Hole Detection or: “How much Geometry hides in Connectivity?”

Stefin Funke”

Max-Planck-Institufir Informatik

Stuhlsatzenhaus\ye35
66123Saarbiicken, Germary
funke@mpi-inf.mpg.de

ABSTRACT

Wirelesssensometworks typically consistof small, very simple
network nodeswithout any positioningdevice like GPS.After an
initialization phase the nodesknow with whom they cantalk di-
rectly, but have no ideaabouttheir relatve geographidocations.
We examinehow muchgeometryinformationis neverthelessid-
denin the communicationgraphof the network: Assumingthat
the connectity is determinecby the well-known unit-disk graph
model,we prove that usingan extremely simplelineartime algo-
rithm onecanidentify nodeson the boundarie®f holesof the net-
work. Thatis, thereis enoughgeometryinformationhiddenin the
connectity structureto identify topologicalfeatures- in our ex-
ampletheholesin thenetwork. While thetheoreticahnalysisurns
out to be quite conserative, an actualimplementatiorshavs that
thealgorithmworkswell underlessstringentconditions.

Categoriesand Subject Descriptors: C.2.2[Computer
CommunicatiorNetworks]: Network Protocols

General Terms: Algorithms, Design

Keywords: Routing, GraphTheory Embedding,Virtual Coordi-
nates,Topology

1 Intr oduction

Imaginethe following scenario: during a long summerdrought,
forest res have startedin a large region of a remotenaturepre-
senethatis hardlyaccessibléy groundtransportationTo beable
to continuouslyassesshe situationand plan appropriatecounter
measuresairplanesare sentout to deploy thousandof wireless
sensornodes. Due to costrestrictionsand to achieze the max-
imum life-time by enepgy savings, thesesensomodesare rather
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Communication Range: —

Figure 1. Based just on the connectivity of the network our algorithm
detects nodes close to boundaries (black circles). At the top, the com-
munication range of the network nodes is depicted.

low-capabilitydevicesequippedust with temperatureandhumid-
ity sensorsa simpleprocessinginit, anda smallradiodevice that
allows for communicatiorbetweennearbysensomodes. One of
the rst goalsis now to have this network organizeitself suchthat
messagesre routedwithin the network, regions of interest(e.g.
the current re-front) canbeidenti ed, and gathereddatacanbe
et ciently queried.

Achieving this goal becomegyuite challengingsince the only
informationa nodehasaboutthe global network topology areits
immediateneighborswith whomit cancommunicate Lackingan
enegy-hungryGPSunit andbeingdeploed from anairplanein a
ratheruncontrolledashionnoneof thesensonodess awareof its
geographidocation.

Assumetheareaof interestis someregion R. Theairplaneshave
deployed sut ciently mary sensorsuchthat—if all of thesensors
werein operationafter reachingthe ground— the areaof interest
is completelymonitoredby the sensorsFormally we have thatfor
every point p 2 R therewould be at leastone sensors within Eu-
clideandistancgpsg - rsense Wherergeneeis the sensingradius of
the sensomodes,.e. theradiuswithin which they canmonitoror
estimatetemperatureor humidity. Unfortunately not all sensors
will beoperationaliponreachingheground.Someof themmight
fall rightinto the ames andbedestryed,othersmight plungeinto
alake or pondandbeunableto performtheirmonitoringtask. Para-
doxicallywe areparticularlyinterestedn thoseareasvheretheres
anongoing re (andmaybealsowherethereis alake or pond),but
sensonodeghatfell into theseareasareunableto reportthis fact.



We want to detectthe (boundariesf) suchholesin the mon-
itored spacecreatedby re or otherphenomenaia examination
of the communicatiorgraph of the wirelessnodes. The commu-
nication graph of a wirelessnetwork hasa nodefor eachwireless
stationandan (unweightededgebetweerntwo nodesf therespec-
tive stationscancommunicatewith eachother For simplicity let
usassumehattwo nodescancommunicatevith eachotherif they
arewithin distanceof at most1 (communicatiorradius). So the
communicationgraphis a unit disk graph (UDG). Typically, the
communicatiorradiusis considerablylarger thanthe sensingra-
diusrsense let - = 1rsensebetheratio betweerthesetwo quantities.
Clearly, thelargerthevalue- becomesthedensethecommunica-
tion graphgets.

In essencethe problemthatwe considerin this paperis that of
identifying holesjust by examininga communicatiorgraph. If in
a sut ciently large region sensordreakdown, this hole will also
manifestitself in the communicatiorgraph,henceholesidenti ed
usingthe communicatiorgraphareindicative of somelarge-scale
specialeventin theregion to be monitored.By ‘identifying holes'
we mean(a) thatfor every pointontheboundaryof aholewe want
the algorithmto mark a sensomodenearbyand (b) every sensor
nodemarkedby thealgorithmlies neara boundaryof ahole.

