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Abstract

The studyof nite metricsis animportantareaof researchbecausef its wide
applicationgo mary differentproblems.Theinput of mary problems(for instance
clustering,nearneighborqueriesand network routing) naturally involves a set of
pointson which a distancefunction hasbeende ned. Hence,onewould be moti-
vatedto storeandprocessnetricsin anef cient manner The centralideain metric
embeddings to represenametricspaceby a “simpler” onesothatthe propertiesof
theoriginal metricspacearewell presered.

More formally, givenatarget classC of metrics,anembeddingf a nite metric
spaceM = (V;d) into the classC is a new metric spaceM ° = (V% d9 suchthat
M 92 C. Most of the work on embedding$iasuseddistortion asthe fundamental
measuref quality; thedistortionof anembeddings theworstmultiplicative factor
by which distancesreincreasedy the embedding.In the theoreticalcommunity
the popularity of the notion of distortionhasbeendriven by its applicability to ap-
proximationalgorithms:if theembeddingd : (V;d) ! (V% d9 hasa distortionof
D, thenthe costsof solutionsto someoptimizationproblemson (V; d) andthoseon
(V% d9 canonly differ by somefunctionof D ; thisideahasled to numerousapprox-
imation algorithms. Seminalresultsincludethe O(log n) distortionembedding®f
arbitrarymetricsinto Euclideanspacesvith O(logn) dimensionsandthe factthat
ary metricadmitsanO(log n) stretchspannemwith O(n) edges.

The theoreticalresultsmentionedabove are optimal. However, they are pes-
simistic in the sensethat suchguarantee$old for ary arbitrary metric. It is con-
ceivablethat betterresultscan be obtainedif the input metricsare“simple”. The
mainthemeof this work is to investigatenotionsof compleity for anabstracimet-
ric spaceandtheoreticalguarantee$or problemsin termsof the compleity of the
input metric.

Onepopularnotionfor measuringhe compleity of a metricis thedoublingdi-
mensionwhich restrictsthelocal growth rateof a metric. We shav thatthe results
on spannersaand embeddingsan be improved if the given metricshave bounded
doublingdimension.For instancewe give a constructiorfor constanstretchspan-
nerswith alinearnumberof edges.Moreover, suchmetricscanbe embeddednto
Euclideanspacewith O(loglogn) dimensionsando(log n) distortion.

We alsostudya new notionof dimensionthatcaptureghe globalgrowth rateof
ametric. Sucha notion strictly generalizesloublingdimensionin the sensehatit
placesvealerrestrictionsonagivenmetricthanthoseposedy doublingdimension.
However, we canstill obtaingood guaranteesor problemsin which the objective
dependson the global natureof the metric, an exampleof which is the Traveling
SalespersoRroblem(TSP).In particular we give a sub-eponentialtime algorithm
to solve TSPwith approximatiorratio arbitrarily closeto 1 for suchmetrics.



Contents

1 Intr oduction 1
1.1 OutlineoftheThesis . . . . . . . . . . . 3
1.1.1 SparseSpannergor DoublingMetrics. . . . . ... ... ... ..... 3

1.1.2 Ultra-Low DimensionaEmbeddinggor DoublingMetrics . . . . . . .. 4

1.1.3 ApproximatingTSPon Metricswith BoundedGlobalGrowth . . . . . . 4

1.2 Denitions andNotations. . . . . . . . . . ... 5

2 Sparsespannersfor doubling metrics 8
2.1 Introduction. . . . . . . .. 8
2.1.1 NotationandPreliminaries. . . . . . . ... ... ... ... ...... 10

2.2 BasicConstructiorof Sparsg1 + 2)-Spannergor DoublingMetrics . . . . . . . 10
2.3 Constructiorof ((1 + 2)-Spannersvith BoundedDegree . . . . . . ... .. .. 13
2.4 SparseéSpannersvith SmallHop-diameter. . . . . . .. ... ... ... .... 15
2.4.1 A Warm-up:ObtainingO(logn) Hop-diameter. . . . . . ... ... .. 15

2.4.2 TheGeneraUpperBoundfor Hop-diameter . . . . . ... ... .... 16

2.4.3 ThelLowerBoundonHop-diameter. . . . . ... ... ......... 18

3 Ultra-Lo w Dimensional Embeddingsfor Doubling Metrics 25
3.1 Introduction. . . . . . . 25
3.1.1 RelatedWork . . . . . . .. 28

3.1.2 NotationandPreliminaries. . . . . . ... ... ... ... ....... 28

3.2 TheBasicEmbedding. . . . . . . .. .. .. ... ... 29
3.2.1 BasicEmbeddingDe ning TheEmbedding . . . . ... ... ... .. 29

3.2.2 BasicEmbeddingBoundingContraction. . . . .. ... ... ..... 31

3.2.3 BasicEmbeddingBoundingExpansion. . . . . . ... ... ... ... 34

\%



3.2.4 ResolvingDependengamongRandomvariables. . . . . ... ... .. 36

3.3 A BetterEmbeddingvia Uniform PaddedDecompositions. . . . . ... .. .. 38
3.3.1 Uniform PaddedDecompositions. . . . . . . ... ... ... ..... 38
3.3.2 TheBetterEmbeddingDe ning theEmbedding. . . . . ... ... .. 42
3.3.3 TheBetterEmbeddingBoundingContractiorfor NearbyNetPoints . . 42
3.3.4 TheBetterEmbeddingBoundingtheExpansion. . . . . ... ... .. 44
3.3.5 TheBetterEmbeddingBoundingContractiorfor All Pairs . . . . . .. 45

4 Approximating TSP on Metrics with Bounded Global Growth 47

4.1 Introduction. . . . . . . . . 47
411 RelatedWork . . . . . . . ... 50

4.2 CorrelationDimension:De nition andMotivation. . . . . ... ... ...... 50

4.3 RelatingDoublingandCorrelationDimensions . . . . . . ... ... ... ... 52
4.3.1 CorrelationDimensionGeneralizePoubling . . . . ... ... ... .. 52
4.3.2 TheCorverseisFalse . .. ... ... ... .. ... .. ... ..... 54

4.4 Hardnes®f ApproximatingCorrelationDimension. . . . . .. ... ...... 54

4.5 SparseSpanners . . . . . . e e e e 56
4.5.1 SparséSpannerstpperBound . . . . ... ... 57
45.2 SparséSpannerstowerBound . . ... ... 58

4.6 Algorithmsfor Metricswith BoundedCorrelationDimension. . . . . . ... .. 59
4.6.1 AnAlgorithmfor TSPin Time20C ™ . ... . ... ... ... 61
4.6.2 HierarchicaDecompositiorandPortal-Respectingour . . . . . .. .. 61
4.6.3 A PartitioningandPortalingAlgorithm . . . . .. ... ... ...... 63
4.6.4 DynamicProgrammindor SolvingTSP. . . . . ... .. ... ..... 66
4.6.5 TheFirstTSPAIgorithm . . . . . . ... .. ... ... ... ...... 67
4.6.6 Embeddingnto SmallTreewidthGraphs . . . . . ... ... ...... 67

4.7 A Sub-Exponentialime (1 + 2)-Approximationfor TSP . . . . . .. ... ... 67
4.7.1 TheModi ed PartitioningandPortalingAlgorithm . . . . ... ... .. 69
4.7.2 HandlingLargePortalSetsviaPatching. . . . . ... ... ....... 71
4.7.3 TheSecondlSPAIlgorithm . . ... ... ... .. ... ........ 73

4.8 SummaryandConclusions. . . . . . . . ... .. L 74



5 Conclusion 75

5.1 Spannergor DoublingMetrics . . . . . . ... ... ... ... . 0. 75
5.2 Low DimensionaEmbeddingdor DoublingMetrics . . . ... ... .... .. 76
5.3 GlobalNotionof Dimension . . . . . . . . .. ... . ... . 76
Bibliography 78

Vi



Chapter 1

Intr oduction

Thestudyof nite metricg is animportantareaof researchbecausef its wide applicationgo
mary differentproblems. The input of mary problems(for instanceclustering,nearneighbor
gueryandnetwork routing) naturallyinvolvesa setof pointson which a distancefunction has
beende ned. Hence onewould be motivatedto storeandprocessnetricsin anef cient manner
Thecentralideain metricembeddings to represent metricspacewith a“simpler” onesothat
the propertiesof theoriginal metricspacearewell presered.

More formally, given a target class C of metrics, an embeddingof a nite metric space
M = (V;d) into the classC is a new metric spaceM ® = (V% d% suchthatM® 2 C. Most
of the work on embeddingfiasuseddistortion asthe fundamentameasureof quality; the dis-
tortion of an embeddings the worst multiplicative factor by which distancesareincreasedy
the embedding. Giventhe metricM = (V;d) andthe classC, onenaturalgoalis to nd an
embedding ((V;d)) = (V%d9 2 Csuchthatthedistortionof themap' is minimized.

Thisnotionof metricembeddinds generain thesensehatit captureseveralembeddingrame-
works. For example,whenthe classC s the classof all Euclideanmetrics,or the classof all ™,
metrics,we have the familiar notion of embedding®f metric spacesnto geometricspacesOn
theotherhand,if theclassCis the classof metricsgeneratedyy sparsgweighted)graphssuch
embeddinggive rise to sparse spannes. Note that the conceptof distortionis often called
“stretch”in the spannerditerature.Moreover, we have the notion of embeddingnto a distribu-
tion over treemetrics,whereCis the classof corvex combinationf treemetrics.

In the theoreticalcommunity the popularity of the notion of distortion/stretcthasbeendriven
by its applicability to approximatiomalgorithms:if theembedding : (V;d) ! (V%d9 hasa
distortionof D, thenthe costsof solutionsto someoptimizationproblemson (V; d) andthose
on (V% d9 canonly differ by somefunctionof D; this ideahasled to numerousapproximation
algorithms[Ind01]. Seminalresultsinclude the O(logn) distortion embeddingsof arbitrary
metricsinto ", space§Bou8], thefactthatarny metricadmitsan O(log n) stretchspannemvith

O(n) edged ADD™ 93], andthatarny metric canbe embeddednto a distribution of treeswith

1A list of formal de nitions of conceptsappearingrequentlyin this work is foundin Section1.2

2Formally, for anembedding : (V;d) ! (V%d9, thedistortionis thesmallestD sothat9K > 0 suchthat
dix;y) - dY (x);' (y))=K - D d(x;y) for all pairs(x;y) 2 V £ V.

1



distortionO(log n) [FRT04], wheren is thesizeof V in all casesAll theabove threeresultsare
known to betight.

In parallelto the theoreticalwork on embeddingstherehasbeenmuch recentinterestwithin

moreappliedcommunitiesn embeddinggand more generally but alsosomeavhatvaguely on

problemson nding “simpler representationsdf distancespaces).One examplearisesin the
networkingcommunity[NZ02, DCKMO04], whichis interestedn takingthepoint-to-pointlaten-
ciesbetweemodesin a network, treatingit asa metricspaceM = (V;d) satisfyingthetriangle
inequality® andthen nding somesimplerrepresentatioM °= (V% d9 of this resultingmetric
sothatdistancedbetweemodescanbequickly andaccuratelycomputedn this“simpler” metric
M ©. (E.g.,they areinterestedn assigningeachnodea shortlabel sothatthe distancebetween
two nodescanbe approximatelyinferredmerelyby looking attheir labels.)

Thetheoreticaftesultsmentionedabore, althoughbeingoptimal,arepessimistian thesensdhat
suchguaranteeboldfor ary arbitrarymetric. Simply usingthe sizeof agivenmetricto quantify
the performanceof algorithmsis unsatisctory for it is concevablethat betterresultscanbe
obtainedf theinput metricsare“simple”. The mainthemeof this work is to investigatenotions
of compleity for anabstracimetric spaceandtheoreticalguarantee$or problemsin termsof
the compleity of theinput metric (andits size).

Onepopularnotionfor measuringhe compleity of a metricis the doublingdimensionwhich
restrictsthelocal growth rateof a metric. Thedoublingdimensiorof ametricM = (V;d) is the
minimumvaluek suchthateveryball B in themetriccanbecoveredby 2% ballsof half theradius
of B. This canbe seenasa generalizatiorof Euclideandimensionto arbitrary metric spaces;
indeedjt is notdif cult to seethatR* equippedwith ary of the™, normshasdoublingdimension
£( k). Apartfrom beingageneralizatiorf the ", notionof dimensiongdesigningalgorithmsthat
only usethedoublingpropertieginsteadf thegeometryof R¥) hasotheradwantagesthenotion
of doublingdimensionis fairly resistanto small perturbationsn the distancesfor instancejf
onetakesa distancematrix of a setof pointsin 'rj andslightly changesomeof the entries then
the doublingdimensiondoesnot changeby much,but the metric may not remainisometrically
embeddablén ", (into ary numberof dimensions).

The notion of doubling dimensionwas introducedby Larman[Lar67 and Assouad[Ass83,
and rst usedin nearest-neighbasearchingoy Clarkson[Cla99. The propertiesof doubling
metricshave sincebeenstudiedextensvely, and variousalgorithmshave beengeneralizedo
adapfgracefullyto thedoublingdimensiorof theinputmetric;for examplesseq GKL03, KLO3,
KLO4, Tal04, HPMO5 BKLO6, CG06h IN, KRX06, KRX07].

Continuingresearchn this direction,we shav thattheresultson spannerandembeddingsan
be improved if the given metricshave boundeddoubling dimension. For instance we give a
constructiorfor constanstretchspannersvith alinearnumberof edges Moreover, suchmetrics
canbeembeddednto Euclideanspacewith O(log logn) dimensionsaando(log n) distortion.

On the otherhand,althoughdoublingdimensionis de ned for any metricandis indeedan ex-
tensionof the ", notionof dimensionit is still a stringentnotionin the sensethatthe doubling

3While the triangleinequality canbe violated by network latencies empiricalevidence[LGS07 suggestshat
theseviolationsaresmalland/orinfrequentenoughto make metric methodsa usefulapproach.
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propertyhasto be satis ed everywhere,namelyevery ball canbe coveredby a small nuB1ber
of balls of half its radius. Obsenre thatif the metric containsa uniform metric of size-( = n),

thenthe doublingdimensionof the metricis atleast-(log n). Intuitively, onewould like to get
a notion of dimensionsuchthatif a metricbehaes“nicely” in generalexceptfor smalllocal-

izedregions,thenthe metric hassmall dimension.Hence,for problemsin which the objectve

dependglobally onthe metric,onewould expectsuch“nice” metricsto beeasyinstance®f the
problem.

In this work, we study a new notion of dimension,which we call “correlation dimension*,
that capturesthe global growth rate of a metric. Sucha notion strictly generalizesioubling
dimensionn thesensahatany metricwith boundedoublingdimensioralsohasboundedylobal
dimension. Intuitively, we should be able to obtain good guaranteedor problemsin which
the objective depend=on the global natureof the metric. In particular we consider(1 + 2)-
approximatioralgorithmfor Traveling SalesmariProblem(TSP),in the context of metricswith
boundedjlobaldimension.Indeedwe give a sub-&ponentialtime algorithmto solve TSPwith
approximatiorratio arbitrarily closeto 1 for suchmetrics.

1.1 Outline of the Thesis

We presentthis work in threechapters:(1) Sparsespannerdor doubling metrics; (2) Ultra-
low dimensionakmbedding$or doublingmetrics;and(3) ApproximatingT SPon metricswith
boundedylobalgrownth. Thechapteron spannergontaingesultswhich have appearedh the pa-
pers| CGMZ05 CGO064, while theresultsontheothertwo chaptersill appeain theproceeding
of the upcomingSODA in 2008. The work on low dimensionakembeddingss a collaboration
with AnupamGuptaand Kunal Talwar, while that on global dimensionis donewith Anupam
Gupta.Eachchapteris self-containedndcanbereadseparatelyrom theothers.We summarize
theresultsof eachchaptetin thefollowing.

1.1.1 SparseSpannersfor Doubling Metrics

In Chapter2, we give good constructionf spannerdgor doublingmetrics. A t-spannerfor a
metricis aweightedsubgraphwhoseshortespathdistancepreseresthe original metric within
a multiplicative factor of t. Given a metric with doubling dimensiondim, we shav how to
construct(1 + 2)-spannersvith n(1 + 1=2)°@M) edges.Obsenre thata (1 + 2)-spanneffor an
arbitrarymetriccanhave at least-( n?) edges.Fromthis basicsparsespanneconstructionyve
canobtainasparsespannethathaseither(1) boundedlegree((1+ 1=2)°@m)) or (2) smallhop-
diameter Obsere thatit is notpossibleto achiese both,asthatwould imply thetotal numberof
pointsis too small.

A t-spannemhashop-diameteD if every pairu;v 2 V areconnectedoy someshortpathin
G having lengthat mostt d(u; v), andthereareat mostD edgeson this path. In particular we
shav onecan nd a(1+ 2)-spannefor themetricwith anearlylinearnumberof edgeqi.e.,only

4Thereis a previously de ned notion of “correlationdimension’thatinspiresour de nition. Perhapghe name
“net correlationdimension”is moresuitablefor us. However, for brevity, we still usetheterm*“correlationdimen-
sion” in laterdiscussion.



O(nlog® n + n2i °@m) edgesmndconstanthop diameterwe canalsoobtaina (1 + 2)-spanner
with alinearnumberof edgegi.e.,only nzi °@m) edgesthatachievesahopdiametethatgrows
like the functionalinverseof the Ackermanns function. Moreover, we prove thatsuchtradeofs
betweerthe numberof edgesandthe hop-diameteareasymptoticallyoptimal.

1.1.2 Ultra-Lo w DimensionalEmbeddingsfor Doubling Metrics

In Chapter3, we considerthe problemof embeddinga metricinto low-dimensionaEuclidean
spaceTheclassicatheorem®f Bourgain[Bou89, andof JohnsorandLindenstrausgIL84 say
thatany metricon n pointsembedsnto anO(log n)-dimensionaEuclidearspacewith O(log n)

distortion. Moreover, a simple “volume” agumentshavs that this boundis nearly tight: a
uniform metricon n pointsrequiresa nearlylogarithmic numberof dimensiongo embedwith

logarithmic distortion. It is naturalto askwhethersucha volumerestrictionis the only hurdle
to low-dimensionalembeddings.In otherwords, do doubling metrics,that do not have large
uniform submetricsandthusno volumehurdlesto low dimensionaembeddingsembedn low

dimensionaEuclideanspacesvith smalldistortion?

We give a positive answerto this question. We shav how to embedarny doublingmetricinto
O(loglogn)-dimensionaEuclideanspacewith o(logn) distortion. This is the rst embedding
for doublingmetricsinto fewer thanlogarithmic numberof dimensionsevenallowing for loga-
rithmic distortion.

Thisresultis oneextremepointof our generatrade-of betweerdistortionanddimension:given
ann-pointmetric(V; d) with doublingdimensiordimp , andary targetdimensionr in therange
-(dim p loglggn) - T - O(logn), we shav thatthe metricembedsnto EuclideanspaceR '

with O(logn  dimp =T) distortion.

