 0, their differenceis alwayseven. It remainsto
prove v " p X 0 by inductiononn � deg � f � . Thebasecasen � 0 is clear.

For the inductive step,considerthederivative f M . Its numberof signvariationsis
vM j v and its numberof positive real roots is pM X p " 1, sincean � m ! 1� -fold
root of f is alwaysanm-fold root of f M , andthereis a root of f M betweenany two
adjacentrootsof f . It follows thatv " p X vM " pM " 1 X " 1. Sincev " p is even,
v " p X 0.

A directresultis

Corollary 2.1.7:With thesituationfromProposition2.1.6weget

(i) If v � 0, thenp � 0.

(ii) If v � 1, thenp � 1.

If we transformapolynomial f to apolynomial f̂ whosepositive rootscorrespond
to therootsof f in a givenopeninterval I �n� l � r � , thenthetwo specialcasesfrom
Corollary 2.1.7canbe appliedto concludein favorablecasesthat f hasno real
rootsin I or I is anisolatinginterval for a singlerealroot of f . In theothercases
of Proposition2.1.6we subdivide I andproceedrecursively.

Theremainingstepis to identify thefirst interval � 0 � B � thesubdivision startswith.
Thereforewe computean upperboundB on the absolutevaluesof roots of f .
Compute

k0 : � min

o
k X 0 ppp J an J 2nk _ n% 1

∑
i Q 0 J ai J 2ik q

by successively trying k � 0 � 1 � 2 � 3 �=@=@=@ andtakingB � 2k0.

A proof of terminationfor Uspensky’s methodcanbe found in [E03] and[A89].
Along theseideasit is quitesimpleto implementanefficient rootfinderfor square-
freepolynomialsbasedon Descartes’Ruleof Signs.Pseudo-codeof this method
is givenin [H02]. Detailsarein [A89].

14



Therearefurtheralgorithmsto determinethe isolatingintervals for the real roots
of a polynomial: Kronecker’s Algorithm [K87], Sturmsequences[K69] or zero
isolationby differentiation[CL76].

In §2.1.4wegivearepresentationfor realrootsof arbitrarypolynomialsthatallows
to comparethem. Thecomparisonof realalgebraicnumbersis thekey operation
weneedon therootsof polynomials.

2.1.3 Resultantsand Subresultants

For thegivenpolynomialsf � g � K � x� , wewantto know if they haveanon-constant
commonfactor. Elimination Theory reformulatessuchpolynomialproblemsas
problemsin their coefficients,andgivesalsotheanswerto ourquestion.

Resultantsof (Univariate) Polynomials:

Proposition2.1.8:Let K bea field. Let f � ∑m
i Q 0 aixi � am andg � ∑n

i Q 0bixi � bn be
twonon-zero polynomialsin K � x� . Thenthefollowingconditionsareequivalent:

(i) f andg havea commonzero in thealgebraic closure K.

(ii) deg � gcd� f � g�=�r_ 0

(iii) There are non-zero u � v � K � x� with deg � u�fI deg � g� and deg � v�fI deg � f �
such thatuf ! vg � 0.

(iv) Thedeterminantof theSylvestermatrix

Syl � f � g�e�
sttttttttu am ;=;=;v;=;=; a0

. . . .. .
am ;=;=;v;=;=; a0

bm ;=;=;v;=;=; b0
. . . .. .

bm ;=;=;v;=;=; b0

wyxxxxxxxxz (2.4)

vanishes.

Proof: (i) { G (ii) is clearwith uniquefactorization.

For (ii) G (iii) let d : � gcd� f � g� , u � gK d, andv � " f K d.

For | (ii) G | (iii) observe that whenever uf ! vg � 0, then f divides vg but is
coprimeto g by | (ii) andhencemustdivide v, suchthatdeg � v�4X deg � f � . Analo-
gouslyfor thepairu andg.

It remainsto show (iii) { G (iv). Thisequivalencefollows by linearalgebra,not-
ing thatSyl � f � g�F[ is thematrixof a linearmaptakingapairof coefficient vectors
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from Kn } Km, representingdegree-boundpolynomialsu andv, to thecoefficient
vectorin Knk m that representsthepolynomialuf ! vg. Thedeterminantvanishes
iff thereis anon-zerovectorthatis mappedto zero.

The determinantdet� Syl � f � g�=� is calledthe (Sylvester)resultantres� f � g � x� of f
andg with respectto x. In unambiguouscontext we do not mentionthevariable.
Weconclude:

Corollary 2.1.9:Theresultantof two univariatepolynomialsf andg vanishesiff
f andg havea non-constantcommonfactor. For K �~' , res� f � g � x�\� 0 iff f and
g havea commoncomplex root.

Resultantshave interestingproperties.Proofscanbefoundin thereferencesmen-
tionedin theintroductionof this chapter.

Proposition 2.1.10:Let K be a field and f � am∏m
i Q 1 � x " αi � , g � bm∏n

j Q 1 � x "
β j �1� K � x� betwo non-zero polynomials.Thenwehave

res� f � g � x�e� an
mbm

n

m

∏
i Q 1 n

∏
j Q 1 � αi
" β j � . (2.5)

Proofsaregivenin [B96, 4.4] [L84, V.10] [C93, 3.3.2].

Corollary 2.1.11:Theresultantis multiplicative, that is for given f � g� h � K � x� the
equations

res� f ; h � g � x� � res� f � g � x��; res� h � g� x�
res� f � g ; h � x� � res� f � g � x��; res� h � g� x�

hold.

Corollary 2.1.12:The resultantis invariant under translation, that is for given
f � g � K � x� and for somec � K we define f̂ � x� : � f � x ! c� and ĝ � x� : � g � x ! c� .
Thenit holds

res� f � g � x�\� res� f̂ � ĝ � x� .
TheSylvestermatrix hassize � m ! n� } � m ! n� . Anotherdeterminantalformula-
tion for theresultantusesthemorecompactBezoutmatrix. It hassizemaxT m� n U }
maxT m� n U only. For detailssee[GC+92, 9.5].

Resultantsof Multi variate Polynomials:

Considertwomultivariatepolynomialsf � g � K � x1 �=@=@=@E� xn � . With thehelpof Propo-
sition 2.1.8we analyzethesetof solutionsof thesystemf � g � 0 whenwe con-
sider f andg aspolynomialsin Q � K � x1 �=@=@=@?� xn ��� . We have to distinguishbetween
two steps[CL+97, 3.1]:
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1. Theprojectionstepdeterminespartial solutions� ξ1 �=@=@=@7� ξn % 1 � of f � g � 0,
thatarethevaluesof x1 �=@=@=@7� xn % 1 for which thesystemf = g = 0 permitsa
solutions � ξ1 �=@=@=@E� ξn � .

2. Theextensionstepin which we extenda partialsolutionby all possibleval-
uesξn suchthat f � ξ1 �=@=@=@E� ξn �:� g � ξ1 �=@=@=@7� ξn �:� 0.

Let uswrite f andg ashierarchicalpolynomialsin xn. Thenby Proposition2.1.8
res� f � g � xn � is a polynomialin K � x1 �=@=@=@?� xn% 1 � . We hopethattheelementsξ of the
zerosetof res� f � g � xn � areextendibleto asolutionof f J ξ � g J ξ � 0. Unfortunately
theresultantcanvanishif ξ is azeroof 23� f � and 23� g� . In thesecasesthefirst row of
Syl � f � g� is full of zeroesleadingto res� f � g � xn �V� ξ ��� 0 ignoringthefactof ξ being
a partial solutionor not. Becauseof that, forming the resultantandevaluationof
theinnervariablesdonotcommutein general.Nevertheless,res� f � g� xn �V� ξ �d� 0 is
anecessaryconditionfor theexistenceof asolutionextendingξ.

Thesituationbecomesbetterif at leastoneof thepolynomialsis xn-regular.

Proposition2.1.13:LetK bea field,andlet f � g � K � x1 �=@=@=@7� xn � benon-zero poly-

nomials.Furthermore, let f bexn-regular. Thenfor all � ξ1 �=@=@=@7� ξn % 1 �6� K
n % 1

the
twoconditions

(i) res� f � g� xn �V� ξ1 �=@=@=@7� ξn% 1 �d� 0

(ii) There is ξn � K such that f � ξ1 �=@=@=@7� ξn �d� g � ξ1 �=@=@=@7� ξn �d� 0

areequivalent.

Thealgorithmicsearchfor partial solutionsworks betterif the resultantdoesnot
vanish.Hereis aniceresultthathelpsto attainthiscondition.

Proposition2.1.14:LetK bea field,andlet f � g � K � x1 �=@=@=@7� xn � benon-zero poly-
nomials.Thenres� f � g � xn � B� 0 iff f andghavenocommonfactorof positivedegree
in xn.

This canbe shown by viewing f andg aspolynomialsin K � x1 �=@=@=@E� xn % 1 �F� xn � and
applyingProposition2.1.8.

Furthermore,for f � g � K � x1 �=@=@=@7� xn � with deg � f �e� n anddeg � g�:� m it holdsthat
deg � res� f � g � xn �=�1j n ; m. Wewill needthis in §2.2.

Furthermore,Corollary2.1.11andCorollary2.1.12(now with point-wisetransla-
tion) arealsovalid for resultantsof multivariatepolynomialsoverrings.[W02] has
proved this alongthe linesof theproof for theunivariatecase,sincemultivariate
polynomialsallow thehierarchicalview asunivariatepolynomial.

In §3.1theEliminationTheoryis givenageometricmeaning,especiallytheresul-
tant.
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Subresultants:

Proposition2.1.8is anapplicationon thepolynomialremaindersequenceof f and
g. Theresultantvanishesiff theremaindersequenceterminateswithoutanon-zero
constantoccurringasthegcd.Wegeneralizethis relation:

Let K be a field, and let f � g � K � x� be two non-zeropolynomialswith degrees
not lessthank X 0. Thenthek-th (scalar)subresultantsresk � f � g � x� of f andg is
definedas the determinantof the matrix obtainedfrom Syl � f � g� by deletingthe
last2k columnsof thematrixandthelastk rows of eachof thetwo parallelograms
of coefficients.

Proposition 2.1.15:With f � g and k as above, the remaindersequencecomputed
by theEuclideanalgorithmfor f andg containsa non-zero remainderof degreek
iff thek-th subresultantof f andg doesnot vanish.

Proofsarein [GG99, 6.10] [GC+92, 7.3].

Several efficient algorithmsaredevelopedto computesubresultants.For the rest
of this thesisweneedsubresultantsin two explicit placesonly. Thusweconfineto
give hereonly thisoneimportantpropertyto them:

Proposition 2.1.16:With f � g andk asaboveit holds

sresi � f � g � x�e� 0 for all 0 j i I k { G deg � gcd� f � g�=�rX k. (2.6)

This is statedin [GC+92, Thm. 7.3].

2.1.4 (Real)Algebraic Numbers

Let 0 BD f �c&�� x� . A complex numberϑ �c' with f � ϑ �W� 0 is called an alge-
braic number. For eachpolynomial f ��&�� x� thereareonly finitely many algebraic
numbers(complex roots). From §2.1.2we know thatwe canalwayschoosef to
be irreducibleandmonic. This unique f is called the minimal polynomialof ϑ.
Clearly, f J h whenever h � ϑ �r� 0 for someh ��&�� x� . The degreen : � deg � f � is
calledthedegreedeg � ϑ � of ϑ andis a measurefor theirrationality of ϑ. Iff n � 1
it is rational.Otherwisethe

)
-minimalfield containing& andϑ, denotedas &a� ϑ � ,

is strictly largerthan & .

Mathematicshasa rich theoryon algebraicnumbers.For detailssee[B96] [L84]
[C93]. But this theoryis muchricher thanwe needfor our purposes.On theone
handwe areonly interestedin a subsetof thealgebraicnumbers,namelytheones
embeddedin $ . Ontheotherwewill havenoneedtoperformarithmeticoperations
on them. We only have two demandson realalgebraicnumbers:Representation
andComparison (for arithmeticson generalalgebraicnumbers,we refer to the
overview in [E03,2.4]).
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RepresentationasIsolatedRoots:

A real algebraicnumberϑ canbe representedby a pair � f ��� l � r ��� , where f is a
square-freepolynomial f ��&�� x� vanishingat ϑ and � l � r � is an isolating interval
for ϑ, that is ϑ ��� l � r ��L���� ϕ B� ϑ with f � ϕ �r� 0 G ϕ K��� l � r ��� . Furthermorewe
demandl � r ��& . Isolatingintervalsfor all realrootsof arationalpolynomialcanbe
determinedusingsquare-freefactorizationandfor exampleUspensky’s Algorithm
(see§2.1.2).

Comparisonof RealAlgebraic Numbers:

Beforewe startwith thecomparisonof two algebraicnumberswe have to analyze
the structureof representation:The polynomial f ��&a� x� implies a continuously
differentiablefunction f : $P��$�� x �� f � x� . Let ϑ ��$ bearootof thesquare-free
polynomial f with an isolating interval � l � r � . Then, thereis no local extremum
of f at ϑ. Consequently, we must seea sign changeof f at ϑ. By definition� l � r � is an isolating interval for ϑ, suchthat ϑ is the uniqueroot of f in I . This
andtheIntermediateValueTheoremallows usto concludethat �l� sign� f � l �=� B�
sign� f � r �=�e�~� .

In the comparisonof two algebraicnumbersit is a crucial stepto bisect � l � r � at
a point t with l I t I r. With the observation above we cancomparesign� f � t �=�
againstsign� f � l �=� andsign� f � r �=� to decidewhetherϑ ��� l � t � , ϑ � t, or ϑ ��� t � r � .
If ϑ � t it is theimplementation’s choiceto storea degeneratedinterval � t � t � or to
store � l ��� r ! t �=K 2� . Thelatterensuresfor everyalgebraicnumbertheexistenceof a
non-degeneratedisolatinginterval andavoids that thenext bisectionhits ϑ again.
For theothertwo genericcasesthecurrentinterval � l � r � will bereplacedwith � l � t �
respectively with � t � r � .
We arenow given two algebraicnumbersϑ1 ��� f1 ��� l1 � r1 ��� , ϑ2 ��� f2 ��� l2 � r2 ��� and
we want to comparethem, that is we want to computeif ϑ1 I ϑ2, ϑ1 � ϑ2, or
ϑ1 _ ϑ2. Two casesareeasyto decide,namelywhentheintervalsdo notoverlap:

(i) r1 j l2 G ϑ1 I ϑ2

(ii) r2 j l1 G ϑ1 _ ϑ2.

If theintervalsdo overlap,we bisecteachinterval at theboundariesof theotherit
contains.After thesebisectionsthetwo intervalsareeithernon-overlappingandwe
canapplyoneof thetwo easycasesabove, or theboundariesof the two intervals
coincide:

We areleft with thesituationwhereafterbisection � l1 � r1 �O��� l2 � r2 �O� : � l � r � . Obvi-
ously, if f1 � f2 we know ϑ1 � ϑ2. In the othercase( f1 B� f2) eachsquare-free
factorof f1, f2 hasexactly onezero in � l � r � . Henced : � gcd� f1 � f2 � , obviously
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square-free,hasat mostonezero in � l � r � . With the observationsabove we con-
clude

sign� d � l �=� B� sign� d � r �=��� Thereis η �c� l � r � with d � η �e� 0� Thereis η �c� l � r � with f1 � η �d� 0 L f2 � η �d� 0� ϑ1 � ϑ2

Consequently, if sign� d � l �=� B� sign� d � r �=� we aredone. In theothercasewe know
ϑ1 B� ϑ2, but not theorder. Theorderis determinedby alternatelyrefinementsof
the two numbers.A refinementis a bisectionof � l i � r i � at the midpoint 1

2 � l i ! r i � .
At somepoint the intervals arenon-overlappingandwe areagainin thetwo easy
casesfromabove. Theterminationis guaranteedby thefactthattheinterval lengths
convergeto 0 sothattheir sumhasto dropbelow Jϑ1

" ϑ2 J eventually.

Thereareseveralpossibleoptimizations:# Whenever d : � gcd� f1 � f2 � is non-constantwe replacefi in theinterval rep-
resentation� fi ��� l � r ��� of ϑi with eitherd or fi K d, whichever vanishesat ϑi

(determinedby comparisonof sign� d � l �=� againstsign� d � r �=� ). Thisoptimiza-
tion is always-onandpaysoff in future comparisonsbecauseit lowersthe
degreeof fi, makingevaluationandgcdcomputationcheaper.# To avoid the costly gcd computationwe evaluatethe determinantof the
Sylvesteror Bezoutmatrix (see§2.1.3)of f1 and f2 moduloaprimenumber
p. If theresultis non-zero,thenres� f1 � f2 � x� B� 0 andhencegcd� f1 � f2 �d� 1.
The conversedoesnot hold, of course. This test is much cheaperthan
computingthe actual resultant,becausethe size of the involved numbers
is smaller. Thusthismodularfilter shouldbestandardin animplementation.# Anotherfilter to avoid thegcdcomputationis a pre-refinementof the inter-
vals for several timesto hopefor thenon-overlappingcase,whereit is easy
to computetheorder. Theapplicationcanchoosethenumberof refinement
stepsused.# It is averysimpleideato choosethemidpointof aninterval for arefinement
step,becausethisproducesonly onemorebit of ϑ in eachiteration.Oncethe
intervals aresmallenough,we shouldswitchto Newton-Raphsoniteration,
which doublesthe numberof known bits in eachiteration. Unfortunately,
this optimizationis not yet implemented.

The representationof algebraicnumberwith isolating intervals canbe seenasa
delayedversionof numericalroot finding, which is donein thecomparisonsteps.
Furthermore,we canintroduceaunion-findschemeto cacheequalityof two alge-
braicnumbers.With this, theresultof eachthree-valuedcomparisonof algebraic
numbersis cachedin theboundariesof theisolatingintervals.
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Thereis anotheroperationthatcanbeprovided on this representationof analge-
braicnumber. Let � f ��� l � r ��� , f � K � x� , l � r ��& betherepresentationof analgebraic
numberϑ andlet g � K � x� thatis coprimeto f . Wewantthat � l � r � doesnotcontain
any root of g, that is to isolatetheinterval againsttherootsof g. With Descartes’
Rule of Signsit is easyto determine,if � l � r � containsa root of g. Otherwisewe
refine � l � r � . Someof theaboveoptimizations(modularcoprimalitycheck,Newton-
Rhapson)canfilter thisoperation,too.

Arithmetics on RealAlgebraic Numbers of Degree2:

In the casewherealgebraicnumberswith degreelessthanor equalto 2 are in-
volved,we areofferedtwo differentapproachesthataugmentcomparisonto war-
rantedarithmeticon them:

SeparationBounds

Thefirst approachhasbeenadaptedby thedevelopergroupsof thenumbertypes
CORE::expr [KL+99] and leda::real [BFMS00] [MN99, 4.4]. Thesenumber
typesbuild expressiontreesandsurrenderto do arithmetics.Operationsjust aug-
menttheexpressiontreeandonly whenthesignof theexpressionhasto becom-
puted(for exampleto comparetwo numbers),the tree is evaluatednumerically
with increasinglevels of precision. If the sign is non-zero,a low level of preci-
sion sufficesto a certaindecisionof the sign. The crucial case,however, is how
to recognizethesignzero.A separation bound(or constructiveroot bound) B, an
efficiently computableattributeof theexpressionE doeshelp: If E B� 0 G JE J<X B.
If thenumericalapproximationÊ of theexpressionE lies in � " B � B � , thenE � 0
certainly. Thussimplecaseswhere JE J is muchlarger thatB requireonly a rough
approximation.Though,detectingtheE � 0 is expensive.

Both numbertypescontain & andare closedunderfield operationsand certain
root extractionoperations:CORE::expr canhandlereal squarerootsat the mo-
mentwhereasleda::real allows real k-th rootsof arbitrary integer k X 2. Su-
sanneSchmittextendedleda::real to allow realzeroesof arbitrarysquare-free
polynomials(denotedby theso-calleddiamondoperator[BFMSS01]).

Thearithmeticson realalgebraicnumbersbasedon separationboundshasa great
advantagein geometricapplications,becausetheseareoftenaskingfor thesignof
algebraicexpressions.Thevalueof theseexpressionsarein the frequentgeneric
casesfarawayfrom 0 andonly in degenerateor almost-degeneratesituationsclose
to 0. The low precisionvaluessuffice to determinethe sign of expressionsin
mostnon-degeneratesituationsquitecheaply. Thecostlydetectionof azerooccurs
however at seldomsinglepoints.Thenthisnumericalfilter resultsin a remarkable
improvementof the runningtimescomparedto the impracticalrunningtimesof
mathematicalnaive arithmeticson algebraicnumbers.
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It is very impressive thatthesenumbertypescanbenestedfreely, for exampleex-
tractrootsfrom polynomialswith coefficientsthatarerootexpressionsthemselves.
Thisflexibility is paidoff with debasing(higherprecision)separationbounds.But
thefloatingpointfilter canevenbeusefulin purerationalarithmeticsto accelerate
computationof longnumbers.

In thegeometriccase,wehopefor seldomappearanceof degeneratesituationsthat
leadto a zerosignof expressions,becausethesearevery costly. This forbids the
useof separationboundbasednumbertypesfor algebraicalgorithmsthatperma-
nently producezeroes,for examplethe Euclideanalgorithmto computethe gcd
of two polynomials.Onesolutionof this problemis thesecondapproach,a more
specializednumbertype:

Field Extensionwith a Square-Root

We areoftenconfrontedwith situationswherewe wantto performarithmeticson
expressionsthatinvolveonly asmallnumberof squareroots(for example1 � 2 �=@=@=@ ).
So we want to computein &��H� D1 �=@=@=@7�F� Dn � . It is easyto implementsucha
numbertypethatprovidesthebasicarithmeticoperations.In theEXACUS project,
MichaelHemmerhascontributedthisnumbertypethatevenallows to reuseafield&��H� D1 � asbasicfield andadjoinanotherroot to reach &i�F� D1 �F� D2 � . This can
be donewith recursion. On this numbertype the recognitionof the sign zero is
muchcheaperthanon numbertypeswith separationbounds,which enablesgcd
computationsonpolynomialswith coefficientsthatinvolve square-roots.

Thereforewe oftencombinethesetwo approachesto getthebestof bothof them.
We symbolically perform algebraicoperations(for examplea gcd-computation)
over &�� � D1 �=@=@=@E� � Dn � andconvert the expressionafterwardsto a numbertype
basedon separationboundsthat benefitsfrom the advantagesof the separation
bound(floatingpointfilter). Of course,algebraicnumbersof degreeslessthantwo
canbe convertedbetweenthe different representationspresentedin this chapter,
exceptthesourcerepresentationbeingaseparationboundnumbertype.

SquareRoot Expressions

Both typescanbeusedto representnumbersfrom & wherea finite setof square-
rootsareadjoined. For the separationboundapproachthis canbe donedynami-
cally, in theextensionapproachwe have settherootsstatically. Numbersthatcan
berepresentedwith asinglesquarerootarecalledone-rootexpression(or OREfor
short).If severalsquarerootsareinvolved,we call themsquare-root expressions.

2.2 Algebraic Surfacesand Curves

Algebraic surfacesand curves are either input data to our problemor they are
indispensableasintermediateobjectsin thecomputationalsteps.To geta general
overview, we startwith themoreabstractconceptof analgebraichypersurface:

22



We mainly look at theaffine caseandrefer in questionto theprojective geometry
to eithertheintroductorybookof Gibson[G98].

2.2.1 Algebraic Hypersurfaces

In general,we consideralgebraic hypersurfacesthataredefinedin the following
way: Let K bea field andlet f beapolynomialin K � x1 �=@=@=@7� xd � . Then

ZERO � f � : �lT?� a1 �=@=@=@7� ad �\� Kd J f � a1 �=@=@=@?� ad �:� 0 U (2.7)

is calledthe algebraic hypersurfacedefinedby f . For the specialcaseof d � 3,
weusethetermalgebraic surfaceandfor d � 2 algebraichypersurfacesarecalled
algebraic curves. See§2.2.2and§2.2.3for detailson them.

The degreeof the algebraichypersurfaceis determinedby the total degreeof its
definingpolynomial f .

If the context is unambiguous,we usually identify the definingpolynomialwith
thezerosetof thealgebraicsurface.Thuswe speakof thealgebraichypersurface
f whenwe actuallymeanthealgebraichypersurfacedefinedby thepolynomial f .

Algebraic hypersurfacescan be definedby composedpolynomials. Considera
polynomial f which factorsinto f � gh. Thefactorizationof f leadsto a decom-
positionof thezerosets:

f � gh G ZERO � f ��� ZERO � g�?� ZERO � h�
g J f G ZERO � g� ) ZERO � f � (2.8)

ThereforeZERO � f � is unchangedwhenreplacingf with its square-freepart.

If two polynomialsf � g � K � x1 �=@=@=@7� xd � areassociatein thesensef 0 g : � f � λg
with someunit λ ��� K � x1 �=@=@=@7� xd ����(\� K R1T 0 U , theirzerosetsanddivisibility prop-
ertiesare identical. Motivatedthereby, we chooseto definean algebraichyper-
surface to be an equivalenceclass � f �/. of non-constantassociatepolynomials
f � K � x1 �=@=@=@?� xd � . This allows us to factorout the contentof eachpolynomial f
to cometo smallcoefficients.

Components

Let f � K � x1 �=@=@=@E� xd � be an algebraichypersurface (not necessarilysquare-free)
andlet K bethealgebraicclosureof K. Over K � x1 �=@=@=@7� xd � thepolynomial f fac-
torsnaturallyinto severalcoprimeirreduciblefactorsfi with multiplicities mi _ 0,
followed by (2.2). This implies a - not necessarilydistinct - decompositionof
ZERO � f � . Each fi is calledan(irreducible)componentof f with multiplicity mi.
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It dependsheavily onthechoiceof K in how many componentsanalgebraichyper-
surfacedecomposes.For example,considerf � y2 " 2x2 ��� y " � 2x�V� y ! � 2x� ,
which is not reducibleover K ��& .
Points on Algebraic Hypersurfaces

For a point v ��� v1 �=@=@=@?� vd � in thed-dimensionalreal spacewe saythat it lies on
thealgebraichypersurface f if f � v1 �=@=@=@7� vd �d� 0.

Recall the conceptof componentsof algebraichypersurfacesand have a closer
look at thesetof pointsp � K

d
thatarerootsof morethanonecomponent.These

pointshave aspecialmeaningon thealgebraichypersurface.More formally:

Thesmallestm X 0 suchthat thereis anm-th partialderivative of f not vanishing
at apointv is calledthemultiplicity mult � v; f � : � mof v on f . Onecanshow that

mult � v;gh�C� mult � v;g� ! mult � v;h� . (2.9)

For our purposes,we arenot interestedin componentswith a multiplicity greater
than1, sincethey do not inflict any changesto the zerosetof the algebraichy-
persurface. We thereforeassumefrom now on every definingpolynomialof an
algebraichypersurfaceto besquare-free.Thenalmostevery point of f hasa mul-
tiplicity of 1 exceptsomeremarkablepoints. Pointswith multiplicity 1 arecalled
regular, pointswith agreatermultiplicity singular.

Thegradientvector Y f ��� fx1 �=@=@=@E� fxd � [ givesusalsothepossibilityto character-
ize pointsv ��� v1 �=@=@=@7� vd �6� Kd that lie on thehypersurface f . We call a point v a
singular point of f if Y f � v�\� 0, otherwiseit is a non-singularor regular point.
During the analysesof algebraichypersurfacesin this thesiswe will often refer
to the gradientvectorwhencharacterizingpointslying on the hypersurface. See
§2.2.3for detailson thattopic for algebraiccurves.

Algebraic hypersurfacescan have commonpoints. Let us look at them. Let
f � g � K � x1 �=@=@=@E� xd � bethetwo definingpolynomialsof algebraichypersurfacesand
let v ��� v1 �=@=@=@7� vd ��� Kd bea point with f � v�1� 0 andg � v�\� 0. Thenv is called
an intersectionpoint of f andg. Intersectionpointscaneitherbe transversal or
tangential. An intersectionpointv is calledtangential if Y f � v� and Y g � v� arelin-
eardependentin v. Otherwisetheintersectionpoint is transversal. If v is singular
for f or g it is a tangentialintersectionpoint of f andg, just becauseY f � v�C� 0
respectively Y g � v�C� 0. Otherwisev is a non-singularintersectionpoint of f and
g.

Thesetof all intersectionpointsv of f andg is definedasfollows:

I � f � g� : �gT v �Z� v1 �=@=@=@7� vd �1� Kd J f � v�e� 0 L g � v�e� 0U . (2.10)
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In §2.2.3we will analyzethe intersectionpointsof two algebraiccurvesdeeply,
sincewe mainlyanalyzealgebraiccurvesdueto ourprojectionmethod.

Changingcoordinates:

Let K bea field. Let M � GLd � K � andlet b � K a vector. Thenthebijective map

A : Kd � Kd

v �� Mv ! b
(2.11)

is definedto beanaffinechange of coordinates. Its inversemapof A � v�e� Mv ! b
is alsodefined:A% 1 � w�:� M % 1w " M % 1b. A% 1 is naturallyanaffine changeof co-
ordinates,too. We point out two specialcases:If b � 0, thenA is a linear change
of coordinates. If M � 0, A is calleda translation.

For eachalgebraichypersurface f � K � x1 �=@=@=@7� xd � , an affine changeof coordi-
natesmapszerosetZERO � f � of f to anothersetof pointsA � ZERO � f �=� . Then
A � ZERO � f �=� is equalto the zerosetof the algebraichypersurface � f � A% 1 � be-
causeof f � v�1� 0 { G � f � A% 1 �V� A � v�=�1� 0 (notethat � denotescompositionof
maps). With our convention to identify the curves with the polynomialwe can
write A � f � for f � A% 1.
Luckily, an affine changeof coordinatesdoesnot result in real changesof the
geometryandtopologyof algebraichypersurfaces,sinceit doesnot changemain
algebraicproperties.Examples:# For thetotal degreesweknow: deg � f �d� deg � f � A� .# The irreduciblefactorsof f � A are the transformationspi � A of the irre-

duciblefactorspi of f .# Thegradientvectortransformsaccordingto thechainruleas Y � f � A�V� x�e�
M [\� Y f � A � x�=�=� .# Translatingtwo polynomials f � g � K � x1 �=@=@=@E� xd � by a vectorb � Kd, there-
sultantres� f � g� xi � is translatedby thevector � x1 �=@=@=@E� xi % 1 � xi k 1 �=@=@=@7� xd � .

Thereis a large collectionof proved statementslike this in [G98]. If it shouldbe
thecasethat thereis somepropertychangingwhenapplyingan affine changeof
coordinates,we will point to that.

Themotivationfor usingaffinechangesof coordinatesin thistext is to avoid certain
degeneratesituationsthat areonly degeneratebecauseof an awkward choiceof
coordinates.Singularpoints for exampledo not fall in this category, sincethey
aredegeneratedueto thegeometryof thehypersurface.Strictly speaking,singular
pointsaremappedto singularpointsagain.A proof is simplyusingthedefinition.
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In the following sectionsaboutsurfacesandcurveswe often assumesomecon-
ditions on the choiceof our coordinatesystem.Most of theseconditionscanbe
guaranteedafterapplyinga hand-picked affine changeof coordinatesto theorigi-
nal hypersurfaces.§2.4describeshow to choosetheright coordinatesystem.

2.2.2 (Quadratic) Algebraic Surfaces

An algebraic surfaceis analgebraichypersurfacein three-dimensionalspace.Ob-
viously, it holdsd � 3. For amoreintuitive insightwechoosex1 � x � x2 � y� x3 � z.
Let f beapolynomialin K � x � y� z� , then

ZERO � f � : �gT?� x � y� z�W� K3 J f � x � y� z�\� 0 U (2.12)

is calledthealgebraic surfacedefinedby f . If not disambiguated,we speakof f
meaningthealgebraicsurface,or surfacefor short.

A quadratic algebraic surfacesis an algebraicsurfacewhosedegree(that is the
total degreeof thedefiningpolynomial)is equalto 2.

Let q � K � x � y� z� beapolynomialwith deg � q�:� 2. ThenZERO � q� is thequadratic
algebraicsurfacedefinedby q. Quadraticalgebraicsurfacesarecalledquadrics
for short.Informally, we speakof thequadricq meaningthequadricdefinedby q.

For this thesis,we alwaysassumequadricsto bez-regular, meaningthat thecoef-
ficientof z2 doesnotvanish.With this,wecanexcludethequadricto containparts
parallel to z-direction,for examplea planeax ! by ! 0z � 0. In §2.4we explain
how to ensurethis.

A polynomialq definingaquadriccanthenbeexpressedin differentshapes:

Polynomial in z:

If we regardq � K � x � y� z� asa recursive polynomialover K � x � y�F� z� , we candefine:

q : � q2z2 ! q1z ! q0, (2.13)

with 0 BD q2 � K � x � y� , q1 � q0 � K � x � y� anddeg � q2 �e� 0, deg � q1 �\j 1, deg � q0 �\j 2.

Coefficients:

Alternatively we cangive ten coefficients a � b � c � d � e� f � g� h � k � l � K, with c B� 0,
and therebycover every coefficient of a generaltrivariatequadraticpolynomial
q � K � x � y� z� :

q : � ax2 ! by2 ! cz2 ! dxy ! exz ! f yz ! gx ! hy ! kz ! l (2.14)

Comingfrom thecoefficients,thereis a fourthmethodto definethepolynomial:
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Matrix:

We give a quadraticimplicit equationQ, which we presentin homogeneouscoor-
dinates

XTQX � 0, (2.15)

whereX ��� x � y� z� 1� . Q is thesymmetric4 x 4 matrixsttu 2 ; a d e g
d 2 ; b f h
e f 2 ; c k
g h k 2 ; l

wyxxz , (2.16)

with a � b � c � d � e� f � g� h � k � l � K, with c B� 0.

This implicit equationcontainsa factorof 2, but is still representingthesamezero
set,andthereforeis asshown in §2.2.1thesame“quadric”.

2.2.3 Algebraic Curves

An algebraic curveis analgebraichypersurfacein two-dimensionalspace,which
meansd � 2. For a more intuitive insight we choosex1 � x � x2 � y, sincewe
(normally)think of algebraiccurvesasembeddedin thexy-plane.Let f beapoly-
nomialin K � x � y� , then

ZERO � f � : ��T?� x � y�4� K2 J f � x � y�\� 0 U (2.17)

is calledthe algebraic curvedefinedby f . If not disambiguated,we speakof f
meaningthealgebraiccurve, or curve for short. We assumethedefiningpolyno-
mial f of analgebraiccurve to besquare-free.In §2.4weshow how to achieve this
for thecurveswe have to analyze.

For theanalysisof algebraiccurveswe assumethat they arey-regular. But what
doesy-regularity meangeometrically?The following is easyto show: Let fh be
the highest-orderterm of f � K � x � y� . f is y-regular iff the y-axis g : � x is not a
subsetof ZERO � fh) over K. This meansthatthehighestordertermdoesnot have
thefactorx if factoredover thealgebraicclosureof K.

Let f � g � K � x � y� be two y-regular andcoprimealgebraiccurves. We usePropo-
sition 2.1.14to concludethat their numberof commonpoints is finite. Further-
more we assume,that thereare no two points in the set of intersectionpoints
I : �lT?� xi � yi ��J f � xi � yi �:� g � xi � yi �e� 0 U thatsharethesamex-coordinate,that is for
eachi B� j : � xi � yi �>��� x j � y j �1� I : xi B� x j . They-regularity andthelatterassumption
canbe assuredby choosingan adequateaffine changeof coordinates.We show
in §2.4how to choosesucha mapandassumein this sectionthatour curveshave
theseproperties.
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For our computationswe areonly interestedin algebraiccurvesin the realaffine
planeandthereforefrom now on wewill focuson thecaseK ��$ .
The two conditionsabove allow us to mapthe intersectionpointsof f � g bijec-
tively to therootsof r : � res� f � g � y� by Proposition2.1.13andwecaneasilydefine
theintersectionmultiplicity mult � v; f � g� of f andg atanintersectionpointv asthe
multiplicity of the x-coordinateof v asa root of r. This allows us to boundthe
numberof intersectionpoints:

Proposition 2.2.1:Let f � g � K � x � y� betwoy-regular andcoprimealgebraic curves
where no two intersectionpointsshare thesamex-coordinate. Then f andg have
at mostdeg � res� f � g � y�=� intersectionpointsin K2, countedwith multiplicities,and
deg � res� f � g� y�=��j deg � f � deg � g� .
Proof: Thefirst inequalityis dueto thebijectivity of intersectionpointswith roots
of res� f � g � y� . Thesecondis apropertyof resultantsstatedin §2.1.3.