RelatedWork

In Fangetal. [3] the authorspresentan algorithmfor detecting
holesfor the casewheretheindividual nodesknow abouttheir ge-
ographiclocation. Feketeet al. in [5] describea methodto iden-
tify boundariesn a wirelessnetwork which doesnot requirethe
nodesto be aware of their geographigosition; their methodas-
sumesa uniformdistribution of the network nodesin non-holear
eas,though.In amorerecentpaper{4] the sameauthorspresenta
deterministicapproachfor boundaryrecognitionwhich doesnot
rely on a uniform node distribution. Their paperalso proposes
interestingmethodsto aggr@ate the information gatheredby the
boundaryrecognitionstepin a higherlevel topologysketchof the
network. Their boundarydetectionalgorithmdoesnot comewith
atheoreticalcorrectnesguarante@andappeardo requirea rather
high nodedensityin practice though. In arecentcontribution [6]
we have developeda heuristicboundarydetectionalgorithmbased
on a similar intuition asthe algorithmpresentedn this paper;un-
fortunately correctnessannotbe proven for this heuristic algo-
rithm (seeSection2.1 for a brief explanationof the problemswith
this approach);furthermoreits computationis not localizedas it
requireghecomputatiorof distanceelds overthewholenetwork.

Our Contrib ution

In this papemwe presenanalgorithmfor detectingholeboundaries
in awirelessnetwork thatis representegurely by its communica-
tion graph. If the structureof the communicatiorgraphis a unit-
diskgraphdeterminedy thegeographidocationsof thenodeswe
canprove undersome(ratherstrong)additionalconditionsthatour
algorithmcorrectlyidenti es nodemearboundarieandnever mis-
classi esary nodes.The employed proof techniqueandsampling
conditionhassomesimilarity to the oneusedin the areaof shape
reconstructiorf1]. The algorithmis very simpleandhasrunning
time linearin its input. While the theoreticalanalysisis not very
satisfyingin thatit makesratherstrongassumptionabouttheinput
setting,our experimentakesultsshav thatthe algorithmperforms
muchbetterin practice asit is the casefor mary shapeeconstruc-
tionalgorithms.Theideaof usingthegeometryinformationhidden
in theconnectvity structureof thecommunicatiorgraphto identify
topologicalfeatureshasonly recentlybeenaddresse{4, 5, 6]; the

algorithmpresentechereis to our knowledgethe rst thatcomes
with someformal guarantee.

As a generaltopic of interestwe proposehe problemof recor-
ering geometridnformationfrom purely combinatorialconnectv-
ity informationasit arisesfor exampleascommunicatiorgraphs
in the contet of wirelessnetworks. While suchcommunication
graphsdo not explicitly containgeographidocationinformation,
they werecreatechasedn certaingeometricpropertiesandhence
implicitly bear somegeometryinformation. Recawering or 're-
verse engineering'this information appearsto be an interesting
challenge. In this paperwe have shavn that the implicit geome-
try information sut cesto identify certaintopologicalfeaturesof
the network. The questions how muchmorecanbeaccomplished
usinggeometryinformationhiddenin the connecwity of the net-
work.

2 Intuition and the Algorithm

In this sectionwe will rst introducethe intuition in the continu-
oussettingwhich ouralgorithmis basecupon. After presentinghe
algorithmwe analyzéts runtimeattheendof this section.Correct-
nesswill beprovenin thefollowing section.

2.1 Intuition in the Continuous Case

Picturethe following continuousvariantof our problem: Given a
(possibly non-simply) connectedegion R %2 R? and somepoint
p 2 R—we call thatpoint seed-, we considerthe isolevels of the
geodesidistanceunctiond, from pin thedomainRasin Figure2.
Thatis, for ary pointx 2 R, dy(x) denoteghe minimum Euclidean
lengthof anopencurve ¥R with oneendpointbeingp, theother
x. Orin otherwords,dy(x) is thelengthof the shortespathfrom p
to x which stayswithin R andavoidsall holes.

I N e . N .

Figure 2. The continuous case: One seed, 3 triangular holes, induced
contours/isolines.

Theisolevel, isoline or contourof level k of the distancefunc-
tion d, is the setof pointsi(k) = fx 2 R: dp(X) = kg In Figure2
we have depictedthe contoursof level 10;30;50; :::. If theregion



Figure 3. Snapshot while executing the algorithm: isolevels examined
from one seed and marked nodes where levels 3,4,5 are broken (large
black circles). Small black circles denote the seed set I, little dots the
remaining nodes.

