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ABSTRACT

Wirelesssensornetworks typically consistof small, very simple
network nodeswithout any positioningdevice like GPS.After an
initialization phase,the nodesknow with whom they cantalk di-
rectly, but have no ideaabouttheir relative geographiclocations.
We examinehow muchgeometryinformationis neverthelesshid-
den in the communicationgraphof the network: Assumingthat
the connectivity is determinedby the well-known unit-disk graph
model,we prove that usingan extremelysimplelinear-time algo-
rithm onecanidentify nodeson theboundariesof holesof thenet-
work. That is, thereis enoughgeometryinformationhiddenin the
connectivity structureto identify topologicalfeatures– in our ex-
ampletheholesin thenetwork. While thetheoreticalanalysisturns
out to be quite conservative, an actualimplementationshows that
thealgorithmworkswell underlessstringentconditions.

Categoriesand SubjectDescriptors: C.2.2[Computer-
CommunicationNetworks]: Network Protocols

GeneralTerms: Algorithms,Design

Keywords: Routing,GraphTheory, Embedding,Virtual Coordi-
nates,Topology

1 Intr oduction

Imaginethe following scenario:during a long summerdrought,
forest �res have startedin a large region of a remotenaturepre-
serve thatis hardlyaccessibleby groundtransportation.To beable
to continuouslyassessthe situationandplan appropriatecounter-
measures,airplanesare sentout to deploy thousandsof wireless
sensornodes. Due to cost restrictionsand to achieve the max-
imum life-time by energy savings, thesesensornodesare rather
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Figure 1. Based just on the connectivity of the network our algorithm
detects nodes close to boundaries (black circles). At the top, the com-
munication range of the network nodes is depicted.

low-capabilitydevicesequippedjust with temperatureandhumid-
ity sensors,a simpleprocessingunit, anda small radiodevice that
allows for communicationbetweennearbysensornodes. Oneof
the�rst goalsis now to have this network organizeitself suchthat
messagesare routedwithin the network, regions of interest(e.g.
the current�re-front) canbe identi�ed, andgathereddatacanbe
e± cientlyqueried.

Achieving this goal becomesquite challengingsincethe only
informationa nodehasaboutthe global network topologyareits
immediateneighborswith whomit cancommunicate.Lackingan
energy-hungryGPSunit andbeingdeployedfrom anairplanein a
ratheruncontrolledfashion,noneof thesensornodesis awareof its
geographiclocation.

Assumetheareaof interestis someregionR. Theairplaneshave
deployedsu± ciently many sensorssuchthat– if all of thesensors
werein operationafter reachingthe ground– the areaof interest
is completelymonitoredby thesensors.Formally we have thatfor
every point p 2 R therewould beat leastonesensors within Eu-
clideandistancejpsj · rsense. Wherersenseis thesensingradiusof
thesensornodes,i.e. theradiuswithin which they canmonitoror
estimatetemperatureor humidity. Unfortunately, not all sensors
will beoperationaluponreachingtheground.Someof themmight
fall right into the�amesandbedestroyed,othersmightplungeinto
alakeorpondandbeunabletoperformtheirmonitoringtask.Para-
doxicallyweareparticularlyinterestedin thoseareaswherethere's
anongoing�re (andmaybealsowherethereis a lakeor pond),but
sensornodesthatfell into theseareasareunableto reportthis fact.



We want to detectthe (boundariesof) suchholesin the mon-
itored spacecreatedby �re or otherphenomenavia examination
of the communicationgraph of the wirelessnodes. The commu-
nicationgraphof a wirelessnetwork hasa nodefor eachwireless
stationandan(unweighted)edgebetweentwo nodesif therespec-
tive stationscancommunicatewith eachother. For simplicity let
usassumethattwo nodescancommunicatewith eachotherif they
arewithin distanceof at most1 (communicationradius). So the
communicationgraphis a unit disk graph (UDG). Typically, the
communicationradiusis considerablylarger than the sensingra-
diusrsense, let · = 1=rsensebetheratiobetweenthesetwo quantities.
Clearly, thelargerthevalue· becomes,thedenserthecommunica-
tion graphgets.

In essence,theproblemthatwe considerin this paperis thatof
identifying holesjust by examininga communicationgraph. If in
a su± ciently large region sensorsbreakdown, this hole will also
manifestitself in thecommunicationgraph,henceholesidenti�ed
usingthecommunicationgraphareindicative of somelarge-scale
specialevent in theregion to bemonitored.By 'identifying holes'
wemean(a) thatfor everypointontheboundaryof aholewewant
the algorithmto mark a sensornodenearbyand(b) every sensor
nodemarkedby thealgorithmliesnearaboundaryof ahole.