Tangents:

Considera point v on an algebraiccurve f � K � x � y� . If we translatethe coordi-
natesystemsuchthatv � 0, thenthe lowest-orderterm fl of f is a homogeneous
polynomial(all monomialshavethesamedegree), wherem is its degree.We also
know: m � mult � v; f �1X 1. fl factorsoverK into exactlym linearfactorsl1 �=@=@=@7� lm
(countedwith multiplicities). The factorsarecalledthe tangentsof f at v. If one
of thetangentsis theverticalline x, wecall v vertical (for exampleaverticalpoint,
avertical singularity, etc.of f ).

Detailsabouttangentsin singularitiesare in the book of Brieskorn andKnörrer
[BK86]. For ourpurposesit is enoughto statethefollowing proposition:

Proposition 2.2.2:(Multiplicity Inequality)Let K be a field, and let v � K2 be a
point. Let f � g � K � x � y� betwocoprimealgebraic curves.Then

mult � v; f � g��X mult � v; f � mult � v;g� , (2.18)

andtheequalityholdsiff f andg haveno commontangentat v.

For a givenline g (which is analgebraiccurve of theform ax ! by ! c) that inter-
sectsanothercoprimealgebraiccurve f � K � x � y� at a point v, we cancharacterize
theintersectionmultiplicity now: In thegeneralcasemult � v; f � g�C� 1, exceptg is
a tangentto f at v. Thenmult � v; f � g��X 2. If it is 3, thenv is calledaflex of f and
for a tangentwith multiplicity 4 weusethetermundulation. Thenumberof flexes
andundulationsof acurve is finite, sincetheseareintersectionof f with acoprime
curve,calledtheHessian, see[G98, 13.1].
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2.2.4 Geometryof Algebraic Curves

For theanalysesof thegeometryof analgebraiccurve we turnourflat view on the
definingpolynomialto ahierarchicalview. Thatmeans,weconsiderx-coordinates
asfreeandy-coordinatesasdependingon them. In this y-per-x-view, eachgiven
x-coordinateξ �b$ cansubstitutex andwe geta univariatepolynomial fξ ��$+� y� .
This polynomialallows usto characterizethebehavior of analgebraiccurve at ξ.
Pluggingin ξ for x into f � x � y� is thesameasdeterminingtheintersectionpointsof
f with thevertical line x " ξ, sincetherootsof fξ � y� areexactly they-coordinates
of theintersectionpoints.

Themultiplicitiesof therootsof fξ aretheintersectionmultiplicitiesmult � v; f � x "
ξ � of theintersectionpointsv. This allows usto developa methodhow to find all
x-coordinatesof pointsthathaveamultiple intersectionwith verticallinesthrough
eachξ. Let us assumethat y0 is a root of fξ with a multiplicity X 2. Theny0 is
obviouslyarootof � fξ � M , too. It holdsthat � fξ � M � fy � ξ � andtherefore:fy � ξ � y0 ��� 0.
Now we concludethat the vertical line x " ξ with ξ �`$ andthe curve f have a
multiple intersectionpoint iff f and fy have acommonpoint.

But we have to take care. Thereare two cases,which could causereal trouble
when searchingfor a finite numberof affine intersectionpoints of the curve f
with a vertical line. If the vertical line is coprimeto f , we have infinitely many
intersectionsandwecannothandleintersectionswith y ��� ∞, thatis thealgebraic
curve hasa vertical asymptote.Luckily, we excludedthesetwo critical casesin
a very elegantway: If f is y-regular, then thesecasesdo not occur. With these
observationswestatethefollowing proposition:

Proposition2.2.3:Let f � K � x � y� bea square-freeandy-regular definingpolyno-
mial of an algebraic curve. Thenthe algebraic curvesdefinedby f and fy have
onlyfinitelymanypointsin common.

Proof: If f is y-regular, then fy is y-regular, too. By Proposition2.2.1it is enough
to show that f and fy arecoprime. Let us assumethe contrary, that is thereis a
commonfactord of f and fy with deg � d �4_ 0. This factormustbealsoy-regular,
which canbe shown usingthe two definitionsof total degreeandthe degreein y
for a multivariatepolynomial.Sinced is a factorof fy we canconcludethatd2 is
a factorof f , contradictingthesquarefreenessof f .

For two coprimecurves(here f and fy) we assumedthatno two of their intersec-
tion pointssharethesamex-coordinate.We definethesetof x-coordinatesof the
intersectionpoints:

E : � T x � K pp � � x � y�4� K2 : f � x � y�C� fy � x � y�C� 0 U� T x � K pp res� f � fy � y�V� x�C� 0 U ,
dueto Proposition2.1.13.Let n �ZJE J . Weusethisasastartingvalueto definethe
topologyof f :
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Ar csand TopologicalPoints:

The items of the set E partition the two-point compactification$¡�`T¢� ∞ U of $
into n ! 1 openintervals � xl � xr � . Let us fix suchan interval I : �n� xl � xr � . Thenfor
eachxs � I theline � x " xs � hasonly simpleintersectionswith f whichweorderin
ascendingy-order. Theset

Ai : � cl �FT?� xs � ysi �1� K2 pp xs �d� xl � xr � andysi is the i-th greatestrealrootof f � xs � y��U¢�
(2.19)

3rd arc

is called the i-th arc of f over the interval I , wherecl
denotesthe (topological) closure,which is easyto un-
derstand:We adda point over xe (with eitherxe � xl or
xe � xr ) if xe B��� ∞. Suchapoint is theintersectionpoint
v of f with thevertical line l0 : ��� x " xe � with thecondi-
tion thatthepointsetAi is aC∞-manifoldof dimension1.
Note thatv canbe a multiple intersectionpoint of f and
l0.

Obviously, thenumberof arcsdoesnot changewithin I , sincethenumberof real
rootsof f � xs � y� is equalfor eachxs � I . Overeachinterval � xl � xr � thereareatmost
degy � f � arcs,sincethis is equalto thedegreeof theunivariatepolynomial f � xs � y� .
Thereis a moretheoreticalapproachto this definitionusingtheImplicit Function
Theoremin [E03,3.2.5].

Thetopologyof f is determinedby thearcsandhow they areconnected.Notethat
the topologyonly changeswhenan arcsstartsor ends,that is over x-coordinates
definedin E �hT¢� ∞ U . If we cancharacterizethe endpointsof eacharc, we have
characterizedthe topologyof the curve. Let us now fix an arbitraryinterval I �� xl � xr � of the partition of $£�`T¢� ∞ U by E andan arbitraryarc over I - calledA.
Obviously, theendpointshave thex-coordinatesxl for the left endpointandxr for
the right endpoint, if they exist in $ 2. Otherwisewe aresloppy andtalk alsoof
left andright endpointslying at infinity. In thefollowing thereis acasedistinction
of thesix situationspossibleat theright endpoint � xr � yr � of thearcA. For theleft
endpointwe canconcludeanalogously:

1. Infinity : This is a constructive case,sincexr � ∞ andtheendpointdoesnot
exists in $ 2. A is not connectedwith otherarcsandwe sayA extendsto
infinity (at its right end).

2. Singularity : This is anobviouscase,sinceeachsingularpoint of f is a an
intersectionpoint of f , fx, and fy, thatis f � xr � yr �:� fx � xr � yr �e� fy � xr � yr �:�
0. In this situation,zero or more but finitely many arcsof f meethere.
Of course� xr � yr � is a multiple intersectionpoint of f with thevertical line� x " xr � . Theconnectionof arcsmeetingtheredoesnotneedto besmoothly.
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In all othercases� xr � yr � mustbearegularpointof f becauseof thesquarefreeness
of f . Thereforeit alwaysconnectstwo arcsof f smoothly. Weknow that � xr � yr � is
an intersectionof f andthevertical line l : �¤� x " xr � . In §2.2.4we distinguished
four casesfor a line l intersectinga generalalgebraiccurve f thatwe usehereto
doacasedistinction.

3. Non-Vertical Tangent: f and l have a simpleintersectionat � xr � yr � . The
tangent̂l of f at � xr � yr � is notequalto l . This impliesthatthat fy � xr � yr � B� 0.

In theremainingcasesl is alwaysaverticaltangentof f at � xr � yr � andthisintersec-
tion is notasingularityof f . Thereforefx � xr � yr � B� 0 and fy � xr � yr �,� 0. Proposition
2.2.1allows usto checktheexistenceof thefollowing possibilities.

4. x-Extremality: f andl have adoubleintersectionat � xr � yr � . Thuswe know
fyy � xr � yr � B� 0 which impliesmult �=� xr � yr � ; f � l �1� 2. In this situation f lies
onjustonesideof l near � xr � yr � andthereforewecall thispointanx-extreme
point of f .

As weareinvestigatingaright endpoint,thecurve lies to theleft of l andwe
call thepoint a right x-extremeor x-maximalpoint. For a left endpointthe
termsarecalledanalogouslyleft x-extremerespectively x-minimal.

An algebraiccurve f canhave x-extremal points iff deg � f �fX 2, We also
know mult �=� xr � yr � ; f � fy �d� 1, becauseof fyy � xr � yr � B� 0, whichalsoimplies
fy beingy-regular.

5. Vertical Inflexion: f andl havea triple intersectionat � xr � yr � , meaningthat
it is a verticalflex. Thetriple intersectionof f andl implies fyy � xr � yr �C� 0
and fyyy � xr � yr � B� 0. The two joining arcsof f at � xr � yr � thereforelie on
differentsidesof l neartheendpoint.

An algebraiccurve f canhave vertical inflexions iff deg � f �rX 3. We also
know mult �=� xr � yr � ; f � fy �:� 2.

6. Vertical Undulation: f andl have a four-fold intersectionat � xr � yr � , mean-
ing that it is a verticalundulation.Thefour-fold intersectionof f andl im-
plies fyy � xr � yr �:� 0 and fyyy � xr � yr �:� 0. Thetwo joining arcsof f at � xr � yr �
thereforelie on thesamesideof l neartheendpoint.

An algebraiccurve f canhave verticalundulationsiff deg � f ��X 4. We also
know mult �=� xr � yr � ; f � fy �1X 3.

At this point we canconclude,that thenumberof arcsis finite, sinceeithereach
arcmusthave at leastoneendpointwith anx-coordinatesin E or JE J¢� 0. In the
lattercase,thenumberof arcsis equalto degy � f � x � y�=�4� deg � f � 0 � y�=� . Notethat,
thearcsof asinglecurve do not intersectin their interior.
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x x x x x

Figure2.1: Typesii) to vi) of topologicalpoints.Fromleft to right: Singularpoint,
Non-VerticalTangent,x-Extremality, VerticalInflexion andVerticalUndulation.

If we look at the valuesof fx � fy � fyy, and fyyy we seethat the items2.-6. form a
completecasedistinctionon thesevaluesthereforeclassifyingall elementsf � fy,
if deg � f �Wj 4. As we will seein §3.1thedegreeof thecurvesin our algorithmic
view doesnotextendto morethan4.

Intersection Points within Ar cs:

If weconsidertwodifferentcoprimealgebraiccurves f andg, it ispossiblethattwo
arcsAf andAg intersectin apoint � xv � yv � . They cannotshareacomponentbecause
of Proposition2.1.14andProposition2.2.1.Furthermoreweknow thatxv is a root
of res� f � g� y� andtheintersectionmultiplicity is equalto mult � xv � res� f � g� y�=� .
Proposition 2.2.4:Let f and g be two coprimecurvesthat intersectat the point� xv � yv �rK� f � fy. Thetwointersectingarcsof f andg intersectingat v changesides
iff mult � v; f � g� is odd.

Theproof is in [E03,3.2.6].

2.2.5 The JacobiCurve

In our work we will make useof theJacobicurveJ of f andg which is thedeter-
minantof theJacobiMatrix of themap � f � g� : $ 2 �¥$ 2, thatis

J : � det� Y f � Y g�:� fxgy
" fygx. (2.20)

Thezerosetof thepolynomialJ consistsof thosepointsv ��$ 2 for which Y f � v�
and Y g � v� arecollinear. For v � f � g this is equivalent to mult � v; f � g��X 2 by
Proposition2.2.2. We remarkthat thealgebraicdegreeof J is boundfrom above
by deg � f � ! deg � g� " 2. For two curves f � g andanaffinechangeof coordinatesA
it is easyto show J � f � A � g � A�d� J � f � g�¦� A.

An importantresulton Jacobicurvesis thefollowing proposition:

Proposition 2.2.5:Let f � g �§&�� x � y� be two algebraic curveshavingan intersec-
tion point v �`' 2 with multiplicity mult � v; f � g�6� 2. Let J be their Jacobi curve.
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Thenmult � v; f � J �4� mult � v;g � J �4� 1, that is the Jacobi curveintersectsf and g
transversally.

Proof: A proof by resultantmatrix computationsundercertainpositionassump-
tions(we will fulfill themvia anaffine changeof coordinatesasshown in §2.4)is
givenin [W02, Thm. 4.9].

In this case,theJacobicurve is a normalalgebraiccurve andits geometrycanbe
analyzedusingthemethodsshown in §2.2.4.

2.3 Arrangements

A finite setSof geometricobjectsin $ d , herealgebraichypersurfaces,decomposes$ d into connectedopencellsof dimensions0 � 1 �=@=@=@ d. Thisdecompositionis called
thearrangementinducedby S. Many realworld problems- for exampleintersect-
ing solids,motionplanning,etc.- canbeformulatedasproblemsthatcanbesolved
with thecomputationof arrangementsin low-dimensionalEuclideanspace.This
was a motivation for researchon arrangementsand their computationin recent
years. Detailsaboutgeneralarrangements,their representationandcomputation
canbefoundin [H03].

Sometermsanddefinitions:

Arrangement of hypersurfaces: Let Sbeafinite setof hypersurfacesin $ d . The
hypersurfacesin Sinduceadecompositionof $ d (into connectedopencells),
thearrangementArr � S� . A d-dimensionalcell in Arr � S� is a maximalcon-
nectedregion of $ d not intersectedby any hypersurfacein S.

Simplearrangement: An arrangementArr � S� of a setSof hypersurfacesin $ d ,
with n X 0, is calledsimpleif every d hypersurfacesmeetin a singlepoint
andif any d ! 1 hypersurfaceshave no point in common.

Vertex, edge,face,facet: Cellsof thedimension0 � 1 � 2, and � d " 1� , respectively.

k-cell: A k-dimensionalcell in thearrangement.

Combinatorial complexity of arrangements: Theoverall numberof cellsof all
dimensionsin thearrangement.Themaximumnumberis

k

∑
i Q 0 ¨ d " i

k " i © ¨ n
d " i ©

andis attainedexactly iff Arr � S� is simple.Thusthemaximalcombinatorial
complexity of anarrangementof n hypersurfacesin $ d is O � nd � andΘ � nd �
if it is simple.
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The representationof an arrangementdependsheavily on factorslike the typeof
hypersurfaces,their degreed, and the desiredoperationsone wantsto perform
on the arrangement.Therearemainly two accessingmethodsto the cells of an
arrangement:(i) Thearrangementshouldbe traversedcell by cell or (ii) thecells
of thearrangementcouldbeaccesseddirectly.

Dependingon thesedifferentfactorswe canchoosea representation:For example
the incidencegraph, which storesthe incidenceof all k-cells in thearrangement.
Its numberof nodesis clearly O � nd � . But the incidencegraph losesorder in-
formationbetweencells. Storing the naturalorderof cells leadto the cell-tuple
structure, that addsorderinginformationto the incidencerelation,for examplea
double-connected-edge-list. Therearefurther representationssuchasskeletonor
Nef-structure.

Arrangementscanbe decomposedin several ways. A good-behaving (even for
curved objects)andgeneraldecompositionschemeis the vertical decomposition
or trapezoidaldecomposition. In two-dimensionalarrangementswejustshootrays
upwardanddownwardstartingin eachvertex until it hitsanotherobjector extends
to infinity, seefigure2.2.Theextensiontohigherdimensionsisdefinedrecursively,
but resultsin muchhigheralgebraicdegrees.

Figure2.2: Verticaldecompositionof anarrangement.

Arrangementscan be computeddeterministicallyor randomized. Deterministic
approachesareincrementalconstruction, whichinsertsoneobjectaftertheotheror
asweepover thearrangementconstructingtheentriesof therepresentationonline.
Incrementalconstructioncanberandomizedby choosingtheorderof objectsto be
insertedrandomly.

For our purposeswe can restrict our view to arrangementsin three- and two-
dimensionalEuclideanSpace( $ 3 and $ 2):
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2.3.1 Arrangementsof Algebraic Surfaces(or Quadrics)

ConsiderasetQ �5T q1 �=@=@=@7� qn U of algebraicsurfaces.Then surfacesform athree-
dimensionalarrangementandpartition theaffine spacein a naturalway into four
differenttypesof maximalconnectedregionsof dimension3 � 2 � 1, and0, respec-
tively. To statethismoreformally let sign: $-�ªT " 1 � 0 � 1 U bethefunction:

sign� a�:� «¬®­ " 1 , if a I 0
0 , if a � 0
1 , if a _ 0

Thenevery point v : �Z� a � b � c�6��$ 3 hasa well definedsignsequence� sign� p1 � v�=�>� sign� p2 � v�=�>�=@=@=@?� sign� pn � v�=�=�6�§T " 1 � 0 � 1 U n,

whichdefinesanequivalencerelationonthesetof pointsin space.Wesaythattwo
pointsv1 andv2 areequivalent,if they have thesamesignsequence.Of coursethe
pointsof oneequivalenceclassmustnotbelongto thesameconnectedcomponent,
but every connectedsubsethasa uniquesignsequencein T " 1 � 0 � 1U n. A maximal
connectedsetof equivalentpointsis calledcell, face, edge, andvertex depending
on its dimension:

1. A cell is of dimension3 andon eithersideof eachsurface.It is a connected
subsetof anequivalenceclasswith no0-entryin its signsequence.Notethat
we usethetermcell meaninga3-cell from now on.

2. A face is of dimension2 andhasat leastone0-entry in its sign sequence.
A facelies on thesurfaceof onealgebraicsurface(exactly oneiff they are
coprime).

3. An edgeis a region of dimension1 andhasat leasttwo 0-entriesin its sign
sequence.It is part of the intersectioncurve of two algebraicsurfacesand
thereforelieson thesurfaceof at leasttwo algebraicsurfaces.

4. A vertex is 0-dimensionaland hasa sign sequencewith at leastthree0-
entries. It is the intersectionpoint of at leastthreealgebraicsurfacesand
thereforeis theintersectionof two or moreintersectioncurves.

For ourpurposes,werestrictthedegreeof thealgebraicsurfacesto 2, meaningthat
weanalyzearrangementsof quadrics.

2.3.2 Two-DimensionalArrangementson Algebraic Surfaces

Let us restrictour view to onealgebraicsurfacein a three-dimensionalarrange-
ment. From thedistinctionmadein §2.3.1- cells, faces,edgesandvertices- the
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latter threetypesdecomposethe surfaceinto maximal connectedregions, since
eachof theseregionshasa zerosignwith respectto thealgebraicsurfacewe are
looking at. This decompositionis obviously a two-dimensionalarrangement.

To built the three-dimensionalarrangementof algebraicsurfacesit is enoughto
know the two-dimensionalarrangementson their surfacesinducedby their inter-
sectioncurves. For eachk-cell of the two-dimensionalsurfacearrangements,we
storewhich otheralgebraicsurfacesareinvolved. More precisely, for anedgewe
have to storeat leastoneadditionalsurface,anda vertex is connectedto at least
two othersurfaces.It remainsto connecttheseobjectsfacesfrom differentsurfaces
at theirboundariesto build thecellscombinatorically.

2.3.3 Planar Arrangementsof Algebraic Curves

We considera setC : �¯T c1 �=@=@=@?� cn U of algebraiccurves in the two-dimensional
affine plane $ 2. Thesecurvesform analogouslyto the three-dimensionalcasean
arrangementwhosecells canalsobe identifiedwith the help of a sign sequence� sign� c1 � v�=�>� sign� c2 � v�=�>�=@=@=@?� sign� cn � v�=�=� . Obviously, therecannotbea region of
dimension3. Thusweonlydistinguishbetweenvertices,edgesandfacesasregions
of dimension0 � 1 and2, respectively.

1. A face is of dimension2 andhasno 0-entryits signsequence.

2. An edgehasdimension1 andhasat leastone0-entry in its sign sequence
(andexactlyoneiff thecurvesarecoprime).

3. A vertex is 0-dimensionalandcontainsat leasttwo 0-zeroentriesin its sign
sequence.It is theintersectionof two or morealgebraiccurves.

Our idea to computethe two-dimensionalarrangementon a surfaceis basedon
thecomputationof planararrangements.We will usea generalizedversionof the
well-known sweepline algorithmfrom Bentley andOttmann[BO79] to compute
planararrangements.An introductionto thisalgorithmis givenin §4.1.In §3.1we
definethecurveswewantto sweepandbreakthemup into sweepablesegmentsin
§4.1.In §4.2wereportonaboutidentifyingsegmentsof planararrangementswith
segmentsof two-dimensionalarrangementsonquadrics.

2.4 Choosinga Coordinate System

In thelastsectionwe startedto assumesomeconditionson thechoiceof thecoor-
dinatesystemsuchsurfacesandcurveswe have to analyzedo not behave in some
unlovely sense.In thissectionwewill refinetheseconditionsandweshow how to
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excludeunwantedchoicesof thecoordinatesystem.This sectionis thefirst where
we restrictour view on theactualproblemwe wantto discuss:Quadricsandtheir
intersectioncurves

Before we start to choosea new coordinatesystem,we explain how to ensure
squarefreenessof surfacesandcurves. Let xn betheoutermostvariableof a poly-
nomial f defininga surface(z) or a curve (y). Thenthe square-freepart of f is
givenby

f̂ : � f K gcd� f � fxn � . (2.21)

Whenever we have to createan instanceof analgebraicsurfaceor curve, we can
replaceits non-square-freedefiningpolynomialsusingthismethodwith its square-
freeversion.

Furthermore,we do not want to have non-coprimesurfacesand curves. If two
hypersurface f � g haveanon-constantcommonparth : � gcd� f � g� , wewill replace
f andg with f K h, gK h andh itself. All of themaresquare-freebecausef andg are
alreadysquare-free.If oneof thembecomesconstant,we canomit it.

Besidestheseinputconditions,wementionedotherdifficult situations(for example
coverticality of intersectionpoints)thataredueto a badchoiceof thecoordinate
system.Wecanchangethis usingashear:A shearof thethree-dimensionalspace$ 3 is a linearmapwith threeshearingparameters r � s� t ��� :

Sr ° s° t � su x
y
z

wz �:� su 1 r s
0 1 t
0 0 1

wz su x
y
z

wz � su x ! ry ! sz
y ! tz

z

wz (2.22)

Theshearis anaffine changeof coordinatesanddoesnot changethedegreeof a
trivariatepolynomialdefiningasurface.A shearSr ° s° t canbeseenastwo composed
shearsSs° t andSr :

Sr ° s° t � su x
y
z

wz �:� su 1 0 s
0 1 t
0 0 1

wz± ²V³ ´Q :Ssµ t
su

1 r 0
0 1 0
0 0 1

wz± ²V³ ´Q :Sr

su
x
y
z

wz � su x ! ry ! sz
y ! tz

z

wz .

(2.23)

Thisdecompositioncanbeusedto minimizethechangesonthecoordinatesystem
duringthealgorithm.Wewill seethat# anSs° t shearhasanimpacton thez-regularity of quadrics.# an Sr shearinfluencesthe y-regularity of projectedcurves,coverticality of

intersectionpoints,etc.

Dependingontherecognizedsituationwehave to choosenew valuesfor sandt or
a new valuefor r only. In thenext paragraphswe give theanswerto thequestions
whento usewhichshearandhow to choosetheir values:
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As we will see,eachunlovely situationdueto thechoiceof thecoordinatesystem
is critical for thiscertainconfigurationof theshearingparametersonly. In addition
we show that thereis only a finite numberof undesiredsituations.Thuswe can
determinethe numberof disallowed valuesfor a certainshearingparameter. If
we choosethis parameterfrom a set of valueswhich is k times larger than the
numberof undesiredvalues,we hit a non-problematicvaluewith probabilityk % 1.
This means,if therearen unlucky choicesof a shearingparameter, we have to
chooseits valuefor examplefrom therange � 0 � kn� or � "§¶ k2 · n � ¶ k2 · n� . So,for each
parameterit sufficesfor ouranalysisnow to countthenumberof unlucky values.

A shearing,which is an affine changeof coordinates,has the advantage,that
the topologyof the surfacesandcurvesdoesnot change.Intersectionpointsare
mappedto intersectionpoints. Only the coordinatesof the pointschange.More
detailsarein §2.2.1.

Unfortunately, we cannotget rid of onedisadvantage:Shearingincreasesthesize
of thecoefficientsandthisleadsto longerrunningtimesfor all algebraicoperations
suchasresultantcomputationor root isolation.To improve thiswecanstartwith a
smallsetandincreaseits sizefor everyfailure.With increasingsizetheprobability
that a “good” coordinatesystemis chosenincreases,payingwith longerrunning
times.

Anotherapproachis to chooserationalshearingparameters.If theirabsolutevalues
arecloseto 1, the lengthof the involved numbersstayrelatively small. Thuswe
“normalize” theshearingparametersr � s� t �`� by a commondenominatoru �§� :
r̂ � r K u, ŝ � sK u andt̂ � t K u. It is easyto seehow thischangestheshearingmatrix:su

u 0 0
0 u 0
0 0 u

wz su 1 r K u sK u
0 1 t K u
0 0 1

wz � su u r s
0 u t
0 0 u

wz ��� 3 ¸ 3. (2.24)

Geometrically, this methodis a scalingand a shearing. The crucial stepis the
choiceof u: Wehaveto ensureu X-J r J , u X�J sJ , andu X�J t J , whichkeepstheincrease
of bit lengthsmall.

Now we distinguishwhichmethodsandwhichparametersareuseful:

2.4.1 Input quadrics

For every inputquadricqi wedemandthefollowing conditions:

(i) qi is square-free.

(ii) For eachquadricq j (i B� j) it holdsthatqi andq j arecoprime.

(iii) qi is z-regular.
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Thefirst itemcanbeeasilyensuredby applying(2.21).Thetopologyof thesurface
doesnot changeasshown in §2.2.1.We alsogave a solutionto theseconditem in
theintroductionof this section.

The third item is equivalent to a vanishingleadingcoefficient of q viewed as a
polynomial in z. It can be solved using an Ss° t shear. The questionis how to
find goodvaluesfor s andt. Let us look at the leadingcoefficientsof then input
polynomialsqi whensubstituting� x � y� z� by � sz� tz� z� . Theleadingcoefficientsare
thenat mostquadraticpolynomialsin K � s� t � , sincethe total degreeof quadricsis
at most2. We will call them 2 1 �=@=@=@E�*2 n. The leadingcoefficientscanbe seenas
planarcurves(conics)andwe have to choosea point � s� t � that is not lying on any
of thesecurves.If wesubstitutes � a in thepolynomials2 i, 1 j i j n, thenit might
happenthata leadingcoefficient 2 j vanishes.This happensif (s " a� is a factorof2 j . But each2 i hasa total degreeof at most2 andbecauseof thatthis unwelcome
effect canoccurfor at most2n valuesof s. Let ussubstitutethis values into each2 i obtainingn univariatepolynomials2 1 � a � t �>�=@=@=@E�*2 n � a � t � . Each2 i � a � t � hasatmost
two roots,sothereareall in all j 2n valueswearenotallowedto choosefor t.

2.4.2 Algebraic Curves

Thealgebraiccurvesweconsiderin thisthesisareprojectedcurveswhoseoriginals
areintersectioncurvesof algebraichypersurfaceswith dimension1 in $ 3. There
aresomeconditionsfor thetopologyof acurve fi in thechosencoordinatesystem:

(i) fi is square-free.

(ii) For eachcurve f j (i B� j � is holdsthat fi and f j arecoprime.

(iii) fi is y-regular.

(iv) fi containsneitherverticalflexesnorverticalundulationsnorverticalsingu-
larities.

(v) Theintersectionpointswith anothercurve fi arenotallowedto bevertical.

(vi) Theintersectionpointswith anothercurve(includinginvolvedJacobicurves)
do notsharethesamex-coordinates.

We canapply thealgorithmicanalysisgiven in Chapter3 only whenthesecondi-
tionshold. Exceptfor thefirst two items,which aretreatedbelow, we canrefor-
mulatetheseconditionsasnon-verticality of a finite numberof lines:

(iii) non-verticality of thefactorsof thehighest-orderterms

(iv) non-verticality of tangentsat flexes,undulations,singularities,

(v) non-verticality of tangentsat intersectionswith othercurves,

(vi) non-verticality of thelinesjoining thepointsdefinedabove.

We recognizethat all of theseverticality violations result from a bad choiceof
coordinates:
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Using the shear(2.22)we mapeachpoint � a � b � c� of a spatialintersectioncurve
to thepoint � a ! rb ! sc� b ! tc � c� . So theprojectionof a spatialpoint � a � b � c� is
just settingc � 0 leadingto a planarpoint � a � b� . Thusthechangeof coordinates
in (2.22)mapsapoint � a � b� to� a � b�:�Z� a ! rb ! sc� b ! tc� . (2.25)

To reachnon-coverticality of a finite setof lines,it is not importantto choosenew
valuesfor r � s� t. A new valuefor r (if s andt areconsideredfixed) leadsto new
x-coordinatesfor points.Thuswe assumew.l.o.g.thats � t � 0.

Our currenttask is to give an upperboundfor the numberof lines that are not
allowedto bevertical.Thereforewefirst determinethenumbermof planarcurves
(without Jacobicurves)andtheupperboundd for thedegreesof thesecurves.

Let us startcounting: Substitutex with the expressionry dueto our choiceof r
in the leadingcoefficient 2 1 �=@=@=@7�*2 m � K � r � of them curves. Noneof themshould
vanish.With theupperboundfor thedegreeof thecurveswe concludethat there
areatmostmddifferentrootsof the 2 i whichweshallnotusefor ourchoiceof r.

We showed that the x-coordinatesof flexes and undulationsare roots of ry : �
res� f � fy � y� with a multiplicity at least2. The degreeof ry is boundfrom above
by deg � f � deg � fy � . Thereareatmostd � d " 1� rootsfor ry andthereforeeachcurve

hasat most d 8 d % 19
2 flexes or undulations. All in all, thereat at most ¹ md8 d % 19

2 º
verticalflexesor undulationsin theplanararrangement.

The next stepis to boundthe numberof intersectionpoints. For themwe have
to excludeverticality. For two (coprime)curvesthereareat mostd2 intersection
points. This yields that we have to add md2 other lines we do not want to be
vertical.

Thelastitem(iv) containsthebiggestnumberof possiblyverticallines:Wedefine
theset:

Iv : ��T?� a � b�4� K � x � y� pp � f � g� J � f � g�»� f � a � b�e� 0 L fy � a � b�e� 0�3¼� f � a � b�e� 0 L g � a � b�C� 0�3¼� J � f � g�V� a � b�C� 0 L Jy � f � g�V� a � b�\� 0��U
The numberof lines joining eachpair of points in Iv is a crudeupperboundfor
theactualnumberof lines,checkedin thealgorithmin Chapter3. Thereis abetter
possibility to estimatethe numberof lines. Anyhow, we give this rough upper
boundandreferto thefact,thatthechoiceof theshearingparameterr shouldstart
picking valuesfrom asmallrange:

In Iv we canfind# md� d " 1� intersectionpointsof them curves f with their correspondingfy.
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# m2d2 intersectionpointsof any two curves f andg.# m2 � 2d " 2�V� 2d " 3� intersectionpointsof them2 JacobicurvesJ � f � g� with
thecorrespondingJy � f � g� .

Thisyieldsto thefollowing numberof suspiciouslines:

wl : � ¨ md� d " 1� ! m2d2 ! m2 � 2d " 2�V� 2d " 3�
2 ©

Sincetheplanarcurveshave their origin in $ 3 we have to take careof thechosen
valuesfor s and t in the currentlyappliedSs° t shear. An awkward choiceof r � s
andt doesnot changethex-coordinatesin thenew coordinatesystem.Let v1 : �� a � b1 � c1 � andv2 : �½� a � b2 � c2 � with b1 B� b2 be two spatialpointswith the same
x-coordinatea. The projectedpoints v̂1 �¯� a � b1 �>� v̂2 �¯� a � b2 � definethe vertical
line x " a. For whichparametersr � s� t of ashearSr ° s° t doestheline joining thetwo
pointsbecomenon-vertical, that is thex-coordinatesof themappedpointsdo not
coincide?

Theansweris simple:v̂1 is mappedto v1 �5� a ! rb1
! sc1 � y ! tc1 � andv̂2 is mapped

to v2 �Z� a ! rb2
! sc2 � y ! tc2 � . Thex-coordinatesareequaliff

r � s ; c2
" c1

b1
" b2

,

with b1 B� b2 andwhereb1 � b2 � c1 � c2 andscanconsideredasarefixedvaluesat this
moment.We concludethat the line joining v̂1 andv̂2 staysvertical iff r is chosen
to bethisspecialvalue.This is anotherunwelcomevaluefor theparameterr.

All the differentcasesimply the following upperboundto the disallowed values
for r

w : � md ! ¹ md� d " 1�
2 º ! md2 ! wl

! 1 (2.26)

Thiscompletesthecountingof notallowedvaluesfor theshearingparameterr and
weareleft with two situationsthatcannotbesolvedusinganSr shear:

As we will seein §3.1 our algebraiccurves result from a projectionof spatial
intersectioncurves.Eachpoint � a � b � c�4��$ 3 will beprojectedto thepoint � a � b�4�$ 2. It canhappenthat thereareseveral points(countedwith multiplicities) that
havea andb asx- andy-coordinate.Let f beanalgebraiccurve thatis not square-
freeandlet � a � b� bea multiple point of f , that is a (multiple) point of gcd� f � fy �
anda singlepoint of f K gcd� f � fy � . Let c1 �=@=@=@7� c j �h$ be thez-coordinatesof the
j spatialpoints � a � b � ci � thatareprojectedto � a � b� . If c1 � c2 �Z@=@=@m� c j , thenwe
replacethecurve f by thetwo curvesgcd� f � fy � and f K gcd� f � fy � . Thedegreeof
both curves is obviously j 2. For the othercase(thereareat leasttwo different
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valuesin theci), wecoulduseeitherareshearingwith anSs° t shear(whichincreases
thesizeof theinvolvednumbers)or we alsoreplacef with its square-freefactors.
We prefer the latter possibility, which - unfortunately- introducesa specialbut
simplehandlingat a laterpoint (see§4.2).

If two algebraiccurvesarenot coprime,we canusethesametrick asfor quadrics
anddivide thecommonfactorout to insertthreeinsteadof two curveswith smaller
coefficientsizesinto thearrangement.In §3.1wetakeacloserlook atthissituation
sincewewill definetwo differenttypesof curvesandhaveto takecarethatthenew
curvesinherit thecorrectattributes.

2.4.3 DetectingViolations and ChoosingShearingValues

The choiceof anothercoordinatesystemis not a restrictionof the possibleinput
data.It is ratheramethodto simplify or evenfacilitatetheanalysisof surfacesand
- asin the next chapter- of curvesandpairsof them. The sweepline algorithm
doesnot dependon this choiceof coordinatesystem,it canhandlefor example
covertical intersectionpoints. But we needthe changeof coordinatesto provide
thepredicatesfor thesweepline algorithm.

Most of theviolationspresentedherecannot bedetectedwithout computingcer-
tainpropertiesthatarealreadyresultsof theanalysisof algebraiccurves.Wedelay
therecognitionof theseviolationsto thetimeweanalyzetheinvolvedcurves.The
detailsarein §3.2and§3.3.

Only for theinputquadricswecantesttheconditionsbeforestartingtherealcom-
putationof thearrangement.

For thecomputationof thearrangement,we have thefollowing flow:

Checkinput quadrics:Make themsquare-freeandcoprime;if at leastoneis
notz-regular, chooses� t B� 0 for initial Ss° t shear.

Startthearrangementcomputationwith Sr shear, setr � 0.

If noviolation is recognized,thenwehavecomputedthearrangement.Stop.