R is free of holesandall pointson the boundaryof R canbe seen
from p (without obstructionby a hole), the contourof level k is a
subsebf thecircle centeredat p with radiusk. In themoregeneral
casewith polygonalobstaclesthough,the contourof level k is a
collectionof (possiblydisconnectedgirculararcs.

Whatis interestingfor our purposess the obsenation that for
almostevery point x of ahole'outerboundarysomecontouris bro-
ken at that point. We saya contouris broken at a point p or p is
calledanendpointof thatcontour if the contourdoesnotintersect
anarbitrarily smallball aroundp in atopologicall-disk. Theonly
way thata boundarypoint x with dy(x) = k might not be the end-
point of a componenbf the contourof level k is in casethatthe
tangentof the contourof level k and of the boundaryagreeat x.
In Figure2, this is the casefor examplein the lower right andup-
perleft cornerof theregion R, wherethe'w ave-fronts'hit theouter
boundarytangentially Thesamehappensittheupperleft tip of the
rightmosttriangularholein the picture. The 'reverseobsenation'
—thatevery breakpointof a contouris alsoon a holeg/outerbound-
ary — is unfortunatelynot true, which wasincorrectly claimedin
[6]. Whenseveral holegobstaclesarearrangedn a particularor-
der, brokenisolevelsthatarenot nearary boundarymight appear
(e.g. 3 wave-frontsthat meeteachotherin a singlepointinducea
contourwhich consistsof a singlepoint). Neverthelesswhenre-
stricting for exampleto circular holesandonly isolevels nearthe
seedthat do not interactwith more thanone hole, actually every
breakpoinbf a contourcoincideswith a holgouterboundarypoint
andvice versa.

The key idea of our hole detectionroutine is to make use of
thesebrokenisolines'to determinenodeghatarecloseto theouter
boundaryor to a boundaryof somehole. In the following we de-
scribea ratherstraightforvard translationof theintuition from the
continuoussettingto the discretesetting. In the absencef geo-
graphiclocationinformation, the only distancemeasureavailable
is thehopdistancan theunit-diskgraph(the graphdistancewhere
theweightof every edgeis 1).

2.2 The Algorithm

Mimicking the continuouscasewe pick asetof noded in thenet-
work to sene asseedsand determinehop-distance#n a bounded
neighborhoodf hnax hopsaroundeachs 2 1. We then exam-
ine theisolevelsarounds andtry to detectwhethertheseisolevels
form closedcycledannulior are broken up. This canbe doneby
repeatedshortestpath computationswithin the subgraphinduced
by the nodesin the respectie isolevel L: We rst computegraph
distanced; (:) within L from somearbitrarynodev; 2 L. We then
setv, to beanodefurthestfrom v;. Letvg bethenodeonashortest
pathfrom v, to v, at distanceld(vy; v,)=2c. We remorve all nodes
within a 2-hopneighborhoodf V3. If in the subgraptinducedby
Lnfv0: d(v%V3) - 2gtherestill existsa pathfrom vy to v,, we take
thisasanindicationthattherespectreisolevel hasacircularshape
andreturnwithout markingarny nodesasbeingcloseto a bound-
ary. Otherwisewe computedistancesl,(:) from v,; let v; beanode
furthestfrom v,. After the samecheckfor connectity withoutthe
neighborhoodf a nodev] halfway betweenv, andvs, we take it
for grantedthattheisolevel is brokenwith v, andvs beingcloseto
theextremepointsof thatisolevel.

Thehigh-level descriptionof the algorithmcanbe foundin Fig-
ure4, andthemoredetaileddescriptionof theisolevel examination
canbefoundin Figure5. SeeFigure3 for a snapshobf thealgo-
rithm whenexaminingtheisolevels3 to 5 from oneseednode.

Restrictingthe seedsetto a maximalindependensetallows us
to boundtheoverallrunningtime of thealgorithm. Theisolevel ex-
aminationroutineonly considerssolevelsthatareconnectedsince
amuingaboutdistancesvithin smallconnectedomponentseems
ratherdiz cult. Neverthelesave will shawv laterin the theoretical
analysisthatour algorithmstill doesnt missary boundarysince
for ary point p ontheboundaryof ahole,thereis atleastoneseed
nodes 2 | suchthatsomeconnectedsolevel aroundsis cutnearp,
andsomenodenearp is actuallymarkedasbeingon theboundary

The outcomeof the algorithmis a setof marked nodes(hope-
fully) all closeto someboundaryandidentifying all holes. As the
marking happensndependentlyit might be the casethat a node
is marked several times or neighboringnodesare marked. For a
compactrepresentatioiit might be desirableto only keepa maxi-
mal independensetof the marked noded. Ontheotherhand,if a
closedboundaryrepresentatiors desired pnecanlocally compute
connectingpathsbetweenthe nodesof the maximalindependent
setof themarkednodes.