RelatedWork
In Fanget al. [3] the authorspresentan algorithmfor detecting
holesfor thecasewheretheindividual nodesknow abouttheir ge-
ographiclocation. Feketeet al. in [5] describea methodto iden-
tify boundariesin a wirelessnetwork which doesnot requirethe
nodesto be awareof their geographicposition; their methodas-
sumesa uniformdistribution of thenetwork nodesin non-holear-
eas,though.In a morerecentpaper[4] thesameauthorspresenta
deterministicapproachfor boundaryrecognitionwhich doesnot
rely on a uniform nodedistribution. Their paperalso proposes
interestingmethodsto aggregate the informationgatheredby the
boundaryrecognitionstepin a higher-level topologysketchof the
network. Their boundarydetectionalgorithmdoesnot comewith
a theoreticalcorrectnessguaranteeandappearsto requirea rather
high nodedensityin practice,though. In a recentcontribution [6]
we have developeda heuristicboundarydetectionalgorithmbased
on a similar intuition asthealgorithmpresentedin this paper;un-
fortunatelycorrectnesscannotbe proven for this heuristicalgo-
rithm (seeSection2.1 for a brief explanationof theproblemswith
this approach);furthermoreits computationis not localizedas it
requiresthecomputationof distance�elds over thewholenetwork.

Our Contrib ution
In thispaperwepresentanalgorithmfor detectingholeboundaries
in a wirelessnetwork that is representedpurelyby its communica-
tion graph. If the structureof the communicationgraphis a unit-
diskgraphdeterminedby thegeographiclocationsof thenodes,we
canproveundersome(ratherstrong)additionalconditionsthatour
algorithmcorrectlyidenti�es nodesnearboundariesandnevermis-
classi�esany nodes.Theemployedproof techniqueandsampling
conditionhassomesimilarity to theoneusedin theareaof shape
reconstruction[1]. The algorithmis very simpleandhasrunning
time linear in its input. While the theoreticalanalysisis not very
satisfyingin thatit makesratherstrongassumptionsabouttheinput
setting,our experimentalresultsshow that thealgorithmperforms
muchbetterin practice,asit is thecasefor many shapereconstruc-
tion algorithms.Theideaof usingthegeometryinformationhidden
in theconnectivity structureof thecommunicationgraphto identify
topologicalfeatureshasonly recentlybeenaddressed[4, 5, 6]; the

algorithmpresentedhereis to our knowledgethe �rst that comes
with someformalguarantee.

As a generaltopic of interestwe proposetheproblemof recov-
eringgeometricinformationfrom purelycombinatorialconnectiv-
ity informationasit arisesfor exampleascommunicationgraphs
in the context of wirelessnetworks. While suchcommunication
graphsdo not explicitly containgeographiclocation information,
they werecreatedbasedon certaingeometricpropertiesandhence
implicitly bear somegeometryinformation. Recovering or 're-
verseengineering'this information appearsto be an interesting
challenge.In this paperwe have shown that the implicit geome-
try informationsu± cesto identify certaintopologicalfeaturesof
thenetwork. Thequestionis how muchmorecanbeaccomplished
usinggeometryinformationhiddenin theconnectivity of thenet-
work.

2 Intuition and the Algorithm
In this sectionwe will �rst introducethe intuition in the continu-
oussettingwhichouralgorithmis basedupon.After presentingthe
algorithmweanalyzeits runtimeattheendof thissection.Correct-
nesswill beprovenin thefollowing section.

2.1 Intuition in the ContinuousCase
Picturethe following continuousvariantof our problem: Given a
(possiblynon-simply)connectedregion R ½ R2 and somepoint
p 2 R – we call thatpoint seed–, we considerthe isolevelsof the
geodesicdistancefunctiondp from p in thedomainRasin Figure2.
Thatis, for any point x 2 R, dp(x) denotestheminimumEuclidean
lengthof anopencurve � ½Rwith oneendpointbeingp, theother
x. Or in otherwords,dp(x) is thelengthof theshortestpathfrom p
to x whichstayswithin Randavoidsall holes.

Figure 2. The continuous case: One seed, 3 triangular holes, induced
contours/isolines.

The isolevel, isoline, or contourof level k of thedistancefunc-
tion dp is thesetof pointsI (k) = fx 2 R : dp(x) = kg. In Figure2
we have depictedthecontoursof level 10;30;50; : : : . If theregion



Figure 3. Snapshot while executing the algorithm: isolevels examined
from one seed and marked nodes where levels 3,4,5 are broken (large
black circles). Small black circles denote the seed set I , little dots the
remaining nodes.

R is freeof holesandall pointson theboundaryof R canbeseen
from p (without obstructionby a hole), thecontourof level k is a
subsetof thecirclecenteredat p with radiusk. In themoregeneral
casewith polygonalobstacles,though,the contourof level k is a
collectionof (possiblydisconnected)circulararcs.

