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Abstract

Thestudyof �nite metricsis an importantareaof research,becauseof its wide
applicationsto many differentproblems.Theinput of many problems(for instance
clustering,near-neighborqueriesandnetwork routing) naturally involvesa setof
pointson which a distancefunction hasbeende�ned. Hence,onewould be moti-
vatedto storeandprocessmetricsin anef�cient manner. Thecentralideain metric
embeddingis to representametricspaceby a“simpler” onesothatthepropertiesof
theoriginalmetricspacearewell preserved.

More formally, givena targetclassCof metrics,anembeddingof a �nite metric
spaceM = (V; d) into the classC is a new metric spaceM 0 = (V 0; d0) suchthat
M 0 2 C. Most of thework on embeddingshasuseddistortionasthe fundamental
measureof quality; thedistortionof anembeddingis theworstmultiplicative factor
by which distancesareincreasedby theembedding.In the theoreticalcommunity,
thepopularityof thenotionof distortionhasbeendrivenby its applicability to ap-
proximationalgorithms:if theembedding' : (V; d) ! (V 0; d0) hasa distortionof
D, thenthecostsof solutionsto someoptimizationproblemson(V; d) andthoseon
(V 0; d0) canonly differ by somefunctionof D; this ideahasledto numerousapprox-
imationalgorithms.SeminalresultsincludetheO(log n) distortionembeddingsof
arbitrarymetricsinto Euclideanspaceswith O(log n) dimensions,andthefact that
any metricadmitsanO(log n) stretchspannerwith O(n) edges.

The theoreticalresultsmentionedabove are optimal. However, they are pes-
simistic in the sensethat suchguaranteeshold for any arbitrarymetric. It is con-
ceivable that betterresultscanbe obtainedif the input metricsare“simple”. The
mainthemeof this work is to investigatenotionsof complexity for anabstractmet-
ric spaceandtheoreticalguaranteesfor problemsin termsof thecomplexity of the
inputmetric.

Onepopularnotionfor measuringthecomplexity of a metricis thedoublingdi-
mension,which restrictsthelocal growth rateof a metric. We show that theresults
on spannersandembeddingscanbe improved if the given metricshave bounded
doublingdimension.For instance,we give a constructionfor constantstretchspan-
nerswith a linearnumberof edges.Moreover, suchmetricscanbeembeddedinto
Euclideanspacewith O(log logn) dimensionsando(log n) distortion.

We alsostudya new notionof dimensionthatcapturestheglobalgrowth rateof
a metric. Sucha notionstrictly generalizesdoublingdimensionin thesensethat it
placesweakerrestrictionsonagivenmetricthanthoseposedbydoublingdimension.
However, we canstill obtaingoodguaranteesfor problemsin which the objective
dependson the global natureof the metric, an exampleof which is the Traveling
SalespersonProblem(TSP).In particular, wegiveasub-exponentialtimealgorithm
to solveTSPwith approximationratioarbitrarilycloseto 1 for suchmetrics.
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Chapter 1

Intr oduction

Thestudyof �nite metrics1 is animportantareaof research,becauseof its wide applicationsto
many differentproblems.The input of many problems(for instanceclustering,near-neighbor
queryandnetwork routing)naturallyinvolvesa setof pointson which a distancefunctionhas
beende�ned. Hence,onewouldbemotivatedto storeandprocessmetricsin anef�cient manner.
Thecentralideain metricembeddingis to representa metricspacewith a “simpler” onesothat
thepropertiesof theoriginalmetricspacearewell preserved.

More formally, given a target class C of metrics, an embeddingof a �nite metric space
M = (V; d) into the classC is a new metric spaceM 0 = (V 0; d0) suchthat M 0 2 C. Most
of thework on embeddingshasuseddistortionasthe fundamentalmeasureof quality; thedis-
tortion of an embeddingis the worst multiplicative factorby which distancesareincreasedby
the embedding2. Given the metric M = (V; d) andthe classC, onenaturalgoal is to �nd an
embedding' ((V; d)) = (V 0; d0) 2 Csuchthatthedistortionof themap' is minimized.

Thisnotionof metricembeddingis generalin thesensethatit capturesseveralembeddingframe-
works. For example,whentheclassC is theclassof all Euclideanmetrics,or theclassof all ` 1

metrics,we have thefamiliar notionof embeddingsof metricspacesinto geometricspaces.On
theotherhand,if theclassC is theclassof metricsgeneratedby sparse(weighted)graphs,such
embeddingsgive rise to sparse spanners. Note that the conceptof distortion is often called
“stretch” in thespannersliterature.Moreover, wehave thenotionof embeddingsinto adistribu-
tion over treemetrics,whereCis theclassof convex combinationsof treemetrics.

In the theoreticalcommunity, the popularityof the notion of distortion/stretchhasbeendriven
by its applicability to approximationalgorithms:if theembedding' : (V; d) ! (V 0; d0) hasa
distortionof D, thenthe costsof solutionsto someoptimizationproblemson (V; d) andthose
on (V 0; d0) canonly differ by somefunctionof D; this ideahasled to numerousapproximation
algorithms[Ind01]. Seminalresultsinclude the O(log n) distortion embeddingsof arbitrary
metricsinto `p spaces[Bou85], thefactthatany metricadmitsanO(log n) stretchspannerwith
O(n) edges[ADD+ 93], andthat any metric canbe embeddedinto a distribution of treeswith

1A list of formalde�nitions of conceptsappearingfrequentlyin thiswork is foundin Section1.2.
2Formally, for anembedding' : (V; d) ! (V 0; d0), thedistortion is thesmallestD sothat9 K > 0 suchthat

d(x; y) · d0(' (x); ' (y))=K · D d(x; y) for all pairs(x; y) 2 V £ V .
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distortionO(log n) [FRT04], wheren is thesizeof V in all cases.All theabove threeresultsare
known to betight.

In parallel to the theoreticalwork on embeddings,therehasbeenmuchrecentinterestwithin
moreappliedcommunitiesin embeddings(andmoregenerally, but alsosomewhatvaguely, on
problemson �nding “simpler representations”of distancespaces).Oneexamplearisesin the
networkingcommunity[NZ02, DCKM04], whichis interestedin takingthepoint-to-pointlaten-
ciesbetweennodesin a network, treatingit asa metricspaceM = (V; d) satisfyingthetriangle
inequality,3 andthen�nding somesimplerrepresentationM 0 = (V 0; d0) of this resultingmetric
sothatdistancesbetweennodescanbequickly andaccuratelycomputedin this “simpler” metric
M 0. (E.g., they areinterestedin assigningeachnodea shortlabel so that thedistancebetween
two nodescanbeapproximatelyinferredmerelyby lookingat their labels.)

Thetheoreticalresultsmentionedabove,althoughbeingoptimal,arepessimisticin thesensethat
suchguaranteesholdfor any arbitrarymetric.Simplyusingthesizeof agivenmetricto quantify
the performanceof algorithmsis unsatisfactory, for it is conceivablethat betterresultscanbe
obtainedif theinputmetricsare“simple”. Themainthemeof thiswork is to investigatenotions
of complexity for an abstractmetric spaceandtheoreticalguaranteesfor problemsin termsof
thecomplexity of theinputmetric(andits size).

Onepopularnotionfor measuringthecomplexity of a metric is thedoublingdimension,which
restrictsthelocalgrowth rateof ametric.Thedoublingdimensionof ametricM = (V; d) is the
minimumvaluek suchthateveryball B in themetriccanbecoveredby 2k ballsof half theradius
of B . This canbe seenasa generalizationof Euclideandimensionto arbitrarymetric spaces;
indeed,it is notdif�cult to seethatRk equippedwith any of the`p normshasdoublingdimension
£( k). Apart from beingageneralizationof the`p notionof dimension,designingalgorithmsthat
only usethedoublingproperties(insteadof thegeometryof Rk) hasotheradvantages:thenotion
of doublingdimensionis fairly resistantto smallperturbationsin thedistances:for instance,if
onetakesa distancematrixof a setof pointsin ` k

p andslightly changessomeof theentries,then
thedoublingdimensiondoesnot changeby much,but themetricmaynot remainisometrically
embeddablein `p (into any numberof dimensions).

The notion of doublingdimensionwas introducedby Larman[Lar67] and Assouad[Ass83],
and �rst usedin nearest-neighborsearchingby Clarkson[Cla99]. The propertiesof doubling
metricshave sincebeenstudiedextensively, andvariousalgorithmshave beengeneralizedto
adaptgracefullyto thedoublingdimensionof theinputmetric;for examples,see[GKL03, KL03,
KL04, Tal04, HPM05, BKL06, CG06b, IN, KRX06, KRX07].

Continuingresearchin this direction,we show thattheresultson spannersandembeddingscan
be improved if the given metricshave boundeddoublingdimension. For instance,we give a
constructionfor constantstretchspannerswith a linearnumberof edges.Moreover, suchmetrics
canbeembeddedinto Euclideanspacewith O(log logn) dimensionsando(log n) distortion.

On theotherhand,althoughdoublingdimensionis de�ned for any metricandis indeedanex-
tensionof the`p notionof dimension,it is still a stringentnotion in thesensethat thedoubling

3While the triangleinequalitycanbeviolatedby network latencies,empiricalevidence[LGS07] suggeststhat
theseviolationsaresmalland/orinfrequentenoughto makemetricmethodsausefulapproach.
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propertyhasto be satis�ed everywhere,namelyevery ball canbe coveredby a small number
of ballsof half its radius. Observe that if themetriccontainsa uniform metricof size­(

p
n),

thenthedoublingdimensionof themetric is at least­(log n). Intuitively, onewould like to get
a notion of dimensionsuchthat if a metric behaves“nicely” in generalexceptfor small local-
ized regions,thenthemetrichassmalldimension.Hence,for problemsin which theobjective
dependsgloballyon themetric,onewouldexpectsuch“nice” metricsto beeasyinstancesof the
problem.

In this work, we study a new notion of dimension,which we call “correlation dimension”4,
that capturesthe global growth rate of a metric. Sucha notion strictly generalizesdoubling
dimensionin thesensethatany metricwith boundeddoublingdimensionalsohasboundedglobal
dimension. Intuitively, we shouldbe able to obtain good guaranteesfor problemsin which
the objective dependson the global natureof the metric. In particular, we consider(1 + ²)-
approximationalgorithmfor Traveling SalesmanProblem(TSP),in thecontext of metricswith
boundedglobaldimension.Indeed,we give a sub-exponentialtime algorithmto solve TSPwith
approximationratioarbitrarilycloseto 1 for suchmetrics.

1.1 Outline of the Thesis

We presentthis work in threechapters:(1) Sparsespannersfor doubling metrics; (2) Ultra-
low dimensionalembeddingsfor doublingmetrics;and(3) ApproximatingTSPon metricswith
boundedglobalgrowth. Thechapteronspannerscontainsresultswhichhaveappearedin thepa-
pers[CGMZ05, CG06a], while theresultsontheothertwo chapterswill appearin theproceeding
of theupcomingSODA in 2008. Thework on low dimensionalembeddingsis a collaboration
with AnupamGuptaandKunal Talwar, while that on global dimensionis donewith Anupam
Gupta.Eachchapteris self-containedandcanbereadseparatelyfrom theothers.Wesummarize
theresultsof eachchapterin thefollowing.

1.1.1 SparseSpannersfor Doubling Metrics

In Chapter2, we give goodconstructionsof spannersfor doublingmetrics. A t-spannerfor a
metric is a weightedsubgraphwhoseshortestpathdistancepreservestheoriginal metricwithin
a multiplicative factor of t. Given a metric with doubling dimensiondim, we show how to
construct(1 + ²)-spannerswith n(1 + 1=²)O(dim ) edges.Observe thata (1 + ²)-spannerfor an
arbitrarymetriccanhave at least­( n2) edges.Fromthis basicsparsespannerconstruction,we
canobtainasparsespannerthathaseither(1) boundeddegree((1+ 1=²)O(dim )) or (2) smallhop-
diameter. Observe thatit is notpossibleto achieveboth,asthatwould imply thetotalnumberof
pointsis toosmall.

A t-spannerhashop-diameterD if every pair u; v 2 V areconnectedby someshortpath in
G having lengthat mostt d(u; v), andthereareat mostD edgeson this path. In particular, we
show onecan�nd a(1+ ²)-spannerfor themetricwith anearlylinearnumberof edges(i.e.,only

4Thereis a previously de�ned notionof “correlationdimension”that inspiresour de�nition. Perhapsthename
“net correlationdimension”is moresuitablefor us. However, for brevity, we still usetheterm“correlationdimen-
sion” in laterdiscussion.

3



O(n log¤ n + n² ¡ O(dim ) edges)andconstanthopdiameter;we canalsoobtaina (1 + ²)-spanner
with alinearnumberof edges(i.e.,only n² ¡ O(dim ) edges)thatachievesahopdiameterthatgrows
like thefunctionalinverseof theAckermann's function.Moreover, we prove thatsuchtradeoffs
betweenthenumberof edgesandthehop-diameterareasymptoticallyoptimal.

1.1.2 Ultra-Lo w DimensionalEmbeddingsfor Doubling Metrics

In Chapter3, we considertheproblemof embeddinga metric into low-dimensionalEuclidean
space.Theclassicaltheoremsof Bourgain[Bou85], andof JohnsonandLindenstrauss[JL84] say
thatany metriconn pointsembedsinto anO(log n)-dimensionalEuclideanspacewith O(log n)
distortion. Moreover, a simple “volume” argumentshows that this bound is nearly tight: a
uniform metricon n pointsrequiresa nearlylogarithmicnumberof dimensionsto embedwith
logarithmicdistortion. It is naturalto askwhethersucha volumerestrictionis theonly hurdle
to low-dimensionalembeddings.In otherwords,do doublingmetrics,that do not have large
uniform submetrics,andthusno volumehurdlesto low dimensionalembeddings,embedin low
dimensionalEuclideanspaceswith smalldistortion?

We give a positive answerto this question.We show how to embedany doublingmetric into
O(log logn)-dimensionalEuclideanspacewith o(log n) distortion. This is the �rst embedding
for doublingmetricsinto fewer thanlogarithmicnumberof dimensions,evenallowing for loga-
rithmic distortion.

Thisresultis oneextremepointof ourgeneraltrade-off betweendistortionanddimension:given
ann-pointmetric(V; d) with doublingdimensiondimD , andany targetdimensionT in therange
­(dim D loglogn) · T · O(log n), we show that themetricembedsinto EuclideanspaceRT

with O(log n
p

dimD =T) distortion.

1.1.3 Approximating TSPon Metrics with BoundedGlobal Growth

In Chapter4, we approximatethe Traveling SalespersonProblem(TSP)for a classof metrics
broaderthandoublingmetrics. Observe that TSPis a canonicalNP-completeproblemwhich
is known to be MAX-SNP hardeven on Euclideanmetrics(of high dimensions)[Tre00]. In
orderto circumventthis hardness,researchershave beendevelopingapproximationschemesfor
“simpler” instancesof theproblem.For instance,Arora[Aro98] andTalwar[Tal04] showedhow
to approximateTSPon low-dimensionalmetrics(for differentnotionsof dimension).This has
beenpartof a largereffort to quantify“simplemetrics”(say, with respectto someproblemsuch
asTSP).In particular, canwe de�ne the“dimension”of metricspacesso that theperformance
of algorithmson a givenmetricspacecanbequanti�ed meaningfullyin termsof thedimension
of themetric?Many proposednotionsof dimensionhave beenshown to have goodalgorithmic
properties(see,e.g.,[PRR99, KR02, Cla99, GKL03, KL06]).

However, a featureof mostcurrentnotionsof metricdimensionis thatthey are“local”: thedef-
initions requireevery local neighborhoodto bewell-behaved,andsuchstrongpropertiesmight
not be satis�ed in real-life metrics. Whatif our metric looksa bit more realistic: it hasa few
“dense” regions,but is “well-behavedon the average”? How do we even begin to formalize
this idea? We give a global notion of dimension:the correlation dimension(dimC ). Loosely

4



speaking,a metrichasconstantcorrelationdimensionif thenumberof node-pairsin themetric
within distancer of eachotheronly increasesby a constantfactorif we go from r ! 2r (i.e., if
their range-of-sightdoubles).

We show that this global notion of dimensiongeneralizesthe popularnotion of doublingdi-
mension: the classof metricswith dimC = O(1) containsnot only all doublingmetrics,but
also somemetricscontainingcliquesof size

p
n (but no larger cliques). We �rst show that

we cansolve TSP(andotheroptimizationproblems)on thesemetricsin time 2O(
p

n) ; thenwe
take advantageof the global natureof TSP(andthe global natureof our de�nition) to give a
(1 + ²)-approximationalgorithmthat runs in sub-exponentialtime: i.e., in 2O(n±² ¡ 4 dim C )-time
for every constant0 < ± < 1. For this new algorithm,we have to developnew techniquesbe-
yondthoseusedfor earlierPTASsfor TSP:sincemetricswith boundeddimC maycontainhard
metricsof sizeO(

p
n), we show thatbeatingtheexp(

p
n) runningtime requires�nding O(1)-

approximationsto someportionsof thetour, and(1 + ")-approximationsfor otherportions,and
stitchingthemtogether;thesenew ingredientsarepotentiallyof independentinterest.

1.2 De�nitions and Notations

We endthis chapterby de�ning preciselytheterminologywe frequentlyuse,which might have
differentmeaningsin anothercontext. We consider�nite metric spaces,andwe use(V; d) to
denotea�nite metricspace;unlessotherwisestated,wedenotethesizeof themetricby n = jV j.
Wemakeprecisewhatwemeanby ametricspacein thefollowing de�nition.

De�nition 1.2.1(Metric space) A metricspace(V; d) consistsof a point setV anda distance
function d : V £ V ! [0; 1 ), also called a metric, such that the following propertiesare
satis�ed.

1. d(u; v) = 0 iff u = v.

2. Symmetry:for all u; v 2 V, d(u; v) = d(v; u).

3. Triangle inequality: for all u; v; w 2 V, d(u; w) · d(u; v) + d(v; w).

Thesymmetryandthe triangleinequalityarethe importantpropertiesof metricspacesthatwe
use. If the �rst conditionis replacedwith “d(u; v) = 0 if u = v”, thenthedistancefunctiond
is calleda semi-metric. However, observe thata semi-metricd alwaysinducesa metricon the
equivalenceclassesobtainedfrom theequivalencerelationu » v iff d(u; v) = 0.

Onewayto measurethecomplexity of ametricspaceis its dimension.Intuitively, ametricspace
consistingof pointsontherealline is simple,while ametricwhosepointslie in highdimensional
Euclideanspaceis complex. Sincenot all metricshave a valid Euclideandimension,a popular
notionof dimensionis usedfor generalmetricspaces:thedoublingdimension.

De�nition 1.2.2(Doubling dimension) A metricspace(V; d) hasdoublingdimensionat most
k if for all R > 0, anyball of radiusR is containedin theunionof at most2k balls of radius
R=2. A ball of radiusR consistsof all thepointsthatareat distanceat mostR fromsomecenter
point.

5



Observe thatany �nite numberof pointsin ` k
p inducea metricspacewith doublingdimensionat

mostO(k). A doublingmetricis a metricwhich hasboundeddoublingdimension.Theconcept
of anetis usefulfor doublingmetrics.

De�nition 1.2.3(Net) Let S bea setof pointsin a metricspace(V; d), andr > 0. A subsetN
of S is an r -netfor S if thefollowingconditionshold.

1. For all x 2 S, thereexistssomey 2 N such thatd(x; y) · r .
2. For all y; z 2 N such thaty 6= z, d(y; z) > r .

The following fact statesthat for a doublingmetric,onecannotpacktoo many pointsin some
�x edball suchthatthepointsarefaraway from oneanother.

Fact 1.2.4 SupposeS is a setof pointsin a metricspacewith doublingdimensionat mostk. If
S is containedin someball of radiusR andfor all y; z 2 S such that y 6= z, d(y; z) > r , then
jSj · (4R=r)k .

A spanneris a structurethat preserves the distancefunction of a metric space. The precise
de�nition is givenin thefollowing.

De�nition 1.2.5(Spannerfor a metric) A spannerH for a metric space(V; d) is a weighted
undirectedgraphonthevertex setV with theedgesetH such thattheweightof anedgef u; vg 2
H is d(u; v). For t ¸ 1, the spannerH is a t-spannerif for all u; v 2 V, the shortestpath
distancedH (u; v) betweenu andv in thegraphH satis�esdH (u; v) · td(u; v), in which case
wesaythestretchor distortionof thespannerH is at mostt.

Notethat in the literature,thetermspannerusuallymeansa subgraphof anunweightedgraph.
What we de�ne asa spanneris referredto asan emulator, whosede�nition differs slightly in
the sensethat it is only requiredthat dH (u; v) ¸ d(u; v). However, sincewe areinterestedin
minimizing the stretch,without loss of generality, one can assumethat every edgein H has
weightgivenby themetricd.

Usingspannersis only oneway a metricspacecanbetranformed.In general,anembeddingis
a mapping' : (V; d) ! (V 0; d0) from themetricspace(V; d) to themetricspace(V 0; d0). The
quality of anembeddingis measuredby how muchdistancesaredistorted,which is quanti�ed
by distortion.

De�nition 1.2.6(Distortion) Thedistortionof anembedding' : (V; d) ! (V 0; d0) is thesmall-
estD so that 9 K > 0 such that for all pairs (x; y) 2 V £ V, d(x; y) · d0(' (x); ' (y))=K ·
D d(x; y), if ' is an injection; if ' is notan injection,thedistortionis in�nity .

Note. Observe that therole of K in theabove de�nition is that if we scaleall distancesof an
embeddingby thesamemultiplicative factor, thenits distortiondoesnotchange.However, if we
only considerembeddingsthatdo not contractdistances,thenit is enoughto have for all pairs
(x; y) satisfyd(x; y) · d0(' (x); ' (y)) · D d(x; y).

We recalla usefultechniquethatgivesa probabilisticdecompositionof a metricsuchthateach
componenthassmalldiameterandtheprobability that two pointsareseparatedis proportional
to theirdistance.
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De�nition 1.2.7(PaddedDecompositions[GKL03, KLMN05 ]) Given a �nite metric space
(V; d), a positiveparameter¢ > 0 and ® > 1, a ¢ -bounded®-paddeddecompositionis a
distribution ¦ overpartitionsof V such that thefollowingconditionshold.

(a) For each partition P in thesupportof ¦ , thediameterof everyclusterin P is at most¢ .

(b) SupposeS µ V is a set with diameterd. If P is sampledfrom ¦ , then the set S is
partitionedbyP with probabilityat most®¢ d

4D .

For simplicity, say that a metric admits®-paddeddecompositionsif for every ¢ > 0 it ad-
mits a ¢ -bounded®-paddeddecomposition.It is known thatany �nite metricspaceadmitsan
O(log n)-paddeddecomposition[Bar96]. Moreover, metricsof doublingdimensiondimV ad-
mit O(dimV )-paddeddecompositions[GKL03]; furthermore,if a graphG excludesK r -minors
(e.g., if it hastreewidth · r ), then its shortest-pathmetric admitsO(r 2)-paddeddecomposi-
tions[KPR93, Rao99, FT03].
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Chapter 2

Sparsespannersfor doubling metrics

2.1 Intr oduction

In this chapter, we give constructionsfor obtainingsparserepresentationsof metrics: theseare
calledspanners, andthey have beenstudiedextensively bothfor generalandEuclideanmetrics.
Formally, a t-spannerfor a metricM = (V; d) is a weightedundirectedgraphG = (V; E) such
thatthedistancesaccordingto dG (theshortest-pathmetricof G) arecloseto thedistancesin d:
i.e.,d(u; v) · dG(u; v) · t d(u; v).1 In thiscase,wealsosaythatthespannerhasstretch atmost
t. Clearly, onecantake a completegraphandobtaint = 1, andhencethequality of thespanner
is typically measuredby how few edgesG cancontainwhile maintaininga stretchof at mostt.
Thenotionof spannershasbeenwidely studiedfor generalmetrics(see,e.g.[PS89, ADD+ 93,
CDNS95]), andfor geometricdistances(see,e.g.,[CK95, Sal91, Vai91, ADM + 95]). Here,we
areparticularlyinterestedin thecasewhentheinputmetrichasboundeddoublingdimensionand
thespannerwe wantto constructhassmallstretch,i.e. t = 1 + ², for small² > 0. We show that
for �x ed² andmetricswith boundeddoublingdimension,it is possibleto constructlinearsized
(1 + ²)-spanners.Observe that any 1:5-spannerfor a uniform metric on n pointsmustbe the
completegraph.Hence,withoutany restrictionontheinputmetric,it is notpossibleto construct
a (1 + ²)-spannerwith a linearnumberof edges.

We alsoshow how to constructsparsespannerswith smallhopdiameter. A t-spannerhashop-
diameterD if every pair u; v 2 V areconnectedby someshortpathin G having lengthat most
t d(u; v), andthereareatmostD edgeson thispath.

Main Results. We �rst giveabasicconstructionof sparsespannersfor doublingmetrics.

Theorem2.1.1(BasicSpannerConstruction) Givena metric (V; d) with doublingdimension
dim, thereexistsa (1 + ²)-spannerwith (2 + 1

² )O(dim )n edges.

We canmodify theedgesin this basicsparsespannerconstructionto obtaina spannerthathas
boundeddegree.

1Notethatthe�rst inequalityimpliesthatanedge(u; v) in G hasweightat leastd(u; v).
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Theorem2.1.2(ConstantDegreeSpanners) Given a metric (V; d) with doubling dimension
dim, thereexistsa (1 + ²)-spannersuch that thedegreeof everyvertex is at most(2 + 1

² )O(dim) .

On theotherhand,wecanaddextraedgesto thespannerfrom Theorem2.1.1to obtainonewith
small hop-diameter. Observe that theconstantdegreespannerobtainedin Theorem2.1.2must
haveahopdiameterof ­(log ¢) . Weproveupperboundsonhop-diameteraswell asessentially
matchinglowerbounds.

Theorem2.1.3(Upper Bound on Hop-diameter) Givena metric M = (V; d) with doubling
dimensiondim andn = jV j, there existsa (1 + ²)-spannerwith with m + (2 + 1

² )O(dim) n edges
andhopdiameterO(®(m; n)), where ® is theinverseof Ackermann's function.Such a spanner
canbeconstructedin 2O(dim) n logn time.

Note that the resultabove allows us to tradeoff the numberof edgesin the spannerwith the
hop-diameter:if we desireonly a linearnumberof edges,thenthehop-diametergoesas®(n),
andaswe increasethe numberof edges,the hop-diameterdecreases.After proving this result
(whichturnsout to befairly straight-forwardgivenknown techniques),wethenturn to thelower
boundandshow thatthetrade-off in Theorem2.1.3is essentiallytight.

Theorem2.1.4(Lower Bound on Hop-diameter) For any² > 0, there are in�nitely manyin-
tegers n such that there existsa metric M inducedby n pointson the real line, for which any
(1 + ²)-spannerfor M with at mostm edgeshashopdiameterat least­( ®(m; n)).

Our Techniques and Related Work. Independent of our work, Har-Peled and
Mendel[HPM05] alsouseasimilarconstructionto obtain(1+ ²)-spannerswith n(1+ 1=²)O(dim )

edges.However, thespannersobtainedhave a hop-diameterof ­(log ¢) , where¢ is theaspect
ratioof themetric.

Theupperboundin Theorem2.1.3generalizesa resultof Arya et al. [ADM + 95] for Euclidean
spaces.Indeed,theproof of our resultis not dif�cult givenpreviously known techniques.The
basicideais to �rst constructanet-treerepresentingasequenceof nestednetsof themetricspace:
this is fairly standard,andhasbeenusedearlier, e.g., in [CGMZ05, KL04, Tal04]. A nearly-
linear-time constructionof net-treesis given by Har-Peledand Mendel [HPM05]. A second
phasethenaddssomemoreedgesin orderto “short-cut” pathsin this net treewhich have too
many hops.Thetechniqueswe usearebasedon thoseoriginally usedby Yao[Yao82] for range
querieson the line, andon theextensionsto treesdueto Chazelle[Cha87]. As pointedout by
Arya etal. [ADM + 95], asimilar constructionwasgivenby Alon andSchieber[AS87].

To the bestof our knowledge,thereareno previously known lower boundswhich show met-
rics with low doubling(or Euclidean)dimensionthat requiremany edgesin order to get low
hop-diameter(1 + ²)-spanners.We �rst considerlower boundsfor binary“hierarchicallywell-
separated”trees(HSTs),wherethe lengthof anedgefrom eachnodeto its child nodeis much
smallerthanthat to its parentnode: this well-separationensuresthat low-stretchpathsmustbe
“well-behaved”: i.e., thelow-stretchpathbetweenverticesin any subtreecannotescapethesub-
tree,thusallowing usto reasonaboutthem.Our lowerboundresultfor line metricsthenfollows
from thefact thatbinaryHSTswith largeseparationembedinto thereal line with smalldistor-
tion. Wenotethatthelowerboundsfor therange-queryproblemgivenby Yao[Yao82], andAlon
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andScheiber[AS87], while inspiringour work, directly apply to our problemonly for thecase
² = 0; i.e., for thecasewherewe arenot allowedto introduceany furtherstretchin thesecond,
“short-cutting”phase.ThusTheorem2.1.4canbeseenasgeneralizingYao's lowerboundproof
to all ² > 0.

Other RelatedWork. Abrahametal. [IA04] studycompactroutingonEuclideanmetrics,and
theirconstructionalsoessentiallygivesa(1+ ²)-spannerwith O² (n) edgesthathashopdiameter
O(log ¢) with highprobability.

Low-stretchspannerswith small hop-diameterarepotentiallyuseful in network routing proto-
cols. For example,many wirelessad-hocnetworks �nd pathsthatminimizehopcount[PC97,
PBR99, PB94]. Our resultsmaybeusefulin suchsituationsto build sparsenetworksadmitting
pathshaving few hopsandlow stretchsimultaneously.

2.1.1 Notation and Preliminaries

We recall thede�nitions of somefrequentlyencounteredconcepts.We considera �nite metric
M = (V; d) wherejV j = n. A metrichasdoublingdimension[GKL03] at mostk if for every
R > 0, everyball of radiusR canbecoveredby 2k ballsof radiusR=2.

De�nition 2.1.5((1 + ²)-spanner) Let (V; d) bea �nite metricspace. SupposeG = (V; E) is
an undirectedgraph such that each edge f u; vg 2 E hasweightd(u; v), and dG(u; v) is the
lengthof theshortestpathbetweenverticesu andv in G. ThegraphG, or equivalently, theset
E of edges,is a (1 + ²)-spannerfor (V; d) if for all pairsu andv, dG(u; v)=d(u; v) · 1 + ².