(" )
HoleDetection(G)

1. Computea maximalindependenset! in G
2. Foreachs2I:
(a) computeshortestdistancego s within G upto a
distanceof hyax hops

(b) for eachhyn - i -+ hpnax examinetheisolevel i
consistingof the setof nodesfv : d(s;v) = igbhy
calling
ExaminelSOLevel(G, s, i)

3. Returnall markednodes

- J

Figure 4. The high-level view of the hole detection algorithm.

1Thatis whatwe have donein ourimplementatiorio allow for bettervisual
inspectionof theresults.



ExaminelSOLevel(G, s, i) )
1. if L = fv: d(s,v) == iginducesa subgraptwith more
thanl connectedomponentreturn

2. Choosean arbitrary nodev; 2 L, computethe hop-
distanceunctiond, (:) to v; within L

(a) Setv, := agmaxd,(:) andlet V3 bethenodeona
shortespathfrom v, to v, atdistancdxd(v;; v,)=2c

(b) if thereexists a pathfrom v; to v, in the graph
inducedby L nfv 2 L : d(v;\9) - 2greturn

3. computethe hop-distancéunctiond,(:) to v, within L

(a) Setv; := agmaxd,(:) andlet 3 bethenodeona
shortespathfrom v, to vz atdistancdxd(v;; v3)=2c

(b) if thereexists a pathfrom v, to vz in the graph
inducedby L nfv 2 L : d(v;V3) - 2greturn

4. markv, andv; asnodesontheboundaryandreturn

Figure 5. The Isolevel examination subroutine.

2.3 Running Time

Theinputto thealgorithmis anundirectedyraphG(V: E) with jVj =
n, JEj = m. While thealgorithmcanberunessentiallyonary graph,
its runningtime aswell asthe senseof the outputdependson G
beinga unit-diskgraphin R?,

Theorem2.1. On unit-diskgraphsG(V: E) in R? with jVj = n,
JEj = m, the hole detectionalgorithm run with constanthay runs
in O(n+ m) time

Proof. Inthe rst stagethe algorithmneedsto computea max-
imal independenset|. This canbe donein a greedyfashionin
O(n + m) by repeatedlyselectinga nodeinto | andremaoving all
its neighboringnodes. The runningtime of the secondpart of the
algorithmis determinedy theexaminationf all nodesandedges
within distanceof hyax hopsaroundeachnodes 2 I. Let usdenote
by Ns the edgeswithin distancehnax hopsfrom s (we call anedge
to be within distanceof h hopsfrom s if oneof its endpointshas
hop distanceat mosth). Sincewe assumes to be connectedywe
canabsorbthe numberof nodeswithin hy,ox hopsfrom s usinga
constanfactorc in jNg. Thetotal runningtime of the secondpart

is then
X X

X

CNgj = c &

2| 2| e2E
Herethe secondsumcanalsobe interpretedasthe numberof el-
ementss 2 | which areat distanceat mosthy,,x from one of the
endpointsof edgee 2 E. But this numberis boundedby a con-
stant(for constanthy,,) ascanbe seenasfollows: Draw a ball
of radius1=2 aroundeachs 2 | which is at mosthpay + 1 hops
away from one of the endpointsof e — sayv. Clearly theseballs
areall disjoint (0.w. therewould beanedgebetweertherespectie
nodesandthey could not be in anindependenset) and are con-
tainedwithin alargerball B(v; hyax+ 3=2). Hencethereareat most
2Yhmax + 3=2)*=<(¥44) = O(h2,,) of them. Sothe overall running
time for thesec)gndstepsumsu)pzto

O(hf) = O(m)

X
(€2 Ny)) = c&(
@E I

(e2Ny))

CCNg=c¢
2| e2E

for constantinay, C. O

2.4 Distrib uted and localizedimplementation

For applicationin a wirelesssensometwork scenariojt is impor-
tant that the employed algorithmscan be implementedwithout a
centralizedcontrol. Fortunately the formulationof our algorithm
allows for straightforvard localizedimplementation.Many algo-
rithmslike[8] areknown for computinga maximalindependenset
in a distributedmanner The isolevel examinationghemselesare
inherentlylocal (restrictedto a constantsize neighborhoodf the
respectie seednodes).This is anotherdi®erencefrom the heuris-
tic approachpresentedn [6] where4 distancefunctionsover the
wholenetworkhadto be computed.Furthermorethe (particularly
outer)isolevelsextendover along distancewithin the network and
cannotbe examinedby local computations.