What is interestingfor our purposesis the observation that for
almosteverypoint x of ahole/outerboundary, somecontouris bro-
ken at that point. We saya contouris broken at a point p or p is
calledanendpointof thatcontour, if thecontourdoesnot intersect
anarbitrarily smallball aroundp in a topological1-disk.Theonly
way thata boundarypoint x with dp(x) = k might not be theend-
point of a componentof the contourof level k is in casethat the
tangentsof the contourof level k andof the boundaryagreeat x.
In Figure2, this is thecasefor examplein the lower right andup-
perleft cornerof theregionR, wherethe'wave-fronts'hit theouter
boundarytangentially. Thesamehappensattheupperleft tip of the
rightmosttriangularhole in thepicture. The 'reverseobservation'
– thatevery breakpointof a contouris alsoon a hole/outerbound-
ary – is unfortunatelynot true, which was incorrectlyclaimedin
[6]. Whenseveral holes/obstaclesarearrangedin a particularor-
der, broken isolevels thatarenot nearany boundarymight appear
(e.g. 3 wave-frontsthatmeeteachotherin a singlepoint inducea
contourwhich consistsof a singlepoint). Nevertheless,whenre-
stricting for exampleto circular holesandonly isolevels nearthe
seedthat do not interactwith morethanonehole, actuallyevery
breakpointof acontourcoincideswith ahole/outerboundarypoint
andviceversa.

The key idea of our hole detectionroutine is to make useof
these'brokenisolines'to determinenodesthatarecloseto theouter
boundaryor to a boundaryof somehole. In the following we de-
scribea ratherstraightforwardtranslationof the intuition from the
continuoussettingto the discretesetting. In the absenceof geo-
graphiclocationinformation,the only distancemeasureavailable
is thehopdistancein theunit-diskgraph(thegraphdistancewhere
theweightof everyedgeis 1).

2.2 The Algorithm
Mimicking thecontinuouscase,wepick asetof nodesI in thenet-
work to serve asseedsanddeterminehop-distancesin a bounded
neighborhoodof hmax hopsaroundeachs 2 I . We then exam-
ine the isolevelsarounds andtry to detectwhethertheseisolevels
form closedcycles/annuli or arebroken up. This canbe doneby
repeatedshortestpathcomputationswithin the subgraphinduced
by the nodesin the respective isolevel L: We �rst computegraph
distancesd1(:) within L from somearbitrarynodev1 2 L. We then
setv2 to beanodefurthestfrom v1. Let v0

2 bethenodeonashortest
pathfrom v1 to v2 at distancebd(v1; v2)=2c. We remove all nodes
within a 2-hopneighborhoodof v0

2. If in thesubgraphinducedby
L nfv0 : d(v0; v0

2) · 2gtherestill existsapathfrom v1 to v2, we take
thisasanindicationthattherespective isolevel hasacircularshape
andreturnwithout markingany nodesasbeingcloseto a bound-
ary. Otherwisewecomputedistancesd2(:) from v2; let v3 beanode
furthestfrom v2. After thesamecheckfor connectivity without the
neighborhoodof a nodev0

3 halfway betweenv2 andv3, we take it
for grantedthattheisolevel is brokenwith v2 andv3 beingcloseto
theextremepointsof thatisolevel.

Thehigh-level descriptionof thealgorithmcanbefoundin Fig-
ure4, andthemoredetaileddescriptionof theisolevel examination
canbefoundin Figure5. SeeFigure3 for a snapshotof thealgo-
rithm whenexaminingtheisolevels3 to 5 from oneseednode.

Restrictingtheseedsetto a maximalindependentsetallows us
to boundtheoverall runningtimeof thealgorithm.Theisolevel ex-
aminationroutineonly considersisolevelsthatareconnected,since
arguingaboutdistanceswithin smallconnectedcomponentsseems
ratherdi± cult. Neverthelesswe will show later in the theoretical
analysis,thatour algorithmstill doesn't missany boundary, since
for any point p on theboundaryof ahole,thereis at leastoneseed
nodes 2 I suchthatsomeconnectedisolevel aroundsis cutnearp,
andsomenodenearp is actuallymarkedasbeingontheboundary.

The outcomeof the algorithmis a setof marked nodes(hope-
fully) all closeto someboundaryandidentifying all holes.As the
marking happensindependentlyit might be the casethat a node
is marked several timesor neighboringnodesaremarked. For a
compactrepresentationit might bedesirableto only keepa maxi-
mal independentsetof themarkednodes1. On theotherhand,if a
closedboundaryrepresentationis desired,onecanlocally compute
connectingpathsbetweenthe nodesof the maximal independent
setof themarkednodes.

HoleDetection(G)
1. ComputeamaximalindependentsetI in G

2. For eachs 2 I :

(a) computeshortestdistancesto s within G up to a
distanceof hmax hops

(b) for eachhmin · i · hmax examinethe isolevel i
consistingof thesetof nodesfv : d(s; v) = igby
calling
ExamineISOLevel(G, s, i)

3. Returnall markednodes

Figure 4. The high-level view of the hole detection algorithm.