1.1.3 Approximating TSP on Metrics with BoundedGlobal Growth

In Chapter4, we approximatehe Traveling Salespersoroblem(TSP)for a classof metrics
broaderthandoubling metrics. Obsene that TSP is a canonicalNP-completeproblemwhich
is known to be MAX-SNP hard even on Euclideanmetrics(of high dimensions)Tre0d. In
orderto circumwentthis hardnessiesearcherbave beendevelopingapproximatiorschemedgor
“simpler” instance®f theproblem.For instance Arora[Aro98] andTalwar[Tal04 shavedhow
to approximatel SP on low-dimensionaimetrics(for differentnotionsof dimension).This has
beenpartof alargereffort to quantify“simple metrics” (say with respecto someproblemsuch
asTSP).In particular canwe de ne the “dimension” of metric spacesothatthe performance
of algorithmson a given metric spacecanbe quanti ed meaningfullyin termsof the dimension
of the metric? Many proposecdhotionsof dimensionhave beenshavn to have goodalgorithmic
propertieqsee.e.g.,[PRR99 KR02, Cla99 GKL03, KL06]).

However, afeatureof mostcurrentnotionsof metricdimensionis thatthey are“local”: thedef-
initions requireevery local neighborhoodo be well-behaed, andsuchstrongpropertieanight
not be satis ed in real-life metrics. Whatif our metriclooksa bit more realistic: it hasa few
“dense” regions, but is “well-behavedon the avetage™ How do we even begin to formalize
this idea? We give a global notion of dimension:the correlation dimension(dim¢). Loosely
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speakinga metric hasconstantorrelationdimensionif the numberof node-pairsn the metric
within distance of eachotheronly increase$y a constanfactorif wegofromr ! 2r (i.e.,if
theirrange-of-sightioubles).

We shaw that this global notion of dimensiongeneralizeghe popularnotion of doubling di-
mension:the classof metricswith dim¢ = (B(l) containsnot only all doubling metrics, but
also somemetrics containingcliquesof size™ n (but no larger cliques). We rst shav that
we cansolve TSP (andotheroptimizationproblems)on thesemetricsin time 2°C : thenwe
take advantageof the global natureof TSP (andthe global natureof our de nition) to give a
(1 + 2)-approximationalgorithmthat runsin sub-eponentialtime: i.e., in 20" *"C) time
for every constanQ < £ < 1. For this new algorithm,we have to develop new techniquede-
yondthoseusedfoF; earlierPTASsfor TSP:sincemetrbcswith boundeddim¢ maycontainhard
metricsof sizeO(" n), we shav thatbeatingtheexp( n) runningtime requires nding O(1)-
approximationgo someportionsof thetour, and(1 + ")-approximationgor otherportions,and

stitchingthemtogetherthesenew ingredientsarepotentiallyof independeninterest.

1.2 De nitions and Notations

We endthis chapterby de ning preciselythe terminologywe frequentlyuse,which might have
differentmeaningsn anothercontext. We consider nite metric spacesandwe use(V; d) to
denotea nite metricspaceunlessotherwisestatedwe denotehesizeof themetricby n = jVj.
We malke precisewhatwe meanby a metricspacen thefollowing de nition.

De nition 1.2.1(Metric space) A metricspace(V; d) consistsof a point setV anda distance
functiond : V£ V ! [0;1), also called a metric sudh that the following propertiesare
satis ed.

1. d(u;v) = Oiffu=v.
2. Symmetryfor all u;v 2 V, d(u;v) = d(v; u).

3. Triangleinequality:for all u;v;w 2 V, d(u;w) - d(u;v) + d(v;w).

The symmetryandthe triangleinequalityarethe importantpropertiesof metric spaceshatwe
use. If the rst conditionis replacedwith “d(u;v) = 0if u = v”, thenthe distancefunctiond
is calleda semi-metric However, obsene thata semi-metricd alwaysinducesa metric on the
equialenceclasse®btainedrom theequialencerelationu » v iff d(u;v) = 0.

Onewayto measurehecompleity of ametricspacas its dimension.ntuitively, ametricspace
consistingof pointsontherealline is simple,while ametricwhosepointslie in highdimensional
Euclideanspaces complec. Sincenot all metricshave a valid Euclideandimension a popular
notionof dimensionis usedfor generalmetricspacesthe doublingdimension.

De nition 1.2.2(Doubling dimension) A metric space(V; d) hasdoublingdimensionat most
k if for all R > 0, anyball of radiusR is containedin the union of at most2* balls of radius
R=2. Aball of radiusR consistof all the pointsthatare at distanceat mostR fromsomecenter
point.



Obsenrethatary nite numberof pointsin "§ inducea metricspacewith doublingdimensionat
mostO(k). A doublingmetricis a metricwhich hasboundeddoublingdimension.The concept
of anetis usefulfor doublingmetrics.

De nition 1.2.3(Net) LetS bea setof pointsin a metricspace(V; d), andr > 0. A subseiN
of Sisanr-netfor S if thefollowing conditionshold.

1. Forall x 2 S, thereexistssomey 2 N sudthatd(x;y) - r.
2. Forally;z2 N sudthaty 6 z,d(y;z) > r.

The following fact statesthat for a doublingmetric, one cannotpacktoo mary pointsin some
x edball suchthatthe pointsarefar away from oneanother

Fact 1.2.4 Suppose is a setof pointsin a metric spacewith doublingdimensiorat mostk. If
S is containedin someball of radiusR andfor all y;z 2 S sudthaty 6 z, d(y;z) > r, then
iSj - (4R=r)k.

A spanneris a structurethat preseres the distancefunction of a metric space. The precise
de nition is givenin thefollowing.

De nition 1.2.5(Spannerfor a metric) A spannerH for a metric space(V;d) is a weighted
undirectedgraphonthevertex setV with theedge setH sud thattheweightofanedgef u;vg 2
H isd(u;v). Fort , 1, thespannerH is a t-spannerif for all u;v 2 V, the shortestpath
distancedy (u;v) betweeru andv in thegraphH satis esdy (u;v) - td(u;v), in which case
we saythe stretchor distortionof thespannem is at mostt.

Notethatin the literature,the term spannerusuallymeansa subgraphof an unweightedgraph.
Whatwe de ne asa spannelis referredto asan emulator whosede nition differs slightly in
the sensethatit is only requiredthatdy (u;v) , d(u;v). However, sincewe areinterestedn
minimizing the stretch,without loss of generality one can assumethat every edgein H has
weightgivenby themetricd.

Using spannerss only oneway a metric spacecanbetranformed.In generalanembeddings
amapping' : (V;d) ! (V%d9 from the metric space(V;d) to the metricspace(V% d9. The
guality of anembeddings measuredy how muchdistancesaredistorted,which is quanti ed
by distortion.

De nition 1.2.6(Distortion) Thedistortionof anembedding : (V;d) ! (V%d9 isthesmall-
estD sothat9K > Osud thatfor all pairs(x;y) 2 V £ V,d(x;y) - d¥' (x);' (y))=K -
D d(x;y),if ' isaninjection;if ' is notaninjection,thedistortionisin nity.

Note. Obsenre thattherole of K in theabove de nition is thatif we scaleall distancef an
embeddingyy thesamemultiplicative factor thenits distortiondoesnot change However, if we
only considerembeddingshat do not contractdistancesthenit is enoughto have for all pairs

(x;y) satisfyd(x;y) - d¥{' (x);" (y)) - Dd(x;y).
We recalla usefultechniquethat givesa probabilisticdecompositiorof a metric suchthateach

componentassmall diameterandthe probability thattwo pointsare separateds proportional
to theirdistance.



De nition 1.2.7(PaddedDecompositiond GKL03, KLMNO5]) Givena nite metric space
(V;d), a positiveparameter¢ > 0and® > 1, a ¢ -bounded®-paddeddecompositioris a
distribution| over partitionsof V sud thatthefollowing conditionshold.

(a) For eadh partition P in thesupportof | , thediameterof everyclusterin P is at most¢ .

(b) SupposeS p V is a setwith diameterd. If P is sampledfrom | , thenthe setS is
partitionedby P with probability at most® ¢%.

For simplicity, say that a metric admits®-paddeddecompositionsf for every ¢ > 0 it ad-
mits a ¢ -bounded®-paddeddecompositionlt is known thatarny nite metric spaceadmitsan
O(logn)-paddeddecompositiorjBar9q. Moreover, metricsof doublingdimensiondim,, ad-
mit O(dimy )-paddeddecomposition§GKLO3]; furthermore jf a graphG excludesK ,-minors
(e.g.,if it hastreawidth - r), thenits shortest-pathimetric admits O(r ?)-paddeddecomposi-
tions[KPR93 Rao99 FT03.



Chapter 2

Sparsespannersfor doubling metrics

2.1 Intr oduction

In this chapter we give constructiondor obtainingsparsaepresentationsf metrics: theseare
calledspannes, andthey have beenstudiedextensvely bothfor generalandEuclideanmetrics.
Formally, at-spannefor ametricM = (V;d) is aweightedundirectedgraphG = (V; E) such
thatthe distancesccordingo dg (the shortest-patimetric of G) arecloseto the distancesn d:
i.e.,d(u;v) - dg(u;v) - td(u;v).! Inthiscasewe alsosaythatthespannehasstretch at most
t. Clearly onecantake a completegraphandobtaint = 1, andhencethe quality of the spanner
is typically measuredby how few edgesG cancontainwhile maintaininga stretchof at mostt.
The notion of spannerhiasbeenwidely studiedfor generaimetrics(see,e.g.[PS89 ADD* 93,
CDNS93), andfor geometricdistancegsee,e.g.,[CK95, Sal9] Vai9l, ADM* 95]). Here,we
areparticularlyinterestedn thecasewhentheinput metrichasboundedioublingdimensiorand
thespannerve wantto constructhassmallstretchj.e.t = 1+ 2, for small?2 > 0. We shaw that
for x ed2 andmetricswith boundeddoublingdimension|jt is possibleto constructinearsized
(1 + 2)-spanners.Obsenre thatary 1:5-spannerfor a uniform metric on n points mustbe the
completegraph.Hence withoutary restrictionon theinput metric, it is not possibleto construct
a(1 + 2)-spannewith alinearnumberof edges.

We alsoshav how to constructsparsespannersvith smallhop diameter A t-spannehashop-
diameterD if everypairu;v 2 V areconnectedy someshortpathin G having lengthat most
t d(u; v), andthereareatmostD edgeson this path.

Main Results. We rst give abasicconstructiorof sparsespannergor doublingmetrics.

Theorem 2.1.1(Basic SpannerConstruction) Givena metric(V; d) with doublingdimension
dim, there existsa (1 + 2)-spannemwith (2 + 1)°€@mn edees.

We canmodify the edgesn this basicsparsespanneiconstructionto obtaina spannethat has
boundeddegree.

Notethatthe rst inequalityimpliesthatanedge(u; v) in G hasweightat leastd(u; v).
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Theorem 2.1.2(Constant Degree Spanners) Givena metric (V; d) with doubling dimension
dim, there existsa (1 + 2)-spannersud thatthe degreeof everyvertex is at most(2 + 1)°@m)

Ontheotherhand,we canaddextraedgedo the spannefrom Theoren2.1.1to obtainonewith
smallhop-diameter Obsene thatthe constantdegreespanneobtainedin Theorem2.1.2must
have ahopdiameternf -(log ¢) . We prove upperboundson hop-diameteaswell asessentially
matchinglower bounds.

Theorem 2.1.3(Upper Bound on Hop-diameter) Givena metricM = (V;d) with doubling
dimensiordim andn = jVj, there existsa (1 + 2)-spannemwith withm + (2 + 1)°€@m n edeges
and hopdiameterO(®(m; n)), where ®is the inverseof Ackermanns function. Sud a spanner
canbeconstructedn 2°@M njogn time

Note that the resultabove allows us to tradeoff the numberof edgesin the spannemwith the
hop-diameterif we desireonly a linear numberof edgesthenthe hop-diametegoesas®(n),
andaswe increasethe numberof edgesthe hop-diametedecreasesAfter proving this result
(whichturnsoutto befairly straight-forvardgivenknown techniques)we thenturnto thelower
boundandshaw thatthetrade-of in Theorem?.1.3is essentiallytight.

Theorem 2.1.4(Lower Bound on Hop-diameter) For any? > 0, there are in nitely manyin-
tegers n sud that there existsa metricM inducedby n pointson the real line, for which any
(1 + 2)-spannerfor M with at mostm edgeshashopdiameterat least-( ®m; n)).

Our Techniques and Related Work. Independent of our work, HarPeled and
Mendel[HPMO5 alsouseasimilar constructiorto obtain(1+ 2)-spannersvith n(1+ 1=2)©m)

edges However, the spannersbtainedhave a hop-diameteof -(log ¢) , where¢ is theaspect
ratio of the metric.

Theupperboundin Theorem2.1.3generalizes resultof Arya etal. [ADM * 95] for Euclidean
spaces.Indeed,the proof of our resultis not dif cult given previously known techniques.The
basicideaisto rst constructanet-treerepresentingsequencef nestechetsof themetricspace:
this is fairly standardandhasbeenusedearlier e.g.,in [CGMZ05 KLO04, Tal04. A nearly-
lineartime constructionof net-treess given by Har-Peledand Mendel [HPMOY. A second
phasethenaddssomemore edgesin orderto “short-cut” pathsin this nettreewhich have too
mary hops.Thetechniquesve usearebasedn thoseoriginally usedby Yao[Yao87 for range
guerieson the line, andon the extensiongo treesdueto Chazelle[Cha87. As pointedout by
Arya etal. [ADM* 95], asimilar constructionwasgivenby Alon andSchiebefAS87].

To the bestof our knowledge,thereare no previously known lower boundswhich shav met-
rics with low doubling (or Euclidean)dimensionthat requiremary edgesin orderto getlow
hop-diamete(l + 2)-spannersWe rst considedower boundsfor binary “hierarchicallywell-
separatedtrees(HSTs),wherethe lengthof anedgefrom eachnodeto its child nodeis much
smallerthanthatto its parentnode: this well-separatiorensureghatlow-stretchpathsmustbe
“well-behaved”: i.e.,thelow-stretchpathbetweerverticesin ary subtreecannotescapehe sub-
tree,thusallowing usto reasoraboutthem. Our lower boundresultfor line metricsthenfollows
from the factthatbinary HSTswith large separatiorembedinto the realline with smalldistor
tion. We notethatthelowerbounddor therange-querproblemgivenby Yao[Yao83, andAlon
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andScheibeAS87]), while inspiring our work, directly applyto our problemonly for the case
2 = 0; i.e., for thecasewherewe arenot allowedto introduceary further stretchin the second,
“short-cutting”phase ThusTheorem2.1.4canbe seenasgeneralizingrao's lower boundproof
toall2> 0.

Other RelatedWork. Abrahametal. [IA04] studycompactoutingon Euclidearmetrics,and
their constructioralsoessentiallygivesa (1 + 2)-spannewith O:(n) edgeghathashopdiameter
O(log ¢) with high probability.

Low-stretchspannersvith small hop-diameteiare potentially usefulin network routing proto-
cols. For example,mary wirelessad-hocnetworks nd pathsthat minimize hop count[PC97,
PBR99 PB94. Ourresultsmaybe usefulin suchsituationsto build sparsenetworks admitting
pathshaving few hopsandlow stretchsimultaneously

2.1.1 Notation and Preliminaries

We recallthe de nitions of somefrequentlyencounteredoncepts.We considera nite metric
M = (V;d) wherejVj = n. A metrichasdoublingdimensiofGKLO03] at mostk if for every
R > 0, every ball of radiusR canbe coveredby 2* ballsof radiusR=2.

De nition 2.1.5((1 + 2)-spanner) Let (V;d) bea nite metricspace Supposés = (V;E) is
an undirectedgraph sud that eadh edge fu;vg 2 E hasweightd(u;v), anddg(u;Vv) is the
lengthof the shortestpath betweerverticesu andv in G. ThegraphG, or equivalentlythe set
E of edges,isa (1 + 2)-spannefor (V; d) if for all pairsu andv, dg(u; v)=d(u;v) - 1+ 2

A (1+ 2)-pathin themetricM = (V;d) betweeru andv is onewith lengthatmost(1+ 2)d(u; v).
Thusa (1 + 2)-spannelis a subgraphG = (V;E) thatcontainsa (1 + 2) pathfor eachpair of
nodesn V.

De nition 2.1.6(Hop Diameter) A (1 + 2)-spanneris saidto havehop diameterat mostD if
for every pair of nodesthere existsa (1 + 2)-pathin the spanneretweerthemhavingat most
D edgesor hops

2.2 Basic Construction of Sparse(1 + 2)-Spannersfor Dou-
bling Metrics

In this section,we shaw the existenceof sparsespannerdy giving an explicit construction.In
particular we have thefollowing result.

Theorem 2.2.1 Givena metric(V; d) with doublingdimensiork, there existsa (1 + 2)-spanner
B thathas(2 + 1)°®n eds.

Thebasicideais to rst construcia net-treerepresenting sequencef nestechetsof the metric
space:this is fairly standardandhasbeenusedearlier e.g.,in [Tal04, KLO4, CGMZ05. A
nearly-lineastime constructiorof net-treess givenby Har-PeledandMendel[HPMOY.

Nettreesareformally de nedin thefollowing.
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De nition 2.2.2(Hierar chical Tree) A hierarchicakreefor asetV isapair (T;' ), wheeT is
arootedtreg and' isalabelingfunction' : T ! V thatlabelsead nodeof T with anelement
in V, sud thatthefollowing conditionshold.

1. Everyleafis at the samedepthfromtheroot.

2. Thefunction' restrictedto theleavesof T is a bijectioninto V.

3. If uisaninternalnodeof T , thenthere existsa child v of u sud that' (v) = ' (u). This
impliesthatthenodesmappedoy’ toanyx 2 V forma connectecgubteeof T.

De nition 2.2.3(Net-Tree) A nettreefor a metric(V; d) is a hierarchical tree(T;" ) for theset
V sud thatthefollowing conditionshold.

1. LetN; bethesetof nodesof T thathaveheighti. (Theleaveshaveheight0.) Suppose
is the minimumpairwisedistancein (V;d). Let0 < rq < +=2, andrj;; = 2rj, fori , O.
(Hencer; = 2ry.) Thenfori, 0,' (Ni+1)isanri.-netfor' (N;).

2. Letnodeu 2 Nj, andits parentnodebep,. Then,d(" (u);" (py)) - ri+1-

In orderto constructthe spannerwe includean edgeif the endpointsarefrom the samenetin
somescaleand“reasonablyclose”to eachotherwith respecto thatscale.Usingthis idea,one
canobtainthefollowing theorem.

Theorem 2.2.4 Givena nite metricM = (V; d) with doublingdimensiorboundedoy dim. Let
2> 0and(T;" ) beanynettreefor M. Foreadhi , O, let

Ei:=ffuvgjuv2' (Ny);d(u;v) - (4+ %) erignE;, o;
whee E; ; is theemptyset. (Here the parametes N;; r; are asin De nition 2.2.3) Thent® :=
[ {E; formsa (1 + 2)-spanneffor (V; d), with thenumberof edgesbeingjBj - (2 + 1)0@m jyj.
We prove Theorem2.2.4throughLemmas2.2.5and2.2.8
Lemma2.2.5 Thegraph(V; Ii_f’) isa (1 + 2)-spannerfor (V;d).

Proof: Let ®bethedistancefunctioninducedby (V; B). Let® = 4+ 32, We rst shav that
eachpointin V is closeto somepointin ' (N;) underthe metric @

Claim 2.2.6 Forall x 2 V, for all i, thereexistsy 2 ' (N;) sumthat@(x; y) - 2r.

Proof: We shallprove this by inductiononi. Fori = 0,' (No) = V. Hence theresultholds
trivially.

