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Randomized Quicksort

Input: a set S of n different numbers

Output: the numbers of S in increasing order

Algorithm: randQS(S)

1.

ok~

Choose y form S uniformly at random
Sp:={xeS|x<yhS:={xeS|x>y}
If S; # 0 then randQS(S;)

output y

If S, # 0 then randQS(S,)
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The worst case

execution

#comp.

probability
1/7
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1/5
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The worst case

execution #comp. probability

@ 2 3 4 5 6 7 6

@ 7 1

b on(n—1)

#comparisons: Y i= ————= =0(n%)

i=1 2
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The worst case

execution

n—1
#comparisons: ) i=
i=1

prob: ﬁ—,
i=1 1

nn—1)

2
1

n!

#comp. probability

6

= O(n?)

1/7

1/6

1/5

172
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. Probability Space: A (finite) sample space Q and
® Algorthm a probability measure Pr

@ Example
@ The worst case

Sample Space Q: A set of elementary events

@ Analyzing Quick-sort

® focurion Tee Probability measure Pr: A function Pr: ?(Q) — R with
oLemma | m Foreachz CQ0<Pri| <1

i = PriQ] =1

Lo Har e m Foreach € CQ,PrlE]| =Y yes Prl{m}]

Random Variable X: a function X : Q — R.
Expectation of a random variable: E[X| =Y ey x- Pr|X = x|
Fact: E[X +Y]|=E[X]+E[Y].
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Analyzing Quick-sort

m \We want to count the number of comparisons we perform.

B et s; be the ith smallest element of S.
m We define random variables X;; as

1 if we compare s; and s;

Y. —
Y 0 otherwise

B The expected running time (#comparisons) is
n—1 n n—1 n
E[Y, ) Xjl=) ) E[X;
i=1 j=i+1 i=1 j=i+1
®m Thus we have to compute E|X;;].
E[Xij] = O-PF[X,']' =

[+ 1-Pr[X;; =1] = Pr[X;; = 1]
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execution recursion tree T

Quicksort
@ Algorithm

® Example
® The worst case 4 2 1 5 7 6
@ Very Basic Probability Theory

® Analyzing Quick-sort

@ Recursion Tree

®Lemma
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® Finalizing the Analysis 2 @ 3 4 @ 7 6

Verifying Matrix Multiplication

Las Vegas - Monte Carlo
HONNO NEEANO

n=(3,1,5,2,4,6,7): level order traversal
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Lemma

Lemma: There is a comparison between s; and s; (i < j), iff
si or s; occurs earlier in @ than any other element in S;; = {si,siy1,...,5;}.
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Lemma

Lemma: There is a comparison between s; and s; (i < j), iff
s; or s; occurs earlier in @ than any other element in S;; = {si,sit1,. ..

s*: element from S;; that occurs first in =.

Observe: No pivot preceding s* in & splits S; ;
= §;; contained in subtree rooted at s*.
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Lemma

Lemma: There is a comparison between s; and s; (i < j), iff
s; or s; occurs earlier in @ than any other element in S;; = {si,sit1,. ..

s*: element from S;; that occurs first in =.

Observe: No pivot preceding s* in & splits S; ;

= §;; contained in subtree rooted at s*

Case . s* € {s;,5;}:
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Lemma

Lemma: There is a comparison between s; and s; (i < j), iff
s; or s; occurs earlier in @ than any other element in S;; = {si,sit1,. ..

s*: element from S;; that occurs first in =.

Observe: No pivot preceding s* in & splits S; ;

= §;; contained in subtree rooted at s*.

Case ll: s* & {s;,s;}:
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Lemma

Lemma:
2

Pris”e{sisill ==

Each element in S; ; equally likely to be the first element in =.
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Finalizing the Analysis

Lemma: Pr [X;;

= E [X;j] =

=1]=

2/(j—i+1)

0-Pr|X;; =0]+1-Pr|X;;

=1]=

2/(j—i+1)
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Finalizing the Analysis

Lemma: Pr|X;;=1|=2/(j—i+1)

:>E[Xl'j] :O'Pr[Xij:0]+1'Pr[Xij: 1] :2/(]—l—|—1)

Theorem: The expected number of comparisons performed is

n—1 n
). ) E[x]
i=1 j=i+1

I

i=2
2nH, ~2nlogn
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Verify A - B = C for given matrices A, B and C.