1Thatis whatwehavedonein our implementationto allow for bettervisual
inspectionof theresults.



ExamineISOLevel(G, s, i)
1. if L = fv : d(s; v) == iginducesa subgraphwith more

than1 connectedcomponent,return

2. Choosean arbitrary nodev1 2 L, computethe hop-
distancefunctiond1(:) to v1 within L

(a) Setv2 := argmaxd1(:) andlet v0
2 bethenodeon a

shortestpathfrom v1 to v2 atdistancebd(v1; v2)=2c

(b) if thereexists a path from v1 to v2 in the graph
inducedby L nfv 2 L : d(v; v0

2) · 2greturn

3. computethehop-distancefunctiond2(:) to v2 within L

(a) Setv3 := argmaxd2(:) andlet v0
3 bethenodeon a

shortestpathfrom v2 to v3 atdistancebd(v2; v3)=2c

(b) if thereexists a path from v2 to v3 in the graph
inducedby L nfv 2 L : d(v; v0

3) · 2greturn

4. markv2 andv3 asnodeson theboundaryandreturn

Figure 5. The Isolevel examination subroutine.

2.3 Running Time
Theinputto thealgorithmis anundirectedgraphG(V; E) with jVj =
n, jEj = m. While thealgorithmcanberunessentiallyonany graph,
its runningtime aswell as the senseof the outputdependson G
beingaunit-diskgraphin R2.

Theorem2.1. On unit-diskgraphsG(V; E) in R2 with jVj = n,
jEj = m, theholedetectionalgorithmrun with constanthmax runs
in O(n + m) time.

Proof. In the�rst stagethealgorithmneedsto computea max-
imal independentset I . This canbe donein a greedyfashionin
O(n + m) by repeatedlyselectinga nodeinto I andremoving all
its neighboringnodes.Therunningtime of thesecondpartof the
algorithmis determinedby theexaminationsof all nodesandedges
within distanceof hmax hopsaroundeachnodes 2 I . Let usdenote
by Ns theedgeswithin distancehmax hopsfrom s (we call anedge
to be within distanceof h hopsfrom s if oneof its endpointshas
hopdistanceat mosth). Sincewe assumeG to be connected,we
canabsorbthe numberof nodeswithin hmax hopsfrom s usinga
constantfactorc in jNsj. Thetotal runningtime of thesecondpart
is then

X

s2I

cjNsj =
X

s2I

c ¢(
X

e2E

(e 2 Ns)) = c ¢(
X

e2E

X

s2I

(e 2 Ns))

Herethe secondsumcanalsobe interpretedasthe numberof el-
ementss 2 I which areat distanceat mosthmax from oneof the
endpointsof edgee 2 E. But this numberis boundedby a con-
stant(for constanthmax) as can be seenas follows: Draw a ball
of radius1=2 aroundeachs 2 I which is at mosthmax + 1 hops
away from oneof the endpointsof e – sayv. Clearly theseballs
areall disjoint (o.w. therewouldbeanedgebetweentherespective
nodesand they could not be in an independentset)andarecon-
tainedwithin a largerball B(v;hmax+ 3=2). Hencethereareatmost
2¼(hmax + 3=2)2=(¼=4) = O(h2

max) of them. So theoverall running
time for thesecondstepsumsup to

X

s2I

c ¢jNsj = c ¢
X

e2E

O(h2
max) = O(m)

for constanthmax, c.

2.4 Distrib uted and localizedimplementation
For applicationin a wirelesssensornetwork scenario,it is impor-
tant that the employed algorithmscanbe implementedwithout a
centralizedcontrol. Fortunately, the formulationof our algorithm
allows for straightforward localizedimplementation.Many algo-
rithmslike[8] areknown for computingamaximalindependentset
in a distributedmanner. Theisolevel examinationsthemselvesare
inherentlylocal (restrictedto a constantsizeneighborhoodof the
respective seednodes).This is anotherdi®erencefrom theheuris-
tic approachpresentedin [6] where4 distancefunctionsover the
wholenetworkhadto becomputed.Furthermorethe(particularly
outer)isolevelsextendovera longdistancewithin thenetwork and
cannotbeexaminedby local computations.

2.5 Extensionto R3

Our algorithmcan in fact be extendedto R3 in a straightforward
manner. Assumingthe sensornodesdenselysamplethe interior
volumeof somebodypossiblywith holesor cavities, thegoalis to
marksensornodesthatarecloseto theboundaryof thebody. But
again we can �rst determinean independentset I and thencom-
putehop-distancesfrom eachseeds 2 I . In the absenceof any
holes/cavitiesanisolevel lookslike thesurfaceof asphere;if there
areholes,though,' this surfaceof a sphere'exhibits holes.Thatis,
for eachisolevel in theR3 setting,we areessentiallyfacedwith a
holedetectionproblemin R2 for which we have alreadypresented
a solution. We have not implementednor analyzedthis algorithm
but hopeto dosoin thenearfuture.