A (1+ ²)-pathin themetricM = (V; d) betweenu andv is onewith lengthatmost(1+ ²)d(u; v).
Thusa (1 + ²)-spanneris a subgraphG = (V; E) that containsa (1 + ²) pathfor eachpair of
nodesin V.

De�nition 2.1.6(Hop Diameter) A (1 + ²)-spanneris said to havehopdiameterat mostD if
for everypair of nodes,there existsa (1 + ²)-path in thespannerbetweenthemhavingat most
D edgesor hops.

2.2 Basic Construction of Sparse(1 + ²)-Spannersfor Dou-
bling Metrics

In this section,we show theexistenceof sparsespannersby giving anexplicit construction.In
particular, wehave thefollowing result.

Theorem2.2.1 Givena metric(V; d) with doublingdimensionk, thereexistsa (1 + ²)-spanner
bE thathas(2 + 1

² )O(k)n edges.

Thebasicideais to �rst constructa net-treerepresentingasequenceof nestednetsof themetric
space:this is fairly standard,andhasbeenusedearlier, e.g., in [Tal04, KL04, CGMZ05]. A
nearly-linear-timeconstructionof net-treesis givenby Har-PeledandMendel[HPM05].

Net treesareformally de�ned in thefollowing.
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De�nition 2.2.2(Hierar chical Tree) A hierarchicaltreefor a setV is a pair (T; ' ), whereT is
a rootedtree, and' is a labelingfunction' : T ! V that labelseach nodeof T with anelement
in V, such that thefollowingconditionshold.

1. Everyleaf is at thesamedepthfromtheroot.
2. Thefunction' restrictedto theleavesof T is a bijectioninto V.
3. If u is an internalnodeof T , thenthereexistsa child v of u such that ' (v) = ' (u). This
impliesthat thenodesmappedby ' to anyx 2 V forma connectedsubtreeof T.

De�nition 2.2.3(Net-Tree) A nettreefor a metric(V; d) is a hierarchical tree(T; ' ) for theset
V such that thefollowingconditionshold.

1. LetN i bethesetof nodesof T thathaveheighti . (Theleaveshaveheight0.) Suppose±
is theminimumpairwisedistancein (V; d). Let 0 < r 0 < ±=2, andr i +1 = 2r i , for i ¸ 0.
(Hence, r i = 2i r0.) Then,for i ¸ 0, ' (N i +1 ) is an r i +1 -netfor ' (N i ).

2. Letnodeu 2 N i , andits parentnodebepu. Then,d(' (u); ' (pu)) · r i +1 .

In orderto constructthespanner, we includeanedgeif theendpointsarefrom thesamenet in
somescaleand“reasonablyclose” to eachotherwith respectto thatscale.Usingthis idea,one
canobtainthefollowing theorem.

Theorem2.2.4 Givena �nite metricM = (V; d) with doublingdimensionboundedbydim. Let
² > 0 and(T; ' ) beanynettreefor M . For each i ¸ 0, let

E i := ff u; vg j u; v 2 ' (N i ); d(u; v) · (4 + 32
² ) ¢r i g n E i ¡ 1;

where E¡ 1 is theemptyset. (Here theparameters N i ; r i are as in De�nition 2.2.3.) Then bE :=
[ i E i formsa (1 + ²)-spannerfor (V; d), with thenumberof edgesbeingj bEj · (2 + 1

² )O(dim) jV j.

WeproveTheorem2.2.4throughLemmas2.2.5and2.2.8.

Lemma 2.2.5 Thegraph(V; bE) is a (1 + ²)-spannerfor (V; d).

Proof: Let bd bethedistancefunction inducedby (V; bE). Let ° := 4 + 32
² . We �rst show that

eachpoint in V is closeto somepoint in ' (N i ) underthemetric bd.

Claim 2.2.6 For all x 2 V, for all i , thereexistsy 2 ' (N i ) such that bd(x; y) · 2r i .

Proof: We shallprove this by inductionon i . For i = 0, ' (N0) = V. Hence,theresultholds
trivially.

Supposei ¸ 1. By theinductionhypothesis,thereexistsy0 2 ' (N i ¡ 1) suchthat bd(x; y0) · 2r i ¡ 1.
Since' (N i ) is anr i -netof ' (N i ¡ 1), thereexistsy 2 ' (N i ) µ ' (N i ¡ 1) suchthatd(y0; y) · r i =
2r i ¡ 1 · ° ¢r i ¡ 1. Hence,,(y0; y) 2 E i µ bE and bd(y0; y) = d(y0; y), which is atmostr i .

Finally, by thetriangleinequality, bd(x; y) · bd(x; y0) + bd(y0; y) · 2r i ¡ 1 + r i = 2r i .

We next show that for any pair of verticesx; y 2 V, bd(x; y) · (1 + ²)d(x; y). Supposer i ·
d(x; y) < r i +1 .
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Supposeq is theintegersuchthat 8
2q · ² < 16

2q , i.e. q := dlog2
8
² e.

We�rst considerthesimplecasewheni · q¡ 1. Then,d(x; y) < 2i +1 r0 · 2qr0 · 16
² ¢r0 · ° ¢r0.

Sincex; y 2 ' (N0), it follows that(x; y) 2 bE and bd(x; y) = d(x; y).

Next weconsiderthecasewheni ¸ q. Let j := i ¡ q ¸ 0.

By Claim2.2.6, thereexist verticesx0; y0 2 ' (N j ) suchthat bd(x; x0) · 2r j and bd(y; y0) · 2r j .

Wenext show that(x0; y0) 2 bE. It suf�ces to show thatd(x0; y0) · ° ¢r j .

d(x0; y0) · d(x0; x) + d(x; y) + d(y; y0) (Triangleinequality)
· 2r j + r i +1 + 2r j (Choiceof x0; y0andi )
= r j (4 + 2 ¢2q) (i = j + q)
· r j (4 + 32

² ) (2q < 16
² )

= ° ¢r j

Hence,wehave bd(x0; y0) = d(x0; y0). Notethatby thetriangleinequality,

d(x0; y0) · d(x0; x) + d(x; y) + d(y; y0) · 4 ¢r j + d(x; y): (2.1)

Finally, weobtainthedesiredupperboundfor bd(x; y).

bd(x; y) · bd(x; x0) + bd(x0; y0) + bd(y0; y) (Triangleinequality)
· 8 ¢r j + d(x; y) (Choiceof x0; y0and(2.1))
= 8

2q ¢r i + d(x; y) (j = i ¡ q)
· (1 + 8

2q )d(x; y) (r i · d(x; y))
· (1 + ²)d(x; y) ( 8

2q · ²)

Observe thatwe have not usedthede�nition of doublingdimensionsofar. We next proceedto
show that the spanner(V; bE) is sparse,by usingthe fact that the metric is doubling. We �rst
show thatfor eachvertex u, for eachi , thenumberof edgesin E i incidentonu is small.

Claim 2.2.7 De�ne ¡ i (u) := f v 2 V : f u; vg 2 E i g. Then,j¡ i (u)j · (4° )k .

Proof: Observe that¡ i (u) is containedin aball of radiusatmost° ¢r i centeredatu. Moreover,
sinceS µ ' (N i ), any two pointsin S mustbe morethanr i apart. Hence,from Fact 1.2.4, it
follows thatj¡ i (u)j · (4° )k .

Lemma 2.2.8 Thenumberof edgesin bE is at most(2 + 1
² )O(k)n.

Proof: It suf�ces to show that the edgesof bE canbe directedsuchthat eachvertex hasout-
degreeboundedby (2 + 1

² )O(k) .

For eachv 2 V, de�ne i ¤(v) := maxf i j v 2 ' (N i )g. For eachedge(u; v) 2 bE, we direct the
edgefrom u to v if i ¤(u) < i ¤(v). If i ¤(u) = i ¤(v), theedgecanbedirectedarbitrarily. By arc
(u; v), wemeananedgethatis directedfrom vertex u to vertex v.
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Wenow boundtheout-degreeof vertex u. Supposethereexistsanarc(u; v) 2 E i .

By de�nition of E i , d(u; v) · ° ¢r i . Setp = dlog2 ° e. Hence,it is not possiblefor bothu and
v to becontainedin ' (N i + p). Sincei ¤(u) · i ¤(v), it follows that i ¤(u) · i + p. On theother
hand,u 2 ' (N i ) andsoi ¤(u) ¸ i . So,i ¤(u) ¡ p · i · i ¤(u).

Thereareat mostp + 1 = O(log ° ) valuesof i suchthatE i containsanedgedirectedout of u.
By Claim2.2.7, for eachi , thenumberof edgesin E i incidentonu is atmost(4° )k .

Hence,thetotalnumberof edgesin bE directedoutof u is (4° )k ¢O(log ° ) = (2 + 1
² )O(k) .

Observe that in theproof of Lemma2.2.5, we have actuallyshown that for any pointsx andy,
thereis ashortpathof aparticularform. Thispropertywill beusefulwhenweconstructspanners
with smallhop-diameter.

Theorem2.2.9 Considertheconstructionin Theorem2.2.4. For anyx; y in V, thespannerbE
containsa (1+ ²)-pathof thefollowingform. If x0 andy0 aretheleafnodesin T with ' (x0) = x
and' (y0) = y, andx i andyi are theancestors of x0 andy0 at heighti ¸ 1, thenthere existsi
such that thepath

x = ' (x0); ' (x1); : : : ; ' (x i ); ' (yi ); : : : ; ' (y1); ' (y0) = y

is a (1 + ²)-path(after removing repeatedvertices).

2.3 Construction of ((1 + ²)-Spannerswith BoundedDegree

We have shown that the edgesin bE can be directedsuchthat the out-degreeof every vertex
is bounded.We next describehow to modify bE to get anothersetof edges~E that hassizeat
mostthat of bE, but the resultingundirectedgraph(V; ~E) hasboundeddegree(Lemma2.3.1).
Moreover, weshow in Lemma2.3.2thatthemodi�cation preservesdistancesbetweenvertices.

We form thenew graph(V; ~E) by modifying thedirectedgraph(V; bE) in thefollowing way.

Modi�cation Procedure. Let l be thesmallestpositive integersuchthat 1
2l ¡ 1 · ².

Then,l = O(log 1
² ).

For eachi andpoint u, de�ne M i (u) to bethesetof verticesw suchthatw 2 ¡ i (u)
and(w; u) is directedinto u in bE.

Let I u := f i j 9v 2 M i (u)g. Supposethe elementsof I u are listed in increasing
orderi 1 < i 2 < ¢¢¢. To avoid doublesubscripts,wewrite M u

j := M i j (u).

Wenext modify arcsgoinginto eachvertex u in thefollowing manner. For 1 · j ·
l , we keepthearcsdirectedfrom M u

j to u. For j > l, we pick anarbitraryvertex
w 2 M u

j ¡ l andfor eachpoint v 2 M u
j , replacethearc(v; u) by thearc(v; w).

Observe thatsinceM u
j is de�ned with respectto thedirectedgraph(V; Ê ), theor-

deringof theu's for which themodi�cation is carriedout is not important.

Let (V; ~E) betheresultingundirectedgraph.Sinceeveryedgein bE is eitherkeptor replacedby
anotheredge(whichmightbealreadyin bE), j ~Ej · j bE j.
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Lemma 2.3.1 Everyvertex in (V; ~E) hasdegreeboundedby (2 + 1
² )O(k) .

Proof: Let ®beanupperboundfor theout-degreeof thegraph(V; bE). FromLemma2.2.8, we
have® = (2+ 1

² )O(k) . Let ¯ beanupperboundfor jM i (u)j. Wehave¯ · j¡ i (u)j = (2+ 1
² )O(k) .

We next boundthemaximumdegreeof a vertex in (V; ~E). Considera vertex u 2 V. Theedges
incidentonu canbegroupedasfollows.

1. Thereareatmost® edgesdirectedoutof u in bE.

2. Outof theedgesin bE directedinto u, atmost¯ l remainin ~E.

3. New edgescanbeattachedto u in (V; ~E). For eacharc(u; v) directedoutof u in bE, there
canbeatmost¯ new edgesattachingto u in ~E. Thereasonis (u; v) canbein exactlyone
E i andsothereexistsuniquej suchthatu 2 M v

j . Hence,therecouldbepotentiallyonly
atmostjM v

j + l j new arcsdirectedinto u becauseof thearc(u; v) in bE.

Hence,thenumberof edgesincidentonu in (V; ~E) is boundedby ®+ ¯ l + ®¯ = (2 + 1
² )O(k) .

Wenext show thatthemodi�cation from (V; bE) to (V; ~E) doesnot increasethedistancebetween
any pairof verticestoomuch.

Lemma 2.3.2 Suppose~d is themetricinducedby (V; ~E). Then,~d · (1 + 4²) bd.

Proof: It suf�ces to show thatfor eachedge(v; u) 2 bE removed, ~d(v; u) · (1 + 4²)d(v; u).

Suppose(v; u) in bE is directedinto u . Then,by construction,v 2 M u
j for somej > l.

Let v0 = v. Then,from our construction,for 0 · s · sj :=
¥j ¡ 1

l

¦
, thereexistsvs 2 M u

j ¡ sl such
thatfor 0 · s < sj , (vs; vs+1 ) 2 ~E, and(vsj ; u) 2 ~E. Then,thereis a pathin (V; ~E) goingfrom
v to u traversingverticesin thefollowing order:v = v0; v1; : : : ; vsj ; u. By thetriangleinequality,
thequantity ~d(v; u) is atmostthelengthof thispath,whichweshow is comparableto d(v; u).

Claim 2.3.3 For 0 · s < sj , d(u; vs+1 ) · ²d(u; vs).

Proof: Notethatvs+1 2 M i (u) andvs 2 M j (u) for somei andj . Fromstep3 of our construc-
tion, j ¡ i ¸ l .

Sinced(vs; u) ¸ ° ¢r j ¡ 1 andd(vs+1 ; u) · ° ¢r i , it follows that d(vs+1 ; u) · 2
2l d(vs; u) ·

²d(vs; u).

Claim 2.3.4 For 0 · s · sj , d(vs; u) · ²sd(v0; u).

Proof: Theclaimcanbeprovedby inductionons andusingClaim2.3.3.

FromthetriangleinequalityandClaims2.3.3and2.3.4, wehave

d(vs; vs+1 ) · d(vs; u) + d(u; vs+1 ) · (1 + ²)d(vs; u) · (1 + ²)²sd(v0; u) (2.2)
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Finally, wehave

~d(v; u) ·
P sj ¡ 1

s=0 d(vs; vs+1 ) + d(vsj ; u) (Triangleinequality)
·

P sj ¡ 1
s=0 (1 + ²)²sd(v0; u) + ²sj d(v0; u) ((2.2) andClaim2.3.4)

· 1+ ²
1¡ ² d(v0; u)

· (1 + 4²)d(v; u)

Thelastinequalityfollows from thefactthatfor 0 < ² < 1
2, 1+ ²

1¡ ² · 1 + 4².

Finally, weshow that(V; ~E) is thedesiredspanner.

Theorem2.3.5 Givena metric(V; d) with doublingdimensionk, thereexistsa (1 + ²)-spanner
such that thedegreeof everyvertex is at most(2 + 1

² )O(k) .

Proof: We show that ~E givesthedesiredspanner. Lemma2.3.1givestheboundon its degree.
From Lemmas2.2.5and2.3.2, we have ~d · (1 + 4²) bd · (1 + 4²)(1 + ²)d · (1 + 7²)d, for
0 < ² · 1

2. Substituting² := ²0

7 givestherequiredresult.

2.4 SparseSpannerswith Small Hop-diameter

Observethatourspannerin Theorem2.2.4has(2+ 1
² )O(dim) ¢n edges,andhenceis optimal(with

respectto n) in termsof thesparsityachievedwhile preservingshortestpathdistance.It is easy
to checkthatthenumberof hopsin a(1 + ²)-pathobtainedin Theorem2.2.9is £(log ¢) , where
¢ is theaspectratio of themetric(V; d) (i.e.,theratioof themaximumto theminimumpairwise
distances).Indeed,thenet tree(T; ' ) hasa heightof £(log ¢) , andin general,a (1 + ²)-path
canhave ­(log ¢) hops.

Beforewe begin in earnestto investigatehow many extra edgesarerequiredin orderto achieve
smallhop-diameter, let usmakeasimpleobservation.For eachnodeu in thetreeT, let L u bethe
setof leavesunderu. For eachnodeu, supposeweaddanedgebetween' (u) andeverypoint in
' (L u). SincethetreehasO(log ¢) levels,thenumberof extraedgesaddedis O(n log¢) , while
thehop-diameterof theaugmentedspanneris atmost3. In thenext section,wewill build onthis
ideato show how onecanreducethenumberof additionaledgesto O(n logn) (independentof
theaspectratio¢ ) andachieve thesamehop-diameter.

2.4.1 A Warm-up: Obtaining O(log n) Hop-diameter

Notice that Theorem2.2.4holds for any net tree(T; ' ). Hence,by choosinga net treemore
carefully, we couldpossiblyimprove thetrade-off betweenthehop-diameterof thespannerand
its size. Indeed,we show in thenext theoremthatwe canimprove theparameterlog¢ to logn
in bothcases.(Notethatif ametrichasconstantdoublingdimension,log¢ = ­(log n).)

Theorem2.4.1 Suppose(V; d) is a �nite metric,where jV j = n. Then,there existsa net tree
(T; ' ) fromwhich thespannerbE constructedin themannerdescribedin Theorem2.2.4hasthe
followingproperties.
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1. Thehop-diameterof thespannerbE is O(log n).
2. It is possibleto addn(blog2 nc¡ 1) extra edgessuch that for all leavesu 2 N0 in T and
anyancestorv of u, there is anedgebetween' (u) and' (v). (Hence, thehop-diameterof
thespannercanbereducedto 3.)

Proof: We describea way to constructa net tree(T; ' ). Let N0 bethesetof leavesfor which
thereis aone-onecorrespondence' ontoV.

Supposewe have obtainedthe set N i of nodesof height i . We would be doneif jN i j = 1.
Otherwise,we would obtainan r i +1 -net for ' (N i ) in the following way. We show a way to
greedilyconstructa net for a set. Startwith a list L initially containingall the nodesin N i ,
orderedsuchthatanodecontainingmoreleavesin its subtreewouldappearearlier.

As long asthe list L is not empty, we repeatthe following process.Remove the �rst nodeu in
theremaininglist, form a new nodev 2 N i +1 suchthat ' (v) := ' (u) andsettheparentof u to
bev. For eachnodew in theremaininglist L suchthatd(' (w); ' (v)) · r i +1 , remove w from
list L andsettheparentof w to bev.

Claim 2.4.2 For each x 2 N0, let Ax be the set of its ancestors in T. Then,
j' (Az)j · blog2 nc + 1. In particular, j' (Az) n f ' (z)gj · blog2 nc.

Proof: Let ai be the ancestorof z in N i . Supposethereexists i suchthat ' (ai ) 6= ' (ai +1 ).
It follows that the nodeai must have a sibling c, for which ' (c) = ' (ai +1 ), whosesubtree
containsat leastasmany leavesasthesubtreeat ai does.Hence,thesubtreeat ai +1 containsat
leasttwice asmany leavesasai does.Thustherecanbeat mostblog2 nc valuesof i for which
' (ai ) 6= ' (ai +1 ).

For the�rst partof thetheorem,it follows thatthe(1 + ²)-pathguaranteedin Theorem2.2.4has
atmost2blog2 nc + 1 hops.

For thesecondpartof the theorem,for every z 2 N0, we addanedgebetween' (z) andevery
pointin ' (Az) n f ' (z)g. Notethatj' (Az)nf ' (z)gj · blog2 nc. Supposey is thelowestancestor
of z suchthat ' (z) 6= ' (y), andsupposex is theancestorof z that is alsothechild of y. Then,
observethatthespannerbE alreadyincludestheedgebetween' (y) and' (x) = ' (z). Hence,for
eachvertex z, weactuallyonly needto addatmostblog2 nc¡ 1 extraedges.The(1 + ²)-pathin
Theorem2.2.4canbereducedto x = ' (x0); ' (x i ); ' (yi ); ' (y0) = y, whichhas3 hops.

In thefollowing section,we will investigatethetradeoff betweenthehop-diameterof a spanner
andthenumberof edges,this timeusingany givennettreeinstead.

2.4.2 The GeneralUpper Bound for Hop-diameter

In this section,we assumethat the given metric (V; d) hasdoublingdimensionboundedby k.
Given a net tree(T; ' ) for the metric, supposeET is the spannerobtainedin Theorem2.2.4.
NotethatET is dependenton thestretchparameter². However, for easeof notation,we would
leaveout thedependency on ² throughoutthissection.
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The approachwe useis similar to that usedby Arya et al. [ADM + 95] for Euclideanmetrics,
which is a subclassof doublingmetrics.Insteadof usingnettrees,they workedwith “dumbbell
trees”,whichhavesimilarproperties.Applying aconstructionfrom [Cha87, AS87] to “shortcut”
edgesin the net-tree,we canshow that onecanaddfew extra edgesto ET in orderto achieve
smallhop-diameter. Moreover, asshown in [AS87], thiscanbedonein O(n logn) time.

We �rst considerhow to addextraedgesto a treesuchthateverypair of nodeshasa pathwith a
smallnumberof hopsbetweenthem.

De�nition 2.4.3 De�ne g(m; n) to be the minimumi such that for any tree metric with with
vertex setV, where jV j = n, there existsa spannerP with m edgesthat preservesall pairwise
distancesexactly, andfor anypair of points,there is a shortestpathin P with i hops.

Lemma 2.4.4 Supposea metric(V; d) with n pointshasa nettree(T; ' ), andsupposeET is the
(1 + ²)-spannerobtainedin Theorem2.2.4. Then,it is possibleto addm extra edgesto ET such
that thehop-diameterof thenew spanneris at most2g(m; n) + 1.

Proof: Supposeu is aninternalnodeof T thathasachild v suchthat' (u) = ' (v). Wecontract
the edgef u; vg by merging the two nodesu andv, and renamingthe new nodev0 suchthat
' (v0) = ' (v). We repeattheprocessto obtainthe resultingtree(T 0; ' ). Note that (T0; ' ) is a
treewith V asits vertex set,andis no longera nettreeor a hierarchicaltree.However, observe
thatif u is anancestorof v in T, then' (u) is anancestorof ' (v) in T 0.

ConsiderthetreeT0 with unit weightson its edges.By thede�nition of g, thereis a spannerF
on T0 thatpreservesall pairwisedistancessuchthat for every pair of nodes,thereis a shortest
pathwith atmostg(m; n) hops.Weaddthefollowing setof edgesto thespannerET .

EF := ff ' (a); ' (b)g : f a;bg 2 F g:

Supposex andy pointsin V, x0 andy0 aretheleafnodesin T suchthat' (x0) = x and' (y0) = y,
andx i andyi aretheancestorsin T atheighti for x0 andy0 respectively. By Theorem2.2.9, there
existsi suchthatthefollowing pointsform a (1 + ²)-pathP0, afterremoving repeatedpoints.

x = ' (x0); ' (x1); : : : ; ' (x i ); ' (yi ); : : : ; ' (y1); ' (y0) = y

Supposex i andyi arecontractedto bx andby respectively in T 0. By thechoiceof F , thereexist at
mostg(m; n) ¡ 1 intermediateverticesf vi gk

i=1 on thepathfrom x0 to bx in T0suchthatf x0; v1g,
f vi ; vi +1 g (1 · i < k) andf vk ; bxg arein F . Hence,we have a pathwith at mostg(m; n) hops
from x to ' (bx): x = ' (x0); ' (v1); ' (v2); : : : ; ' (vk); ' (bx). Sincethis sequenceof points is a
subsequenceof ' (x0); ' (x1); : : : ; ' (x i ), it follows this lengthof this pathis at mostthatof the
sub-pathfrom ' (x0) to ' (x i ) in P0.

Similarly, thereis a pathwith at mostg(m; n) hopsfrom ' (by) to y whoselengthis at mostthat
of thecorrespondingsub-pathin P0. Hence,thereis a (1 + ²)-pathwith at most2g(m; n) + 1
hopsfrom x to y in thespannerET [ EF .
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Theorem2.4.5(Chazelle[Cha87]) For m ¸ 2n, g(m; n) = O(®(m; n)), where ® is thefunc-
tional inverseof Ackermann's function.

De�nition 2.4.6(Ackermann's function [Tar75]) LetA(i; j ) bea functionde�nedfor integers
i; j ¸ 0 asthefollowing.

A(0; j ) = 2j for j ¸ 0

A(i; 0) = 0; A(i; 1) = 2 for i ¸ 1

A(i; j ) = A(i ¡ 1; A(i; j ¡ 1)) for i ¸ 1; j ¸ 2

De�ne thefunction® as®(m; n) = minf i j i ¸ 1; A(i; 4dm=ne) > log2 ng.

FromLemma2.4.4andTheorem2.4.5, weobtainthefollowing theorem.

Theorem2.4.7 Supposea metric (V; d) with n pointshasa net tree(T; ' ), andsupposeET is
the(1 + ²)-spannerobtainedin Theorem2.2.4. Then,it is possibleto addm extra edgesto ET

such that thehop-diameterof thenew spanneris at mostO(®(m; n)).

ObservingthatA(2; 4log¤ n) > log2 n, wehave thefollowing corollary.

Corollary 2.4.8 Supposea metric(V; d) with n pointshasa nettree(T; ' ), andsupposeET is
the(1 + ²)-spannerobtainedin Theorem2.2.4. Then,it is possibleto addn log¤ n extra edgesto
ET such that thehop-diameterof thenew spanneris O(1).

2.4.3 The Lower Bound on Hop-diameter

Wenow show thatthetrade-off betweenthesizeof thespannerandits hop-diameterobtainedin
Theorem2.1.3is essentiallyoptimal.

Theorem2.4.9 For any ² > 0, for in�nitely manyintegers n, there existsa metricM induced
by n pointson the real line such that any (1 + ²)-spannerwith m edgeson the metric M has
hop-diameter­( ®(m; n)).

Our generalapproach�rst considera family of metrics,eachof which inducedby somebinary
“hierarchicallywell-separatedtree” (HST). We de�ne a functionG(i; j ) that is a variantof the
Ackermann's functionsuchthatif ametricfrom thefamily containsn ¸ G(i; j ) points,thenany
spanneron themetricwith hop-diameterboundedby i + 1 musthave morethan­( j n) edges.
TherelationshipbetweenG(i; j ) andtheAckermann'sfunctionis usedto obtainthelowerbound
for HSTs. The proof techniquewe usedis an extensionof that usedin Yao's paper[Yao82].
Our lower boundresultfor line metricsthenfollows from the fact thatbinaryHSTswith large
separationembedinto therealline with smalldistortion.

Remark 2.4.1 For technical reasons,we assumethat a spannercontainsa self-loopfor every
point. Sinceanyspannermustcontaina linear numberof edges,thisassumptiondoesnotaffect
theasymptoticlowerbound.
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Construction of the family of HST metrics. For k ¸ 0, let M k bethemetricinducedby the2k

leavesof theweightedcompletebinarytreeTk de�ned asfollows. Let ¯ > 0 betheseparation
parameterfor theHST. ThetreeTk is abinarytreecontaining2k leavessuchthatfor eachinternal
nodeu atheighth ¸ 1, thedistancefrom u to any of theleavesin thesubtreerootedatu is ¯ h¡ 1.

Thefollowing propositionfollows from theconstructionof themetricsM k .

Proposition2.4.10 Let theHSTmetricM k bede�nedasabove.

(a) SupposeM k is constructedwith separation ¯ ¸ 100(1+ ²). Let U be the subsetof
pointscorrespondingto theleavesof Tk which are thedescendantsof someinternalnode.
Then,any(1 + ²)-pathbetweenpointsin U cannotcontainanypointoutsideU.

(b) ConsiderTk andsupposeh · k. SupposeT 0 is thetreeobtainedfromTk by replacing
each subtreerootedat an internal nodeof heighth by a leaf whosedistancefromtheroot
is thesameasbefore, i.e., ¯ k¡ 1. Then,T0 is isomorphicto Tk¡ h.

(c) For everyk ¸ 0, themetricM k with expansion̄ ¸ 4 hasdoublingdimensionat most
2.

We will useProposition2.4.10(a) crucially in our analysis.Unlessotherwisestated,we assume
theHSTmetricM k is alwaysconstructedwith separation̄ largeenoughsuchthatthestatement
holds.

Weprove thefollowing theoremthatstatesthelowerboundresultfor theHSTmetrics.

Theorem2.4.11 For each integer k ¸ 1 and any ² > 0, there existsan HSTmetric M k with
large enoughseparation ¯ such that any (1 + ²)-spanneron M k with at mostm edges has
hop-diameterat least­( ®(m; n)).

Weobserve thatHSTmetricswith largeseparationembedinto therealline with smalldistortion
in thefollowing claim.

Claim 2.4.12 For each integer k ¸ 1 andany½> 0, for suf�ciently large¯ > 0, theHSTmetric
M k with separation ¯ embedsinto thereal line with distortionat most1 + ½.

Proof: We embedtheleavesassociatedwith M k into thereal line in their naturalordering,i.e.
leavesin thesubtreerootedatsomeinternalnodeareclusteredtogetherin theline. Thedistance
betweenembeddedpointsis thesameasthatbetweenthemin thetree.Suchanembeddingdoes
notcontractdistances.

Considertheexpansionof thedistancebetweena pair of leaveswhoselowestcommonancestor
is atheightr . Hence,theirdistancein thetreeis 2¯ r . Observe thattheirembeddeddistanceis at
most2 ¢f 2r + 2r ¡ 1¯ + ¢¢¢+ 2¯ r ¡ 1 + ¯ r g. Hence,thedistortionis atmost

2r + 2r ¡ 1¯ + ¢¢¢+ 2¯ r ¡ 1 + ¯ r

¯ r
=

2r

¯ r
¢

(¯ =2)r ¡ 1
¯ =2 ¡ 1

+ 1

·
1

¯ =2 ¡ 1
+ 1;

which is atmost1 + ½for ¯ ¸ 2(1+ 1
½).
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Now Theorem2.4.9, themainresultof this section,follows from Theorem2.4.11(theresultfor
HSTs)andClaim2.4.12(whichrelatesdistancesin theHSTto thoseontherealline) asfollows.