Quicksort

Verifying Matrix Multiplication

@ The problem

@ Proof

® Probabity amplfcaton m compute A-C and compare to C — naive: ©(n?), best @(n*37)
e R R m Faster randomized algorithm with small error probability:

1. Choose r=(ry,...,r,) € {0,1}" at random.
2. It A(Br) = Cr output “TRUE” else output “FALSE”

One-sided error: false positives
Running time: O(n?)

Theorem: If AB # C then Pr|ABr=Cr| <1/2
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Define D=AB—C #0

Quicksort

Verifying Matrix Multiplication ABI’ — CI” AN (AB L C)r — O EN Dr — O

@ The problem

@ Probability amplification
W.I.o.g, dl,l 7& 0

Las Vegas - Monte Carlo

n
Z dljjl’j =0
j=1

n
Yidijr;
di 1

Y

ry —

m Fix all rj but ry.
m Equality holds for at most one of the two choices for ry.

— Pr[Dr=0]<1/2
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Can we decrease the error-probability?
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Verifying Matrix Multiplication

o Tre probem Idea: Repeat the test k times with independent random choices for r

@ Proof

@ Probability amplification

Las Vegas - Monte Carlo . If Some teSt repOrtS “FALSE” We knOW fOf Sure AB # C
m |f AB # C then the probability that all test report “TRUE” is at most 2+
B running time: O(kn?)
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Las Vegas Algorithm:
B always gives the correct/optimal solution.
Las Vegas - Monte Carlo

B running time is a random variable.
@ L2s vegas - onts Garo -
arvineqlity Sl = Example QUICk'Sort

@ Transform LV -> MC
@ Transform LV -> MC
@ Proof

Quicksort

Verifying Matrix Multiplication

Monte Carlo Algorithm:
B may produce incorrect solutions.

B has a fixed deterministic running time.
m Example: Verifying Matrix-Multiplication
m For decision problems there are two kinds:

one-sided errors: either yes or no answers always correct.
two-sided errors: both have non-zero probability to be wrong.
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@ Las Vegas - Monte Carlo

@ Markov inequality

@ Transform LV -> MC

@ Transform LV -> MC
@ Proof
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Markov inequality

Lemma: Let X be a random variable with non-negative domain.

PriX >1] <

or equivalently

Pr (X >(E[X]| <

E[X]

5

1
t

Proof: Assume for simplicity that the domain of X is INg

E[X]

>
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Given Las Vegas algorithm with expected running time at most f(n).
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Idea: Stop algorithm after a.f(n) time.

Las Vegas - Monte Carlo

@ Las Vegas - Monte Carlo
® Markov inequality

: :
® Transform LV > MC m Only error source: Stopping algo before completion.

m Probability: Pr[7 > af(n)] < 1/

= Monte Carlo algorithm with running time o,f(n) and error rate 1/«
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Given Monte Carlo algorithm MC with

Quicksort

Verifying Matrix Mutiplication m deterministic running time at most f(n) and

R B success probability at least p(n).

® Markov inequality

@ Transform LV -> MC . . .
Assume we can verify the correctness of the output in time g(n).

Theorem: There exists Las Vegas algorithm with expected running time

f(n)+g(n)
p(n)

ET] <
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Proof: Repeat calling MC until verifier certifies correctness of output.
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s Vegae e Car m Let i be the number of iterations of this scheme
@ Las Vegas - Monte Carlo . Runnlng tlme T S l(f(n) —|—g(n))

® Markov inequality

S B E[T] <(f(n)+g(n))E]
- 1
Elij=Y k(1—pn)~'pn) =—
] kg( (n))" " p(n) ()
as
ot = 2 ,forx <1
k; (1 —x)?
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