3 Analysis
In this sectionwe show thatour algorithmundersomeconditions
faithfully marksnodesnearall holeboundaries.Moreprecisely, we
show that if we have circularholeswith a certainminimumradius
rhole and a minimum distancebetweenholes� hole, thereexists a
lower boundon thenodedensityin thenon-holeareasandrespec-
tivecommunicationrangesfor thesensornodessuchthatfor every
point on a holeboundary, somenetwork nodenearbyis markedas
beingcloseto the boundary, andevery marked network nodehas
someboundarynearby.

We needto make the following assumptionsaboutthedistribu-
tion of the sensors.A priori, the region of interestis the whole
two-dimensionalplaneR2. We subtractfrom R2 a setof (disjoint)
holesO andassumethe following samplingcondition: We call a
setS of sensorsan² -goodsensordistribution if

8p 2 (R2 n[ o2Oo) : 9s 2 S : jspj · ² ;

wherej:j denotesthe Euclideandistance(all otherdistancefunc-
tions in thefollowing refer to theGraphdistance). That is, for all
pointsof R2 notbelongingto aholethereis a 'nearby' sensor. This
is a reasonableassumptionif onealsowantsto ensurethat in 'reg-
ular' areasof R2, wheresensorshavesurvived,sensingcoverageis
guaranteed.Note that this de�nition of holesalsoallows to con-
sidera boundedregion of interest.For examplea squareregion Q
of interestcanbe realizedby de�ning a 'hole' o := R2 ¡ Q in O.
For conveniencelet usdenoteby R := R2 n [ o2Oo theareawhere
sensorshavesurvived.

In thefollowing analysiswe restrictourselvesto thecaseof cir-
cular holes. We believe that an extensionof the proof to convex
fat objectsis ratherstraightforward (we haven't fully worked that
out yet). For non-convex objects,a morecomplicatedanalysisand
maybealsoa modi�ed algorithmseemsnecessary, though. In the
next few subsectionswe will proof severalLemmaseachof which



requirescertainconstraintson the choiceof the parameters� hole,
hmin, hmax, ² , rhole. At the end, in Section3.3, we will collect all
theimpliedconstraintson theseparametersandshow thatthey can
bechosensuchthatall Lemmashold: if holeshave radiusat least
rhole = 72, the minimum distancebetweentwo holes is at least
� hole = 18, the region is sampledwith ² · 1=64, andour algo-
rithm inspectsisolevels hmin = 4 to hmax = 8, we canguarantee
correctnessof theoutput.

3.1 Levelsand containing Annuli
Let usnow de�ne levelswith respectto aspeci�c seednodes 2 S.

Definition 3.1. DenotebyL i(s) thelevel i of seeds. Wede�ne:

² L 0(s) = fp 2 R : jpsj · 1g

² L i+1(s) = fp 2 (R n[ j· iL j(s)) : 9s0 2 S \ L i(s) : js0pj · 1g

Intuitively, level L i+1(s) are the points in R which arewithin the
communicationradiusof all nodescontainedin level L i(s) but not
within thecommunicationradiusof nodesin levelsL <i(s).

Let usnow argueabouttheshapeof theselevels. If no holesare
present,L 0(s) is simplyadiskof radius1, andweexpectthelevels
L i¸ 1 to besimilar to annuli. In thepresenceof holes,though,parts
of theseannuliwill becuto®.

Lemma3.1. If rhole ¸ (i + 1)=
p

² wehave8i; 0 · i · � hole=2¡ 1

B(s; i ¡ 4i² + 1) \ R µ [ j· iL j(s) µ B(s; (i + 1)) \ R

Proof. The upperboundis obvious, the lower boundrequires
proof, though. The casei = 0 is trivial, let us now considerthe
casei > 0 andassumethat B(s; i ¡ 4i² + 1) µ [ j· iL j(s), where
B(c; r) denotestheball with radiusr centeredat c. Now considera
point p 2 R with i ¡ 4i² + 1 < jpsj · (i + 1) ¡ 4(i + 1)² + 1 and
the intersectionI := B(p;1) \ B(s; i ¡ 4i² + 1). If we canshow
thatthereexistsa ball of radius² containedin I andwith centerin
R we aredonesincedueto the samplingconditionwe know that
theremustbeasamplecontainedin thisball andhencep lieswithin
thecommunicationrangeof this samplepoint. Thedi± culty lies
in the fact that not necessarilyall of I hasto be containedin R.
Nevertheless,by requiringthecircularobstaclesto beratherlarge,
wecanprove thatthereexistsasu± ciently largeareain I \ R.