2.5 Extensionto R®

Our algorithmcanin fact be extendedto R® in a straightforward
manner Assumingthe sensomodesdenselysamplethe interior
volumeof somebody possiblywith holesor cavities, the goalis to
mark sensomodesthatarecloseto the boundaryof the body. But
again we can rst determineanindependenset| andthencom-
pute hop-distance$rom eachseeds 2 |. In the absenceof ary
holegcavities anisolevel lookslik e the surfaceof a spherejf there
areholes,though,'this surfaceof a sphere'exhibits holes. Thatis,
for eachisolevel in the R® setting,we are essentiallyfacedwith a
hole detectionproblemin R? for which we have alreadypresented
a solution. We have not implementechor analyzedahis algorithm
but hopeto do soin the nearfuture.

3 Analysis

In this sectionwe shav that our algorithmundersomeconditions
faithfully marksnodesearall holeboundariesMore preciselywe
shaw thatif we have circularholeswith a certainminimumradius
rhole and a minimum distancebetweenholes 1, thereexists a
lower boundon the nodedensityin the non-holeareasandrespec-
tive communicatiorrangedor the sensonodessuchthatfor every
point on a hole boundarysomenetwork nodenearbyis marked as
beingcloseto the boundary and every marked network nodehas
someboundarynearby
We needto malke the following assumptiongboutthe distribu-

tion of the sensors. A priori, the region of interestis the whole
two-dimensionaplaneR?. We subtractfrom R? a setof (disjoint)
holesO and assumehe following samplingcondition: We call a
setS of sensoran2-goodsensodistribution if

8p 2 (R?*Nn[ x200) : 952 S :jspj - 2;

wherej;j denoteghe Euclideandistance(all otherdistancefunc-
tionsin thefollowing referto the Graphdistancg. Thatis, for all
pointsof R? notbelongingto aholethereis a'nearby' sensor This
is areasonablassumptionf onealsowantsto ensurethatin 'reg-
ular' areaf R?, wheresensoriave survived, sensingcoverageis
guaranteed Note that this de nition of holesalsoallows to con-
sidera boundedregion of interest.For examplea squareregion Q
of interestcanbe realizedby de ning a'hole’' 0 := R Qin O.
For conveniencelet us denoteby R := R? n[ ,,00 the areawhere
sensordhave survived.

In thefollowing analysiswe restrictourselesto the caseof cir-
cular holes. We believe that an extensionof the proof to convex
fat objectsis ratherstraightforvard (we haven't fully worked that
outyet). For non-cowex objects,amorecomplicatecanalysisand
maybealsoa modi ed algorithmseemaecessarythough. In the
next few subsectionsve will proof severalLemmaseachof which



requirescertainconstraintson the choiceof the parameters e,
Nmin, Pmaxs 2, Thole- At the end, in Section3.3, we will collectall
theimplied constrainton theseparameterandshav thatthey can
be chosersuchthatall Lemmashold: if holeshave radiusat least
fole = 72, the minimum distancebetweentwo holesis at least

hole = 18, the region is sampledwith 2 - 1=64, and our algo-
rithm inspectsisolevels hyi, = 4 to hyna = 8, we canguarantee
correctnessf the output.

3.1 Levelsand containing Annuli

Letusnow de ne levelswith respecto aspeci c seedhodes 2 S.
Definition 3.1. DenotebyL (s) theleveli of seeds. We de ne:
2 L%9)=fp2R:jpg- 1g
2 L9 =fp2(Rn[ j.iLI(9):9°2S\ L(9 :js’pi - 1g

Intuitively, level L *(s) arethe pointsin R which arewithin the
communicatiorradiusof all nodescontainedn level L (s) but not
within the communicatiomradiusof nodesin levelsL <i(s).

Let usnow argueaboutthe shapeof theselevels. If noholesare
presentL °(s) is simply adisk of radius1, andwe expectthelevels
L'-* to besimilarto annuli. In the presencef holes,though,parts
of theseannuliwill be cuto®.

Lemma3.1. If rpge, (i+ 1):p’zwehave8i;0 N -

B(sjij 4i2+1)\ Rpu|[ j.iLj(s) MB(s(+1)\ R

Proof. The upperboundis ohbvious, the lower boundrequires
proof, though. The casei = 0 is trivial, let us now considerthe
casei > 0 andassumehatB(s;i j 4i2 + 1) p [ j.iL (), where
B(c; r) denoteghe ball with radiusr centerecatc. Now considera
pointp 2 Rwithij 4i2+1<jpg- (i+1)j 4+ 12+ 1land
the intersectionl := B(p;1)\ B(s;i i 4i2 + 1). If we canshav
thatthereexistsa ball of radius? containedn | andwith centerin
R we aredonesincedueto the samplingconditionwe know that
theremustbeasamplecontainedn thisball andhencep lieswithin
the communicatiorrangeof this samplepoint. Thedit culty lies
in the fact that not necessarilyall of | hasto be containedin R.
Neverthelessby requiringthe circularobstaclego beratherlarge,
we canprove thatthereexistsa sut cientlylargeareain I\ R.