Proof of Theorem2.4.9: Supposen = 2k is apowerof two. Weconstructa line metricM with
n points.Let ²0 = 2² and½> 0 besmallenoughsuchthat(1 + ²)(1 + ½) · 1 + ²0. Supposethe
HSTmetricM k haslargeenoughseparation̄ suchthatby Theorem2.4.11, any (1+ ²0)-spanner
for M k with m edgeshashop-diameter­( ®(m; n)), andby Claim2.4.12, M k embedsinto some
line metricM with distortionatmost1 + ½.

SupposeP is a (1 + ²)-spannerfor metricM with m edgesandhop-diameterat mostD. Since
(1 + ²)(1 + ½) · 1 + ²0, it follows spannerP correspondsto a (1 + ²0)-spannerin M k with m
edgesandhop-diameteratmostD. Therefore,D = ­( ®(m; n)).

In the restof the section,we will show Theorem2.4.11, the lower boundresult for the HST
metrics.To thisend,wede�ne avariantof theAckermann's function.

De�nition 2.4.13 De�ne thefunctionG(i; j ), for i ¸ 0; j ¸ 0 to be:

G(0; 0) = 0; G(0; j ) = 2dlog2 j e; j ¸ 1

G(i; 0) = 0; G(i; 1) = 1; i ¸ 1

G(i; j ) = G(i; j ¡ 1)G(i ¡ 1; 4G(i; j ¡ 1)); i ¸ 1; j ¸ 2

Proposition2.4.14 SupposeG(i; j ) is thefunctionde�nedasabove.

(a) For all i ¸ 0; j ¸ 1, G(i; j ) is a powerof two.
(b) For j ¸ 1, j · G(0; j ) · 2j .

We now prove the main technicallemmafor the lower boundfor the HST metrics;aswe will
see,theproofof Theorem2.4.11will follow easilyfrom this lemma.

Lemma 2.4.15 Suppose2k ¸ G(i; j ), where i ¸ 0 and j ¸ 1; suppose² > 0 and the HST
metricM k haslarge enoughseparation ¯ . SupposeX is a subsetof M k such that jX j = n ¸ 1.
Let½= n=2k . Then,any(1 + ²)-spannerfor X with hop-diameterat mosti + 1 musthavemore
than 1

4½jn edges.

Proof: Weprove theresultby inductionon thelexicographicalorderof (i; j ).

Basecases.For i = 0, j ¸ 1, any spannerwith hop-diameter1 on n pointsmusthave exactly
1
2n(n ¡ 1) + n edges,recallingthatwe requirethata spannermustcontaina self-loopfor each
point. Hence,observingthatj · G(0; j ) · 2k from Proposition2.4.14, weconcludethatsucha
spannercannothave thenumberof edgeslessthan 1

4½jn · 1
4n2 < 1

2n(n ¡ 1) + n.

For i ¸ 1, j = 1, weobserve thatany spanneronn pointsmusthaveat leastn edges.Hence,the
numberof edgesin aspannercannotbelessthan 1

4½n· 1
4n < n.

Inducti ve Step. SupposeX is a subsetof M k suchthat2k ¸ G(i; j ) for somei ¸ 1 andj ¸ 2,
wherejX j = n and½= n=2k . For contradiction'ssake,assumethereis a(1+ ²)-spannerE with
hop-diameteri + 1 for X suchthatjE j · 1

4½jn.
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Let I betheindexing setfor thesubtreesof Tk , eachrootedatsomeinternalnodeandcontaining
exactlyG(i; j ¡ 1) leaves.ObservingthatG(i; j ¡ 1) is apowerof 2 from Proposition2.4.14, it
follows that

jI j = 2k=G(i; j ¡ 1) ¸ G(i; j )=G(i; j ¡ 1)

= G(i ¡ 1; 4G(i; j ¡ 1)):

For eachs 2 I , let Vs be thesetof leavescontainedin thecorrespondingsub-tree.Let usalso
de�ne:

² E 1
s := ff u; vg 2 E : u; v 2 Vsg, for eachs 2 I , andE 1 := [ s2 I E 1

s .
² E 2 := ff u; vg 2 E : u 2 Vs; v 2 Vt ; s 6= tg.

We describethe high level ideato obtaina contradiction.Supposefor eachs 2 I , we replace
thesubtreecontainingVs by a leaf in thesamemannerasProposition2.4.10(b), thenwe would
obtaina treeT0which is isomorphicto Tbk , where2bk = jI j ¸ G(i ¡ 1; 4G(i; j ¡ 1)).

Let X s := X \ Vs andJ := f s 2 I : jX sj ¸ 1g. Identifying eachX s's with thecorresponding
leaf in themodi�ed treeT0, considerthesubmetricof M bk inducedby thenon-emptyX s's,whose
pointsetwewrite asX 0 := f X s : s 2 Jg. Hence,X s is asubsetof metricM k , aswell asapoint
in metricX 0.

De�ne E 0 := ff X s; X tg : f u; vg 2 E 2; u 2 X s; v 2 X tg. Observe thatE 0 is a (1 + ²)-spanner
for X 0 with hop diameterat mosti + 1. Sincewe wish to apply the inductionhypothesis,we
needto show that the sizeof E 0 is small. Moreover, sincejI j ¸ G(i ¡ 1; 4G(i; j ¡ 1)), the
inductionhypothesiscanonly sayaboutspannersof hop-diameterat most i . To resolve this
issue,we would remove somepointsin X 0 andmodify the spannerappropriatelysuchthat its
hop-diameteris atmosti . FirstobservingthatjE 0j · jE 2j, it suf�ces to show thatjE 2j is small.

Claim 2.4.16 jE 2j < 1
4½n.

Proof: Let jX sj = ns and½s = ns=G(i; j ¡ 1). Observefrom Proposition2.4.10(a)thatfor each
s 2 I , any (1 + ²)-pathbetweenverticesinsideX s cannotgo outsideX s. Hence,for ns ¸ 1,
it follows E 1

s is a spannerfor X s having hop-diameterat most i + 1. Applying the induction
hypothesisfor (i; j ¡ 1), we have for eachs, jE 1

s j > 1
4½s(j ¡ 1)ns. Summingover s 2 I , we

have

jE 1j >
X

s2 I

1
4

½s(j ¡ 1)ns ¸
1
4

¢
j ¡ 1

G(i; j ¡ 1)

X

s2 I

n2
s:

Observingthat
P

s2 I ns = n and the fact that x 7! x2 is a convex function, the last term is
minimizedwhenall ns's areequal.Hence,

jE 1j >
j ¡ 1

4G(i; j ¡ 1)
¢jI j ¢(

n
jI j

)2 =
1
4

(j ¡ 1)½n:

Sincethereareatmost 1
4½jn edgesin total, it follows thatjE 2j < 1

4½n.
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Next, we describea procedurethat removessomepoints from X 0 andmodify E 0 to obtaina
spannerwith hop-diameterat most i . Note that the points from X 0 are indexed by J . The
procedurelabelstheremovedpointsbad.

1. Placetheindex setJ in a list L in anarbitraryorder.
2. Considereachelements in list L accordingto theordering:

(a) If thereexistsanelementt appearingafters in thelist L suchthatany (1 + ²)-path
in E 0betweenX s andX t takesat leasti + 1 hops,

(i) Labels badandremove it from list L .
(ii) Modify E 0sothatif X p is apoint in list L closestto X s, everyedgeincident

onX s will now beincidentonX p, i.e.,X s andX p aremerged.

(b) Moveon to thenext elementin list L .

Any two remainingpointscertainlyhave a (1 + ²)-pathwith at most i hops;oth-
erwise,the oneappearingearlier in the list would have beenremoved. Moreover,
observe in step(ii) of theprocedurethatX s andX p areequidistantfrom any other
X q's in the list. Hence,the lengthof any (1 + ²)-pathfor two pointsstill in the list
doesnot increase.Moreover, sincewehavemergedX s with X p, thenumberof hops
for any (1 + ²)-pathcannotincrease.

Let B bethesetof s 2 J thatarelabelledbad.Let R := J ¡ B bethesetof remainingindices.
Let bE be themodi�ed edgeset. It follows that bE is a spannerwith hop-diameterat mosti for
bX := f X s : s 2 Rg. However, weneedto show thatnot toomany badpointsareremoved.

Claim 2.4.17
P

s2 R jX sj ¸ 1
2n.

Proof: For eachs 2 B, thereexistst 2 J suchthatany (1 + ²)-pathbetweenX s andX t in E 0

hasat leasti + 1 hops.Fix b 2 X t andconsiderany a 2 X s, observe thatthereis a (1 + ²)-path
P: a = v0; v1; : : : ; vl = b in E suchthat l · i + 1. For eachv, let ' (v) be theuniqueX q that
containsit. Then,it follows thereis a (1 + ²)-pathP 0: X s = ' (v0); ' (v1); : : : ; ' (vl ) = X t , after
removing redundantX q's. Hence,l = i + 1 andthereareno redundantX q's, otherwisethere
would bea (1 + ²)-pathfrom X s to X t with lessthani + 1 hops.We associatea 2 X s with the
edgef a;v1g 2 E 2.

It follows for eachs 2 B andeacha 2 X s, thereexistssomeedgef a;vg 2 E 2. Eachedgecan
beassociatedwith atmosttwo pointsin thebadX s's. Hence,weobtainthefollowing.

X

s2 B

jX sj · 2jE 2j <
1
2

½n·
1
2

n;

wherethemiddleinequalityfollows from Claim2.4.16. Hence,it follows that
P

s2 G jX sj ¸ 1
2n.

We can now obtain a contradictionto the induction hypothesisof Lemma 2.4.15 for (i ¡
1; 4G(i; j ¡ 1)), whichstatesthatif X̂ is asub-metricof Tbk suchthat2bk ¸ G(i ¡ 1; 4G(i; j ¡ 1))
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andb½= j bX j=2bk , thenany (1 + ²)-spannerfor bX with hop-diameterat mosti musthave more
than 1

4 b½(4G(i; j ¡ 1))j bX j edges.

Now, sincefor eachs 2 R, jX sj · G(i; j ¡ 1), it follows from Claim 2.4.17that j bX j = jRj ¸
1
2n=G(i; j ¡ 1). Hence,b½:= jRj=jI j ¸ 1

2½. Moreover, n = ½G(i; j ¡ 1)jI j · 2j bX j G(i; j ¡ 1).

In conclusion,we have a subsetbX in themetricTbk suchthat2bk = jI j ¸ G(i ¡ 1; 4G(i; j ¡ 1))
andb½= j bX j=jI j ¸ ½=2. Moreover, bE is a(1+ ²)-spannerfor bX with hop-diameteratmosti and
hasthenumberof edgeslessthan:

1
4

½n·
1
4

¢(2b½) ¢2j bX j G(i; j ¡ 1) =
1
4

b½(4G(i; j ¡ 1))j bX j;

obtainingthedesiredcontradictionagainsttheinductionhypothesisfor (i ¡ 1; 4G(i; j ¡ 1)). This
completestheinductivestepof theproofof Lemma2.4.15.

If wesubstitute½= 1 in Lemma2.4.15, weobtainthefollowing corollary.

Corollary 2.4.18 Supposen = 2k ¸ G(i; j ), j ¸ 1. Let ² > 0 and the HSTmetric M k have
large enoughseparation ¯ . Then,any(1 + ²)-spannerfor M k with hop-diameterat mosti + 1
musthavemore than 1

4 j n edges.

In order to get the desiredlower boundon the hop-diameterin Theorem2.4.11, we have to
relatethefunctionG(i; j ) to theAckermannfunctionA(i; j ); wedothisvia yetanotherfunction
H (i; j ).

De�nition 2.4.19 De�ne thefunctionH (i; j ), for i ¸ 0; j ¸ 0 to be:

H (0; j ) = 8j 3 for j ¸ 0

H (i; 0) = 0; H (i; 1) = 8 for i ¸ 1

H (i; j ) = H (i ¡ 1; H (i; j ¡ 1)) for i ¸ 1; j ¸ 2

Claim 2.4.20 LetH (i; j ) beasde�nedabove.

(a) For i ¸ 0; j ¸ 0, H (i; j ) · A(i + 4; j + 4) ¡ 4. In particular, H (i; j ) · A(i + 4; j + 4).
(b) For i ¸ 0; j ¸ 0, H (i; j ) ¸ 4j 2G(i; j ). In particular, H (i; j ) ¸ G(i; j ).

Proof: Weprovebothresultsby inductionon thelexicographicorderof (i; j ). Let usprove the
claimof part(a) �rst.

Basecases.For j ¸ 0, H (0; j ) = 8j 3 · A(4; j + 4)¡ 4. For i ¸ 1, H (i; 0) = 0 · A(i + 4; 4)¡ 4
andH (i; 1) = 8 · A(i + 4; 5) ¡ 4.

Inducti vestep.Supposei ¸ 1; j ¸ 2. Then,usingtheinductionhypothesis,wehave

H (i; j ) = H (i ¡ 1; H (i; j ¡ 1))

· A(i + 3; H (i; j ¡ 1) + 4) ¡ 4

· A(i + 3; A(i + 4; j + 3)) ¡ 4

= A(i + 4; j + 4) ¡ 4;
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whichcompletestheinductivestepof the�rst result.

Wenext prove theclaimof part(b).

Basecases.For j ¸ 0, H (0; j ) = 8j 3 ¸ 4j 2G(0; j ), by Proposition2.4.14(b). For i ¸ 1,
H (i; 0) ¸ 8 ¢02G(i; 0), asbothsidesarezero;H (i; 1) = 8 ¸ 4 = 4G(i; 1).

Inducti vestep.Supposei ¸ 1; j ¸ 2. Then,usingtheinductionhypothesis,wehave

H (i; j ) = H (i ¡ 1; H (i; j ¡ 1))

¸ 4H (i; j ¡ 1)2G(i ¡ 1; H (i; j ¡ 1))

¸ 4H (i; j ¡ 1)2G(i ¡ 1; 4(j ¡ 1)2G(i; j ¡ 1))

Observe that sincei ¸ 1 andj ¸ 2, H (i; j ¡ 1) ¸ 2j ¡ 1 ¸ j . Hence,H (i; j ) ¸ 4j 2G(i ¡
1; 4G(i; j ¡ 1)) = 4j 2G(i; j ), completingtheinductionstepof thesecondresult.

The following claim describessomepropertiesof theAckermannfunctionanda functionalin-
versede�ned by a(x; j ) := minf i j i ¸ 1; A(i; j ) > xg; notethatthis is differentfrom themore
commonlyusedfunctionalinverse® from De�nition 2.4.6.

Claim 2.4.21 Supposethefunctionalinversea is de�nedasabove.

(a) For all j ¸ 0, if x ¸ y ¸ 0, thena(x; j ) ¸ a(y; j ). In particular, a(x; j ) ¸ a(log2 x; j ).
(b) For k ¸ 1 andx ¸ 0, a(x; 4k + 4) + 1 ¸ a(x; 4k).

Proof: The�rst statementfollows trivially from thefactthattheAckermann's functionA(i; j )
is monotone.For theproofof thesecondstatement,supposei = a(x; 4k + 4). Hence,i ¸ 1 and
A(i; 4k + 4) > x. Observe thatA(i + 1; 4k) = A(i; A(i + 1; 4k ¡ 1)) andA(i + 1; 4k ¡ 1) ¸
24k¡ 1 ¸ 4k + 4, sincek ¸ 1 andi ¸ 1. Hence,it follows thatA(i + 1; 4k) ¸ A(i; 4k + 4) > x
andthusa(x; 4k) · a(x; 4k + 4) + 1, asrequired.

Wecannow proveTheorem2.4.11andobtainthelowerboundresultfor theHSTmetrics.

Proof of Theorem 2.4.11: SupposeE is a (1 + ²)-spannerE for M k . Let j = d4m
n e. Then,

by Corollary2.4.18, sincem · 1
4 j n, if G(i; j ) · n, thehop-diameterof E is largerthani + 1.

Hence,thehop-diameterof E is at leastthefollowing:

minf i + 1 j G(i; d4m
n e) > ng

¸ minf i + 1 j H (i; 4dm
n e) > ng (Claim2.4.20(b))

¸ minf i + 1 j A(i + 4; 4dm
n e+ 4) > ng (Claim2.4.20(a))

= minf i j A(i; 4dm
n e+ 4) > ng ¡ 3

= a(n; 4dm
n e+ 4) ¡ 3

¸ a(n; 4dm
n e) ¡ 4 (Claim2.4.21(b))

¸ a(log2 n; 4dm
n e) ¡ 4 (Claim2.4.21(a))

Theproof is completedfrom theobservation thata(log2 n; 4dm
n e) = ®(m; n), by thede�nition

of thefunctions® anda.
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Chapter 3

Ultra-Lo w DimensionalEmbeddingsfor
Doubling Metrics

3.1 Intr oduction

We considerthe problemof representinga metric (V; d) usinga small numberof dimensions.
Severalapplicationsrepresentdataaspointsin aEuclideanspacewith thousandsof dimensions.
However, thishigh-dimensionalityposessigni�cant computationalchallenges:many algorithms
tend to have an exponentialdependenceon the dimension. Hencewe areconstantlyseeking
waysto combatthis so-calledcurseof dimensionality, by �nding low-dimensionalyet faithful
representationsof thedata. In this work, we attemptto maintainall pairwisedistances,i.e. we
seekto minimizethedistortionof anembedding.

Thiscomputationalmotivationleadsonetoanalreadycompellingandfundamentalmathematical
question:givena metricspace(which mayor maynot beEuclideanto begin with), what is the
leastnumberof dimensionsin which it canberepresentedwith “r easonable”distortion?

To answerthesequestions,dimensionreductionin Euclideanspaceshave beenstudiedexten-
sively. The celebratedandsurprising“�attening” lemmaof JohnsonandLindenstrauss[JL84]
statesthat the dimensionof any Euclideanmetric on n pointscanbe reducedto O( log n

²2 ) with
(1 + ²) distortion,andmoreover, this canbedonevia a randomlinearmap. This resultis exis-
tentially tight: a simplepackingargumentshows thatany distortion-D embeddingof a uniform
metriconn pointsintoEuclideanspacerequiresatleast­(log D n) dimensions—intuitively, there
aren't enoughdistinctdirectionsin a low dimensionalEuclideanspaceto accommodatea large
numberof equidistantpoints. Hencewe do needthe ­(log n) dimensions,andeven allowing
O(log n) distortioncannotreducethenumberof dimensionsbelow ­(log n=loglogn).

It is naturalto askif this “volume” restrictionis theonly bottleneckto a low-dimensionalem-
bedding. In otherwords,canmetricsthat do not have suchvolumehurdlesbe embeddedinto
low-dimensionalspaceswith smalldistortion?Thenotionof doublingdimension[Ass83] makes
this very ideaconcrete:roughly speaking,a metric hasdoublingdimensiondimD = k if and
only if it has(nearly-)uniformsubmetricsof sizeabout2k , but no larger. A metric (or more
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strictly, a family of metrics)is simplycalleddoublingif thedoublingdimensionis boundedby a
universalconstant.(Seesection3.1.2for amoreprecisede�nition).

The Questions. Thepackinglowerboundshowsthatany metricrequires­(dim D ) dimensions
for a constant-distortionembeddinginto Euclideanspace:is this lower boundtight? We now
know the existenceof n-point metricswith dimD = O(1) that require­(

p
logn)-distortion

into Euclideanspace(of any dimension)[GKL03], but canwe actuallyachieve this distortion
with o(log n)-dimensions?What if we give up a bit in the distortion? Bourgain's classical
result(alongwith theJL-lemma)shows thatall metricsembedinto Euclideanspaceof O(log n)
dimensionsandO(log n) distortion[LLR95], butwedonotevenknow if doublingmetricsembed
into O(log1¡ ² n) dimensionswith O(log1¡ ² n) distortion.

If we restrictour attentionto Euclideandoublingmetrics,we know just aslittle: a tantalizing
conjectureof LangandPlaut[LP01] statesthatall Euclideanmetricswith dimD = O(1) embed
into O(1) dimensionalEuclideanspacewith O(1) distortion.However, thebestresultwe know
is still theJL-Lemma(which is completelyobliviousto thedoublingdimension,andmoreover,
is a linearmapwhich is doomedto fail). Again, we do not evenknow how to take a doubling
Euclideanpoint setand�atten it into (say)O(log1¡ ² n) dimensionswith O(log1¡ ² n) distortion!

The Answers. We make progresson the problemof embeddingdoubling metrics into Eu-
clideanspacewith small dimensionanddistortion. (Our resultshold for all doublingmetrics,
not justEuclideanones.)

Theorem3.1.1(Ultra-Lo w-DimensionEmbedding) Any metric spacewith doubling dimen-
siondimD embedsinto O(dimD loglogn) dimensionswith O(log n=

p
loglogn) distortion.

Hencewe canembedthemetric into very few Euclideandimensions(i.e., ~O(dimD ), wherethe
notation ~O(¢) suppressesa multiplicative factorpolynomialin loglogn), andachieve a slightly
smallerdistortionthanevenBourgain'sembedding.Notethatto achievedistortionO(log n), any
metric with doublingdimensiondimD requiresat least­( dim D

log log n ) Euclideandimensions,and
hencewearewithin anO(log logn)2 factorto theoptimaldimensionfor thisvalueof distortion.

This is aspecialcaseof ourgeneraltrade-off theorem:

Theorem3.1.2(Main Theorem) Suppose(V; d) is a metric spacewith doubling dimension
dimD . For any integer T such that ­(dim D loglogn) · T · ln n, there exists F : V !
RT into T-dimensionalspacesuch that for all x; y 2 V, d(x; y) · kF (x) ¡ F (y)k2 ·

O
µ q

dim D
T logn

¶
¢d(x; y).

Varying the target dimensionT, we canget someinterestingtradeoffs betweenthe distortion
anddimension.For instance,we canbalancethetwo quantitiesandgetO(log2=3 n) dimensions
andO(log2=3 n) distortionfor doublingmetrics,asdesired.On theotherhand,for large target
dimensionT = ln n, we getdistortionO(

p
dimD logn), which matchesthebestknown result

from [KLMN05].

In theinterestsof clarity of presentation,we only show theexistenceof suchembeddings.Stan-
dardtechniques(e.g,.[Bec91, Alo91, MR98]) canbe usedto give algorithmicversionsof our
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results.

Techniques. Our embeddingcan best be thought of as an extension of Rao's embed-
ding [Rao99]: thereareO(log n) copiesof coordinatesfor eachdistancescale,henceleading
to O(log n log¢) dimensions.As observed in [ABN06], it is possibleto sumup the coordi-
natesover differentdistancescalesto form onecoordinate,andin expectationthe contraction
is bounded.Usingboundeddoublingdimension,we show that thereis limited dependency be-
tweenpairsof points(usingtheLovaszLocal Lemma),andhencewe only needmuchlessthan
O(log n) coordinatesto ensurethatthecontractionfor all pointsarebounded.

For the tradeoff betweenthetargetdimensionandthedistortion,we applya randomsign(§ 1)
to thecontribution for eachdistancescalebeforesummingthemup to form a coordinate.This
processis analogousto therandomprojectionin JL-typeembeddings.Indeed,we useanalysis
similar to that in [Ach00] to obtaina tradeoff betweenthe targetdimensionandtheexpansion,
althoughin ourcasetheoriginalmetricneedsnotbeEuclidean.

We give two embeddings:the �rst oneusesa simpledecompositionscheme[GKL03, Tal04,
CGMZ05] andillustratesthe above ideasin boundingboth the contractionandthe expansion.
The resultingembeddinghasdistortionO(dimD =

p
T ¢logn) with T dimensions.In orderto

reducethedependenceon thedoublingdimensionto
p

dimD , weuseuniformpaddeddecompo-
sitionschemesbasedon [ABN06].

Bibliographic Note. Independentlyof ourwork,Abraham,Bartal,andNeiman(personalcom-
munication)have obtainedresultsof a very similar nature,showing how to achieve a trade-off
betweendistortionanddimensionasafunctionof thedoublingdimensiondimD andthenumber
of pointsn. We believe their resultsareincomparableto ours. For instance,they canachieve
O(dimD )-dimensionalembeddings—smallerthanoursby anO(log logn) factor—thoughonly
with slightly super-logarithmicdistortion.

Normally, for a pair of points, conventionaltechniquesboundits contractionusing only one
distancescale. In orderto apply theLocal Lemma,theprobabilityof theassociatedbadevent
hasto besmall enough(seeLemma3.2.7) andhencewe needO(log logn) dimensions.Their
ideais to useO(log logn) distancescalesto boundthecontraction.Hence,they do not needthe
O(log logn) factorin thedimension,but thedistortionwouldsuffer anextra factorof O(log² n).

However, we userandomsignsin our embeddingto boundtheexpansionandconsequentlyour
trade-off at thehigherendof dimensionis slightly betterthantheirs. They alsopresentresults
on gracefully degradingdistortion and averagedistortion (in the sensede�ned in [ABC+ 05,
ABN06]).

Moreover, they alsoshow explicitly how to apply techniques[Alo91, MR98] of gettingan al-
gorithmic versionof the Local Lemmato constructsuchan embeddingin time k2O ( k ) log log n ,
wherek = dimD . Hence,for dimD = o(log logn), we have a polynomialtime algorithm;for
dimD = o(log n), wehaveasub-exponentialtimealgorithm.
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3.1.1 RelatedWork

Dimensionreductionfor Euclideanspacewas�rst studiedby JohnsonandLindenstrauss[JL84],
using randomprojections. The resultsand techniqueshave since beensharpenedand sim-
pli�ed in [FM88, IM98, DG03, Ach00, AC06]. The embeddingshave beenderandomized,
see[EIO02, Siv02]. Moreover, Matousek[Mat90] hasobtainedan almosttight tradeoff be-
tweenthedimensionof thetargetspaceandthedistortionof theembedding.On theotherhand,
dimensionreductionfor L 1 spacehasbeenshown to bemuchharderin [BC03, LN03].

Thenotionof doublingdimensionwasintroducedby Larman[Lar67] andAssouad[Ass83], and
�rst usedin algorithmdesignby Clarkson[Cla99]. Thepropertiesof doublingmetricsandtheir
algorithmicapplicationshave sincebeenstudiedextensively, a few examplesof which appear
in [GKL03, KL03, KL04, Tal04, HPM05, BKL06, CG06b, IN, KRX06, KRX07].

Thereis extensive work on metricembeddings,see[IM04]. Bourgain [Bou85] gave anembed-
ding whosecoordinatesareformedby distancesfrom randomsubsets.Low diameterdecom-
position is a useful tool andwasstudiedby Awerbuch [Awe85], andLinial andSaks[LS93].
Randomizeddecompositionsfor generalmetricsaregiven in [Bar96, CKR01, FRT04]. Klein
et al. [KPR93] gave decompositionschemesfor minor-excluding graphs,which wereusedby
Rao[Rao99] to obtainembeddingsfor planargraphsinto Euclideanspace.Theseideaswere
developedfurtherin [KLMN05, ABC+ 05, ABN06].

On theotherhand,thereis alsoresearchon embeddingsinto constantdimensionalspaces,both
for generalmetrics[BCIS05] andspecialclassesof metrics,for instanceultra-metrics[BCIS06].

3.1.2 Notation and Preliminaries

The readeris referredto standardtexts—e.g.,[DL97, Mat02]—for basicde�nitions of metric
spaces.Wedenotea�nite metricspaceby (V; d), its sizeby n = jV j, andits doublingdimension
dimD by k. We assumethat theminimumdistancebetweentwo pointsis 2 (somewhatweird!),
andhenceits diameter¢ is also(almost)theaspectratio of themetric. A ball B (x; r ) is theset
f y 2 V j d(x; y) · r g.

De�nition 3.1.3(Nets) Givena metric(V; d) andr > 0, an r -netN for (V; d) is a subsetof V
such that

1. (CoveringProperty)For all x 2 V, thereexistsy 2 N such thatd(x; y) · r .
2. (PackingProperty)For all x; y 2 N such thatx 6= y, d(x; y) > r .

De�nition 3.1.4(Doubling DimensiondimD ) Thedoublingdimensionof a metric (V; d) is at
mostk if for all x 2 V, for all r > 0, everyball B (x; 2r ) canbecoveredby theunionof at most
2k ballsof theformB(z; r ), wherez 2 V.

De�nition 3.1.5(PaddedDecompostion) Givena �nite metricspace(V; d), a positiveparam-
eterD > 0 and® > 1, a D-bounded®-paddeddecompositionis a distribution¦ overpartitions
of V such that thefollowingconditionshold.

(a) For each partition P in thesupportof ¦ , thediameterof everyclusterin P is at most
D.
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(b) SupposeS µ V is a setwith diameterd. If P is sampledfrom ¦ , thenthe setS is
partitionedbyP with probabilityat most®¢ d

4D

Note. We only needa weaker condition implied by item (b): if we setS := B(x; D
® ), then

theball is partitionedby P with probabilityat most 1
2. In otherwords,we have Pr [B(x D

® ) µ
P(x)] ¸ 1

2, whereP(x) is theclusterin P containingx.

3.2 The BasicEmbedding

We give two embeddings:theonefrom this sectionis thebasicembedding,which achievesthe
following trade-off betweendimensionanddistortion:

Theorem3.2.1(The BasicEmbedding) Givena metricspace(V; d) with doublingdimension
dimD , and a target dimensionT in the range ­(dim D loglogn) · T · ln n, there existsa

mappingf : V ! RT such that for all x; y 2 V, ­
³ p

T
dim D

´
¢d(x; y) · jj f (x) ¡ f (y)jj 2 ·

O(log n) ¢d(x; y). Hence, thedistortionis O( dim D log np
T

).

Note that this trade-off is slightly worsethanthanthe oneclaimedin Theorem3.1.2in terms
of its dependenceon thedoublingdimension;however, theadvantageis that this embeddingis
easierto stateandprove. Wewill thenimprove on thisembeddingin thenext section.

3.2.1 BasicEmbedding: De�ning The Embedding

Theembeddingf : (V; d) ! RT wedescribeis of theform f := ©t2 [T ]©(t ) , wherethesymbol©
is usedto denotetheconcatenationof thevariouscoordinates.Each©(t ) : V ! R is asingleco-
ordinategeneratedindependentlyof theothercoordinatesaccordingto aprobabilitydistribution
describedasfollows. To simplify notation,wedropthesuperscriptt anddescribehow arandom
map© : V ! R is constructed,andf is just theconcatenationof T suchcoordinates.

Let D i := H i , for someconstantH ¸ 2. (Laterwe seethatH is setlargeenoughto boundthe
contraction.)Supposeall distancesin themetricspaceareat least2, andI is thelargestinteger
suchthatD I < ¢ . Themapping© : V ! R is of the form © :=

P
i 2 [I ] ' i . We describehow

' i : V ! R is constructed,for eachi 2 [I ].