Suppose , 1. By theinductionhypothesisthereexistsy®2 ' (N;; 1) suchthatéKx; y9 - 2r 1.
Since' (N;) isanr;-netof' (N;; 1), thereexistsy 2 ' (N;) p ' (N;; 1) suchthatd(y%y) - r; =
2ri 1+ ° 1. Hence,(y°y) 2 E;u B and®y®y) = d(y%y), whichis atmostr;.

Finally, by thetriangleinequality ®x;y) - &x;y9 + &y%y) - 2r;, 1+ r; = 2r,. n

We next shav thatfor ary pair of verticesx;y 2 V, @(x; y) - (1+ 2)d(x;y). Suppose; -
d(X;y) < ris1.
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Supposey is theintegersuchthat 2 - 2 < 28 j.e.q:= dog, Ze.

We rst considethesimplecasevheni - ¢ 1. Then,d(x;y) < 2*'rg - 20rg - 28dry - ° .
Sincex;y 2 ' (No), it followsthat(x;y) 2 B and@(x; y) = d(X;y).

Next we considerthecasewheni , g.Letj :==1ij q, O.

By Claim2.2.6 thereexist verticesx® y°2 ' (N;) suchthat®x; x9 - 2r; and®y;y9 - 2r;.

We next shav that(x% y9 2 . It sufces to shaw thatd(x%y9) - © ¢r;.
dx%y9 - d(x%x)+ d(x;y) + d(y;y9 (Triangleinequality)

c 21+ T + 2 (Choiceof x% y%andi)
= rj(4+ 2¢29 (i=]+0

- 4+ % (29< 3

= ° ¢rj

Hencewe have 8x% y9) = d(x®y9. Notethatby thetriangleinequality
d(x%y9 - d(x%x) + d0xy) + d(y;y) - 4¢r; + d(x;y): (2.1)

Finally, we obtainthe desiredupperboundfor &x; y).

Axy) - @ox)+ AxCy9 + @yty) (Triangleinequality)

- 8¢r; + d(x;y) (Choiceof x% y°and(2.1))

= Hori+dxy) (i=iiaq

C(L+ )dxy) (ri - d(x;y))
(1+2)d(x;y) (%3

Obsene thatwe have not usedthe de nition of doublingdimensionsofar. We next proceedo
shawv thatthe spanner(V; I’?) is sparsey usingthe fact that the metric is doubling. We rst
shaw thatfor eachvertex u, for eachi, thenumberof edgesn E; incidentonu is small.

Claim 2.2.7Denej(u) := fv2 V :fu;vg2 Eig. Thenjj i(u)j - (4°).

Proof: Obsenrethat; ;(u) is containedn aball of radiusatmost® ¢r; centeredatu. Moreover,
sinceS p ' (Nj), ary two pointsin S mustbe morethanr; apart. Hence,from Fact1.2.4 it
followsthatjj i (u)j - (4°)X. n

Lemma 2.2.8 Thenumberof edgesin B is at most(2 + 1)°0®n,

Proof: It sufces to shawv thatthe edgesof B canbe directedsuchthat eachvertex hasout-
degreeboundedoy (2 + 1)°®K),

Foreachv 2 V,denei®(v) := maxfijv 2 ' (N;)g. For eachedge(u;v) 2 ®, we directthe
edgefromutov if i®(u) < i%(v). If i®(u) = i%(v), theedgecanbedirectedarbitrarily. By arc
(u; v), we meananedgethatis directedfrom vertex u to vertex v.
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We now boundthe out-degreeof vertex u. Supposehereexistsanarc(u;v) 2 E;.

By de nition of E;, d(u;v) - ° ¢r;. Setp = dog, °e. Hence,it is not possiblefor bothu and
v to becontainedn ' (N;. ). Sincei®(u) - i"(v), it follows thati®(u) - i + p. Ontheother
hand,u 2 ' (N;) andsoi®(u) , i.So,i"(u)j p- i- i%u).

Thereareatmostp+ 1 = O(log°) valuesof i suchthatE; containsanedgedirectedout of u.
By Claim 2.2.7, for eachi, thenumberof edgesn E; incidenton u is at most(4° ).
Hence thetotal numberof edgesin I directedoutof u is (4°)% ¢O(log®°) = (2 + 1)°®),

Obsenre thatin the proof of Lemma2.2.5 we have actuallyshavn thatfor any pointsx andy,
thereis ashortpathof a particularform. Thispropertywill beusefulwhenwe construcspanners
with smallhop-diameter

Theorem 2.2.9 Considerthe constructionin Theoem2.2.4 For anyx;y in V, the spannerli?
containsa (1+ 2)-pathofthefollowing form. If xo andy, aretheleafnodesn T with' (xg) = X
and' (yo) = y, andx; andy; are theancestos of X, andy, at heighti | 1, thenthere existsi
sud thatthe path

5

isa (1 + 2)-path(afterremasing repeatedrertices).
2.3 Construction of ((1+ 2)-Spannerswith BoundedDegree

We have shavn that the edgesin ® canbe directedsuchthat the out-degreeof every vertex
is bounded.We next describehow to modify B to getanothersetof edgesE thathassizeat
mostthat of B, but the resultingundirectedgraph(V; E) hasboundeddegree(Lemma2.3.1).
Moreover, we shav in Lemmaz2.3.2thatthe modi cation preseresdistancedbetweenvertices.

We form thenew graph(V; E) by modifying the directedgraph(V; I?) in thefollowing way.
Modi cation Procedure. Let| bethe smallestpositive integer suchthat 511 - 2.
Then,| = O(log %).

For eachi andpointu, de ne M;(u) to bethe setof verticesw suchthatw 2 j ;(u)
and(w; u) is directedinto u in .

Letl, := fij9v 2 M;(u)g. Supposehe elementsof |, arelisted in increasing
orderi; < i, < ¢¢¢. To avoid doublesubscriptsye write Mj“ = Mj, (u).

We next modify arcsgoinginto eachvertex u in thefollowing mannerForl - j -
|, we keepthe arcsdirectedfrom M{* tou. Forj > I, we pick anarbitraryvertex
w2 M{;, andfor eachpointv 2 M, replacethearc(v; u) by thearc(v;w).

Obsere thatsinceM{" is de ned with respecto the directedgraph(V; E), theor-
deringof theu's for which themodi cation is carriedout is notimportant.

Let (V; E) betheresultingundirectedgraph.Sinceevery edgein B is eitherkeptor replacedy
anotheredge(which mightbealreadyin ), jEj - jij.
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Lemma 2.3.1 Everyvertex in (V; E) hasdegreeboundedoy (2 + 1)°®K),
Proof: Let®beanupperboundfor the out-degreeof thegraph(V; F‘E’). FromLemma2.2.8 we
have®= (2+ 1)°M Let™ beanupperboundfor jM;(u)j. Wehave ™ - jji(u)j = (2+ 1)°0),

We next boundthe maximumdegreeof avertex in (V; E). Consideravertex u 2 V. Theedges
incidentonu canbegroupedasfollows.

1. Thereareatmost® edgedlirectedoutof u in =}
2. Outof theedgesn I directedinto u, atmost | remainin E.

3. New edgescanbeattachedo u in (V; E). For eacharc(u; v) directedoutof u in B, there
canbeatmost new edgesattachingo u in E. Thereasoris (u;v) canbein exactly one
Ei andsothereexistsuniquej suchthatu 2 M;". Hence therecould be potentiallyonly

atmostjM;', |j new arcsdirectedinto u becausef thearc(u; v) in =3

Hence the numberof edgesncidentonu in (V; E) is boundecoy ®+ “ 1+ ® = (2+ £)°00),

|
We next shav thatthemodi cation from (V; Ii_f’) to (V; E) doesnotincreasdhedistancebetween
ary pair of verticestoo much.
Lemma 2.3.2 Supposeftis themetricinducedby (V; E). Then,d- (1 + 42)@.

Proof: It sufces to shav thatfor eachedge(v; u) 2 i removed,d(v;u) - (1+ 42)d(v;u).

Suppos€v; u) in ® is directedinto u . Then,by (:onstruction,\/zI M;' for somej > I.

Letvp = v. Then,from ourconstructionfor0- s - s; := “l—l' , thereexistsvs 2 M/  such

thatfor0- s < sj, (Vs;Vs+1) 2 E, and(vs ;u) 2 E. Then,thereis apathin (V; E) goingfrom

thequantityd{v; u) is at mostthelengthof this path,whichwe shav is comparable¢o d(v; u).
Claim 2.3.3For0- s< sj,d(U;Vss1) - 2d(u;Vvs).

Proof: Notethatvs,; 2 M;(u) andvs 2 M;(u) for somei andj. Fromstep3 of our construc-
tion,jj i, I.

Sinced(vs;u) , ° €rj; 1 andd(vsiq;u) - ° €ry, it follows that d(vs:1 ;) - 2%d(vs;u) .
2d(vs; U).

Claim 2.3.4For0- s- sj,d(vs;u) - 2°d(vo; u).

Proof: Theclaim canbeprovedby inductionon s andusingClaim 2.3.3 [

FromthetriangleinequalityandClaims2.3.3and2.3.4 we have

d(Vs; Vse1) - d(Vs;u) + d(U;Vsia) - (1+ 2)d(vs;u) - (1+ 2)2°d(vo; ) (2.2)
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Finally, we have

P..
div;u) - P Z‘zbld(vs;vsﬂ) + d(vs; ; U) (Triangleinequality)
2":'01(1+ 2)25d(vop; u) + 2% d(vo;u) ((2.2 andClaim2.3.9
1=0d(vo; u)

(1+ 42)d(v;u)

Thelastinequalityfollows from thefactthatfor 0< 2 < 3, {5 - 1+ 4, n

Finally, we shawv that(V; E) is thedesiredspanner

Theorem 2.3.5 Givena metric(V; d) with doublingdimensiork, there existsa (1 + 2)-spanner
sud thatthe degreeof everyvertex is at most(2 + 2)°®),

Proof: We shaw thatE givesthedesiredspannerLemmaz2.3.1givesthe boundonits degree.
FromLemmas2.2.5and2.3.2 wehave d- (1 + 42)@ - 1+ )@+ 23)d- (1+ 72)d, for
0< 2. % Substituting? := %Ogivestherequiredresult. |

2.4 SparseSpannerswith Small Hop-diameter

Obserethatourspannein Theoren2.2.4has(2+ £)°@M ¢n edgesandhencds optimal(with
respecto n) in termsof the sparsityachievedwhile preservingshortespathdistance lt is easy
to checkthatthenumberof hopsin a (1 + 2)-pathobtainedn Theoren.2.9is £(log ¢) , where
¢ istheaspectatio of themetric(V; d) (i.e.,theratio of themaximumto theminimumpairwise
distances).Indeed,the nettree(T;' ) hasa heightof £(log ¢) , andin generala (1 + 2)-path
canhave-(log ¢) hops.

Beforewe bagin in earnesto investicgatehow mary extraedgesarerequiredin orderto achieve
smallhop-diametelet usmake asimpleobsenation. For eachnodeu in thetreeT, letL , bethe
setof leavesunderu. For eachnodeu, supposeve addanedgebetween (u) andevery pointin
" (Ly). SincethetreehasO(log ¢) levels,thenumberof extraedgesaddeds O(nlog¢) , while
thehop-diameteof theaugmentedpanneis atmost3. In thenext sectionwe will build onthis
ideato shav how onecanreducethe numberof additionaledgeso O(n logn) (independenof
theaspectatio ¢ ) andachieve the samehop-diameter

2.4.1 A Warm-up: Obtaining O(log n) Hop-diameter

Notice that Theorem2.2.4holdsfor ary nettree(T;' ). Hence,by choosinga nettree more
carefully, we could possiblyimprove the trade-of betweernthe hop-diameteof the spanneand
its size. Indeed,we shawv in the next theoremthatwe canimprove the parametefog¢ to logn
in bothcases(Notethatif ametrichasconstantdoublingdimension)og¢ = -(log n).)

Theorem 2.4.1 Suppos€V;d) is a nite metric,where jVj = n. Then,there existsa nettree
(T;" ) fromwhich thespannerl? constructedn the mannerdescribedn Theoem2.2.4hasthe
following properties.
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1. Thehop-diameteof thespanner@ is O(logn).

2. It is possibleto addn(blog, ncj 1) extraedgessud thatfor all leavesu 2 Ny in T and
anyancestow of u, thereis anedge between (u) and' (v). (Hence thehop-diameteof
thespannercanbereducedo 3.)

Proof: We describea way to constructa nettree(T;" ). Let N be the setof leavesfor which
thereis aone-onecorrespondence ontoV.

Supposewe have obtainedthe setN; of nodesof heighti. We would be doneif jN;j = 1.
Otherwise,we would obtainanri.; -netfor ' (N;) in the following way. We shav a way to
greedily constructa net for a set. Startwith alist L initially containingall the nodesin Nj,
orderedsuchthata nodecontainingmoreleavesin its subtreenvould appeatearlier

As long asthelist L is not empty we repeatthe following process.Remore the rst nodeu in
theremaininglist, form anew nodev 2 Nj,; suchthat' (v) := ' (u) andsetthe parentof u to
bev. For eachnodew in theremaininglist L suchthatd(' (w);"' (v)) - ri+1, remove w from
list L andsetthe parentof w to bev.

Claim2.4.2For each x 2 Ny, let A, be the set of its ancestos in T. Then,
j' (Az)j - blog,nc+ 1. In particular,j' (A;) nf' (z)gj - blog, nc.

Proof: Leta betheancestoof z in N;. Supposdhereexistsi suchthat' (a;)) 6 ' (a+1).
It follows that the nodea, musthave a sibling ¢, for which' (¢) = ' (a+1), whosesubtree
containsat leastasmary leavesasthe subtreeat a; does.Hence thesubtreeata,; containsat
leasttwice asmary leavesasa; does. Thustherecanbe at mostblog, nc valuesof i for which

"(a) 8" (ai). n

For the rst partof thetheoremijt follows thatthe (1 + 2)-pathguaranteedth Theoren2.2.4has
atmost2blog, nc+ 1 hops.

For the secondpart of thetheoremfor everyz 2 Ng, we addan edgebetween (z) andevery
pointin' (A;) nf' (z)g. Notethatj' (A )nf' (z)gj - blog, nc. Suppose is thelowestancestor
of z suchthat' (z) 6 ' (y), andsuppos« is theancestoof z thatis alsothe child of y. Then,
obser‘ethatthespanne@ alreadyincludestheedgebetween (y) and' (x) = ' (z). Hence for
eachvertex z, we actuallyonly needto addatmostblog, ncj 1 extraedgesThe(1+ 2)-pathin
Theorem2.2.4canbereducedox = ' (Xo);"' (X7);' (¥p):' (Yo) = Y, which has3 hops. [

In thefollowing section,we will investigatethetradeof betweerthe hop-diameteof a spanner
andthenumberof edgesthistime usingary givennettreeinstead.

2.4.2 The GeneralUpper Bound for Hop-diameter

In this section,we assumehat the given metric (V; d) hasdoublingdimensionboundedby k.
Givenanettree(T;" ) for the metric, supposeE is the spannembtainedin Theorem2.2.4
NotethatE+ is dependenon the stretchparamete?. However, for easeof notation,we would
leave outthe dependengon 2 throughouthis section.

16



The approachwe useis similar to that usedby Arya et al. [ADM * 95] for Euclideanmetrics,
whichis a subclas®f doublingmetrics.Insteadof usingnettreesthey workedwith “dumbbell
trees”,which have similar properties Applying aconstructiorfrom [Cha87 AS87] to “shortcut”
edgesn the net-tree, we canshav thatonecanaddfew extra edgesto E+ in orderto achieve
smallhop-diameterMoreover, asshavn in [AS87], this canbedonein O(n logn) time.

We rst considethow to addextraedgedo atreesuchthatevery pair of nodeshasa pathwith a
smallnumberof hopsbetweerthem.

De nition 2.4.3 De ne g(m;n) to be the minimumi sud that for any tree metric with with
vertex setV, wherejVj = n, there existsa spannerP with m edgesthat preservesll pairwise
distancesexactly, andfor any pair of points,thereis a shortesipathin P with i hops.

Lemma 2.4.4 Suppose metric(V; d) with n pointshasa nettree(T;' ), andsupposé 1 isthe
(1 + 2)-spannerbtainedin Theoemz2.2.4 Theni,it is possibleto addm extra edgesto E+ sudt
thatthe hop-diametenf the new spanneiis at most2g(m; n) + 1.

Proof: Supposal is aninternalnodeof T thathasachild v suchthat' (u) = ' (v). We contract
the edgef u; vg by memging the two nodesu andv, and renamingthe nev nodev® suchthat
" (V9 = ' (v). Werepeatthe procesgo obtainthe resultingtree(T%' ). Notethat(T%' ) isa
treewith V asits vertex set,andis nolongera nettreeor a hierarchicalkree. However, obsere
thatif u is anancestoof v in T, then' (u) is anancestoof' (v) in T

Considerthetree T°with unit weightson its edges.By thede nition of g, thereis a spanneiF
on T that preseresall pairwisedistancesuchthatfor every pair of nodes thereis a shortest
pathwith atmostg(m; n) hops.We addthefollowing setof edgedo thespanneE .

Er:=1ff'(a);" (Dg:fa;bg2 Fg:

Suppose andy pointsin V, X andy, aretheleafnodesn T suchthat' (xo) = x and' (yo) =,
andx; andy; aretheancestorén T atheighti for xo andy, respectiely. By Theoren®.2.9 there
existsi suchthatthefollowing pointsform a (1 + 2)-pathPy, afterremoving repeategpoints.

Suppose&; andy- arecontractedo k andi respectiely in T By thechoiceof F, thereexist at
mostg(m; n) i 1intermediateverticesfvig<, onthepathfrom x, tok in T%suchthatf xo; v1g,
fvi;vizag (1 - 1 < k) andfvg; kg arein F. Hence,we have a pathwith at mostg(m; n) hops

sub-pathfrom " (Xo) to" (X;) in Po.

Similarly, thereis a pathwith at mostg(m; n) hopsfrom' (1) to y whoselengthis at mostthat
of the correspondingub-pathin Po. Hence,thereis a (1 + 2)-pathwith at most2g(m;n) + 1
hopsfrom x toy in thespanneE+ [ Ef.
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Theorem 2.4.5(Chazelle[Cha87]) Form , 2n, g(m;n) = O(®m;n)), where ®is the func-
tional inverseof Ackermanns function.

De nition 2.4.6(Ackermann’sfunction [Tar75]) LetA(i; j) beafunctionde nedfor integers
i;] , Oasthefollowing

A(0;]) = 2] forj, O
A(i;0)= 0A(;1)= 2 fori, 1
AGJ) = AGT LAGT i 1) fori, Lj, 2

De ne thefunction®as®m; n) = minfi ji, 1; A(i; 4dm=ne) > log, ng.
FromLemmaz2.4.4andTheorem?2.4.5 we obtainthefollowing theorem.

Theorem 2.4.7 Supposea metric (V; d) with n pointshasa nettree(T;' ), andsupposeE T is
the (1 + 2)-spannerobtainedin Theoem?2.2.4 Then,it is possibleto addm extra edgesto E+
sud thatthe hop-diametenf the new spanneiis at mostO(®(m; n)).

ObservinghatA(2; 4log” n) > log, n, we have thefollowing corollary.