Let M bethe point on ps betweenp ands with jpMj = 1| 22,
m betheline perpendiculato ps andpassinghroughM. We are
interestedn nding apointZ onmwhichis asfaraspossibleaway
from M suchthataball of radius? centerecatZ is still containedn
l. Som%simpletrigonometryshcws thatif Z hasdistanceat most
jZMj - T2 from M for 2 - 1=3, we have B(z 2) YI.

If hole, 2(i+ 1), clearlyonly oneholecaninterferewith L(s).
Assumew.l.0.g. thatthe respectie circular hole o hasits center
belowtheline ps. In theworstcasej.e. obstructingasmuchfrom
| aspossible,0 hasboth s and p on its boundaryand'eats avay"'
thewholeportionof | thﬁntlies below ps. But sincetheradiusof o
hasto beatleast(i + 1)=" 2 it cannotextendfurtherthan = 2 above
PS asanelementarytrigonometriccalculationshows.

Thereforethereis alwaysapointzin I\ R suchthatB(z 2) %2I.
And henceary pointp 2 Rwithij 4i2+1<jpg- (i+1)j 4(+
1) + 1is certainlycontainedwithin L *%(s). O

We denoteby A (s;ry;r2) = fp2R:ry - jpg - rpgtheannulus
with centers, innerradiusr, andouterradiusr,.

Corollar y 3.1. Thei-thlevelL i(s) is containedn theintersec-
tion of AL (S = A(sij 4G 1)%;i+ 1)withR.

Corollar y 3.2. Thei-th levelL i(s) containstheintersectionof
theannulusA: _(s) := A(s;i;ij 4i2 + 1) with R.

inner

3.2 Non-contractible graph cycles

When our algorithm examinesan isolevel i (which is the set of
nodescontainedn level L'(s)) it rst triesto decidewhetherthere
existsacycle containingsin its interior.

Definition 3.2. We call a cycle in the graph inducedby the
nodesin isolevel i non-contractiblef its correspondingpolygon
cannotbecontractedto a singlepointwithoutsweepingver s (the
seedpoint).

Lemma3.2. If Li(s) containsA ime(S;i;i i 2i2 + 1), our algo-
rithm nds a non-contactible cycle and returnswithout marking
anynodesasbeingcloseto a boundary

Proof. The containmenbf A} _(s) within L' guaranteeshat
thereis analternatve pathfrom v; to v, in thesubgraptinducedby
Lnfv 2 L :d(v;Vd) - 2gviathe partof the annulusopposite' of
V) (it cannotpassnearbyv) sincethe removal of the 2-hopneigh-
borhoodaroundv$ hascut L'(s) there). The original path from
v; to v, togethemwith the alternatve pathyieldsanon-contractible

cycle. O

This Lemmaguaranteeshat if no obstaclesare nearL (s), no
nodesin level i will be marked while examiningL(s). Let us
now shov thatwheneer our algorithmmarksa node thereis some
boundarypoint nearby:

Lemma3.3. If the isolevel examinationroutine upon process-
ing L(s) marksnodesvs, v; asbeingcloseto the boundary there
exist boundarypoints p; 2 +o0;, p, 2 +0, with jvipj - 2:8 and
furthermoe we havethat the graph distanced®(v,; v3) is at least
Wi 230 12).

Proof. Considerthe neighborhoodvithin distance2:8 of v,. If
thereis somehole boundarynearby we're done, so assumeoth-
erwise.Let t;; t, andt;q;t;, betheintersectiorpointsof B(v,; 2:8)
with theboundaryof A ;nner(s), q thepointon B(v,; 2:8) betweert;;
andt;; (andg, analogously)Let furthers; s betheclosesinodes
to q; q- respectrely, seeFigure 6 for an illustration. Clearly s
ands arecontainedwithin Al __(s). We have di(s) - di(V2) -
di(s=) + 3 (the rst inequality holds by de nition, if the second
wasnt true,it wouldbeeasyto exhibit ashortempathtov,). W.l.o.g.
assumehatthe shortesipathfrom v, to v, passedy 5. Thenthe
shortespathfrom v; to s alsohasto passhy s otherwiseour rou-
tine would have exhibited analternatve pathfrom v, to v; passing
by s andavoiding the neighborhoodbf v3. But this implies that
di(s) , di(s) + 4 contradictingthe above inequality which im-
pliesdi(s) - di(s) + 3. The sameargumentatioralso holdsfor
vz andthe distancefunction d,(:). The statementboutthe graph
distanceeasilyfollows from thefactthatin caseof circularholesat
mosthalf of the containingannulusof L (s) is cut o®. O

It remainsto show thatfor every boundarypoint p thereexists a
seeds 2 | suchthatour algorithminspectsanisolevel of s broken
‘close’ to p, for whichit doesnot nd anon-contractibleycle and
for which it marksa nodenearp.