Fix i 2 [I ]. Weview themetric(V; d) asaweightedcompletegraph,andcontractall edgeswith
lengthsat mostD i =2n. Thepointsthatarecontractedtogetherin this processwould obtainthe
samevalueunder' i . Let theresultingmetricbe(V; di ). Herearea few propertiesof themetric
(V; di ).

Proposition3.2.2 Supposefor each i 2 [I ], themetric(V; di ) is de�nedasabove. Then,for all
x; y 2 V, thefollowing resultshold.

(a) For all i 2 [I ], di (x; y) · d(x; y) · di (x; y) + D i
2 .

(b) For j ¸ i , dj (x; y) · di (x; y).

Observe thatProperty(a)of Proposition3.2.2impliesthatthemetric(V; di ) givesgoodapproxi-
mationsof thedistancesin (V; d) of scalesaboveD i . In particular, (V; di ) admitsanO(k)-padded
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D i -boundedstochasticdecomposition.

Proposition3.2.3(PaddedDecompositionfor Doubling Metrics [GKL03, Tal04, CGMZ05])
Supposethe metric (V; d) hasdoublingdimensionk. Then,there is an ®-paddedD i -bounded
stochastic decomposition¦ i for the metric (V; di ), where ® = O(k). Moreover, the event
f B i (x; D i =®) µ Pi (x)g is independentof all the events f B i (z; D i =®) µ Pi (z) : z 62
B i (x; 3D i =2)g, whereB i (u; r ) := f v 2 V : di (u; v) · r g.

SupposePi is arandompartitionof (V; di ) sampledfrom thepaddeddecomposition¦ i of Propo-
sition 3.2.3. Let f ¾i (C) : C is aclusterin Pi g beuniform f 0; 1g-randomvariables,and° i bea
uniform f¡ 1; 1g-randomvariable.TherandomobjectsPi , ¾i and° i aresampledindependently
of oneanother. De�ne ' i : V ! R by

' i (x) := ° i ¢¾i (Pi (x)) ¢minf di (x; V n Pi (x)); D i =®g (3.1)

Hencewe take the distancefrom the point x to the closestpoint outsideits cluster, truncateit
at D i =® (recall that ® is as de�ned in Proposition3.2.3), and multiply it with the f 0; 1g r.v.
associatedwith its cluster, andthef¡ 1; 1g r.v. associatedwith thedistancescalei . (For brevity,
we will usethe expression· i (x) := ¾i (Pi (x)) ¢minf di (x; V n Pi (x)); D i =®g; hence' i (x) =
° i ¢· i (x).) We shallseethat the¾i 's play an importantrole in boundingthecontraction,while
theroleof ° i 's is to boundtheexpansion.

To summarize,theembeddingis de�ned to be:

f := ©t2 [T ]©(t ) ; ©(t ) :=
X

i 2 [I ]

' (t )
i : (3.2)

WerephraseTheorem3.2.1in termsof theabove randomizedconstruction.

Theorem3.2.4 Supposetheinputmetric(V; d) hasdoublingdimensionk, andthetargetdimen-
sion T is in the range ­( k loglogn) · T · ln n. Then,with non-zero probability, the above

procedure producesa mappingf : V ! RT such that for all x; y 2 V, ­
³ p

T
dim D

´
¢d(x; y) ·

jj f (x) ¡ f (y)jj 2 · O(log n) ¢d(x; y). In otherwords,thereexist somerealizationof thevarious
randomobjectssuch that thedistortionof theresultingmappingis O( dim D log np

T
).

Note. Before we dive in, let us note that we considerthe modi�ed metrics(V; di ) in order
to avoid a dependenceon the aspectratio ¢ in the expansionboundfor the embedding.Now
observe thatj' (t )

j (x) ¡ ' (t )
j (y)j · minf dj (x; y); D j =®g.

Lemma 3.2.5 Supposex; y 2 V andfor each j 2 [I ], de�nedj := minf dj (x; y); D j =®g: Then,

(a) For each i 2 [I ],
P

j ¸ i dj · O(logH n) ¢di (x; y).
(b) For each i 2 [I ],

P
j ¸ i d2

j · O(logH n) ¢di (x; y)2.

In particular, for all t 2 [T], thecontributionj
P

j ¸ i ('
(t )
j (x)¡ ' (t )

j (y)) j ·
P

j ¸ i dj · O(logH n)¢
di (x; y).

Moreover,
P

i 2 [I ] d2
i · O(logH n) ¢d(x; y)2.
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Proof: We prove statements(a) and(b). Theotherstatementsfollow from thetwo in a straight
forwardmanner.

For easeof notation,we omit the superscriptt in this proof. Observe that for j ¸ i , dj ·
dj (x; y) · di (x; y), wherethesecondinequalityfollows from Proposition3.2.2(b).

Thereare threecasesto considerdependingon the valueof j . The �rst is for very large j 's
whend(x; y) · D j

2n : in this case,dj (x; y) = 0. The secondcaseis for moderatevaluesof j
when D j

2n < d(x; y) · D j : thereareat mostO(logH n) suchj 's. In (a), addingtheseup givesa
contributionof O(logH n) ¢di (x; y); in (b), wehaveacontributionof O(logH n) ¢di (x; y)2.

Finally, the last caseis for small valuesof j , whend(x; y) > D j . Considerthe largestj 0 for
which this happens.Then,it follows from Proposition3.2.2thatdi (x; y) ¸ dj 0 (x; y) > D j 0 =2.
Observingthatdj · D j =®andf D j g formsa geometricsequence,it follows that

P
i · j · j 0

dj =
O(di (x; y)), and

P
i · j · j 0

d2
j = O(di (x; y)2).

Combiningthethreecasesgivestheresult.

3.2.2 BasicEmbedding: Bounding Contraction

A naturalideato boundthecontractionfor a particularpair of pointsx; y is to usethepadding
propertyof therandomdecomposition:if d(x; y) ¼ H i , thenat thecorrespondingscalei 2 [I ]
the two verticeswill be in different clusters,and will contribute a large distance. This idea
hasbeenextensively usedin previous work startingwith [Rao99]. However, in theseprevious
works,we have a separatecoordinatefor eachdistancescale,which leadsto a largenumberof
dimensions.Abrahamet al. [ABN06] show thatthecoordinatesfor distancescalescanactually
becombinedto form onesinglecoordinate,andwith constantprobabilitythecontractionis still
bounded.Now wewantto useasmallnumberof coordinatesaswell: to dothis,weexploit small
doublingdimensionto usetheLovaszLocal Lemmaandboundthecontractionfor all pairsof
points.

Fixing the ° 's. As notedin thedescriptionof theembedding,the° 's do not play any role in
boundingthecontraction.In fact,we will show somethingstronger: for any realizationof the
° 's, thereexistssomerealizationof theP's and¾'s for which thecontractionof theembedding
f is bounded.For therestof thissection,weassumethatthe° 'sarearbitrarily �x edupfront.

For eachi 2 [I ], let thesubsetN i beanarbitrary¯ D i -netof (V; di ), for some0 < ¯ < 1 to be
speci�edlater.

Bounding the Contraction for someSpecialPoints. We �rst boundthe contractionfor the
pairs in E i := f (x; y) 2 N i £ N i : 3D i =2 < di (x; y) · 3H D i g, i 2 [I ]. (Note that from
Proposition3.2.2(a), it follows thatfor each(x; y) 2 E i , d(x; y) < 4H D i .)

For t 2 [T], and(x; y) 2 E i , de�ne A (t )(x; y) to betheeventthatall thefollowinghappens:

² thevertex x is well-padded:i.e.,B i (x; D i
® ) µ P (t )

i (x);
² thevertex y is mappedto 0: ¾(t )

i (P (t )
i (y)) = 0;

² if j
P

j >i (' (t )
i (x) ¡ ' (t )

i (y)) j · D i
2®, then¾(t )

i (P (t )
i (x)) = 1, otherwise¾(t )

i (P (t )
i (x)) = 0.
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Proposition3.2.6(Conditioning on Higher Levels) Let (x; y) 2 E i . Supposefor j > i , the
randomobjectsf ° (t )

j ; P (t )
j ; ¾(t )

j : t 2 [T]g havebeenarbitrarily �xed. For each t 2 [T],

samplerandompartition P (t )
i from Proposition3.2.3and randomf 0; 1g-variablesf ¾(t )

i (C) :
C is a clusterof P (t )

i g uniformly, all independentlyof oneanother. Then,for each t 2 [T], with
probabilityat least 1

8 , theeventA (t )(x; y) happensindependentlyover thedifferentt's.

Moreover, if the event A (t )(x; y) happens,then the inequality j
P

j ¸ i ('
(t )
j (x) ¡ ' (t )

j (y)) j ¸
D i
2® holds; furthermore, for any realization of the remainingrandomobjects, i.e., ° (t )

i and
f ° (t )

j ; P (t )
j ; ¾(t )

j : j < ig, theinequalityj
P

i 2 [I ]('
(t )
i (x) ¡ ' (t )

i (y)) j ¸ D i
4® holds,providedH ¸ 8.

(RecallthatD i +1 = H D i .)

Proof: Given any realizationof the randomobjectsof scaleslarger thani , eachof the three
de�ning eventsfor A (t )(x; y) happensindependentlyof oneanotherwith probabilityat least 1

2,
andhenceA (t )(x; y) happenswith probabilityat least 1

8, independentlyover t 2 [T], sincethe
randomobjectsat scalei aresampledindependentlyover t 2 [T].

It follows that if A (t )(x; y) happens,then the partial sum from large scalesup to scalei is
j
P

j ¸ i ('
(t )
j (x) ¡ ' (t )

j (y)) j ¸ D i
2®. Observethesumfrom smallerscalesj

P
j <i (' (t )

j (x) ¡ ' (t )
j (y)) j

is boundedaboveby ageometricsum
P

j <i
D j

® , which is atmost D i
4®, providedthatH ¸ 8.

In orderto show that thecontractionfor thepair (x; y) is small,we needto show that theevent
A (t )(x; y) happensfor a constantfraction of t's. We de�ne C(x; y) to be the event that for at
least T

16 valuesof t, the event A (t )(x; y) happens.We concludethat the event C(x; y) happens
with high probability (asa functionof T), by usinga Chernoff bound: if X is thesumof i.i.d.
Bernoulli randomvariables,thenPr [X < (1 ¡ ²)E[X ]] · exp(¡ 1

2²2E[X ]), for 0 < ² < 1.

Proposition3.2.7(UsingConcentration) Underthesamplingproceduredescribedin Proposi-
tion 3.2.6, theeventC(x; y) fails to happenwith probabilityat mostp := exp(¡ T

64).

Proof: This followsby applyingtheChernoff boundmentionedabovewith ² = 1
2 .

Now that eachevent C(x; y) happenswith high enoughprobability, we usethe LovaszLocal
Lemmato show thatthereis somerealizationof f P (t )

i ; ¾(t ))
i : t 2 [T]g suchthatfor all (x; y) 2

E i , the eventsC(x; y) happensimultaneously. In order to usethe Local Lemma,we needto
analyzethedependenceof theseevents.RecallthatN i is a ¯ D i -netof (V; di ).

Lemma 3.2.8(Limited Dependence)For each (x; y) 2 E i , theeventC(x; y) is independentof
all but B := ( H

¯ )O(k) of theeventsC(u; v), where (u; v) 2 E i .

Proof: ObservethattheeventC(x; y) is determinedby therandomobjectsf P (t )
i ; ¾(t )

i : t 2 [T]g.
More speci�cally, it is determinedcompletelyby the eventsf B i (w; D i

® ) µ P (t )
i (w) : t 2 [T]g

andf ¾(t )
i (P (t )(w)) = 0 : t 2 [T]g, for w 2 f x; yg. Note that if di (x; w) > 3D i =2, thenthe

correspondingeventsfor the pointsx andw areindependent.Note that if di (x; w) · 3D i =2,
thend(x; w) · 2D i ; moreover, any two net-pointsin (V; di ) mustbe morethan¯ D i apartin
(V; d). Hence,observingthat thedoublingdimensionof thegivenmetric is at mostk, for each
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of x andy, only ( 2D i
¯ D i

)O(k) net pointsarerelevant. Now, eachnet point canbe incidentby at
most( 4H

¯ )O(k) edgesin E i . Hence,it followsthatC(x; y) is independentof all but ( H
¯ )O(k) of the

eventsC(u; v), where(u; v) 2 E i .

Now wecanapplythe(symmetricform of the)LovaszLocalLemma.

Lemma 3.2.9(LovaszLocal Lemma) Supposethere is a collection of eventssuch that each
eventfails with probability at mostp. Moreover, each event is independentof all but B other
events.Then,if ep(B + 1) < 1, thenall theeventsin thecollectionhappensimultaneouslywith
non-zero probability.

Proposition3.2.10(OneMor eLevel) Supposefor j > i , therandomobjectsf ° (t )
j ; P (t )

j ; ¾(t )
j :

t 2 [T]g havebeenarbitrarily �xed. If T = ­( k log H
¯ ), then there is somerealizationof

f P (t )
i ; ¾(t )

i : t 2 [T]g such that all theeventsf C(x; y) : (x; y) 2 E i g happen.In particular, such
a realizationdoesnotdependon the° 'sat scalei .

Proof: From Proposition3.2.7, the failure probability for eachevent C(x; y) is at mostp :=
exp(¡ T

64) and from Lemma3.2.8, the numberof dependenteventsis at most B = ( H
¯ )O(k) .

Hence,setting­( k log H
¯ ), wehaveep(B + 1) < 1, andwecanapplytheLocalLemma.

De�ne E to be the event that for all i 2 [I ], for all (x; y) 2 E i , the event C(x; y) happens.
By applying Proposition3.2.10repeatedly, we show that the event E happenswith non-zero
probability.

Proposition3.2.11(Contraction for Nearby Net Points) Supposein the constructionthe ° 's
are arbitrarily �xed, andtheP's and¾'s are still randomandindependent.Moreover, suppose
T = ­( k log H

¯ ). Then,with non-zero probability, our randomconstructionproducesanembed-
ding f : (V; d) ! RT such that theeventE happens;in particular, there existssomerealization
of theP'sand¾'ssuch that jj f (x) ¡ f (y)jj 2 ¸

p
T

4 ¢D i
4®.

Proof: For eachi 2 [I ], let Ei denotethe event that for all (x; y) 2 E i , the event C(x; y)
happens.Then,wehaveE = \ i 2 [I ]Ei .

From Proposition3.2.10, we have for all i 2 [I ], Pr [Ei j \ j ¸ i +1 Ej ] > 0. Hence,we have
Pr [E] =

Q
i 2 [I ] Pr [Ei j \ j ¸ i +1 Ej ] > 0.

Bounding the Contraction for All Points. We next boundthe contractionfor an arbitrary
pair (u; v) of pointsnoting that if all net pointsdo not suffer large contraction(by the above
argument),andall pairsdo not incur a largeexpansion(by theargumentof Lemma3.2.5), then
onecanextendthecontractionresultto all pairsof points. Of course,to do so,thenetN i must
besuf�ciently �ne. RecallthatN i is a ¯ D i -netfor (V; di ).

Lemma 3.2.12(Extending to All Pairs) SupposetheeventE happens.Then,for anyx; y 2 V,
thereexistT=16valuesof t's for which

j©(t )(x) ¡ ©(t )(y)j = ­( d(x; y))=®H .
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Proof: We canassumē < 1=4. Let i 2 [I ] suchthat(2 + 2¯ )D i · d(x; y) · (2 + 2¯ )D i +1 .
Supposeu; v 2 N i arethe net pointssuchthat di (x; u) · ¯ D i anddi (y; v) · ¯ D i . Then,it
follows that(u; v) 2 E i . SincetheeventE happens,theeventC(u; v) alsooccurs,andsothere
areat leastT=16valuesof t's for which theeventA (t )(u; v) occurs.We show thatfor eachsuch
t, j©(t )(x) ¡ ©(t )(y)j = ­( d(x; y))=®H .

Since A (t )(u; v) occurs, it follows that j
P

j ¸ i ('
(t )
j (u) ¡ ' (t )

j (v)) j ¸ D i =2®. Now using
Lemma3.2.5, it follows that j

P
j ¸ i ('

(t )
j (x) ¡ ' (t )

j (u)) j · O(logH n) ¢di (u; x) · O(logH n) ¢
¯ D i · D i =8®, for suf�ciently small ¯ , where 1

¯ = £( ®logH n). The sameupperbound
holds for j

P
j ¸ i ('

(t )
j (y) ¡ ' (t )

j (v))j. Hence,since the net points u; v were “f ar apart”, and
both x and y were closeto their net points, we can usethe triangle inequality to infer that
j
P

j ¸ i ('
(t )
j (x) ¡ ' (t )

j (y))j ¸ D i =4®.

Finally, observingthat for j < i , j' (t )
j (x) ¡ ' (t )

j (y)j · D j =® = D i
®H i ¡ j and H ¸ 16, we

have j
P

j <i (' (t )
j (x) ¡ ' (t )

j (y)) j · D i =8®. Therefore,j
P

j 2 [I ]('
(t )
j (x) ¡ ' (t )

j (y)) j ¸ D i =8®, as
required.

Hence,bysettingH = 16and 1
¯ = £( ®logH n), andobserving® = O(k) fromProposition3.2.3

(wherek is thedoublingdimensionandis atmostlogn), wehave thefollowing result.

Proposition3.2.13(Bounding Contraction) Supposethe° 's arearbitrarily �xed and¯ is suf-
�ciently small such that 1

¯ = £( ®logH n) and H ¸ 16. Then,for T = ­( k loglogn), there
existssomerealizationof P'sand¾'s thatproducesanembeddingf : V ! RT such that for all
x; y 2 V, kf (x) ¡ f (y)k2 ¸ ­(

p
T

k ) ¢d(x; y).

3.2.3 BasicEmbedding: Bounding Expansion

RecallthatE is theevent\ i 2 [I ]\ (x;y )2 E i C(x; y). Weshowedin Proposition3.2.11thatPr [E] > 0,
andif theeventE happens,theresultingembeddingf : V ! RT hasboundedcontraction.We
now boundthe expansionof the embeddingf : V ! RT for every pair (x; y) of points. In
orderto boundthisexpansion,thef¡ 1; +1g-randomvariables° i will �nally beused.Their role
is fairly natural: if thecontributionsfrom differentdistancescalesaresimply summedup, then
therewouldbeafactorof jI j (roughlyspeaking)appearingin theexpansionfor eachcoordinate.
However, with the randomvariables° i 's, thesumstartsto behave like a randomwalk, andthe
expectationof thesumof thesignedcontributionswould only suffer a factorof

p
I . In orderto

make this argumentformal, we usetechniquessimilar to thoseusedin analyzingthe Johnson-
Lindenstrausslemma[Ach00]. Themainproblemthatariseshereis that if we conditionon the
eventE, notonly thedifferentcoordinatesof themapbut alsothe° 'sareno longerindependent,
andhencewe would not beableto usethe“randomwalk”-lik e argument.Therefore,we needa
morecarefulanalysisto applythelarge-deviationarguments.

Fixing the P's and ¾'s. Supposethe ° 's are sampleduniformly and independently. From
Proposition3.2.13, thereexistssomerealizationof theP's andthe¾'s suchthatthecontraction
of the embeddingf is bounded.Hence,from this point, we canconcentrateon boundingthe
expansion.Sincethe° 's arerandomlydrawn, theP's andthe¾'s arerandomvariablestoo,and
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arefunctionsof the ° 's. Proposition3.2.10givesa clear ideaof the dependency betweenthe
randomvariables:the P's andthe ¾'s at scalei aredeterminedonly by the randomobjectsat
scalesstrictly largerthani , andin particularareindependentof the° 'sat scalei .

Let us�x x; y 2 V andde�ne therandomvariable

S := jj f (x) ¡ f (y)jj 2
2 =

X

t2 [T ]

(Q(t ))2;

whereQ(t ) := ©(t )(x) ¡ ©(t )(y). (The coordinates© werede�ned in (3.1). We want to show
thatfor largeenoughT, ther.v. S doesnotdeviatetoomuchfrom its meanwith highprobability.
Then,a union boundover all pairs(x; y) of points leadsto the conclusionthat with non-zero
probability, theembeddingf hasboundedexpansion.

Observe that Q(t ) :=
P

i 2 [I ] ° (t )
i Y (t )

i , where Y (t )
i := · (t )

i (x) ¡ · (t )
i (y). De�ne di :=

minf di (x; y); D i =®g. Recallthattherandomvariables° (t )
i areuniformly pickedfrom f¡ 1; +1g,

andjY (t )
i j · di .

We canillustratethedependency betweenthedifferentrandomobjectsin thefollowing descrip-
tion.

For i from I down to 0, do:

1. For eacht 2 [T], the valueY (t )
i is picked adversariallyfrom [¡ di ; di ],

hencepossiblydependingon previously picked valuesf Y (t )
j ; ° (t )

j : j >
i; t 2 [T]g.

2. For eacht 2 [T], ° (t )
i is pickeduniformlyfrom f¡ 1; +1g, andmoreover,

independentof any randomobjectspickedthusfar.

Lemma 3.2.14(Computing the m.g.f.) Supposethe ° 's and Y's are picked according to the
abovedescription.Moreover, º 2 :=

P
i 2 [I ] d2

i . Thenfor 0 · hº 2 < 1=2,

E[exp(hS)] · (1 ¡ 2hº 2)¡ T=2:

Moreover, for ² > 0, Pr [S > (1 + ²)Tº 2] · ((1 + ²) exp(¡ ²))T=2.

The proof of Lemma3.2.14appearsin Section3.2.4. Using this lemma,we can boundthe
expansionof theembedding.

Proposition3.2.15(Bounding Expansion) Suppose the target dimension T is at
most ln n. Then, for each pair x; y 2 V, with probability at least 1 ¡ 1

n2 ,
jj f (x) ¡ f (y)jj 2 · O(log n) ¢d(x; y).

Proof: Let º 2 :=
P

i 2 [I ] d2
i , andrecall thatS = jj f (x) ¡ f (y)jj 2

2. Then,from Lemma3.2.14,
wehave for ² > 0, Pr [S > (1 + ²)Tº 2] · ((1 + ²) exp(¡ ²))T=2.

Notethat for ² ¸ 8, (1 + ²) exp(¡ ²) · exp(¡ ²=2). Hence,for T · ln n, we set² := 8 ln n
T and

from Lemma3.2.5, wehaveº 2 =
P

i 2 [I ] d2
i · O(log n)¢d(x; y)2. Hence,with failureprobability

atmost 1
n2 , wehave jj f (x) ¡ f (y)jj 2

2 · (1+ 8 ln n
T ) ¢T ¢O(log n) ¢d(x; y)2 · O(log2 n) ¢d(x; y)2.
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Using the union boundover all pairs (x; y) andcombiningwith Proposition3.2.13, we com-
pletethe proof for the low distortionembeddingclaimedin Theorem3.2.4, modulothe proof
of Lemma3.2.14that is given in Section3.2.4. In Section3.3, we will give anembeddingthat
improvesthedependenceon thedoublingdimensiondimD .

3.2.4 ResolvingDependencyamongRandomVariables

Supposewe wish to boundthemagnitudeof thefollowing sum,whosetermsaredependenton
oneanother:

S :=
P

t2 [T ](Q
(t ))2; (3.3)

wherefor eacht 2 [T], Q(t ) :=
P

i 2 [I ] ° (t )
i Y (t )

i . The° (t )
i 's aref¡ 1; +1g randomvariables;for

eachi 2 [I ], theY (t )
i 'sarerandomvariablestakingvaluesin theinterval [¡ di ; di ]. Thefollowing

procedurespeci�eshow thevariousrandomvariablesarebeingsampled.

For i from I down to 0, do:

1. For eacht 2 [T], thevalueY (t )
i is pickedfrom [¡ di ; di ], possiblydepend-

ing onpreviouslypickedvaluesf Y (t )
j ; ° (t )

j : j > i; t 2 [T]g.

2. For eacht 2 [T], ° (t )
i is pickeduniformlyfrom f¡ 1; +1g, andmoreover,

independentof any randomobjectspickedthusfar.

A standardtechniqueto analyzethemagnitudeof S de�ned in (3.3) is to considerthemoment
generatingfunction(m.g.f.) E [exp(hS)], for suf�ciently smallh > 0. This is fairly easywhen
thetermsin thesummationS areindependent:however, observe thateachY (t ) is dependenton
therandomobjectsindexedby j > i . Moreover, theQ(t ) 's arenot independenteither. However,
wecangetaroundthisandprove thefollowing result,via Lemmas3.2.16and3.2.17.

Lemma 3.2.14(Computing the m.g.f.) Supposeº 2 :=
P

i 2 [I ] d2
i . Thenfor 0 · hº 2 < 1=2,

E[exp(hS)] · (1 ¡ 2hº 2)¡ T=2:

Moreover, for ² > 0, Pr [S > (1 + ²)Tº 2] · ((1 + ²) exp(¡ ²))T=2.

Recallthat theproblemwasthateachY (t ) is dependenton therandomobjectsindexedby j >
i . Moreover, the Q(t ) 's are not independenteither. To get aroundthis, we considerrandom
variablesrelatedto Q(t ) . De�ne bQ(t ) :=

P
i 2 [I ] ° (t )

i di andQ
(t )

:=
P

i 2 [I ] g(t )
i di , wheretheg(t )

i 's
areindependentnormalN (0; 1) variables.De�ne bS :=

P
t2 [T ] ( bQ(t ))2 andS :=

P
t2 [T ] (Q

(t )
)2

analogously. Observethatboththe bQ(t ) 'sandtheQ
(t )

'sareindependentoverdifferentt's. De�ne
º 2 :=

P
i 2 [I ] d2

i . A standardcalculationgivesus that E[exp(hS)] · (1 ¡ 2hº 2)¡ T=2, for 0 ·
hº 2 < 1=2. Weshow thatE[exp(hS)] is boundedaboveby thesamequantity.

As observed in [Ach00], by the MonotoneConvergenceTheorem,we have E[exp(hS)] =P
r ¸ 0

hr

r ! E[Sr ]. Hence,wecomparetheevenpowersof Q, bQ andQ.

Lemma 3.2.16 Thefollowing inequalitieshold.
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1. For anyinteger r ¸ 0, E[ bQ2r ] · E [Q
2r

].
2. For anyrealnumberh > 0, E[exp(h bS)] · E[exp(hS)].

Proof: The�rst statementfollows from theobservationthatE[° 2r
i ] = 1 · E[g2r

i ]. Thesecond

statementfollows from the �rst statement,observingthat the bQ(t ) 's andtheQ
(t )

's areindepen-
dent,andusingtheidentityE[exp(hZ )] =

P
r ¸ 0

hr

r ! E[Z r ].

Thenext lemmaresolvestheissuethattheQ(t ) 'sarenot independent.Theideais to replaceeach
randomvariableY (t )

i by aconstantdi andshow thatthisdoesnotdecreasetheexpectationof the
relevantrandomvariables.

Lemma 3.2.17 Thefollowingpropertieshold.

1. For all r t ¸ 0 (t 2 [T]), E [
Q

t2 [T ](Q
(t ))2r t ] · E [

Q
t2 [T ]( bQ(t ))2r t ].

2. For h > 0, E[exp(hS)] · E[exp(h bS)].

Proof: Note the secondstatementfollows from the �rst using the identity E[exp(hZ )] =P
r ¸ 0

hr

r ! E[Z r ], andhenceit suf�ces to prove the �rst statement.Let usde�ne thepartialsums

Q(t )
i :=

P
j ¸ i ° (t )

i Y (t )
i and bQ(t )

i :=
P

j ¸ i ° (t )
i di . We show the following statementby backward

inductionon i . Thecasei = 1 givestherequiredresult.We show thatfor i 2 [I ], for all r t ¸ 0
(t 2 [T]), E [

Q
t2 [T ](Q

(t )
i )2r t ] · E [

Q
t2 [T ]( bQ(t )

i )2r t ].

The casei = I follows from the fact that for all r ¸ 0, for all t 2 [T], jY (t )
I j · dI . Hence,

for all r t ¸ 0 (t 2 [T]), E [
Q

t2 [T ](Q
(t )
I )2r t ] = E[

Q
t2 [T ](Y

(t )
I )2r t ] · E [

Q
t2 [T ](dI )2r t ] =

E[
Q

t2 [T ]( bQ(t )
I )2r t ].

Assumethat for all l t ¸ 0 (t 2 [T]), E [
Q

t2 [T ](Q
(t )
i +1 )2l t ] · E [

Q
t2 [T ]( bQ(t )

i +1 )2l t ], for i ¸ 0. Fix
somer t ¸ 0 (t 2 [T]).

E [
Y

t2 [T ]

(Q(t )
i )2r t ] = E[

Y

t2 [T ]

(Q(t )
i +1 + ° (t )

i Y (t )
i )2r t ] (3.4)

= E[
r 1X

l1=0

¢¢¢
r tX

l t =0

Y

t2 [T ]

µ
2r t

2l t

¶
(Q(t )

i +1 )2r t ¡ 2l t (Y (t )
i )2l t ] (3.5)

· E[
r 1X

l1=0

¢¢¢
r tX

l t =0

Y

t2 [T ]

µ
2r t

2l t

¶
(Q(t )

i +1 )2r t ¡ 2l t d2l t
i ] (3.6)

· E[
r 1X

l1=0

¢¢¢
r tX

l t =0

Y

t2 [T ]

µ
2r t

2l t

¶
( bQ(t )

i +1 )2r t ¡ 2l t d2l t
i ] (3.7)

= E[
Y

t2 [T ]

( bQ(t )
i )2r t ] (3.8)

Theequality(3.5) usesthefactthatther.v.'s ° (t )
i 's areindependentof all otherrandomvariables

andtheexpectationof anoddpower of ° (t )
i is 0. Theinequality(3.6) follows from thefact that

37



jY (t )
i j · di . The inequality (3.7) follows from the linearity of expectationand the induction

hypothesis.Finally, equality(3.8) holdsfor thesamereasonasthatfor (3.5). Thiscompletesthe
inductiveproof.

Finally, wearein apositionto proveLemma3.2.14:

Proof of Lemma 3.2.14: From Lemma 3.2.17, we have E[exp(hS)] · E[exp(h bS)],
which is at mostE[exp(hS)], by Lemma3.2.16. Finally, from a standardcalculation[DG03],
E[exp(hS)] · (1 ¡ 2hº 2)¡ T=2, for 0 · hº 2 < 1=2.