Corollary 2.4.8 Supposea metric(V; d) with n pointshasa nettree(T;" ), andsupposeE T is
the (1 + 2)-spannembtainedin Theoem2.2.4 Theniit is possibleto addn log” n extra edgesto
Et sud thatthehop-diametenf the new spanneris O(1).

2.4.3 The Lower Bound on Hop-diameter

We now shaw thatthetrade-of betweerthesizeof the spanneandits hop-diametepbtainedn
Theoren?2.1.3is essentiallyoptimal.

Theorem 2.4.9 For any?2 > 0, for in nitely manyintegers n, there existsa metricM induced
by n pointson the real line sud that any (1 + 2)-spannerwith m edgeson the metricM has
hop-diameter( ®m; n)).

Our generalapproachrst considera family of metrics,eachof which inducedby somebinary
“hierarchicallywell-separatedree” (HST). We de ne afunctionG(i; j ) thatis a variantof the
Ackermannsfunctionsuchthatif ametricfrom thefamily containan ; G(i; j ) points,thenary
spanneion the metric with hop-diameteboundedby i + 1 musthave morethan-( j n) edges.
TherelationshigbetweerG(i; j ) andthe Ackermannsfunctionis usedto obtainthelowerbound
for HSTs. The proof techniquewe usedis an extensionof that usedin Yao's paper[Yao83.
Our lower boundresultfor line metricsthenfollows from the factthat binary HSTswith large
separatiorembednto therealline with smalldistortion.

Remark 2.4.1 For technical reasonswe assumehat a spannercontainsa self-loopfor every
point. Sinceany spannemustcontaina linear numberof edges,this assumptiordoesnot affect
theasymptotidower bound.
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Construction of the family of HST metrics. Fork , 0, let M, bethemetricinducedby the 2
leavesof the weightedcompletebinarytree Ty de ned asfollows. Let” > 0 betheseparation
parametefor theHST. ThetreeT, is abinarytreecontaining?® leavessuchthatfor eachinternal
nodeu atheighth , 1, thedistancerom u to ary of theleavesin thesubtregootedatu is ™~ "i 2.

Thefollowing propositionfollows from the constructiorof the metricsM .

Proposition2.4.10 Letthe HSTmetricM ¢ bede nedasabove

(2) SupposeMy is constructedwith sepaation | 100(1+ 2). LetU be the subsetof
pointscorrespondingo theleavesof Ty which are thedescendantsf somenternal node
Then,any(1 + 2)-pathbetweerpointsin U cannotcontainany pointoutsideU.

(b) ConsiderT, andsupposén - k. Supposd °is thetreeobtainedfrom Ty by replacing
ead subteerootedat aninternal nodeof heighth by a leaf whosedistancefromtheroot
is the sameasbefor, i.e., "% 1. Then, T is isomorphicto Ty; p.

(c) Foreveryk , 0,themetricMy with expansion , 4 hasdoublingdimensiorat most
2.

We will useProposition2.4.1da) crucially in our analysis.Unlessotherwisestatedwe assume
theHST metricM is alwaysconstructedvith separation largeenoughsuchthatthe statement
holds.

We prove thefollowing theorenthatstateghelower boundresultfor theHST metrics.

Theorem 2.4.11 For eadh integer k , 1 andany? > 0, there existsan HST metric M with
large enoughsepaation  sud that any (1 + 2)-spanneron My with at mostm edges has
hop-diameteat least-( ®m; n)).

We obsenre thatHST metricswith large separatiorembednto therealline with smalldistortion
in thefollowing claim.

Claim 2.4.12 For eachintegerk , 1andany2> 0, for sufciently large > 0, theHSTmetric
M with sepaation  embedsnto thereal line with distortionat mostl + %2

Proof: We embedtheleavesassociatedvith M into therealline in their naturalordering,i.e.
leavesin thesubtreeootedat someinternalnodeareclusteredogetheiin theline. Thedistance
betweerembeddegbointsis the sameasthatbetweerthemin thetree. Suchanembeddingloes
not contractdistances.

Considerthe expansionof the distancebetweera pair of leaveswhoselowestcommonancestor
is atheightr. Hence theirdistancan thetreeis 2 ". Obsenre thattheirembeddedlistances at
most2 ¢f 2" + 21 17 + ¢e¢+ 27 "1 1+ "' g. Hencethedistortionis at most

2+ 2T ege+ 27T 20 (T=2) 5 1
r =2i 1

1
=21

1

r

+ 1;
whichis atmostl + ¥for — | 2(1+ 3). m

19



Now Theorem2.4.9 the mainresultof this section follows from Theorem2.4.11(theresultfor
HSTs)andClaim 2.4.12(whichrelatedistancesn theHST to thoseon therealline) asfollows.

Proof of Theorem2.4.9 Suppose = 2 is apower of two. We constructline metricM with

n points.Let2°= 22 and%2> 0 besmallenoughsuchthat(1+ 2)(1 + ¥4 - 1+ 2° Supposehe
HST metricM . haslargeenoughseparation suchthatby Theoren?.4.11 ary (1+ 29-spanner
for M with m edgeshashop-diameter( ®&m; n)), andby Claim2.4.12 M embedsnto some
line metricM with distortionat mostl + %2

Suppose® isa (1l + 2)-spannefor metricM with m edgesandhop-diameteat mostD. Since
(L+2)2+ ¥ - 1+ 29it follows spannelP correspondso a (1 + 29-spanneiin M with m
edgesandhop-diameteat mostD . ThereforeD = -( ®m; n)). [ |

In the restof the section,we will shov Theorem2.4.11 the lower boundresultfor the HST
metrics.To this end,we de ne avariantof the Ackermanns function.

De nition 2.4.13 De ne thefunctionG(i; j),fori, 0;j , Otobe:

G(0;0) = 0;G(0;j) = 29%1¢,; j. 1
G(i; 0) = 0;G(i; 1) = 1; i, 1

G(i;j) =G )i DG LAGH i 1))i, L, 2

Proposition 2.4.14 Supposé&s(i; j ) is thefunctionde nedasabove

(@) Foralli, 0;j , 1,G(i;j) isapoweroftwo.
(b) Forj , 1,j - G(0;j) - 2.

We now prove the maintechnicallemmafor the lower boundfor the HST metrics;aswe will
seetheproofof Theorem2.4.11will follow easilyfrom thislemma.

Lemma 2.4.15 Suppose* , G(i;j), wheei , Oandj , 1; suppos€ > 0 andthe HST
metricM haslarge enoughsepaation . Suppose& is a subsebf My sudhthatjXj=n,k 1.
LetYs= n=2%. Then,any(1+ 2)-spanneifor X with hop-diameteat mosti + 1 musthavemore
than1%2jn edges.

Proof: We prove theresultby inductiononthelexicographicabrderof (i; j ).

Basecases.Fori = 0, , 1, ary spannewith hop-diametef on n pointsmusthave exactly
n(nj 1)+ n edgesrecallingthatwe requirethata spannemustcontaina self-loopfor each
point. Hence observinghatj - G(0;j) - 2% from Propositior2.4.14 we concludethatsucha
spannecannothave thenumberof edgedessthanjn - n?< In(nj 1)+ n.

Fori, 1,j = 1, weobserethatany spannepnn pointsmusthave atleastn edgesHencethe
numberof edgesn aspannecannoﬁ)elessthan%1/zn- %n < n.

Inducti ve Step. SupposeX is asubsebf M suchthat2 | G(i; j) forsomei | landj , 2,
wherejX j = n and%= n=2. For contradictions sake, assumehereis a (1 + 2)-spanneE with
hop-diametet + 1for X suchthatjEj - 3%2jn.
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Let| betheindexing setfor thesubtree®f T, eachrootedat someinternalnodeandcontaining
exactlyG(i; ] i 1) leaves.ObservinghatG(i; j j 1) isapowerof 2 from Proposition2.4.14 it
follows that

jli=2=G(i;j i 1), G(i;j)=G(i;j i 1)
= G(ii 1,4G(;j i 1)):

For eachs 2 1, let Vs bethe setof leavescontainedn the correspondingub-tree.Let usalso
de ne:

2 El:=ffuvg2 E:u;v2Vsg foreachs2 |,andE! := [ o, EL.
2 E2:=ffu;vg2 E:u2 Vs v2V;s6 tg.

We describethe high level ideato obtaina contradiction. Supposédor eachs 2 |, we replace
the subtreecontainingVs by aleafin the samemannerasProposition2.4.1b), thenwe would

obtainatree T °whichis isomorphicto Tp,wherezta =jlj, G@i L4G(;j i 1)).

LetXs:= X\ Vsandd :=fs2 1 :jXs , 1g. IdentifyingeachX'swith thecorresponding
leafin themodi ed treeT? considetthesubmetricof M, inducedby thenon-emptyX s's, whose
pointsetwe write asX %:= f X : s 2 Jg. Hence X is asubsebf metricM,, aswell asa point

in metricX °

Dene E®:= ff X5 Xig:fu;vg2 E%u2 X v 2 X.g. ObserethatECisa (1 + 2)-spanner
for X ®with hop diameterat mosti + 1. Sincewe wish to apply the induction hypothesiswe
needto shav thatthe size of ECis small. Moreover, sincejlj ., G(i i 1,4G(i;j i 1)), the
induction hypothesiscan only say aboutspannerof hop-diametelat mosti. To resole this
issue,we would remove somepointsin X °® andmodify the spannemppropriatelysuchthatits
hop-diameters atmosti. FirstobservinghatjEYj - jE?j, it sufces to shaw thatjE ?j is small.

Claim 2.4.16 JE?j < Z%n

Proof: LetjXsj = ngand¥% = ns=G(i; ] i 1). Obsenefrom Propositior2.4.1da)thatfor each
s 2 |, ary (1 + 2)-pathbetweenverticesinside X s cannotgo outsideXs. Hence,for ng , 1,
it follows E? is a spanneifor X having hop-diameteat mosti + 1. Applying the induction
hypothesisfor (i;j i 1), we have for eachs, JEZj > 2%4(j i 1)ns. Summingovers 2 |, we
have
X 1
B> %G Dns,

s21

Z¢ Jl 1 X n2.
4°GGHji 1), °

: P . . .
Observingthat ,, ns = n andthefactthatx 7! x? is a convex function, the lasttermis
minimizedwhenall ng's areequal.Hence,

ji 1 n 1
=1 > J | - o 2 — =(i : 1 .
Sincethereareatmost;%sjn edgesn total, it followsthatjE %j < V2n [

21



Next, we describea procedurethat removes somepoints from X ° and modify E° to obtaina
spannemwith hop-diametemt mosti . Note that the pointsfrom X ° areindexed by J. The
procedurdabelstheremovedpointsbad

1. Placetheindex setJ in alist L in anarbitraryorder
2. Considereachelements in list L accordingto the ordering:

(a)If thereexistsanelement appearingfters in thelist L suchthatary (1 + 2)-path
in E%betweenX s andX ; takesatleasti + 1 hops,
(i) Labels badandremove it fromlist L.
(if) Modify E 9sothatif X is apointin list L closesto X s, every edgeincident
on X will now beincidenton X, i.e.,Xs andX, aremeged.

(b) Move onto thenext elemenin list L.

Any two remainingpoints certainly have a (1 + 2)-pathwith at mosti hops; oth-
erwise,the one appearingearlierin the list would have beenremoved. Moreover,
obsere in step(ii) of the procedurehatX s andX, areequidistanfrom ary other
Xg4'sin thelist. Hence thelengthof arny (1 + 2)-pathfor two pointsstill in the list
doesnotincreaseMoreover, sincewe have meigedX s with X, thenumberof hops
for arny (1 + 2)-pathcannotincrease.

Let B bethesetof s 2 J thatarelabelledbad.LetR := J | B bethesetof remainingindices.
Let B be the modi ed edgeset. It follows that ® is a spannewith hop-diameteat mosti for
W= fXs:s2 Rg. However, we needto shav thatnottoo mary badpointsareremoved.

. P v 1
Claim 2.4.17  ,zjXs}, 3N.

Proof: Foreachs 2 B, thereexistst 2 J suchthatary (1 + 2)-pathbetweenX ; andX in E°
hasatleasti + 1 hops.Fix b2 X andconsiderary a 2 X, obsenre thatthereis a(1 + 2)-path

removing redundaniX 4's. Hence,l = i + 1 andthereareno redundaniX 4's, otherwisethere
wouldbea (1 + 2)-pathfrom X to X with lessthani + 1 hops.We associata 2 X with the
edgefa;v,g 2 E2.

It follows for eachs 2 B andeacha 2 X, thereexistssomeedgef a;vg 2 E2. Eachedgecan
be associatedvith at mosttwo pointsin thebadX ¢'s. Hence we obtainthe following.

X o o, 1 1
iXsj - 2JE?% < él/zn- SN

s2B

P
wherethe middleinequalityfollows from Claim 2.4.16 Hence,t followsthat _, 5 jXsj , %n.
|

We can now obtain a contradictionto the induction hypothesisof Lemma2.4.15for (i j
1;4G(i; j i 1)), whichstateghatif X is asub-metricof Ty suchthat® | G(ij 1;4G(i;j i 1))
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andi= j)bjzzh, thenary (1 + 2)-spanneffor X with hop-diameteat mosti musthave more
thani#4G(i;j i 1))j®] edges.

Now, sincefor eachs 2 R, jXsj - G(i;j i 1), it follows from Claim 2.4.17thatj)bj = jRj ,
In=G(i;j i 1). Hencelt:= jRj5lj, 1% Moreovern= %Gi;ji 1jlj- 2RjG(;ji 1).
In conclusionwe have a subset® in themetric Ty, suchthat2® = I, G(Gii 1,4G(;) i 1))
andie= jRj51j . %2. Moreover, B isa(1+ 2)-spannefor X with hop-diameteatmosti and

hasthe numberof edgedessthan:
1 1 B o~ 1 - -
ven 5 ¢ 2RI GG [ i 1) = JHAG( | i 1)iR);

obtainingthedesiredcontradictioragainsttheinductionhypothesidor (i j 1;4G(i;j i 1)). This
completegheinductive stepof the proof of Lemma2.4.15 [

If we substituté/~= 1in Lemma2.4.15 we obtainthefollowing corollary.

Corollary 2.4.18 Supposen = 2¢ | G(i;j),j . 1. Let2 > 0andtheHSTmetricM, have
large enoughsepaation . Then,any (1 + 2)-spanneirfor M with hop-diametemat mosti + 1
musthavemore than %j n edges.

In orderto get the desiredlower boundon the hop-diametein Theorem2.4.11 we have to
relatethefunctionG(i; j ) to the AckermanrfunctionA(i; j ); we dothisvia yetanotheifunction

H (i)
De nition 2.4.19 De ne thefunctionH (i; j),fori , 0;j , Otobe:

H(0:j) = §° forj . 0
H(@{;0)=0;H(;1)=8 fori, 1
H(;j)=H(@i LHG i 1) fori, Lj, 2

Claim 2.4.20 LetH (i; j ) beasde nedabove
@ Fori, O;j, OH(;j) - A(i+4j+4)i 4 Inparticular H(i;j) - A(i+ 4] + 4).
(b) Fori, O;j , O,H(i;j). 42G(i;j). Inparticular, H(i;j) ., G(i;j).
Proof: We prove bothresultsby inductionon thelexicographicorderof (i; j ). Let usprove the
claim of part(a) rst.

BasecasesForj , O,H(0;j) =82 A(4;j+4)j 4 Fori, 1,H(;0)=0- A(i+4,4); 4
andH(i;1)= 8- A(i+ 4,5); 4

Inductive step.Suppose , 1;j , 2. Then,usingtheinductionhypothesiswe have
H@J)=HGi LHG i 1))
- A(I+3H@G; )i 1)+4); 4
A+ ZAG[+ 4] +3))0 4
=A(i+ 4 +4) 4
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which completegheinductive stepof the rst result.
We next prove theclaim of part(b).

Basecases.Forj ., 0, H(0;j) = 82 . 4j2G(0;j), by Proposition2.4.14b). Fori , 1,
H(i; 0) , 8¢0°G(i; 0), asbothsidesarezero;H (i; 1) = 8, 4= 4G(i; 1).

Inductive step.Suppose , 1;j , 2. Then,usingtheinductionhypothesiswe have
H(@j)=H®Gi LHG) i 1))

AH(irj i 1)°G(i i LH@ji 1)

AHGrj i 126G 1,4G 1 126G i 1)

5
5

; 2,H(ji 1), 27, j. HenceH(i;j) , 4°G(i i
1;4G(i;j i 1)) = 4j2G(i; ), completingtheinductionstepof the secondesult. [

Obsenre that sincei 1 andj

5

Thefollowing claim describesomepropertiesof the Ackermannfunctionanda functionalin-
versede nedby a(x;j) := minfiji, 1;A(i;]) > xg; notethatthisis differentfrom the more
commonlyusedfunctionalinverse® from De nition 2.4.6

Claim 2.4.21 Suppos¢hefunctionalinversea is de nedasabove

(@) Forallj , O,ifx, y, Othena(x;j), a(y;j).Inparticular,a(x;j), a(log,x;j).
(b) Fork, landx, O,a(x;4k+ 4)+ 1, a(x;4k).

Proof: The rst statementollows trivially from the factthatthe Ackermanns functionA(i; j )
is monotone For the proof of the secondstatementsuppose = a(x; 4k + 4). Hence,i , land
A(i; 4k + 4) > x. ObserethatA(i + 1;4k) = A(i; A(i + 1,4k 1)) andA(i + 1,4k 1),

2%i 1 4k + 4,sincek , landi, 1. Hencejt followsthatA(i + 1;4k) , A(i; 4k + 4) > x
andthusa(x; 4k) - a(x; 4k + 4) + 1, asrequired. [

We cannow prove Theoren.4.11andobtainthelower boundresultfor the HST metrics.

Proof of Theorem 2.4.11 SupposeE is a (1 + 2)-spannelE for M. Let] = d“Tme. Then,
by Corollary2.4.18 sincem - %j n, if G(i;j) - n, thehop-diameteof E is largerthani + 1.
Hence the hop-diameteof E is atleastthefollowing:

minfi + 1j G(i; d*"e) > ng

minfi+ 1j H(i; 4dT€) > ng (Claim2.4.2qb))
minfi+ 1j A(i + 4,4dT e+ 4) > ng (Claim2.4.2q2))
minfi j A(i; 4dT e+ 4)> ngj 3

a(n;4dte+ 4)j 3

a(n;4dve) | 4 (Claim 2.4.21b))
a(log, n; 4dTe) i 4 (Claim2.4.2Xa))

v

The proofis completedrom the obsenationthata(log, n; 4d™€) = ®m; n), by thede nition
of thefunctions® anda. [
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Chapter 3

Ultra-Lo w Dimensional Embeddingsfor
Doubling Metrics

3.1 Intr oduction

We considerthe problemof representinga metric (V; d) usinga small numberof dimensions.
Severalapplicationgepresentlataaspointsin a Euclidearnspacewith thousandsf dimensions.
However, this high-dimensionalityposessigni cant computationathallengesmary algorithms
tendto have an exponentialdependencen the dimension. Hencewe are constantlyseeking
waysto combatthis so-calledcurse of dimensionality by nding low-dimensionalyet faithful
representationsf the data. In this work, we attemptto maintainall pairwisedistancesi.e. we
seekto minimizethedistortionof anembedding.

Thiscomputationamotivationleadsoneto analreadycompellingandfundamentaimathematical
guestion:givena metric space(which may or may not be Euclideanto begin with), whatis the
leastnumberof dimensionsn which it canberepresentedvith “r easonable’distortion?