Otherwise,make the curves coprime or choosenew Sr sheardepending
which violation occurred. Thenrestartthe arrangementcomputationuntil
thereis no indicationof aconditionviolation.

In thenext chapterswe introducethegeometricobjectswe have to dealwith and
in §4.1.3thereadercanfind somefurtherdetailsaboutshearingbackwhichdiffers
in the mathematicalintuitive way dueto our chosenrepresentationof pointsand
curvesin §4.1.1.
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Chapter 3

Projection of
Surfacesand Curvesand their
Algorithmic Analyses

In this chapterwe introducethe projectionof the two-dimensionalarrangements
onquadricsto theplane.Wewill seethattheseplanararrangementsareequivalent
to theoriginal arrangements.To computesuchprojectedarrangementswe define
two typesof curvesandwe show how to analyzetheir geometryalgorithmically
- andpractically. We further pair curvesof projectedarrangementsandanalyze
their topology, too. Theseanalysesprovide the basisto computesuchprojected
arrangementswith thesweepline algorithmin thenext chapter.

Thisis ourinput: A quadricq isdefinedbyatrivariatepolynomialof degreeatmost
2. Thecoefficientsarechosenfrom & , thatis q ��&�� x � y� z� . Theinputconsistsof n
quadrics:Q : �gT q1 �=@=@=@E� qn U .
This is ourtask:For eachquadricq � Q - which is calledbasequadricif it is in the
currentfocusof thealgorithm- we want to sortall verticesalongthe intersection
curveswith theotherquadricsin Q. A vertex is the intersectionof q with at least
two other quadricsp and r. Recall the examplefrom the first chapterin figure
1.1. If we choosetheredquadricasbasequadric,thenthe intersectioncurvesof
the otherquadrics(blue,green)with the red quadricinducea subdivision on the
surfaceof thisbasequadric.

3.1 Projection Phase:Silhouettecurve and Cutcurve

How canwe computethearrangementon thesurfaceof thebasequadricq? The
ideawe useis basedon cylindrical algebraicdecompositionthatusesElimination
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Theoryto project the spatialscene(mainly the intersectioncurves) to the plane.
As we have seenin §2.1.3Elimination Theorycanuseresultantsto performthis
projectionstepalgebraicallyusingProposition2.1.13.Theneededz-regularity of
thequadricsin Q is fulfilled at leastaftera shear(§2.4).Of course,thisprojection
stepis opento arbitraryalgebraicsurfacesandwe discussthe extensionof our
methodto higher-degreesurfacesin §5.5. Theproblemthereis a higheralgebraic
degreeof thecurvesandtheinvolvednumbers.

For two quadricsq � p, we have alreadydefinedthe setof the intersectionpoints
I : �¾T?� a � b � c�¿�c$ 3 pp q � a � b � c�^� p � a � b � c�^� 0 U in §2.2.1. The zero set of the
projectedintersectioncurve f is directly givenby Î : ��T?� a � b���b$ 2 pp � a � b � c�W� I U
by settingc � 0 for all intersectionpoints.A bivariatepolynomialthathasÎ asits
zerosetcanbefoundusingEliminationTheory:

Definition 3.1.1:Let q � p be two square-free,z-regular andcoprimequadrics(al-
gebraicsurfaces).Thealgebraiccurve with thedefiningpolynomial

cut� q � p� : � res� q � p � z� (3.1)

is calledthecutcurve of q andp.

With proposition2.1.13ZERO � cut� q � p�=�C� Î holdsandwe know

deg � cut� q � p�=�4j 4

respectively j deg � q� deg � p� for generalalgebraicsurfaces.

Theprojectionof intersectioncurvesleadsto a lossof spatialinformation.Mainly,
we candistinguishbetweentwo problems:

Different points in thr ee-dimensionalspacewill be identified:
The pointsv1 �¯� a � b � c1 � andv2 �½� a � b � c2 � will both be mappedto
v̂ �Z� a � b� ignoringc1 B� c2.

If we considera singlespatialintersectioncurve, thentheprojection
canleadto (new) singularpointsof theplanarcurve, besidesthepro-
jectedsingularpointsalreadypresentin three-dimensionalspace.

The sameholdsfor eachpair of spatialintersectioncurves. Besides
the projectionof spatialintersectionpointsonto the xy-plane,it can
happenthat theprojectedcurvesintersectat planarpointsover which
we cannotfind spatialintersectionpoints.

In thischapter, we explainhow to find these“artificial” points.

Beforewecango on to thesecondproblem,wehave to take aview on thequadric
q from " ∞. A quadricq thenconsistsof threedifferentparts:lowerpart,silhouette
andupperpart.

44



upper part
silhouette

lower part

Thepartof thequadricp which canbeseefrom z �" ∞ is called lower part. But we exclude the seen
borderexplicitly andcall thebordersilhouetteof the
quadric. The unseenpart (on the other side of the
lower part) is calledupperpart. Thereis alsoa more
formaldefinitionof this distinction:

ThezerosetZERO � q� of aquadricq canbepartitionedinto threedistinctsets(if z-
regular, but weassumedthat).Let � a � b � c�4� ZERO � q� . Wedefineq̂ : � q � a � b � z�4�$�� z� . Thenthepoint � a � b � c� belongsto the# lower part of q if q̂ hastwo differentrealrootsof whichc is thesmallerone.# silhouetteof q if q̂ hasonedoublerealrootwhich is equalto c.# upperpart of q if q̂ hastwo differentrealrootsof whichc is thegreaterone.

Of course,we can project thesethreesetsby defining eachc � 0 to the plane.
Projectinglower andupperpart is quite uninterestingbecauseit resultsin open
setsof points- differentfrom theprojectionof thesilhouette.If weprojectits point
setto the plane,we get thezerosetof an algebraiccurve, which is algebraically
definedasfollows:

Definition 3.1.2:Let q bea square-freeandz-regular quadric(algebraicsurface).
Thealgebraiccurve with thedefiningpolynomial

sil � q� : � res� q � qz � z� (3.2)

is calledthe silhouettecurve of q.

Becauseof thedegrees,it holds

deg � sil � q�=�1j 2

respectively j deg � q�V� deg � q� " 1� for generalalgebraicsurfaces.

Then

ZERO � sil � q�=�:�gT?� a � b����$ 2 pp � a � b � c� is a pointon thesilhouetteof qU .
Proof: Thesilhouetteof q containsall points � a � b � c� suchthatc is a doubleroot
of q � a � b � z� . Thusc mustalsobe a root of qz � a � b � z� - the first partial derivative
w.r.t. z. With proposition2.1.13for q � a � b � z� andqz � a � b � z� wearedone.

Thedistinctionof a quadricq into lower part,silhouetteandupperpartnaturally
definestwo differentarrangementsoneachquadric:Thetwo-dimensionalarrange-
mentArr %q on the lower part andthe two-dimensionalarrangementArr kq on the
upperpart. Both arrangementshave to includethesilhouettesinceotherwisethey
would not have a closedboundary. Furthermore,the silhouetteconnectsthe ar-
rangementson a quadric.Thesetwo arrangementshelpto solve thesecondprob-
lem thatresultsfrom theprojectionof intersectioncurves:
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The silhouetteof a quadric partitions two-dimensionalfaces:
Former faceson a quadric, lie either completelyon the lower part,
on the upperpart of the quadricor extend over both arrangements.
Unfortunately, theprojectedscenecannotseesuchsituationswherea
facerunsover thesilhouette.It is anintegratedview of thelower and
upperarrangement:Theprojectionof thelowerarrangementpartitions
theprojectionof theupperarrangementandviceversa.

Sincewe decomposedsuchspecialfacesinto two smallerones- each
on exactly onepartof thebasequadric,we cancomputedtheminde-
pendentlyandstitchthemtogetheronly topologically.

Weexplainin Chapter4how to decomposetheintegratedarrangement
of abasequadricinto thetwo independentones.

After theprojectionof spatialintersectioncurves,theplanararrangementconsists
currentlyof n " 1 cutcurves. Sincewe have to decomposethis arrangementinto
two, weaddthesilhouettecurve of thecurrentbasequadric,to obtaintheintegrated
arrangementArrq. Intersectionsof thecutcurveswith thissilhouettecurve indicate
thata spatialintersectioncurve eithertouchesthesilhouettetangentially, or that it
runsfrom the lower part to theupperpart (or vice versa).In the lattercase,there
arefaceson q which arepartitionedby the silhouette.In figure 3.1 we show the
differentstepsthatmustbeperformedto achieve thetwo arrangementsonq. In the
remaingchapterswe explain how to get thesearrangementsondhow to compute
their topologyalgorithmically.

Beforewe startto analyzeprojectedcurves,we have to keepour promisein §2.4
to give somedetailsaboutnon-coprimecurves. Now we can offer them, since
we have to distinguishbetweentwo thesetypesof planarcurves:silhouettecurves
andcutcurves. A planararrangementconsistsof onesilhouettecurve andseveral
cutcurves,which leadto only two casesof non-coprimecurves:

1. Let f beasilhouettecurve andg beacutcurve, which arenot coprime.That
is thereis apolynomialh : � gcd� f � g� suchthatdeg � h�\_ 0. In thiscase,we
canapplyanSs° t shearasseenin §2.4,becausesomepartof thespatialinter-
sectioncurve eitherlieson thesilhouetteof thebasequadricor is projected.
A changeof thesilhouette(which is ensuredwith anSs° t shear)solvesthis
situation.

2. Let f and g be two different cutcurves, that are not coprime. Again, we
computeh : � gcd� f � g� andreplacef andg with threenew curves(if non-
constant): f̂ : � f K h, ĝ : � gK h andh itself. Sinceboth typesof curvesneed
theinformationof involvedquadrics,we have to adjustthis informationfor
thesethreenew polynomial - or more specially - only for h. The set of
involved quadricsfor f̂ andĝ doesnot change.For h we merge thesetsof
involvedquadricsinto a new set.
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Figure3.1: Thedifferentphasesof thealgorithmfor the introductaryexampleof
figure 1.1. We starton the top with the projectionof the intersectioncurves to
theplane. Thenwe addthesilhouettecurve of the basequadricq which givesus
in the middle the integratedarrangementArrq. On the bottom,we seehow Arrq

decomposesinto thetwo arrangementsArr %q (left) andArr kq (right). Our taskis to
getthesetwo arrangementsoneachquadricandto computethem.
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Thedetectionof non-coprimecurvesis delayedto §3.3wherewe analyzepairsof
curves. Theprojectionphasefor our currentbasequadricis now completeandat
the momentwe obtainedthe planararrangementArrq. For this arrangement,we
candefinethefollowing:

Definition 3.1.3:Theeventpointsof a planar arrangementinducedby a setof m
curvesC aredefinedby theintersectionpointsof eachtwo curves f � g � C andthe
intersectionpointsof f and fy for all f � C.

In thenext two sectionswe show how to analyzesilhouettecurves,cutcurvesand
pairsof them,includingfindingall eventpointsof thearrangement.All thissuffices
to breaksinglecurvesin §4.1 into segmentsandto provide predicatesso we can
sweepthesesegmentsin orderto computesucha planararrangement.In §4.2we
explainhow to decomposeArrq into two arrangements.

3.2 Analyzing One Curve

In this sectionwe want to analyzethe geometryof the a singlealgebraiccurve
f �`&a� x � y� - eithera silhouettecurve or a cutcurve. Our view on thegeometryis
x-fixed,meaningthat for a givenx-coordinateξ �h$ we determinethenumberof
realpointsof f over ξ, thatis theintersectionsof f with thevertical line x " ξ. To
computethecompletegeometryof f we have to do this for every ξ. If we order
this analysiscontinuouslyfrom left to right, we get a sweepline algorithmthat
determinesthegeometryof f (that is thevertical line g � x " ξ sweepsfrom " ∞
to ! ∞).

fyf

In §2.2.4we alreadydefinedarcs. Arcs areC∞ andthe
arcsof a single curve do not intersectin their interior.
Thusthetopologyof f doesnotchangewithin arcs.There
is only a finite numberof points f � fy ��$ 2 at whose
x-coordinate“somethinghappens”:Arcs startor endor
there is an isolatedpoint. We call the points of f � fy
the (one-curve)eventpointsof f , andspeakof the (one-
curve)eventx-coordinatesmeaningtheirx-coordinates.

Let usdefinethepropertieswewantto computealgorith-
mically for agivensilhouettecurve or cutcurve f :# Thedecompositionof thex-axis into eventx-coordinatesandopenintervals

betweenthem.# Thenumberof arcsof f overany ξ ��$ .# Thekind of eachevent(left/right x-extremeor singular).# Thearcsinvolvedin eacheventandtheir positionrelative to otherarcs.
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As we will see,for silhouettecurvesthis is mucheasierthanfor acutcurves.

The algorithm we presentover the next pagesis basedon the y-per-x-view we
introducedin §2.2.4. This allows us to reducethe algebraicexactnessto a topo-
logical relation betweeny-coordinates:A y-coordinateof a point v is implicity
definedby thearc thatcontainsv. And thecomparisonof two pointsat thesame
x-coordinateis thencomputedby comparingtherelativepositionof two arcs.Thus
our algorithmis mostlyof topolgicalnature.We oftenhave to comparealgebraic
numbers,which canbe doneefficiently by chosingthe representionpresentedin
§2.1.4. Therewill be casesin which our algebraicnumberslie in &��F� D1 �F� D2 �
with radicands0 j D1 � D2 �`& . In §2.1.4we introduceda numbertypewhich is
ableto representsuchsquarerootexpressionsefficiently. At eachtimeof thealgo-
rithm wedistinguishexplicitely thechoiceof thecurrentnumbertype.Onegoalis
to avoid algebraicnumberswith adegreegreaterthan2.

As long asthereareonly rationalnumbersinvolved,our algebraicoperationsare
purely rational. This is obvious,but asseenin §2.1.2purerationalalgebraicop-
erationscan be reformulatedto pure integral algebraicoperations,for example
resultantandgcdcomputation.It is aconsequenceof Gauss’Lemma.Thisshould
beconsideredin theimplementation,becauseit acceleratesthealgorithm.

For thealgorithmicanalysisof acurve f we requiresomepreconditions:# f is square-free.# f is y-regular.# No two pointsof ZERO � f �?� ZERO � fy � arecovertical.# Thereareneitherverticalflexesnorverticalundulationson f .

Two points � a � b�>��� aM � bM � arecovertical if a � aM andb B� bM . Rememberthatapoint
v of acurve is calledvertical if it hasaverticaltangent.

For all thesepreconditionswe have presentedsolutionsin §2.4. Note thatall the
changesmadetherehaveno impacton therangeof “input” curves(if seenaspoint
sets). We only restrictthe choiceof the coordinatesystemby choosinga certain
shearing.Thecallerof thefollowing algorithm,hasto guaranteethat thereareno
preconditionviolations. But thecallercannotdo this without testingsomevalues
computedin this algorithm. Thus the algorithm detectstheseviolations, aborts
itself with an appropriateexceptionsignalledto the caller. Thenit is his taskto
applymethodsfrom §2.4.

Theorem 3.2.1:Thegeometryandtopology of a singleprojectedcurve f (silhou-
ettecurveof a quadricor cutcurveof twoquadrics)canbeanalyzedusingrational
numbers,square-root expressionsandorderingof rootsof polynomialsonly.

Theproof is thealgorithmpresentedin theremainingsectionsof §3.2:
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3.2.1 Event x-Coordinates

Westartwith aresultantcomputation.Recallthat f is square-freeiff res� f � fy � y� B�
0, see§2.1.3.

Resultant:
If thecoefficientof ydeg 8 f 9 of f is zero,signal“not y-regular” andabort.

ComputeRf : � res� f � fy � y� . If Rf � 0, signal“not square-free”and
abort.

Letx1 I x2 I¡@=@=@ I xn bethedistinctrealrootsof Rf - calledtheeventx-coordinates
thatinduceapartitionof thex-axis:$ : �n� " ∞ � x1 �<À]T x1 UfÀh� x1 � x2 �<À]T x2 UbÀÁ@=@=@dÀZT xn UrÀh� xn � ! ∞ � . (3.3)

Definition 3.2.2:Let xi % 1 I xi ��T x1 �=@=@=@7� xn U:��T¢� ∞ U . Then � xi % 1 � xi � is calledthe
i-th interval betweenevents.

We representthe roots of Rf (that is the set T x1 �=@=@=@7� xn U ) as algebraicnumbers
aswe describedin §2.1.4. If all preconditionshold, thereis a bijection betweenT x1 �=@=@=@E� xn U and f � fy andwe alreadysaw that mi : � mult � xi ;Rf � distinguishes
betweenthedifferentkindsof eventpoints.For mi � 1 wehaveanx-extremepoint
of f at xi andfor mi _ 1 thereis eithera singularityor a verticalflex respectively
a vertical undulation,see§2.2.4. The analysisof f at a given xi is donebelow,
dependingon f beingasilhouettecurve or acutcurve. Both typeshave in common
theanalysisof thearcsover intervals:

3.2.2 Ar csover Inter vals

xixi−1 ri

Let usfix aninterval betweeneventsI : �¿� xi % 1 � xi � . In §2.2.4
we definedthearcsof f to betheconnectedcomponentsin
theverticalstripe f ��� xi % 1 � xi � } $ , not intersectingin I } $ .
Let their numberbe ki . We sort the arcsA j in ascending
y-orderby choosingindices1 �=@=@=@E� ki suchthatfor all x � I ,� x � yµ ��� Aµ and � x � yν ��� Aν it holdsthatµ j ν { G yµ j yν.
Referringto this order, we saythat the arc Aµ hasthe arc
numberµ on f over I , or is theµ-tharc of f over I .

Arcs over Intervals:
Using the rational isolating intervals of the xi determinea rational
point r i ��� xi % 1 � xi ���1& within eachinterval betweenevents.

Counttherealzeroesof f � r i � y�6�b&�� y� to determinethenumberki of
arcsof f over the i-th interval betweenevents.
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With 0 j ki j deg � f � , we concludethat thereareat mostdeg � f � arcsover each
interval betweenevents.

3.2.3 “ Ar cs” over Event Points

Now we turn our view to thebehavior of f at eventx-coordinates.Thefirst step
is to find the distinct real pointsof f over eachxi . We alreadysaw that this is
equivalentto look for therealrootsof f � xi � y�1��$^� y� . Let thenumberof realroots
in this casebekMi suchthat thenotationdiffers from thenotationof thenumberof
arcsover the i-th interval betweeneventski .

Sincewe want to unify terminologywe alsosaythat a point � xi � yµ �r� f hasarc
numberµ, 1 j µ j kMi , over xi if it is theµ-th realroot of f � xi � y�6��$+� y� , numbered
in ascendingorder and countedwithout multiplicities. Let � xi � yi � be the event
point. Thenyi is amultiple rootof f � xi � y� . For all otherpoints � xi � yMi � on f should
hold thatyMi is a singleroot. Otherwise,we have detectedcovertical eventpoints,
which is signalledto the caller. How this is checked algorithmically is shown in
§3.2.5,sincethiscanhappenonly for cutcurves.Weknow for surethatkMi X 1 since
thereis at leasttheeventpoint itself. On theotherhandthedefinitionof anevent
point implieskMi j deg � f � " 1.

Our interestnow lies on how thesepointsover xi areconnectedto the arcsof f
lying over Ii �n� xi % 1 � xi � and Ii k 1 �n� xi � xi k 1 � , that is to the left and to the right of
xi . For suchanarc,we distinguishif it is involvedin theevent, that is theunique
eventpointoverxi is containedin theinvolvedarc(andby definitionanendpoint).
Otherwiseit is continuing, meaningthat its endpointat xi is a point of f over xi

which is covertical to the event point. Throughthis point the continuingarc is
connectedto anothercontinuingarcon theothersideof theeventpoint.

We aremainly interestedin the arcsinvolved in the event. In the following we
describehow to computefor eacheventpointat x � xi asetof information:# Thekind of event(left/right x-extreme,singularity).# ThenumberkMi of distinctpointson f over xi.# Thearcnumberof theeventpoint over xi .# A rangeof the arcsinvolved at the event on both sidesof the event point.

Thesearegivenby theminimal andthemaximalarcnumberor they canbe
emptyin somecases.

We split this analysisinto two parts: Event pointsof silhouettecurves andevent
pointsof cutcurves. The latter onesaremuchmorecomplicated,but canbenefit
from somealgorithmictechniquespresentednow for silhouettescurves:
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3.2.4 Event Points of Silhouettecurves

Recallthat theeventx-coordinatesarethe rootsof Rf . We know thatdeg � Rf ��j
2 becausedeg � f �+j 2. Thus Rf haseither two simple roots (m1 � m2 � 1) of
algebraicdegree2, or onedoubleroot (m1 � 2), which hasto be rational,since
Rf ��&�� x� . In §2.2.4,we statedthat a root of Rf with mi � 1 correspondsto an
x-extremepoint androotswith highermultiplicities to singularpointsor vertical
flexes/undulations.Becauseof the degree,we saw in §2.2.4that in this casea
singularpoint is possibleonly.

ir ri+1xi

Let xi bea rootof Rf with mi � 1. Our taskis to determinethe
type (left/right) of the x-extremepoint andthe involved arcs.
An x-extremepoint joins two arcsof f smoothlyandon one
sideof the point only. Thusthe numberof arcsto the left ki

andto the right ki k 1 of an event point mustdiffer becauseof
the y-regularity by exactly two (in any case: silhouettecurve
or cutcurve). We define∆k : � ki k 1 " ki . If ∆k � ! 2, then
thereis a left x-extremalpoint over xi , otherwise∆k � " 2 and
theremustbe a right x-extremalpoint over xi . Sincethereis
currentlyasilhouettecurve f (with deg � f �1j 2) in thefocusof
thealgorithm,wecanconcludethatki is either0 or 2. For ki k 1
we concludetheinverse.

This completestheanalysisof x-extremalpointsfor silhouettecurves:Â -Extreme Point:
Computethenumberof arcski over theinterval betweeneventsto the
left of xi .

If ki � 0, the rangeof involved arcsat the left sideof xi is empty;at
the right sideof xi both arcs(1 and2) occur. Otherwise,ki � 2, the
right sideis emptyandtheleft sidecontainstheinvolvedarcs1 and2.

Sincethereis obviously only onesinglearcof f over xi , thearcnum-
berof theeventpoint is 1.

Weareleft with thecasethattheuniquerootx1 of Rf is adoubleroot. In §2.2.4we
saw thatacurve f with deg � f �ej 2 cannothaveflexesor undulations.Furthermore
we canexcludecoverticaleventpoints,since fy is a line andis alsoy-regular.

1r 1x r2

Thus � x1 � y1 � mustbea singularpoint. For theanalysisof this
uniquesingularpoint it sufficesto know, thatmi � 2. All other
informationarestill storedin thenumberof arcsto theleft and
symmetricalto theright. Wetake theleft side:Sincedeg � f ���
2 thecurve f factorsin two eitherrealor complex lines(over
K � . Thetwo real lineshave to occurastwo arcsat bothsides.
Two complex linescannotimply any realarcs.
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Singular Point:
Computethenumberof arcsover the left interval
betweeneventski .

If ki � 0, thenthereareno involved arcsat both
sides.

Otherwise,if ki � 2, thereareexactly two involvedarcsat bothsides,
numberedfrom 1 to 2.

Sincethereis obviously onesinglearcover xi only, thearcnumberof
theeventpoint is 1.

3.2.5 Event Points of Cutcurves

Theanalysisof eventpointsof cutcurvesis split into threeparts:At first wehandle
all simplerootsof Rf correspondingto x-extremepoints. For the rootsof higher
multiplicity wecangiveanexactrepresentationin afield extension&a�Ã� D1 �F� D2 � ,
0 j Di �§& (usingthe fact that thereareno verticalflexesandundulations).The
last part consistsof the analysisof singularpoints(the only possiblepointsover
xi with mi X 2 whenwe canexcludevertical flexesandundulations)by explicit
arithmetics.

Beforewe start,we will boundthenumberof eventpointsof f by deg � f � deg � fy � .
In ourcase,thereareatmost12 eventpointsonacutcurve.

Westartto sort therootsof Rf by their multiplicities usingthecorrespondingfac-
torizationfrom §2.1.1.

Rf � : 27� Rf � deg 8 Rf 9
∏
i Q 1 Ri

fiÂ -ExtremePoints

Thefirst task- theanalysisof x-extremepoints- tendsthesimplerootsof Rf , so
we take therootsof Rf1.

For an x-coordinatexi , we learnedin §3.2.4that thenumberof arcsover the left
interval betweeneventsdiffersby � 2 from thenumberof arcsover theright inter-
val betweenevents. If oneinterval doesnot containany arcs,therecannotbeany
continuingarc at xi . This allows us to fall backto the simplecasepresentedfor
silhouettecurveswhich givesusthe involvedarcsandthearcnumberof theevent
point - which is 1 - directly.

At all otherx-coordinatesxi with mi � 1 thereis at leastonecontinuingarconboth
sidesof theeventpoint. Ouralgorithmshoulddeterminethetwo involvedarcsthat

53



exist ononesideof theeventpointandhow thecontinuingarcsarerelatedto them.
At first we have to introducea little bit of theory:

For eachx-extremepoint � xi � yi � we know that fy � xi � yi ��� 0 and fyy � xi � yi � B� 0
implying that fy � xi � y� hassimplerootsat yi . Sincetherearecontinuingarcs(in-
dicatedby therootsof f � xi � y� ) theMeanValueTheoremensuresthatall rootsof
fy � xi � y� mustbesimple.An implicationis that fy hasnoeventpoint atxi meaning
res� fy � fyy � y�V� xi � B� 0. This allows usto refinethe isolatinginterval � r i � r i k 1 � for xi

to anisolatinginterval I : �n� r % � r k � of xi notcontainingany eventx-coordinateof fy
(see§2.1.4).ThestripeI } $ ) $ 2 containssub-arcs(thatareconnectedsubsetsof
arcs)of fy. Furthermorethereis exactlyoneintersectionof f with fy in thisstripe.

The MeanValueTheoremfrom calculusis helpful: For all ξ � I we know that
betweenany two zeroesof f � ξ � y�r�§$^� y� thereis a zeroof fy � ξ � y�W�§$+� y� . Geo-
metrically, eacharcof fy over ξ separatestwo arcsof f over ξ (andthereforeover
I ). Wesaw thatwecanorderarcsof f over I by sortingtherootsof f � ξ � y� . Sowe
couldusetherootsof f � r % � y� , fy � r % � y� on the left sideandtherootsof f � r k � y� ,
fy � r k � y� on the right sidesortedin ascendingorder to matcharcsof fy on both
sidesandfind thenotextendinginvolvedarcsononesideof theeventpoint.

But for our searchof involved arcsat anx-extremepoint of a cutcurve we cando
better. In fact,weonly have to checkthesequenceof f -arcsand fy-arcsat theside
with thesmallernumberof f -arcs.First wegive thealgorithmfor a left x-extreme
pointatxi andafterthatweprovecorrectness.Theright caseis symmetricandcan
bedistinguishedfrom theleft caseby testing∆k asin thecaseof asilhouettecurve.

x-Extreme Point: (Triple Test)
Computer % asabove.

Computetherootsof f � r % � y�>� fy � r % � y�4��$+� y� .
Takefrom all rootsthethreesmallestonesandstorethemin ascending
ordertogetherwith theinformationwhetherthey belongto f or fy.

Theeventpointhasarcnumberµ equalto# 1, if thefirst root is a rootof fy � r % � y� .# 2, if thefirst root is a root of f � r % � y� andthethird root is a root
of fy � r % � y� (thesecondroot is a rootof fy � r % � y� ).# 3, if thefirst root is a root of f � r % � y� andthethird root is a root
of f � r % � y� (thesecondroot is a rootof fy � r % � y� ).

The rangeof involved arcson the right side is numberedfrom µ to
µ ! 1. On the left sidethereis no arc involved. The total numberof
arcsatxi is simplyki

! 1.

For curvesof degree3 and4 we candistinguishfive cases(if therearecontinuing
arcs),seefigure3.2. On thesidecontainingtheinvolvedarcs(heretheright side)
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Figure3.2:
The first row displaysthe threecasesof (left) x-extremepoints of curves with
degreeexactly 4. Thesecondrow thesamefor curvesof degree3. In bothcases,
theorderof the threesmallestpointson thegreenline determinesthearcnumber
of theeventpoint andtheinvolvedarcs(enclosedwith dottedlines).
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the rootsof f � r k � y� and fy � r k � y� alternate,startingwith a root of f � r k � y� . This
is true due to the MeanValueTheorem. On the otherside(left) the numberof
arcsof f is smallerby 2 thanon theright side.Thechoiceof r % ensuresthesame
numberof fy-arcsover r % andslightly to the right of xi (in factall x smallerthan
r k ). Furthermorewe saw that fy cannothave aneventpoint over xi , which would
result in differentnumbersof arcsover r % andr k . Assumethereis sucha point
of fy over xi . Thenat leastonearcof fy mustintersectanotherarcof f , yielding
to a covertical event point which contradictsthe fact that mi � 1, which is the
multiplicity of xi asroot of res� f � fy � y� . Thusthenumberof arcsof fy is equalon
bothsidesandthey have to matchto eachother. This allows usto find two arcsof
f over r % thathave morethanonearcof fy in between,whichhappensonly when
two arcsof f to theright of xi meetatxi andthereforedonotextendto theleft. All
otherarcson theright sidemustbecontinuingandhave to find theirpartnerat the
left side.

Thedifferentpossiblesituationsarepresentedin thefivepicturesin figure3.2and
theseshow that the order of the threesmallesty-coordinatesdeterminesthe arc
numberof theeventpointsandtheinvolvedarcs(hereon theright side).

Singular Points

We areleft with themultiple rootsof Rf . Theserootsresultfrom tangentialinter-
sectionsof f and fy. Let � a � b�r��' be sucha point, thenobviously fy � a � b�4� 0
andeither � a � b� is

(i) a singularpoint of f , with fx � a � b�C� 0, or

(ii) a verticalflex or averticalundulation,with fx � a � b� B� 0 and fyy � a � b�C� 0.

Thesetwo possibilitiescanbecheckedsimply if we areableto getexplicit values
for a andb. At themoment,we know of a to bea multiple root of Rf . We claim
to provide for eachsingularpoint � a � b� anat mostquadraticpolynomialh �h&�� x�
or h ��&�� � D �V� x� , 0 I D �b& , with h � a�C� 0. In theend,we hopefullyfind sucha
polynomialfor all multiplerootsof Rf . Otherwise,wecanconcludethat f contains
verticalflexesor verticalundulations.[W02] providesthefundamentaltheoryfor
this. It will becheckedlater, if therearereallysingularpointsover therootsof this
polynomial,whensearchingfor involvedarcs.

Proposition 3.2.3:Letq � p �Ä&�� x � y� z� betwoquadricsand f �Ä&a� x � y� thecutcurve
of q and p. Then f hasat most6 singularpoints.

Proof: Singularpointsof f areevent pointsof f . The x-coordinateof an event
point is a root of res� f � fy � y� andif theeventpoint is singularit mustbeat leasta
doubleroot. Sincedeg � res� f � fy � y�=�6j 12 therecanbeatmost6 doubleroots.

These6 singularpointscanbeclassifiedinto two types:
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Definition 3.2.4:Let q � p ��&�� x � y� z� betwo quadricsand � a � b�6��' 2 beapoint on
their cutcurve definedby f � res� q � p � z�W�h&�� x � y� . If the two complex numbersc
andcM aretherootsof q � a � b � z�r�§'f� z� andwe have q � a � b � c�4� p � a � b � c�1� 0 and
q � a � b � cM �Å� p � a � b � cM ��� 0, thenwecall � a � b� a top-bottompoint. Otherwise,� a � b�
is theprojectionof a tangentialintersectionpointof q andp andwecall it genuine.

Anotherdefinitionof thetop-bottompointsstatesthat they arethecommonroots
of res� q � p � z� andthefirst subresultantsres1 � q � p � z� , we definedin §2.1.2.

Using thesedefinitions,we can show that every singularpoint of a cutcurve is
eithera top-bottompoint or a genuinepoint andthat every top-bottompoint and
every genuinepoint is a singularpoint. The numberof top-bottomandgenuine
pointsof acutcurve areimportantalso:

Proposition3.2.5:A cutcurve f ��&�� x � y� of two quadricsq � p ��&�� x � y� z� , which
fulfills our our conditionsstatedin §2.4,hasat most2 top-bottompoints.

Proof: Let w.l.o.g. q : � z2 ! q1z ! q0 �Ä&�� x � y� z� andp : � z2 ! p1z ! p0 �Æ&�� x � y� z�
(with deg � qi �4j 2 " i anddeg � p j �1j 2 " j). Then,thefirst subresultantof q andp
hastheform

sres1 � q � p � z�\� p1
" q1.

It is impossiblethatsres1 � q � p � z� D 0. If so,every point of f would betop-bottom
andthereforesingular. Then f and fy would have infinitely many intersections,
contradictingthefactof f beingsquare-free.

On theotherhand,deg � sres1 � q � p � z�=�6j 1. Thussres1 � q � p � z�
(i) is eitherconstantandnon-zero,concludingthat f hasnotop-bottompointat

all, or

(ii) l : � sres1 � q � p � z� is apolynomialof total degree1 defininga line.

In the first case,we are done. In the secondcase,all commonroots of f and
l are top-bottomandthereforesingularpoints. We know that all our conditions
hold for l (especiallyy-regularity and squarefreeness),otherwise f would have
coverticaleventpointsor infinitely many singularpoints.Furthermore,res� f � l � y�
hasa degreeof at most4 andis not thezeropolynomialandtheline l cannotbea
factorof f sincethereis afinite numberof singularpointson f .

The rootsof res� f � l � y� have multiplicity X 2, becausethey result from singular
pointsof f which also l cutsthrough. Thusthe resultantpolynomialcanhave at
most2 distinct (real) roots, which proves that f canhave at most2 top-bottom
points.

Proposition3.2.6:A cutcurve f ��&�� x � y� of two quadricsq � p ��&�� x � y� z� , which
fulfills thesameconditionsasin 3.2.5,hasat most4 genuinepoints.

If it hasmore than 2 genuinepoints, f consistof two distinct lines and another
quadratic curve, all of thembeingnotnecessarilyrational.
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Theproof of thispropositioncanbefoundin [W02].

This distinction into top-bottomandgenuinepointsallows to groupthe multiple
rootsof Rf into up to threegroups.Eachgroupcontainsat mosttwo rootsdefined
by an at mostquadraticpolynomial(beingnot necessarilyrational). We have to
mentionthattheclassificationof top-bottompointsdoesnot helpin restoringspa-
tial informationfor a planarcurve, sincewe do not know which arcsinvolved in
thetop-bottompoint lie on thelower andwhich oneson theupperpartof thebase
quadric.

Let ustry to find thethreeat mostquadraticpolynomials.We startwith a polyno-
mial thatcontainsall multiple rootsof Rf assimpleroots:

R̂f : � deg 8 Rf 9
∏
i Q 2 Rfi

If deg � R̂f �\j 2, thenwe have foundoneatmostquadraticpolynomialwhich is the
only oneandwecanstopoursearchfor furtherpolynomials.

Otherwise,we first try to find x-coordinatesof top-bottompoints. We saw that
the top-bottompointsof f arecommonroots of f and l : � p1

" q1 (definedas
above)andthattheirnumberis atmosttwo. Theirx-coordinatesaremultiple roots
of Rf ° l : � res� f � l � y� . If Rf ° l is constant,thereis no top-bottompoint. Otherwise
tb : � gcd� Rf ° l ��� Rf ° l � y � containsthex-coordinatesof thetop-bottompointsassingle
roots,whichis thefirst grouppolynomialwearelookingfor, sinceits degreeis j 2.
It is now easyto divide R̂f by tb andgetanew simplerR̂f .

After splitting off thex-coordinatesof all (existing) top-bottompoints,thedegree
of theR̂f shouldbeatmost4. If this is not thecase,wecanabortimmediatelyand
signal“verticalflex/undulation”,becauseweknow thatthereareatmost4 genuine
points.

If deg � R̂f �ej 2, wecanalsostopoursearchfor atmostquadraticpolynomialswith
thecurrentRf assecondatmostquadraticpolynomial.Otherwise,if deg � Rf �\_ 2,
we have to work muchharder:

In accordanceto Proposition3.2.6, f eitherconsistsof two intersectinglinesand
anotherquadraticcurve or the cutcurve hasat leastone vertical flex or vertical
undulation.Thefollowing theoremis helpful:

Theorem 3.2.7:Letq � p betwoquadricsin space.