To prove thesecondpartof thelemma,let hº 2 = ²
2(1+ ²) < 1

2 . Then,wehave

Pr [S > (1 + ²)Tº 2] = Pr [exp(hS) > exp((1+ ²)Thº 2)]

· E [exp(hS)] exp(¡ (1 + ²)Thº 2)

· (1 ¡ 2hº 2)¡ T=2 ¢exp((1 + ²)Thº 2)

= ((1 + ²) exp(¡ ²))T=2:

whichprovesthelarge-deviation inequality.

3.3 A Better Embeddingvia Uniform PaddedDecompositions

Our basicembeddingin theprevioussectionusesa simplepaddeddecomposition[CGMZ05],
andservesto illustratetheprooftechniques:however, its dependenceondimD is sub-optimal.In
orderto improve thedependenceof thedistortionon thedoublingdimension,weuseamoreso-
phisticateddecompositionscheme.We modify theuniform paddeddecompositionin [ABN06],
by incorporatingthepropertiesof boundeddoublingdimensiondirectlywithin theconstruction,
to achieveboththepaddingproperty, aswell asindependencebetweendistantregions.

3.3.1 Uniform PaddedDecompositions

De�nition 3.3.1(Uniform Functions) Givena partition P of (V; d), a function´ : V ! R is
uniformwith respectto thepartitionP if pointsin thesameclustertake thesamevalueunder´ ,
i.e., if P(x) = P(y), then´ (x) = ´ (y).

For r > 0 and ° > 1, the “local growth rate” is denotedby ½(x; r; ° ) := jB (x;r ° j)
jB (x;r =° )j , and

½(x; r; ° ) := minz2 B (x;r ) ½(z; r; ° ). All logarithmsarebased2 unlessotherwisespeci�ed.

Claim 3.3.2(Claim 2 of [ABN06]) For x; y 2 V, ° ¸ 5 and r > 0 such that 2(1 + 1
° )r <

d(x; y) · (° ¡ 2 ¡ 1
° )r , wehavemaxf ½(x; r; ° ); ½(y; r; ° )g ¸ 2.

Weshow thatif (V; d) hasboundeddoublingdimension,thereexistsauniformly paddeddecom-
position: i.e., onewherethepaddingfunction®(¢) is uniform with respectto thepartition. The
following lemmais similar to [ABN06, Lemma4], exceptthatit hasadditionalpropertiesabout
boundeddoublingdimension,andalsoindependencebetweendistantregions.
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Lemma 3.3.3(Uniform PaddedDecomposition) Suppose(V; d) is a metric spacewith dou-
bling dimensionk, andD > 0. Let ¡ ¸ 8. Then,there existsa D-bounded®-paddeddecom-
position¦ on (V; d), where ® = O(k), with the following properties.For each partition P in
thesupportof ¦ , there exist uniformfunctions»P : V ! f 0; 1g and´ P : V ! (0; 1) such that
´ P ¸ 1

®. Moreover, if »P (x) = 1, then2¡ 7=log½(x; D; ¡) · ´ P (x) · 2¡ 7; if »P (x) = 0, then
´ P (x) = 2¡ 7 and½(x; D; ¡) < 2.

Then,for all x 2 V, the probability of the eventf B (x; ´ P (x)D) µ P(x)g is at least 1
2 . Fur-

thermore, theeventf B (x; ´ P (x)D) µ P(x)g is independentof all theeventsf B(z; ´ P (z)D) µ
P(z) : z 62B(x; 3D=2)g.

Proof: We �rst describehow a randomdecompositionis sampled,andshow thatit satis�esthe
claimedproperties.We constructa D

4 -net N for (V; d) in the following way. Initially, no net
pointsarechosenandall pointsareuncovered.While therearestill uncoveredpointsin V, we
pick v amongtheuncoveredpointsthatminimizes½(v; D; ¡) . We includev in thesetN of net
points,andall pointsin V within distanceD

4 of v arecovered.Theprocessis repeateduntil all
pointsarecovered.Let N := f v1; v2; : : : ; vjN jg bethenetpointsin theorderin which they are
picked.Let ¸ bethemaximumnumberof netpointsin N in aball of radius3D

4 . Since(V; d) has
doublingdimensionk, ¸ = 2O(k) . Without lossof generality, weassumȩ ¸ 8.

We next describehow eachclusteris formedin a randompartition. Initially, all pointsin V are
unclustered.We start from j = 1 to jN j, andform a clusterCj (which canbe empty) in the
following manner. For eachj , de�ne

bÂj := ½(vj ; D ; ¡) ; (3.9)

Âj := 2minf maxf bÂj ;
p

8g; ¸ g: (3.10)

andtheprobabilitydensityfunction

p(r ) :=
Â2

j

1¡ Â¡ 2
j

¢8 ln Âj

D ¢Â
¡ 8r

D
j for r 2 [D

4 ; D
2 ] (3.11)

We samplea randomradiusr j from the above probability density function. The clusterCj

consistsof the remainingunclusteredpointsin B(vj ; r j ), which canbeempty. Thenon-empty
clustersform therandompartition.

Next, we de�ne two functions» : V ! f 0; 1g and´ : V ! (0; 1). SupposetheclusterCj is
non-empty. For all x 2 Cj , de�ne

´ P (x) := 2¡ 7

min f maxf log bÂj ;1g;log ¸ g ¸ 1
®;

for some® = O(k). If bÂj ¸ 2, de�ne »P (x) = 1; otherwise,»P (x) := 0. Hence,by construction,
thefunctions»P and´ P areuniformwith respectto thepartitionP.

Relationship between»P and ´ P . Suppose»P (x) = 1. Thenit follows that bÂj ¸ 2. From
the way the net N is constructed,observe that when the randomradiusr j is picked, all re-
maining unclusteredpoints z satisfy ½(z; D; ¡) ¸ ½(vj ; D ; ¡) = bÂj . Hence,it follows that
2¡ 7 ¸ ´ P (x) ¸ 2¡ 7

log bÂj
¸ 2¡ 7

log ½(x;D ;¡) .
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Suppose»P (x) = 0. Then,bÂj < 2, andhencé P (x) = 2¡ 7. Moreover, sinced(x; vj ) · D
2 , it

follows that½(x; D; ¡) · ½(vj ; D ; ¡) = bÂj < 2.

Independencebetweendistant regions. De�ne Nx := f v 2 N : d(x; v) · 3D
4 g. Observethat

theeventf B (x; ´ P (x)D) µ P(x)g is determinedcompletelyby therandomr j 's for which vj 2
Nx . Hence,thiseventis independentof all theeventsf B(z; ´ P (z)D) µ P(z) : z 62B(x; 3D

2 )g.

Padding property. Finally, it remainsto show thattheeventf B (x; ´ P (x)D) µ P(x)g happens
with probabilityat least1

2. Usingthesameargumentastheproof of Lemma4 in [ABN06], the
probability of the event f B (x; ´ P (x)D) 6µP(x)g is at most (1 ¡ µ)(1 + µ

P
vj 2 N x

Â¡ 1
j ), for

the particularchoiceof µ =
p

1=2. For completeness,we outline the proof of this result in
Lemma3.3.4. Hence,it suf�ces to show thatthesum

P
vj 2 N x

Â¡ 1
j is atmost1.

Recallfrom construction(3.10) thatÂj := 2minf maxf bÂj ;
p

8g; ¸ g. De�ne N1 := f vj 2 Nx :
Âj = 2maxf bÂj ;

p
8gg, thenetpointsin�uencing x whoseÂj valueis attainedby the�rst argu-

mentin theminimum.De�ne N2 := Nx n N1 to betherestof thenetpointsin�uencing x. Note
thatfor vj 2 N2, Âj = 2¸ . Observethatfor all vj 2 N1, Â¡ 1

j · 1
2 ¢jB (vj ;D =¡) j

jB (vj ;D ¡ j) · 1
2 ¢ jB (vj ;D =¡) j

jB (x;3D =4+ D =¡ j) ;
the last inequalityfollows from the fact thatB(vj ; D¡) ¶ B(x; 3D=4 + D=¡) . Moreover, ob-
serve thatB(vj ; D=¡) µ B(x; 3D=4 + D=¡) . SinceN1 arepointsfrom a D

4 -net,any two points
aremorethan D

4 apart. Finally, the balls B(vj ; D=¡) aredisjoint, asD=¡ · D=8. Hence,it
follows that

P
vj 2 N1

Â¡ 1
j · 1

2.

On the other hand,
P

vj 2 N2
Â¡ 1

j · jN2j=2¸ · 1
2, becausejNx j · ¸ . Hence, the sum

P
vj 2 N x

Â¡ 1
j · 1, asrequired.

The following lemmais proved usingtechniquesin Lemma4 of [ABN06]. For completeness,
wegive theproofhere.

Lemma 3.3.4 Considerthe decomposition¦ on (V; d) describedin Lemma3.3.3, and the as-
sociatedfunction´ P : V ! (0; 1) for each partition P in the supportof ¦ . Fix x 2 V and
recall Nx := f x 2 N : d(x; v) · 3D

4 g, the net-pointsusedin the decompositionthat are
closeto x. Recallalso that for each vj 2 N , there is a parameterÂj for samplinga random
radius r j that is usedto createa cluster centeringat vj . Then, the probability of the event
f B (x; ´ P (x)D) 6µP(x)g is at most(1 ¡ µ)(1 + µ

P
vj 2 N x

Â¡ 1
j ), whereµ =

p
1=2.

Proof: We �rst statea propertyof the probability density function de�ned in (3.11). For
convenience,for two setsA andS, weuseA ./ S to denoteA \ S 6= ; andA \ S 6= ; .

Proposition3.3.5(Lemma 5 of [ABN06]) SupposeZ µ V and x; v 2 Z . Let Â ¸ 2 be a
parameter, and D > 0 be an upperboundon the diameterof a cluster. Supposer is sampled
fromthedistributionp(r ) := Â2

1¡ Â¡ 2 ¢8 ln Â
D ¢Â¡ 8r =D , r 2 [D=4; D=2]. LetS := BZ (v; r ). Suppose

µ 2 (0; 1) such thatµ ¸ 2Â¡ 1, andlet ´ = 1
16 log(1=µ)=logÂ. Then,thefollowingholds:

Pr [BZ (x; ´ D) ./ S] · (1 ¡ µ)[Pr [BZ (x; ´ D) \ S 6= ; ] + µÂ¡ 1]:
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We considertheprobabilitythattheball B (x; ´ P (x)D) is separatedby thepartitionP. Observe
thattheball B (x; ´ P (x)D) µ B(x; D=4) canonly bein�uencedby netpointsin Nx := f v 2 N :
d(x; v) · 3D=4g. For convenience,we relabelthenetpointsNx := f v1; v2; : : : ; vtg, while still
preservingtherelativeorderin which they arepicked.Observe thatsincef Âj g is monotonically
increasing,f ´ j g is monotonicallydecreasing.SupposeSj is the clustercreatedby usingvj as
thecenter.

Observe thereis somej 0 suchthat x 2 Sj 0 . In this case,´ P (x) · ´ j 0 . Hence,if the ball
B (x; ´ P (x)D) is not containedin Sj 0 , it mustbe the casethat thereis somej · j 0 suchthat
B(x; ´ P (x)D) ./ Sj . Now, since´ j 0 · ´ j · 1=16, it follows that B(x; ´ j D) ./ Sj . So, it
suf�ces to analyzetheeventthatthereexistssomej suchthatB(x; ´ j D) ./ Sj .

For 1 · m · t, wede�ne theevents:

Zm := f8 j ; 1 · j < m; B(x; ´ j D) \ Sj = ;g ;

Em = f9 j ; m · j · t; B (x; ´ j D) ./ Sj jZ mg:

We wish to obtainanupperboundfor Pr [E1]. We prove thefollowing resultby induction.The
requiredresultcomesfrom thecasem = 1. For 1 · m · t,

Pr [Em ] · (1 ¡ µ)(1 + µ
X

j ¸ m

Â¡ 1
j ):

We shalluseProposition3.3.5repeatedlyfor thecaseµ =
p

1=2. First checkthatµ =
p

1=2 ¸
2Â¡ 1

j , for all j . For thebasecasem = t, observe thatZ t impliesthatx mustbein theclusterSt .
Hence,Pr [B(x; ´ tD) \ St 6= ;jZ t ] = 1. WeapplyProposition3.3.5to obtain:

Pr [Et ] · (1 ¡ µ)(1 + µÂ¡ 1
t ):

Supposetheinductiveresultholdsfor thecasem+ 1 andweconsiderthecasefor m ¸ 1. De�ne
theevents:

Fm := f B(x; ´ mD) ./ Sm jZ mg;

Gm := f B(x; ´ mD) \ Sm = ;jZ mg = fZ m+1 jZ mg:

We �rst considerPr [F m ]. UsingProposition3.3.5, wehave

Pr [Fm ] · (1 ¡ µ)(Pr [Gm ] + µÂ¡ 1
m ):
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Hence,usingtheinductionhypothesis,wecompletetheinductivestep:

Pr [Em ] · Pr [Fm ] + Pr [Gm ]Pr [Em+1 ]

· (1 ¡ µ)(Pr [Gm ] + µÂ¡ 1
m ) + Pr [Gm ] ¢(1 ¡ µ)(1 + µ

P
j ¸ m+1 Â¡ 1

j )

· (1 ¡ µ)(1 + µ
P

j ¸ m Â¡ 1
j ):

3.3.2 The Better Embedding: De�ning the Embedding

Thenew embeddingis quitesimilar to thebasicembeddingof Section3.2.1. Weusetheuniform
paddeddecompositionof Lemma3.3.3 to de�ne the new embeddingf : (V; d) ! RT . As
before,the metric (V; d) hasdoubling dimensiondimD = k, and suppose® = O(k) is the
paddingparameterin Lemma3.3.3. Let D i := H i , andassumethat thedistancesin (V; d) are
between2 andH I .

Again, the embeddingis of the form f := © t2 [T ]©(t ) , whereeach©(t ) : V ! R is generated
independentlyaccordingto somedistribution; for easeof notation,we drop the superscriptt
in the following. Also, each© is of the form © :=

P
i 2 [I ] ' i . We next describehow each

' i : V ! R is constructed.

For eachi 2 [I ], let Pi bea randompartitionof (V; d) sampledfrom thedecompositionscheme
asdescribedin Lemma3.3.3. Suppose»Pi : V ! f 0; 1g and´ Pi : V ! (0; 1) aretheassociated
uniform functionswith respectto thepartitionPi . Let f ¾i (C) : C is aclusterof Pi g beuniform
f 0; 1g-randomvariablesand° i be a uniform f¡ 1; +1g-randomvariable. The randomobjects
Pi 's, ¾i 's and° i 's areindependentof oneanother. Then' i is de�ned by the realizationof the
variousrandomobjectsas:

' i (x) := ° i ¢¾i (Pi (x)) ¢min
½

»Pi (x) ¢´ Pi (x)¡ 1=2 ¢d(x; V n Pi (x));
D ip

®

¾
: (3.12)

Notethesimilaritiesanddifferencewith (3.1). Again,we let

· i (x) := ¾i (Pi (x)) ¢minf »Pi (x)´ Pi (x)¡ 1=2d(x; V n Pi (x)); D ip
®g denotetheright half of theex-

pressionabove.

Theproofboundingthedistortionwill proceedsimilarly: weshow thatwith non-zeroprobability,
theembeddingf : V ! RT haslow distortion.

3.3.3 The Better Embedding: Bounding Contraction for Nearby Net
Points

As before,weusetheboundedgrowth-rateof themetricto boundthecontractionof theembed-
ding;however, theproofsarenow somewhatmoreinvolved.Again,weassumethatthe° 'sarear-
bitrarily �x ed,andtheP'sand¾'sarerandomandindependent.Foreachi 2 [I ], let thesubsetN i

beanarbitrary¯ D i -netof (V; d), for some0 < ¯ < 1 to bespeci�edlater. NotethatN i is differ-
entfromthenetusedfor obtainingtheD i -boundeddecompositionPi . As in thebasicembedding,
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we�rst boundthecontractionfor thepairsin E i := f (x; y) 2 N i £ N i : 3D i < d(x; y) · 4H D i g,
i 2 [I ], andthenextendit to all pairsin Section3.3.5.

Let us �x a pair (x; y) 2 E i . Suppose2(1 + 1=¡) · 3 and4H · (¡ ¡ 2 ¡ 1=¡) : Claim 3.3.2
impliesthatmaxf ½(x; D i ; ¡) ; ½(y; D i ; ¡) g ¸ 2. Without lossof generality, we assumethemax-
imumis attainedby x. Lemma3.3.3now impliesthat»Pi (x) = 1.

For t 2 [T], de�ne A (t )(x; y) to betheeventthatall thefollowing happens:

² B(x; ´ Pi (x)D i ) µ P (t )
i (x);

² ¾(t )
i (P (t )

i (y)) = 0;
² if j

P
j >i (' (t )

i (x) ¡ ' (t )
i (y)) j · D i

2
p

®, then¾(t )
i (P (t )

i (x)) = 1, otherwise¾(t )
i (P (t )

i (x)) = 0.

Proposition3.3.6 Let (x; y) 2 E i . Supposefor j > i , the randomobjectsf ° (t )
j ; P (t )

j ; ¾(t )
j :

t 2 [T]g havebeenarbitrarily �xed. For each t 2 [T], samplerandompartition P (t )
i from

Lemma3.3.3andrandomf 0; 1g-variablesf ¾(t )
i (C) : C is a clusterin P (t )

i g uniformly, all inde-
pendentlyof oneanother. Then,for each t 2 [T], with probabilityat least 1

8, theeventA (t )(x; y)
happensindependentlyoverdifferentt's.

Moreover, if theeventA (t )(x; y) happens,thentheinequalityj
P

j ¸ i ('
(t )
j (x) ¡ ' (t )

j (y))j ¸ D i
2
p

®
holds. Also, in this case, for any realizationof the remainingrandomobjects,i.e., ° (t )

i and
f ° (t )

j ; P (t )
j ; ¾(t )

j : j < ig, theinequalityj
P

i 2 [I ]('
(t )
i (x) ¡ ' (t )

i (y))j ¸ D i
4
p

® holds,providedH ¸ 8.
(RecallD i +1 = H D i .)

Proof: Becauseof theindependenceof P (t )
i and¾(t )

i , andobservingthatx andy areseparated
by P (t )

i , the event A (t )(x; y) happenswith probability at least1=8. Now, supposethe event
A (t )(x; y) happens.For easeof notation,we omit the superscriptt. Then,it follows that from
B(x; ´ Pi (x)D i ) µ Pi (x) thatd(x; V n Pi (x)) ¸ ´ Pi (x)D i . Recallingthat»Pi (x) = 1, we have
»Pi (x)´ Pi (x)¡ 1=2d(x; V n Pi (x)) ¸ ´ Pi (x)1=2D i ¸ D i =

p
®. Hence,irrespective of whether

¾i (Pi (x)) is 0 or 1, we have j
P

j ¸ i ('
(t )
j (x) ¡ ' (t )

j (y))j ¸ D i
2
p

®. The restof the resultsfollow
from straightforwardcalculation,observingthatf D j g formsageometricsequence.

As before,we de�ne C(x; y) to betheevent that for at least T
16 valuesof t, theeventA (t )(x; y)

happens.

UsingthesameChernoff boundasin Proposition3.2.7, wecanshow asimilar result.

Proposition3.3.7 Suppose(x; y) 2 E i , andfor j > i , therandomobjectsf ° (t )
j ; P (t )

j ; ¾(t )
j : t 2

[T]g havebeenarbitrarily �xed. Then,theeventC(x; y) fails to happenwith probabilityat most
p := exp(¡ T

64).

We next usetheLovaszLocal Lemmato show thatthereis somerealizationof f P (t )
i ; ¾(t ))

i : t 2
[T]g suchthatfor all (x; y) 2 E i , theeventsC(x; y) happensimultaneously. In orderto usethe
Local Lemma,we needto analyzethedependency of theseevents.RecallthatN i is a ¯ D i -net
of (V; di ).

Lemma 3.3.8 For each (x; y) 2 E i , theeventC(x; y) is independentof all but B := ( H
¯ )O(k) of

C(u; v), where (u; v) 2 E i .
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Proof: ObservethattheeventC(x; y) is determinedby therandomobjectsf P (t )
i ; ¾(t )

i : t 2 [T]g.
More speci�cally, it is determinedcompletelyby the eventsf B i (w; D i

® ) µ P (t )
i (w) : t 2 [T]g

andf ¾(t )
i (P (t )(w)) = 0 : t 2 [T]g, for w 2 f x; yg. Note that if di (x; w) > 3D i =2, thenthe

correspondingeventsfor the pointsx andw areindependent.Note that if di (x; w) · 3D i =2,
thend(x; w) · 2D i ; moreover, any two net-pointsin (V; di ) mustbe morethan¯ D i apartin
(V; d). Hence,observingthat thedoublingdimensionof thegivenmetric is at mostk, for each
of x andy, only ( 2D i

¯ D i
)O(k) net pointsarerelevant. Now, eachnet point canbe incidentby at

most( 4H
¯ )O(k) edgesin E i . Hence,it followsthatC(x; y) is independentof all but ( H

¯ )O(k) of the
eventsC(u; v), where(u; v) 2 E i .

By theLocal Lemma,if ep(B + 1) < 1, thenall theeventsC(x; y), where(x; y) 2 E i happen
with positiveprobability.

Proposition3.3.9 Supposefor j > i , the randomobjectsf ° (t )
j ; P (t )

j ; ¾(t )
j : t 2 [T]g havebeen

arbitrarily �xed. If T = ­( k log H
¯ ), thenthere is somerealizationof f P (t )

i ; ¾(t )
i : t 2 [T]g such

thatall theeventsf C(x; y) : (x; y) 2 E i g happen.

Again, we de�ne E to be the event that for all i 2 [I ], for all (x; y) 2 E i , the event C(x; y)
happens. As in the basicembedding,Proposition3.3.9 can be usedrepeatedlyto show the
following result.

Proposition3.3.10(Contraction for Nearby Net Points) SupposeT = ­( k log H
¯ ). Moreover,

the ° 's are arbitrarily �xed, and the P's and ¾'s remainrandomand independent.Then,the
eventE happenswith non-zero probability. In particular, thereexistssomerealizationof theP's
and¾'s such that theembeddingf : (V; d) ! RT satis�esfor all i 2 [I ], for all (x; y) 2 E i ,
jj f (x) ¡ f (y)jj 2 ¸

p
T

4 ¢ D i
4
p

®.

3.3.4 The Better Embedding: Bounding the Expansion

We usethesameargumentasthebasicembeddingto boundtheexpansion.We samplethe° 's
uniformly andindependently, anduseProposition3.3.10to show thereexists somerealization
of theP's and¾'s suchthattheresultingmappingf : V ! RT hastheguaranteedcontraction.
Hence,wecanfocusonanalyzingtheexpansion.

Again, �x x; y 2 V andlet S := jj f (x) ¡ f (y)jj 2
2 =

P
t2 [T ](Q

(t ))2, whereQ(t ) := ©(t )(x) ¡

©(t )(y). In turn, Q(t ) :=
P

i 2 [I ] ° (t )
i Y (t )

i , whereY (t )
i := · (t )

i (x) ¡ · (t )
i (y). Recall that ° (t )

i is
uniformly pickedfrom f¡ 1; +1g.

We next boundthemagnitudeof Yi in the following Lemma,whoseproof dependson theuni-
formity of »Pi and´ Pi . Theproof follows thesameargumentasin [ABN06, Lemma8], which
we includeherefor completeness.

Lemma 3.3.11 Considera particular Yi = · i (x) ¡ · i (y): Then,thefollowingholds.

1. WehavejYi j · maxf »Pi (x)´ Pi (x)¡ 1=2; »Pi (y)´ Pi (y)¡ 1=2g ¢d(x; y).
2. For all z 2 V, »Pi (z)´ Pi (z)¡ 1 · 27 log½(z; D i ; ¡) .
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Proof: We �rst prove the �rst statement.Note that it suf�ces to show that · i (x) ¡ · i (y) ·
»Pi (x)´ Pi (x)¡ 1

2 ¢d(x; y), becauseby symmetrywewouldhave · i (x) ¡ · i (y) · »Pi (y)´ Pi (y)¡ 1
2 ¢

d(x; y), whichgivestherequiredresult.

Recallthat· i (x) := ¾i (Pi (x)) ¢minf »Pi (x)´ Pi (x)¡ 1
2 d(x; V n Pi (x)); D ip

®g.

We �rst considerthe casePi (x) 6= Pi (y). Notice that in this cased(x; V n Pi (x)) · d(x; y).
Hence,we have · i (x) ¡ · i (y) · · i (x) · »Pi (x)´ Pi (x)¡ 1

2 ¢d(x; V n Pi (x)) · »Pi (x)´ Pi (x)¡ 1
2 ¢

d(x; y).

For the casePi (x) = Pi (y), we usethe uniformity of the functions»Pi and ´ Pi . If · i (y) =
¾i (Pi (y)) ¢ D ip

®, thensince· i (x) · ¾i (Pi (x)) ¢ D ip
®, it follows that· i (x) ¡ · i (y) · 0; otherwise,

· i (x) ¡ · i (y) · »Pi (x)´ Pi (x)¡ 1
2 ¢jd(x; V nPi (x)) ¡ d(y; V nPi (y)) j · »Pi (x)´ Pi (x)¡ 1

2 ¢d(x; y).

Thesecondstatementfollowsfrom theconstructionof »Pi and´ Pi asin Lemma3.3.3. If »Pi (z) =
1, then´ Pi (z)¡ 1 · 27 log½(z; D i ; ¡) .

Wehave jYi j · di := maxf
p

O(log ½(x; D i ; ¡)) ;
p

O(log ½(y; D i ; ¡)) g ¢d(x; y).

Denoteº 2 :=
P

i 2 [I ] d2
i . We boundthe magnitudeof º in the following proposition.The �rst

statementfollows from a telescopingsum,andthesecondfollows from the�rst, usingthede�-
nition of di .

Proposition3.3.12 Thefollowing inequalitieshold.

1. For all z 2 V,
P

i 2 [I ] log½(z; D i ; ¡) = O(logH ¡) ¢logn.
2. º 2 = O(logH ¡ logn) ¢d(x; y)2:

Theproof now proceedsin thesamefashionasin Section3.2.3; settingH := 16and¡ := 128,
we have º 2 = O(log n) ¢d(x; y)2. Hence,applyingLemma3.2.14, andsetting² := 8 ln n

T as
before,wehave thefollowing result.

Lemma 3.3.13(Bounding Expansion) SupposeT · ln n. Then,for each pair x; y 2 V, with
probabilityat least1 ¡ 1

n2 ,

jj f (x) ¡ f (y)jj 2 · O(log n) ¢d(x; y):

3.3.5 The Better Embedding: Bounding Contraction for All Pairs

Now thatwehaveprovedthatwith non-zeroprobability, theexpansionfor everypairof pointsis
at mostO(log n), andthecontractionfor nearbynetpointsis bounded,we next show that if the
¯ D i -netN i for (V; d) is �ne enough(i.e., ¯ is smallenough),thenthecontractionboundcanbe
extendedto all pairs.

Lemma 3.3.14(Bounding Contraction for All Pairs) Supposethe eventE holdsand the ex-
pansionof the embeddingf is boundedin the mannerdescribedin Lemma3.3.13. Suppose
¯ > 0 is smallenoughsuch that ¯ ¡ 1 = £(

p
®logn), where ® = O(k). Then,for all x; y 2 V,

jj f (x) ¡ f (y)jj 2 ¸ ­(
p

T=®) ¢d(x; y).
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Proof: Without lossof generality, we canassumē < 1
4. Supposex; y 2 V. Let i 2 [I ] such

that (3 + 2¯ )D i < d(x; y) · (3 + 2¯ )H D i . Supposeu; v 2 N i arenetpointsclosestto x and
y respectively. Then,it follows that 3D i < d(u; v) · 4H D i , andso (u; v) 2 E i . Hence,by
Theorem3.3.10, jj f (u) ¡ f (v)jj 2 ¸

p
T

4 ¢ D i
4
p

®. On theotherhand,bothd(u; x) andd(v; y) areat
most¯ D i . Sincetheexpansionof theembeddingf is boundedby O(log n), it follows thatboth
jj f (u) ¡ f (x)jj 2 andjj f (v) ¡ f (y)jj 2 areatmostO(log n) ¢¯ D i .

Finally, we set ¯ to be small enoughsuchthat 1
¯ = £(

p
®logn). By the triangle inequality,

jj f (x) ¡ f (y)jj 2 ¸ jj f (u) ¡ f (v)jj 2 ¡ jj f (x) ¡ f (u)jj 2 ¡ jj f (y) ¡ f (v)jj 2 ¸ ­(
q

T
®) ¢D i ¸

­(
q

T
®) ¢d(x; y).

PuttingLemmas3.3.13and3.3.14togetherprovesTheorem3.1.2.

46



Chapter 4

Approximating TSPon Metrics with
BoundedGlobal Growth

4.1 Intr oduction

Distancefunctionsareubiquitous,arisingas distancesfrom hometo work, round-tripdelays
betweenhostson the Internet,dissimilarity measuresbetweendocuments,andmany otherap-
plications.As asimplifying assumption,theoreticiansoftenassumethatthedistancefunctionin
questionformsametric.A metricspaceM = (V; d) is asetof pointsV with adistancefunction
d : V £ V ! R¸ 0 suchthat that distancesaresymmetricandsatisfy the triangle inequality.
Unlessspeci�edotherwise,weassumethatthesetV is �nite.

However, someproblemsremainhard even when the underlyingdistancefunction is a met-
ric, an exampleof which is the Traveling SalesmanProblem(TSP).Papadimitriouand Yan-
nakakis[PY93] showed that TSP is MAX-SNP hard in generalfor metricswhosedistances
are either 1 or 2. Indeed,even for more structuredmetricssuchas Euclideanmetrics,Tre-
visan[Tre00] showed that the problemremainsMAX-SNP hardif the Euclideandimensionis
unbounded.On theotherhand,Arora [Aro98] gave the�rst PTAS for TSPon low dimensional
Euclideanmetrics. A naturaland basicquestionthat arisesin the study of metric spacesis:
How do wequantifythecomplexity of metricspaces?More speci�cally, which classesof met-
ric spacesadmitef�cient algorithmsfor TSP?Theclassof treemetricstrivially admitsef�cient
exactsolutionfor TSP. It is not surprisingthatmetricsinducedby specialclassesof graphsad-
mit ef�cient TSPalgorithms. For instance,for graphswith boundedtreewidths,Arnborg and
Proskurowski [AP89] gave a dynamicprogramthatsolvesTSPon the inducedmetricsexactly
in linear time. For metricsinducedby weightedplanargraphs,thebestknown algorithmis by
Klein [Kle05], who gave a (1 + ²)-approximationalgorithmthat runsin linear time O(c1=²2

n),
wherec > 0 is someconstant.Grigni [Gri00] gave QPTAS's for metricsinducedby minor-
forbiddinggraphsandbounded-genusgraphs.