To answerthesequestionsdimensionreductionin Euclideanspaceshave beenstudiedexten-
sively. The celebratecandsurprising” attening” lemmaof JohnsorandLindenstraus$JL84]

statesthat the dimensionof any Euclideanmetric on n pointscanbe reducedto O('%4") with

(1 + 2) distortion,andmorewer, this canbe donevia arandomlinear map. This resultis exis-
tentially tight: a simplepackingargumentshaws thatary distortionD embeddingof a uniform
metriconn pointsinto Euclidearspaceaequiresatleast-(log , n) dimensions—intuitiely, there
arent enoughdistinctdirectionsin alow dimensionaEuclideanspaceto accommodata large
numberof equidistantpoints. Hencewe do needthe -(log n) dimensionsandeven allowing

O(log n) distortioncannotreducethe numberof dimensionselow -(log n=loglogn).

It is naturalto askif this “volume” restrictionis the only bottleneckto a low-dimensionalem-
bedding. In otherwords,canmetricsthatdo not have suchvolume hurdlesbe embeddednto
low-dimensionabkpacesvith smalldistortion?Thenotionof doublingdimensiorfAss83 malkes
this very ideaconcrete:roughly speakinga metric hasdoublingdimensiondimp = k if and
only if it has(nearly-)uniformsubmetricsof size about2¥, but no larger A metric (or more
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strictly, afamily of metrics)is simply calleddoublingif the doublingdimensionis boundedy a
universalconstant(Seesection3.1.2for amoreprecisede nition).

The Questions. Thepackinglowerboundshavsthatary metricrequires(dim p) dimensions
for a constant-distortioembeddingnto Euclideanspace:is this lower boqutight? We now
know the existenceof n-point metricswith dimp = O(1) that require-( = logn)-distortion
into Euclideanspace(of ary dimension)|GKLO3], but canwe actually achieve this distortion
with o(log n)-dimensions? What if we give up a bit in the distortion? Bourgain's classical
result(alongwith the JL-lemma)shaws thatall metricsembednto Euclideanspaceof O(log n)
dimensiong&ndO(log n) distortion[ LLR95], butwe donotevenknow if doublingmetricsembed
into O(log! * n) dimensionswith O(log* * n) distortion.

If we restrictour attentionto Euclideandoublingmetrics,we know just aslittle: a tantalizing
conjectureof LangandPlaut[LPO]] stateghatall Euclideanmetricswith dimp = O(1) embed
into O(1) dimensionaEuclideanspacewith O(1) distortion. However, the bestresultwe know
is still the JL-Lemma(which is completelyobliviousto the doublingdimensionandmorewer,
is alinear mapwhich is doomedto fail). Again, we do notevenknow how to take a doubling
Euclideanpointsetand atten it into (say)O(log* ° n) dimensionswvith O(log* * n) distortion!

The Answers. We make progresson the problemof embeddingdoubling metricsinto Eu-
clideanspacewith small dimensionanddistortion. (Our resultshold for all doublingmetrics,
notjust Euclideanones.)

Theorem 3.1.1(Ultra-Lo w-DimensionEmbedding) Any metric s%acewith doubling dimen-
siondimp embedsnto O(dimp loglogn) dimensionwith O(logn="loglogn) distortion.

Hencewe canembedthe metricinto very few Euclideandimensiongi.e., O(dimp), wherethe
notationO(¢ suppressea multiplicative factorpolynomialin loglogn), andachiese a slightly
smallerdistortionthanevenBourgain's embeddingNotethatto achieve distortionO(log n), ary
metric with doublingdimensiondimp requiresat least-( lo‘gj';gn) Euclideandimensionsand
hencewe arewithin anO(log logn)? factorto the optimaldimensiorfor this valueof distortion.

Thisis a specialcaseof our generakrade-of theorem:

Theorem 3.1.2(Main Theorem) SupposgV;d) is a metric spacewith doubling dimension
dimp. For anyinteger T sud that -(dim p loglogn) - T - Inn, ther existsF : V !

RTuanto T-dimeqlsionalspacesum that for all x;y 2 V, d(x;y) - kF(X)i F(y)ky -

O 9T jogn ¢d(x;Y).

Varying the target dimensionT, we canget someinterestingtradeofs betweenthe distortion

anddimension.For instancee canbalancethe two quantitiesandgetO(log®> n) dimensions
andO(log?™ n) distortionfor doubling m%trics,as desired.On the otherhand,for large target

dimensionT = Inn, we getdistortionO(" dimp logn), which matcheghe bestknown result

from [KLMNOS5].

In theinterestof clarity of presentationwe only shawv the existenceof suchembeddingsStan-
dardtechniquege.g,.[Bec91 Alo91, MR98]) canbe usedto give algorithmicversionsof our
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results.

Technigues. Our embeddingcan best be thought of as an extension of Rao's embed-
ding [Ra099: thereare O(logn) copiesof coordinatedor eachdistancescale,henceleading
to O(lognlog¢) dimensions.As obseredin [ABNO6], it is possibleto sumup the coordi-
natesover differentdistancescalesto form one coordinate andin expectationthe contraction
is bounded.Using boundeddoublingdimensionwe show thatthereis limited dependengbe-
tweenpairsof points(usingthe LovaszLocal Lemma),andhencewe only needmuchlessthan
O(log n) coordinateso ensurethatthe contractiorfor all pointsarebounded.

For the tradeof betweerthe targetdimensionandthe distortion,we apply arandomsign (8 1)

to the contrikution for eachdistancescalebeforesummingthemup to form a coordinate.This

processs analogougo the randomprojectionin JL-typeembeddingsindeed,we useanalysis
similar to thatin [AchO(Q to obtainatradeof betweerthe tamget dimensionandthe expansion,
althoughin our casethe original metricneedsnot be Euclidean.

We give two embeddingsthe rst oneusesa simple decompositiorschemg GKL03, Tal04,
CGMZz0Y andillustratesthe above ideasin boungiggboth the contractionandthe expansion.
The resultingembeddinghasdistortionO(dimp = T ¢logn) with T dimensions.In orderto
reducethedependencenthedoublingdimensiornto = dimp, we useuniformpaddeddiecompo-
sition scheme$®asedon [ABNOG].

Bibliographic Note. Independentlyf ourwork, Abraham Bartal,andNeiman(personatom-
munication)have obtainedresultsof a very similar nature,shaving how to achiese a trade-of

betweerdistortionanddimensionasa functionof thedoublingdimensiondimp andthenumber
of pointsn. We believe their resultsareincomparabldo ours. For instance they canachieve

O(dimp )-dimensionakmbeddings—smallehanoursby an O(log logn) facto—thoughonly

with slightly supeflogarithmicdistortion.

Normally, for a pair of points, conventionaltechniquesoundits contractionusingonly one
distancescale. In orderto apply the Local Lemma,the probability of the associatedbad event
hasto be small enough(seeLemma3.2.7) andhencewe needO(loglogn) dimensions.Their
ideais to useO(loglogn) distancescaledo boundthe contraction.Hence they do not needthe
O(log logn) factorin thedimension put thedistortionwould suffer anextrafactorof O(log” n).

However, we userandomsignsin our embeddingo boundthe expansionandconsequentlypur
trade-of at the higherendof dimensionis slightly betterthantheirs. They alsopresentesults
on gracefully degrading distortion and averagedistortion (in the sensede ned in [ABC™ 05,
ABNO0G)).

Moreover, they alsoshav explicitly how to apply techniquegAlo91, MR98] of gettingan al-
gorithmic versionof the Local Lemmato constructsuchan embeddingn time K2 loglogn
wherek = dimp. Hence,for dimp = o(loglogn), we have a polynomialtime algorithm;for
dimp = o(logn), we have a sub-eponentialtime algorithm.
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3.1.1 RelatedWork

Dimensionreductionfor Euclideanspacewvas rst studiedoy JohnsorandLindenstraus§JL84,
using randomprojections. The resultsand techniqueshave since beensharpenedand sim-
plied in [FM88, IM98, DG03 Ach00, AC06. The embeddinghave beenderandomized,
see[EIO02 Siv02]. Moreover, Matousek[Mat9( hasobtainedan almosttight tradeof be-
tweenthe dimensionof thetargetspaceandthedistortionof theembeddingOn the otherhand,
dimensiorreductionfor L ; spacehasbeenshavn to bemuchharderin [BCO3 LNO3].

Thenotionof doublingdimensionvasintroducedoy Larman[Lar67] andAssouad Ass83, and
rst usedin algorithmdesignby Clarkson[Cla99. The propertiesof doublingmetricsandtheir
algorithmicapplicationshave sincebeenstudiedextensvely, a few examplesof which appear
in [GKLO3, KL03, KL04, Tal04 HPMO5 BKL06, CG06h IN, KRX06, KRX07].

Thereis extensie work on metricembeddingssee[IM04]. Bourgain [Bou85 gave anembed-
ding whosecoordinatesare formed by distancedrom randomsubsets.Low diameterdecom-
positionis a usefultool andwas studiedby Awerluch [Awe8Y, andLinial and Saks[LS93.

Randomizedlecompositiongor generalmetricsaregivenin [Bar9§ CKRO01, FRT04]. Klein

et al. [KPR93 gave decompositiorschemegor minor-excluding graphs,which were usedby

Rao[Rao099 to obtainembeddinggor planargraphsinto Euclideanspace. Theseideaswere
developedfurtherin [KLMNO5, ABC* 05, ABNO6].

Ontheotherhand,thereis alsoresearclon embeddingsnto constantdimensionakpacesboth
for generametrics|BC1S05 andspecialclasse®f metrics,for instanceaultra-metric§ BCIS04.

3.1.2 Notation and Preliminaries

The readeris referredto standardexts—e.g.,pPL97, Mat0Z2—for basicde nitions of metric
spacesWe denotea nite metricspaceby (V; d), its sizeby n = jVj, andits doublingdimension
dimp by k. We assumehatthe minimum distancebetweenwo pointsis 2 (someavhatweird!),
andhenceits diameter¢ is also(almost)the aspectatio of themetric. A ball B(x; r) is theset
fy2Vjdxy) - rg.

De nition 3.1.3(Nets) Givena metric(V;d) andr > 0, anr-netN for (V; d) is a subsebfV
sud that

1. (CoveringProperty)For all x 2 V, thereexistsy 2 N sud thatd(x;y) - r.
2. (Packing Property)For all x;y 2 N sudhthatx 6 y, d(x;y) > r.

De nition 3.1.4(Doubling Dimensiondimp) Thedoublingdimensionof a metric (V;d) is at
mostk if for all x 2 V, for all r > 0, everyball B (x; 2r) canbecovered by theunionof at most
2¢ ballsof theformB (z;r), wheez 2 V.

De nition 3.1.5(PaddedDecompostion) Givena nite metricspace(V; d), a positiveparam-
eterD > 0and®> 1, aD-bounded®-paddeddecompositions a distribution| over partitions
of V sud thatthefollowing conditionshold.

(a) For ead partition P in thesupportof | , the diameterof every clusterin P is at most
D.
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(b) Supposes p V is a setwith diameterd. If P is sampledfrom | , thenthe setS is
partitionedby P with probability at most® ¢ -

Note. We only needa wealer conditionimplied by item (b): if we setS := B(x; 2), then
the ball is partitionedby P with probability at most%. In otherwords,we have Pr[B (x %) U
P(x)] . % whereP (x) is theclusterin P containingx.

3.2 The BasicEmbedding

We give two embeddingsthe onefrom this sectionis the basicembeddingwhich achiesesthe
following trade-of betweerndimensionanddistortion:

Theorem 3.2.1(The BasicEmbedding) Givena metric space(V; d) with doublingdimension
dimp, and a target dimensionT in the range -(dim g Iopglogn) - T - Inn, there existsa

mappingf : V ! RT sudthatforall x;y 2 V,- —— ¢d(x;y) - jif(X)i iz -

dimD

O(logn) ¢d(x; y). Hence thedistortionis O(™m29"),

Note that this trade-of is slightly worsethanthanthe one claimedin Theorem3.1.2in terms
of its dependencen the doublingdimension;however, the advantages thatthis embeddings
easielto stateandprove. We will thenimprove onthis embeddingn the next section.

3.2.1 BasicEmbedding: De ning The Embedding

Theembedding : (V;d)! RT wedescribés of theformf := ©,1j©, wherethesymbol©
is usedto denotethe concatenationf thevariouscoordinatesEach©® : V I R is asingleco-
ordinategeneratedndependentlyf the othercoordinatesiccordingo a probability distribution
describedasfollows. To simplify notation,we dropthe superscript anddescribehow arandom
map© : V! Risconstructedandf is justtheconcatenationf T suchcoordinates.

LetD; := H', for someconstanH , 2. (Laterwe seethatH is setlarge enoughto boundthe
contraction.)Supposell distancesn the metric spaceareat Ieastzpandl is the largestinteger
suchthatD, < ¢. Themapping® : V ! Risoftheform®© := ,,,," i. We describehowv
"i:V ! Risconstructedfor eachi 2 [I].

Fixi 2 [I']. Weview themetric(V; d) asaweightedcompletegraph,andcontractall edgeswith
lengthsat mostD;=2n. The pointsthatarecontractedogetherin this processvould obtainthe
samevalueunder' ;. Let theresultingmetricbe (V; d;). Hereareafew propertiesof the metric
(V;d).

Proposition 3.2.2 Supposdor eachi 2 [l ], themetric(V;d;) is de nedasabove Then,for all
x;y 2 V, thefollowing resultshold.

(@) Foralli 2 [I], di(x;y) - d(x;y) - di(x;y)+ 5.

(b) Forj , i,di(xy) - di(xy).

ObsenethatProperty(a) of Proposition3.2.2impliesthatthemetric(V; d;) givesgoodapproxi-
mationsof thedistancesn (V; d) of scalesabove D;. In particular (V; d;) admitsanO(k)-padded
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D;-boundedstochasticdecomposition.

Proposition 3.2.3(Padded Decompositionfor Doubling Metrics [GKLO03, Tal04, CGMZ05])
Supposehe metric (V; d) hasdoublingdimensionk. Then,there is an ®paddedD ;-bounded
stohastic decompositior ; for the metric (V;d;), whee ® = O(k). Moreover, the event
fBi(x;Di=® W Pij(x)g is independentof all the eventsfB;(z;Di=®) p Pj(z) : z 62
Bi(x; 3D;=2)g, whee B;(u;r) := fv2 V : di(u;v) - rg.

Supposd’; is arandompartitionof (V; d;) sampledrom thepaddediecompositiorh ; of Propo-
sition 3.2.3 Letf34(C) : C isaclusterin P;g be uniform f 0; 1g-randomvariablesand®; bea
uniformfj 1; 1g-randomvariable.TherandomobjectsP;, % and®; aresampledndependently
of oneanotherDene ' ; : V! Rby

"i(x) = % ¢%4(Pi(x)) eminfdi(x; V nP;j(x)); D=y (3.1)

Hencewe take the distancefrom the point x to the closestpoint outsideits cluster truncateit
at D;=® (recall that ® is asde ned in Proposition3.2.3, and multiply it with the f0; 1g r.v.
associateavith its cluster andthefj 1;1gr.v. associatedvith thedistancescalei. (For brevity,
we will usethe expression i(x) = %(P;(x)) ¢minfd;(x;V nP;(x)); D;=®y; hence' ;(x) =
°i €-i(x).) We shallseethatthe 3%'s play animportantrole in boundingthe contractionwhile
therole of °;'sis to boundthe expansion.

To summarizetheembeddings de nedto be:

t t X (t)
f = ©pme;o® = (3.2)
i2[]

We rephrasélheorem3.2.1in termsof theabove randomizedtonstruction.

Theorem 3.2.4 Supposé¢heinputmetric(V; d) hasdoublingdimensiork, andthetargetdimen-

sionT isin therange -( kloglogn) - T - Inn. Then,with non-zeo pr@bgbility, the above
procedue producesa mappingf : V ! RT sudthatforall x;y 2 V, - ﬁ ¢d(x;y) -
(X)) i f(y)jj2- O(logn) ¢d(x;y). In otherwords,there exist somerealizationof the various
randomobjectssud thatthe distortion of the resultingmappingis O( M).

Note. Beforewe dive in, let us note that we considerthe modi ed metrics(V;d;) in order
to avoid a dependencen the aspectratio ¢ in the expansionboundfor the embedding.Now

obserethatj' "(x)i ' {’(y)j - minfdj(x;y);D; =@y,
Lemma 3.2.5 Suppose; y 2 V andforeadj 2 [I], de ned; := minfd;(x;y); D;=@g: Then,
(a) Foreadhi 2 [I], P d - O(logy n) ¢di(x;y).
(b) Foreadi 2 [I], | ;d’- O(logy n) ¢di(x; y)?.
P P
In particular, for all t 2 [T], thecontributionj ;)i * P(y)i- ; ;d - O(log, n)¢
di(x;y).
Moreover, ,,;d? - O(logy n) ¢d(x; y)>.
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Proof: We prove statement$a) and(b). The otherstatement$ollow from thetwo in a straight
forwardmanner

For easeof notation,we omit the superscript in this proof. Obsere thatforj , i, d; -
di (x;y) - di(x;y), wherethesecondnequalityfollows from Propositior3.2.2b).

Therearethreecaseso considerdependingon the valueof j. The rst is for very largej's

whend(x;y) - 2—;’1: in this case,d; (x; y) = 0. The secondcaseis for moderatevaluesof j

When% < d(x;y) - Dj: thereareatmostO(logy n) suchj's. In (a), addingtheseup givesa
contritution of O(logy, n) ¢d;(x; y); in (b), we have a contrikution of O(log,;, n) ¢d;(x; y)2.

Finally, the last caseis for small valuesof j, whend(x;y) > D;. Considerthe largestj, for
which this happens.Then,it follows from Proposition3.2.2thatd; (x; y) , djo(xi:y) > Dj,=2.

Observingthatdi,- Dj=®andf D; g formsageometricsequenceit followsthat ; ; ; d =
O(di(x;y)),and  ; ;, d?= O(di(x;y)?).
Combiningthethreecasegivestheresult. u

3.2.2 BasicEmbedding: Bounding Contraction

A naturalideato boundthe contractionfor a particularpair of pointsx; y is to usethe padding
propertyof the randomdecompositionif d(x; y) ¥ H', thenatthe correspondingcalei 2 [l]

the two verticeswill be in different clusters,and will contritute a large distance. This idea
hasbeenextensvely usedin previouswork startingwith [Ra099. However, in theseprevious
works, we have a separateoordinatefor eachdistancescale,which leadsto a large numberof
dimensions Abrahamet al. [ABNO06] shav thatthe coordinatedor distancescalescanactually
be combinedto form onesinglecoordinateandwith constanprobabilitythe contractions still

boundedNow we wantto useasmallnumberof coordinatesiswell: to dothis, we exploit small
doublingdimensionto usethe LovaszLocal Lemmaandboundthe contractionfor all pairsof
points.

Fixing the °'s. As notedin the descriptionof the embeddingthe °'s do not play ary role in
boundingthe contraction.In fact, we will shav somethingstronger: for ary realizationof the
°'s, thereexists somerealizationof the P's and¥as for which the contractionof the embedding
f is boundedFor therestof this sectionwe assumehatthe °'s arearbitrarily x edupfront.