Let M bethepoint on ps betweenp ands with jpMj = 1 ¡ 2² ,
m be the line perpendicularto ps andpassingthroughM. We are
interestedin �nding apointZ onmwhichis asfaraspossibleaway
from M suchthataball of radius² centeredatZ is still containedin
I . Somesimpletrigonometryshows that if Z hasdistanceat most
jZMj ·

p
² from M for ² · 1=3, wehave B(z; ² ) ½I.

If � hole ¸ 2(i + 1), clearlyonly oneholecaninterferewith L i(s).
Assumew.l.o.g. that the respective circular hole o hasits center
belowtheline ps. In theworstcase,i.e. obstructingasmuchfrom
I aspossible,o hasboth s and p on its boundaryand'eatsaway'
thewholeportionof I that lies below ps. But sincetheradiusof o
hasto beat least(i + 1)=

p
² it cannotextendfurtherthan

p
² above

psasanelementarytrigonometriccalculationshows.
Therefore,thereis alwaysapointz in I \ R suchthatB(z; ² ) ½I.

And henceany point p 2 R with i ¡ 4i² + 1 < jpsj · (i + 1) ¡ 4(i +
1)² + 1 is certainlycontainedwithin L i+1(s).

We denoteby A (s; r1; r2) := fp 2 R : r1 · jpsj · r2gtheannulus
with centers, innerradiusr1 andouterradiusr2.

Corollar y 3.1. Thei-th levelL i(s) is containedin theintersec-
tion of A i

outer(s) := A (s; i ¡ 4(i ¡ 1)² ; i + 1) with R.

Corollar y 3.2. Thei-th levelL i(s) containstheintersectionof
theannulusA i

inner(s) := A (s; i; i ¡ 4i² + 1) with R.

3.2 Non-contractible graph cycles
When our algorithm examinesan isolevel i (which is the set of
nodescontainedin level L i(s)) it �rst triesto decidewhetherthere
existsacyclecontainings in its interior.

Definition 3.2. We call a cycle in the graph inducedby the
nodesin isolevel i non-contractibleif its correspondingpolygon
cannotbecontractedto a singlepointwithoutsweepingover s(the
seedpoint).

Lemma3.2. If L i(s) containsA inner(s; i; i ¡ 2i² + 1), our algo-
rithm �nds a non-contractible cycleand returnswithout marking
anynodesasbeingcloseto a boundary.

Proof. The containmentof A i
inner(s) within L i guaranteesthat

thereis analternativepathfrom v1 to v2 in thesubgraphinducedby
L n fv 2 L : d(v; v0

2) · 2gvia thepartof theannulus'opposite' of
v0

2 (it cannotpassnearbyv0
2 sincetheremoval of the2-hopneigh-

borhoodaroundv0
2 hascut L i(s) there). The original path from

v1 to v2 togetherwith thealternative pathyieldsa non-contractible
cycle.

This Lemmaguaranteesthat if no obstaclesare nearL i(s), no
nodesin level i will be marked while examining L i(s). Let us
now show thatwheneverouralgorithmmarksanode,thereis some
boundarypointnearby:

Lemma3.3. If the isolevel examinationroutine upon process-
ing L i(s) marksnodesv2, v3 asbeingcloseto theboundary, there
exist boundarypoints p1 2 ±o1, p2 2 ±o2 with jvi pi j · 2:8 and
furthermore we havethat the graph distancedG(v2; v3) is at least
¼(i ¡ 2(i ¡ 1)² ).

Proof. Considertheneighborhoodwithin distance2:8 of v2. If
thereis somehole boundarynearby, we're done,so assumeoth-
erwise.Let tl1; tl2 andtr1; tr2 betheintersectionpointsof B(v2; 2:8)
with theboundaryof A i

inner(s), ql thepointonB(v2; 2:8) betweentl1
andtl2 (andqr analogously).Let further sl ; sr betheclosestnodes
to ql ; qr respectively, seeFigure 6 for an illustration. Clearly sl

andsr arecontainedwithin A i
inner(s). We have d1(sl=r ) · d1(v2) ·

d1(sl=r ) + 3 (the �rst inequalityholdsby de�nition, if the second
wasn't true,it wouldbeeasytoexhibit ashorterpathtov2). W.l.o.g.
assumethat theshortestpathfrom v1 to v2 passesby sl . Thenthe
shortestpathfrom v1 to sr alsohasto passby sl otherwiseour rou-
tine would have exhibitedanalternative pathfrom v2 to v1 passing
by sr andavoiding the neighborhoodof v0

2. But this implies that
d1(sr ) ¸ d1(sl) + 4 contradictingthe above inequalitywhich im-
plies d1(sr ) · d1(sl) + 3. The sameargumentationalsoholdsfor
v3 andthe distancefunction d2(:). The statementaboutthe graph
distanceeasilyfollowsfrom thefactthatin caseof circularholesat
mosthalf of thecontainingannulusof L i(s) is cuto®.