Theabove examplesweresituationswherethesimplicity wasin therepresentation:onecanask
if therearesomeparametersthatcapturethecomplexity of metricspaces.For Euclideanmetrics,
theunderlyingdimensionis sucha goodcandidate.However, not all metricsareEuclidean,and
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Figure4.1: Very simple examples of metrics with low correlation dimension.

a generalmetric embedsinto L 2 with distortion as large as ­(log n) [Mat97], even with no
restrictionon thenumberof dimensions.A questiononecanaskis: arethereotherparameters
thatcancapturetheintrinsicalgorithmiccomplexity of anabstractmetricspace(i.e.,independent
of its representation)?Whatis theintrinsic dimensionof M = (V; d)?

Building onade�nition of [Ass83], researchersconsideredthedoublingdimensiondimD (M ) of
ametricM [GKL03]: thisconceptgeneralizedthenotionof dimensionin geometricspaces,i.e.,
dimD (Rd; `p) = £( d). Doubling dimensionproved to be a very usefulparameter:in the past
threeyears,many algorithmshave sincebeendevelopedwhoseperformance(run-time,space)
canbegivenby functionsF (jV j; dimD (M )), whichgivebetterquanti�cationthanthoseobtained
for generalmetrics. For instance,Talwar [Tal04] gave a (1 + ²)-approximationalgorithmfor
TSPsuchthat for metricswith doublingdimensiondimD (M ) at mostk, thealgorithmrunsin
time 2( k

" log n)O ( k )
. While this result is potentiallyworsefor large dimensions,it is much better

for well-behaved metrics,andarguablyhaving this extra parameterto work with allows us to
developmorenuancedalgorithms.

Despiteits popularity, doublingdimensionhassomedrawbacks:perhapsthebiggestoneis being
thata spacewith low dimD cannothave “largedenseclusters”.1 This strict de�nition makesit
dif�cult to useit to modelreal networks,which tendto be well-behaved “on theaverage”,but
oftenhaveafew regionsof “high density”.Wede�ne anew notionof dimension,thecorrelation
dimension whichcapturestheideaof being“low-dimensionalonaverage” . Wegivestructural
resultsaswell asalgorithmsfor spannersandTSPfor metricswith low correlationdimension.
Ourde�nitions areinspiredby work on thecorrelationfractal dimensionin physics[GP83] and
in databases[BF95].

Notethatcorrelationdimensionis nottheonly (or eventhe�rst) ideato incorporatedenseregions
in graphs(see[KL06] for anotherexciting,andsomewhatdifferentdirectionof relaxingdoubling
dimension,therebyobtainingbothPTAS andQPTAS for TSP).But it givesa different(global)
way of measuringthe complexity, andcanbe useful in contexts wherestricter, local waysof
measuringdimensionarenotapplicable.

Our Resultsand Techniques.Given a �nite metric M = (V; d), let B (x; r ) denotethe ball

1More precisely, the doubling dimensionis de�ned so that any set that is almostequilateralin a metric of
dimensiondimD canonly have 2dim D pointsin it; theprecisede�nition of doublingappearsin Section4.2.
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aroundu of radiusr . Thecorrelationdimensionis de�ned asthesmallestconstantk suchthat

P
x2 V jB (x; 2r )j · 2k ¢

P
x2 V jB (x; r )j; (4.1)

andmoreover, this inequalitymusthold undertaking any net of the metric M . (A more for-
mal de�nition is given in Section4.2.) Note that this de�nition is an “average”versionof the
bounded-growth rateusedby [PRR99, KR02], andhenceshouldbemoregeneralthanthatno-
tion. Weshow thatin fact,correlationdimensionis evenmoregeneral thandoublingdimension:

Theorem4.1.1(Corr elation GeneralizesDoubling) Givena metricM , thecorrelationdimen-
sionis boundedabovebya constanttimesthedoublingdimension.

Moreover, correlationdimensionis strictly more generalthan doubling dimension: addinga
cliqueof sizeO(

p
n) to a doublingmetricdoesnot changeits correlationdimensionby much,

but completelydestroys its doublingdimension.(Someexamplesaregiven in Figure4.1. One
canbeconvincedthateachof theseexamplemetricshas“low complexity on average,” which is
preciselywhatcorrelationdimensiontriesto capture.)

Thefollowing theoremsshow thealgorithmicpotentialof thisde�nition.

Theorem4.1.2(Embedding into Small TreewidthGraphs) Givenany constant0 < " < 1
and k, metricswith correlation dimensionat mostk can be embeddedinto a distribution of
graphswith treewidth ~Ok;² (

p
n) anddistortion1 + ².

This immediatelyallows us to get 2~O(
p

n)) -time algorithmsfor all problemsthat canbe solved
ef�ciently onsmall-treewidth graphs,includingthetravelingsalesmanproblem.Moreover, The-
orem4.1.2is tight, sincemetricswith boundeddimC cancontainO(

p
n)-sizedcliques.

However, we cando muchbetterfor theTSPdespitethepresenceof theseO(
p

n)-sizedcliques
(or othercomplicatedmetricsof that size); we canmake useof the global natureof the TSP
problem(andthecorrespondingglobalnatureof dimC ) to getthefollowing result.

Theorem4.1.3(Approximation Schemesfor TSP) GivenanymetricM with dimC (M ) = k,
the TSPcan be solvedto within an expected(1 + ")-factor in time 2O(n±" ¡ k ) for any constant
± > 0.

Hence,given constants"; k, the algorithm runs in sub-exponential time. (Recall that sub-
exponentialtime is \ ±> 0DTIME(2n±

).) As we will seelater, thebestexponentin theexpression
above thatwecanshow is (" ¡ 12

p
log n log log n )4k .

While metricswith boundedcorrelationdimensioncannotin generalhave (1 + ")-stretchspan-
nerswith a linearnumberof edges,we canindeedgetsomeimprovementover generalmetrics.

Theorem4.1.4(SparseSpanners) Givenany 0 < " < 1, anymetric with correlationdimen-
sionk hasa spannerwith O(n3=2" ¡ O(k)) edgesandstretch (1+ "). Moreover, thereexistmetrics
with dimC = 2 andfor each of which any1:5-stretch spannerhas­( n3=2) edges.
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4.1.1 RelatedWork

Many notionsof dimensionfor metricspaces(andfor arbitrarymeasures)have beenproposed;
seethesurvey by Clarkson[Cla06] for thede�nitions, andfor theirapplicabilityto near-neighbor
(NN) search.Someof thesegive usstrongalgorithmicpropertieswhich areusefulbeyondNN-
searching.For instance,thelow-growthrateof ametricspacerequiresthatfor all x 2 V andall
r , jB (x; 2r )j is comparableto jB (x; r )j. This wasusedin [PRR99, KR02, HKRZ02] to develop
algorithmsfor objectlocationin generalmetrics,andin [KK77, AM05], for routingproblems.

A large number of algorithms have been developed for doubling metrics; e.g., for NN-
searching[Cla99, KL04, KL05, BKL06, HPM05, CG06b], for the TSP and other optimiza-
tion problems[Tal04], for low-stretchcompactrouting [Tal04, CGMZ05, Sli05, AGGM06,
XKR06, KRX06], for sparsespanners[CGMZ05, HPM05], andfor otherapplications[KSW04,
KMW05]. Many algorithmsfor Euclideanspacehave beenextendedto work for doublingmet-
rics.

For Euclideanmetrics,the�rst approximationschemesfor TSPandotherproblemsweregiven
by Arora[Aro98] andMitchell [Mit99]; see,e.g.,[CL98, ARR99, CLZ02, KR99] for subsequent
algorithms,and[CL00] for a derandomization.Theruntimeof Arora's algorithm[Aro98] was
O(n(log n)O(

p
k¢1

" )k ¡ 1
), which was improved to 2( k

" )O ( k )
n + O(kn logn) [RS99]. For (1 + ")-

approximationfor TSPondoublingmetrics,thebestknown runningtime is 2( k
" log n)O ( k )

[Tal04].
Here,theparameterk is thedoublingdimensionor theEuclideandimensionin thecorresponding
cases.

Finally, theconceptof correlationfractaldimensionwasstudiedby BelussiandFaloutsos[BF95,
PKF00] for estimatingtheselectivity of spatialqueries;FaloutsosandKamel [FK94] alsoused
fractaldimensionto analyzeR-trees.

Earlier Notions of Corr elation Dimension The concept of correlation fractal dimen-
sion[GP83] wasusedby physiciststo distinguishbetweenachaoticsourceandarandomsource;
while it is closelyrelatedto othernotionsof fractaldimension,it hastheadvantageof beingeas-
ily computable.Let usde�ne it here,sinceit maybeusefulto compareour de�nitions with the
intuition behindtheoriginalde�nitions.

Consideran in�nite setV. If ¾ = f x i gi ¸ 1 is a sequenceof points in V, the correlation sum
is de�ned as Cn (r ) = 1

n2 jf (i; j ) 2 [n] £ [n] j d(x i ; x j ) · r gj (i.e., the fraction of pairs at
distanceatmostr from eachother).Thecorrelationintegral is thenC(r ) = lim n!1 Cn (r ), and
thecorrelationfractaldimensionfor ¾is de�ned to belim r ! 0 lim ² ! 0

log C((1+ ²)r )¡ log C(r )
log(1+ ²) : Hence,

givenasetof points,thecorrelationfractaldimensionquanti�estherateof growth in thenumber
of pointswhich canseeeachotherastheir range-of-sightincreases.In thenext section,we will
de�ne aversionof thisde�nition for �nite sets.

4.2 Corr elation Dimension: De�nition and Moti vation

Givena�nite metricM = (V; d), wedenotethenumberof pointsjV j by n. For radiusr > 0, we
de�ne theball B (x; r ) = f y 2 V j d(x; y) · r g. GivenU µ V, de�ne B U (x; r ) = B(x; r ) \ U.
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Recallthata subsetN µ V is an"-cover for V if for all pointsx 2 V, thereis a coveringpoint
y 2 N with d(x; y) · " . A subsetN µ V is an"-packing if for all x; y 2 N suchthatx 6= y,
d(x; y) > ". A subsetN µ V is an"-net if it is bothan"-cover andan"-packing.A setN µ V
is anet if it is an"-netfor some".

Inspiredby thede�nitions mentionedin Section4.1.1, wegive thefollowing de�nition:

De�nition 4.2.1(correlation dimension) A metric M = (V; d) has correlation dimension
dimC (M ) at mostk if for all r > 0, theinequality

P
x2 N jB N (x; 2r )j · 2k ¢

P
x2 N jB N (x; r )j (4.2)

holdsfor all netsN µ V.

In otherwords,we wantto ensurethattheaveragegrowth rateof themetricM is not too large,
andthesameholdsfor any netN of themetric. Recallthat thedoublingdimensiondimD (M )
is the leastk suchthat every ball B (x; r ) of radiusr can be coveredby at most 2k balls of
radiusr=2 [GKL03]. Thestrongdoublingdimension2 is theleastk suchthat

jB (x; 2r )j · 2k jB (x; r )j (4.3)

for all x 2 V and radiusr . We know that the strongdoubling dimensionis no more than
4dimD [GKL03]. It follows directly from thede�nition (4.3) that thecorrelationdimensionis
no morethanthe strongdoublingdimension;moresurprisingly, the following result is true as
well. Wegive its proof in Section4.3.

Theorem4.2.2 For anymetricspaceM , dimC (M ) · O(dimD (M )).

Hencetheclassof boundedcorrelationdimensionmetricscontainstheclassof doublingmetrics.
Theconverseis not true:metricswith boundeddimC canbemuchricher. Consider, for instance,
theunweighted2-d grid with dimD = dimC = O(1). Now attachinganunweightedclique(or,
say, a metric with all distancesbetween1 and2) on O(

p
n) verticesto oneof the verticesof

thegrid: onecanverify that the inducedmetricstill hasdimC = O(1), but thedimD jumpsto
1
2 logn.

Thereaderwonderingaboutwhy theboundedaveragegrowth property(4.2) is requiredto hold
for everynetof M in De�nition 4.2.1is referredto Section4.3.2: loosely, thede�nition becomes
too inclusivewithout this restriction.

A veryusefulpropertyof correlationdimensionis thatit still has“small” nets.(Of course,since
weallow largecliques,they cannotbeassmallasfor doublingdimension):

Lemma 4.2.3(Small Nets) Considera metricM = (V; d) with dimC (M ) · k. SupposeS is
an R-packing with diameterD. If weaddmore pointsto S andobtainan R-netN for (V; d),
thenthesizeof thepackingsatis�esjSj · (2D=R)k=2 ¢

p
jN j.

2This quantityhasbeendescribedastheKR-dimensionin [GKL03]; we usethis namedueto [BKL06] to keep
matterssimple.
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Proof: ObservethatjSj2 ·
P

x2 N jB N (x; D)j. By applyingthede�nition of correlationdimen-
sionrepeatedly, wehave for eachintegert ¸ 0,

P
x2 N jB N (x; D)j · 2kt

P
x2 N jB N (x; D=2t )j: (4.4)

Settingt = dlog2(D=R)egivestherequiredresult.

Hence,givenany metricwith dimC = O(1), any near-uniform setin themetrichassizeat most
O(

p
n), andhencȩ , thedoublingconstant[GKL03] of thismetricis alsoO(

p
n).

At thispoint, it is worthwhileto mentionthatbecauseproperty(4.2) is requiredto hold for every
netof M in De�nition 4.2.1, it is hardto approximatethecorrelationdimensionof agivenmetric.

Theorem4.2.4 Givena metricM = (V; d) with n points,it is NP-hard to distinguishbetween
thecasesdimC (M ) = O(1) anddimC (M ) = ­(log n).

The proof of Theorem 4.2.4 involves a reduction from the MAXIMUM INDEPENDENT

SET [Has96] problem,andis given in Section4.4. Observe that this result rulesout any non-
trivial approximationof the correlationdimension;however, this doesnot necessarilyrule out
usingcorrelationdimensionfor thedesignof algorithms.In particular, thealgorithmswedesign
do not requireusto know thecorrelationdimensionof theinput metricup-front;while theTSP
approximationalgorithmof Section4.7 seemsto requirethis informationat �rst glance,this
issuecanberesolvedusingstandard“guess-and-double”ideas.

4.3 Relating Doubling and Corr elation Dimensions

In this section,we study the inter-relationshipsbetweendoubling dimensionand correlation
dimension.We show that thecorrelationdimensionof any metric is at mostO(dimD (M )), but
thattheconverseis not true.

4.3.1 Corr elation DimensionGeneralizesDoubling

Let usprove thefollowing theorem.

Theorem4.3.1(Doubling metrics haveboundeddimC ) Let M = (V; d) be a metric space.
Then,dimC (M ) · 8dimD (M ) + 1.

Proof: While theproof of this theoremis somewhat long, it is conceptuallynot very dif�cult.
SupposethedoublingdimensiondimD (M ) = k and¸ = 2k ; to prove thetheoremit is enough
to show that X

x2 V

jB (x; 2r )j · 2¸ 4
X

x2 V

jB (x; r )j:

We canthenapply this resultto every netN µ V (sincedimD (N ) · 2dimD (V)) to complete
theproofof thetheorem.

We �rst obtainanupperboundfor eachB(x; 2r ). SupposeY is an r
2-netof V . De�ning Yx :=

Y \ B (x; 3r ) andBy := B(y; r
2), wecanobserve that

B (x; 2r ) µ [ y2 Yx By; (4.5)
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SinceYx is containedin a ball of radius4r centeredat x andthe inter-point distanceof Yx is
greaterthan r

2, it follows from dimD (M ) = k thatjYx j · ¸ 4. Henceif each By were small, i.e.,
jBy j · jB (x; r )j, theright handsidewouldbe· ¸ 4 ¢jB (x; r )j.

However, we may be unlucky and have several y 2 Yx suchthat jBy j > jB (x; r )j. De�ne
the small centersSx = f y 2 Yx j jB (y; r

2)j · jB (x; r )jg, and the set of the large centers
L x := Yx n Sx . NotethatjSx j; jL x j · jYx j · ¸ 4. Plugginginto (4.5), weget

jB (x; 2r )j ·
X

y2 Yx

jBy j ·
X

y2 Sx

jBy j +
X

y2 L x

jBy j

·
X

y2 Sx

´ jB (x; r )j +
X

y2 L x

jBy j · ¸ 4´ jB (x; r )j +
X

y2 L x

jBy j

Hence,summingoverall x 2 V, wehave
P

x2 V jB (x; 2r )j · ¸ 4´
P

x2 V jB (x; r )j +
P

x2 V

P
y2 L x

jBy j (4.6)

The�rst termis whatwe want: we just needto boundthesecondtermon theright handsideof
(4.6). Call this termE.

Changingtheorderof summation,andde�ning Ny := f x 2 V : y 2 L xg, wehave

E :=
P

x2 V

P
y2 L x

jBy j =
P

y2 Y

P
x:y2 L x

jBy j =
P

y2 Y jNy j ¢jBy j: (4.7)

Soit now suf�ces to giveanupperboundsjNy j ¢jBy j for everynetpoint y 2 Y.

A changein perspective. Now wechangeourperspectiveto asinglenetpointy 2 Y. Let N 0
y be

anr -netof Ny. Sinceall pointsin Ny areatdistanceatmost4r from y, it followsthatjN 0
y j · ¸ 3.

Moreover, x 2 Ny impliesthatjB (x; r )j < jBy j. Also, we have Ny µ [ x2 N 0
y
B(x; r ). It follows

jNy j · ¸ 3jBy j. Pluggingthis into (4.7), weget

E ·
P

y2 Y ¸ 3jBy j2: (4.8)

For any z 2 By, notethatBy = B(y; r
2) µ B(z; r ). Observe that jBy j =

P
z2 B y

1, andhence
jBy j2 ·

P
z2 B y

jB (z; r )j. This impliesthat

E · ¸ 3
P

y2 Y

P
z2 B y

jB (z; r )j = ¸ 3
P

z2 V

P
y:z2 B y

jB (z; r )j: (4.9)

Thesecondequalityis achangein theorderof summation.Westill have to show thisquantityis
atmost¸ 4

P
x2 V jB (x; r )j; for this it suf�ces to show thatjf y 2 Y j z 2 B ygj · ¸ .

The Home Stretch. ConsiderM z := f y 2 Y j z 2 Byg: we wantto show jM zj · ¸ . Notethat
M z is containedin aball of radius r

2 centeredatz andany two distinctpointsin M z is morethan
r
2 apart.Fromthedoublingpropertyof V, M z containsat most¸ points! Combiningthis with
(4.6) and(4.9), wehave

P
x2 V jB (x; 2r )j · 2¸ 4

P
x2 V jB (x; r )j;

completingtheproof.
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4.3.2 The Converseis False

Given that thecorrelationdimensionof a metric is at most4dimD (M ) + 1, onecanaskif the
two quantitiesareessentiallythesame;however, theconverseof Theorem4.3.1is not true. In
particular, we canshow thata metricwith boundedcorrelationdimensiondoesnot necessarily
have boundeddoublingdimension. Considerthe “

p
n-lollipop” metric inducedby the graph

obtainedby attachinga pathmetric with n ¡
p

n nodesto a clique of size
p

n: the doubling
dimensionof this metric is clearlyat leastlog2

p
n = 1

2 logn. However, notethat thequantityP
x jB (x; r )j startsoff at n (for r = 0), andis about£( nr ) for arbitraryr · n. Moreover, this

alsoholdstruefor any "-netN , with
P

x2 N jB N (x; r )j beingjN j for r · " , andbeing£( jN jr=")
for generalr ¸ " . Hencethecorrelationdimensionof thismetricis O(1).

Why requireclosureunder taking nets?

Let usconsiderde�ning ametricto havecorrelationdimensionk if

P
x2 V jB (x; 2r )j · 2k ¢

P
x2 V jB (x; r )j (4.10)

holdsonly for the original metric andnot for all netsN . In this case,we canshow that the
de�nition is too inclusive: in particular,

Proposition4.3.2 GivenanymetricM = (V; d), onecan�nd a metricM 0 = (V [ V 0; d0) with
the restrictiond0jV = d, the numberof new points jV 0j = jV j, and the dimensionof M 0 is 2
(underthisnew notionof dimension).

Hence,if we do not requirethe closureundertaking sub-nets,we canrealizeany metric asa
submetricof a (slightly larger) low-dimensionalmetric,makingthede�nition completelyunin-
teresting(at leastfor TSP).

Proof: Without lossof generality, let theminimuminter-point distancein V beat least1. Let
" > 0 besmallenoughsuchthat"n ¿ 1. Let V 0 bea pathon n new vertices,with edge-lengths
onthepathbeing", andattachit to somepoint in V. If weview theoriginalmetricasacomplete
graphon V, thedistancesmetricd0 aretheshortest-pathdistancesin thenew graphformedby
addingthis“tail”. It is aneasycalculationto checkthattheresultingmetrichassmallcorrelation
dimension(underthisde�nition of correlationdimension).

This shows thattheweaker de�nition (without theclosureundertakingsubnets)haslimited ap-
plication,andmotivateswhy weneedto restrictthede�nition further. Takingsubnetsis perhaps
theminimalrestrictionwecanaddto makeit possibleto sayinterestingthingsabouttheresulting
metrics.

4.4 Hardnessof Approximating Corr elation Dimension

In this section,we show that it is NP-hardto approximatethecorrelationdimensionof a metric
betterthanO(log n); sincethecorrelationdimensionalwayslies in theinterval 1; : : : ; logn, this
provesthatonly trivial approximationguaranteesarepossibleunlessP = N P.
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Theorem4.4.1 Givena metricM = (V; d) with n points,it is NP-hard to distinguishbetween
thecasesdimC (M ) = O(1) anddimC (M ) = ­(log n).

Theproof is by reductionfrom thehardnessof approximationof INDEPENDENT SET [Has96].

Proposition4.4.2([Has96]) There exists0 < k1 < k2 < 1 such that givena graph with n
vertices,it is NP-hard to distinguishwhetherthesizeof a maximumindependentsetis smaller
thannk1 or larger thannk2 .

Proof: Let G = (V; E) be an instanceof the independentsetproblem,namelya graphon n
vertices,andlet ®(G) bethesizeof amaximumindependentsetin G. Wewill constructametric
M suchthatif ®(G) · nk1 thendimC (M ) = O(1), andif ®(G) ¸ nk2 , then®(G) = ­(log n).

De�ne M G to bea metricon n points,eachcorrespondingto a vertex in G, with unit distance
betweentwo pointsif thereis anedgebetweenthecorrespondingverticesin G, anddistance2
otherwise.HenceM G is a metric of diameter2; notethat any "-net for M G with " > 1 is an
independentsetin G, andthis is usefulfor thehardnessproof.

Let usde�ne a parameterl = 2(1 ¡ k1), wherek1 is thesmallerconstantin thehardnessresult
for independentset,andlet K = n l ; notethat 1 < K · n2; this will be the sizeparameter.
De�ne R = 2n2; thiswill beadistanceparameter.

We now de�ne a metricM = (X ; d), with jX j = 2nK + n2K . This metricM consistsof the
following three“components”;pointsin differentcomponentsareatdistance10n2K R from one
other.

1. Super-clique. This componentconsistsof K copiesof themetricM G. Two pointslying
in differentcopiesof M G areatdistanceR from eachother.

2. Chain-of-clusters. This componentconsistsof a chainof K “clusters”,with eachcluster
beinga uniform metric on n pointsandunit inter-point distance.The distancebetween
pointsfrom adjacentclustersis 2, andhencebetweenpointsin the i th andj th clustersis
2ji ¡ j j.

3. Tail. This componentconsistsof a line metric with K n2 points,with adjacentpointsat
distanceR from eachother.

The Analysis. We now begin to examine the correlation dimension of this metric M .
Note that boundingthe correlationdimensionamountsto analyzingthe quantity FN (r ) =P

x2 N jBN (x; r )j as a function of r , startingfrom r = 0 and checkingwhetheror not there
is asuddenincreaseasr doubles.The�rst claimshows thattheonly interesting²-netsarethose
with 1 · ² < 2.

Lemma 4.4.3 If N is an²-netfor themetricM where² < 1 or ² ¸ 2, then
P

x2 N jBN (x; 2r )j ·
O(1)

P
x2 N jBN (x; r )j for anyr > 0.

Proof: Let usconsider²-netsfor ² < 1. Sincethesmallestdistancein M is 1, by thecovering
propertyof a net, thenetN consistsof theentiresetX . For r < 1, sinceeachpoint seesonly
itself, FN (r ) = jN j = £( n2K ). As r increasespast1 and reaches2, all the points within
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eachcopy of M G in theSuper-clique,or within eachclusterin theChain-of-clusterscanseeone
another. Thisgivesacontributionof 2K £

¡ n
2

¢
= £( K n2) to FN (r ), but sinceFN (0) = £( K n2)

to begin with, the increaseis not large. As r increasesfrom 2 to R, the quantityFN (r ) also
increasesgraduallyto £( n2K 2) due to the chain-of-clusters.Hence,when r reachesR, the
suddencontribution of £( n2K 2) dueto thesuper-cliquedoesnot alsocauseany suddenjumps
in FN (r ). Finally, asr increasesbeyondR, nothinginterestinghappens.

For ² ¸ 2, atmostonepoint in eachcopy of M G andeachclusterremainin thenetN . It is easy
to checkthatin thiscaseFN (2r ) = O(1) FN (r ) for all r > 0.

Henceit suf�ces to consider²-netsN where1 · ² < 2. For thesevaluesof ², the net N can
containonly onepoint from eachclusterof the chain-of-clusters;moreover, for eachcopy of
MG in the super-clique, the points that remainin N correspondto an independentset in the
graphG. As r increasesto R, the chain-of-clusterscan only give a gradualcontribution of
£( K 2) = o(n2K ); hence,if thereis a largecontribution to FN (r ) dueto theSuper-cliqueasthe
r reachesR, therewould bea suddenincreasein FN (r ). Thusthenumberof netpointsin each
copy of M G in theSuper-clique(i.e.,thesizeof theindependentsetsin G) becomescrucialto the
ratioFN (2r )=FN (r ) for R=2 · r < R. Thetwo following lemmasmake this intuition formal.

Lemma 4.4.4 Supposea maximumindependentsetof G hassize®(G) · nk1 . Then,for 1 ·
² < 2, for any²-netN of M , FN (2r ) = O(1)F (r ), for anyr > 0.

Proof: As before,theinterestingactiontakesplacewhenR=2 · r < R. Observe thatFN (r ) ¸
n2K = n2+ l . Sincethe net points in eachM G correspondsto an independentset in G, the
contribution to FN (2r ) dueto the Super-clique is at most(nk1 K )2 = n2k1+2 l = n2+ l . Hence,
FN (2r ) = O(1)FN (r ).

Lemma 4.4.5 Suppose®(G) ¸ nk2 . Then,for some1 · ² < 2, there existsan ²-net N and
R=2 · r < R such thatFN (2r ) ¸ ­( n2(k2 ¡ k1 ))FN (r ).

Proof: Let ² = 1:5 andr = R=2. SinceG containsan independentsetof sizeat leastnk2 ,
for eachcopy M G, we can pick at leastnk2 net points to be in N . It follows as beforethat
FN (r ) · O(n2K ). Observe thatthesuper-cliquecontributesat least(nk2 K )2 = n2k2+2 l . Hence,
FN (2r )=FN (r ) ¸ ­( n2k2+2 l¡ 2¡ l ) = ­( n2(k2 ¡ k2 )).

Combiningthelemmascompletestheproofof thehardnessreduction.

4.5 SparseSpanners

We begin our studyof metricswith small correlationdimensionwith a simpleconstructionof
sparsespanners;this will alsoserve to introducethe readerto someof the basicconceptswe
will uselater. In this section,we show thatmetricswith boundedcorrelationdimensionadmit
(1+ ")-stretchspannerswith O" (minf n1:5; n log¢ g) edges,where¢ = maxx;y d(x;y )

min x;y d(x;y ) is theaspect
ratio of themetric.Thisshouldbecontrastedwith a trivial lowerboundfor generalmetrics:any
spannerwith stretchlessthan3 for K n;n requires­( n2) edges.
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4.5.1 SparseSpanners:Upper Bound

Theorem4.5.1(SparseSpannerTheorem) Givena metricM = (V; d) with dimC (M ) · k,
and" > 0, thereexistsa (1 + ")-spannerwith " ¡ O(k) minf n1:5; n log¢ g edges.

Thealgorithmfor constructingsparsespannersfor metricswith boundedcorrelationdimension
is thesameasthat for doublingmetricsin Section2.2; theproofs,of course,aredifferent. For
completeness,webrie�y describethealgorithmhereagain.

Construction for sparsespanners.Givena metric (V; d) anda parameter" > 0, let usde�ne
two parameters,° := 4 + 32

" , andp := dlog2 ° e+ 1. De�ne Y¡ p := V. For i > ¡ p, let Yi bea
2i -netof Yi ¡ 1; hencethesenetsarenested.(Notethatsincetheinter-vertex distanceis at least1,
Yi = V for ¡ p · i < 0.) For eachnetYi in thesequence,we addedgesbetweenverticeswhich
arein thenetYi and“closetogether”.In particular, for i ¸ ¡ p, de�ne theedgesat level i to be
E i = f (u; v) 2 Yi £ Yi j ° ¢2i ¡ 1 < d(u; v) · ° ¢2i g: Theunionof all theseedgesetsbE = [ i E i

is thespannerreturnedby theconstruction.

Thefollowing lemma(appearingasLemma2.2.5in Section2.2) statesthat thespannerbE pre-
servesdistanceswell:

Lemma 4.5.2(Low Stretch) Thesetof edges bE formsa (1 + ")-spannerfor (V; d).

Hence,it suf�ces to show that bE hasa smallnumberof edges.We �rst show thatfor eachi , the
setE i containsasmallnumberof edges,comparedto thesizeof thenetYi .

Lemma 4.5.3 If themetric(V; d) hascorrelationdimensionat mostk, thesizejE i j · 2kpjYi j.

Proof: Observe that jE i j ·
P

v2 Yi
jB Yi (v; ° ¢2i )j. By using De�nition 4.2 for correlation

dimensionrepeatedly, andthefact thatp = dlog2 ° e+ 1, it follows that thesumis boundedby
2kpjYi j.