For eachi 2 [l], letthesubseilN; beanarbitrary D;-netof (V;d;), forsome0 < < 1tobe
speci edlater.

Bounding the Contraction for someSpecial Points. We rst boundthe contractionfor the
pairsin E; ;= f(X;y) 2 N; £ N; : 3D;=2 < di(x;y) - 3HD;g, i 2 [I]. (Notethatfrom
Proposition3.2.4a), it followsthatfor each(x;y) 2 Ei, d(x;y) < 4HD;.)

Fort 2 [T], and(x;y) 2 E;, de ne A((x; y) to betheeventthatall thefollowing happens:
2 thevertex x is well-paddedi.e., Bi(x; %) p P (x);
2 theyertexy is mappedo 0: AP (y) = 0

20t (1000 - 35 thenP (PR (x)) = 1, otherwise” (P (x)) = O.
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Proposition 3.2.6(Conditioning on Higher Levels) Let (x;y) 2 E;. Supposdorj > i, the
randomobijectsf° ;P79 : t 2 [T]g havebeenarbitrarily xed. For eatht 2 [T],
samplerandompatrtition Pi(t) from Proposition3.2.3and randomf 0; 1g-variab|esf?%ﬁt)(C) :

C isaclusterof Pi(t)g uniformly, all independentlyf oneanother Then,for eadht 2 [T], with
probability at least 3, theeventA() (x; y) happensndependentlypver thedifferentt's.

P
Moreover, if the event AM(x;y) happens,then the inequality j LS j(t)(x) P j(t)(y))j .

g—é holds; furthermoe, for any realizstion of the remainingrandomobjects, i.e., °i(t) and

o pW;94Y 1j < ig, theinequalityj 1, Px) i * P(y)i, 24 holds,providedH , 8.
(RecallthatDi+; = HD;j.)

Proof: Given ary realizationof the randomobjectsof scaledargerthani, eachof the three
de ning eventsfor A®(x; y) happensndependentlyof oneanotherwith probability at least 2,
andhenceA®(x; y) happenswith probability at least, independentlyovert 2 [T], sincethe
randomobjectsatscalei aresampledndependentiypvert 2 [T].

ItPfoIIows that if A((x;y) happensthen the partial sum from Iarg(?:scalesup to scalei is
i P Poni, ObsePr‘ethesumfrom smallerscale§ . (' V()i ' P(y))i
is boundedabove by ageometricsum %’,which is atmost?—é, providedthatH , 8. =

In orderto shav thatthe contractionfor the pair (x; y) is small, we needto shav thatthe event
AW®(x;y) happendor a constantfraction of t's. We de ne C(x;y) to be the eventthat for at
IeastlT—6 valuesof t, the event A(V(x; y) happens We concludethatthe event C(x; y) happens
with high probability (asa function of T), by usinga Chernof bound:if X is thesumof i.i.d.
BernoullirandomvariablesthenPr[X < (1j 2)E[X]] - exp( %ZZE[X ]),forO< 2< 1.

Proposition 3.2.7(Using Concentration) Underthesamplingprocedue describedn Proposi-
tion 3.2.6 theeventC(x; y) fails to happenwith probability at mostp := exp(j é).

Proof: Thisfollows by applyingthe Chernof boundmentionedabore with 2 = % [ |

Now thateachevent C(x;y) happenswith high enoughprobability we usethe LovaszLocal

Lemmato shav thatthereis somerealizationof f Pi(t);%t)) .t 2 [T]g suchthatfor all (x;y) 2
Ei, the eventsC(x; y) happensimultaneously In orderto usethe Local Lemma,we needto
analyzethedependencef theseevents.RecallthatN; isa D;-netof (V; d;).

Lemma 3.2.8(Limited Dependence)For ead (x;y) 2 E;, theeventC(x;y) is independenof
all but B := (H)°®) of theeventsC(u;v), whee (u;Vv) 2 E;.

Proof. ObsenethattheeventC(x;y) is determinedy therandomobjectsf Pi(t);%t) 12 [T]o.
More speci cally, it is determineccompletelyby the eventsf B (w; %i) M Pi(t)(w) 12 [T]g
andf % (P®O(w)) = 0:t 2 [T]g, forw 2 fx;yg. Notethatif di(x;w) > 3D;=2, thenthe
correspondingventsfor the pointsx andw areindependent.Note thatif d;(x; w) - 3D;=2,
thend(x; w) - 2D;; morewer, ary two net-pointsin (V;d;) mustbe morethan D; apartin
(V; d). Hence,observingthatthe doublingdimensionof the given metricis at mostk, for each
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of x andy, only (%)O(k) net pointsarerelevant. Now, eachnet point canbe incidentby at
most(#)°(k) edgesn E;. Hencejt followsthatC(x; y) is independentf all but (2)°®) of the
eventsC(u;v), where(u;v) 2 E;. ]

Now we canapplythe (symmetricform of the) LovaszLocal Lemma.

Lemma 3.2.9(LovaszLocal Lemma) Supposeéhere is a collection of eventssud that each
eventfails with probability at mostp. Moreover, ead eventis independentf all but B other
events.Then,if epB + 1) < 1, thenall theeventsin the collectionhappensimultaneouslyvith
non-zeo probability.

Proposition 3.2.10(0ne Mor e Level) Supposdor j > i, therandomobjectsf °; P{"; " :
t 2 [T]g havebeenarbitrarily xed. If T = -( klog®), thenthere is somerealization of
fP"; 34" : t 2 [T]g sud thatall theeventsf C(x;y) : (X;y) 2 E;g happen.In particular, such
arealizationdoesnotdependnthe®'sat scalei.

Proof: From Proposition3.2.7, the failure probability for eachevent C(x; y) is at mostp :=
exp(i g;) andfrom Lemma3.2.8 the numberof dependentventsis at mostB = (&)°®),

Hence setting-( klog2), we haveep(B + 1) < 1, andwe canapplytheLocal Lemma. [

De ne E to bethe eventthatfor all i 2 [I], for all (x;y) 2 E;, the event C(x;y) happens.
By applying Proposition3.2.10repeatedlywe shav that the event E happenswith non-zero
probability.

Proposition 3.2.11(Contraction for Nearby Net Points) Supposen the constructionthe °'s

are arbitrarily xed, andthe P's and¥as are still randomandindependentMoreover, suppose
T = -( klog"). Thenwith non-zeo probability, our randomconstructionproducesan embed-
dingf : (V;d)! RT sud thattheeventE hapggns;in particular, there existssomerealization

oftheP'sand%ssud thatjif (x) i f(y)ji2, —- ¢

Proof: For eachi 2 [I], let E denotethe eventthatfor all (x;y) 2 E;, theeventC(x;y)
happensThen,wehaveE =\ j5;1E.

From Pr@ositions.z.lo we have for alli 2 [I], Pr[Ej\; ix1 §] > 0. Hence,we have
PrlEl= ", PrlGi\j. ixa E]> 0. [

Bounding the Contraction for All Points. We next boundthe contractionfor an arbitrary
pair (u; v) of pointsnoting thatif all net pointsdo not suffer large contraction(by the above
argument),andall pairsdo notincur a large expansion(by the agumentof Lemma3.2.5, then
onecanextendthe contractionresultto all pairsof points. Of course o do so,thenetN; must
besufciently ne. RecallthatN; isa D;-netfor (V;d)).

Lemma 3.2.12(Extending to All Pairs) Suppose¢heeventE happensThen,for anyx;y 2 V,
there exist T=16 valuesof t's for which

O (x) i @ (y)j = -( d(x;y))=CH.
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Proof: Wecanassume < 1=4. Leti 2 [I]suchthat(2+ 2 )D; - d(x;y) - (2+ 2 )Dj.1.
Supposeay;v 2 N; arethe netpointssuchthatd;(x;u) - ~D; anddi(y;v) - Dj. Then,it
followsthat(u; Vv) 2 E;. SincetheeventE happenstheeventC(u;v) alsooccurs,andsothere
areatleastT=16 valuesof t's for which theeventA® (u; v) occurs.We shaw thatfor eachsuch
£ iV (x) i ©(y)j = -( d(x;y))=CH.

Since A®(u;v) occurs, it fopws that | P P ig' Oy *Pv)j , Di=2® Now using
Lemma3.2.5 it follows thatj i (1 j()(x) P jt)(u))j - O(logy n) ¢di(u;x) - O(log, n) ¢
“D; - D;z8® for sufciently small —, wherel = £(®log, n). The sameupperbound
holdsfor j ; (' ,-(t)(y) i J-(t)(v))j. Hence, sincethe net points u; v were “far apart”, and
bgth x andy were closeto their net points, we can usethe triangle inequality to infer that
i P00 Pei. Di=e

Finally, observingthat for j < i, j O i i 5 Di=®= s andH | 16, we
haej 4 (P i " (y)j- Di=8® Thereforej |, "(x)i ' {"(y)j, Di=8® as
required. [

Henceby settingH = 16andl = £( ®log, n), andobserving® = O(k) from Propositior8.2.3
(wherek is thedoublingdimensionandis at mostlogn), we have thefollowing result.

Proposition 3.2.13(Bounding Contraction) Supposéhe®'sarearbitrarily xed and is suf-
ciently smallsud that = £(®log, n) andH , 16. Then,for T = -( kloglogn), there

existssomerealizationofP'saqodesthatproduceanembedding :V ! RT sud thatfor all
Xy 2V, ki (x)i f(y)ka, -( ) edxy).

3.2.3 BasicEmbedding: Bounding Expansion

RecallthatEistheevent\ i;\ (xy)2e; C(X; y). Weshavedin Propositior8.2.11thatPr[E] > O,
andif theeventE happenstheresultingembedding : V ! RT hasboundedcontraction.We
now boundthe expansionof the embedding : V ! RT for every pair (x;y) of points. In
orderto boundthis expansionthefj 1;+1g-randomvariables’; will nally beused.Theirrole
is fairly natural:if the contritutionsfrom differentdistancescalesaresimply summedup, then
therewould beafactorof I j (roughlyspeakinggappearingn the expansiornfor eachcoordinate.
However, with the randomvariables’;'s, the sumstartsto behae like a randowv_valk, andthe
expectationof the sumof the signedcontritutionswould only suffer afactorof | . In orderto
malke this agumentformal, we usetechniquesimilar to thoseusedin analyzingthe Johnson-
Lindenstrausgemma[Ach0(d. The mainproblemthatariseshereis thatif we conditionon the
eventE, notonly thedifferentcoordinate®f themapbut alsothe°'s arenolongerindependent,
andhencewe would not be ableto usethe “randomwalk’-lik e agument.Therefore we needa
morecarefulanalysisto applythelarge-deviation alguments.

Fixing the P's and %s. Supposehe °'s are sampleduniformly and independently From
Proposition3.2.13 thereexists somerealizationof the P's andthe ¥s suchthatthe contraction
of the embedding is bounded.Hence,from this point, we canconcentrateon boundingthe
expansion.Sincethe°'s arerandomlydrawn, the P's andthe %s arerandomvariablestoo, and
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arefunctionsof the °'s. Proposition3.2.10givesa clearideaof the dependeng betweenthe
randomvariables:the P's andthe %s at scalei aredeterminedbonly by the randomobjectsat
scalesstrictly largerthani, andin particularareindependenof the®'s atscalei.

Letus x x;y 2 V andde ne therandomvariable

X
S=jif(x)i fyiz= QM)

t2[T]

whereQ® := ©®(x) ; ©Y(y). (The coordinates© werede ned in (3.1). We wantto showv
thatfor largeenoughr , ther.v. S doesnotdeviatetoo muchfrom its meanwith high probability
Then, a union boundover all pairs(x;y) of pointsleadsto the conclusionthat with non-zero
probability theembedding hasboundedexpansion.

P
Obsere that Q¥ = = ,,;°Y Y, where Y, = - ©Ox); -O(y). Dene ¢ :=

minf d;(x; y); Di=@g. Recallthattherandomvariables i(t) areuniformly pickedfromfj 1;+1g,
andjY,"j - d;.
We canillustratethe dependengbetweenthe differentrandomobjectsin the following descrip-
tion.
Fori from| downto O, do:
1. For eacht 2 [T], thevalueYi(t) is picked adwersariallyfrom [j d;;di],
hencepossibly dependingon previously picked vaIueszj(t);°j(t) o>
i;t2 [T]o.
2. Foreacht 2 [T], °i(t) is pickeduniformlyfrom fj 1;+1g, andmorecver,
independenof any randomobjectspickedthusfar.

Lemma 3.2.14(Computing the m.g,f.) Supposédhe °'s and Y's are picked accoding to the
abovedescription.Moreover ©% := =, d?. Thenfor 0. h°? < 1=2,

Elexp(hS)] - (1 2he2)i T=2:
Moreover, for2 > 0,Pr[S> (1+ 2)T°?]. ((1 + 2)exp(j 2))"™2.

The proof of Lemma3.2.14appeardn Section3.2.4 Using this lemma,we can boundthe
expansionof theembedding.

Proposition 3.2.15(Bounding Expansion) Suppose the target dimension T is at
most Inn. Then, for ead pair x;y 2 V, with probability at least 1 j niz

JEe) i f(Wii2 - O(logn) ¢d(x;y).
P
Proof: Let°?:= ,,,d? andrecallthatS = jjf (x) i f(y)jj5. Then,from Lemma3.2.14
wehavefor2 > 0,Pr[S> (1+ 2)T°?]- ((1+ 2)exp(j 2))"™=.
Notethatfor2 , 8, (1+ 2) exp(iFg) - exp(j 2=2). Hencefor T - Inn, weset? .= 8'Tﬂ and

5

fromLemma3.2.5 wehave®? =, d? - O(logn)(x; y)?. Hencewith failureprobability
atmost-5, we havejif (x)i f(y)jj3 - (1+ &20)¢T ¢O(logn) ¢d(x; y)? - O(log® n) ¢d(x; y)2.
|
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Using the union boundover all pairs(x;y) and combiningwith Proposition3.2.13 we com-
pletethe proof for the low distortionembeddingclaimedin Theorem3.2.4 modulothe proof
of Lemma3.2.14thatis givenin Section3.2.4 In Section3.3, we will give anembeddinghat
improvesthedependencen thedoublingdimensiondimp .

3.2.4 ResolvingDependencyamongRandom Variables

Supposeve wish to boundthe magnitudeof the following sum,whosetermsaredependenbn
oneanother:

p
S:= tz[T](Q(t))z; (3.3)

P
wherefor eacht 2 [T], Q¥ ==~ Y. The°V'sarefi 1;+1g randomvariables;for

eachi 2 [I], theYi(t)'sarerandorrwariablestakingvaluesin theinterval [j d;; d;]. Thefollowing
procedurespeci eshow thevariousrandomvariablesarebeingsampled.

Fori from| downto O, do:

1. Foreacht 2 [T], thevalueY,") is pickedfrom[j di;d;], possiblydepend-
ing on previously pickedvaluesf ;" :j > i; t 2 [T]g.
2. Foreacht 2 [T], °i(t) is pickeduniformlyfrom fj 1;+1g, andmoreover,

independendf any randomobjectspickedthusfar.

A standardechniqueto analyzethe magnitudeof S de nedin (3.3) is to considerthe moment
generatingunction (m.g.f.) E[exp(hS)], for sufciently smallh > 0. Thisis fairly easywhen
thetermsin the summatiorS areindependenthowever, obsere thateachY O is dependenbn
therandomobjectsindexedby j > i. Moreover, the Q's arenotindependeneither However,
we cangetaroundthis andprove thefollowing result,via Lemmas3.2.16and3.2.17

P
Lemma 3.2.14(Computing the m.g.f.) Suppos@? := |, d. Thenfor0- h°? < 1=2,
E[exp(hS)] - (1 2h°?)i T=2
Moreover, for2 > 0,Pr[S > (1+ 2)T°?]- ((1+ 2)exp(j 2)) 2.

Recallthatthe problemwasthateachY ) is dependenon the randomobjectsindexed by j >
i. Moreover, the QV's are not indepe@eneither To get arougdthis, we considerrandom
variablesrelatedto Q®. De ne §© := * , ,°"d anlgﬁ(t) = ;9" d, wheretheg's
areindependentormalN (0; 1) variables.De ne 8 := (20T] (BW)2 andS = (2[T] (dt))2
analoqgustObser‘ethatboththe@‘t)'sandthe@m'sareindependem)verdifferentt's. De ne
°2:= & A standarctalculationgivesusthatE[exphS)] - (1 2h°?)i 7=, for O -
ho? < 1=2. We show thatE [exp(hS)] is boundedabove by the samequantity

s obsered in [Ach0(Q, by the Monotone CornvergenceTheorem,we have E[exp(hS)] =
‘0 %E[Sf]. Hence we compareheevenpowersof Q, 8 andQ.

Lemma 3.2.16 Thefollowinginequalitieshold.
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1. For anyintegerr . 0,E[®¥]- E[Q”].
2. For anyrealnumberh > 0, E[exp(h@)] - E[exp(hS)].
Proof: The rst statemenfollows from the obsenationthatE[°#] = 1- E[g*]. Thesecond

statementollows from the rst statementgbservmgthatthe (9(0 sandthe Q( hs areindepen-
dent,andusingtheidentity E[exp(hZ)] = |, E[Z1]. [

Thenext lemmaresohestheissuethatthe Q(V's arenotindependentTheideais to replacesach
randomvariabIeYi(t) by a constant; andshawv thatthis doesnot decreas¢he expectationof the
relevantrandomvariables.

Lemma 3.2.17 Thefollowing propsrtieshold. 9
1. Forallr,, 02 [T]),E[* om(QW)* ]+ E[* oy (@©)Z11.
2. Forh> 0, E[exp(hS)] - E[exph®)].
roof Note the secondstatemenfollows from the rst usingthe identity E[exp(hZ)] =
0T WE[Z'], andhenceit sufces to prove the rst statementLet usde ne the partial sums

QU = 1 oOY® and@ == 7 °Pdi. We shaw thefollowing statemenby backward

inductiononi, Thecase = 1g|v6sth’erequwedresult We shaw thatfori 2 [I],forallr,, O
(t2 [T ELT omry(Q7)*] - ELT (@)1

Thecasei = | follows from the factthatfor all r 8 forallt 2 [T],jY,(t()j' - d;. Hence,
forallr , 0(t2[T], El om@D] = EL (O]« ELS oy (@)?] =
£ pry (@),

Assumethatfor all I; ;| O (t 2 [T]), E[QtZ[T](Qi(?l)Z't] - E[Qtzm( (M) )24, fori , 0. Fix
somer,, O(t2 [T]).

Y Y
El @")%] = E[ (Q% +°Uv) (3.4)
t2[T] t2[T] q
u
s e ey A 0 yar 2y (0420
= E[ e o (Qiv1) )] (3.5)
11=0  1;=0 t2[T] tﬂ
t H
Xl X Y Zrt (t) 2rii 2t 2l¢
e[ coe Q) 2 (3.6)
11=0 ;=0 t2[T] !
t H
E[Xl ¢¢¢X Y 2rt @(t) )2|'t|2|td2|l (3.7)
13=0  1;=0 t2[T]
= E[ (&Y (3.8)
t2[T]

Theequality(3.5) useshefactthatther.v! s°( ) 'sareindependenof all otherrandomvariables
andthe expectationof an odd power of ° ,(t) is 0. Theinequality(3.6) follows from the factthat

37



jYi(t)j - di. Theinequality (3.7) follows from the linearity of expectationandthe induction
hypothesisFinally, equality(3.8) holdsfor the samereasorasthatfor (3.5). Thiscompleteghe
inductive proof. ]

Finally, we arein a positionto prove Lemma3.2.14

Proof of Lemma 3.2.14  From Lemma3.2.17 we have E[exp(hS)] - E[exph¥)],
which is at mostE [exp(hS)], by Lemma3.2.16 Finally, from a standarccalculation[DG03,
E[exp(hS)] - (1j 2h°?)i T2 for0- h°? < 1=2.