It remainsto show that for every boundarypoint p thereexists a
seeds 2 I suchthatour algorithminspectsanisolevel of s broken
'close' to p, for which it doesnot �nd anon-contractiblecycleand
for which it marksanodenearp.

Lemma3.4. Let p 2 ±o, o 2 O bea point on a holeboundary.
Thenthere existss 2 I and i, hmin · i · hmax such that theexam-
ination of isolevel L i(s) reachesstep4 anda nodewithin distance
at most4:8 from p is marked.

Proof. Considerthe tangentt to o at p and somepoint s0 on
t at distance(hmax ¡ 3) from p. Let s 2 I be the closestseedto
s0. Clearly jss0j · 1 + ² dueto thesamplingconditionandhmax <
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Figure 6. Situation for extremal node v2 under d1(:).

� hole andbecauseany maximalindependentsetin a graphis alsoa
dominatingset.Let sp bethesensorclosestto p; clearly jpspj · ²
due to the samplingcondition. We have jsspj · hmax ¡ 1. Let
L i(s) bethelevel which containssp. As hmax < rhole, thecontained
annulusA i

inner(s), thecontainingannulusA i
outer(s) (andalsoL i(s))

are completelycut by o but remainconnected(because2hmax <
� hole, i.e. thereis nootherhole'nearby'). And sincetheremoval of
the2-hopneighborhoodof v0

2 againcutsL i(s) aroundv0
2 theredoes

not exist analternative pathfrom v1 to v2 (sameargumentationfor
v0

3), so the algorithm doesnot return in steps1, 2b, or 3b. We
still needto show that thealgorithmmarksa nodenearp. Sincei
is small comparedto the radiusof the obstacleo, L i(s) is almost
orthogonallycut by o. Sothenodeswithin L i(s) thatarewithin ²
distancefrom o aregroupedinto two smallclustersof diameter· 2
thatarefar away from eachotherin graphdistance.Accordingto
Lemma3.3 our algorithmmarksonein eachof the clusters.The
distanceof themarkednodeto p follows from theclusterdiameter
andthepreviousLemma.

3.3 Pluggingeverything together
With the above Lemmaswe have shown that for ratherlarge and
well-separated(relative to the communicationrange1 of the sen-
sor nodes)circular holesandsu± ciently dense(but not necessar-
ily uniform) distribution of sensornodesour algorithmfaithfully
marksnodescloseto theboundariesof all holesandnoothers.We
have severalconditionson theparameters� hole, hmin, hmax, ² , rhole:
For the inner annuli not getting too thin andthe outerannuli not
gettingtoo thick, we want4hmax² · 1=2, for Lemma3.1 we need
hmax · � hole=2 ¡ 1 aswell asrhole ¸ (hmax + 1)=

p
² . Furthermore

for Lemma3.4we needhmax ¡ hmin ¸ 3 andhmin ¸ 4 to guarantee
thattheremoval of theneighborhoodof v0

2/v
0
3 doesnotalsoremove

v1 or v2 / v2 or v3 respectively. We haven't tried hardto determine
thebestparametervalues,but thefollowing valuesallow usto state
themaintheorem:

Theorem3.1. For � hole = 18, hmin = 4, hmax = 8, ² = 1=64,
rhole = 72 our hole detectionalgorithm marksfor each boundary
point a sensornodewithin distance4:8, andeverymarkedsensor
nodehasa boundarypointwithin distance2:8.

We want to emphasizethat this analysisis very pessimisticand
as we will seein the experimentalsection,the algorithm works
very well undermuchsmallersamplingdensityaswell asfor non-
circular, non-convex holes.

4 Experimental Results
We have implementedour algorithmusingtheLEDA softwareli-
brary andsimulateddi®erentdeploymentsof sensornodesin the

realplane. As to beexpected,in practicethe requirementson the
nodedensityaswell asthe shapeanddistancebetweenholesare
by far not asstrongasthe theoreticalanalysissuggests.Our ex-
perimentswere conductedwith algorithm parametershmin = 2,
hmax = 6, andinsteadof removing all nodeswithin a 2-hopneigh-
borhoodof v0

2=v0
3 we only removed nodeswithin a 1-hop neigh-

borhood. We �rst generatedsensornodesuniformly at random
andthenbuilt theunit-diskgraphbasedonvaryingcommunication
ranges.SeeFigures7, for examplesof thealgorithm'soutput.

Our observationwasthat for nodedistributionswheretheaver-
agedegreein theresultingcommunicationgraphwasabovearound
25, our algorithmseemsto performreasonablywell. We notethat
for moreregularnodedistributionslike a grid or a perturbedgrid,
our algorithm also works very well for averagenodedegreesof
about10. Comparedto theheuristicapproachpresentedin [6] the
algorithm doesslightly worse,mainly becausewe have avoided
to addotherheuristicsthat improve the practicalperformancebut
would make the algorithm somewhat di®erent from the one we
haveprovencorrectnessfor.