We cannow prove half of Theorem4.5.1; sinceeachjYi j · n and2p = O(" ¡ 1), summingthe
above boundover all i impliesthat bE hasat mostn log¢ ¢" ¡ O(k) edges,where¢ is theaspect
ratioof themetric.However, thisboundmaybe£( n2) if theaspectratio is large,andwehaveto
work harderto getabounddependingonly onn and". Thefollowing lemmashows thatif there
aremany edgesin E i , thena largenumberof pointsin thenetYi would no longerbelongto the
netYi + p.

Lemma 4.5.4 LetU := Yi nYi + p bethepointsin Yi thatdonotbelongto thenetYi + p. Then,the
numberof edgesjE i j · 1

2 jUj(jUj + 1).

Proof: By theconstructionof theedgesetE i , notethat if (u; v) 2 E i , thend(u; v) · ° ¢2i .
Since2p > ° , at mostoneof the two verticesf u; vg canstill be in 2i + p-net Yi + p, andhence
any edgein E i musthave at leastoneendpointin U. Now considerany u 2 U. If both (x; u)
and(y; u) arein E i , thend(x; y) · ° ¢2i +1 . Hence,at mostoneof f x; yg cansurvive in Yi + p.
Thus,for eachnodeu 2 U, therecanbeat mostoneedgein E i connectingto apointoutsideU;
all otheredgesin E i having u asoneendpointmusthave someothervertex in U astheir other
endpoint.It follows thatjE i j ·

¡ jUj
2

¢
+ jUj, whichcompletestheproof.
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Figure4.2: Lower bound example for Sparse Spanners.

Lemma 4.5.5 For any r 2 f 0; 1; : : : ; p ¡ 1g, the edgesin all the E i 's with i ´ r (mod p) isP
j jE j p+ r j · O(2kp=2n1:5).

Proof: De�ne an upper bound function F (¢) such that for any j 0, if jYj 0p+ r j = a, thenP
j ¸ j 0

jE j p+ r j · F (a); we want to �nd the sharpestupper found function F (¢) possible.
Lemma4.5.4 implies that if jUj = b, thenF (a) · maxbf 1

2b(b + 1) + F (a ¡ b)g. Note that
the right handsideis maximizedwhenb is maximized;however, the valueof b = jUj cannot
be too large, sinceby Lemma4.5.3 we have jE j 0p+ r j · 2kpa. Putting thesetogetherforces
F (a) · 2kpa + F (a ¡ 2kp=2p

a), andimpliesthatF (a) = O(2kp=2a1:5). Sinceany jYi j · n, the
resultfollows.

Applying Lemma4.5.5for eachr 2 [p] andsummingup the resultingboundsgivesus j bEj ·
O(2kp=2pn1:5) · (2 + 1

" )O(k)n1:5, proving thesecondpartof Theorem4.5.1.

Note that for metricswith boundeddoublingdimension,onecanget a (1 + ²)-spannerswith
O(n" ¡ O(k)) edges[CGMZ05, HPM05]. However, we show that sucha result is not possible
with boundedcorrelationdimension,andthattheupperboundin Theorem4.5.1is indeedtight.

4.5.2 SparseSpanners:Lower Bound

Theorem4.5.6(Lower Bound on Sparsity) Thereexistsa familyof metricswith boundedcor-
relationdimensionsuch that for each metric in the family, any1:5-stretch spannerhasat least
­( n1:5) edges.

The metric in the lower boundis roughly representedby the picturein Figure4.2; notethat it
is essentialthatthis lower boundmetrichassuper-polynomialaspectratio ¢ , for we canobtain
suchaspannerwith O(n log¢) edgesfrom Theorem4.5.1.

We give a constructionfor a family of metricsthathasboundedcorrelationdimension,but any
1:5-spannerfor any metricin thefamily musthaveat least­( n1:5) edges.

Let A ¸ 4 bea parameter, which speci�esthedifferencein distancescalesin differentlevelsof
therecursive construction.Theconstructionalgorithmtakesanintegern, thenumberof points
in the metric anda positive real ® > 0, the minimum distancein the metric. We denotethe
correspondingmetricby M (n; ®). For clarity, weomit all ceilingsor �oors from thedescription.
For easeof description,eachM (n; ®) hasaspecialnodeu.

Construction for M (n; ®)
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1. If n is lessthansomethresholdn0 (say10), thenreturna uniform metricof n pointswith
inter-pointdistance®; setu to beany point.

2. Otherwise,constructM 0 := M (n ¡
p

n; ®A), togetherwith thespecialpoint u0. Replace
u0 with a uniform metricU with

p
n + 1 pointshaving inter-point distance®. Eachpoint

in U hasdistanceto any otherpoint thesameasthatfrom u0. Setthespecialpoint u to be
any point in U.

Lemma 4.5.7 For all n ¸ 1, themetricM (n; 1) hascorrelationdimensionat mostO(1).

Proof: Let N beanR-netof M (n; 1), whereA i ¡ 1 · R < A i . Notethatby our construction,
we have N = M (ni ; A i ), for someni . Let ui a net point in N closestto the specialpoint of
M (n; 1). Observe thatui canbea specialpoint for themetric inducedby thepointsM (n i ; A i ).
Considerr ¸ R=2. Therearefour simplecases:

(1) If 2r < A i , thentrivially wehave
P

x2 N jB N (x; 2r )j = ni =
P

x2 N jB N (x; r )j:

(2) If 2r ¸ A i > r , thenwehave
P

x2 N jB N (x; 2r )j = (
p

ni + 1)2 + (ni ¡
p

ni ¡ 1) · 3
P

x2 N jB N (x; r )j:

(3) Consider 2r ¸ Abi > r , where bi > i . Let p := jB N (ui ; r )j and q :=
jB N (ui ; 2r )nB N (ui ; r )j. Notep ¸

p
ni andq ·

p
ni . Hence,P

x2 N jB N (x; 2r )j = (p+ q)2 + (ni ¡ p¡ q) · 2(p2 + q2) + (ni ¡ p¡ q) · 3(p2 + ni ¡ p) =
3

P
x2 N jB N (x; r )j:

(4) ConsiderAbi+1 > 2r > r ¸ Abi , wherebi ¸ i . Then,p := jB N (ui ; 2r )j = jB N (ui ; r )j:
Hence, P

x2 N jB N (x; 2r )j = p2 + ni ¡ p =
P

x2 N jB N (x; r )j:

Hence,any netof themetricM (n; 1) satis�es(4.2).

Theorem4.5.8 Any1:5-spannerfor M (n; 1) musthaveat least­( n1:5) edges.

Proof: Let h(n) be the sizeof a sparsest1:5-spannerH for M (n; 1). Observe that M (n; 1)
containsa uniform metricU of size

p
n + 1. Hence,theremustbeanedgein H betweenany

two edgesin U. Supposewe contractU to a singlepoint in H . Then,the resultinggraphis a
1:5-spannerfor M (n ¡

p
n; A), andhencecontainat leasth(n ¡

p
n) edges.Hence,we have

h(n) ¸ (
p

n + 1)2 + h(n ¡
p

n). Solvingtherecurrence,wehaveh(n) ¸ ­( n1:5).

4.6 Algorithms for Metrics with BoundedCorr elationDimen-
sion

Having de�ned thenotionof correlationdimension,andhaving seena simplewarm-up(obtain-
ing sparsespanners),we now turn to devising algorithmsfor metricspaces,whoseperformance
is parameterizedby thecorrelationdimensionof theunderlyingmetricspace.This taskis com-
plicatedby two issues:
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² Global versusLocal Properties. The notion of correlationdimensionis global, in the
sensethat while theremay be pocketsof “high-complexity” in a metric with low dimC ,
thecomplexity is “low on theaverage”. Oneshouldcomparethis to previousnotionsof
dimensionlikedoubling,wherethemetricwaswell-structuredin everyregionandatevery
scale,andthuslocal argumentswould usuallysuf�ce to give goodalgorithms. In sharp
contrast,weare forcedto developalgorithmsthat take into accountthisglobalaveraging.

As an example,considerthe TSP:supposethe input graphconsistsof a max-SNPhard
(1; 2)-TSPinstanceon

p
n nodes,whichis attachedto onevertex of aunit grid. If wewant

to obtaina (1 + ") approximationto TSP, our algorithmwould have to clusterthegraph
into the “easy” part (the grid), andthe “complicated”part (the (1; 2)-TSPinstance),and
perhapsrun a (Q)PTAS on theformerpartanda constantapproximationalgorithmon the
latterpart. Of course,the input metricwith dimC = O(1) maynot have suchanobvious
clustering.

² Doubling resultsmay not be applicable. As notedin thediscussionafterLemma4.2.3,
metricswith dimC = O(1) cannothave near-uniform setsof size ! (

p
n), and hence

their doublingdimensionis at most 1
2 log2 n + O(1). Hence,while we canconceivably

use resultsfor doubling metrics, most of the current resultsare no longer interesting
for that rangeof doubling dimension: e.g., the resultsfor TSP have a running time of
expf (" ¡ 1 logn)O(dim D )g, andhencepluggingin dimD = 1

2 log2 n doesworsethann!, the
runningtime for anexactalgorithm. Again, our algorithmswill try to avoid this simple-
mindedreductionto doubling,eventhoughthey will rely on many ideasdevelopedin the
doublingmetricsliterature.

In therestof thepaper, thetwo mainalgorithmicresultswepresentare:

² WeakTSPApproximation & Embeddinginto Small TreewidthGraphs. We�rst show
how to solve the TSPon metricswith low correlationdimensionwithin (1 + ") in time
2

p
n¢(" ¡ 1 log n)O (dim C )

. As a by-product,we alsoget Theorem4.1.2: a randomembedding
of theoriginal metric into a graphwith treewidth

p
n ¢(" ¡ 1 logn)O(dim C ) . Detailsof this

resultappearin Section4.6.1.

To prove theseresults,we adopt,adaptandextendthe ideasof Arora [Aro02] andTal-
war [Tal04]. The main conceptualhurdleto our result is thatall the previous proofsuse
“O(1)-paddeddecompositions,” andmetricswith small dimC may not admit suchgood
paddeddecompositions,sincepaddingis a local property, andour metricmayhave some
denseregions.Weshow how to getaroundthisrequirement:weuseknown paddeddecom-
positionswith poorerpaddingguarantees,andshow thatcarefullyalteringtheboundaries
suf�ces for ourpurpose.

² (1 + ²)-Approximations in Sub-exponentialTime. The ideaswe usefor the previous
algorithmarestill fairly local, andhencedo not fully usethepower of having small cor-
relation dimension. In Section4.7, we show how to improve our partitioning scheme,
andusean improved global charging schemeto get our main resultTheorem4.1.3: an
approximationschemefor TSPthatrunsin sub-exponentialtime.
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4.6.1 An Algorithm for TSP in Time 2~O(
p

n)

Givenan² · 1, we considerrandomized(1 + ²)-approximationalgorithmsfor TSPon a metric
M = (V; d) onn pointsanddimC = k. Let OPT bethecostof theoptimalTSP.

As is well-known, we can assumethe aspectratio is n=² (see,e.g., [Aro02, Tal04]), by the
following simpleargument. Suppose¢ is the aspectratio of the metric M , andthe minimum
distancein the metric is 1. Let Va be an ²a¢ =n-net of M . SupposeOPTa is the length of
an optimal tour for points in Va only. Then, it follows that OPTa · OPT. From an optimal
tour for the pointsin Va, we canconstructa tour for all pointsin V, with extra lengthat most
n ¢2ea¢ =n = ²a ¢2¢ · ²aOPT. Hence,wewill assumethatVa = V, andthatourmetrichasan
aspectratioof atmostn=².

Moreover, we assumethat² > 1=n, or elsewe cansolve it exactly in 2O(² ¡ 1 log ² ¡ 1 )-time. We use
thefollowing mainideas,whichwerealsousedin obtainingknown (Q)PTAS's for TSP[Aro02,
Tal04]:

(a) We �nd a goodprobabilistichierarchicaldecompositioninto clusterswith geometricallyde-
creasingdiameters,(b) we choosesmall setof portals in eachclusterin this decompositionby
taking a suitably�ne net of the cluster, andforce the tour to enterandleave the clusterusing
only theseportals,i.e., the tour is portal-respecting. Themainstructurelemmashows that the
expectedcostof the bestportal-respectingtour is at most (1 + ²) times its original cost. Fi-
nally, (c) we �nd thebestportalrespectingtour usingdynamicprogramming:for a clusterC, if
thereareonly B portalsamongall its child clusters,thetime to build thetablefor C is at most
B O(B ) = 2O(B log B ) . (See,e.g.,Section4.6.4.) Sincethetotalnumberof clustersis poly(n), total
runtimeis poly(n)2O(B log B ) . Notethatfor doublingmetrics,sinceeachclusterhadonly 2O(dim D )

child clusters,eachwith O(² ¡ 1 logn)O(dim D ) portals,theruntimeis quasi-polynomial[Tal04].

Thetwo mainproblemsthatwe facearethefollowing:

(i) Metricswith low correlationdimensiondo not admitO(1)-paddeddecompositionswhich
aretraditionallyusedin step(a)above,and

(ii) While wecanensurethatthenumberof portalsin any singleclusterareatmost¼ O(
p

n)
usingLemma4.2.3, eachclustermay have asmany as

p
n child clusters,andhencethe

sizeB of theunionof portalsfor all thechild clustersmaybecloseto £( n).

To take careof theseproblems,we needto �nd a new partitioningandportalingscheme,such
that the union of the portalsin eachclusterand in all its child clusters hassizeonly ~O(

p
n);

clearly this will requireus to do thepartitioningandportal-creationstepsin a dependentfash-
ion, with eachstepguiding the other. (Moreover, we will arguethat the lack of O(1)-padded
decompositionsdoesnothurtusmuch;thiswill turnout to betheeasypart.)

We formalizetheabove ideasin theSections4.6.2, 4.6.3and4.6.4.

4.6.2 Hierar chical Decompositionand Portal-RespectingTour

In thissection,weshow how probabilistichierarchicaldecompositionandportalassignmentcan
beusedto approximateTSP. In particular, weshow thatit is suf�cient to restrictourattentionto
portal-respectingtours in orderto getan(1 + ²)-approximation.

61



Given a metric (V; d), we assumeunit minimum distance,andhencethe aspectratio and the
largestdistancearedenotedby ¢ . Recallthatwecanassume¢ · n

² .

Hierar chical Decomposition. Let L := dlogH (n=²)e be the numberof levels in the system,
with DL := ¢ andD i ¡ 1 := D i =H, whereH ¸ 4 is a parameterthatcanpossiblydependon n.
For eachi , Pi will beapartitionof V suchthateachclusterhasdiameteratmostD i . Notethatif
PL consistsof just oneclustercontainingall pointsin V, theneachpoint in V formsa separate
clusterin thepartitionP0. Thefamily of partitionsfP i g is hierarchical if eachheight-i cluster
is containedin someheight-(i + 1) cluster.

Portal Assignment. For each0 · i < L, eachheight-i clusterC hasa setU(C) of points
calledportalssuchthatU(C) is a ¯ D i -coveringof U(C), where0 < ¯ < 1 is a parameterto
bedeterminedlater. Theportalswill satisfytheconditionthatif a point is a portalfor a height-i
cluster, thenit mustbeaportalfor all lowerheightclusters.A child portal for aclusteris aportal
in oneof its child clusters.Wearelooking for a tour thatsatis�estheportal condition:

A pathor tour satis�estheportal condition(or is portal-respecting) if it only enters
or leavesaclusterthroughits portals.

®-Padded Decomposition. In order to show that the expectedlength of the restrictedtour
following theportalconditionis not toomuchlargerthanthatof theoptimaltour, werequirethat
the randomD i -boundedpartitionPi sampledfrom thehierarchicaldecompositionsatis�esthe
®-paddedproperty. Recallthismeansthatif asetS µ V hasdiameterd, thenit is partitionedby
Pi with probabilityatmost®¢ d

D i
. In particular, thefollowing conditionmustbesatis�ed.

Supposeu; v 2 V. SupposeBu andBv areballsof radiusr aroundu andv respec-
tively. Then,theprobabilitythatthesetS := Bu [ Bv is partitionedby Pi is atmost
®¢2r + d(u;v )

D i
.

GivenapartitionP andapointx, weuseP(x) to denotetheclusterin P thatcontainsx. Observe
thata standardprobabilisticdecompositionlike thoseby Bartal [Bar96] andFakcharoenpholet
al. [FRT04] gives® = O(log n).

Lemma 4.6.1 SupposefP i g is an ®-paddedhierarchical decompositionof (V; d), with portals
for each clusterasdescribedabove. Then,for anyu; v 2 V, theexpectedincreasein theshortest
pathobeying theportal conditionis at most6L®¯ ¢d(u; v).

Proof: Considerthe event that u andv areseparatedin P i , but not separatedin Pi +1 . This
probability is at most® ¢d(u; v)=Di . Underthis event, theshortestpathfrom u to v satisfying
theportal conditionis at most(1 + 6¯ D i )d(u; v), i.e., thedistancefrom u to v increasesby at
most6¯ D i . Theboundis 6¯ D i , insteadof 4¯ D i , becauseit mightnotbepossiblefor u to reach
its closestheight-i portaldirectly. It might have to go throughall the lower heightportals�rst.
Hence,summingoverall heightsi , wehaveshown thattheexpectedincreasein theshortestpath
betweenu andv is atmost

P L
i=0 ®¢d(u;v )

D i
¢6¯ D i · 6L®¯ ¢d(u; v).

Hence,usingLemma4.6.1, we canshow thatby forcing thetour to satisfytheportalcondition,
thelengthof theresultingoptimaltourdoesnot increasetoomuch.
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Proposition4.6.2 SupposeOPT0 is the lengthof the optimal tour for points in V, satisfying
theportal conditionwith respectto thehierarchical decompositionfP i g andthecorresponding
portalsfor each cluster. Then,E[OPT0] · (1 + 6L®¯ )OPT.

4.6.3 A Partitioning and Portaling Algorithm

In the previous section,we showed how a suitablehierarchicaldecompositionand portaling
schemecanrestrictthesearchspaceof potentialtours. In this sectionwe give a concretecon-
structionof a probabilistichierarchicaldecompositionandportalingschemesuchthatboth the
paddingparameter® andthenumberB of child portalsfor eachclusteraresmall.

Observe that if thechild portalsof eachclusterform a packing,thenusingtheboundedcorre-
lation dimensionassumptionandLemma4.2.3, we canshow that B is small for eachcluster.
If we usea standardhierarchicaldecomposition(e.g. oneby Bartal [Bar96] or FRT [FRT04])
andchooseanappropriatenetfor eachclusterto beits portals,thenthechild portalsof a cluster
neednotbeapacking,becauseportalsneartheboundaryof differentclustersmightbetooclose
together. Weresolve thisby usingBartal'sdecomposition[Bar96] twice. After obtainingastan-
darddecomposition,we apply thedecompositiontechniqueagain to make minor adjustmentto
theboundariesof clusters.Hereis themainresultthatdescribesthepropertiesof thehierarchical
decompositionandportalingscheme.

Theorem4.6.3(Main Partition-&-P ortal Theorem) Given a metric (V; d) with dimC = k,
anda parameter̄ · 1, there is a polynomial-timeprocedure that returnsa probabilistichier-
archical partition of themetricwith

(A1) Thediameterof a height-i cluster is guaranteedto be at mostD i + ¯ D i ¡ 1, where
D i = 4i .

(A2) Theprobabilityof (u; v) beingseparatedat heighti is at mostO(log2 n) £ d(u;v )
D i

.

Moreover, each clusterC is equippedwith a setof portalsU(C) such that thefollowingproper-
tieshold:

(B1) For each non-rootclusterC at height-i , thesetof portalsU(C) formsa ¯ D i -covering
of C.

(B2) Moreover, thesetof portalsin C andall its childrenforma (¯ =4) D i ¡ 1-packing.

The RandomizedPartitioning and Portaling Algorithm

Considerthe metric (V; d) with unit minimum distance,and hencethe aspectratio being the
diameter¢ of the metric. (Moreover, ¢ · n=², as notedbefore.) Let H := 4, and L :=
dlogH (n=²)e. SetDL := ¢ , andD i ¡ 1 := D i =4, asdiscussedbefore.We will give a hierarchical
decompositionof (V; d) suchthatfor eachheight-i clusterclusterC, thesetU(C) of portalsis a
is a ¯ D i -coveringof C andits child portalsis a 1

4¯ D i ¡ 1-packing,asdescribedin thestatement
of Theorem4.6.3.

1. Let PL = f Vg andU(V) = ; .

2. For i = L ¡ 1 down to 0,
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For eachheight-(i + 1) clusterC 2 P i +1 ,

(a) Apply Bartal'sprobabilisticdecomposition[Bar96] onclusterC, usingn asanupper
boundon the numberof points in C, suchthat the diameterof eachresultingsub-
clusteris atmostD i . This inducesaninitial partition ePi onC.

(b) BoundaryAdjustmentusingBartal's decomposition[Bar96]

i. Note that U(C) is a 1
4¯ D i +1 -packingandD i +1 = 4D i . AugmentU(C) to a

¯ D i -net bU(C) of C. Let Z be the set of points z in C that hasno point in
bU(C) \ ePi (z) within distancē D i .

ii. Let W := Z , X := C, andU(C) := ; .

iii. While W is non-empty,

A. Pickany pointu fromW. Let r := ¯ D i =4ln n. Pickz 2 [0; 1
4¯ D i ] randomly

from thedistributionp(z) := n
n¡ 1 ¢1

r e¡ z=r . Let B := B(u; 1
4¯ D i + z).

B. If B containssomepoint c in bU(C), thenall points in B \ X aremoved
to theheight-i clustercurrentlycontainingc, otherwise,addu to U(C), and
moveall pointsin B \ X to theheight-i clustercurrentlycontainingu.

C. Removepointsin B from bothX andW.

iv. Let thenew partitiononC beP i . For eachnew height-i clusterC0, let U(C0) :=
C0 \ ( bU(C) [ U(C)).

The Analysis

Lemma 4.6.4(Corr ectness)For i < L, for anyheight-(i + 1) clusterC producedby theDe-
compositionAlgorithm,then(1) for anychild clusterC0 of C, thesetU(C0) is a ¯ D i -covering
of C0, and(2) theunionof U(C0)'s,overall thechild clustersC0of C, is a 1

4¯ D i -packing.

Proof: We show that if for a height-(i + 1) clusterC, thesetU(C) is a 1
4¯ D i +1 -packing,then

for any child clusterC0 of C, U(C0) is a ¯ D i -coveringof C0, andtheunionof U(C0)'s,over all
thechild clustersC0 of C, is a 1

4¯ D i -packing. Then,the resultfollows by inductionon i , with
thebasecasestartingat i = L, astheemptysetU(V) is trivially 1

4¯ DL -separated.

SupposeC is aheight-(i + 1) clusterreturnedby thealgorithmandthecorrespondingU(C) is a
1
4¯ D i +1 -packing.We �rst show thecoveringpropertyfor eachchild clusterC0of C.

SincethesubsetU(C) is a 1
4¯ D i +1 -packingandD i +1 = H D i ¸ 4D i , it canbeaugmentedto

bea ¯ D i -net bU(C) for C. Observe thatpointsin bU(C) arenot reassignedto differentheight-i
clustersin theboundaryadjustmentstep.

Let x beapoint in C. Weshow thatthereis apoint in bU(C) [ U(C) thatis in thesameheight-i
clusterinducedby Pi andalsowithin distancē D i of x. RecallthatZ is thesetof pointsz in C
thathasnopoint in bU(C) \ ePi (z) within distancē D i .

Supposex is not in Z . Then,thereis a point v 2 bU(C) \ ePi (x) suchthatd(x; v) · ¯ D i . Note
again thatpointsin bU(C) stayin thesameclusters.Hence,if pointx is not reassignedto another
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height-i cluster, then it is still coveredby the point v after boundaryadjustment.Otherwise,
pointx is in someball B with radiusatmost¯ D i , whichcontainsapoint in bU(C) [ U(C). After
that,all pointsin B will beremovedfrom G andstayin thesameheight-i clusterthroughoutthe
boundaryadjustmentprocess.

If x is in Z , thenat somepoint it mustbe removed from list L . Then,by a similar argument,
at somepoint x mustbe in someball B with diameterat most¯ D i , which containsa point in
bU(C) [ U(C). Thesameargumentfollows.

Wenext show that bU(C) [ U(C) is a 1
4¯ D i -packing.First,observethat bU(C) is a¯ D i -netandso

is trivially alsoa 1
4¯ D i -packing.Next, observe thatwheneveranew pointu is addedto U(C), it

mustbeatdistancemorethan1
4¯ D i from bU(C) andexistingpointsin U(C). Hence,thepacking

propertyfollows.

Lemma 4.6.5(SeparationProbability) For each level i , Pr[(u; v) separatedbyP i ] ·
O(log2 n) d(u;v )

D i
.

To prove Lemma4.6.5, we usethe following resultswhich can be proved using techniques
in [Bar96].

Lemma 4.6.6 SupposeBu and Bv are balls centered at u; v 2 V respectivelywith radiusr .
Then,for each i , theprobability that theunionBu [ Bv is cut apart by ePi in the�r st phaseis at
mostO(log n) ¢d(u;v )+2 r

D i
.

Lemma 4.6.7 Supposeu; v 2 V. Then,theprobability thatu andv areseparatedin thebound-
ary adjustmentstepis at mostO(log n) ¢d(u;v )

¯ D i
, and this is independentof whathappensin the

�r st phase.

Proof of Lemma 4.6.5: Consideru; v 2 V. Let Bu andBv be the balls centeredat u andv
respectively with radius 1

2¯ D i . First considerthe casewhend(u; v) ¸ ¯ D i . Note that if the
union of Bu andBv is not separatedby ePi , thenu andv cannotbe separatedby P i . Hence,
the probability that Pi separatesu andv is upperboundedby that of the former event, which
is at mostO(log n) ¢d(u;v )+ ¯ D i

D i
, by Lemma4.6.6. By the assumptionthat d(u; v) ¸ ¯ D i , the

probabilityis atmostO(log n) ¢d(u;v )
D i

.

Considerthecasewhend(u; v) < ¯ D i . Note that if u andv areseparatedeventually, thenthe
union of Bu andBv mustbe cut apartby ePi . Moreover, in the boundaryadjustmentstep,the
pointsu andv mustalsobeseparated.

Hence,by Lemmas4.6.6and4.6.7, thisprobabilityis upperboundedby

O(log n) ¢d(u;v )+ ¯ D i
D i

¢O(log n) d(u;v )
¯ D i

· O(log2 n) d(u;v )
D i

:

Thus,wehaveanalyzedbothcasesandthiscompletestheproof.

Observethatwehavenotusedthenotionof correlationdimensionsofar. In thefollowing lemma,
weusethede�nition of correlationdimensionto boundthenumberof child portalsin acluster.
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Lemma 4.6.8(Small Number of Child Portals) Supposethemetric space(V; d) hascorrela-
tion dimensionat mostk. For all clusters C, theunionof U(C0) over all child clusters C0 of C
hassizeat most(16=¯ + 4)k=2p

n.

Proof: SupposeclusterC is at height i + 1. By Lemma4.6.4, the union S of U(C0) over
all child clustersC0 of C is a 1

4¯ D i -packing. Hence,it canbe extendedto a 1
4¯ D i -net N for

the whole spaceV. Observe that from the construction,all points in C is containedin a ball
with radiusat most (D i +1 + ¯ D i )=2, thoughnot necessarilycenteredat a point in N . Since
N is a 4i ¯ -net, C is containedin a ball of radiusat most D i +1 + ¯ D i centeredat somenet
point u 2 N . Hence,S µ B N (u; D i +1 + ¯ D i ), which by Lemma4.2.3 hassize at most
(16=¯ + 4)k=2

p
jN j · (16=¯ + 4)k=2p

n.

4.6.4 Dynamic Programming for SolvingTSP

We brie�y outlinea dynamicprogramto solve TSP, givena hierarchicaldecompositionandits
correspondingportalsfor eachcluster. The basicidea is similar to the constructionsusedby
by Arnbourg and Proskurowski [AP89] and Arora [Aro02], and we give the detailsherefor
completeness.

For eachclusterC with its portalsU(C), thereareentriesindexedby (J; I ), whereJ is a setof
unorderedpairsof portalsfrom U(C) andI is a subsetof U(C). Any portal that appearsin a
pair in J doesnotappearin I . Notethatif r = jU(C)j, thenthereareatmostr !r 2 suchentries.

An entryindex by (J; I ) representsthescenarioin whichatourvisitsthenon-portalsof clusterC
usingentryandexit portalsdescribedby pairsin J . Moreover, for eachpoint in I , thetwo points
adjacentto it in thetourarein theclusterC. Hence,thepointsin I arenotbehaving asportalsin
thesensethatthetourdoesnotenteror exit theclusterC throughthepointsin I . For eachportal
x in U(C) thatdoesnot appearin J or I , theadjacentpointsin the tour arebothnot in U(C),
i.e., thetour enterstheclusterthroughthatportalx andleavesimmediatelyafterward. We keep
trackof thelengthof theportionof thetour thatis within theclusterC. Moreprecisely, weonly
countthepartof tour that is betweenu andv for somepair f u; vg in J . Theentry indexedby
(J; I ) keepsthesmallestpossiblesumof thelengthsof theinternalsegments,for toursconsistent
with thescenarioimposedby (J; I ). Notethatif we have to constructthetour, undereachentry
wehave to storetheinternalsegmentsof thetouraswell.

Thereare specialentrieseachof which is indexed by only a single portal x 2 U(C). This
correspondsto the (sub-optimal)casewherewe enterthe clusterC throughx, performa tour
visiting all points in C, and leave throughx. The valueof suchan entry correspondsto the
lengthof a tour for pointsin clusterC.

As outlinedin [AP89], for a clustersuchthat thenumberof child portalsis at mostB , thetime
to completeall entriesfor thatclusteris 2O(B log B ) . Notethat if this holdsfor all clustersin the
decomposition,thetotal runningtime is atmostnL ¢2O(B log B ) , thoughtypically nL is absorbed
in theexponentialterm.
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4.6.5 The First TSPAlgorithm

Usingthepartitioningandportalingschemedescribedin Section4.6.3andthedynamicprogram
describedin Section4.6.4, wehaveanalgorithmfor approximatingTSP.

Theorem4.6.9(The First TSPAlgorithm) There is a randomizedalgorithm for metric TSP,
which for metricswith dimC = k, returnsa tour of expectedlengthat most(1 + ²)OPT in time
2((log n)=²)O ( k ) p

n .

Proof: Sincetheaspectratioof themetricis atmostn=², andthehierarchicalpartitiondecreases
thediameterof componentsby a constantfactorat eachlevel, theheightof thedecomposition
is L = O(log n

² ). By Theorem4.6.3, eachedge(u; v) of theoptimal tour is cut at height-i with
probability®d(u;v )

D i
with ® = O(log2 n).