To prove the secondpartof thelemmajleth°? = 575 < 3. Then,we have

Pr(S> (1+2)T°?]

Prlexp(hS) > exp((1+ 2)Th?)]
ElexphS)]exp(i (1+2)The?)
(Li 2h°?)i T2 ¢exp((1 + 2)The?)
(1 +2)exp(i 2)"™=

which provesthelarge-deviation inequality |

3.3 A Better Embeddingvia Uniform PaddedDecompositions

Our basicembeddingn the previous sectionusesa simple paddeddecompositiof CGMZ05,
andsenesto illustratetheprooftechniqueshowever, its dependencendimp is sub-optimal.n
orderto improve thedependencef thedistortionon thedoublingdimensionwe usea moreso-
phisticateddecompositiorscheme We modify the uniform paddeddecompositionn [ABNO6],
by incorporatinghe propertiesof boundeddoublingdimensiondirectly within the construction,
to achieve boththe paddingproperty aswell asindependencbetweendistantregions.

3.3.1 Uniform PaddedDecompositions

De nition 3.3.1(Uniform Functions) Givena partition P of (V;d), afunction” : V! Ris
uniformwith respecto the partitionP if pointsin the sameclustertake the samevalueunder”,
i.e,if P(x) = P(y), then” (x) = " (y).

Forr > O0and® > 1, the “local grownth rate” is denotedby “4x;r;°) := J‘BB((XX% and

X, 15 °) 1= Mingpxr) A2 1; °). All logarithmsarebased unlessotherwisespeci ed.

Claim 3.3.2(Claim 2 of [ABNO6]) For x;y 2 V,° . 5andr > Osudthat2(1+ )r <
diy) - (°i 2i @)r,wehavemaxt %x; r;°); Ay;r;°)g, 2.

We shaw thatif (V; d) hasboundeddoublingdimensionthereexistsauniformly paddeddecom-
position:i.e., onewherethe paddingfunction ®9 is uniform with respecto the partition. The
following lemmais similarto [ABNO6, Lemmad4], exceptthatit hasadditionalpropertiesabout
boundeddoublingdimensionandalsoindependencbetweerdistantregions.
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Lemma 3.3.3(Uniform Padded Decomposition) Suppos€V; d) is a metric spacewith dou-
bling dimensiork, andD > 0. Letj , 8. Then,there existsa D-bounded®-paddeddecom-
position; on (V;d), whee ® = O(k), with the following properties. For ead partition P in
the supportof | , there existuniformfunctions» : V! f0;1gand’p : V! (0;1) sud that
“p . 2. Moreover if » (x) = 1,then2 "=log¥x; D;i) - “p(x) - 2 7;if »(x) = O, then
“p(x) = 20 Tand¥%x;D;j) < 2.

Then,for all x 2 V, the probability of theeventf B(x; " p(x)D) p P(x)gis at Ieast%. Fur-
thermoe, theeventf B(x; p(x)D) p P(x)gisindependentf all theeventsf B(z; p(z)D) u
P(z) : z 62B(x; 3D=2)g.

Proof: We rst describenow arandomdecompositionis sampledandshaw thatit satis esthe
claimedproperties.We constructa %-netN for (V; d) in the following way. Initially, no net
pointsarechoserandall pointsareuncovered. While therearestill uncoreredpointsin V, we
pick v amongthe uncoveredpointsthatminimizes’4v; D; j) . We includev in thesetN of net
points,andall pointsin V within distance? of v arecovered. The processs repeatedntil all

picked.Let, bethemaximumnumberof netpointsin N in aball of radius%. Since(V; d) has
doublingdimensiork, , = 2°®), Withoutlossof generalitywe assume , 8.

We next describehow eachclusteris formedin arandompartition. Initially, all pointsin V are
unclustered.We startfromj = 1to jNj, andform a clusterC; (which canbe empty)in the
following manner For eachj , de ne

Ry = 4v;;D1i) (3.9)
A = 2minfmaxtB;; 8g;,g: (3.10)
andthe probability densityfunction

A

A L8
p(r) = ¢ ;J: , ¢4 CA® forr 2 [5;5 (3.11)

We samplea randomradiusr; from the above probability density function. The clusterC;
consistsof the remainingunclusteredointsin B (v;; rj), which canbe empty The non-empty
clustersform therandompartition.

Next, we de ne two functions» : V ! f0;1gand” : V ! (0;1). Supposehe clusterC; is
non-emptyForall x 2 C;, de ne

, L 2i 7 1.
F’(X) "~ minfmaxflog A ;1glog, g * ®’

forsome®= O(k). If B, , 2,de ne» (x) = 1; otherwisepr (x) := 0. Hencepy construction,
thefunctions» and” p areuniformwith respecto the partitionP.

Relationship between» and “p. Supposew (x) = 1. Thenit followsthath , 2. From
the way the net N is constructed pbsere that when the randomradiusr; is picked, all re-
maining unclusteredooints z satisfy4z; D i) “v;;D;i) = B . Hence,it follows that

P\ 7 - 2 7 2 7
200, Tp(x), logh > Ilog¥xD;j) °

5
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Supposex (x) = 0. Then,B < 2, andhence’ p(x) = 2 ’. Moreover, sinced(x; vj) - 5, it
followsthat¥x; D;i) - %v;;D;i) = B < 2

Independencebetweendistant regions. De ne Ny := fv2 N : d(x; V) - 35 g. Obsenrethat
theeventf B(x; "p(x)D) n P(x)gis determineccompletelyby therandomr;'s for whichv; 2

N,. Hence this eventis independenof all theeventsf B (z; " p(z)D) p P(2) : z 62B(x; 32)g.

Padding property. Finally, it remaingo shav thattheeventf B(x; " p(X)D) n P(x)ghappens
with probabilityatleast%. Usingthe sameargumentasthe proof of LemmaAan [ABNO6], the

probability of the eventfB(x; " (x)D) 6uP(x)gis atmost(Li W(L+ M  ,y, A, for

the particularchoiceof p = = 1=2. For complete&ess;ve outline the proof of this resultin

Lemma3.3.4 Henceijt sufces to shav thatthesum | ,\ Al !is atmost1.

Recallfrom congfruction(3.10) thatA; = 2minf maxfﬁ,-;pég;, g. Dene Ny = fv; 2 Ny :
A = 2maxf By, 8gg, thenetpointsin uencing X whoseA; valueis attainedby the rst argu-
mentin theminimum.De ne N, := Ny nN; to betherestof the netpointsin uencing x. Note

thatforv; 2 Np, A = 2, . Obserethatforallv; 2 Ny, A/t - 1 'jBB((VJj;%:ii})j - e PRl

the lastinequalityfollows from the factthatB (vj; Di) § B(x;3D=4+ D=j) . Moreover, ob-

senethatB(v;;D=j) p B(x;3D=4+ D=j) . SinceN; arepointsfrom a%-net,ary two points

aremoreth@% apart. Finally, the balls B (v;; D=j) aredisjoint,asD=j - D=8. Hence,it
1

~1
followsthat | .\, A/ "+ 3

8” the other hand, ijNzA‘-‘ Y. jNgj=2, - 1, becausgN,j .. Hence,the sum
vwan, At 1, asrequired. -

The following lemmais proved usingtechniquesn Lemma4 of [ABNO6]. For completeness,
we give theproofhere.

Lemma 3.3.4 Considerthe decompositiory on (V; d) describedn Lemma3.3.3 andthe as-
sociatedfunction”p : V I (0; 1) for eadt partition P in the supportof} . Fix x 2 V and
recall Ny ;= fx 2 N : d(x;v) - %g, the net-pointsusedin the decompositiorthat are
closeto x. Recallalsothatfor eachv; 2 N, thereis a parameterAj for samplinga random
radiusr; that is usedto createa cluster centerilggat v;. Then,the prolﬁlbiﬂy of the event
fB(x;"p(x)D) 6pP(x)gisatmost(li WL+ K oy, Al 1), wheep= " 1=2.

Proof: We rst statea propertyof the probability density function de ned in (3.11). For
conveniencefor two setsA andS, weuseA ./ StodenoteA\ S6 ; andA\ S6 ;.

Proposition 3.3.5(Lemma 5 of [ABNO6]) Suppos&Z p V andx;v 2 Z. LetA , 2bea
parameterandD > 0 bean ugperboyndon the diameterof a cluster Suppose is sampled
fromthedistributionp(r) := 5~ ¢332 ¢A &0 1 2 [D=4;D=2]. LetS := Bz(v;r). Suppose

H2 (0;1) sudhthatp, 2Ai % andlet” = -Llog(1=l)=logA. Then thefollowing holds:

Pr(Bz(x;"D)./ S]- (1i WIPr[Bz(x;"D)\ S6 ;]+ pAl ]
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We considerthe probabilitythattheball B (x; " p (x) D) is separatedby the partitionP. Obsenre
thattheball B(x; " p (X)D) u B(x; D=4) canonly bein uencedby netpointsin Ny := fv2 N :

preservingherelative orderin which they arepicked. Obsere thatsincef A, g is monotonically
increasingf " ; g is monotonicallydecreasing.SupposeS; is the clustercreatedoy usingv; as
thecenter

Obsere thereis somej, suchthatx 2 §;,. In thiscase,” p(x) - “j,. Hence,if the ball
B(x; " p(x)D) is not containedn S;,, it mustbe the casethatthereis somej - j, suchthat
B(x; p(x)D) ./ §j. Now, since”j, - “j - 1=16 it followsthatB(x; ;D) ./ S;. So,it

sufces to analyzethe eventthatthereexistssomej suchthatB(x; ;D) ./ §;.

Forl- m - t,wede netheevents:

Zn=f8j;1- j <m;B(x;";D)\ S =;0;

En=10);m- j- ttB(x;";D)./ §jZm0:

We wish to obtainanupperboundfor Pr[E;]. We prove the following resultby induction. The
requiredresultcomesfromthecasem = 1. For1- m - t,

X ~.
PriEnl- (1i W(L+4 AY:

J. m

We shalluseProposition3.3.5repeatedlyfor the caseu = P 1=2. Firstcheckthatp = P 1=2,
ZA]-‘ ! for all j. Forthebasecasem = t, obserethatZ, impliesthatx mustbein theclusters;.
HencePr[B(x; ;D)\ S; 6 ;jZ ] = 1. We applyProposition3.3.5to obtain:

Prig]- (1i W@+ pAh:

Supposeheinductie resultholdsfor thecasem + 1 andwe considetthecaseform ; 1. De ne
theevents:

Fn:=fB(X mD) ./ SmiZmg;

G, =fB(X;, " mD)\ Sy = ;jZ mg= fZ n+1JZm0:
We rst considePr[F,]. UsingProposition3.3.5 we have
PriFml- (1i W(Pr[Ga]+ bALY:
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Hence,usingtheinductionhypothesisywe completetheinductive step:

Pr[En] - Pr[Fm]+ Pr[Gn]Pr[En:1] P
(1i u)(F’Ir[ﬁJ+ ALY + PriGal ¢(1i P+ p i m+l Al
i WwaA+p 5, Al t):

3.3.2 The Better Embedding: De ning the Embedding

Thenew embeddings quitesimilarto the basicembeddingf Section3.2.1 We usetheuniform
paddeddecompositiorof Lemma3.3.3to de ne the new embeddingf : (V;d) ! RT. As
before,the metric (V; d) hasdoublingdimensiondimp = k, and suppose® = O(k) is the
paddingparametein Lemma3.3.3 Let D; := H', andassumehatthe distancesn (V;d) are
betweer2 andH'.

Again, the embeddings of theform f := ©1;©", whereeach©" : V | R is generated
independentlyaccordingto somedistribution; for easgpf notation, we drop the superscript
in the following. Also, each®© is of theform © := = ,,;" i. We next describehow each
",V ! Risconstructed.

For eachi 2 [I], let P; bearandompartitionof (V; d) sampledrom the decompositiorscheme
asdescribedn Lemma3.3.3 Supposey, : V! f0;1gand’p, : V! (0;1) aretheassociated
uniform functionswith respecto the partitionP;. Letf %(C) : C is aclusterof P;g be uniform
f 0; 1g-randomvariablesand°; be a uniform fj 1;+1g-randomvariable. The randomobjects
Pi's, %'sand®;'s areindependentdf oneanother Then' ; is de ned by the realizationof the
variousrandomobjectsas:

Yo Y

H(X) = %5 6%4(Pi(X)) emin o, (X) ¢ p (X)! T2 ed(X; V nPi(X)); Pw (3.12)

ol >

Notethesimilaritiesanddifferencewith (3.1). Again, we let
-i1(X) = F(Pi(x)) ¢minfp, (X) g, (X)T F2d(x; V n Pi(x)); £+ g denotetheright half of the ex-
pressiorabove.

Theproofboundinghedistortionwill proceedsimilarly: we shav thatwith non-zergorobability,
theembedding : V! RT haslow distortion.

3.3.3 The Better Embedding: Bounding Contraction for Nearby Net
Points

As before,we usethe boundedyrowth-rateof the metricto boundthe contractionof the embed-
ding; however, theproofsarenow somavhatmoreinvolved. Again,weassumehatthe® 'sarear-
bitrarily x ed,andtheP'sand¥sarerandomandindependentfForeach 2 [l ], letthesubsei;
beanarbitrary D;-netof (V;d), forsome0 < = < 1tobespeci edlater NotethatN; is differ-
entfrom thenetusedfor obtainingtheD;-boundediecompositior?;. Asin thebasicembedding,
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we rst boundthecontractiorfor thepairsin E; := f(X;y) 2 N;£ N; : 3D; < d(x;y) - 4HDjg,
i 2 [I], andthenextendit to all pairsin Section3.3.5

Letus x apair(x;y) 2 E;. Suppos€(1+ 1=j) - 3and4H - (j j 2j 1=j): Claim3.3.2
impliesthatmaxf %x; Di; i) ;%y;Di;i) g, 2. Withoutlossof generalitywe assumehe max-
imumis attainedby x. Lemma3.3.3now impliesthat»p, (x) = 1.

Fort 2 [T], de ne A®(x; y) to betheeventthatall thefollowing happens:
2 B(x; p,(x)Di) 1 P (x);

2 AUPOW) = 0

20t s (000 i P thent? (PP(x) = 1, otherwises4” (P (x)) = 0.

Proposition3.3.6 Let (x;y) 2 E;. Supposdorj > i, the randomobjectsf®”; P; %" :

t 2 [T]g havebeenarbitrarily xed. For eadht 2 [T], samplerandompartition Pi(t) from
Lemma3.3.3andrandomf O; 1g-variablesf 3%ﬁt)(C) : Cisaclusterin Pi(t)g uniformly, all inde-
pendentlyof oneanother Then for eacht 2 [T], with probability at least 3, theeventA®)(x; y)
happensndependentlyver differentt’s.

p
Moreover, if theeventA®(x; y) happensthentheinequalityj (' ()i * Py, P
holds. Also, in this case for any reallgzationof the remainingrandomobjects,i.e., izt) and
fo; P94V 1j < ig, theinequality (" (X)i ' (y)i, 5 holds,providedH | 8.
(RecallDi+; = HD;j.)

Proof: Becausef theindependencef Pi(t) and%t), andobservingthatx andy areseparated
by P, the event AO(x; y) happenswith probability at least1=8. Now, supposethe event
AWM (x;y) happens.For easeof notation,we omit the superscript. Then, it follows thatfrom
B(X;"p (X)Di) p Pi(x) thatd(x; V nP;i(x)) , “p (X)D;, Recallingthat»p, (x) = 1, we have
». (X) p (X)) 122d(x; V n Pi(xp . “p (x)¥?D; ., D;= ®. Hence,irrespectve of whether

%(Pi(x) is0orl,wehaej ()i " ()i, B Therestof theresultsfollow
from straightforward calculationobservinghatf D; g formsageometricsequence. ]

As before,we de ne C(x; y) to betheeventthatfor atleast{; valuesof t, theeventA((x; y)
happens.

Usingthe sameChernof boundasin Proposition3.2.7, we canshav a similar result.
Proposition 3.3.7 Supposéx; y) 2 E;, andfor j > i, therandomobjectsf °¥; PV; 4" : t 2
[T]g havebeenarbitrarily xed. ThentheeventC(x; y) fails to happernwith probability at most
p:= expli g)-

We next usethe LovaszlLocal Lemmato show thatthereis somerealizationof f Pi(t); 34”) t2
[T]g suchthatfor all (x;y) 2 E;, theeventsC(x; y) happersimultaneouslyln orderto usethe

Local Lemma,we needto analyzethe dependeng of theseevents. RecallthatN; isa Dj-net
of (V;dy).

Lemma 3.3.8 For eadh (x;y) 2 E;, theeventC(x; y) is independenof all butB := (2)0®) of
C(u;v), whee (u;v) 2 E;.
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Proof: ObsenethattheeventC(x;y) is determinedy therandomobjectsf Pi(t);%t) t2[T]o.
More speci cally, it is determineccompletelyby the eventsf B (w; %) M Pi(t)(w) 12 [T]g
andf % (P®O(w)) = 0:t 2 [T]g, forw 2 fx;yg. Notethatif di(x;w) > 3D;=2, thenthe
correspondingventsfor the pointsx andw areindependent.Note thatif d;(x; w) - 3D;=2,
thend(x; w) - 2D;; morewer, ary two net-pointsin (V; d;) mustbe morethan D; apartin
(V; d). Hence,observingthatthe doublingdimensionof the given metricis at mostk, for each
of x andy, only (23-)°™®) netpointsarerelevant. Now, eachnet point can be incidentby at
most(#)°(k) edgesn E;. Hencejt followsthatC(x; y) is independentf all but (£)°®) of the
eventsC(u; V), where(u;v) 2 E;. [

By theLocal Lemma,if ep(B + 1) < 1, thenall theeventsC(x;y), where(x;y) 2 E; happen
with positive probability.

Proposition 3.3.9 Supposdor j > i, therandomobjectsf°[”; P{”; %" : t 2 [T]g havebeen
arbitrarily xed. If T = -( klog "), thenthere is somerealizationof f P."); %" : t 2 [T]g such
thatall theeventsf C(x;y) : (X;y) 2 E;jg happen.

Again, we de ne E to bethe eventthatfor all i 2 [I], for all (x;y) 2 E;j, theeventC(x;y)
happens. As in the basicembedding,Proposition3.3.9 can be usedrepeatedlyto shav the
following result.

Proposition 3.3.10(Contraction for Nearby Net Points) Supposd@ = -( klog &). Moreover,
the °'s are arbitrarily xed, andthe P's and ¥%s remainrandomand independent.Then,the
eventE happensvith non-zeo probability. In particular, there existssomerealizationof theP's
and %s sud thattq)eembedding‘ :(V;d) ! RT satisesforalli 2 [I], forall (x;y) 2 E;,

ife0i fWiiz, 5 ¢Ps.
3.3.4 The Better Embedding: Bounding the Expansion

We usethe sameargumentasthe basicembeddingo boundthe expansion.We samplethe°'s
uniformly andindependentlyanduseProposition3.3.10to showv thereexists somerealization
of the P's and¥s suchthattheresultingmappingf : V! RT hastheguaranteedontraction.
Hence we canfocuson analyzingthe expansion. .