Lemma3.4. Let p 2 10, 0 2 O bea pointon a hole boundary
Thenthere existss 2 | andi, hyin -+ i - hmax Sud that the exam-
ination of isolevel L '(s) readesstep4 and a nodewithin distance
at most4:8 from p is marked.

Proof. Considerthe tangentt to o at p and somepoint s° on
t at distance(hmax i 3) from p. Let s 2 | bethe closestseedto
& Clearlyjss’ - 1+ 2 dueto the samplingconditionandhpa, <
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Figure 6. Situation for extremal node v, under dy(3).

hole andbecausearny maximalindependensetin agraphis alsoa
dominatingset. Let s, bethe sensorclosesto p; clearlyjps,j - 2
dueto the samplingcondition. We have jssyj - hmaxi 1. Let
Li(s) bethelevel which containss,. As hmax < I'hole, thecontained
annulusA;  (s), thecontainingannulusA i,.(s) (andalsoL '(s))
are completelycut by o but remainconnectedbecausehyay <

hole: I-€. thereis no otherhole'nearby'). And sincetheremoval of
the 2-hopneighborhooaf v again cutsL (s) aroundv) theredoes
not exist analternatve pathfrom v; to v, (sameargumentatiorfor
vg), so the algorithm doesnot returnin stepsi, 2b, or 3b. We
still needto shav thatthe algorithmmarksa nodenearp. Sincei
is small comparedo the radiusof the obstacleo, L (s) is almost
orthogonallycut by 0. Sothe nodeswithin L (s) thatarewithin 2
distanceérom o aregroupednto two smallclustersof diameter 2
thatarefar away from eachotherin graphdistance.Accordingto
Lemma3.3 our algorithmmarksonein eachof the clusters. The
distanceof the marked nodeto p follows from the clusterdiameter
andthe previousLemma. O

3.3 Plugging everything together

With the above Lemmaswe have shavn that for ratherlarge and
well-separatedrelative to the communicatiorrangel of the sen-
sor nodes)circular holesand sut ciently dense(but not necessar
ily uniform) distribution of sensomodesour algorithmfaithfully
marksnodescloseto the boundarie®f all holesandno others.We
have several conditionson the parameters noie, Nmins Nmax 2, Mhole:
For the inner annuli not getting too thin andthe outerannuli not
gettingtoo thick, we want4h,,2 - 1=2, for LeeraS.lwe need
hmax ©  hoe=2i 1l aswell asryge , (hmax+ 1)= 2. Furthermore
for Lemma3.4we needhmaxi hmin , 3 andhmi, , 4to guarantee
thattheremoval of the neighborhooaf v)/v3 doesnotalsoremove
V1 Or V, / v, or vz respectiely. We haven't tried hardto determine
thebestparametewalues put thefollowing valuesallow usto state
themaintheorem:

Theorem3.1. For e = 18, hmin = 4, hpax = 8,2 = 1764,
rnole = 72 our hole detectionalgorithm marksfor eac boundary
point a sensomodewithin distance4:8, and every marked sensor
nodehasa boundarypoint within distance2:8.

We want to emphasizehat this analysisis very pessimisticand
aswe will seein the experimentalsection,the algorithm works
very well undermuchsmallersamplingdensityaswell asfor non-
circular, non-corwvex holes.

4 Experimental Results

We have implementecdbur algorithmusingthe LEDA softwareli-
brary and simulateddi®erentdeploymentsof sensomodesin the

realplane. As to be expected,in practicethe requirement®n the

nodedensityaswell asthe shapeanddistancebetweenholesare
by far not as strongasthe theoreticalanalysissuggests.Our ex-

perimentswere conductedwith algorithm parameters,, = 2,

hmax = 6, andinsteadof removing all nodeswithin a 2-hopneigh-
borhoodof V)= we only remored nodeswithin a 1-hop neigh-
borhood. We rst generatedsensornodesuniformly at random
andthenbuilt the unit-diskgraphbasedn varyingcommunication
ranges.SeeFigures?7, for examplesof thealgorithm's output.

Our obsenationwasthatfor nodedistributionswherethe aver-
agedegreein theresultingcommunicatiorgraphwasabove around
25, our algorithmseemdo performreasonablyvell. We notethat
for moreregular nodedistributionslike a grid or a perturbedgrid,
our algorithm also works very well for averagenode degreesof
about10. Comparedo the heuristicapproactpresentedn [6] the
algorithm doesslightly worse, mainly becausene have avoided
to addotherheuristicsthatimprove the practicalperformancebut
would male the algorithm somavhat di®erentfrom the one we
have provencorrectnes$or.