1. If f � res� q � p � z� consistsof twolinesandanotherquadratic curvenotequal
to two lines,thenthere existsa polynomialr �h&�� x � y� z� definingtwo planes
such that f � res� q � r � z� .
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2. If f � res� q � p � z� consistsof four lines, thenthere existsa polynomialr �&�� � ρ �V� x � y� z� (with 0 I ρ �Ä& ) definingtwoplanessuch that f � res� q � r � z� .
For usit is important,thatr is computablein bothcases.To computethis we need
thehelpof quadricpencils:

Quadric Pencils

Recallthedifferentpossibilitiesto definea quadricin §2.2.2. Onemethodis the
implicit equationwith thehelpof a 4 } 4 matrixU . On this matrix we canapply
linear algebraoperationsto characterizethequadricu. For examplethedetermi-
nant∆U � det� U � is calledthediscriminantof p. If ∆U � 0 we classifyu to be
singular andcall u a cone. A conedegeneratesto distinct two real or complex
planes,if U hasrank2. If rank� U �:� 1, thetwo planesareidentical.

For two different quadricsU0 andU1 we can definean infinite linear family of
quadrics- thequadricpencil, givenby

Uλ : � λU0
! U1 � with λ ��$ .

An importantpropertyof the quadricpencil is that any two elementsUr � Us with
r B� s have thesameintersectioncurve asU0 andU1. It is our aim to find a pencil
memberUδ which facilitatesour computation.Sucha quadricUδ shouldconsists
of two planes.

This memberis givenby a root of thediscriminantof thepencilwhich is defined
as

∆ � λ � : � det� Uλ � .
Its distinct rootscharacterizethe conesof the pencil. If ∆ � λ � containstwo dou-
ble roots, then the intersectioncurve of U0 andU1 consistsof two intersecting
lines and anotherquadraticcurve, as in our assumedcase. It is easyto check,
whetherthis condition is satisfied. Otherwise,we canabortandsignal “vertical
flex/undulation”.

Let λ1 andλ2 bethedoublerootsof ∆ � λ � , thatarethesimplerootsof thesquare-
freepartof ∆ � λ � . They areeitherbothrationalorbothirrational(algebraicnumbers
of degree2). In bothcaseswe computerank� Uλi � . For at leastonewe know that
its rankis 2. This is our committer- sayw.l.o.g.λ1. It is thematrix representation
of a quadricu consistingof two not necessarilyrationalplanesu1 � u2, suchthat
u � u1u2. If bothUλi

have rank lessthan3, thenu ��&a� � λ1 �V� x � y� z� , otherwise
u ��&�� x � y� z� .
Similar to thecaseof top-bottompoints,thegoalis to find a line thatintersectsthe
genuinepointsof f . It is shown thatat most2 genuinepointsof f mustlie on the
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line l , which is the projectedintersectionline of u1 andu2. The otherup to two
genuinepointsdo not lie on this line. Althoughwe cannotcomputeu1 andu2, we
areableto computetheir projected(double)intersectionline:

l2 : � res� u � uz � z� .
Sinceu canbedefinedby non-rationalcoefficients,thecoefficientsof theline can
have non-rationalcoefficients,too. Thex-coordinatesof thegenuinepointscanbe
foundanalogouslyto thesearchof top-bottompointsfrom a line.

Thereis thespecialcasewhereat leastoneof thetwo quadricsdefiningthepencil
alreadyconsistsof the two planeswe aresearchingfor. Thenthesearchedline is
simply given by the square-freepart of the silhouettecurve of the corresponding
quadricwhich is rationalin thiscase.

With theseresultswecanfactoroff thenext quadraticpolynomialfrom R̂f andget
againa new R̂f . Its degreeshouldbe j 2. This would be the lastpolynomialwe
havesearchedfor, representingthelasttwo explicit valuesof roots.If deg � R̂f �:_ 2,
we know for surethat no singularpoint of f is responsiblefor this. At leastone
of the threeor morerootsmustbe the root of a vertical flex/undulation,that we
signal.

Everymultiplerootof Rf is now givenasarootof anatmostquadratic- notneces-
sarily rational- polynomial.Thuswehave eitherfoundverticalflexesrespectively
undulationsor we areableto give explicit valuesfor therootsof all multiple roots
of res� f � fy � y� for a cutcurve f . Thesevaluescanbeexpressedwith no morethan
two squarerootsadjoinedto & . Unfortunately, we now have to check,that these
rootsreally belongto singularpointsof f . We show now how to get theexplicit
value of the event point’s y-coordinate,too. Then we can testwith the explicit
point coordinates,whether fx � xi � yi �\� 0 or not, which distinguishesbetweensin-
gularpoint andverticalflex/undulation.Furthermore,we mustexcludecovertical
eventpointsof f .

Let ξ ��$ bea multiple root of Rf whichwe know explicitly. To computethearcs
over ξ asin §3.2.3we have to find therootsof f � ξ � y�1��& D1 °D2 : ��&��H� D1 �F� D2 � ,
0 j D1 � D2 ��& . Wefirst factorby multiplicities: fξ : � f � ξ � y�Å�£27� f � ξ � y�=� ∏4

k Q 1 f i
i ,

which is possibledueto thechosennumbertypeof ξ.

Sincedeg � f � ξ � y�=�Wj 4 we candistinguish4 casesfor thekindsof roots(andthus
thedegreesof thefactorsby multiplicities) it has:

(i) Only simpleroots- up to 4
(all in f1 � ξ � y� with deg � f1 � ξ � y�=�6j 4).

(ii) Only doubleroots- up to 2
(all in f2 � ξ � y� with deg � f2 � ξ � y�=�6j 2).

(iii) Onedoublerootandup to two singleroots
(the single roots in f1 � ξ � y� with deg � f1 � ξ � y�=�^j 2 and the doubleroot in
f2 � ξ � y� with deg � f2 � ξ � y�=�:� 1).
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(iv) Onetriple rootandup to onesingleroot
(thesinglerootin f1 � ξ � y� with deg � f1 � ξ � y�=�:j 1andthetriple rootin f3 � ξ � y�
with deg � f3 � ξ � y�=�:� 1).

(v) Onefour-fold root
(in f4 � ξ � y� with deg � f4 � ξ � y�=�:� 1).

Thepolynomial f � ξ � y� mustcontainat leastonemultiple root, sinceotherwisef
doesnot have an event point at ξ, which excludesthe first pattern. On the other
hand,it is notallowedto havemorethanmultipleroot. If thiscaseoccurs,weabort
andsignal“coverticalevents”. We areleft with thecases(iii), (iv) and(v). In all
of themthemultiple rootappearsasarootof a linearpolynomialwith coefficients
in the field in which ξ is definedand the simple roots appearas roots of an at
mostquadraticpolynomialover the samecoefficient field. The degreesof these
factorsallows us to computeall y-coordinatesof thepointsof f over ξ explicitly
- includingtheeventpoint. For thenon-eventpointsit couldhappen,thatanother
squarerootmustbeintroduced.But it is enoughto storethesevalueson anumber
type basedon separationbounds.Thesey-coordinatesgive us the relationof the
event point to the up to two other intersectionpointsof f with the vertical line
x " ξ. Theseotherpointsaretheendpointsof eventuallycontinuingarcsatξ. With
this observation we cancomputethearc numberkMi of theevent point over ξ and
theinvolvedarcs:

Let ξ ��& D1 °D2 beamultiple rootof Rf , which is thereforea rootof ∏
deg 8 Rf 9
i Q 2 Rfi .

Singular Point:
Computethefactorizationby multiplicitiesof f � ξ � y�1��& D1 °D2 � y�

f � ξ � y� : �P27� f � ξ � y�=� 4

∏
kQ 1 f i

i

If deg � ∏4
i Q 2 fi �4_ 1, abortandsignal“coverticaleventpoints”, other-

wiselet f0 bethe fi with i _ 1 anddeg � fi � 1� .
Computetheexplicit valueρ �Ä& D1 °D2 of thesinglerootof f0. ρ is the
y-coordinateof theeventpoint.

Check fx � ξ � ρ �:� 0. If not,abortandsignal“verticalflex/undulation”.

Computetheexplicit valuesof theup to two rootsρ1 � ρ2 �b& D1 °D2 °D3

of f1, if existing.

If deg � f1 �d� 0, thensetnb � na � 0 else
determinenb : ��JÇT ρi J 1 j i j 2 L ρi I ρ0 U¦J and
determinena : ��JÇT ρi J 1 j i j 2 L ρi _ ρ0 U¦J .
Therestdeterminestheinvolvedarcson theleft side(theright sideis
symmetric):
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Computethenumberof arcski over theinterval betweeneventsto the
left.

If ki � nb
! na, thenthereis noarcinvolved.

Otherwise: The smallestarc involved is given by kb : � nb
! 1, the

greatestarcinvolvedis givenby ka : � ki
" na. All arcsnumberedfrom

kb to ka areinvolved.Theotherarcsarecontinuing.

Thearcnumberof theeventpoint itself is nb
! 1; thetotal numberof

arcsat ξ is nb
! na
! 1. (seefigure3.3)

f

fy

Figure3.3:
Differentkindsof singularpoints(from left): Isolatedpoint, cusp,x-extremeself-
intersection. The involved arcsare in dashedareasand their intersectionpoints
with thevertical line(s)at thegivenrationalx-coordinates(greenlines)aredarker
thantheintersectionpointsof this line/theselineswith thecontinuingarcs.

3.3 Analyzing Two Curves

The next stepis the analysisof a pair of projectedcurves f � g ��&�� x � y� , denoted
with T f � g U . Sincewedistinguishedtwo typesof curves,therearethreepossibilities
of pairs: silhouettecurve with silhouettecurve, silhouettecurve with cutcurve, and
cutcurve with cutcurve. Our algorithmis identicalfor all of thesepairs,although
thefirst kind is normallynot relevant in the lateralgorithmandfor the third kind
we needapre-processingstep.Thedetailsarein §3.3.1.

The methodsusedherearevery similar to the onesusedin the one-curve case.
Again, we take they-per-x-view, that is for a givenx-coordinateξ we analyzethe
numberof pointsof f andg over ξ andhow their relative positionschange,when
we move ξ from " ∞ to ! ∞.

Becauseof this similarity we computeagainthex-coordinatesof theeventpoints
andfor eacheventx-coordinatesa setof propertiesthatdescribesthebehavior of
thetwo curvesateacheventpoint.
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In somesensethe analysisof a curve pair T f � g U is
simply the analysisof a single curve composedof
two parts f � g. If we apply the definition of event
points and arcs from §2.2.4, we seewith (2.8) that
ZERO � f �O� ZERO � g�È� ZERO � f g� . The (two-curve)
eventpointsareagainthe commonpointsof f g and� f g� y, that is f g �`� f g� y. Thenext propositionshows
thatevery one-curve eventpoint of f respectively g is
a two-curve eventpointof f g andthusof T f � gU :
Proposition3.3.1:LetK bea fieldandlet f � g � K � x � y� bealgebraic curves.Then

f g �§� f g� y �Z� f � fy �?�§� g � gy �¦�h� f � g� (3.4)

holds.

Proof: Observe � f g� y � fyg
! f gy. “ É ” follows immediately. For “

)
”, let v �

f g �h� f g� y andassumew.l.o.gthat f � v�d� 0. Then0 ��� f g� y � v�d��� fyg�V� v� sothat
v � f � fy or v � f � g.

Eachintersectionpoint v � f � g is an event point of T f � g U . It may be a one-
curve event of f or a one-curve event of g. If the event point v �ÊT f � gU is not
an intersectionpoint, then it mustbe a one-curve event of f or of g. Again the
connectedcomponentsof f g betweentheeventpointsarethearcs,which canbe
classified(dueto coprimality)to bean f -arc or ag-arc.

For thealgorithmwe alsohave somerestrictionson f andg.# f andg bothsatisfytheconditionof §3.2.# f andg arecoprime.# No two eventpointsof T f � gU arecovertical.# No pointof f � g is anx-extremepoint of f or g.# The Jacobicurve J � fxgy
" fygx of T f � g U is y-regular, andits setof one-

curve eventsdoesnot containa point covertical to a v � f � g
) $ 2 with

mult � v; f � g�\� 2, seeproposition2.2.5.

Theseconditionsarecheckedby thealgorithmwhencomputingthefollowing in-
formation:# Thedecompositionof thex-axisinto two-curveeventx-coordinatesandopen

intervalsbetweenthem.# Thenumberandrelative positionsof arcsof f andg over any ξ ��$ .# For eachtwo-curve event: Whetherit is an intersection,andwhat kind of
one-curve eventit is on f andg, if any.# Theintersectionmultiplicity of eachintersection.# Thearcsinvolved in eacheventandthesortedsequenceof arcsbelow and
above theevent.
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As in theone-curve case,thealgorithmstartsassumingtheconditionsabove and
signalsviolationsto thecaller(againtheoverallalgorithm)thathasto useapplica-
ble methodsfrom §2.4.If any violation is discovered,thisalgorithmaborts.

Theorem 3.3.2:Thegeometryandtopology of each curvepair T f � g U (silhouette-
curvesor cutcurvesof quadrics)canbeanalyzedusingrational numbers, square-
rootexpressionsandorderingof rootsof polynomialsonly.

Theproof is now thealgorithmpresentedin theremainingsectionsof §3.3:

3.3.1 Event x-Coordinates

As in theone-curve case,thesortedsequenceof thetwo-curve eventx-coordinates
for T f � g U inducesa partition of the x-axis. And again,we canspeakof “event
x-coordinates”and“intervalsbetweenevents”.

Thetwo-curveeventx-coordinatesof T f � gU originatefrom threesets.Two of them
arewell-known for us: The one-curve event x-coordinatesof f andg. The third
groupof eventx-coordinatescontainsthex-coordinatesof thepointsin f � g. This
setcorrespondsto therootsof res� f � g� y� , seeProposition2.1.8. Assumethat the
intersectionpointsarenot covertical (this is checked in this algorithm),thenthe
rootsof res� f � g � y� correspondbijectively to pointsof f � g.

Let ushaveacloserlook atRf ° g � res� f � g � y� . Westatedthat f andg canbeeither
silhouettecurvesor cutcurves.Wenow distinguishthreecases:# Let f andg be two differentsilhouettecurves: Thenwe know deg � f �rj 2

anddeg � g�fj 2. Both imply deg � Rf ° g ��j 4. Thus f � g canhave up to 4
intersectionpoints.# Let f bea silhouettecurve andg bea cutcurve: Thenwe know deg � f �6j 2
anddeg � g�fj 4. Both imply deg � Rf ° g ��j 8. Thus f � g canhave up to 8
intersectionpoints.# Let f and g be two different cutcurves: Then we know deg � f �nj 4 and
deg � g�+j 4. Both imply deg � Rf ° g �+j 16. Thus f � g can have up to 16
intersectionpoints.

We canexcludethefirst case,sincewe saw in §3.1thatthearrangementswe have
to computecontainexactly onesilhouettecurve, suchthatpairsof two silhouette-
curvesdo not occur. Anyhow, we includedthis casein thealgorithm,sinceit can
behandledvery easily.

Assumethatwe computea factorizationby multiplicities of Rf ° g in all threecases
andtherootsof thedifferentfactorsusingUspensky’s algorithm(see§2.1.2).We
have to computewhathappensatsucha rootof Rf ° g:
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# For all roots belongingto a polynomial correspondingto odd multiplicity
we useProposition2.2.4 to detectthe uniqueintersectionvia a flip in the
sequencesof f - and g-arcsto the left and to the right of the intersection
point.# For the rootsof multiplicity 2 we show how to apply Proposition2.2.5 to
find theintersectingarcsof f andg.# Unfortunately, weareleft with therootsthathaveamultiplicity greaterthan
2, thatis 4 � 6 � 8 in thecaseof asilhouettecurve with acutcurve andaddition-
ally 10� 12� 14 and16 if bothcurvesarecutcurves. It would bevery helpful,
if we knew thesevaluesexplicitly, becausethenwe cansubstitutex with an
explicit valueξ in f � x � y� andg � x � y� andfind thecommony-valuewith agcd
computation.

Let ushave a closerlook at thedegreeof theresultantin caseswherea silhouette-
curve is involved.ThenRf ° g hasadegreeof atmost8. How doesthedegreeof the
factorsbehave, if we factorRf ° g by multiplicity. Thetwo polynomialscontaining
thesimpleanddoublerootsof Rf canhave a degreeof up to 8 respectively up to
4. But whatabouttheotherfactorscorrespondingto at leasttriple rootsof Rf ° g -
especiallythe onescorrespondingto high multiplicities ( X 4 andeven)? Are we
done? Yes,becausethe degreesof suchfactorscannotexceed2, which leadsto
explicit solutionsfor them,althougheventually introducinganothersquare-root.
More exactly, only thefactorsbelongingto triple andfour-fold rootscanhave de-
greesupto 2. A polynomialof degree8 containsatmostonerootwith multiplicityX 4, sothefactorscontainingsuchmultiple rootsarelinear.

Thisobservationis veryniceif a leastonesilhouettecurve is involved.Wewill see
later, how to usetheexplicit valuesto computewhathappensat this eventpoint.
Thecaseof both involved curvesbeingcutcurvesis still open.Thendeg � Rf ° g �6j
16,which immediatelybreaksdown this approach.It would begood,if we could
partitionRf ° g into two polynomialssuchthateachpolynomialhasadegreeatmost
8. Thentheobservation above would helpagain.Let ushave a closerlook at the
intersectionpointsof two cutcurves:

Definition 3.3.3:Let � a � b�^�]' 2 be an intersectionpoint of two cutcurves f : �
res� p � q � z� and g : � res� p � r � z� with p � q � r being quadratictrivariate polynomi-
als. We call � a � b� spatial, if for a root c of p � a � b � z�f�`'f� z� we have p � a � b � c�6�
q � a � b � c��� r � a � b � c�r� 0. If p � a � b � z����'�� z� hastwo rootsc andcM andit holds
p � a � b � c�1� q � a � b � c�1� 0 andp � a � b � cM/�:� r � a � b � cM/�e� 0, thenwe call � a � b� artifi-
cial.

For our algorithmit is very important,that the cutcurves have onebasequadric
in common. In our applicationwe only computethe intersectionpointsof pairs
of cutcurves,whenthey lie on the samequadric. In this case,we canboundthe
numberof spatialandartificial intersectionpoints:
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Theorem 3.3.4:Two cutcurvesf : � res� p � q � y� and g : � res� p � r � y� , with p � q � r
quadricshaveat most8 spatialandat most8 artificial intersections,countedwith
multiplicities.

Proof: Thenumberof spatialintersectionpointsis a direct resultfrom Bézout’s
Theorem[G98]. Theotherboundis shown by [W02] usinga verticalmirroringof
q at pz. Themirroringof aquadricq � q2z2 ! q1z ! q0 at pz of p : � p2z2 ! p1z ! p0

is definedas:

q̂ : �Z� p2
2q2 � z2 ! � 2p1p2q2

" p2
2q1 � z ! � p2

1q2
! p2

2q0
" p1p2q1 � (3.5)

A mirroredquadricis againa quadric(seeleadingcoefficient) and thuswe can
applytheBézoutboundagain.In themirroredcasetheroleof spatialandartificial
pointsis interchanged.

Let usassume,thatwe have chosenourcoordinatesystemsuchthateachintersec-
tion pointof two cutcurvesis eitherspatialor artificial. Thenthereexistsaunivari-
atepolynomialRs ��&�� x� with deg � Rs �Cj 8 whoserootsarethex-coordinatesof all
spatialpointsandrespectively thereexistsanotherunivariatepolynomialRa �Ä&�� x�
with deg � Ra �\j 8, whoserootsarethex-coordinatesof all artificial points.

Thereis a methodshown in [W02] which startswith the computationof the re-
sultantRf ° g : � res� f � g� y� , which hasdegree16. It canbepartitionedwith further
resultantandgcdcomputationsinto thetwo desireddegree8-polynomialsRs and
Ra. Anothermoredirect way is given in [ES03]. They give a direct formula for
the degree-8polynomialRs which containsthe x-coordinatesof the spatialinter-
sectionpointsof threegiven quadricsp � q andr. We only show how to compute
thispolynomial,andomit thelengthyproof,givenin thereference:

Polynomial of x-Coordinates of Spatial Intersection Points:

ThepolynomialRs containingall (up to 8) x-coordinatesof thespatial
intersectionpointsof threequadricsp � q, andr is givenby thedeter-
minantof thefollowing matrix:

spatial� p � q � r � : � det

sttttttu p0 p1 p2 p3 p4 p5

q0 q1 q2 q3 q4 q5

r0 r1 r2 r3 r4 r5

C3 C8 C9
" C12 0 C17 C18

0 C7 C8 C13 C14
! C16 C17

C0 C2
" C4 C3 C7 C8 0

wyxxxxxxz �
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with pi � qi � r i ��&a� x� chosensuchthat

p � p0z2 ! p1yz ! p2z ! p3y2 ! p4y ! p5

q � q0z2 ! q1yz ! q2z ! q3y2 ! q4y ! q5

r � r0z2 ! r1yz ! r2z ! r3y2 ! r4y ! r5

andeachCi ��&a� x� , 0 j i j 19computedwith thisalgorithm:

n : � 0

For i from 0 to 3 do

For j from i ! 1 to 4 do

For k from j ! 1 to 5 do

Cn : � det

su
pi p j pk

qi q j qk

r i r j rk

wz
n : � n ! 1

ThedesiredpolynomialRs is given by spatial� p � q � r � . To find thedegree-8poly-
nomialRa containingthex-coordinatesof all artificial points,we apply the same
formulato p � q̂ andr. In this case,q̂ is themirroredquadricq, see(3.5). Notethat
it is not neededto computethe resultantRf ° g in this caseby hand. It holdsthat
Rf ° g � RsRa. So,when f andg arenot coprime(indicatedby Rf ° g D 0), at least
oneof Rs, Ra mustvanish.Meaning,that if eitherRs

D 0 or Ra
D 0 we cansignal

“curvesnot coprime” andabort. If deg � gcd� Rs � Ra �=�r_ 0, that is Rs andRa have
a non-constantcommonfactor, thenintersectionpointsof f andg arecovertical
which we signalandwhich resultsin an abortof the algorithm. More exactly, a
spatialandanartificial point shareacommonx-coordinate.

Thiscompletesthealgorithmto computetheeventx-coordinates:

Two-curve Event Â -Coordinates:
Let f andg betwo projectedcurves.

If oneof themis asilhouettecurve, then

ComputeRf ° g : � res� f � g� y� . If Rf ° g D 0,signal“curvesnot
coprime”andabort.

FactorRf ° g by multiplicitiesandobtainRf ° g � ∏8
mQ 1Rm

m.

Otherwise,both arecutcurveson the samebasequadricp. Let f �
cut� p � q� andg � cut� p � r � andthen
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ComputeRs : � spatial� p � q � r � andRa : � spatial� p � q̂ � r � .
(If q̂ asdefinedin (3.5),we know Rf ° g � RsRa).

If Rs
D 0 or Ra

D 0, signal“curvesnot coprime”andabort.

If deg � gcd� Rs � Ra �=�n_ 0, signal “covertical event points”
andabort.

Factorboth Rs andRa by multiplicities andobtainRf ° g �
RsRa : � ∏8

mQ 1Rm
m.

Therestis independentfrom thetypesof f andg:

Merge the zeroesof all factorsRm (1 j m j 8) of Rf ° g with the ze-
roesof Rf andRg to obtainthesortedsequenceof two-curve eventx-

coordinatesx1 I x2 IË@=@=@mI xn andtheirrespectivemultiplicitiesm8 f g9
i ,

m8 f 9i andm8 g9i .

If thereis 1 j i j n suchthatm8 f g9
i � 0 L m8 f 9i _ 0 L m8 g9i _ 0, signal

“coverticalevents”andabort.Notethatthisdoesnothandleall cases,
sinceit canhappenthat the intersectionof f andg takesplacein a
singularpoint of f or g, whichwe cannotdetecthere.

Furthermore,we know thex-coordinateof an intersectionof f andg explicitly if
it takes placein a singularpoint of f and/org. ThenRf ° g and- let us say- Rf

haveacommonroot. And for singularpointswediscoveredexplicit valuesof their
x-coordinates,see§3.2.

3.3.2 Ar csover Inter vals

Ar csover Inter vals:

xi−1 ixri

f

g

For theintervals I betweenany two two-curve eventx-
coordinates,theanalysisof thearcsabove I is identical
to theanalysisof arcsfor a singlecurve, with thedif-
ferencethatwe distinguish f -arcsandg-arcs.We also
say, that thearcAµ of f or g is theµ-th arc of f g over
I .

Arcs over Intervals:
Usetherationalisolatingintervalsof theeventx-coordinatesxi % 1 and
xi to find rationalpointsr i ��� xi % 1 � xi ���4& for eachi.

Computethe real zeroesof f � r i � y�>� g � r i � y�n�£&�� y� . The sortedse-
quenceof themdefinestheorderof f -arcsandg-arcsover I .
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3.3.3 One-Curveevents

Now we canturn our view towardstheanalysisof eventpoints. Thefirst casewe

wantto consideris anx-coordinatexi with m8 f ° g9i � 0. Its correspondingeventpoint
isobviouslyaone-curveevent.Weassumew.l.o.g.thatit isaneventpointof f with
thecoordinates� xi � yi � . It wasalreadychecked in Two-curve Event x-Coordinates
that thereis no eventpoint of g over xi andsincethereis no intersectionof f and
g we know g � xi � yi � B� 0. We have to determinethe relative positionof all f - and
g-arcsto � xi � yi � .
Two piecesof informationarealreadycomputed.The arc numbersof the event
point asarcof f andasarcof g. Thefirst valueis givenfrom thediscussionof f
andthesecondis simply undefined(theimplementationuses" 1 to indicatethis).
But wehaveto determinethesequencesof f - andg-arcsbelow andabovetheevent
point � xi � yi � :
Note that thesetwo sequencesalreadyexist over the interval betweeneventsto
bothsidesof theeventpoint. In thesesequencesall arcsof f appearaswell asall
continuingarcsof f - evenin thecorrectorder. We only have to identify involved
arcswhich separatesucha sequenceinto the two desiredones. Unfortunately, it
canhappen,that thereis no involved arc in theevent,asin thecaseof anisolated
point. Thenwe have to computea separator, which allows us to partition sucha
sequenceinto two.

xi

We startwith the case,whereat leastonesidecontainsinvolved
arcs.Assumew.l.o.g.thattheeventpoint hasinvolvedarcsto the
left. Thenwe iteratefrom the sequenceof arcsover the interval
betweeneventsto theleft andcopy theorderto thesequencebelow
theeventuntil we reachthefirst involved f -arc.All involvedarcs
of f separatethe sequenceof g-arcs(if theseexist), sincethere
is no intersectionof f andg over the left interval betweenevents� xi % i � xi � . We canskip the involved arcsof f andcontinuewith
theremainingarcsover the interval to the left thatmustform the
sequenceof f - andg-arcsabove theeventpoint of f .

If theeventpoint � xi � yi � is isolated,wecannotfind asidewith asequencethatcon-
tainsinvolvedarcswhichseparatesthearcsin thesequenceinto thetwo sequences
below andabove the event point. We have to constructa separator:Fortunately,
since � xi � yi � is aneventpoint it mustbeapointof thecurve fy, too. Thereis at least
onearcof fy on which we canlocate � xi � yi � . It dependson themultiplicity of the
isolatedpoint. If it is equalto 2, thereis exactly onearcof fy, since � xi � yi � is not
aneventpoint of fy (becauseof fyy � xi � yi � B� 0� . Otherwise,the isolatedpoint has
multiplicity 4 andin this casewe canfind aneventpoint of fy, too. Furthermore,
thereareup to three“involved arcs”of fy at eachsideof theeventpoint (thereis
only onerealarcof fy, whentheothertwo are“complex”).
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Our goal is a separationof thearcsof g into two sets:Thearcsof g that lie below� xi � yi � andthearcsof g above theisolatedpoint � xi � yi � . But we wantto avoid the
constructof theintersectionpointsof g with theverticalline x " xi to comparetheir
y-coordinatewith yi . This is relatively cheaponly if xi �§& , becausethenwe can
constructtherootsof g � xi � y�6�h&�� y� andcomparethemwith yi �h& . If xi �h& we
do so but if therearesquare-rootsinvolved, we do not want to extract algebraic
numbersfrom a polynomialover asquare-rootextensionof & . It is tooexpensive.

In general,since � xi � yi � mustlie on somearc of fy over xi , we concludethat this
arcseparatesthearcsof g astheeventpoint itself separatesthearcsof g, aslong
asthereis no intersectionof g with fy whenmoving away from xi . It is sufficient
to choosea rationalnumberl slightly to the left of xi andto comparethepoint v
which liesonsuchanarcof fy with theintersectionpointsof g andtheverticalline
x " l to separatetheg-arcs.

xi
fy
f

Wehave to takecarethatwedonotmove too far. Thereare
two caseswhichhave to beconsidered.For agivenrational
valuel thecurve fy is not allowedto have aneventpoint in
I : �¿� l � xi � and fy andg arenot allowedto intersectin I . We
startwith theinterval betweeneventsto theleft � xi % 1 � xi � and
take for l the rationalvaluer i betweenxi % 1 andxi already
computed.Thenwe canrefine I suchit doesneithercon-
tain rootsof res� fy � fyy � y� nor rootsof res� fy � g� y� , which
areexactly theeventx-coordinatesof thetwo setsof event
pointswe have to exclude.

The last thing we have to do, is to choosethe correctarc
of fy. At first, we can ignore the fact whether fy shares
a componentwith g, becausethis componentcannotcon-
tain � xi � yi � . Let d : � gcd� fy � g� andcomputefy : � fy K d if
deg � d �+j 1. One of the remainingarcsof fy must carry� xi � yi � . If thereis only onecandidate,we aredone.
Otherwisefy hasmultiple arcsover xi . If f hasonly onearc,namelythe isolated
point itself, we usethefact,thatwe know yi explicitly: Thepolynomialy " yi is a
factorof fy � xi � y�4�h$�� y� . We computetheup to two rootsof fy � xi � y�=KO� y " yi � ex-
plicitly (sincedeg � fy � xi � y�=��j 3) andcomparethemwith yi . Thenumberof roots
smallerthanyi definesthe fy-arcon which � xi � yi � mustlie. Thereis onecaseleft,
wheretheoriginalnumberof fy-arcsis thesameasthenumberof f -arcsoverxi . In
general,thedesiredarcnumberµof fy is givenby thearcnumberof theeventpoint
of f over xi . But if fy sharesa componentwith g below theeventpoint, we have
to adjustµ. Fortunately, the degreeof a componentcommonwith d is bounded
by 2, suchthatwe cancomputeexplicit solutionsof d � xi � y�W�§$+� y� andcompare
themwith yi , whichallowsusto computethecorrectarcnumberof theeventpoint� xi � yi � on fy.

Sincewe preferrationalarithmetics,we computetheorderslightly to theleft and
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computethe y-coordinateof the µ-th point of fy over l , whereµ is the computed
correctarcnumber. Thesey-coordinatesseparatethe rootsof g � l � y� andthusthe
arcsof g into two sets.Thenumberof f -arcsbelow andabove the isolatedpoint
is alreadycomputedin the analysisof f . Now we cancopy the corresponding
numberof arcsover l to thetwo sequencesbelow andabove theeventpoint.

One-Curve Events:
Let mi � f � g�e� 0, with � xi � yi � beinganeventof f .

If � xi � yi � is not anisolatedpoint,we iterateover thesequenceof arcs
over I . Thearcsseenbeforethelowestinvolvedarcof theeventpoint
of f form the sequenceof arcsbelow the (two-curve) event point.
Analogously, the arcsbeyond the highestinvolved arc of the event
pointof f form thesequenceof arcsabovethe(two-curve)eventpoint.

Theremainingpartcontributesto thecase,where � xi � yi � is anisolated
point of f .

Refinethe isolatinginterval � r i � r i k 1 � to an interval � r % � r k �:Ì xi such
that it containsno rootsof res� fy � fyy � y� , which areexactly theevent
x-coordinatesof fy.

Defineh : � fy.

ComputeR : � res� g � h � y� . If R � 0, thencomputed : � gcd� g � h� , h : �
fy K d andrecomputeR.

Let dn be thenumberof rootsof d � xi � y���h$^� y� thataresmallerthan
yi .

Refine � r % � r k � further, until it doesnot containany zeroesof Rdiffer-
entfrom xi .

Computetherootsof h � r % � y�4�b$+� y� andtherootsof g � r % � y�6��$+� y� ,
whichcorrespondto thearcsof h andg at r % .
If h hasonly one arc over xi , this arc must containthe event point� xi � yi � .
Otherwise,the � dn

! 1� -th arcof h containstheeventpoint.

The arc discoveredon h separatesthe arcsof g over r % asthe event
point of f separatesthearcsof g over xi . Thusdeterminethenumber
of g-arcsbelow andabove thath-arcat r % .
The total numberof arcsbelow theeventpoint is simply thenumber
of g-arcsbelow the event point plus the numberof f -arcsbelow its
eventpoint (computedin theanalysisof f ).

Copy this numberof arcsstartingat the lowest from the sortedse-
quenceof arcsover r % as sequenceof arcsbelow the event point.
Theremainingarcsover r % form thesequenceof arcsabove theevent
point.
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3.3.4 Two-Curve Intersections

Now we considerthe two-curve event-coordinatesxi with m8 f ° g9i _ 0. Thecondi-
tionswe setup on T f � g U do not allow that thereis anx-extremepoint of f or g at
xi .

Exclude Â -Extreme Points:
Check,whetherthereis 1 j i j n with m8 f ° g9i _ 0 and m8 f 9i � 1 or

m8 g9i � 1 .

If so,signal“x-extremeover intersectionx-coordinate”.

We canassumenow, thata one-curve eventpoint of f or g covertical to theinter-
sectionx-coordinatexi is a singularpoint. In this case,we evenhave theexplicit
valuefor xi , asshown in §3.2.

But how canwe excludecoverticalintersectionpoints?

In the casewhere at most one curve has a singular point over xi at least one
of the two polynomials f � xi � y�>� g � xi � y���c$+� y� is square-freeand thus the num-
ber of distinct commonzeroesy �§$ is equivalent to the numberof commonin-
tersectionpoints of f and g over xi . There is more than one commonroot, if
d : � gcd� f � xi � y�>� g � xi � y�=� hasa degreelarger than1. We concludethat thereare
no covertical intersectionpointsof f andg if f deg � d �4� 1. This is equivalent to
sres1 � f � q � y�V� xi � B� 0. In otherwords: d : � gcd� R

f ° g°mÍ f µ gÎi
� sres1 � f � g� y�=� hasxi as

zero iff therearecovertical intersections.This canbe checked easilyby a sign
changeof d atxi , sinced hasatmostoneroot.

If bothcurveshave a singularpoint coverticalto xi thenon-coverticality condition
forcesthe intersectionto take place in thesesingularities. We will handlethis
specialcasein thecorrespondingparagraph.

In cases,wherewe canexcludecoverticalintersectionpoints,we candefinem8 f ° g9i
astheintersectionmultiplicity of f andg atxi .

Intersection Regular-Regular

Let xi beatwo-curveeventx-coordinatewith m : � m8 f ° g9i _
0 andm8 f 9i � m8 g9i � 0. Thesubresultantcheckguarantees
non-coverticaly of intersectionpointsat xi . Thereis only
oneintersectionpointof f andg atxi andit hasmultiplicity
m.

Proposition2.2.4helpsin all cases,wherem is odd. Then
we canfind theintersectionof two arcsby orderof thearc
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sequencesof the left andtheright interval betweeneventpoints. Thereis exactly
oneflip. All otherarcsmustmatch.