Non-uniform node-distributions
The whole reasoningwhy our algorithmactuallyworks doesnot
rely on a uniform densityof thesensornodesin non-holeregions,
asfor examplethealgorithmpresentedin [5]. Theuniform distri-
bution caseis simplerasonecanroughly speakingdeterminethe
statusof a node– beingcloseor not closeto someboundary– by
examining to how many neighborsit can talk to. For nodesnot
closeto someboundary, this shouldbe always aroundthe same
number, whereasnodescloseto a boundaryshouldhave lessim-
mediateneighborsthey cantalk to. SeeFigure8 for anexampleof
anon-uniformsensordistributionandouralgorithm'soutput.

Shortcomingsof the Algorithm
Therearesettings,of course,wherethealgorithmdoesnotperform
aswell as in all the examplesshown before. It has,for example
problems,distinguishingholesthatarecloseto eachother(remem-
ber in the analysiswe requireda certainminimum distance� hole

betweenholes).SeeFigure9 for anexample.Theproblemhereis
that essentiallyfor all seedsthat could detectthe boundarynodes
betweenthetwo holes,therespective isolevelsconsistof morethan
onecomponentandhencetheisolevel examinationis aborted.One
mightalsolet thealgorithmexamineall theconnectedcomponents
of an isolevel if therearemorethanone,but this would not allow
for aproofof correctnessin thecircularholecaseanymore.

Also, our algorithmheavily relieson thenon-holeregionsbeing
su± ciently denselysampledsuchthat the isolevels arounda seed
nodeform closedcycles. When decreasingthe nodedensity(or
equivalently decreasingthe communicationrange)the algorithm
breaksdown moreandmore.SeeFigure10 for a sequenceof out-
putswith decreasingcommunicationranges.Theroughlyequiva-
lent valuefor ² is determinedas² ¼ 1=

p
avg:deg:; in thesecases

thatwouldbe0:18,0:21,and0:25 .

5 Discussion
The tight connectionbetweengeographiclocationandconnectiv-
ity of wirelessnetworks gives rise to many interestingproblems.
While the topologyof a wirelessnetwork doesnot explicitly hold
any geometricinformation, the fact that its connectivity is deter-
minedby geographicproximity relationsallows for techniquesto
extract (part)of theunderlyinggeometry. This paperandfew pa-
persbeforehave exploredthat directionbut we believe that there



arestill many challengingproblemsto be solved. Ultimately, of
course,onewould like to recover theexactrelativepositionsof the
network nodes;unfortunatelythis problemis NP-hardfor general
unit-diskgraphsaswasshown by Kuhnet al. in [7], but a constant
approximationhasnotbeenruledoutyet.

Apart from theapplicationin thedescribedscenario,the identi-
�cation of holeboundariesor holesassuchhasin factmany other
applications.A topologicaldescriptionof a network like 'The net-
work hasonelargehole' canbemuchmorecompactthanremem-
bering the connectivity betweenall nodes. Furthermoresuch a
topologicaldescriptiontendsto bemorestableundersmallchanges
of nodesor network links (only many changesmight closea large
hole or createanotherone). Thereare routing schematalike [2]
whicharebasedonsuchtopological'sketches'of thenetwork; sim-
ulation resultsshow that they enjoy an inherentstability against
smallnetwork changes.Therecentwork by Feketeet al. [4] also
describesmethodshow to useboundaryrecognitionto obtain a
compacttopologysketchof the network. Anotherapplicationof
the boundarydetectionroutineappearsin methodsthat – in spite
of its NP-hardness– try to �nd a faithful embeddingof thewhole
unit-diskgraphin theplane,likethework by Raoetal. [9]. In their
algorithmthedecisionsof thealgorithmarebasedon theassump-
tion thathop-distancesin thegraphin somesenseapproximateEu-
clideandistancesin theplane. This doesn't have to be true in the
presenceof holes,though,sincethesemightcausethegeodesicand
thegraphdistanceto di®er vastly from theEuclideandistance.If
holesaredetected,though,onecould checkwhethera graphdis-
tance– measuredby a shortesthoppathin thegraph– is ' truthful'
by assuringthat the respective shortestpathdoesnot comeclose
to any holeboundary(in which caseit might not re�ect Euclidean
distances).See[6] for moredetails.
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Figure 7. Examples for algorithm output; around 5000 randomly dis-
tributed nodes, communication ranges of 30, 33, 33 and respective av-
erage degrees of the communication graph of 25, 27, 28.



Figure 8. Algorithm output in a non-uniform sensor node deployment.

Figure 9. Problems of the algorithm when holes are too close to each
other.

Figure 10. Output of the algorithm for decreasing communication
ranges 35, 30, and 25 (respective avg. degrees of the communication
graph 31, 23, 16).