Non-uniform node-distributions

The whole reasoningwhy our algorithm actually works doesnot
rely on a uniform densityof the sensomodesin non-holeregions,
asfor examplethe algorithmpresentedn [5]. The uniform distri-

bution caseis simplerasone canroughly speakingdeterminethe
statusof a node— beingcloseor not closeto someboundary- by

examiningto how mary neighborsit cantalk to. For nodesnot
closeto someboundary this shouldbe always aroundthe same
number whereasnodescloseto a boundaryshouldhave lessim-

mediateneighborghey cantalk to. SeeFigure8 for anexampleof

anon-uniformsensouistribution andour algorithm's output.

Shortcomingsof the Algorithm

Therearesettingspf coursewherethealgorithmdoesnotperform
aswell asin all the examplesshavn before. It has,for example
problemsdistinguishingholesthatarecloseto eachother(remem-
berin the analysiswe requireda certainminimum distance e
betweerholes).SeeFigure9 for anexample.The problemhereis
that essentiallyfor all seedghat could detectthe boundarynodes
betweerthetwo holes therespectie isolevelsconsistof morethan
onecomponenandhencetheisolevel examinationis aborted.One
might alsolet thealgorithmexamineall the connectedcomponents
of anisolevel if therearemorethanone,but this would not allow
for aproof of correctnesi thecircularhole casearymore.

Also, our algorithmheaily reliesonthenon-holeregionsbeing
sut ciently denselysampledsuchthatthe isolevels arounda seed
nodeform closedcycles. When decreasinghe nodedensity (or
equialently decreasinghe communicationrange)the algorithm
breaksdown moreandmore. SeeFigure10 for a sequencef out-
putswith decreasing:ommunicatiorrarges.The roughly equva-
lent valuefor 2 is determinedas? Ya1=" avg:deg:; in thesecases
thatwould be0:18,0:21,and0:25.

5 Discussion

Thetight connectionbetweengeographidocationand connecti-
ity of wirelessnetworks givesrise to mary interestingproblems.
While the topologyof a wirelessnetwork doesnot explicitly hold
ary geometricinformation, the fact thatits connectwity is deter
mined by geographigroximity relationsallows for techniquego
extract (part) of the underlyinggeometry This paperandfew pa-
persbeforehave exploredthat direction but we believe that there



arestill mary challengingproblemsto be solved. Ultimately, of

coursepnewould lik e to recover the exactrelative positionsof the

network nodes;unfortunatelythis problemis NP-hardfor general
unit-diskgraphsaswasshavn by Kuhnetal. in [7], but aconstant
approximatiorhasnotbeenruledout yet.

Apartfrom the applicationin the describedscenariotheidenti-
cation of holeboundarieor holesassuchhasin factmary other
applications A topologicaldescriptionof a network like 'The net-
work hasonelarge hole' canbe muchmorecompacthanremem-
bering the connectvity betweenall nodes. Furthermoresucha
topologicaldescriptiortendsto bemorestableundersmallchanges
of nodesor network links (only mary changesnight closea large
hole or createanotherone). Thereare routing schematdike [2]
whicharebasedn suchtopological sketches'of thenetwork; sim-
ulation resultsshav that they enjoy an inherentstability against
small network changes.Therecentwork by Feketeet al. [4] also
describesmethodshow to use boundaryrecognitionto obtain a
compacttopology sketch of the network. Anotherapplicationof
the boundarydetectionroutine appearsn methodsthat— in spite
of its NP-hardness-try to nd a faithful embeddingpf the whole
unit-diskgraphin theplane like thework by Raoetal. [9]. In their
algorithmthe decisionsof the algorithmarebasedon the assump-
tion thathop-distancem thegraphin somesensepproximateEu-
clideandistancesn the plane. This doesnt have to betruein the
presencef holes though,sincethesemightcausehegeodesiand
the graphdistanceto di®er vastly from the Euclideandistance.If
holesare detectedthough,one could checkwhethera graphdis-
tance— measuredby a shorteshop pathin thegraph-is 'truthful’
by assuringthat the respectie shortestpath doesnot comeclose
to ary holeboundary(in which caseit might notre ect Euclidean
distances)Seeg[6] for moredetails.
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Communication Range: +—s

Figure 7. Examples for algorithm output; around 5000 randomly dis-
tributed nodes, communication ranges of 30, 33, 33 and respective av-
erage degrees of the communication graph of 25, 27, 28.



Figure 8. Algorithm output in a non-uniform sensor node deployment.

Figure 9. Problems of the algorithm when holes are too close to each
other.

Figure 10. Output of the algorithm for decreasing communication
ranges 35, 30, and 25 (respective avg. degrees of the communication
graph 31, 23, 16).