We areleft with the intersectionsthathave evenmultiplicity. It is relatively easy
to computethe involved arcsif m _ 2 (the casem � 2 receivesspecialtreatment
below). Weknow from §3.2anexplicit valueof xi , whichallowsusto computethe
commonrootyi of f � xi � y�1��$+� y� andg � xi � y�6��$+� y� explicitly. It is theroot of the
linearpolynomialdi : � gcd� f � xi � y�>� g � xi � y�=� (notethatdi � y " yi � . The last task
is to computethearcnumberof the f -arcinvolvedandtheg-arc,respectively:

Divide f � xi � y� andg � xi � y� by di to get f̂ � y��� f � xi � y�=K di . Now wehaveto locateyi

in therealrootsof thesetwo polynomials,whichrepresentthecontinuingarcsof f .
Weshow how this is achievedfor f̂ ; it is analogouslyfor ĝ. If deg � f̂ �4j 2, we can
computeits rootsexplicitly andlocateyi easily. It remainsthecasewheredeg � f̂ �È�
3. Thecoefficientsof f̂ areeitherfrom & or from &�� � D � , with 0 I D ��& . Wecan
convertyi andthecoefficientsof f̂ to anumbertypebasedonseparationboundsas
statedin §2.1.4,whichfiltersautomaticallythefollowing comparisonoperation:

We assumew.l.o.g. that the leadingcoefficient 27� f̂ �f_ 0, otherwisewe multiply
all coefficients of f̂ with " 1, which doesnot changeits roots. Togetherwith
deg � f̂ �e� 3 this implies limxÏ+% ∞ f̂ � " ∞ respectively limxÏ ∞ f̂ � ∞. Then f̂ has
thefollowing combinationsof realroots:

(i) onesinglerealroot

(ii) threesinglerealroots

(iii) onesinglerealrootandonedoublerealroot

(iv) onetriple realroot

It is not very complicatedto distinguishthesethreetypes. With the assumptions
above,a classificationis givenby thenumberof realrootsof f̂ M andthesignsof f̂
evaluatedat theseroots.It is fundamentalthat f̂ changesits monotonicbehavior at
therootsof f̂ M if f f̂ M M B� 0.

1. If f̂ M hasno root, then f̂ is strictly monotonicincreasingover $ . Thusit has
exactlyonesimpleroot.

2. If f̂ M hasexactlyoneroot, thenthismustbeadoubleroot,sincedeg � f̂ MÐ��� 2.
Let r0 ��$ bethis root. A doublerootof f̂ M is alsoarootof f̂ M M , consequently
r0 is alsoa root of f̂ M M . We concludethat the function f̂ is strictly mono-
tonic increasingover $ , with a saddlepoint at r0. Thenumberof rootsof f̂
dependson thevalueof f̂ � r0 � :# If f̂ � r0 ��� 0, thenr0 is atriple rootof f̂ (usingthefactthatr0 is already

adoublerootof f̂ M ).# Otherwise,f̂ � r0 � B� 0,and f̂ hasexactlyonesimpleroot( B� r0), because
of themonotonicbehavior of f̂ .

73



3. Let f̂ M have two distinct simplereal roots. We call them r0 � r1 �`$ . Since
r0 and r1 aresimple roots, the function f̂ changesits monotonicbehavior
at their locations:It is strictly monotonicincreasingover � " ∞ � r0 � , strictly
monotonicdecreasingover � r0 � r1 � andagainstrictly monotonicincreasing
over � r1 � ∞ � . Wecomputethetwo valuess0 : � f̂ � r0 � ands1 : � f̂ � r1 � .# If sign� s0 �e� sign� s1 � , thenthereis no root of f̂ in � r0 � r1 � . Thusit can

have only oneroot. It is eitherin � " ∞ � r0� (if s0 _ 0) or in � r1 � ∞ � (if
s0 I 0).# Assumew.l.o.g. that s0 � 0. Then f̂ must have a doubleroot at r0.
It hasanotherbut obviously a simple root in � r1 � ∞ � . The othercase
(s1 � 0) is symmetric.# Otherwise,it holdsthatsign� s0 � B� sign� s1 � , andevens0 _ 0 ands1 I 0.
This impliesthattheremustbea root of f̂ in � r0 � r1 � , sinceit is strictly
monotonicdecreasingover that interval. Furthermore, f̂ is strictly
monotonicincreasingover $�R�� r0 � r1 � , which resultsin two otherroots
of f̂ . Therefore f̂ hasthreesimpleroots,which areall differentfrom
r0 andr1.

Due to our conditions,it is not allowed, that f̂ hasmultiple roots. If we detect
sucha root,we canabortandsignal“coverticaleventpoint”. We areleft with two
cases:Onesingleroot andthreesingleroots.For thesetwo cases,we describethe
algorithmto find out,how many rootsof f̂ aresmallerthana giveny0 ��$ (in our
caseyi). Thenumberof largerrootscanbereadoff directly. All othercaseswork
in averysimilarway, but we leave themout in thetranscriptof thethisalgorithm1:

Smaller-and-Greater-Roots
For f̂ weassumethesameconditionsasaboveandfor thegiveny0 we
know that f̂ � y0 � B� 0.

Computethetotal numberof rootsof f with therootsof f̂ M .
Computes : � f̂ � y0 � .# If f̂ hasonesimpleroot,thens I 0 saysthat f̂ hasnorootwhich

is smallerthany0 (seefigure3.4a).# If f̂ hasthreesimpleroots,computer0 � r1 �§$ with f̂ M � r0 �1� 0
and f̂ M*� r1 �d� 0 (seefigure3.4b-d):
b) If y0 j r0 I r1, then f̂ hasnoroot (oneroot)smallerthany0

if f s I 0 (s _ 0).
c) If r0 I y0 I r1, then f̂ hasoneroot (two roots)smallerthan

y0 if f s _ 0 (s I 0).
d) If r0 I r1 j y0, then f̂ hastwo (three)rootssmallerthany0

if f s I 0 (s _ 0).

1The implementationof this function givesthe correctanswerfor every univariatepolynomial
f Ñ�ÒCÓ�Ô D1 Õ*Ö�Ö*Ö>Õ Ô Dk ×ÙØ xÚ , 0 Û Di Ñ�Ò with deg Ó f ×¦Ü 3.
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Figure3.4:
Smallerroots: Thebig blackdot representsy0, theblackboxestherootsof f̂ and
theyellow dot representŝf Ý y0 Þ .
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Thismethodappliedto f̂ givesusthenumberof f -arcsbe-
low the event and the numberof f -arcsabove the event.
It is analogousfor arcsof g when the algorithm is called
with yi and ĝ. We addthe two numbersbelow of arcsbe-
low theeventpoint andthetwo numbersof arcsabove the
eventpoint to getthetotalnumberof arcsbelow andabove
theeventpoint. Theorderof thearcsis alreadydetermined
by the orderof the arcsover the interval to the left. Only
thecomputednumberof arcsmustbeselectedfor eachse-
quence.

Intersection Regular-Regular:

Let m ß mà f á gâi ã 0 andmà f âi ß mà gâi ß 0.

Check,whetherthereis only oneintersectionpointatxi usingthefirst
subresultant(see§3.3.3),otherwisesignal “covertical intersections”
andabort.

If m is odd, iteratesimultaneouslythrough the arc sequencesover
r i ä 1 å�æ xi ä 1 ç xi è and r i å�æ xi ç xi é 1 è until a transpositionof two adjacent
arcstakesplace.Thesetwo arcsintersect.

If m is even and m ã 2, computed ß gcdÝ f Ý xi ç yÞ ç g Ý xi ç yÞ=Þ . Since
deg Ý d Þ ß 1 let yi betheuniquerealrootof d.

Computef̂ ß f Ý xi ç yÞ=ê d andĝ ß g Ý xi ç yÞ=ê d.

UseSmaller-and-Greater-Roots for f̂ and ĝ eachwith yi to compute
thetotal numbernb of f̂ - andĝ-roots(meaningarcs)below yi andthe
correspondingtotal numberna of roots (againwe meancurve arcs)
above yi . The order of the correspondingarcscan be found in the
sequenceof arcsover theinterval betweeneventsto theleft.

Theinvolvedarcof f is determinedby thenumberof f -arcsbelow the
eventpoint. This is symmetricfor thecurve g.

Copy thefirst nb arcsof thesequenceof arcsover theinterval between
eventsto theleft to thesequenceof arcsbelow theeventpointandthe
last na arcsof the samesequenceto the sequenceof arcsabove the
eventpoint - alwayspreservingtheorder.

For intersectionmultiplicity m ß 2 usethenext algorithm.

Theremainingcase,wherem ß 2, canbecomputedusingtheJacobicurve. This
techniquewasdevelopedby Nicola WolpertandElmarScḧomer[GH+01] [W02].
WealreadydefinedtheJacobicurve of f andg in §2.2.5as:

J Ý f ç gÞ : ß fxgy ë fygx.
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With Proposition2.2.5wecansolvethis lastcase.Wehaveto find aninterval I ì xi

suchthat thearcof J Ý f ç gÞ containingthecurrenteventpoint Ý xi ç yi Þ extendsover
bothboundaries.FurthermorethestripeI í�î mustbefreeof eventpointsof J and
freeof intersectionsof ï J ç f ð and ï J ç g ð exceptthepoint Ý xi ç yi Þ itself. Viewedfrom
thex-axis,we cansaythat I is allowedto containexactly oneeventx-coordinate:
xi . All otherone-curve andtwo-curve eventx-coordinatesof theaforesaidcurves
mustlie outsideof I .

At first, we determinethe polynomialswhoserootsarenot allowed to be in our
searchedinterval I . AssumeJ being square-free,otherwisewe replaceit with
J ê gcdÝ J ç Jy Þ . The first polynomial is Rj : ß resÝ J ç Jy ç yÞ , which containsall one-
curve eventx-coordinatesof theJacobicurve.

Anothertwo polynomialsincludetheeventx-coordinatesof theintersectionsof J
with f andJ with g asroots. Thesetwo casesbehave symmetrically, so we exe-
cutethestepsexemplaryfor J with f . ThepolynomialRJ á f : ß resÝ J ç f ç yÞ contains
all event x-coordinatesof the intersectionpointsof J with f . It is the zeropoly-
nomial iff for h : ß gcdÝ J ç f Þ holdsdeg Ý hÞ ã 0. Sincemult Ý=Ý xi ç yi Þ ;J ç f Þ ß 1 we
have Ý xi ç yi Þrêå h andthispermitsto substituteJ with J ê h. Furthermore,wedemand
mult Ý xi ;RJ á f Þ ß 1, to concludethat thereareno covertical intersectionpointsof
J and f to Ý xi ç yi Þ . But J and f alsointersectin the singularitiesof f . In fact, J
musthave event pointsat the singularpointsof f . This allows us to factorout
someredundantrootsof RJ á f - the polynomialbecomes“more square-free”:We
divide RJ á f by thepolynomialcontainingall x-coordinatesof singularpointsof f
assimpleroots.

J

Thissimpleobservationsyieldsamuchbetterrunningtime
sincewe alwayshave to make RJ á f square-freeto refinethe
stripe.In §5.4we givesomefurtherdetailson that.

Now we areableto refineanisolatinginterval of therepre-
sentationof xi suchthat it doesnot containany root of RJ,
RJ á f andRJ á g exceptxi itself. Thearcsequencesat theinter-
val boundariesarethenequal,exceptfor thedesiredjump
of J over theintersectingarcsof f andg.

Intersection Regular-Regular for Intersection Multiplicity 2:
ComputeJ : ß fxgy ë fygx. If J is noty-regular, abort.

Let RJ : ß resÝ J ç Jy ç yÞ .
If RJ ñ 0, let J : ß J ê gcdÝ J ç Jy Þ andrecomputeRJ.

Let RJ á f : ß resÝ J ç f ç yÞ .
If RJ á f ñ 0, let J : ß J ê gcdÝ J ç f Þ andrecomputeRJ ç RJ á f .
Divide RJ á f by thepolynomialcontainingall multiple rootsof Rf as
simpleroots.
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Let RJ á g : ß resÝ J ç g ç yÞ .
Of RJ á g ñ 0, let J : ß J ê gcdÝ J ç gÞ andrecomputeRJ ç RJ á f ç RJ á g.

Divide RJ á g by the polynomialcontainingall multiple rootsof Rg as
simpleroots.

If xi is azeroof Rj or a multiple root of RJ á f or RJ á g,
signal“coverticalJacobievent” andabort.

Refinethe isolatinginterval æ r i ç r i é 1 è of xi to an interval è r ä ç r é æ ì xi

containingno zeroof RJRJ á f RJ á g exceptxi .

Computethe sortedsequenceof real zeroesof the six polynomials
f Ý r ä1ç yÞ , g Ý r ä1ç yÞ , J Ý r ä1ç yÞ and f Ý r é6ç yÞ , g Ý r é4ç yÞ ,J Ý r é4ç yÞ .
Comparethesesequencesto detectthepairof an f -arcandag-arcthat
changessideswith aJ-arc.

The readermay ask,why RJ, RJ á f or RJ á g arerecomputed,whenJ changes.We
claim thatthere-computationavoidsunneededrestarts(with shearing)of thealgo-
rithm. Anotherside-effect is thecomputationof è r ä ç r é æ beingcheaper, becauseof
the smallerpolynomialdegree(andsmallerbit lengthof coefficients)of RJ, RJ á f
andRJ á g.

Intersection Regular-Singular

In thissituationtheintersectionof f andg takesplacesin asingularpointof exactly
onecurve. Weassumew.l.o.gthat f is thecorrespondingcurve,suchthatmà f á gâi ã
0, mà f âi ò 2 andmà gâi ß 0.

From the analysisof f we know the explicit value of xi and, as seen,even the
explicit valueof they-coordinateyi of theeventpoint. Thishelpsverymuchin this
case.Thecoverticalityof intersectionpointscanbeensuredusingthesubresultant
methoddescribedin §3.3.4.

Note that it is enoughto compute,which arcsof g
arebelow andabove theintersectionpoint of ï f ç g ð
at xi , that is the singularpoint of f . The number
of f -arcsbelow andabove this point is alreadyde-
termined. The order of all arcs is determinedby
their order to the left of the event point. We use
themethoddescribedfor theregular-regularcase,to
computethenumberof g-arcsbelow Ý xi ç yi Þ , which
is given as the numberof rootsof g Ý xi ç yÞ=ê Ý y ë yi Þ
smallerthanyi .
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Intersection Regular-Singular:

Let m ß mà f á gâi ã 0, mà f âi ã 0 andmà gâi ß 0.

Check,whetherthereis only one intersectionpoint of f andg at xi

usingthe first subresultant(see§3.3.3),otherwisesignal “covertical
intersections”andabort.

Let Ý xi ç yi Þ bethesingularpointof f atxi , with explicitly known xi and
yi ascomputedin §3.2.5.

Computeg Ý xi ç yÞ å î è yæ . It hasup to 4 realbut simpleroots. Oneof
themmustbeequalto yi .

Computeĝ Ý yÞ ß g Ý xi ç yÞ=ê Ý y ë yi Þ , with deg Ý ĝÞ\ó 3.

UseSmaller-and-Greater-Roots with ĝ andyi to computethenumber
of g-arcsbelow andabove Ý xi ç yi Þ .
Togetherwith thearc numberof Ý xi ç yi Þ computethe total numberof
arcsbelow andabove Ý xi ç yi Þ andcopy thecorrespondingarcsfrom the
sortedsequenceof arcsover the left interval of the intersectionpoint
to thesequencesof arcsbelow andabove theevent.

Intersection Singular-Singular

This situationis similar to the last one- with the exceptionthat the intersection
point of f andg is a singularpoint of f anda singularpoint of g. This means,the

multiplicity valuesarelike this: mà f á gâi ã 0, mà f âi ò 2 andmà gâi ò 2. Theintersection
of thetwo curvesis allowedin thesingularpointsonly, for whosecoordinateswe
know explicit values- asseenin §3.2. We comparethetwo y-coordinates.If they
arenot equal,we cansignalcoverticaleventpointsandabort. To excludefurther
covertical intersectionsof f andg we comparethey-values(which we alsoknow
explicitly) of theotherpointsof f with they-valuesof otherpointsof g. If thereis
amatch,thenwesignalagain“covertical intersections”andabort.

For thesequencesof arcsbelow andabovetheeventpointwe
useagaintheorderof arcsoveraninterval to theleft side.In
this case,we know which arcsof both curves are involved
on that side and we have to remove them from the sorted
sequenceof arcsto the left to obtainthesortedsequenceof
arcsbelow andabove theintersectionpoint.

Intersection Singular-Singular:
Check,whetherthe singularpoint of f hasthe
samey-coordinateasthesingularpointof g, oth-
erwiseabortandsignal“coverticaleventpoints”.
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Check,whetherthereareotherintersectionsof f andg over xi using
theexplicit valuesof thesey-coordinates.

Getthesortedsequenceof arcsover theinterval left to theeventpoint.

Remove thearcsof f thatareinvolved in its singularpoint from the
sequenceof arcson theleft side.

Remove the arcsof g that areinvolved in its singularpoint from the
sequenceof arcson theleft side.

Thelowersectionformsthesequenceof arcsbelow theeventpointand
theuppersectionformsthesequenceof arcsabove theeventpoint.

3.3.5 Non-Coprime CurvePairs

At the endof the analysisof a curve pair, we want to tell somethingaboutnon-
coprimecurves.As we alreadystatedin §3.1we usea shearto solve thesituation,
if oneof theinvolvedcurvesis a silhouettecurve. But if bothcurvesarecutcurves,
we have to addsomedetails:

Let f : ß cut Ý p ç qÞ andg : ß cut Ý p ç r Þ be two cutcurveson the samebasequadric
p that sharea commonfactorh : ß gcdÝ f ç gÞ , with deg Ý hÞ ã 0. In this case,we
replacethe two curves f andg with threenew curves: f̂ : ß f ê h, ĝ : ß gê h and
h itself. If deg Ý f Þró 4 anddeg Ý gÞWó 4 it holds,that deg Ý f̂ ÞWó 3, deg Ý ĝÞWó 3 and
deg Ý hÞWó 3. Furthermoref̂ andĝ inherit the informationof f andg respectively
andh includestheinformationthat p ç q andr areinvolved.

Theold curves f andg canstill beusefulfor thenew curves,sowe do not throw
themdirectly away. More exactly, the event pointsof f̂ ç ĝ andh area subsetof
the event pointsof f andg. Thuswe adjustthe event x-coordinatesof the new
curveswith theeventx-coordinatesof theold curves,of whichweknow additional
informationsuchasexplicit representations.Thecomputationof the information
of theeventspoint is thenthesameasfor theoriginal curves. Of course,thearc
numbersaregettingsmalleron average.

In the next chapterwe introducepointsandsegmentsof algebraiccurves anda
generalrepresentationof them. This representationis supportedby an algebraic
curve. Whenever we have to replacea curve with another, we have to updatethe
pointsandsegmentsthataresupportedby theold curve. Somedetailsaboutthat
canbefoundin §4.1.4.

3.3.6 Slices

A key stepis the generalizationof the relative positionof arcsandevent points
into onedatastructure.Oneconceptthat achievesthis is calledslicing, invented
by [E03] andis definedasfollows:
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Let ξ be an x-coordinateand let µ be the
arcnumberof a point p on f over ξ (either
thearcnumberof aneventpoint,or thearc
numberof thearc containingp in its inte-
rior). A slice of the curve pair ï f ç g ð at ξ
is a pair of two tables. Onetablebelongs
to f andoneto g. Thetablefor f mapsthe
arcnumbersof thepointsp of f to thearc
numbersof f g. In otherwords,the f -table
mapsµ to ν if f theµ-th point of f over ξ is
theν-th pointof f g over ξ. Similar for g.

Sincethereis only a finite setof two-curve event points for a curve pair ï f ç gð ,
thereis only afinite setof slices.Let n bethenumberof non-covertical two-curve
eventpoints.Thenthereareexactly n slicesfor theeventpointsandanothern ô 1
distinctslicesfor theintervalsbetweentheeventpoints(sincethegeometryof the
two curvesdoesnot changein theinterior of arcs).Notethattherearetwo special
slices.Theoneontheleft to thefirst eventpointandtheoneontheright to thelast
eventpoint. Our uniform notationthenspeaksof slicesat õ ∞. Thex-coordinates
of theseslicesare chosensuchthat the behavior of the curves doesnot change
whenincreasing/decreasing themtowards õ ∞. It is the notion of infimaximalx-
coordinates.Naturally, they do not describethebehavior of thetwo curvesat õ ∞
asthe projective geometrydoes. For detailson projective geometrywe refer to
[G98].

The constructionof the 2n ô 1 slicesis relatively easyusing the analysisof the
curve pair ï f ç g ð . It is quite intuitive, that a slice is the topologicalequivalentof
comparingy-coordinatesoveragivenx-coordinate.
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Chapter 4

Arrangementsof
Intersection Curveson Quadrics

Again,we focusour view on oneselectedquadricq in thesetof n input quadrics.
It is calledbasequadric. Theprojectionphasefrom Chapter3 createda bunchof
planarcurves:Onesilhouettecurve for thesilhouetteof thebasequadricandn ë 1
cutcurvescorrespondingto n ë 1 intersectioncurveswith theotherquadrics.In this
chapterweexplainhow to computethisplanararrangementArrq usingamodified
versionof thesweepline algorithmdevelopedby Bentley andOttmann[BO79]. In
fact,wedonotsweepwholecurves,but ratherclosedsubsetsof them,whichmust
satisfysomeconditions.Wecall suchasubsetasweepablesegmentandwedefine
it in thefirst partof this chapter.

Thesecondpartof this chapterdealswith theproblemswe alreadymentionedin
§3.1. Rememberthat Arrq is currentlyan integrated- sinceprojected- view of
two different two-dimensionalarrangementson the two partsof q. In §4.2 we
will explain how to decomposethe projectedcurves representingArrq into two
planararrangementsArr äq andArr éq which containthesegmentsof theprojected
spatialcurvesof thearrangementson the lower partof q andon theupperpartof
q, respectively.

4.1 Segmentsand Arrangements

A segments of an algebraiccurve f å K è x ç yæ is a subsets ö f which is eithera
singlepoint (calleda trivial segment), or a connectedclosedsubsetof f whose
interior is aC∞-manifoldof dimension1 andis homeomorphicto anopeninterval.
Arcs definedin §2.2.4aregoodexamplesfor segments.But not every segmentis
anarc:A segmentmaypasssmoothlythroughasingularpointalongarealbranch
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or cancontainanx-extremepoint in its interior. If asubsets÷Oö sof asegments is
againasegment,thenit is calledasubsegment.

Due to our uniform notation,a segments hastwo endpoints. The lexicographic
orderof the two endpointsdeterminesthe smallerendpoint(calledsource point)
and the larger endpoint(called target point). For a trivial segments ß�ï v ð , the
two endpointscoincide,that is v is sourceandtargetat thesametime. Of course,
a segmentcanextend to infinity. As for arcswe call suchan endpointlying at
infinity.

In fact,whichwewill mentionin Chapter6, wedonothave to usesegmentswhich
have singularpoints in its interior - neitherfor computingthe three-dimensional
arrangementnor for booleanoperationson quadrics.Thus,whenwe initially de-
composea projectedcurve into segments,its arcswill be mappedto nontrivial
segmentsandits isolatedpointsto trivial segments.

A finite set of segmentsS inducesa planararrangementArr Ý SÞ , see§2.3. The
arrangementconsistsof vertices(endpointsandintersectionpointsof segments),
edges(minimal subsegmentsof the segmentsin S that connecttwo adjacentver-
tices) and faces(connectedopensubsetsof the planeboundedby the union of
verticesandedges).Weuseaplanarmapto representthetopologyof thearrange-
ment. A planarmapis a bidirectedgraph(every edgepossessesa reversal)that is
annotatedwith thecyclic orderingof theedgesleaving eachvertex. Of course,it is
possibleto attachgeometricdata(thepointsandsegmentssupportingverticesand
edges)to theelementsof theplanarmap.

Oneefficient approachto computethearrangementis theuseof a sweepline. A
vertical line sweepsfrom left to right over the sceneandandeachevent point is
processedwhen it is hit by the line. It detectswhethersegmentsstart, intersect
or end. Bentley andOttmanndevelopedanalgorithm[BO79] basedon this idea.
It mustbe fed with a certainsetof predicatesandconstructionson thegeometric
objects(points and segments). A predicateis a function on a fixed numberof
geometricobjectswith asmallfinite rangeof values,typically ï true,falseð or ï less,
equal,greaterð . An examplesis: “Doespoint v lie onsegments?”. A construction
mapsa finite setof geometricobjectsto a finite setof new geometricobjects.An
exampleis theconstructionof all intersectionpointsof two segments.Bentley and
Ottmannstated,that thealgorithmis ableto handleall kind of input segments,as
longasoneis ableto provide theneededsetof predicatesandconstructions,which
we will give for our curvesbelow. But theoriginal algorithmcouldnot handleall
degeneracies,like intersectionsat the endpointsof segments. Somerefinements
dueto thework of MehlhornandNäher[MN99] overcometheserestrictions.They
advancedthework of Bentley andOttmannto asweepline algorithmthatis ableto
handleall situations.An arbitrarynumberof segmentsmaystart,endor intersect
in a single point and segmentsare allowed to overlap (to have infinitely many
intersectionpoints).
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Anyhow, thereis onerestrictionto the input segments:Thesweepline algorithm
demandssegmentsto bex-monotone,which meansthatevery homeomorphicpa-
rameterizationof thesegmentis strictly monotonein its x-coordinate.This restric-
tion ensuresthatthefirst contactof thesweepline with thesegmentis at thesource
of thesegment.

Our goal is to computethe arrangementof segmentsof onesilhouettecurve and
severalcutcurves,which leadsusto someconditionswe have to ensure:ø All curvessatisfytherequirementsof §3.2ø All curve pairsinspectedby thealgorithmsatisfytherequirementsof §3.2ø Every segmentis a subsetof anarcof thesupportingcurve or is anisolated

point; all pointsin theinteriorof thesegmenthave thesamearcnumber.

If a segmentfulfills thethird conditionwe call it a sweepablesegment. Thereader
caneasilyseethat an arc is a maximalsweepablesegmentdueto this definition,
sincean arc doesnot containx-extremepoints and singularities. Thus the arc
numberof every point in the interior of every sweepablesegment is the same.
A segment- we alwaysmeana sweepablesegmentfrom now on - hasthenthis
advantageof arcs: They do no include one-curve event points. As we will see
in the definition of the predicatesbelow, the non-existenceof singularpointson
segmentsensuresthattheintersectionmultiplicity of thesupportingcurvesreflects
theintersectionbehavior of thesegmentsproperly.

4.1.1 The GeneralizedBentley-Ottmann Algorithm

To computetheplanarmapthat representsanarrangementof N segmentswe de-
scribethe refinedversionof the well-known Bentley-Ottmannsweepline algo-
rithm. This versionis ableto computethearrangementsfor arbitrarysegmentsof
any algebraiccurve, at leastif one is ableto give a certainsetof predicatesand
constructions(seebelow). We areable to give this set for silhouettecurves and
cutcurvesdefinedin §3.1.

The algorithmsweepswith a vertical line - the sweepline - over the sceneand
preserves this invariant: Left of the sweepline, the planarmap is alreadycon-
structedcompletely. It storesthe segmentsintersectingthe sweepline in the so
calledY-structure. This is asortedsequencein ascendingy-orderof theseintersec-
tion points.Rightof thesweepline, thealgorithmstoresall segmentendpointsand
at leastthe intersectionpointsof segmentsadjacentin theY-structurein a queue,
which is calledtheX-structure.This queueis sortedin lexicographicorder.

All pointsin theX-structurearecalleduniformly eventpoints, becauseonly at this
pointsthestatusof thesweepline, thatis thenumberof segmentsin theY-structure
or theorderof thesegmentsin theY-structure,changes.If a segmentscontainsan
eventpoint, thenwe saythatthesegmentis involvedin theevent.
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Y−structure

X−structure
Figure4.1: Sweepline algorithm:Thearrangementto theleft of theredsweepline
is alreadyconstructed.TheX-structurestoresthesegmentendpointsandat least
the intersectionpoints of adjacentsegmentsin the Y-structure. The Y-structure
storesthesortedsequenceof segmentsintersectingthesweepline.

Conceptually, insteadof sweepingover every x-coordinate,the sweepline only
stopsat theeventpointsandcomputesthechangeswith thehelpof thepredicates
andtheconstructions.To handlecoverticaleventpoints,MehlhornandNähertilt
the sweepline infinitesimally to jump in exact lexicographicalorder from event
point to eventpoint.

At every event point the algorithm performsthe following five steps. We also
mentionwhichpredicatesandconstructionsareneededin thedifferentsteps.

1. Catching Next Event Point:
Remove the lexicographicallysmallesteventpoint vs (currentsweeppoint)
from the X-structure. Find segmentsinvolved in vs by locating vs in the
Y-structure,exploiting its order.

Requirements:ø Testwhethervs is above,on,or below agivensegment.

2. Removing Ending Segments:
Removeall segmentsfrom theY-structurewhosetargetpoint is equalto vs.

Requirements:ø Comparisonof two event points to test equality with currentsweep
point.
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3. Reordering Segments:
Reorderthe remainingsegmentsinvolved in vs suchthat thenew orderre-
flectstheorderof this segmentsslightly to theright of vs. This canbedone
naively by sortingor cleverly.

Requirements:ø Testwhethertwo segmentsoverlap.ø Intersectionmultiplicity of non-overlappingsegments.ø (Naively: Comparisonof segmenty-order right of a commonpoint.
Cleverly: seebelow)

4. Inserting Starting Segments:
Add segmentsto theY-structureat thecorrectposition.

Requirements:ø Comparisonof two event points to test equality with currentsweep
point.ø Comparisonof segmenty-orderto theright of acommonpoint.

5. ComputeNew Intersection Points:
Add intersectionsof newly adjacentsegmentsin the Y-structureto the X-
structure,with respectto thelexicographicorder.

Requirements:ø Computingintersectionpointsof two segments.ø Lexicographiccomparisonof two eventpoints.

We have to mentiontwo importantfactsaboutthis sweepline algorithm,which
areresponsiblefor thegoodperformance.Thefirst onewasfoundby Bentley and
Ottmannthemselves. Thealgorithmcomputesthe intersectionpoints,which can
bequitecostly, for adjacentsegmentsin theY-structureonly. Thistechniqueavoids
thenaive call for O Ý N2 Þ pairsof segments.

The secondproblemoccursfor segmentsof curved input
dataonly, for examplesegmentsof algebraiccurves that
arenot straightlines. Thereorderingstepof thealgorithm
is very easyfor straightlines: We only have to flip theor-
der, sinceeachtwo segmentsmeetingin vs eitheroverlap
or have an intersectionmultiplicity of 1, following Propo-
sition 2.2.4. This propositionsaysthateachtwo segments
(curves) changesidesfrom left to right if the intersection
multiplicity is odd(here1). For curvedsegments,Proposi-
tion 2.2.4helpsagain.Wegiveanalgorithmto computethe
new orderbasedon this observation:
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Reorder Segments:
Let s1 ç=ù=ù=ù7ç sk be segmentspassingthrough a commonevent point,
numberedin ascendingy-order to the left of the event point (that is
thecurrentorderin theY-structure).

Let m1 ç=ù=ù=ù7ç mk ä 1 be the intersectionmultiplicities of adjacentseg-
mentsin theY-structure.

Let M beanevenupperboundof all finite mi.

For m ß M ç M ë 1 ç=ù=ù=ù3ç 1 takeall maximalsubsequencessi ç si é 1 ç=ù=ù=ùEç sj

with thepropertymi ç mi é 1 ç=ù=ù=ù7ç mj ä 1 ò m andreversetheirorder.

The upperboundM mustnot be known beforestartingthis algorithm. It canbe
determinedwhenreadingoff thek ë 1 intersectionmultiplicities. Berberichet al.
[BE+02] statedandproved this nice algorithmfor segmentsof conics(algebraic
curvesof degreeup to 2) and[E03] provedit for generalalgebraiccurves.

For k segmentsmeetingat vs, this O Ý M ú k Þ sub-algorithmreplacestheir costly
sorting(O Ý k logk Þ ) to theright of vs. Asymptotically, thisalgorithmbehavesbetter
thansorting iff M û logk. In our practicalexperience,we saw that onesorting
stepis muchmoreexpensive, thancomputingthe intersectionmultiplicity, which
is alreadygiven from theanalysisof eachtwo curves. Thuswe prefertheclever
method.Lutz Kettnerhasproposed1 a O Ý k Þ method,thatusesa linear-sizetreeto
reflectsthenestingof subsequencesby minimumintersectionmultiplicities.

In summary, thesweepline algorithmneedsthefollowing predicatesandconstruc-
tions:ø (Lexicographic)comparisonof eventpoints.ø Comparisonof y-coordinatesof apoint andasegment(at thesamex).ø Comparisonof two segmentsin y-directionto theright of acommonpoint.ø Segmentoverlaptest.ø Computationof theintersectionpointsof two segments.ø Intersectionmultiplicity of two non-overlappingsegments.

Notethatthissetof predicatesandconstructionsreducesthegeometricanalysisto
theanalysesof atmosttwo curvesata time,evenin thecasewheremany segments
run throughacommonpoint. This fact is supportedby therepresentationwe have
chosenfor pointsandsegments:

4.1.2 Representationof (End)Points and SweepableSegments

Our representationis genericandhasalreadyproven usability for computingar-
rangementsof cubics(generalalgebraiccurvesof degreeup to 3) [E03]. We first

1Personalcommunication- to bepublished
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givetherepresentationsof pointandsegmentandthenweexplainhow to setupon
themthepredicatesandconstructionsfor thesweepline algorithmwith thehelpof
analyzingcurve pairs:

Point

Let f åhüaè x ç yæ beanalgebraiccurve andlet v å î 2 bea point lying on f . Thex-
coordinateξ of v is representedasarealalgebraicnumberwith definingpolynomial
andisolating interval asdescribedin §2.1.4. The y-coordinateis not storedasa
number. It is implicitly givenasthearcnumberµ of thepoint v on thecurve f as
seenin §3.2.Then,thetriple Ý f ç ξ ç µÞ representsthepointv.

x1 x2

4

3

1

2

1
2

3

Surely, it is possibleto representpointson f with ξ ßgõ ∞. Suchpointsrepresent
pointsof f in the infimaximal sense,alreadymentioned.In this case,µ is anarc
numberthatexistsover thefirst/lastinterval betweeneventsof f .

Segment

2

3

2

Let f å§ü�è x ç yæ bean algebraiccurve andlet s ö�î 2 be
a (sweepable)segmentof f . In addition, let µ be the
commonarc numberof all points in the interior of s.
For the sourcevä andtarget vé of s (which may lie at
infinity) we candeterminetheir arcnumbersµä andµé
on f . Note that the supportingcurve of sourceand/or
targetmustnotbeequalto f . In eithercase,thesextupleÝ f ç vä ç vé ç µä ç µç µé\Þ representsthesegments.

Both representationaresimpleandconstantin size.
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4.1.3 ShearingBack

In thecasewherethealgorithmis forcedto applya changeof coordinatesusinga
shear, it is mathematicallyclearhow to shearbackthecomputedpoints.Although
thetopologyis invariantundera shearing,we alsowantto getbackto theoriginal
coordinates.Unfortunately, this constitutesin a conflict to our z-per- Ý x ç yÞ -view
for surface intersectionsand y-per-x-view for curves. For example,assumean
intersectionpoint of two quadricsq and p, which lies on the upperpart of both
quadrics. In three-dimensionalspaceits coordinatesaregiven asthreealgebraic
numbersx0, y0, z0. Our genericcaserepresentsx0 asan algebraicnumberwith
definingpolynomialandisolatinginterval. Its y-coordinateis givenimplicitly with
anarcnumberµ of thecutcurve f ; it is theµ-th root of f Ý x0 ç yÞ å î è yæ . And thez-
coordinateis againanotherrootof apolynomialq Ý x0 ç y0 ç zÞ å î è zæ . It is thebigger
oneof two rootsaccordingto our assumption.Notethatit is not possibleto apply
Sä 1 directly dueto ourchosenrepresentationof points.

Our ideais to computeahigh-precisionfloatingpointapproximationfor eachpoint
of interest.After thecomputationof anarrangementin a shearedcoordinatesys-
tem, the usercandefinean error bound,which refinesthe representationof each
x-coordinatestepby stepsuchthat the outputerror in eachcoordinateis smaller
thanthebound.Thediamondoperatormentionedin §2.1.4will provide an inter-
facethatallows user-specificerrorboundsfor algebraicnumbers.

Note that thereis one well-conditionedcase: For projectedsingularpoints, we
know their x- andy-coordinatesx0 andy0 explicitly, which alsoallows usto com-
puteexplicit valuesof theirz-coordinates,sinceq Ý x0 ç y0 ç zÞ å î è zæ hasdegree ó 2.