We set¯ := ²
6L® . By Proposition4.6.2, theexpectedlengthof this tour (andhencethelengthof

theoptimalportal-respectingtour) is atmost(1 + 6L®¯ ) = (1 + ²)OPT.

We needto alsoboundtherunningtime of thedynamicprogram:recall thatanupperboundB
for thenumberof portalsin eachclusterandits childrenwould imply aB O(B ) runtime.

By Lemma4.6.8, it followsthatB · (16=¯ + 4)k=2p
n. Hence,therunningtimeof thealgorithm

is nL ¢2O(B log B ) = expf (²¡ 1 logn)O(k)p ng, asrequired.

4.6.6 Embedding into Small TreewidthGraphs

Observe that our probabilistichierarchicaldecompositionprocedureactuallygivesan embed-
ding into a distribution of low treewidth graphs.Supposewe aregivena particularhierarchical
decompositiontogetherwith the portalsfor eachcluster. We startwith the completeweighted
graphconsistentwith the metric, anddeleteany edgethat is going out of a clusterbut not via
a portal. If the numberof child portalsfor eachclusteris at mostB , thenthe treewidth of the
resultinggraphis atmostB . FromLemma4.6.1, theexpecteddistortionof thedistancebetween
any pairof pointsis small.Usingthesameparametersasin theproofof Theorem4.6.9, wehave
thefollowing theorem.

Theorem4.6.10(Embedding into Small TreewidthGraphs) Givenany constant0 < ² < 1
and k, metricswith correlation dimensionat mostk can be embeddedinto a distribution of
graphswith treewidth ((log n)=²)O(k)p n) anddistortion1 + ².

4.7 A Sub-ExponentialTime (1 + ²)-Approximation for TSP

In theprevioussection,wesaw how to geta(1+ ²)-approximationalgorithmfor TSPonmetrics
with boundedcorrelationdimension,essentiallyusingtheideaof randomembeddingsinto small
treewidth graphs.Theapproachgivesapproximationsfor any problemon metricspaceswhich
canbesolvedfor small-treewidth graphs:however, it is limited by thefact that the

p
n-lollipop

graphmetrichasboundedcorrelationdimension,andrandomly(1+ ²)-approximatingthisgraph
requirestheuseof graphswith largetreewidth.
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In this section,we get an improved approximationfor TSPusinganotherusefulobservation.
Considerthe badexamplesin Figure4.1: the contribution to OPT dueto the densestructure
is much smallerthan that from the low-dimensionalambientstructure. For example,for the
sub-gridwith a (1; 2)-TSP instancetacked onto it (Figure 4.1(b)), we can obtain a (1 + ²)-
approximationto TSPon thegrid (whichcontributesabout£( n) to OPT), andstitchit together
with a nä�ve 2-approximationto thehardinstance(which only contributes£(

p
n) to OPT). Of

course,this is a simplecasewheretheclusteringis obvious; our algorithmmustdo somekind
of clusteringfor all instances.Moreover, this indicatesthatweneedto doaglobalaccountingof
cost:thesloppy approximationof the“hard” subproblemneedsto bechargedto theentireOPT,
andnot just theoptimaltouron thesubproblem.

Herearesomeof theissuesweneedto address(mostof whicharetiedto eachother),alongwith
descriptionsof how wehandlethem:

² Avoiding Lar ge Tables. The immediatehurdle to a betterruntimeis that somecluster
may have £(

p
n) child portalsandwe have to spend

p
n

p
n time to computethe tables.

Our ideahereis to seta thresholdB0 suchthat in the dynamicprogram,if a clusterhas
morethanB > B0 portalsamongits children,wecompute,in lineartime,a touronC that
only enters and leavesC once, but now we incur anextra lengthof B £ diam(C) in the
�nal tour we compute.In thesequel,we call this extra lengththe“MST-loss”. This step
impliesthatwe needonly spendminf O(B); 2O(B 0 log B 0 )g time on any tablecomputation.
The patchingprocedureusedhereis reminiscentof the patchingfrom [Aro96], and is
describedin Section4.7.2.

² Paying for this Loss. In contrastto previous works, the “MST-loss” due to patching
cannotbechargedlocally, andhenceweneedto chargethis to thecostof theglobalOPT.
Moreover, we mayneedto accountfor theMST-lossat many clusters;hencewe needto
show thatOPT is largeenough,andtheMST-lossis incurredinfrequentlyenough,sothat
wecanchargeall theMST-lossesover theentirerunof thealgorithmto ²OPT.

² A Potential Charging Scheme.To beableto chargeMST-lossesin a globalmanner, we
look at the hierarchicaldecomposition.The extra length incurredfor patchingheight-i
clustersis proportionalto thenumberof child portalsof theclustersto which patchingis
applied. If theunionof all theheight-(i ¡ 1) portals in thedecompositionsatis�ed some
packingcondition, wecoulduseLemma4.2.3to boundthenumberof them,andhencethe
total MST-lossat height-i of thedecompositiontree. However, the techniquesdeveloped
so far (in Section4.6.1) canonly ensurethat the child portalsof a singlecluster form a
packing:weclearlyneednew techniques.

² A NewPartitioning & Portaling Procedure. Themethodin thelastsectiontookacluster
C at height-(i + 1), cut it up, andthenadjustedtheboundariesof thesubclusterscreated
at height-i to ensurethat the union of the portalsin thesesubclustersformeda packing.
However, theportalsin all thegrand-childrenof C (i.e., all theclustersat height-(i ¡ 1)
below C) may not form a packing: hencewe have to re-adjusttheboundariescreatedat
height-i yet again. In fact, when clustersat a certainlevel are created,the boundaries
for clustersin all higher levels have to be readjusted.This canpotentially increasethe
probability thata pair of pointsareseparatedat eachlevel. This is resolved by ensuring
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that clusterdiametersfall by logarithmic factorsinsteadof by constants.The detailsare
givenin Section4.7.1.

² Avoiding Computation of Corr elation Dimension.As givenin Theorem4.2.4, it is hard
to approximatethecorrelationdimensionof a givenmetric. However, thealgorithmcan
guessthecorrelationdimensionk of theinput metric. It startsfrom smallvaluesof k and
for eachnetencountered,it takespolynomialtime to verify theboundedaveragegrowth
rateproperty(4.2). Wheneverproperty(4.2) is violatedfor somenet,weknow thecurrent
estimationof thecorrelationdimensionis too small. Thevalueof k is increasedandthe
algorithmis restarted.Sincethecorrelationdimensionis atmostO(log n) andtherunning
time is doublyexponentialin k, theextra time incurredfor trying out smallervaluesof k
wouldnotaffect theasymptoticrunningtime.

We formalizethe ideassketchedabove in the following. The generalframework describedin
Section4.6.2of usinghierarchicaldecompositionandportalsto approximateTSPstill applies
here. We give a more sophisticatedpartitioning and portaling schemein Section4.7.1, and
analyzetheMST-lossincurredfrom patchingin Section4.7.2.

4.7.1 The Modi�ed Partitioning and Portaling Algorithm

Themaindifferenceis thatwhenaheight-i partitionis performed,all higherheightpartitionsare
modi�ed, in orderto ensurethatall height-i portalsform a packing.Let H ¸ 4 bea parameter
(possiblydependingon n) thatwill bedeterminedlater. Let L := dlogH (n=²)e. SetDL := ¢ ,
thediameterof (V; d); D i ¡ 1 := D i =H.

We aregoingto give a hierarchicaldecompositionof (V; d) suchthatfor eachheighti , Ui is the
setof height-i portalssuchthat for eachheight-i clusterC, the setUi \ C of portalsis a is a
¯ D i -coveringof C andUi is a 1

4¯ D i ¡ 1-packing.Observe thatoncea Ui is formed,it will notbe
modi�ed; moreover, oncea point is chosento be a portal for a cluster, it will not be moved to
anothercluster.

1. Let PL = f Vg andUL = ; .

2. For i = L ¡ 1 down to 0,

(a) For eachheight-(i + 1) clusterC 2 P i +1 , apply Bartal's probabilisticdecomposi-
tion [Bar96] on clusterC, usingn asanupperboundon thenumberof pointsin C,
suchthat the diameterof eachresultingsub-clusteris at mostD i . This inducesa
temporarypartition ePi onC.

(b) BoundaryAdjustmentusingBartal's decomposition[Bar96]:

i. Note that Ui +1 is a 1
4¯ D i +1 -packingandD i +1 = H D i ¸ 4D i . AugmentUi +1

to a ¯ D i -net bUi of V. Let Z be the setof pointsz in V that hasno point in
bUi \ ePi (z) within distancē D i .

ii. Let W := Z , X := V, andU i := ; .

iii. While W is non-empty,

A. Pickany pointu fromW. Let r := ¯ D i =4ln n. Pickz 2 [0; 1
4¯ D i ] randomly

from thedistributionp(z) := n
n¡ 1 ¢1

r e¡ z=r . Let B := B(u; 1
4¯ D i + z).
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B. If B containssomepoint c in bUi , thenall pointsin B \ X aremovedto the
height-i clustercurrentlycontainingc, otherwise,addu to U i , andmove all
pointsin B \ X to theheight-i clustercurrentlycontainingu.

C. Removepointsin B from bothX andW.

iv. Observe that thepartitionsP j for j > i canbemodi�ed. Let thenew height-i
partitiononV bePi . SetUi := bUi [ U i .

Analyzing the probability of a pair beingseparated

We �rst analyzetheprobabilitythata pair of pointsu; v areseparatedright aftersomepartition
Pi is formedfor the �rst time. Sincethe decompositionprocedureis quite sophisticated,the
analysisis donemorecarefully thanbefore. First, we rephrasea resultconcerningtheBartal's
decomposition[Bar96].

Fact 4.7.1 There exists t > 0 such that any n point metric spacecan be probabilistically de-
composedinto clusters with diameterat mostD such that for all pointsu; v and r > 0, the
probability thatB(u; r ) [ B (v; r ) is partitionedis at most

t logn ¢d(u;v )+2 r
D :

Throughoutthis subsection,theparametert refersto theonethatcomesfrom Fact4.7.1. How-
ever, we prove the following lemma, which is more generaland is usedlater. Recall that
D i +1 := H D i . For technicalreason,we assumethat H ¸ 4t logn, which we shall seeis
notaproblem.

Lemma 4.7.2 Supposeu; v 2 V, and Bu and Bv are balls of radius r centered at u and v
respectively. Then,theprobability that Bu [ Bv is separatedby Pi , right after Pi is formedfor
the�r st time, is at most4t2 log2 n ¢d(u;v )+2 r

D i
.

Proof: We show by inductionon i . For i = L, the statementis trivial becausePL = f Vg
andno pointsareseparatedfrom oneanother. Now consideri < L. Let ± := d(u; v) + 2r and
r 0 := r + 1

2¯ D i . Observe that if Pi separatesBu [ Bv, thenoneor bothof thefollowing events
happen.

1. EventA: ThepartitionPi +1 separatesB(u; r 0) [ B (v; r 0) right afterit is formed.
2. EventB : Thepartition ~Pi separatesB(u; r 0) [ B (v; r 0).

Theprobabilityof eventA is, by the inductionhypothesis,at most4t 2 log2 n ¢±+ ¯ D i
D i +1

; theprob-

ability of the event B n A is at most t logn ¢ ±+ ¯ D i
D i

, by Fact 4.7.1. Hence,observingthat
D i +1 = H D i ¸ 4tD i logn, theprobabilityof theeventA [ B is atmost

2t logn ¢±+ ¯ D i
D i

:

Case1: ± ¸ ¯ D i . Then,theaboveprobabilityis atmost4t logn ¢ ±
D i

.

Case2: ± < ¯ D i . Observethatin orderfor Pi to separateBu [ Bv, in additionto theeventA [ B ,
theevent thatBu [ Bv is separatedduringtheboundaryadjustmentstepmustalsooccur. Note
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that theprobability that this lattereventhappensgiventheeventA [ B is at mostt logn ¢ ±
¯ D i

.
Hence,it follows thattherequiredprobabilityis atmost

2t logn ¢±+ ¯ D i
D i

¢t logn ¢ ±
¯ D i

· 4t2 log2 n ¢ ±
D i

:

UsingLemma4.7.2, weshow thefollowing lemma.

Lemma 4.7.3 Theprobability thata pair (u; v) of pointsis separatedby the�nal P i is at most
(4t logn)L ¢d(u;v )

D i
= O(log n)L ¢d(u;v )

D i
.

Proof: Observe thatif the�nal Pi separatesu andv, thenPi mustseparatesu andv right after
somePj , wherej · i , is formed. Let this event be E j . We considerthe probability of such
eventE j . Observe that in orderfor this to happen,thenfor eachj · l < i , thepartitionP i has
to separateB(u; ¯ D l ¡ 1) [ B (v; ¯ D l ¡ 1), dueto boundaryadjustmentat heightl , right after P l

is formed. Let k betheintegersuchthat2¯ D k · d(u; v) < 2¯ Dk+1 , andi := maxf k + 1; j g.
Hence,theprobabilityof theeventE j is atmost:

4t2 log2 n ¢
d(u; v) + 2¯ D i ¡ 1

D i
¢(

i ¡ 1Y

l= i ¡ 1

t logn ¢
d(u; v) + 2¯ D l ¡ 1

D l
) ¢t logn ¢

2d(u; v)
¯ D i

·
1
2

¢(4t logn) i ¡ j +2 ¢
d(u; v)

D i
;

wherethe�rst termcomesfrom Lemma4.7.2, andeachsubsequenttermscomesfrom Fact4.7.1
appliedto eachboundaryadjustmentstep. Now, summingPr [E j ] over j · i shows that the
probabilitythat(u; v) is cutby the�nal P i is atmost(4t logn)L ¢d(u;v )

D i
.

All portals in eachlevel form a packing

Usingthesameargumentasin Lemma4.6.4, wecanprove thefollowing lemma.

Lemma 4.7.4 For each heighti , thesetUi of height-i portalsis a 1
4¯ D i ¡ 1-packingandfor each

height-i clusterC, thesetUi \ C of portalsis a ¯ D i -coveringof C.

The only thing to watchout is that whena point x is beingassignedto anotherclusterduring
boundaryadjustmentatheighti , how doweknow x still hasanearportalfor higherheights?The
observationis thatportalsarenot re-assignedto anotherclusteroncethey arechosen.Sincethe
point x is nearsomeheight-i portaly, which hasall higherheightportalsnearby, we conclude
thatx still hashigherheightportalsnearby.

4.7.2 Handling Lar gePortal Setsvia Patching

Patching a singlecluster

If a clusterC hasmany child portals(say about
p

n portals), it is too expensive to compute
theentriescorrespondingto C. In particular, computingthestandardTSPtablefor this cluster
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would requireO(
p

n
p

n ) = 2~O(
p

n) time,which in itself woulddashall hopesof obtainingasub-
exponentialtimealgorithm.To avoid this,wedoa two steppatchingdescribedin thefollowing.
The�rst ideais simple:if wearewilling to payanextraO(BD) amount,whereB is thenumber
of portals,andD thediameterof thecluster, thenwe can�nd a tour thatentersandleavesat a
singleportal. Indeed,we can�nd a tour thatentersclusterC throughsomeportalx, performsa
travelingsalespersontouronpointsin clusterC, andleavesclusterC throughx.

Proposition4.7.5(Patching to geta SinglePortal) Supposecluster C has diameterD, and
that there are at mostB portals in the clusterC. Then,givenany tour on the verticesV, the
tour can be modi�ed such that it enters and leavesthe clusterC througha singleportal with
additionallengthat mostBD.

However, computingsuch a tour requireswork aswell, andwe needto ensurethat this com-
putationcanbedonefast: if clusterC hastoo many child portals,it would betoo expensive to
computetheoptimaltour insideC. Hence,weneedasecondpatchingstep.

Proposition4.7.6 Considerthedynamicprogramin Section4.6.4, andlook at a clusterC with
diameterD andB child portals. Supposel is the lengthof theshortesttour for thepointsin C
that is computablefromtheentriesin thechild clusters of C (possiblyin 2­( B log B ) extra time).
Then,it is possibleto obtaina tour for clusterC, again fromtheentriesin thechild clusters of
C, thathaslengthat mostl + BD, but nowonly takestimeO(B).

Proof: From eachchild clusterC¸ of C, pick the entry suchthat the length l ¸ of its partial
segmentsis smallest.Notethatthelengthl of theoptimaltouronC is at least

P
¸ l ¸ . Sincethere

areatmostB child portalsandthediameterof C is D, it takesanextra lengthof BD to join the
partialsegmentsreturnedby eachchild clusterto form a touronC.

Observethatany portalof C is alsoachildportalof C. Hence,usingPropositions4.7.5and4.7.6,
for any clusterC with diameterD andB child portals,wecandothepatchingprocedurein time
O(B) from theentriesof its child clusters.After theprocedure,eachentryof clusterC is indexed
by a singleportal andhasa valuecorrespondingto the lengthof sometour on clusterC. The
resultingincreasein lengthfor theoverall tour is atmost2BD.

Applying Patching Techniquein Dynamic Program

Weanalyzetheincreasein tour lengthswhenweapplythepatchingproceduredescribedin Sec-
tion 4.7.2. RecallthatOPT0 is the lengthof theoptimal tour returnedby thedynamicprogram
(withoutpatching)describedin Section4.6.4.

Supposepatchingis appliedfor clusterswith morethanB0 child portals,but only up to height-i
clusters,andno patchingis appliedfor clustersin heighthigher than i . Let the lengthof the
optimal tour returnedin sucha way be OPTi . Observe that OPTL is the length of the tour
returnedby thedynamicprogramif patchingis appliedwheneverappropriate.

Thefollowing lemmashows thattheextra lengthincurredby patchingall clustersin onelevel is
small.Recallk is thecorrelationdimensionof themetric.

Lemma 4.7.7 For 0 · i < L, OPTi +1 · OPTi + 1
B 0

( 8H
¯ )k+1 OPT.
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Proof: Supposef C¸ : ¸ 2 ¤g is the setof height-(i + 1) clusterssuchthat eachonehas
B ¸ > B0 child portals. Observe that thesetof height-i portalsis a 1

4¯ D i -packing. Hence,we
canextendit to a 1

4¯ D i -netN i for V .

FromSection4.7.2, it follows theextra lengthto patchup all appropriateheight-(i + 1) clusters
is at most2

P
¸ B ¸ D i +1 . Now, from the de�nition of correlationdimension,we have for all

integerst, P
x2 N i

jB N i (x; D i +1 )j · 2kt
P

x2 N i
jB N i (x; 2¡ t ¢D i +1 )j:

By settingt := dlog2(4D i +1 =¯ D i )eandrecallingD i +1 = H D i , wehave
P

¸ B 2
¸ ·

P
x2 N i

jB N i (x; D i +1 )j · ( 8H
¯ )k jN i j: (4.11)

ObservingthateachB ¸ > B0, wehave

j¤ j · 1
B 2

0
( 8H

¯ )k jN i j: (4.12)

UsingtheCauchy-Schwartzinequality, wehave
P

¸ B ¸ ·
p

j¤ j ¢
P

¸ B 2
¸ : (4.13)

By substituting(4.11) and(4.12) into (4.13), wehave
P

¸ B ¸ · 1
B 0

( 8H
¯ )k jN i j:

Finally, observingthatOPT ¸ 1
4¯ D i jN i j, weconcludethattheextra lengthincurredby patching

all appropriateheight-(i + 1) clustersis atmost

2
P

¸ B ¸ D i +1 · 1
B 0

( 8H
¯ )k+1 OPT:

Lemma4.7.7impliesthatthetotalextra lengthincurredby patchingis small.

OPTL · OPT0 + L
B 0

( 8H
¯ )k+1 OPT: (4.14)

4.7.3 The SecondTSPAlgorithm

Theorem4.7.8(Sub-exponentialtime algorithm for TSP) For any metric with correlation
dimension k, we can give a randomized (1 + ²)-approximation for TSP in time
expf (²¡ 12

p
log n log log n )4kg = 2O²;k (n±) , for any± > 0.

Proof: We createa probabilistichierarchicaldecomposition,wherethediameterat height-i is
D i = H i for someparameterH ¸ 4. Hencethe depthof the treeis L := £(log H (n=²)). As
indicatedabove (andprovedin Lemma4.7.3), theprobabilitythat(u; v) areseparatedat level-i
is at most®d(u;v )

D i
, with ® = O(log n)L . Moreover, portalsin clustersof diameterD i form a

¯ D i -coveringandsincethereareL levels,thetotal increasein theTSPlengthis O(®¯ L) OPT.
To make thisatmost²=2, weset¯ = O(²=L ®).
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Finally, from ananalysisin Section4.7.2, thelengthincreasefrom patching(the“MST-loss”) is
L

B 0
( 8H

¯ )k+1 OPT. To make thisatmost²=2 aswell, wesetpick B0 suchthat L
B 0

( 8H
¯ )k+1 = ²=2.

Theonly parameterleft to bechosenis H . Observe thattherunningtime dependson B 0 andso
H is chosento minimizeB0. Notethat

B0 = (
L
²

)k+2 O(H ®)k+1 :

Observe that H ® is the dominating term, and also that as H increases,® decreases. It
happensthat in this casethe best value is attainedwhen H = ®. This is satis�ed when
logH =

p
log n

² loglogn.

It follows that it suf�ces to set the thresholdB0 = ²¡ (k+1) 22(k+1)
p

log n
² log log n = (²¡ 1 ¢

2
p

log n log log n )3k , recalling² > 1
n . Hence,weobtainatourwith expectedlength(1+ ²) timesthat

of theoptimaltour in time

nL ¢2O(B log B ) = expf (²¡ 1 ¢2
p

log n log log n )4kg = 2O²;k (n±) ;

for any ± > 0.

4.8 Summary and Conclusions

Wehaveconsideredaglobalnotionof dimension,which triesto capturethe“average”complex-
ity of metrics:ournotionof correlationdimensioncapturesmetricsthatpotentiallycontainsmall
denseclusters(of sizeup to O(

p
n)) but have smallaveragegrowth-rate.We show thatmetrics

with a low correlationdimensiondo indeedadmitef�cient algorithmsfor avarietyof problems.

Many questionsremainopen: canwe improve the runningtime of our algorithmfor TSP?A
moreopen-endedquestionis de�ning othernotionsof dimensionfor metricspaces:it is fairly
unlikely that onenotion cancapturethe complexity of metrics(both the local complexity, as
in doubling,aswell as the global behavior). Sinceonede�nition may not �t all situations,it
seemsreasonableto considerseveralde�nitions, whosepropertiescanthenbeexploitedunder
theappropriatecircumstances.
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Chapter 5

Conclusion

We have seenin this thesisthat thereare notionsof dimensionthat are useful in measuring
thecomplexity of a generalmetricwith respectto certainproblems.Thereareotherclassesof
metricsfor which goodalgorithmicguaranteescanbeobtained,for instancemetricsinducedby
planargraphshavebeenextensively studied[OS81, GT87, KPR93, AGK+ 98]. However, it is not
alwaysclearhow theseclassesof metricscanbeusedto measurethecomplexity of anarbitrary
metric.For example,therearepolynomialtimealgorithms[AGK+ 98, Kle05] for approximating
TSPfor planargraphs,yet suchalgorithmsdo not applyto generalmetrics,nor do they provide
guaranteesin termsof the“planarness”of agivenmetric,aconceptwhich is hardto de�ne or be
exploitedin the�rst place.Weconcludethisthesisby discussingextensionsandfuturedirections
for thework in eachchapter.

5.1 Spannersfor Doubling Metrics

In this thesis,the compactnessof a spanneris measuredby the numberof edgesin the span-
ner. However, for applicationsin which a spanneris usedfor maintainingphysicalconnections
betweensites,theweightof thespannerservesasa betterobjective thanthenumberof edges.
For any boundeddimensionalEuclideanmetric,NarasimhanandSmid[NS07] showedthat for
any t > 1, thereis a t-spannerwith weightO(M ST), whereM ST is theweightof a minimum
spanningtree.

The constructionof low weight spannerfor Euclideanmetricsrelieshighly on the geometric
propertiesof Euclideanspace.However, somestandardideasarestill applicable,suchas the
Kruskal-likeconstruction.

Kruskal' s algorithm for constructing low weight spanner. Arrangethe edges
(u; v) in increasingorderof d(u; v) in a list. Startwith anemptyspannerandcon-
sidereachedgee = (u; v) in thelist. If thedistancebetweenu andv in thecurrent
spanneris alreadyatmostt ¢d(u; v), thendiscardtheedgee, otherwiseincludeedge
e in thespanner.

Sucha constructionwould guaranteethat thespannerreturnedhasstretchat mostt. Themore
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technicalpart is how to show that thespannerhaslow weight. It would be interestingto seeif
thegeometricassumptionsusedfor Euclideanmetricscanbereplacedby propertiesensuredby
boundeddoublingdimension,whicharemorecombinatorialin nature.

5.2 Low DimensionalEmbeddingsfor Doubling Metrics

In Chapter3, we show that for embeddingdoubling metrics into Euclideanspace,there is
a tradeoff betweenthe target dimensionand the distortion of the embedding: given an n-
point metric (V; d) with doublingdimensiondimD , and any target dimensionT in the range
­(dim D loglogn) · T · O(log n), we show that themetricembedsinto EuclideanspaceRT

with O(log n
p

dimD =T) distortion.

A questiononecanaskis: doesthis tradeoff extendto smallervaluesof T? We know that for
largeT = O(log n). Theresultis tight with respectto n, becausethereexistsdoublingmetrics
that embedinto Euclideanspacewith distortion at least­(

p
logn). Yet our result doesnot

applywhenthe targetdimensionis small,e.g. T = O(dimD ). However, from a manuscriptof
Abraham,BartalandNeiman,it is possibleto obtaintargetdimensionO(dimD ) at theexpense
of increasingthedistortionto O(log1+ ² n), for somesmall² > 0. An interestingquestionwould
beif our tradeoff actuallyholdsfor smalltargetdimensionaswell. In particular, is it possibleto
obtaintargetdimensionO(dimD ) with distortionO(log n)?

Anotherquestionis how goodthis tradeoff is. For example,is it possibleto embeda doubling
metricinto O(log logn) dimensionswith O(

p
logn) distortion?Observe thatsomelowerbound

for this tradeoff would imply somekind of lower boundfor dimensionreductionof Euclidean
metricswith constantdoubling dimension. In particular, the following ideal result would be
impossible.

Ideal Result for DimensionReduction in EuclideanSpaces.Any Euclideanmet-
ric with doubling dimensiondimD can be reducedto O(dimD ) dimensionswith
O(dimD ) distortion.

Supposewe have anarbitrarymetric (V; d) with constantdoublingdimension.Then,it canbe
embeddedinto Euclideanspacewith distortionO(

p
logn) (andO(log n) dimensions).Observe

this would increasethedoublingdimensionup to at mostO(log logn). Hence,the ideal result
would imply thatany doublingmetriccanbeembeddedinto Euclideanspacewith O(log logn)
dimensionsandO(

p
logn loglogn) distortion. Hence,the ideal resultwould be impossibleif

thereexists some² > 0, suchthat therearedoublingmetricsfor which embeddingtheminto
Euclideanspacewith O(log logn) dimensionswould incurdistortionat least­(log 0:5+ ² n).

5.3 Global Notion of Dimension

Wehave introducednetcorrelationdimension,aglobalnotionof dimensionfor whichwegivea
sub-exponentialtime algorithmfor approximatingTSPon suchglobally boundedmetrics.The
questionis whethersuchnotion of global dimensionhasapplicationto otherproblems. It is
conceivable that a differentnotion of global dimensionneedsto be consideredfor a different
problem.For instance,with respectto TSP, aglobalnotionof dimensionshouldruleoutametric
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with a shorttail with linearnumberof pointsasa simplemetric (seeSection4.3.2). However,
for aproblemlikenearest-neighborquery, thismetricshouldbeconsideredassimple,becauseif
querypointsareuniformly sampled,thenfor a constantfractionof the time, thesimplepartof
themetricis beingqueried.

Onecanimaginethat our techniquescould be appliedto the settingdescribedin Arora's sur-
vey on approximationschemesfor hardgeometricoptimizationproblems[Aro03] to get sub-
exponentialtime algorithms,in a way analogousto how we tackleTSP. Although our de�ni-
tion of correlationdimensionwasnot tailoredto speci�cally solve TSP, in retrospectTSPhas
a nice structurewhich allows the techniquesof hierarchicaldecomposition,portal assignment
anddynamicprogram(DP) to beemployedfor metricswith boundedcorrelationdimension.We
describesomepropertiesof TSPthatareessentialfor our techniquesto beapplied,andmention
how someof theothergeometricproblemsdonotsatisfythem.

1. Each entry in the DP can be computedin 2~O(B ) time, where B is the number of child
portals. For TSP, eachentry can be computedin 2O(B log B ) time. However, for other
problemssuchask-connectivity, thetime for computinganentryin thedynamicprogram
describedin [CL00] is doubly exponentialin B . Hence,even if B is polylog(n), the
algorithmis still too inef�cient.

2. In the DP, any valid con�gurations for child entries can be combinedto form a valid
con�guration for the parent entry. This is essentialbecausewe cannoteven afford to
considermore thanonecon�guration per child entry, becausetherecanbe as many as
O(

p
n) child entries.For TSP, we show how this canbedonein Proposition4.7.6. How-

ever, in the dynamicprogramfor minimum latency describedin [AK01], eachcon�gu-
ration carriestoo muchinformationandso arbitraryvalid con�gurationsof child entries
cannotbecombinedto form aconsistentvalid parentcon�guration.

3. In the casewhen the number B of child portals in a cluster is too large,a patching
argument should be applicable to reducethe number of active portals, at a cost of
O(BD), whereD is the diameter of the cluster in question.Perhapsthis is themostre-
strictingconditionin usingour de�nition of correlationdimension.This conditionallows
us to useour de�nition in makinga globalcharging argument(seeSection4.7.2). How-
ever, for problemslike k-median,suchpatchingargumentcannotbe applied. Although
k-mediancanbesomehow tackledfor low-dimensionalEuclideanmetrics[ARR99] with-
out reducingthe numberof portals,in our casethe numberof portalscanbe potentially
too largeto behandledwithoutany reductiontechnique.

In light of the limitations outlinedabove, we think that for approximatingthe hardgeometric
optimizationproblemson metricsthat somehow behave well globally, onewould needto �nd
alternative waysto characterizetheglobalbehavior of a metricor employ differenttechniques
outsideArora's framework [Aro03, Aro02].
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