4.1.4 Changing the Support Curve

In thefollowing paragraphswe oftenhave to build pairsof curvesto computethe
resultsof predicatesandconstructions.Whenwe try to analyzesucha curve pair,
it can happen,that the analysissignals“curves not coprime”. In this case,the
supportingcurve of somepointsandsegmentshasto be exchangedandthe arc
numbersmustberecomputed,sincethesenumbersloosetheir validity with a new
curve. Assumethat thesupportingcurve f of anobjectdecomposesinto f : ß gh.
Thenew curve (g or h) andthenew arcnumberscanbecomputedusingtheslicing
techniquefor thecurvepair ï f ç g ð at theparticularx-coordinates.Theslicesimply
mapsthe old arc numberto the correspondingarc numberof the new (unique)
curve. Note that becauseof coprimality of g andh, an old arc numberw.r.t. f
matchesto eitheranarcof g or to anarcof h, but not to both.

Unfortunately, the exchangeof supportingcurves is currently not implemented,
but it will be avaible in the nearfuture. Nevertheless,the following comparison
predicatesandconstructionsbasedonacurvepairanalysis,candetectnon-coprime
curves:
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4.1.5 ComparisonPredicates

A key operationin thesweepline algorithmis thecomparisonof coordinates.For
purex-coordinateswe do not have to explain somethingnew. It is simply theor-
deringof realalgebraicnumberswhicharerepresentedwith adefiningpolynomial
andanisolatinginterval. In §2.1.4we showedhow to determinetheorderof two
suchnumbers.

They-coordinatesarenot representedin thisway andthereforeneedfurtherexpla-
nation.More formal, they-coordinateof a segments at a givenx-coordinateξ (in
thex-rangeof s) is they-coordinateof theuniquepointon sover ξ.

Fortunately, y-coordinatesof points and/orsegmentsare only comparedover a
commonx-coordinateξ. If bothgeometricobjects(point,segment)have thesame
supportingcurve f , thenthecomparisonof theiry-coordinatesis justacomparison
of theirarcnumbersatξ. In theothercase,therearetwo curvesinvolved: f for the
first objectandg for thesecondobject. Thenwe comparethearc numberof the
objectswith respectto thecurve pair ï f ç g ð . Theoriginal arcnumbersof thetwo
objectscanbematchedto arcnumbersof thecurve pair usinga slice(see§3.3.6).
If ξ is the x-coordinateof an eventpoint of ï f ç g ð , we take the obvious slice. In
theothercase,ξ lies in someinterval betweeneventsI ß è r i ç r i é 1 æ , andwetake the
sliceof I .

Thefollowing predicatesabusethisconvenience:

(Lexicographic) Comparison of Two Points:

Let v1 ß�Ý f1 ç ξ1 ç µ1 Þ andv2 ß¤Ý f2 ç ξ2 ç µ2 Þ be two pointson curves f1 and f2. The
lexicographicorderis alreadydeterminedif ξ1 ýß ξ2. In theothercase,ξ1 ß ξ2 ß ξ,
wecomparethecorrespondingy-coordinatesby comparisonof thearcnumbersas
alreadyseen.

An equalitytestof two pointsis simply thetestof equalx- andy-coordinates.

y-Comparisonof a Point and a Segment:

Let s ß�Ý f ç vä ç vé ç µä ç µç µéCÞ bea segmentof thecurve f andlet v ß�Ý g ç ξ ç ν Þ bea
pointonthecurveg, suchthatv lies in thex-rangeof s. To determinethey-orderof
v relatedto s, weconstructanauxiliarypointv÷3ß�Ý f ç ξ ç µ÷ Þ whereµ÷ is eitherequal
to µ, if ξ lies in theinterior of thex-rangeof s, or µ÷ ß µþ , if ξ liesat theboundary
of thex-rangeof s. Theorderis givenby theorderof v relatedto v÷ .
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y-Comparisonof Two Segmentsto the Right of a CommonPoint:

Let s1 ands2 betwo segmentswith onepointv in common,thatis v å s1 ÿ s2. The
predicateshoulddeterminethey-orderof s1 ands2 slightly to the right of v. We
just comparethe interior arcnumbersif bothsegmentsaresupportedby thesame
curve f .

If f is thesupportingcurve of s1 andg is thesupportingcurve of s2, we have to
locatethex-coordinateξ of v in thetwo-curve eventcoordinatesof thecurve pairï f ç gð . Thenweapplythesliceof theinterval to theright of thiseventx-coordinate
andcomparetherelevantarcnumbersmappedin theslice.

4.1.6 Intersection Construction and RelatedPredicates

Beforewestartto computediscreteintersectionsof two segments,wehave to han-
dlethecaseof overlappingsegments- yieldingin infinite many intersectionpoints.
For suchintersectionpointsit is notpossibleto defineanintersectionmultiplicity.

SegmentOverlap Test:

Recall that two curvesarecoprimeif the resultantof their definingpolynomials
doesnot vanish. Curvessharinga commonpart arenot coprime,which canbe
detectedby the vanishingresultant. Thus two segmentsthat overlap musthave
a vanishingresultantof the definingpolynomialsof their supportingcurves. In
our specialcaseof coprimecurves,we canconcludethat thesegmentsmusthave
the same(and later - if cached- the identical)supportingcurve. Two segments
overlapiff they arenon-trivial, their interiorarcnumbersarethesame,andtheirx-
rangesoverlap.All thesecriteriaareeasyto check.Thelatteris acheckof interval
boundaries.

For overlappingsegmentswe forbid theconstructionof intersectionpointsandthe
call of theintersectionmultiplicity predicate,whicharedefinednow:

SegmentIntersection Points:

Two non-overlappingsegmentswith thesamesupportingcurve canintersectonly
in their endpoints.This reducesthecomputationof intersectionpointsto compar-
ing endpoints.

In theothercase,let f andg bethesupportingcurvesof two segmentss1 ands2.
Intersectionsbetweenthe two segmentsoccur only in the intersectionI of their
x-ranges.If I is empty, we canstop. Otherwise,for every two-curve event point

with anx-coordinateξ in I wecheckif it is apointof f ÿ g (thatis if mà f á gâi ã 0, for
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anappropriatechoicesof i). It remainsto checkwhetherthearcnumbersof f and
g of theintersectionat ξ coincidewith thearcnumbersof s1 ands2. Thisgivesthe
constructionof all intersectionpointsbetweens1 ands2.

Intersection Multiplicity:

The lastpredicatewe have to provide (for reorderingsegmentspassingthrougha
commonpoint) returnsthe intersectionmultiplicity of two segmentsat an inter-
sectionpoint v. Let ξ be the x-coordinateof v. Sincedifferent curves f andg
arecoprimeandcurvesarenot allowed to have covertical intersectionpoints(in
our choiceof the coordinatesystem),we returnthe multiplicity of ξ asa root of
r : ß resÝ f ç g ç yÞ . The polynomial r with its roots (with multiplicities) is already
computedin theanalysisof thecurve pair ï f ç gð .
4.2 Lower and Upper Arrangement on a Quadric

Eachprojectedcurve f (whichis assumedto bey-regular)canbeseenascomposed
from a finite set of segments: Arcs and isolatedpoints. The computationof a
planararrangementof curvesis thusreducedto thecomputationof anequivalent
arrangementconsistingonly of segments. Fortunately, the computationof such
a decompositionof a curve f is a relatively easytaskwith the help of the curve
analysisgivenin §3.2:

(Silhouette)Curve to Segments:
Performtheanalysisof thecurve f .

For all intervals I betweenevents,andall arcsover I , createa sweep-
ablesegment.

For all events,thatareisolatedpoints,createa trivial segment.

In principle, this methodis applicableto silhouettecurvesaswell asto cutcurves.
Using this, we caneasilyfeedthe sweepline algorithmwith all segmentsof the
our integratedarrangementArrq on thebasequadricq.

But in this integratedarrangementwe have lost spatialinformation. Considerin
this settinga segmentof a cutcurve andits correspondingpartof thespatialinter-
sectioncurve on thebasequadric.It canhappen,thatthispartrunsfrom thelower
partof thebasequadricover a point of thesilhouetteandcontinueson theupper
partof thebasequadric.Thesegmentof thecutcurvedoesnotreflectthisbehavior,
dueto theprojection.

Fortunately, the intersectionsof a spatialintersectioncurve with thesilhouetteof
thebasequadricareechoedin theprojectedcurvesasintersectionsof thecutcurve
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with thesilhouettecurve. Theone-curve eventpointsof thecutcurve togetherwith
theseintersectionpoints decomposethe cutcurve into segmentswhoseinterior
originatesfrom a part of the intersectioncurve in three-dimensionalspacethat
lies on exactly onepart (either lower or upper)of the basequadric. Their end-
pointsmay lie on the silhouettecurve but a cutcurve segmentcannotbe a part of
thesilhouettecurve, sincethiswould beaviolation to ourcoprimalityconditionof
curves.

Let f bethesilhouettecurve of thequadricq andg beacutcurve of q with another
quadricp. In this case,theanalysisof thecurve pair ï f ç g ð doesthework:

Cutcurve to Segments:
Performtheanalysisof thecurve pair ï f ç g ð .
For all intervals I betweenevents,andfor all g-arcsover I , createa
sweepablesegment.

For all events,thatareisolatedpointsof g, createa trivial segment.

Now, it remainsto find out for eachsegmentof a cutcurve, whetherit lies on
the lower or the upperpart (or both) of the basequadricandto built two planar
arrangementsArr äq andArr éq thatrepresentthetwo two-dimensionalarrangements
on bothpartsof thebasequadricq.

To determinethepartof a quadricfor a singlecutcurve segment,we first assume
that we know one (interior) point of the segmentwith explicit coordinates.For
trivial segments(isolatedpoints)we showed how to reachthis in §3.2. Thereare
two othercaseswherewe cangive explicit coordinatesfor all interior pointsof a
segment:ø Thesegments’counterpartin three-dimensionalspaceis alreadya multiple

intersectioncurve - asin degeneratedsituations:For exampletwo cylinders
intersectingtangentiallyin aspatialline.ø Theprojectionis responsiblefor mappingonepartof a spatialintersection
curve on the lower part of the basequadricandanotherpart of the spatial
intersectioncurve on the upperpart of the basequadricto the sameplanar
segment.

It is simpleto checkthat after makingcutcurvessquare-freethedegreesof these
mustbe ó 2. Thenfor eachrational r betweentwo event x-coordinateswe find
explicit valuesfor theup to two y-coordinatesof f above r: Whenwecomputethe
rootsof f Ý r ç yÞ å�ü�è yæ we get up to two planarpoint Ý r ç y1 Þ ç Ý r ç y2 Þ . Thenwe can
decidewhich onelies on thearrangementandapply thefollowing method(asfor
isolatedpoint):

Let v : ß½Ý a ç bÞ å î be a point of the cutcurve f : ß resÝ p ç q ç zÞ suchthat we can
representa andb explicitly. Weuse Ý a ç bÞ to determinetwo univariatepolynomials

94



q̂ : ß q Ý a ç b ç zÞ , p̂ : ß p Ý a ç b ç zÞ å î è zæ with deg Ý q̂Þ ß deg Ý p̂Þ ß 2. We aresearching
for the valuesof z suchthat for Ý a ç b ç zÞ å î 3 holds: q Ý a ç b ç zÞ ß p Ý a ç b ç zÞ ß 0.
Becauseof thedegreesof p̂ andq̂ we cancomputethesez-valuesexplicitly - and
comparethem. Let q be the basequadric. If the smallerroot of q̂ is alsoa root
of p̂, thentheprojectedpoint originatesfrom the lower partof thebasequadric-
analogouslyfor thebiggerroot.

Wehave to mentiontwo specialsituations:Whenbothrootsof q̂ andp̂ match,then
theremustbe correspondingpointson both partsof the basequadric. But it can
alsobe that thepolynomialshave no real root. Sucha situationis given in figure
4.2. In thissituationwecandiscardthisprojectedpoint (or thesegmentcontaining
this point Ý a ç bÞ ), sincethecutcurve is extendedartificially (q̂ or p̂ have rootsin �
only) dueto theresultantcomputation.

Figure4.2: Silhouettecurves of two intersectingballs q and p (black thin lines)
and their cutcurve (blue line). The dashedpartsof the cutcurve are irrelevant,
they areartificial. Let Ý a ç bÞ a point an a dashedline segment. The polynomials
q̂ ß q Ý a ç b ç zÞ å î è zæ and p̂ ß p Ý a ç b ç zÞ å î è zæ have no realroot.

Determine Part of Quadric for Projected Point:
Computetherootsof q Ý a ç b ç zÞ å î è zæ .
If thereareno realroots,discardthispoint.

If thereis onedoublereal root, thepoint lies on thesilhouetteof the
basequadric.

Otherwise,therearetwo realroot z1 û z2.

If p Ý a ç b ç z1 Þ ß 0, thepoint lieson thelower partof thebasequadric.

If p Ý a ç b ç z2 Þ ß 0, thepoint lieson theupperpartof thebasequadric.

Note that both casescanoccurat the sametime. If no caseoccurs,
thenwe candiscardthispoint.
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The correctnessemergesfrom the definition of the partitioningof a quadricinto
lower andupperpartandsilhouette.

For all other non-trivial segmentsof a cutcurve f : ß resÝ q ç p ç zÞ we take also a
point in its interior. Its x-coordinateshouldbe rationalξ å`ü . Its y-coordinateis
representedasthearcnumberµ of thepoint over ξ. Althoughwe do not have an
explicit representationof the point’s y-coordinate,we areable to representit as
analgebraicnumberwith thedefiningpolynomial f Ý ξ ç yÞ å§ü�è yæ andan isolating
interval for theµ-th root. We refinetheisolatinginterval è yä ç yé æ of y suchthatall
the four polynomialsq Ý ξ ç yä ç zÞ ç q Ý ξ ç yé ç zÞ , p Ý ξ ç yä ç zÞ ç p Ý ξ ç yé ç zÞ å î è zæ contain
eithertwo or no real root. In the latter case,we candiscardthe segmentsinceit
belongsto an irrelevant part of the cutcurve. Otherwise,it canbe that y is now
explicitly known (its definingpolynomialhasdegree ó 2). Thenwe canswitch
to the former algorithm. If not, we know that the segmentdoesnot result from
a multiple partof the intersectioncurve in three-dimensionalspace.It mustbe a
“transversal” intersectionandtheflip in the rootsof the four polynomials,which
representz-coordinatesof raysintersectingvertically thetwo intersectingquadrics,
determinesthepartof thebasequadricfor this segment- seefigure4.3.

Determine Part of Quadric for Projected Segment:
Let s bea segmentof a cutcurve f ß resÝ q ç p ç zÞ andv beapoint on it
with a rationalx-coordinateξ.

Computetheµ-th root yξ of fξ : ß f Ý ξ ç yÞ å�ü�è yæ asanalgebraicnum-
berrepresentedby a definingpolynomial fξ andanisolatinginterval.
It representsthey-coordinateof theroot.

Refineyξ with they-coordinatesof all pointsof thesilhouettecurve of
q over ξ. Thenthe isolatinginterval è yä ç yé æ of yξ lies completelyin
thexy-rangeof q.

Refineyξ with they-coordinatesof all pointsof thesilhouettecurve of
p over ξ. Thenthe isolatinginterval è yä\ç yédæ of yξ lies completelyin
thexy-rangeof p.

If yξ hasdegree ó 2 useDetermine Part of Quadric for Project Point
with theexplicit point coordinatesÝ ξ ç yξ Þ .
Otherwise:

Computethe sequenceof the real roots of qä : ß q Ý ξ ç yä ç zÞ å î è zæ
and pä : ß p Ý ξ ç yä ç zÞ å î è zæ . Thesearethe z-coordinatesof the two
quadricsbelow (in y-direction)thesegment.

Computethesequenceof therealof qé : ß q Ý ξ ç yé ç zÞ å î è zæ andpé : ß
p Ý ξ ç yé ç zÞ å î è zæ . Theseare the z-coordinatesof the two quadrics
above (in y-direction)thesegment.

If any of themhasno real root, thenwe candiscardthis part of the
cutcurve.
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Figure4.3: Thisarrangementis inducedby two intersectingquadrics.Weshow the
view ontheplaneatx ß r parallelto yz-plane.Assumethattheredcurvebelongsto
thebasequadricq while thebluecurvedescribesthebehavior of anotherquadricp.
Thefigureshows two segments(dottedlines)of thecutcurve of q andp. For both,
wewantto determinetheircorrespondingpartonthebasequadric.It is determined
shootingvertical rays(dashedlines). The flip in eachtwo sequencesdetermines
thecorrectpart.
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Otherwise,the uniquecrossingin the two sequenceseachwith 4 z-
coordinatesdeterminesthepartof thebasequadricwhich s lies on. If
thereis a matchof thebasequadricbelow the crossing,thesegment
lies on the upperpart, otherwiseit lies on the lower part - seefigure
4.3.

Thesealgorithmsallows usto decomposethesilhouettecurve andthecutcurvesof
theintegratedarrangementArrq into segmentsandto createthetwo arrangements
Arr äq andArr éq representingthe sceneon the lower andon the upperpart of the
basequadric.Thesegmentsof thesilhouettecurve mustbelongto bothsegments,
while for segmentsof cutcurves we usethe two methodsabove to determineto
whichpart(s)they belong.

This completesthe algebraicpart of our algorithmto computethe arrangements
inducedby intersectioncurveson quadrics.Theremainingtasktowardsthecom-
putationof thethree-dimensionalarrangementor to providebooleanoperationson
quadricsarecombinatorialstepson this data. Chapter6 focuseson that topic of
booleanoperations.In the next chapterwe first give an overview to the current
implementation.
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Chapter 5

Implementation

Theprecedingchaptersbuild thealgebraicbasisandalgorithmsfor thecomputa-
tion of a three-dimensionalarrangementof quadricswith theprojectionapproach.
In this chapter, we report on the implementationof the presentedalgorithmsas
partof theEXACUS libraries[EXACUS]. First we introduceits partsandthenwe
presentthe detailsaboutthe implementationof the part concerningthe quadrics.
All topicspresentedsofar in thelastchaptersareimplemented(withoutthealready
mentionedmissingexchangeof supportingcurvesfor pointsandsegments).

Furthersectionsintroducethedelivereddemoprogramsandmeasurementsof the
runningtimesfor differentinput sets.

Thelastsectioncomprisessomeideasto acceleratethecomputationwith floating
point filters andhow to extendthecodeto plug in algebraicsurfaceswith higher
algebraicdegree.

5.1 The EXACUS Project

The EXACUS projectoriginatesfrom the Max-Planck-Institutefür Informatik in
Saarbr̈ucken. It containsLibrariesfor Efficient andExact Algorithmsfor Curves
andSurfaces.The librariesfollow thegenericprogrammingparadigm[A98] and
cover distinctpartsof curvedcomputationalgeometry, for examplemathematical
foundations,arrangementof conics,arrangementof cubics,and- of course- our
work: arrangementsof quadrics.Theprojectitself is partof theEuropeanUnion’s
Effective ComputationalGeometryproject(ECG).

The projectcomesup with the EXACUS root directoryEXACUS. From thereyou
canaccessfiles relatedto the configurationandcompilationandyou canaccess
thesubdirectoriescontainingthedifferentlibraries,for exampleEXACUS/QuadriX .
The configurationallows to selectthe subsetof libraries of the project you are
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interestedin. A detailedintroductionto theinstallationandtheuseof theEXACUS

libraries is given in EXACUS/Developers manual/manual.ps . The sourcecode
itself is mainly templatecodeandresiststhereforein the headerfiles, which can
be found in the directoriesEXACUS/library-name/i ncl ude / library-abbrev/ . The
QuadriXcodecanbefoundfor examplein EXACUS/Quadrics/incl ude/Q dX. The
file namesdescribeeithertheclassthey containor theobjectsto which thefile is
related(for example: Quadric 3.h or Quadric 3 utils.h ). Many classesare
implementedashandlesandreps,which allows theuserto copy themnearlyfree
andwith noinvestmentsonthememory-managementfor theuser. A classC is just
a smartreference-countedpointerto a representationobjectof classC rep. This
objectcontainsthe actualdata. For exampletheclassesrepresentingquadricsor
representingprojectedcurvesareimplementedin this way.

All classesandfileshave areferencedocumentationembeddedin thesourcecode.
Doxygen[Dox] extractsit andoutputsformatedHTML or TEX. With anabstract
knowledgeof ouralgorithms,thereadercanaccessany relevantinformationof the
implementationwhenstartingin EXACUS/doc.html .

Therelevantpartsof EXACUS for ourwork are:ø The Library Support (LiS) providesbasicservicessuchasmemoryman-
agement,input/outputformatting,file input/output(LiS/file io.h ), han-
dle template(LiS/Handle.h ), basicenumerations,iterators,etc.ø TheNumeriX (NiX) library containstheimplementationof themathemati-
cal conceptswe discussedin §2.1:

Thepolynomialclass(NiX::Polynomial ) offerstherepresentationof poly-
nomialsoverarbitrarynumbertypes(evenrecursively for multivariatepoly-
nomials)andalargesetof algebraicoperationsonthem:gcd, resultantcom-
putation,factorizationby multiplicities,etc.For thespecialcaseof bivariate
andtrivariatepolynomialsthefiles NiX/bivariate polynomial hacks.h
andNiX/trivariate polynomial hacks.h containauxiliaryfunctionsfor
exampleto accessinnervariables,suchasNiX::substitute xy This func-
tion is usefulto replacex andy in trivariatepolynomialto getanew univari-
atepolynomialin z. Therearemorefunctionsof this shape.

With the help of NiX/bezout matrix.h , NiX/sylvester matrix.h and
NiX/Linear algebra.h , oneis ableto computethe (sub)resultantsin the
presentedway. In fact,weusethecompactformulationof Bezoutmatricesto
computeresultantsandfor subresultantsweusethecorrespondingSylvester
submatrix(§2.1.2).

The representationof algebraicnumberswith definingpolynomialandiso-
lating interval (asdiscussedin §2.1.3)is implementedin differentversions1:

1All implementationsaremaintainedby MichaelHemmer
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NiX::Algebraic number and NiX::Algebraic real simplify the repre-
sentationto a one root numberor a rational numberif the degreeof the
definingpolynomialbecomes2 or 1, respectively. They differ in thebehav-
ior of the isolating interval which degeneratesfor rationalnumbersin the
first implementation.The latter ensuresa non-degenerateisolatinginterval
for every algebraicnumber. A third version,which simplifies itself only
whenit is rational,is implementedin NiX::Algebraic real pure .
All have in commonthatthey built link lists to otheralgebraicnumbersfrom
thesameunivariatepolynomial.Thisallowsto distributesimplifications(for
exampleof thedefiningpolynomial)yieldingto fastercomparisonsin thefu-
ture. Furthermore,every implementationprovidesa real roots functor to
constructtherealrootsof aunivariatepolynomialasrealalgebraicnumbers.
It currentlyusesUspensky’s methodfor root isolation. If the polynomial
is not square-free,the functor iteratesover thedifferentsquare-freefactors
andtheoutputis asortedsequenceof all rootstogetherwith their multiplic-
ities asroots. Theintervals areisolatingagainsttheotherrootsof thesame
polynomial.

Besidesthegeneralalgebraicnumber, thefile NiX::Extension providesthe
numbertypefor adjoiningafinite setof squareroots(recursively) to agiven
numbertype - for examplerationals. This allows to representsquareroot
expressions(asin §2.1.3)for smallnumbersof squareroots.Wecanconvert
algebraicnumberto this typeandbothto separationboundnumbertypes.

Michael Hemmerhas implementedthe modular filter, which we already
mentionedin §2.1.4. This speedsup algorithmsthat build on a gcd com-
putation,for examplethecomparisonof two algebraicnumbers,or thefac-
torizationof polynomialsby multiplicities whencomputinggcdÝ f ç f ÷ Þ .
Most partsof the NumeriX library were alreadyimplementeddue to the
work on othertopicsin theproject(ConiX, CubiX), but theauthorhadalso
to add,to extendor to modify somefiles in thepreparationof this thesis.ø TheQuadriX (QdX) library is themaincontributionof thisthesisto theEX-
ACUS project.It collectstherepresentationof quadrics(QdX/Quadric 3.h ),
therepresentationof projectedcurves(QdX/P curve 2.h ) andthepairingof
projectedcurves(QdX/P curve pair 2.h ). In §5.2we presentthedifferent
classesandfunctionsof theQuadriXlibrary in detail.

The library is designedto implementalsootherapproachesto computethe
arrangementof quadrics. For example,Michael Hemmer[H02] is imple-
mentingamethodusingparameterizationsof thespatialintersectioncurves.ø TheSweepX(SoX) library containsthe implementationof thegeneralized
sweepline algorithmwe presentedin §4.2. It is a LEDA-descendant,which
usesthepresentedalgorithmto reordersegmentsrunningthroughthesame
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point(§4.1.1).Anotherpartof SweepXoffersLEDA-descendantregularized
booleanoperationson polygonsboundedby segmentsthataresweepable.

Themain functionalityof SweepXis thecomputationof arrangements.At
the momentthe SweepXlibrary supportsplanararrangementsonly, which
sufficesto computeour problems.In Chapter6 we give someideashow to
useourapproachto computeintersectioncurvesbetweenquadricsto provide
booleanoperationson quadrics.

ThefunctionSoX::sweep curves() implementsthegenericsweepline al-
gorithmof §4.1.1. It is parametrizedwith a traitsclass,thataggregatesthe
point andsegmentclassesto beusedtogetherwith their predicatesandcon-
structions.QdX::P curve sweep traits 2 is the classwhich implements
this collection for our planarcurves. It is parameterizedwith curve pairs
of projectedcurves. Suchan instantiatedfunction SoX::sweep curves()
takesa setof sweepablesegmentsasan iteratorrangeandoutputsa LEDA
planarmap representingthe arrangement.The edgesand verticesof the
maparelabelledaccordingly. Usedsegments(with endpoints)caneitherbe
hand-crafted(asdonefor ConiX library [BE+02]) or onecanusea degree-
independentastheapproachdevelopedby Arno Eigenwillig [E03]:

The latter methodis implementedin EXACUS in the moduleGAPSin the
SweepXlibrary. GAPSstandsfor GenericAlgebraicPointsandSegments.
Thechosennamealsoreflectstheclosedgapbetweenthesweepline algo-
rithm andthe analysisof curve pairs. GAPSincludestwo classtemplates
SoX::Algebraic point 2 andSoX::Algebraic segment 2 which imple-
mentpointsandsegmentsasdiscussedin §4.1.2. The implementationcer-
tainly containsthepredicatesandconstructionsusedin thesweepline algo-
rithm. GAPSis a degree-independent implementation.It canhandlepoints
and segmentsof arbitrary algebraiccurves. One hasonly to provide the
analysisof analgebraiccurve pairastemplateparameter.

Rememberthat theanalysisof curve pairshasto computeso calledslices.
But slicesarealsodegree-independentandthereforeGAPSprovidesanap-
propriateclasstemplatefor theslicesdiscussedin §3.3.4,too.

Thereis anotherrequirementwhenusingGAPS:Whenever thesupporting
curvesof two objects(pointsor segments)areequal,they mustbe identi-
cal, meaningthat they arerepresentedby thesamepieceof memory. This
speedsupequalitytestsandavoidsmultipleanalysesof thesamecurvesand
later of the samecurve pairs. Thuswe have to ensurethat for eachcurve
f andfor eachunorderedcurve pair ï f ç g ð thereexistsonly oneobjectrep-
resentingit. To achieve this, QdX andGAPSindirect the constructionsof
curvesandcurve pairsthroughcaches:For singlecurves(supportof points
andsegments)wedevelopedaspecialcachingtechnologyandthedetailsare
presentedin thenext section.Concerningthecachingof curve pairs,GAPS
usesan instanceof the classtemplateSoX::Curve pair cache 2 to con-
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structcachedcurve pairson the fly whenevaluatingthe predicatesduring
thesweep.It indirectstheir constructionsthrougha staticmemberfunction
of SoX::Algebraic point 2.

All theserelevant partsareaccessibleto the thesisexaminersanda futurepublic
releaseof theEXACUS librarieswill alsocontainourcode.

5.2 Welcometo the QuadriX-Library

This library covers the implementationof the algorithmicpartsso far presented
in this thesis:Representationof quadrics;creation,representationanddiscussion
of silhouettecurvesandcutcurves;creation,representationanddiscussionof curve
pairs.Westartwith therepresentationof quadrics:

5.2.1 Quadric 3

A quadricis representedby an instanceof the classtemplateQdX::Quadric 3.
Following the genericprogrammingparadigm,we explicitly allow to choosethe
set of numbertypes usedfor quadricsand projectedcurves. As the projected
curves originatefrom quadrics,their numbertypesinherit the numbertypesof
quadrics.Wemainly usetheLEDA typesleda::integer , leda::rational and
leda::real andprovide them cohesive with the help of a traits class. A traits
classbundlesasetof relatedtypesandoffersthemascompoundto genericclasses
andfunctions. Suchobjectsareimplementedtype independentandcanbe fed in
thiswaywith differentimplementations.

In our case,the classNiX::LEDA arithmetic traits collectsthesethreemen-
tionednumbertypesandadditionallyservesthe type of algebraicnumbersbased
on this chosenset. The typesof theunivariate,bivariateandtrivariatepolynomi-
als with integer andrationalcoefficientsarealso included. Of course,a userof
the quadricslibrary is allowed to build his own arithmetictraits class,or for ex-
ample,if onewishesto usethe GMP/COREnumbertypes,we alsoprovide the
classNiX::CORE arithmetic traits which collectsthem in the sameway as
NiX::LEDA arithmetic traits doesthis for theLEDA numbertypes.

In fact, we often usethe NiX::Extension numbertype. Therefore,we intro-
duceda new traits classNiX::Arithmetic traits extension which takes a
usual arithmetic traits class(for example NiX::LEDA arithmetic traits and
addsthe typesExtn and Nested extn . The former representsone-rootexpres-
sionsandthe latteronecanrepresentexpressionswith two adjoinedsquareroots.
Of course,the extendedclassprovides the low-variatepolynomials(degrees1 ç 2
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and3) on Extn andNested extn . Backto therepresentationof quadrics,we nor-
mally parameterizeits classtemplatewith thefollowing traitsclass:
NiX::Arithmetic traits extension<NiX::LED A arithmetic traits> .

An objectof classQuadric 3 is really sparse.It is constructedfrom a trivariate
polynomialdefiningthequadric.We forceintegral coefficientsof thepolynomial,
which do not constitutein a restrictionof theinput: For every rationalpolynomial
defininga quadric,we canfind at leastoneintegral polynomialdefiningthesame
quadricby multiplying with thecommondenominatorof all coefficients(see§2.2).
Integercoefficientsof quadricsnaturallyleadto integercoefficientsfor eachresul-
tant stepdonein our algorithm: All projectedcurvessuchassilhouettecurves of
onequadricor cutcurvesof two quadricsthenhave integercoefficientsaswell as
thedefiningpolynomialsof theeventx-coordinatesof projectedcurves.

Besidestheconstruction,thereareseveralsaccessfunctionsto a greatsetof prop-
ertiesof aquadricthatalreadyexist with its definingpolynomial:ø .f() - thedefiningpolynomial fø .degree() - thedegreeof fø .coeff(i,j,k) - thecoefficient ai jk belongingto themonomialxiy jzkø .fz() - thefirst partialderivateof f w.r.t. z: fz.ø .fzz() - thesecondpartialderivateof f w.r.t. z: fzz.ø .resultant f fz() - theresultantRq ß resÝ f ç fz ç zÞø .sqf res f fz - thesquare-freepartof Rq.ø .matrix<Type>() - thematrix representationof f asin §2.2.2(theType of

theentriesmustbeconstructiblefrom integers).ø .substitute xy(NT x, NT y) - replacesx andy in the trivariatepolyno-
mial f with thegivenvaluesto getannew univariatepolynomial.ø .silhouette f() - the definingpolynomial of the silhouettecurve of the
quadric(is equalto .sqf res f fz() ).ø .cut f(Quadric p) - thedefiningpolynomialof thecutcurve of a quadric
with anotherquadricp: Thesquare-freepartof resÝ q ù f Ý Þ ç p ù f Ý Þ ç zÞ .

TheclassQuadric h is implementedashandleclasswith aninternalrepresentation
class.We needit only for therepresentationof quadricsandthere-substitutionofÝ x ç yÞ -valuesto getup to two z-valueswith thehelpof .substitute xy() .

For the indispensablecachingof projectedcurves, we implementedtwo static
memberfunctionsthatareusedto indirect theconstructionof silhouettecurvesof
asinglequadricandcutcurvesof two quadrics:ø .silhouette() - thesilhouettecurve of thisquadricø .cut(Quadric 3 p) - thecutcurve of thisquadricwith anotherquadricp.

104



In thenext section,weexplain theimplementationof thetwo curve typesandgive
detailson thecachingstrategy behindthestaticmemberfunctions.

Pertainingto therepresentationof quadricsthefile QdX/Quadric 3 utils.h col-
lectssomevarioushelperfunctions,thatareusefulwhendealingwith quadrics:ø get polynomial from coefficients()

takestencoefficientsandreturnsthetrivariatepolynomialdefiningaquadric
asin §2.2.2.ø mirror(Quadric 3 q, Quadric 3 p)
performsthemirroringof aquadricq on aquadricp asdefinedin (3.5).ø spatial x(Quadric 3 p, Quadric 3 q, Quadric 3 r)
computesthedegree8 polynomialcontainingthex-coordinatesof all spatial
intersectionpointswith thealgorithmfrom §3.3.1for threegivenquadrics.

5.2.2 P curve 2

If weconsiderarrangementsof quadrics,wecomputesilhouettecurvesof quadrics
andcutcurvesfor pairsof quadrics.In thissectionwedescribetheimplementation
of thesetwo typesof curves. A projectedcurve is always definedby a bivari-
atepolynomialwith integercoefficients. Theintegrality of thecoefficientscomes
automaticallyfrom the integrality conditionto thepolynomialsdefiningquadrics
sincethedefiningpolynomialsof projectedcurvesarecreatedfrom resultants.

Silhouettecurves andcutcurveshave to store,which quadricsareinvolved in the
curve. Forasilhouettecurve thisis usuallyasinglequadricandacutcurve isusually
createdby two quadrics.Only in theexceptionalcasewheretwo silhouettecurves
or two cutcurves arenot coprime,we have to storemore thanthe usualnumber
of quadrics(see§3.1). But the two typesof curves alsodiffer in the developed
algorithmstoanalyzethemandwehavetoconsiderthattherepresentationof points
andsegmentswith GAPSusesplanarcurvesassupport.This supportmustbethe
sametype for all segments(of silhouettecurves and cutcurves), sinceotherwise
we arenot able to feed the SoX::sweep curves() function with a uniquetype
of segments.Thesethreeproblemsleadto the following representationof planar
curves:

Thefile QdX/P curve 2.h 2 collectsthreehandleclassesandthreeinternalrepre-
sentationclasses.All classesareparameterizedby analgebraicsurfacethathave
to providesomerequiredfunction,suchasthepolynomialof its silhouettecurve or
thepolynomialof its cutcurvewith anothersurface.Ourrepresentationof quadrics
is thefirst modelthatfits to theserequirements.

Westartat thebottomwith theclasstemplateP curve 2 rep . It is thebaserepre-
sentationof any projectedcurve andan instanceis createdfrom a bivariatepoly-

2Seehow thenameP curve 2 reflectswell thepropertyof beinga planarandprojectedcurve.
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nomial f with integercoefficients.In this representationwe alsostoreanarbitrary
numberof links to objectsof the given algebraicsurfacetype. An instanceof
P curve 2 rep offersa largenumberof variousmemberfunctionseitherto access
or to computepropertiesof thecurve,suchasresÝ f ç fy ç yÞ . Sincethehandleclasses
reflectthem,we omit a list here.

Fromthis baserepresentationwe derivedtwo otherrepresentationclasses,onefor
silhouettecurves andonefor cutcurves: P silhouette 2 rep and P cut 2 rep .
They overwrite exactly two specificmemberfunctionsof P curve 2 rep : More
exactly, we speakaboutthefunction initialize events() on theonehandand
aboutthe function compute event1 info(i) on the otherhand. The first is re-
sponsibleto find theeventx-coordinatesof thecurveandthesecondcomputeswhat
happensover the i-th3 event x-coordinateof the curve. In §3.2we presentedfor
bothtypesof curvesthealgorithmsthesefunctionsimplement.In ourcase,acurve
is eitherasilhouettecurve or acutcurve,whichmeansthattheclassP curve 2 rep
is semanticallypurelyabstract.For technicalreasonsthis is not thecasein theim-
plementation.Thetwo functionsarevirtual memberfunctions,which ensuresfor
eachgivencurve, thatevery time thecorrect(specialized)algorithmis applied.

To hide theseinternaldetailsfrom theuserof a projectedcurve, we put a handle
classcalledP curve 2 in front of therepresentation.In fact,acomplicatedhandle
classdesign4 allows to have thesehierarchicalrepresentationclasses.Thehandle
classP curve 2 mainly offerstwo constructors:Onethatcreatesaninitial silhou-
ettecurve from a singlesurfaceandonethat createsan initial cutcurve from two
surfaces.Later, whenwedetectacommonpart in two curves,we alsoneedacon-
structorfrom two projectedcurves(which extractsthecommonpartandjoins the
listsof involvedsurfaces).

With two otherderivedhandleclassesP silhoutte 2 andP cut 2 we candistin-
guishdifferent typesof curveson the syntacticallayer. Fortunately, dueto C++
polymorphism,both typesarestill P curve 2 classes.This is very usefulfor the
pairingof curvesin §5.2.3andto serve asa commonsupporttype for pointsand
segmentsfrom GAPS.

Wepromisedto give somememberfunctionsof thehandleclasses:ø .f() - thedefiningpolynomial fø .fy() - thefirst partialderivative of f w.r.t. y: fy.ø .resultant f fy() - theresultantRf ß resÝ f ç fy ç yÞ .ø .num events () - thenumberof one-curve eventsø .rational in interval(i) - arationalvaluerepresentingany valueof the
i-th interval betweenevents

3Notethattheindex is shifted:Almostall indicesarezero-based,following theC++ arrayindex-
ing convention

4Thanksto Lutz Kettner, who providedthis in LiS/Handle.h
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ø .event x(i) - the i-th eventx-coordinateø .event info(i) - theinformationon the i-th event(seebelow)ø andmany more ù=ù=ù (asaccessfunctionsto theinvolvedsurfaces)

Sincethe topologyof a curve changesat eventpointsonly, themain information
on that is storedin an instanceof the Event1 info classfor eachevent point.
Besidesthetopologicalinformationit alsostoresanexplicit representationof the
x-coordinateof the event point (if possible;see§3.2). Here is an extract of the
code:

template < class ArithmeticTraitsEx ten sio n >
class Event1 info �
public:

//! the type of the event
Event1 type type;
//! on LEFT and RIGHT side: range of arc numbers involved in event
Interval<int> arcs[2];
//! number of distinct arcs at event x-coordinate
int numarcs at;
//! index of event-carrying arc at event x-coordinate
int arc at;
//! the multiplicity of the event as multiplicity of resultant
mutable int mult;
//! x-coordinate of event
Algebraic real value;

private:
//! stores if v̧alue is known as an expression with two roots
bool knows nested extn;
//! stores v̧alue as expression with two roots
Nested extn nested extn;
//! the first root
Rational root1;
//! the second root
Extn root2;�

;

Thepublicmembersareself-explainingusing§3.2,with theexceptionof thevari-
able type . This memberstoreswhat type of event this event info structurede-
scribes,for examplea top-bottompoint of a cutcurve. Theprivatemembersstore
theexplicit valueof value (thex-coordinate)asroot expressionswith two square
roots(if possible).If value is rational,it cangive the informationitself andif it
is a one-rootnumber, thereis a function to Extension() in NiX/Extension.h
whichconvertsanalgebraicnumberof degree2, to aone-rootexpression.Thisal-
lowsusto storealways¡anexplicit representationof thex-coordinateof asingular
point.

Most of the computationsfor a curve (resultant,event1 infos) take placein the
representationclassandnot in thehandleclass,but they arecomputedonly once
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andonly on demand:This means,thatwe delaythecomputationof a certainitem
until it is requestedfor thefirst timeandthenwe cachethecomputedvalue.Every
repeatedrequestreturnsthealreadycachedvalue.A similar trick is usedfor thera-
tional valuesbetweenevents.They arealsocomputedonly onceusingtherational
valuesof theisolatingintervalsof thenew constructedeventx-coordinates.Their
role as representatives for the whole intervals betweenevents is constant,even
whentheeventx-coordinatesarerefined. Theearly computationensuressmaller
bit lengthof thevalues.

Wecanconcludethatthediscussionof aplanarcurve is invokedby thecreationof
thecurve objectitself andby therequestsfor thedifferent(in thesenseof needed)
topologicalproperties.

CachingSilhouettecurvesand Cutcurves

WealreadystatedthattheclassQuadric 3 providessomestaticmemberfunctions
thatindirecttheconstructionsof silhouettecurvesandcutcurvesthroughcaches.A
cacheis simply a std::map , which getsa certainkey andmapsit to a valuetype.
We explain the cachedetailsfor silhouettecurve, becausethis casehasa simpler
key. It is just a quadricwhile in thecaseof cutcurvesthekey is anorderedpair of
two quadrics.

Our goal is to cross-linkthedifferentobjects:Quadric,silhouettecurve anddefin-
ing polynomial. This linking is very useful,whenwe detectnon-coprimecurves
andwe have to createnew curves from two old ones,or whenwe try to restore
information,whichquadricsof a three-dimensionalsceneinteractin agivencurve.

Every curve consideredhasa uniquecanonicaldefiningpolynomial. Whenever
a new curve is constructed,we map this uniquepolynomial to the curve object
itself. This ensuresto find the curve belongingto a polynomial,only when the
polynomialis given. Anothercachestoresfor eachquadricwhich curvesbuild its
silhouettecurve. This might bea bit confusing,but hereis oneexample:Assume
thatasilhouettecurve of aquadricq hasacommonpartwith thesilhouettecurve of
quadricp. Thenthesilhouettecurve of q (analogousfor p) consistsof two objects:
Onefor thecommonpartandonefor theremainingpart. Both partsmustbelong
to thelist of silhouettecurvesfor thequadricq. Of course,this problemgetsmore
complicatedwhenwe cachethe partsof cutcurves for eachpair of quadrics.At
lastbut not least,eachprojectedcurve storeswhich quadricsareinvolved, which
is alreadymentionedabove.

5.2.3 P curve pair 2

Oncewe have discussedsinglecurves,we canpair themasdescribedin §3.3. On
theimplementationside,thereis a correspondingclasstemplateP curve pair 2.
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Its templateparameteris an instanceof P curve 2. Thepolymorphismallows to
usethetwo derivedtypesaswell. Two curvesconstructthepair, which we call f
andg, or curve 1 andcurve 2, respectively.

As for thesinglecurve, theconstructionof thecurvepair invokestheanalysis,and
thecallsof thedifferentmemberfunctionsperformtheanalysison demand.Their
resultsarealsocachedfor future requests.This digestshows the main member
functions:ø .curve(i) - theunderlyingcurveø .resultant f g - theresultantRf á g ß resÝ f ç g ç yÞø .num events() - thetotalnumberof two-curve eventsø .rational in interval(j) - arationalvaluerepresentingany valueof the

j-th interval betweeneventsø .event x(j) - thex-coordinateof the j-th eventø .event info(j) - theinformationon the j-th eventø .slice at(x) - thesliceof ï f ç g ð atxø andmany more ù=ù=ù
Rememberthatthetwo-curveeventsof apair ï f ç g ð consistof all one-curveevents
of f , of all one-curve eventsof g andof the intersectionpointsof f andg. Thus
eventx-coordinatesof ï f ç gð arethemergedrootsof Rf , Rg andRf á g, wheresome
rootsmaycoincide.For eacheventx-coordinatewemapwith thememberfunction
.event indices(j) theindex j of atwo-curveeventto thetriple of corresponding
indicesw.r.t. eachof thethreeresultants,where ë 1 denotesthenon-existenceof a
correspondingindex.

As for singlecurves we also computeconstantrational representatives for each
interval betweenevents. Sincewe alreadyhave computedsomerationalvalues
in the discussionof the two singlecurves,we try to reusethem. A clever sorted
sequenceof thealreadyknown rationalshelpswhensearchingfor rationalvalues
betweenthe mergedevents. In somecasesthereareno suspectsandwe have to
computea new value. If therearemultiple suspects,we canchooseoneof these
values.Thereuseof theserationalsfastensthecomputationof theorderof the f -
andg-arcsover this value,becausefor at leastonecurve we have precomputed
valuesfor thepointsover this valuegivenin theanalysisof this singlecurve.

Again, we fill for eachtwo-curve eventpoint a structurecontainingthe important
topologicalinformationastheinvolvedandcontinuingarcs:

struct Event2 info �
public:

//! for CURVE1 and CURVE2: event’s arc number of -1
int arc at[2];
//! arcs below event as a sequence of CURVE1, CURVE2 values
std::vector<Curve index> below;

109



//! arcs above event as a sequence of CURVE1, CURVE2values
std::vector<Curve index> below;�

;

Thecodefor thecomputationof an Event2 info is locatedin theadditionalfile
QdX/compute event2 info.h .

At theendof thispart,we wantto givesomeimportantinformationabouttherun-
ning times:Theon-demandcomputationavoidsunneededcallsto expensive parts
of thecode.For example,theexpensive detectionof tangentialintersectionpoints
is invoked only when two segmentscontainthe x-coordinateof this intersection
point in theirx-range.Anotherimportantthing is cachingcurvepairs.It is doneon
thefly duringtheevaluationof predicatesandconstructiononalgebraicpointsand
segmentsdefinedin GAPS.The orderof curvesdoesnot play any role. This al-
lows usto reusethesamecurve pairalsofor thecontra-orderedcurve pairs,which
canhalf the total runningtime of curve pair analyses.But we have to introduce
an orderon curve pairs. For sometechnicalreason(§5.2.4explainsit) we usea
lexicographicorder:Let f andg betwo projectedcurves.Wedefinethatø f û g, if f is asilhouettecurve andg is acutcurveø g û f , if g is asilhouettecurve and f is acutcurveø f û g, if f ù id Ý Þ û g ù id Ý Þ and f andg have thesametype.

(The id of acurve is auniquenumberdefinedby thememorymanagement).

5.2.4 Decompositionof Curvesinto SweepableSegments

To computethe two-dimensionalarrangementon a quadric(inducedby the in-
tersectioncurveswith otherquadrics)we learnedin §4.1 to split the curves into
sweepablesegments.As segmenttype we usethe genericapproachprovided by
GAPS.Sinceevery instanceof P silhouette 2 or P cut 2 is alsoa P curve 2
we usethis typeasbasicsupportfor pointsandsegments.In fact,we instantiate
thegeometricobjectsof GAPSwith P curve pair 2, which alsodefinesthetype
of singlecurves.

The algorithmsto decomposecurves into segments(see§4.2) are implemented
in two files: QdX/Silhouette to segments.h for splitting silhouettecurves and
QdX/Cut of surfaces to segments.h for cutcurves. The first file providesthe
functionsilhouette to segments() which takesa silhouettecurve anddecom-
posesit into its maximalsweepablesegments.Thelatterfile offersthreefunctions:
The generalfunction segments of surface cut() decomposesa cutcurve of a
basequadricq with anotherquadricp into its sweepablesegments- partitionedinto
two setsfor thetwo partsof thebasequadricwementionedin §4.2.Theothertwo
functionshavethesameinputsetassegments of surface cut() but outputonly
thesegmentslying eitheronthelowerpart(segments of cut on lower part() )
or thesegmentslying on theupperpart(segments of cut on upper part() ) of
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thebasequadric.As learnedin §4.2,wehave to split cutcurvesat theirown events
aswell asat intersectionswith the silhouettecurve of the basequadric. Thusthe
splitting of cutcurvesintroducesthis curve pair. We have chosentheabove men-
tioned lexicographicorderon curves to distinguishthe silhouettecurve from the
cutcurve in this pair. This ensuresthat the silhouettecurve is always the “first
curve”.

5.2.5 Arrangementsand Shearing

Oncewe have collectedall thesegmentsof a lower or anupperarrangementasin
§4.2,wewantto feedthesweep curves() functionwith themto computethisar-
rangement.ThetraitsclassP curve sweep traits is amodelof theCurveSweep-
Traits 2 conceptfor our curves.It aggregatespoint andsegmentclassesto beused
togetherwith theirpredicatesandconstructionsfor P curve 2 instances.

Aroundthecall to thesweep curves() functionwe put somelinesto inform the
userwith textualoutputsaboutthecurrentwork: Thenumberof segments,thestart
of thesweepline algorithm,thenumberof verticesandedgesin theplanararrange-
mentandthetime usedfor thesweep.This functioncompute arrangement() is
locatedin thehomonymousfile. It canreturnwith exceptionsthatmustbecaught.
Wedistinguishthreekindsof exceptions:ø Ex reshear 3 is thrown, whenthe violation canbe solved usinga spatial

shear(see§2.4- anSsá t shear):An exampleis apair of non-coprimesilhou-
ettecurve andcutcurve.ø Ex reshear 2 is thrown, whenthe violation canbe solved usinga planar
shear(see§2.4- anSr shear).An exampleis anon-y-regularcurve.ø Ex any is thrown on generalexceptions(it cannotbesolvedusinga shear):
An exampleis a non-square-freecurve.

The programs(asour demosin §5.3) that includethe compute arrangement()
functionmustcatchtheseexceptionsandapplythecorrespondingsolutionssteps.
Oneis ashearingof thecoordinatesystem:

TheclassQdX::Random shear providestheshearingof thecoordinatesystem,by
applyingtheinverseshearto theobjects.Wehave implementedtheshearingmeth-
odsdescribedin §2.4andprovidein thisclasssomefunction-calloperatorsthatap-
ply thedefinedaffine changeof coordinatesfor exampleto trivariatepolynomials.
Theparametersr ç s andt of theaffine changeof coordinatesaresetrandomlywith
threefunctions: random() choosesrandomvaluesfor all threeparameters,while
random st() andrandom r() choosenew valuesfor s andt respectively r only.
The exceptionhandlingof a programshouldapply random st() only, whenan
Ex reshear 3 is thrown. For thrown Ex reshear 2 it sufficesto call random r() .
Thiskeepsthebit lengthof involvedcoefficientssmallerthanresettingall values.
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In §4.1.3we presenteda methodthat useshigh-precisionfloating point approxi-
mationsfor shearingbackpointsof interest. We omitted the implementationof
this,sinceits mechanismbuildsacentralpartsof theupcomingimplementationof
diamondoperatorfor the leda::real numbertype(see§2.1.4).

At the end,we have to repeatthat it is not possibleto exchangethe supporting
curvesof pointsandsegmentsfrom GAPS,which we proposedin §4.1.4. Thus
currently, theimplementationto computeprojectedarrangementsdoesnotsupport
non-coprimecurves,thoughit candetectthesesituations.

5.3 DemoPrograms

In the QuadriX directory, the readermay also find someexecutabledemopro-
grams.Themainexampleis thegraphicaldemocalledxquadri . Its Qt designwas
developedby ElmarScḧomerfor theCubiX demoxcubi . Theauthorhasrebuilt it
to computeandvisualizethearrangementof asilhouettecurve andcutcurves.

Figure5.1: Lowerandupperarrangementson theredquadricof figure1.1asbase
quadric(overlaid). Note that somecurvesseemto intersectalthoughthereis no
event point printed. Theseare the artificial intersectionpointswe mentionedin
§3.3.

For a given setof quadrics,theusercanchooseoneof themasbasequadricand
cancomputetheprojectedversionof thearrangementon thebasequadricinduced
by thesilhouetteandtheintersectioncurveswith theotherquadrics.Theprojected

112



Figure5.2: Lowerarrangementon theredquadricof figure1.1asbasequadric.

arrangementis visualized- eithertheintegratedview or theusercanselectto view
the lower or the upperarrangement(seefigures5.1- 5.3). The graphicaldisplay
canbe pannedandzoomedusingthe right andthe middle mousebutton andthe
usercanhidethegrid, theeventpointsand/orthecurrentsilhouettecurve.

Thedemoxquadri integratesall partsof theimplementation.Thevisualizationis
donestraightforward. For a finite setof x-coordinatesin thex-rangeof a segment,
we evaluatethe supportingpolynomial f at thesex-coordinatesandcomputethe
µ-th root of it approximatively (doublearithmeticwithout error bound),with the
directsolutionformulasfor univariatedegree-4polynomials.Thenweconnectthe
finite setof approximatedpointswith straightline segments.Thenumberof such
x-coordinatesis chosenin a way, thatwe have to zoomin very deeplyto seethe
straightline segments.

Theuseof xquadri is straightforward. With afile opendialog,theusercanspecify
the input file (*.qdx ) thatcontainsa finite setof quadricsastrivariatepolynomi-
als (ASCII-outputof EXACUS polynomials)or assetof interpolationpoints for
examplegeneratedby thethird democreateQdX ). Thesetof quadricsis listed in
the “Quadrics” menuthen. You canchoosethe one you want to selectas base
quadric. In the “Action” menuthebutton “Sweepcurves” startsthecomputation
of the lower and the upperarrangementon the chosenbasequadricat the same
time. Thetextual interfaceprintstherunningtimesof thedifferentsteps(splitting
of curves,time for computingthe lower/upperarrangement).In the“Side” menu,
you canswitch betweenthe differentviews on the basequadric: Lower arrange-
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Figure5.3: Upperarrangementon theredquadricof figure1.1asbasequadric.

ment,upperarrangementor botharrangements(theintegratedarrangement).Since
theconstructionof curves,segmentsandcurvepairsis cached,any re-computation
of thesamearrangementis muchmorecheaperthantheinitial computation.Each
cutcurve belongsto exactly two basequadricsandthereforeto four arrangements.
Oncethis cutcurve is analyzedfor oneof thequadrics,thecomputationof thear-
rangementon theotherquadricsavesa repeatedanalysis.Anothersideeffect is,
thateachcutcurvehasaconstantcoloring- excepttherewasashearingin between.
Thedemoxquadri choosesa globalshearingspace:We startwith no shearingat
all andwhenever a shearingexceptionis thrown, we indicatethis to theuserwith
thecurrentshearingparameters.This leadsto re-computationsof arrangementson
alreadycomputedquadrics- to unify thecoordinatesystemfor all arrangements.
Theprojectedarrangementsarealwaysdisplayedin thecurrentchoiceof theco-
ordinatesystem.A fastdouble -basedshearingbackfor visualizationwill bepart
of a futureimplementation,wheretheusercanswitchbetweentheshearedandthe
original coordinatesystem.

Besidesthegraphicaldemo,therearetwo otherdemoprograms.Bothhave textual
interfacesonly. ThesweepQdX demointegratesthedifferentarrangementcompu-
tationsfrom xquadri into onesequence.Eachquadricof theinput (eitherin afile
or via commandline) is chosenby oneafteranotherasbasequadric.For eachbase
quadric,theprogramcomputesthelower andupperarrangementasxquadri does
andoutputsthemain information: Neededtime for creationandsplitting curves,
numberof edgesandverticesin the lower/upperarrangement,running times of
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the two arrangementcomputations.In theend,for n quadricswe have computed
2n arrangementsandthe total runningtime with someadditionalaveragevalues
(runningtime peredgeetc.) is printed. Similar to xquadri , a shearingexception
enforcesa completerestartof thecomputationof all arrangementsin thenew co-
ordinatesystem.While in xquadri theusercanchosewhich arrangementsmust
berecomputed,sweepQdX doesthisfor all quadricsautomaticallyuntil all arrange-
mentsarecomputed.

Thelastdemoprogramis alsotextual-based.It is calledcreateQdX andgenerates
data- genericandinterpolatedquadrics.Theoutputof theprogramconsistseither
of trivariatepolynomialsor a setof interpolationpoints. In both cases,the user
can indirect the output to a file, for examplecreateQdX 16 > rnd 16.qdx , or
specifiesthe commandline flag -i to switch the programinto interactive mode.
Then the output can be piped directly to other programslike createQdX 12 |
sweepQdX.

To constructquadrics,we have implementedthreepossibilities:Thefirst method
determinesfor eachquadricits tenrandomcoefficientsin acertainrangeof values.
For example,thecall createQdX 12 -g 15 generates12 quadricswhosecoeffi-
cientsarein therange è ë 215 ç 215æ . Thetrivariatepolynomialsfoundarecopiedto
theoutput.Calling createQdX with the -g optionforbidstheuseof thetwo other
methodsto constructquadrics.

Theothermethodsaremoreusefulwhenconstructingdegeneratedsituations.First,
we want to rememberthe specialcaseof §3.2whena cutcurve hasfour genuine
points. We statedthat this occursonly, whentwo quadricsintersectin four lines
embeddedinto two non-rationalplanes.How canwe find two suchquadrics?We
turn the orderstartingwith a non-rationalpair of planespp andtry to find two
rationalquadricsa andb suchthata ÿ b ß a ÿ pp ß b ÿ pp. In this case,pp must
bea memberpλ of thequadricpencilof a andb (see§3.2.5).Our taskis to find a
andb for given pp.

For a fixedvalue0 û k åbü , anirrationalplane-pairpp å�ü Ý�� k Þ è x ç yç zæ is defined
by thepolynomialÝ=Ý a11 ô a12 � k Þ x ô�Ý b11 ô b12 � k Þ y ô�Ý c11 ô c12 � k Þ z ôPÝ d11 ô d12 � k Þ=Þ úÝ=Ý a21 ô a22 � k Þ x ô�Ý b21 ô b22 � k Þ y ô�Ý c21 ô c22 � k Þ z ô�Ý d21 ô d22 � k Þ=Þ ,
with ai j ç bi j ç ci j ç di j å`ü . Note that irrationality is achieved herewith a singlein-
volvedsquare-root.Weonly have to ensurethatthecoefficientsof pp arereally inü Ý � k Þ ç 0 û k å î , which is easyto testby usingthecorrespondingnumbertype
for one-rootexpressions.

If pp shouldbe in the pencil of two rational - still unknown - quadricsq and r,
theremustbea pencilvalueλ suchthat pp ß aλ ô b. Sincea andb areunknown,
we canchooseλ randomly. Now we cangive an algorithm5 to computethe two

5Theconstructionwasdevelopedin personalcommunicationswith ChristianKlein.
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desiredquadricsaandb from ourrandomchoicesof rationalk, rationalcoefficients
ai j ç bi j ç ci j ç di j andirrationalλ. In fact,we canrefineour choiceof λ to thechoice
of two valuesµç ν å�ü with λ ß µ ô ν � k, ν ýß 0, sincethecoefficientsof pp belong
to ü Ý � k Þ andthecoefficientsof a andb areknown to berational.

Westartwith thefollowing equation:Ý µ ô ν � k Þ q ô r ß pp,

whichholds,iff for all coefficientsqi jk ç r i jk of all monomialsxiy jzkholdÝ µ ô ν � k Þ qi jk ô r i jk ß ppi jk.

The only unknowns in oneof theseequationsareqi jk andr i jk. They areeasyto
computewhenweuseppi jk ß p ô p̂� k, q : ß qi jk andr : ß r i jk. Thenit holds

µq ô ν � kq ô r ß p ô p̂� k.

For example,theequationfor thecoefficient of x2 lookslike this:

µa ô ν � kq ô r ß a11qa21 ô a11a22k ô�Ý a12a21 ô a11a22 Þ � k

In suchanequation,thecoefficientsof Ý�� k Þ 1 and Ý�� k Þ 0 mustmatch.WestartwithÝ � k Þ 1 which leadsto

q ß p̂
ν

,

Then the coefficient of x2 for the quadrica is q200 ß a12a21 é a11a22
ν . This can be

pluggedinto theremainingequationleadingto

r ß p ë µ
ν

p̂,

which resultsin r200 ß a11a21 ô a11a22k ë µ
ν Ý a12a21 ô a11a22 Þ . In thisway, we can

computerationalcoefficientsof q andr yielding two rationalquadrics.After we
have found two suchquadrics,thegeneratorcreateQdX randomlycomputestwo
quadricss andt from the pencil of q andr (with rationalpencil parameters)and
copiesthemastrivariatepolynomialsto theoutput.

Thedefault way to constructarrangementsof quadricsis theuseof interpolation
points. The following ideasare taken from a Maple [Maple] implementationof
MichaelHemmer[H02] andElmarScḧomer. Eachquadric(thatis tencoefficients
up to a commonmultiple) is defineduniquelyby ninehomogeneouslinearequa-
tions in thetenunknown coefficientsAc ß 0. If ninegivenequationsdo not build
anunder-determinedsystem,we have founda quadric.To generateequationsthat
define(degenerated)situationsof a quadricwe startwith a genericquadricin ma-
trix representation:
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Ý x Ý t Þ ç y Ý t Þ ç zÝ t Þ ç 1Þ ���� 2 ú a d e g
d 2 ú b f h
e f 2 ú c k
g h k 2 ú l

�
		
�
���
�

x Ý t Þ
y Ý t Þ
zÝ t Þ
1

�
		
� ß 0

If wereplacetheparameterizedcoordinatesx Ý t Þ ç y Ý t Þ ç zÝ t Þ or theirderivativesw.r.t. t
with specialvalues,we get homogeneousequationsin the coefficientsa ç=ù=ù=ùEç l of
the quadric. With the help of suchequations,we can force the quadric to run
througha givenpoint or we candefinethederivativesof thequadricsin different
points:

1. For a given rational point Ý px ç py ç pz Þ åcü 3 that shouldlie on the desired
quadric,thecoefficientsof thequadricmustfulfill thefollowing equation:

2p2
xa ô 2p2

yb ô 2p2
zcô 2pxpyd ô 2pxpze ô 2pypz fô 2pxg ô 2pyh ô 2pzkô 2l ß 0,

with a ç b ç c ç d ç eç f ç g ç h ç k ç l å�ü .

As written above, we canalsodifferentiatethepolynomialin parameterizedcoef-
ficientswith respectto theparametert. The resultingderivative variablescanbe
replacedwith given values. We have the possibility to assignfurther conditions
to a given point on a quadriclike tangentplane(first curvature),torsion(second
curvature)or third curvature. Eachadditionalfact producesanotherequationof
thesystem.Herearetheremainingequationsthatcanbefulfilled additionally:

2. For a givenpoint Ý px ç py ç pz Þ on thequadricandnormalvector Ý tnx ç tny ç tnz Þ
at thispoint thecoefficientsof thequadricmustfulfill thisequation:

4pxtnxa ô 4pytnyb ô 4pztnzcô�Ý 2tnxpy ô 2pxtny Þ dô�Ý 2tnxpz ô 2pxtnz Þ eô�Ý 2tnypz ô 2pytnz Þ fô 2tnxg ô 2tnyh ô 2tnzk ß 0

3. For agivenpoint Ý px ç py ç pz Þ on thequadric,normalvector Ý tnx ç tny ç tnz Þ and
torsionvector Ý tox ç toy ç toz Þ at this point thecoefficientsof thequadricmust
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fulfill thisequation: Ý 4tn2
x ô 4pxtox Þ aô�Ý 4tn2
y ô 4pytoy Þ bô�Ý 4tn2
z ô 4pztoz Þ cô�Ý 2toxpy ô 4tnxtny ô 2pxtoy Þ dô�Ý 2toxpz ô 4tnxtnz ô 2pxtoz Þ eô�Ý 2toypz ô 4tnytnz ô 2pytoz Þ fô 2toxg ô 2toyh ô 2tozk ß 0

4. For a given point Ý px ç py ç pz Þ on the quadric,normal vector Ý tnx ç tny ç tnz Þ ,
torsionvector Ý tox ç toy ç toz Þ andvectorof third curvature Ý thx ç thy ç thz Þ at this
point thecoefficientsof thequadricmustfulfill thisequation:Ý 12tnxtox ô 4pxthx Þ aô�Ý 12tnytoy ô 4pythy Þ bô�Ý 12tnztoz ô 4pzthz Þ cô�Ý 2thxpy ô 6toxtny ô 6tnxtoy ô 2pxthy Þ dô�Ý 2thxpz ô 6toxtnz ô 6tnxtoz ô 2pxthz Þ eô�Ý 2thypz ô 6toytnz ô 6tnytoz ô 2pythz Þ fô 2thxg ô 2thyh ô 2thzk ß 0

For example,two pointswith all conditionssetanda third simplepoint determine
the quadricuniquely. Of course,we could deepenthis methodup to theeight-th
curvaturefor onespecialpoint which determinesthequadricuniquely, too. With
this technique,it is easyto constructdegeneratedsituationslike commonpoints
of multiplequadrics,intersectionsin singularpoints,creationof top-bottompoints
andso on. Thereis the little disadvantagethat all the pointsandcurvaturevec-
tors aregiven asrationalvalues. Insteadof the trivariatepolynomials,we output
the interpolationpointswith their vectorsof derivatives(if existing). This allows
to perturbthe interpolationpoints slightly in order to constructnear-degenerate
situations(for detailssee§5.4).

Thegeneralcall of createQdX lookslike this:

createQdX n ipd p1 p2 p3 -c [nc] -x nx [-i]

Theseparametersdeterminethe behavior of the generator. The value n defines
thetotal numberof quadricswhile theparameter-x enforcesthegenerationof nx
specialquadricswhosecutcurveshavemorethan4 singularpoints.Theremaining
nn : ß n ë nxquadricsarecreatedby choosing9 conditionsof asetof interpolation
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points. Normally, this set contains9nn randompoints (only with coordinates).
This numbercanbeshrunkto a factorof i pdê 100with 10 ó i pd ó 100,suchthat
the quadricscontainmorecommonpoints. When p1 ß p2 ß p3, all pointshave
no derivative vectorsassigned,which yieldsto thesituationwhereeachquadricis
determinedby nine spatialcoordinates.The usercanchangethis behavior using
thevaluesp1 p2 p3. With probabilityp1 ê 100,theprogramsaddsarandomvector
for thefirstderivative to eachpointin theset.If theprogramhasconstructedapoint
with afirst derivativevector, avectorfor thesecondis constructedwith probability
p2 ê 100andsoon. Furthermore,theoptionalparameter-c togetherwith anumber
nc choosesnc numbersof conditionsin this point setthateachgeneratedquadric
will fulfill. If theuseromitsa valuefor nc whenspecifying-c , a randomnumber
between1 and8 conditionswill bedetermined.

Of course,it is easyto extendthe generatorto higherderivativesor to construct
otherspecialsituations(top-bottompoints)or to rebuild the userinterfaceto be
moreinteractive.

In thenext chapterwe usecreateQdX with differentparametersto produceinput
for benchmarkingourcode.

5.4 Benchmarks

In this sectionwe want to prove that the computationof arrangementsusingour
projectionmethodis a practicableapplication.We generatevarioussetsof input
quadricswhich we describebelow andcomputefor eachquadricin sucha setthe
two arrangementsinducedby intersectioncurveswith otherquadricsonits surface.
To determinethe runningtime, we usedsweepQdX on a PentiumIII Mobile 800
MHz with 256KB cacheunderLinux. ThetestprogramsweepQdX wascompiled
with theGNU C++ compilerv3.1with optimizations(-O2 ) switchedon andwith-
out any debuggingassertions(-DNDEBUG). The usedarithmeticnumbertypesare
theonesprovidedby LEDA 4.4andasalgebraicnumberswe usedtheimplemen-
tationwith degeneratingintervals(see§2.1.4and§5.1).

Therunningtimesaremeasuredwith LiS::User timer whichreportsonthetimes
allocatedby the operationsystem.We measuredthe total runningtimesto com-
puteall arrangementsonall quadricsin agivenset,but wealsostartedsomespecial
timersto have a sharperresultwherethealgorithmspentits time. We candistin-
guishbetweena timer thatmeasuredthetime to decomposecurvesinto segments
(Split) anda timer to measurethetime neededfor theactualsweepof thearrange-
mentsof decomposedcurves (Sweep). The first correspondsto the analysesof
singlecurves and their locationon the partsof the basequadricand the second
denotesthetimespentfor theanalysesof curve pairs.

In our detailedview on thealgorithm,onespecialpartattractsattentionin its run-
ning time. Theanalysisof y-coordinatesof singularpointsseemsto beanexpen-
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sive operation.Thereforewe addeda third timer (Sing) which measuredthetotal
time for this analysis.Notethat this time hasalreadycontributedto themeasure-
mentof decomposingcurves.

Sincethe function sweep curves internally usesa randomizeddata-structureto
maintainX- andY-structure(we meanleda::skiplist ), the runningtimespre-
sentedbelow areaveragedvaluesover threerunsfor eachsetof quadrics.

We usetwo quantitiesto characterizeinput data. On the onehand,we countthe
numbern of quadricsin anarrangementwhich resultsin O Ý n2 Þ intersectioncurves
andthereforecutcurves.Thesecondquantityis thebit lengthof thelargestcoeffi-
cientof eachquadriconaverage.Notethattheprojectedcurveshaveamuchlarger
bit lengthdueto theresultantstep.In fact,their bit lengthis twiceasbig asthebit
lengthof thecoefficientsof theinput quadricsonaverage.

Our testedinput consistsof four differenttypesof sets.For eachtypewe provide
datasetswith 4 ç 8 ç 12 and16 quadrics.All of themarecreatedby specificcallsof
createQdX (for detailsseethecorrespondingpartin §5.3):

rnd At first, we createdn randomquadricsby interpolatingthemthrough9n ran-
dom points. The point coordinatesare randomintegersbetweenë 48 and
48.

deg For degeneratedsituations,we generatedn quadricsthatshare4 randomcon-
ditions(for exampleequalpointsperhapswith someadjoinedderivativeval-
ues). The remaining5 conditionsfor eachquadricaretaken from a setof
another5n interpolationpoints that carry additionalderivative valueswith
probability 0 ù 6, 0 ù 5 and0 ù 4. All vectorentriesareagainchosenfrom the
range è ë 48ç 48æ .

qcc Half of thequadricsin thenext setsarespecialquadricswhosecutcurvescon-
tain morethan4 singularpoints.Theremainingm quadricsareinterpolated
through9m points.

rndg Thelastsetsconsistof quadricswhosetencoefficientsarechosenrandomly
usingthe-g parameterof createQdX with differentbit lengths.

Eachdatasetis chosensuch,thatthecomputationof all arrangementscanbedone
without shearing.A reshearingresultsin two side-effectsthatconfusetheunifor-
mity of themeasurements:First,thetestprogramsweepQdX startsthecomputation
of thearrangementsfrom scratch,suchthat thetotal runningtime cannotbecom-
paredwith the total runningtime of datasetsthatdo not needanothercoordinate
system.And second,thebit lengthof thequadricsincreaseswith shearing,which
resultsin longerrunningtimes. Again, thesedatasetscannotbe comparedwith
theothersetscomputedin theoriginal coordinatesystem.We includeda special
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benchmarkto show the influenceof the bit lengthon the runningtime of the al-
gorithm. All datafiles areincludedin the softwareandtheir namesindicatethe
parametersof createQdX weusedto generatethem.Figure5.4shows theoverlaid
arrangementson aquadricin adegeneratearrangementof 12 quadrics.

Figure5.4: Outputof xquadri which shows both (overlaid) arrangementson a
quadricin a degeneratearrangementof 12 quadrics. The silhouettecurve of the
basequadriccanbefoundin thelower right corner.

Thetotal runningtime dependsvery muchon thecomplexity of theoutput,that is
thesweptarrangements.Thereforeweaddthetotalnumberof nodesand(directed)
edgesin thecomputedarrangements.

Wemeasuredtherunningtimeof computingall arrangementsandsumupall swept
segments,computednodesandedges.In fact,this givesanaverageview on com-
putingourarrangements,becauseof two cachingreasons:ø The two arrangementson a singlequadric(lower andupperpart)arecom-

putedusingthesameprojectedcurves. While thefirst computation- in our
casethelower one- doesa lot of expensive stepsof thedifferentcurve and
curvepairanalyses,thecomputationof theupperarrangementbenefitsfrom
thesealready-computedvalues.ø Furthermore,while thecomputationsof thearrangementsonthefirst quadric
enforcethenew creationandcomputationof all its cutcurves,thecomputa-
tion of thearrangementson thelastquadricdoesnotneedto createany new
cutcurves,sincewith eachprecedingquadric,thealgorithmhascreatedthe
correspondingcutcurves,cachedthemandcomputedmostof theiranalyses.
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In theoverall timemeasurementthedifferentamountsof timeconsumptioncannot
beseen.Weproposeto runthesweepQdX toseethesecachingeffectsin therunning
timesof thedifferentsteps.
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Theadjacentfigurepresentsthe
graphof the runningtimes(to-
tal and sweep only) as func-
tion of the number of input
quadrics. We can see,that the
growth is roughlyquadratic,but
with differentslopes:The data
setscontainingspecialquadrics
have smallerrunning timesbe-
causeof a smallerbit lengthon
average.On the otherside,the
degeneratedsituationsaremuch
more expensive than the other

randomsets. In thesecases,tangentialintersectionsoccur, which are more ex-
pensive dueto the morecomplex analysesof intersectionpointswith the Jacobi
curve or explicit arithmetic(see§3.3).
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A similar behavior canbe seen
in the next figure, where we
divided the running times by
thenumberof computededges.
This allows to analyzethe run-
ning time in the complexity of
the computedoutput of the al-
gorithm. For the two setsrnd
and qcc the average running
times are “nearly” linearith-
metic, which seemsto match
the expected output-sensitive
complexity of the straight line

segmentsweep[MN99, 10.7.2]. But for the degeneratedsets(deg), we seein-
creasingrunningtimes. This increasingbehavior canexplainedwith the increas-
ing numberof degeneraciesin this datasets. The quadricsin thesesetsshare4
conditions. Sincethe numberof quadricssharingtheseconditionsincreasesthe
percentageof degeneratedandthuscostlysituationsincreases,too. Dependingon
thecommoninterpolationconditions,thealgorithmoftenusestheJacobicurve to
find theintersectionor theexplicit coordinatesof singularpoints.

Themeasurementvaluesfor thedifferentdatasetscanbe found in the following
table(all valuesroundedto onedigit):
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All arrangements
Series n Bits Segs Nodes Edges Total Split (Sing) Sweep

rnd 4 72 336 474 1032 20.7 16.7 (11.1) 4.0
rnd 8 71 1440 2552 6702 148.0 101.8 (70.0) 46.2
rnd 12 72 3474 7544 21980 457.4 280.6(180.0) 176.8
rnd 16 70 5464 13592 42168 876.2 460.7(295.6) 415.5

deg 4 70 282 378 836 35.8 30.4 (19.1) 5.4
deg 8 72 1514 2330 5956 293.7 99.6 (62.6) 194.1
deg 12 71 3300 5594 15480 1138.0 305.7(187.1) 832.3

qcc 4 51 176 226 440 15.2 13.7 (8.5) 1.5
qcc 8 50 964 1710 4560 94.7 61.5 (39.2) 33.2
qcc 12 52 2656 5402 15496 281.6 163.1(107.1) 118.5
qcc 16 52 4076 9396 27608 496.3 246.2(155.3) 250.1

Wehave askedtwo questionswhenwe seetheseresults:

(i) Why is thetotal runningtimequitebig?

(ii) Why doesthesplitting needmorethanthehalf of therunningtime in most
cases?

Theanswerto thefirst questionis quitesimple.Look at thenumberof intersection
curvesandtheirbit length.Thenumberof intersectioncurvesisO Ý n2 Þ andtheirbig
lengthis abouttwice asbig asfor theinput quadrics.Both arereally largevalues,
which also resultsin much bigger coefficients to representthe x-coordinatesof
intersections.For that reason,we addedthe fourth of the setsof input datawith
smallerbit lengthof thecoefficients- seethelasttablein thissection.

Theanswerto thesecondquestioncanbefoundin thecolumnpresentingtherun-
ning times to analyzey-coordinatesof singularpoints. Whenever we have the
explicit valuex0 of thex-coordinateof a singularpoint assquareroot expression,
we factorthepolynomial f Ý x0 ç yÞ å î è yæ by multiplicities to find they-coordinate
of the singularpoint. Although this is computedwith a specialnumbertype that
modelsthefield extensionwith squarerootsperfectly, it needs,aswecansee,very
longtimecomparedto othersteps.In thecurrentimplementation,weevenreplaced
thegenericfactorizationby multiplicities with a morespecializedimplementation
to usethatdeg Ý f Ý x0 ç yÞ=Þ6ó 4, which yield a small improvementonly. We propose
to look at thisalgorithmicmethodfirst, whensearchingfor futureimprovements.

Nevertheless,comparedto a formerprototypeimplementationby Wolpert[W02],
our runningtimesaremuchbetter. We cannotgive a comparisonfactor, sincethe
prototypewasonly ableto computewhat happensat the differentone-curve and
two-curve event points without sorting segmentsof projectedcurves to quadric
partsor even to sweepa completearrangement.The detectionof somegenuine
pointswasalso impossible. But for threequadricsgiven with 70 bit coefficient
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lengthit took aboutthe time to computetheevent pointsof an arrangementon a
singlequadric,whichwe needto computeall 24 arrangementson 12quadrics.
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The next figure to the
left shows theincreaseof
the running time (again
total and sweep only)
by the influence of the
coefficient’s bit lengths.
We tested it for the
for rnd 08.qdx and for
deg 08.qdx , which we
modified with the pro-
gram pertubQdX , which
keepsthe topologyof an
arrangementof quadrics
interpolatedby a set of

points nearly unchanged. This program first scalesthe integral interpolation
points Ý xi ç yi ç zi Þ by a factor of s ß 102, s ß 103 and s ß 104, respectively. Af-
ter that, it perturbs them with randomly chosenεx ç εy ç εz å ï ë 10ç=ù=ù=ùEç 10ð toÝ sxi ô εx ç syi ô εy ç szi ô εz Þ . Weomittedthedatasetsqcc sincehalf of theirquadrics
arenot representedby interpolationpointsthat canbe perturbed.Again, the de-
tailedrunningtimescanbefoundin tablebelow. Notethatwith biggerbit length
theanalysesof singlecurvesaremuchmoretimeconsumingthanthesweepitself.
If we look at thetimeusedto analyzethey-coordinatesof singularpoints,wehave
found theculprit for thesamereasonasabove, but with muchbiggercoefficients
in thepolynomialswehave to factorby multiplicities.

All arrangements
Series Bits Segs Nodes Edges Total Split (Sing) Sweep

rnd 08 71 1440 2552 6702 148.0 101.8 (70.0) 46.2
s ß 102 166 1414 2530 6668 899.9 699.3 (468.6) 200.6
s ß 103 226 1440 2552 6704 1347.9 1057.0 (778.6) 290.8
s ß 104 273 1440 2552 6702 1925.3 1519.1(1148.8) 406.1

deg 08 72 1514 2330 5956 293.7 99.6 (62.6) 194.1
s ß 102 147 1494 2348 5972 1264.4 515.0 (337.1) 749.4
s ß 103 186 1524 2390 6048 1836.5 766.5 (541.6) 1070.0
s ß 104 233 1528 2404 6080 2543.7 1088.3 (804.0) 1455.4

As promisedabove,we have generatedsomefurthersetsof quadricswith random
coefficients. In comparisonto the interpolatedquadrics,we can control the bit
lengthof thesequadricsmuchmoredirectly. In fact,we have chosenquitesmall
bit lengths(10,20and30bits)but with thesamenumberof 4 ç 8 ç 12and16quadrics
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Figure5.5:

in eachset.Unfortunately, therandomizedgenerationdoesnotallow to controlthe
complexity of thethree-dimensionalarrangements.Thetotalnumberof segments,
nodesandedgesin thecorrespondingtablesreflectsthisunlovely behavior.

All arrangements
Series n Bits Segs Nodes Edges Total Split (Sing) Sweep

rndg 4 10 148 198 464 2.3 1.5 (0.7) 0.7
rndg 4 20 278 388 868 5.1 3.5 (2.0) 1.6
rndg 4 30 202 272 556 7.6 6.1 (3.4) 1.5

rndg 8 10 1166 1998 5100 17.3 6.6 (2.6) 10.7
rndg 8 20 894 1478 3564 26.6 14.4 (7.8) 12.3
rndg 8 30 1106 1788 4364 46.8 28.3 (15.4) 18.5

rndg 12 10 2652 5332 14904 49.3 13.5 (5.3) 35.8
rndg 12 20 1332 2398 6400 57.5 32.0 (17.0) 25.5
rndg 12 30 2276 4876 14040 131.6 64.0 (36.8) 67.0

rndg 16 10 4082 10060 30076 103.0 20.7 (8.0) 82.4
rndg 16 20 3678 8696 25188 163.1 54.7 (27.6) 108.4
rndg 16 30 4672 10442 30456 272.4 113.7(68.0) 158.7

Therefore,figure5.5shows theoutput-sensitive runningtimesonly. Althoughthe
averagetotal runningtimesfluctuatesin somesense,againdueto theanalysesof
singularpoints,theaveragerunningtimesof thesweepline algorithmarebehaving
veryparallel.This is againareasonto haveacloserlook attheanalysesof singular
points. Thereis onelast remarkon thesedatasets:Thesmallerbit lengthsof the
coefficientsleadto muchbetterrunningtimes.

At the end, we want to mentionsomeexamplesthat yield betterrunning times
comparedto anaive approach:Thetriple testto determinethearcnumberof anx-
extremepoint of cutcurvesavoids theconstructionof algebraicnumbersandtheir
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orderings. In fact, in eachx-extremepoint of a cutcurve we save morethanthe
half of algebraicnumbers. Another great improvementof the running time is
achieved by filtering gcd computationswith the modulararithmetic. Whenever
we have to computethesquare-freepartof a univariatepolynomialp we compute
pê gcdÝ p ç p÷ Þ . But whenp is alreadysquare-freethis is very expensive. Themod-
ular filter may have common root detectsalreadysquare-freepolynomialswith
very high probability. This filter works very good in the cases,wherewe can
remove somemultiple rootsfrom p. In §3.3we mentionedthecasewherethere-
sultantof thecurve f andtheJacobicurveJ of f andg hasmultiple roots,because
J intersectsthesingularpointsof f . Fortunately, we know polynomialsfor these
x-coordinates,which allow us to simplify RJ á f towardssquarefreeness(although
we do not know thecorrectmultiplicity of eachroot). But in mostcasesthis di-
vision makesRJ á f “more square-free”which canbefilteredbetterby themodular
arithmetic. The improvementof the runningtime wasvery big, especiallywhen
weremovethesefew linesof code.Thisbig improvementof therunningtimeswas
ourmotivationto omit apresentationof themwith timemeasurements.

Justbecauseof somelarge running times,especiallyin the analysesof singular
points,we hopethat two thingshelpto getaroundthem: Oneof themarefiltered
algorithmsthat usecheaphardware arithmeticto determinethe answerin non-
degeneratesituations.Only in exceptionaldegeneratesituationswehave to usethe
expensive exactalgorithm.In Chapter6 of this thesis,we introducesomeideasto
performbooleanoperationson solidsdefinedby quadrics.Theseoperationshave
not theneedto computethearrangementsof intersectioncurveson eachquadric,
which candecreasethenumberof consideredcurvesandarrangementsandthere-
fore therunningtimeof suchabooleanoperation.

5.5 Enhancementsof the Implementation

Althoughthecurrentcodeis morethanjust a prototypeor proof of concept,there
aresomepointswheresomerefinementscanimprove runningtime or generality:

5.5.1 Filters

The codein the QuadriX library in this first versionis completelyfree of filters,
which meansthat theexactandthusexpensive computationsareusedalways,al-
thoughthe answercan often be given using approximatedvalues. This radical
statementmustbereleasedin somesense,sincetherearesomefilters applied,but
mainly in the implementationof theNumeriX library: We alreadymentionedthe
modulararithmeticthatacceleratesgcdcomputationsandsomenumbertypes(for
exampleleda::real ) make frequentuseof internalfilters. All thesefiltershave a
big impacton therunningtimesof thealgorithm.
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But, thereareseveral possibilitiesin the different methodsshown in chapters3
and4 whereapproximatedfilters coulddo a greatjob. We want to point out one
smallexampleonly: A numericalfilter for thesortingof arcsof acurvepair ï f ç g ð
overaninterval. At themoment,weevaluatethetwo polynomialsf Ý x ç yÞ ç g Ý x ç yÞ åüiè x ç yæ at somerational value ξ to get fξ Ý yÞ ç gξ Ý yÞ å]ü�è yæ . In the next step,we
computetheir rootswhich we canidentify with they-coordinatesof thepointsof
f andg over ξ. Theexpensive orderingof themyieldsa sortedsequenceof the f -
andg-arcsover ξ.

This operationcanbe filteredusingverified interval arithmeticson floating point
numbers(for exampledouble insteadof rationalarithmeticsandtheorderingof
realalgebraicnumbers).For thex-coordinateξ it is simpleto computeaninterval
approximation.In fact, the NumeriX library offers a function that performsthis
transformation.Wesubstitutetherationalvalueof ξ with its interval approximation
andplugthisinto thepolynomial f̂ whichis thepolynomial f whereall coefficients
aretransformedto interval arithmetic.

With a verifiednumericalroot finder, we areableto find interval approximations
of thealgebraicnumbers(representingthey-coordinatesof pointsover ξ). If the
resolutionof theapproximationsufficesto givetheanswer, it is verycheapto deter-
minetheorder, sinceonly systemintegratedfloatingpoint operationsareinvoked.
Otherwise,therootfindermustbeableto detectwhentheinterval arithmeticis not
ableto separateandto comparethedifferentroots. In this case,it mustthrow an
exceptionwhich triggersthealreadyimplementedexactmethod.

We hopethat suchnumericalfilters canalsobe usefulin theanalysisof singular
pointsof cutcurves.

5.5.2 GenericProgramming: Surfacesof Higher Algebraic Degree

Theapproachof projectingsilhouettecurvesandcutcurvesof algebraicsurfacesis
not limited to algebraicsurfacesof degree2. But surfacesbeyond quadricscan
involve morethantwo “parts” (quadricsalwayshave at mosttwo parts).This also
impliesthatthesilhouettemustnotbeembeddedin asingleplane- asfor quadrics.
For cutcurves,youcanimagineeasilythatthey canspanoverseveralpartsof such
asurface(averticalray in z-directioncanhit thesurfacemorethantwice). But the
techniqueof mappingcutcurvesegmentsto acertainpartof thebasesurfaceis very
similarto thealgorithmwedevelopedfor cutcurvesegmentsof twoquadrics.There
aremainly threeproblems:Thefirst andthesecondcorrespondto theanalysesof
singlecurvesandcurve pairs. If we couldfill theevent info structures,we would
bedone.Thethird difficulty is that in generalwe do not have explicit coordinates
of projectedisolatedpointsto determinetheir correspondingpart on the surface.
Luckily, for quadricsthesebehave luckily very well.
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Neverthelessthe files P curve 2 andP curve pair 2 canbe modifiedsuchthat
theactualanalysisfunctionsaresourcedout. Theseshouldbeprovidedasmember
functions(or functorclasses)of thealgebraicsurface. If thecomputationsof the
event info structuresaresourcedout to thealgebraicsurfaces,we claim that less
technicalwork onthecurrentimplementationsufficesto getagenericimplementa-
tion thatprovidesthecomputationof two-dimensionalarrangementsof intersection
curvesonarbitraryalgebraicsurfaces.

Thisconcludestheview onthecurrentimplementation.In thenext chapterwegive
someideasto build booleanoperationson algebraicsurfaceswith thehelpof the
computationof thetwo-dimensionalarrangementson thesurfaces(in our caseon
quadrics).
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Chapter 6

Outlook:
Solid Modeling on Quadrics

In the previous chapterwe have developedandimplementedan algorithmthat is
ableto computethetwo-dimensionalarrangementson eachquadricin anarrange-
mentof a finite setof quadrics.Thesearrangementsareinducedby thesilhouettes
of thequadricsandthespatialintersectioncurvesof eachtwo quadrics.To com-
pute the completethree-dimensionalarrangementof quadrics,we have to stitch
thesedifferentarrangementstogether. We only want to sketchhow to do this: In
fact, we have computedall incidencesbetweenvertices,edgesand facesin the
three-dimensionalarrangement.We missedto find the cells andhow they relate
to lower-dimensionalobjects. Exceptfor somedegeneratecases(a quadriccol-
lapsingto a singlepoint - for examplex2 ô y2 ô z2 ß 0) the cells are incident to
a finite numberof faces. Incident facescan be identified using their boundary,
becausethesearedescribedby silhouettecurves andcutcurves. We can traverse
thesegmentsdescribinga faceandcanfind out which facesof otherquadricsare
incidentto this segment,which is storedin the supportof the segment. If it is a
silhouettecurve, thereis nootherquadricinvolvednormally, andfor acutcurve we
canfind at leastoneincidentface.Thecorrespondingfaceon theincidentquadric
canbefoundvery easilysinceit mustcontainasub-segmentof this segmentin its
boundarydescription.With somepoint locationto relatethevolumesto eachother
wearedone.

Themainpartof this chaptergivesanoutlookon how to assemblesolid modeling
methodsusing the projectedarrangementsof intersectioncurves. We can even
nameourdesire:BooleanOperationson Quadrics.
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6.1 Intr oduction to Solid Modeling

Solid Modeling is a consistentset of mathematicaland computermodelingof
three-dimensionalsolids and hasbeendevelopedover the last thirty years. Its
major themesaretheoreticalfoundations,geometricalandtopologicalrepresenta-
tions,algorithms,systemsandapplicationsof three-dimensionalobjects.A good
overview is givenin thearticleof Shapiro[S02].

Solid Modeling mainly hastwo modelsto representsolid objects: Constructive
Solid Geometry(CSG)andBoundaryRepresentations(B-reps).

6.1.1 Constructive Solid Geometry (CSG)

A CSGmodelalwaysconsistsof a finite setof basicsolid objects- theprimitives.
In our case,quadricsareusedasprimitives. A CSGmodelconstructsmorecom-
plex objectswith booleanoperationson the primitivesandintermediateobjects.
Examplesareunion, intersectionanddifference. TheCSGmodelstoresits repre-
sentedobjectasa binary tree,wherethe leaf nodesareprimitivesandtheinterior
nodesdefinebooleanoperationsintendedfor theobjectsat their child nodes.It is
thusa descriptionof whatto do with primitives.An examplecanbeseenin figure
6.1. Thereis an equivalent representationusingset-theoreticexpressionson the
primitives.

Whenwe talk abouta solid, we talk abouta point setS thatsatisfiessomecondi-
tions:Eachpoint p of asolidScanbeclassifiedusingits localneighborhood1. Full
ballsindicatethata point p lies in theinterior of S. On theotherside,partial local
neighborhoods(everythingexceptthefull ball) identify apointon theboundaryof
theobject.

To considerS asa solid, we mustensure,that it containsinterior pointsonly and
all boundarypointshave an infinite setof interior pointsnearby. All otherpoints
of erodedlower-dimensionalneighborhoodsindicatea lack of solidity. An object
X is called regular iff X ß closureÝ interiorÝ X Þ=Þ . Applying this definition to the
resultof abooleanoperation,wecanregularizeanobject.Theregularizedboolean
operationsaredenotedby ��� , ÿ � , and ��� . In figure6.2we examplethedifference
betweena normalanda regularizedbooleanoperation.This distinctionallows us
to branchinto two directions:Representationof regularizedandnon-regularized
objects. Solids itself are closedunderregularizedbooleanoperationsonly. In
fact, we want to considerregularizedbooleanoperationsonly, sincenon-regular
objectsaremuch more complicatedto handle,althoughthe non-regular objects
caneasilymodeledwith CSG.In §6.1.2we give a methodto describeobjectsby
their boundary, which is alreadycomplex enoughfor non-regularsolids.

1Thelocalneighborhoodof apoint p � Sis theintersectionof asufficientsmallopenball centered
at p with S
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A B

A−B

Figure6.1: An objectin CSGrepresentationbuilt from two primitivesA andB.
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A   *BA   B

A B

Figure6.2: Comparisonof normalbooleanoperationversusregularizedboolean
operationof boxesin thetwo-dimensionalplane.

6.1.2 Boundary Representation(B-rep)

Another representationof solid objectsis basedon the fact that objectshave a
well-definedboundarywhich is a uniquedescriptionof the object itself and is
calledBoundaryRepresentation(B-rep) [B74]. It allows us to representa solid
implicitly by theboundarywithoutenumeratingevery point in theinterior. In fact,
the boundaryof a solid S partitionsthe three-dimensionalspaceexactly into two
subsets- not necessarilyconnected:Theboundedinterior of Sandtheunbounded
exterior space.Thequestionis, how to representtheboundaryof S. In general,we
canrepresenttheboundaryin any way we like, asfar asit describesa solid. One
way is to divide theboundaryinto points,curvesandsurfacesandthetopologyon
them. In fact,we only usesmallconnectedcomponentsof them(whenrepresent-
ing complex solids). Themaingeometricobjectsobviously arethesurfaces.We
only want to use(small)patchesof them- comparableto facesasin theprevious
chapters.Pointsandcurves(indeedsegmentsof spatialcurves)connectthediffer-
entnon-overlappingpatchesin a boundaryrepresentation(asverticesandedges).
In fact,every edgemustbeincidentto anevennumberof patches- otherwise,it is
not avalid solid. A realworld examplecouldbeasolid which is built from sewed
remnants.

How do we representpatches?Fortunately, this is a relatively easytask. In our
case,a patchlies on a quadricand- indeed- on the lower or theupperpart. Us-
ing thesilhouetteof the quadricsandspatialintersectioncurvesasboundary, we
can definea faceon the correspondingpart of the quadric. This faceis a two-
dimensionalpolygonon the quadric. With the help of our projectionphase,the
representationis indirect. Insteadof thespatialsilhouetteandintersectioncurves,
we can usethe projectedversions: silhouettecurve and cutcurves. Segmentsof
themcanbuild planarpolygons. But we have to storefor the planarpolygonon
whichsideof whichquadricit exists.

Sincethischapteris only anoutlook,we mustsaythatcurrentlythereis no imple-
mentationavailableto build polygonson algebraicsegmentsdefinedin §4.1. But
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Figure6.3: Thesameobjectasin figure6.1andits boundaryrepresentation.
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this is only dueto time restrictions.As [BE+02] [MN99, 10.8] stated,thesetof
predicatesandconstructionsneededfor the sweepsuffice to build booleanoper-
ationson polygonsthat aredefinedby sweepablesegments. In fact, we have to
extendpointsandsegmentsof GAPSin somedirectionto infinity: For somepoly-
gonswe mustbe ableto representsegmentsrunningfor examplefrom the pointÝ ë ∞ ç ∞ Þ to thepoint Ý ∞ ç ∞ Þ (seefigure6.4).
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Figure6.4: Infimaximalsegments:Assumef to bea silhouettecurve. Depending
on which sidethequadriclies (A or B) we have to representthe thin or the thick
redsegmentsat infinity, with thecorrespondingpoints.Thisallows usto represent
patchesof primitives.

Besidesthe storageof geometricdataasspatialpoints,curve segmentsandsur-
facepatches,we have to provide a data-structurethat storesthe topological in-
formationbetweenthesegeometricobjects.Dependingon theclassof solidswe
wish to represent,thereexist several topologicalapproaches.Mainly, we candis-
tinguish betweenregularizedor non-regularizedand manifold or non-manifold.
Manifold solidsdiffer from non-manifoldsolidsin theirboundarypoints.A three-
dimensionalsolid S is calledmanifoldif thelocal neighborhoodof eachboundary
point p is homeomorphicto a two-dimensionaldisk. Otherwiseit is callednon-
manifold. Every realworld solid is a manifold,unlike someconstructionsin solid
modeling.Examplesaretheunionof two spheresthatintersectin onesinglepoint
only, or two cylindersthatmeetin asingleline.

For every combinationof them, we canfind topologicaldata-structuresthat are
able to representsuchsolids. Non-regular solids for examplecanusethe com-
plex Nef-3d structure.In fact,Michael Hemmeris currentlyworking on this for
quadrics. For regular solids,we have to distinguishbetweenmanifold andnon-
manifold solids. For manifold solids,every edgeis sharedby exactly two faces
andthepopularwinged-edge data-structure[B74] is ableto representthis kind of
solids. As the examplesof above show, our goal of completenessenforcesus to
representalsonon-manifoldsolidsthat resultfrom degeneratesituations(tangen-
tial intersection,etc.). The radial-edge data-structuredevelopedby Weiler [W86]
is ableto do this job. It storesthetopologyinformationalsoin anedge-basedhier-
archicaldata-structure.It connectspoints,curvesandpatchesandbuilds vertices,
edges,faces,shellsandregionson them. While thefirst threearequite intuitive,
we mustexplain the latterones:A region is a volumeof spaceandis boundedby
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a shell, which consistsof a finite setof faces(connectedwith verticesandedges).
Weomit thedetailsandmentionhereonly thattheadjacency betweenthedifferent
topologicalitemsplaysaregreatrole.

We alreadystatedthat the patchesare the main objectsin a B-rep. Two solids
intersecteither in the interior of patchesor, in somedegeneratecases,at their
boundary(whichconsistsof curvesandpoints).In thefollowing algorithm,which
convertsaCSGmodelto a B-repmodel,we concentrateon patches:

6.2 Boundary Evaluation

Both mainmodelsof solid modelinghave advantagesanddisadvantages.A CSG
representationis muchmorecompactandintuitive, sinceeveryonecanbuild the
resultingobjectby evaluatingthe expressionfrom the leafs. Eachinterior node
builds a bigger2 object(union) or a smaller3 object(intersectionanddifference).
In fact, B-repsoften areusedfor visualizationandgeneratingconstructiondata
for industrialmachines.It would be greatif we couldconvert onerepresentation
to the other. The conversionof a simpleCSGmodel to morecomplex B-rep is
mucheasierthanthe otherway around,sincea the primitives in the CSGmodel
definea uniqueboundary. The other way is more complicated. It dependson
the primitivesavailable, if therecanbe no or several valid CSGmodelsfor a B-
repmodel. Sincewe want to modelsolidswith booleanoperationsfrom quadric
primitives,we concentrateon theconversionfrom CSGto B-rep.

Oneideais to convert first the primitivesof the CSGtreeto B-rep. Thenall re-
mainingevaluationsof theCSGtreeconsistsof (regularized)booleanoperations
on B-reps. Thecomputationof booleanoperationson B-repsis calledBoundary
Evaluation[RV85] andis famousin solid modeling. It is basedon the fact, that
for two given solidsanda booleanoperationon them,thepatchesdescribingthe
boundaryof the new objectaresubsetsof the patchesin the old boundaries(we
omit theproof).

Theconversionof primitivesto B-repsis very easy:We (normally)have to create
two faces:Onefor thecompletelower andonefor thecompleteupperpartof the
quadric. As stated,we representthemasplanarpolygonsfor which we storeon
whichquadric(part)they exist. A polygonthatrepresentsthecompletelower (up-
per)partof aquadricis definedby thesilhouettecurve of thequadric(andperhaps
someinfimaximalsegments,seefigure6.4).

Any boundaryevaluationof two B-repmodelsconsistsof thefour mainstepsfol-
lowing:

2Up to equality
3Up to equality
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1. Intersectall patchesof the two B-reps,subdividing eachpatchalong the
intersectioncurves.

2. Generatethenew topologicalstructurefor thedifferentpartitionsof a patch
(new patches).

3. Classifythenew patchesasinside/outsideof theothersolid.

4. Decidewhich of thesepatchesto keepfor thefinal solid. Discardtheother
patchesandgetthetopologyof thenew solid.

Wecannotexplainthedetailsof thecompletealgorithm,thatshouldevenhandleall
degeneratesituations,but we cangive themainideashow to performthedifferent
stepsusingourprojective approach.

Our input consistsof two B-repmodelsS1 andS2. For simplicity we assumethat
both consistof oneconnectedcomponentonly. Eachpatchof the two solids is
representedby a correspondingpolygon in the planeand its supportingquadric
(part). For eachpatchof thetwo solidswe mustdecidehow this patchlies in the
othersolid. In fact,eachpatchof S1 eitherlies completelyoutsideS2, completely
insideS2, or S2 cuts it into several (smaller)sub-patches.In the latter case,we
have to computethesesub-patchesandto locatethemin theothersolid. Actually,
we split all patchesof S1 at intersectionswith thepatchesof S2 anddistribute this
relationto theirneighboredpatchesthatdonothave intersectionswith S2.

In thefollowing, wefix apatchP1 of S1 andlocateit with respectto S2. Weassume
for themomentthatP1 liesonthelowerpartof aquadricq. Obviously, it cannotbe
larger thanthecompletelower partof thequadric.It is alwaysa connectedsubset
of the lower part of the quadric. To computehow the patchP1 subdividesat the
boundaryof S2, we assumethat we candeterminea new patchP2 on the lower
partof q which exactly representsthepolygonon (the lower partof) q which lies
insideS2. This polygonP2 canbecomputedin three-dimensionalspaceusingthe
intersectioncurvesof q with thesupportingquadricsof all patchesfrom S2.

Using our projectionapproachthis is reducedto the computationof a planarar-
rangementconsistingof the segmentsfrom the correspondingcutcurves and the
silhouettecurve of q. It fact, this is non-trivial. At first, we trim the cutcurvesat
the boundariesof the patchesof S2. Furthermore,for eachfaceof the planarar-
rangementwe mustdecidewhetherit lies insideS2 or not. Puttingall thesethings
togetherwe get the desiredpatchP2 representedby a planarpolygonon q. Be-
low, we give somespecialcasesfor cutcurveswhich we have to treatexplicitly to
handledegeneratepositions.

In thegeneralcase,we cancontinueto computethefollowing booleanoperations
onP1 andP2: PI : ß P1 ÿ P2 andPM : ß P1 � P2 - seefigure6.5. It holdsthatPI � PM ß
P1. ThusthepolygonsPI andPM partitionP1 into two polygons,thatcanconsists
of several parts. Assumew.l.o.g. that eachPI andPM have only onecomponent.
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PM PI

P2

Figure6.5:

ThenpatchPI describesthepartof P1 which lies insideof thesolid S2, while the
patchPM representsthepartof P1 which liesoutsideof thesolid S2.

This is a very importantobservation, sinceit allows us to updatethe topological
structureof S1. We replacethepatchP1 with thetwo new patchesPI andPM, both
markedasvisitedandstorefor PI thatit lies insideS2 andfor PM thatit liesoutside
S2. Computethis partition of patchesfor every patchof S1 andanalogouslyfor
every patchof S2. Thentheoriginal patchesof thesolidsS1 andS2 arepartitioned
into smallerpatcheswhicharenot intersectingwith theothersolid in their interior.
Notethatthis completesthefirst threestepsof theboundaryevaluationalgorithm.

It remainsto built thefinal solid. We have to choosefrom eachsolid a subsetof
thenew patchesandstitchthemtogetherdependingon thebooleanoperation:ø Union (S1 ��� S2): Chooseall patchesfrom S1 that are outsideS2 and all

patchesfrom S2 thatareoutsideS1.ø Intersection(S1 ÿ � S2): Chooseall patchesfrom S1 thatareinsideS2 andall
patchesfrom S2 thatareinsideS1.ø Difference(S1 ��� S2): Chooseall patchesfrom S1 thatareoutsideS2 andall
patchesfrom S2 thatareinsideS1.ø Difference(S2 � � S1): Chooseall patchesfrom S1 that areinsideS2 andall
patchesfrom S2 thatareoutsideS1.

Of course,we have to connectthemtopologically. For eachboundaryedgeof a
patch,we have storedto which otherquadric(andthereforepatch)it is adjacent.
Thismakesit easyto find thecorrespondingadjacentpatcheseitherin thesameor
in theothersolid.

At the end,we want to satisfy the mindful readerthinking aboutefficiency, ex-
actnessandcompleteness.For the first two we want to rememberthat we only
computeplanararrangementsandtherestis cheapcombinatoricson thetopolog-
ical data. Although thenumberof planararrangementswe have to computemay
be large, their sizesarequitesmall in generalsincewe arealwayscomputingthe
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arrangementof two overlaid polygonboundaries.Of course,onecan construct
arbitrarycomplex solids,but the computationof the planararrangementsis still
efficientandthis impliestheefficiency of theboundaryevaluationin thesizeof the
input aswell asin thesizeof theoutput. Exactnesscomeswith theexactcompu-
tationof thetwo-dimensionalarrangementson quadrics.As alreadysaid,in some
caseswe have to take careto reachcompleteness.Here is a list of suchspecial
situationsthatcanoccurfor newly createdcutcurves:ø An isolatedpoints is found:

Thereis asinglepoint,wheretwo patchesof S1 andS2 intersect.ø The facesto both sidesof a cutcurve segmentlie inside (outside)S2:
In this case,thecutcurve itself lieson theboundaryof S2.ø A cutcurve intersectsP1 in a vertex:
Thereis apoint in three-dimensionalspacewhereat least4 quadricsmeet.

All theseitemsaredegenerate(oftennon-manifold)situationswhich needspecial
handling.

The detailson boundaryevaluationof quadricsusing the projectionmethodfor
representingpatches,is still anopenresearchfield. Thereis a lot of spacefor im-
provementsandspeed-upsof theboundaryevaluationon quadricsusingthepro-
jectionof spatialpatches.Nevertheless,wewantedto give theinitial ideason how
to implementbooleanoperationonquadricsusingtheboundaryevaluationscheme
andtheprojectionof spatialarrangementsto theplane.
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Chapter 7

Conclusion

Results

Wehavedevelopedamethodto computethetwo-dimensionalarrangementswhich
areinducedby intersectioncurvesandsilhouetteson thesurfacesin a givensetof
quadrics. It is basedon a projectionof the scenesto the xy-plane. The method
comprisesthefollowing goals:ø Exactness:

Thegivenmethodalwayscomputesthemathematicallycorrectresult.ø Completeness:
It computesthecorrectresultfor everysituation- evenwith arbitrarydegen-
eracies.ø Practical Feasibility:
We are able to computethe inducedarrangementson all quadricsin an
amountof time,which is of practicableuse.ø Available Implementation:
We have implementedthe methodin C++ aspart of the EXACUS project,
whichstandsfor reliability andmaintenanceof code.This is agoodbasisto
publishit assoftwarein thefuture.ø Basisfor BooleanOperationson Quadrics:
We have shown, how themethoddealsasa basisfor booleanoperationson
quadricsby identifying spatialpatcheswith planarpolygons.

Moredetailed,ourmethodusesthesweepline algorithmto computetheprojected
arrangements,whichbeatstheformerprototypeimplementation[W02] in usability
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andrunningtime. The useof the efficient sweep-linealgorithmresultsin better
performanceof thealgorithm,sincenoteverypairof curvesmustbeconsideredin
somesituations.Furthermore,our approachgivesalsothepossibility to partition
thesegmentsof theprojectedintersectioncurvesinto two sets- theoneslying on
thelowerpartandtheoneslying ontheupperpartof thebasequadric.Thisallows
to computethearrangementon thetwo partsof a quadricindependently. We also
showedsomeideasto usethis methodwhenusingquadricsasprimitivesin solid
modeling.Beyondtheseresultsthereis muchspaceleft for furtherwork.

Futur e Work

Besidesthecompletionof thesoftwareto handlenon-coprimecurves,we already
mentionedsomeimportantenhancementsin §5.5. Firstly, we want to take advan-
tageof guaranteedfloating point filters, which are at least in genericsituations
well-conditioned. The usageof themavoids the costly comparisonof algebraic
numberswith exactrationalinterval boundariesin many situations.

Another openwork was alreadyreminiscentin §5.5. The projectionof surface
intersectioncurvesis not limited to quadrics.Muchmoregeneralsurfacescanalso
be handledusing this approach. This enforcesthe possibility to analyzeplanar
curvesand their pairswith a higherdegreethan4. For thesecurves,we do not
exceptsuchspecialcasesaswe have givenin thequadriccase.Currentandfuture
work onanalyzinggeneralalgebraiccurvesmaybemoreuseful.

Theprojectionmethodallows to computeall geometricinformationof the three-
dimensionalarrangementsof quadrics.Basedon this, future researchshouldde-
veloptheremainingcombinatorialstepsandimplementthem.

Facing the areaof solid modeling respectively booleanoperationson surfaces
(which includesquadrics),we gave somepreliminaryideashow to build a bound-
ary evaluationalgorithm. In this case,the patchesof the solidsare represented
aspolygonsof projectedintersectioncurves andsilhouettes,which obviously is
a genericapproachandnot limited to quadrics,too. Furtherwork mustbe spent
on handlingall degeneratesituations,for which we could give a digestonly. Of
course,it is the greatgoal to have then an exact, completeand efficient imple-
mentationof the boundaryevaluationalgorithmto computeregularizedboolean
operationsonquadrics(andat sometime in thefuturegeneralalgebraicsurfaces).

Colophon

The figuresareeitherscreen-shotsor createdby the Linux tools xfig or gnuplot,
the ray-shooterPOV-Ray [Pov] or the 3d-modelerRhinoceros[Rhino]. The text
hasbeentypesetwith ��� � -LATEX usingpslatex , epsfig andwrapfig .
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