Again, x x;y 2 V andletS := jif (x) i f(Y)jj5= 1 (QY)? whereQ® := ©V(x) |
©O(y). Intrn, QW = OV wherey® = - P(x) i - P(y). Recallthat*!" is
uniformly pickedfromfj 1;+1g.

We next boundthe magnitudeof Y; in the following Lemma,whoseproof dependwon the uni-
formity of », and” p,. The proof follows the sameargumentasin [ABNO6, Lemmas], which
we includeherefor completeness.

Lemma 3.3.11 Considera particular Y; = - {(X) i -i(y): Then,thefollowing holds.

1. WehavejYij - maxt s, (x)"p, (x)1 2295, ()", ()1 22g 6d(; y).
2. Forallz2 V,» (2) p(2)i*- 2"log4z;Di;j) .
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Proof: We rst prove the rst statement.Note thatit sufces to shav that-(x) i -i(y) -

2, (X) p, (X)! 2 Cd(x; y), becausdy symmetrywewouldhave - (x) i -i(y) - »,(y) p,(y) 7 ¢

d(x; y), which givestherequiredresult.

Recallthat- ;(x) := %(Pi(x)) ¢minf»p, (X) p, (X) 2d(x; V nP;(x)); %g.

We rst considerthe caseP;(x) 6 P;(y). Noticethatin this cased(x; V nP;j(x)) - d(x;y).
- .1 . .1

Hencewehave-i(X) i -i(y) - -i(X) - » (X) p,(X)! 2 ¢d(X; V nP;i(X)) - »,(X) p(X) 2 ¢

d(x; y).

For the caseP;(x) = Pi(y), we usethe uniformity of the functions», and”p,. If -i(y) =

Ya(Pi(y)) ¢19—i®, thensince- (x) - %(Pi(x)) ¢&%, it followsthat- (x) j -i(y) - O; otherwise,

0T i)+ () R (X260 V PI(x) i d(y; VPi(y)] - o, () g, (%) 2 Gd(X; y).

Thesecondstatementollows from theconstructiorof »,, and” p, asin Lemma3.3.3 If » (z) =

1,then’p () 1 - 2'log%z;D;;j) . n

We havejYij - d; := maxfp O(log %x; Di; i) ;p O(log*4y; Di; i) g ¢d(x;y).

Denote®? := i2[|]di2' We boundthe magnitudeof ° in the following proposition. The rst
statementollows from a telescopingsum,andthe secondollows from the rst, usingthede -
nition of d.

Proposition 3.3.12 Thefollowing inequalitieshold.

P
1. Forallz2V, ,;,l0g%z;Di;i) = O(log, i) ¢logn.
2. °2= 0O(log, i logn) ¢d(x;y)?:

The proof now proceedsn the samefashionasin Section3.2.3 settingH := 16andj = 128
we have °2 = O(logn) ¢d(x; y)2. Hence,applyingLemma3.2.14 andsetting? := E"Tﬂ as
before,we have thefollowing result.

Lemma 3.3.13(Bounding Expansion) Supposd - Inn. Then,for eat pair x;y 2 V, with
probability at leastl -,

if(x)i f(y)ii2- O(logn) ¢d(x;y):

3.3.5 The Better Embedding: Bounding Contraction for All Pairs

Now thatwe have provedthatwith non-zergoprobability, the expansiorfor every pair of pointsis
atmostO(log n), andthe contractionfor nearbynetpointsis boundedwe next shav thatif the
- Dji-netN; for (V;d) is ne enough(i.e., is smallenough)thenthe contractionrboundcanbe
extendedo all pairs.

Lemma 3.3.14(Bounding Contraction for All Pairs) Supposedhe eventE holds and the ex-
pansionof the embedding is boundedirbthe mannerdescribedin Lemma3.3.13 Suppose
> 0is smallenouglﬂs@hat_i 1= £(" ®logn), whee® = O(k). Then,for all x;y 2 V,
It i fMijz2, - T=® ¢d(x;y).
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Proof: Withoutlossof generalitywe canassume < %1. Suppose(;y 2 V. Leti 2 [I] such
that(3+ 2 )D; < d(x;y) - (3+ 2 )HD;. Supposay;v 2 N; arenetpointsclosesto x and
y respectrely. Then,it follows thath_Di < d(u;v) - 4HD;, andso(u;v) 2 E;. Hence,by
Theorem3.3.1Qjjf (u) i f(v)ji2, - ¢P5. Ontheotherhand bothd(u;x) andd(v;y) areat
most D;. Sincethe expansionof theembedding is boundedoy O(log n), it follows thatboth
jif ()i f(X)jji2andjjf (v)i f(y)jj. areatmostO(logn) ¢ D;.

Finally, we set™ to be smallenoughsuchthat 1 = £( P ®logn). By thetriang(lqeinequality
jjf&X)i FWiiz, i fMizi §fe)i fWizi ifMi fMWi2, - §) ¢Di,
(@) tdx;y). -

PuttingLemmas3.3.13and3.3.14togetherprovesTheorem3.1.2
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Chapter 4

Approximating TSP on Metrics with
BoundedGlobal Growth

4.1 Intr oduction

Distancefunctionsare ubiquitous,arising as distancesrom hometo work, round-trip delays
betweenhostson the Internet,dissimilarity measuredetweendocumentsand mary otherap-
plications.As a simplifying assumptiontheoretician®ftenassumehatthe distanceunctionin
guestionformsametric. A metricspaceM = (V;d) is asetof pointsV with adistanceunction
d:VE£V! R (suchthatthatdistancesare symmetricand satisfythe triangle inequality
Unlessspeci ed otherwisewe assumehatthesetV is nite.

However, someproblemsremainhard even when the underlyingdistancefunction is a met-
ric, an example of which is the Traveling SalesmarProblem(TSP). Papadimitriouand Yan-
nakakis[PY93 shaved that TSP is MAX-SNP hard in generalfor metricswhosedistances
are either1 or 2. Indeed,even for more structuredmetrics suchas Euclideanmetrics, Tre-
visan[Tre0Q showved thatthe problemremainsMAX-SNP hardif the Euclideandimensionis
unboundedOn the otherhand,Arora [Aro98] gave the rst PTAS for TSPon low dimensional
Euclideanmetrics. A naturaland basicquestionthat arisesin the study of metric spacess:
How do we quantifythe compleity of metric spaces?More speci cally, which classesof met-
ric spacesadmitefcient algorithmsfor TSP?The classof treemetricstrivially admitsef cient
exactsolutionfor TSR It is not surprisingthat metricsinducedby specialclassef graphsad-
mit ef cient TSP algorithms. For instance for graphswith boundedtreewidths, Arnborg and
Proskurevski [AP89 gave a dynamicprogramthat solves TSP on the inducedmetricsexactly
in lineartime. For metricsinducedby weightedplanargraphs the bestknown algorithmis by
Klein [Kle05], who gave a (1 + 2)-approximatioralgorithmthatrunsin lineartime O(c***n),
wherec > 0 is someconstant. Grigni [Gri0O0] gave QPTAS's for metricsinducedby minor-
forbiddinggraphsandbounded-genugraphs.

Theabove examplesweresituationswvherethe simplicity wasin therepresentationonecanask
if therearesomeparameterghatcaptureghecompleity of metricspacesFor Euclidearmetrics,
theunderlyingdimensionis sucha goodcandidate However, notall metricsareEuclideanand
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Figure4.1: Very simple examples of metrics with low correlation dimension.

a generalmetric embedsinto L, with distortion aslarge as-(log n) [Mat97), even with no
restrictionon the numberof dimensions A questiononecanaskis: arethereotherparameters
thatcancaptureheintrinsicalgorithmiccompleity of anabstractmetricspac€(i.e.,independent
of its representation)Whatis theintrinsic dimensiorof M = (V; d)?

Building onade nition of [Ass83, researchersonsideredhedoublingdimensiordimp (M ) of

ametricM [GKLO3]: thisconcepigeneralizedhenotionof dimensionn geometricspacesi.e.,

dimp (RY; ") = £(d). Doublingdimensionprovedto be a very usefulparameterin the past
threeyears,mary algorithmshave sincebeendevelopedwhoseperformancgrun-time, space)
canbegivenby functionsF (jVj; dimp (M )), whichgive betterquanti cationthanthoseobtained
for generalmetrics. For instance,Talwar [Tal04 gave a (1 + 2)-approximationalgorithmfor

TSP suchthatfor metricswith doublingdimensiondimp (M) at mostk, the algorithmrunsin

time 2(*16am°® " hile this resultis potentiallyworsefor large dimensionsijt is mud better
for well-behaed metrics,and arguably having this extra parameteto work with allows us to

developmorenuancedlgorithms.

Despiteits popularity doublingdimensiorhassomedravbacks:perhapghebiggesioneis being
thata spacewith low dimp cannothave “large denseclusters™ This strict de nition makesit

dif cult to useit to modelreal networks, which tendto be well-behaed “on the average”,but

oftenhave afew regionsof “high density”. We de ne anew notionof dimensionthecorrelation

dimension which capturegheideaof being“low-dimensionalon average”. We give structural
resultsaswell asalgorithmsfor spannerand TSPfor metricswith low correlationdimension.
Ourde nitions areinspiredby work onthe correlationfractal dimensiorin physics[GP83 and
in databaseBF95.

Notethatcorrelationdimensioris nottheonly (or eventhe rst) ideato incorporatedenseegions
in graphgseg KL06] for anotheiexciting, andsomevhatdifferentdirectionof relaxingdoubling
dimension therebyobtainingboth PTAS andQPTAS for TSP).But it givesa different(global)
way of measuringhe compleity, and canbe usefulin contexts wherestricter local ways of
measuringlimensionarenotapplicable.

Our Resultsand Techniques.Givena nite metricM = (V;d), let B(x;r) denotethe ball

More precisely the doubling dimensionis de ned so that ary setthatis almostequilateralin a metric of
dimensiondimp canonly have 29™ e pointsin it; the precisede nition of doublingappearsn Section4.2
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aroundu of radiusr. Thecorrelationdimensionis de ned asthe smallestconstank suchthat
P . . K P ) )
wviBX;2r)j - 2¢¢ L, iB(X;r)j; (4.1)

and morewer, this inequality musthold undertaking ary net of the metricM. (A morefor-
mal de nition is givenin Section4.2) Note thatthis de nition is an “average”versionof the
bounded-gravth rateusedby [PRR99 KR02], andhenceshouldbe moregenerathanthatno-
tion. We show thatin fact,correlationdimensionis evenmore generl thandoublingdimension

Theorem4.1.1(Corr elation GeneralizesDoubling) GivenametricM , thecorrelationdimen-
sionis boundedabove by a constantimesthe doublingdimension.

Moreover, correB\tiondimensionis strictly more generalthan doubling dimension: addinga
cliqueof sizeO(" n) to adoublingmetric doesnot changeits correlationdimensionby much,
but completelydestrgs its doublingdimension.(Someexamplesaregivenin Figure4.1 One
canbe convincedthateachof theseexamplemetricshas“low compleity on averagé, whichis
preciselywhatcorrelationdimensiortriesto capture.)

Thefollowing theoremsshav the algorithmicpotentialof this de nition.

Theorem4.1.2(Embeddinginto Small Treewidth Graphs) Givenanyconstant0 < " < 1
and k, metricswith correlgtion dimensionat mostk can be embeddednto a distribution of
graphswith treewidth Oy (" n) anddistortion1 + 2.

. . P , .
This immediatelyallows us to get 2°C ™) -time algorithmsfor all problemsthat canbe solved
ef ciently onsmall-treavidth graphsjncludingthetraveling salesmBrp)robIem.Moreo/er, The-
orem4.1.2is tight, sincemetricswith boundeddim¢ cancontainO(" n)-sizedcliques.

However, we cando muchbetterfor the TSPdespitethe presencef theseO(p n)-sizedcliques
(or othercomplicatedmetricsof that size); we can make useof the global natureof the TSP
problem(andthe correspondingylobalnatureof dim¢) to getthefollowing result.

Theorem4.1.3(Approximation Schemedor TSP) GivenanymetricM with dimc (M) = K,
the TSPcan be solvedto within an expected(1 + ")-factor in time 2°"™*"*“) for ary constant
+> 0.

Hence, given constants’; k, the algorithm runsin sub-eponentialtime. (Recall that sub-
exponentialtimeis \ . (DTIME(2"").) As we will seelater, the bestexponentin the expression
above thatwe canshaw is ("i 12 'egnloglognydk,

While metricswith boundedcorrelationdimensioncannotin generahave (1 + ")-stretchspan-
nerswith alinearnumberof edgeswe canindeedgetsomeimprovementover generaimetrics.

Theorem4.1.4(SparseSpanners) Givenany0 < " < 1, any metric with correlation dimen-
sionk hasa spannemwith O(n32"i ©(K)) edgesandstretch (1+ "). Moreover, there exist metrics
with dim¢ = 2 andfor ead of which any 1:5-stretch spannerhas-( n3?) edges.
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4.1.1 RelatedWork

Many notionsof dimensionfor metric spacegandfor arbitrarymeasureshave beenproposed;
seethesuney by Clarkson Cla0q for thede nitions, andfor theirapplicabilityto nearneighbor
(NN) search.Someof thesegive us strongalgorithmicpropertiesvhich areusefulbeyond NN-
searchingFor instancethelow-growthrate of a metricspacerequireshatfor all x 2 V andall
r,jB(x; 2r)j is comparabléo jB (x; r)j. Thiswasusedin [PRR99 KR02, HKRZ02] to develop
algorithmsfor objectlocationin generalmetrics,andin [KK77, AMO05], for routingproblems.

A large number of algorithms have been developed for doubling metrics; e.g., for NN-
searching[Cla99 KL04, KL05, BKL06, HPMO5 CGO06H4, for the TSP and other optimiza-
tion problems[Tal04], for low-stretchcompactrouting [Tal04, CGMZ05 Sli05 AGGMO06,
XKRO06, KRXO06], for sparsespanner§CGMZ05 HPMO05, andfor otherapplicationg KSW04,
KMWO05]. Many algorithmsfor Euclideanspacehave beenextendedto work for doublingmet-
rics.

For Euclideanmetrics,the rst approximatiorschemedor TSPandotherproblemsweregiven
by Arora[Aro98] andMitchell [Mit99]; seege.g.,[CLI98, ARR99 CLZ02, KR99] for subsequent
algorithms,and[CLOQ] for a derandomizationThe runtimeof Arora's algorithm[Aro98] was
O(n(logn)®C K&)' *y "which wasimproved to 20°“ n + O(knlogn) [RS99. For (1 + ")-
approximatiorfor TSPon doublingmetrics the bestknown runningtimeis 2+ '09M°“ [Tal04].
Here,theparametek is thedoublingdimensioror theEuclideardimensiorin thecorresponding
cases.

Finally, theconcepbf correlationfractaldimensionvasstudiedby BelussiandFaloutso§BF95,
PKFO( for estimatingthe selectvity of spatialqueries;FaloutsosandKamel[FK94] alsoused
fractaldimensionto analyzeR-trees.

Earlier Notions of Correlation Dimension The conceptof correlation fractal dimen-
sion[GP83 wasusedby physiciststo distinguishbetweerachaoticsourceandarandomsource;
while it is closelyrelatedto othernotionsof fractaldimensionjt hastheadwantageof beingeas-
ily computableLet usde ne it here,sinceit may be usefulto compareour de nitions with the
intuition behindthe original de nitions.

Consideranin nite setV. If %= fx;g; 1 is a sequence®f pointsin V, the correlation sum
isdened asC,(r) = nizjf(i;j) 2 [n] £ [n] ] d(xi;x;) - rgj (i.e., the fraction of pairsat
distanceatmostr from eachother). Thecorrelationintegral isthenC(r) = lim,; C,(r), and
thecorrelationfractal dimensiorfor %is de nedto belim,, olim- o 'Ogc((ll;;()lriiz)'°gc(”: Hence,
givenasetof points,thecorrelationfractaldimensionguanti estherateof growth in thenumber
of pointswhich canseeeachotherastheir range-of-sightncreasesin the next section,we will

de ne aversionof thisde nition for nite sets.

4.2 Correlation Dimension: De nition and Motivation

Givena nite metricM = (V; d), we denotehenumberof pointsjVj by n. For radiusr > 0, we
de netheballB(x;r) = fy2 Vjd(x;y) - rg.GivenU p V,deneBy(x;r) = B(x;r)\ U.
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RecallthatasubseN p V isan"-coverfor V if for all pointsx 2 V, thereis a covering point
y 2 N withd(x;y) - ". AsubsetN p V isan"-pakingif for all x;y 2 N suchthatx 6 v,
d(x;y) > ". AsubseN p V isan"-netif it is bothan"-coverandan"-packing.A setN p V
is anetif it isan"-netfor some".

Inspiredby thede nitions mentionedn Section4.1.], we give thefollowing de nition:

De nition 4.2.1(correlation dimension) A metric M = (V;d) has correlation dimension
dimc (M) atmostk if for all r > 0O, theinequality
P : . P : .
onIBNOG20)) - 2% L iBN (X T)j (4.2)

holdsfor all netsN p V.

In otherwords,we wantto ensurethatthe averagegrowth rateof the metricM is nottoo large,
andthe sameholdsfor ary netN of the metric. Recallthatthe doublingdimensiondimp (M)
is the leastk suchthat every ball B(x; r) of radiusr canbe coveredby at most2* balls of
radiusr =2 [GKLO3]. ThestrongdoublingdimensioA is theleastk suchthat

BOG2r)j - 2B (x;1)j (4.3)

for all x 2 V andradiusr. We know that the strongdoubling dimensionis no more than
4dimp [GKLO3]. It follows directly from the de nition (4.3) thatthe correlationdimensionis
no morethanthe strongdoublingdimension;more surprisingly the following resultis true as
well. We give its proofin Section4.3.

Theorem4.2.2 For anymetricspaceM , dimc(M) - O(dimp(M)).

Hencetheclassof boundedorrelationdimensiommetricscontainsthe classof doublingmetrics

Thecorverseis nottrue: metricswith boundeddimc canbemuchricher. Consideyfor instance,
theunweighted?-d grid with dimp = dimc = O(1). Ngw attachingan unweightedclique (or,

say a metric with all distancesbetweenl and2) on O(" n) verticesto one of the verticesof

the grid: onecanverify thattheinducedmetric still hasdim¢c = O(1), but thedimp jumpsto
Tlogn.

Thereademwonderingaboutwhy the boundedaveragegrowth property(4.2) is requiredto hold
for everynetof M in De nition 4.2.1is referredtio Sectior4.3.2 loosely thede nition becomes
tooinclusive withoutthis restriction.

A very usefulpropertyof correlationdimensionis thatit still has“small” nets.(Of course since
we allow large cliques,they cannotbe assmallasfor doublingdimension):

Lemma4.2.3(Small Nets) Considera metricM = (V;d) withdimc(M) - k. Suppose is
an R-pading with diameterD. If we add more pointsﬁoiand obtainan R-netN for (V;d),
thenthesizeof the padking satis esjSj - (2D=R)*2 ¢ jNj.

2This quantityhasbeendescribedasthe KR-dimensionin [GKLO03]; we usethis namedueto [BKLO06] to keep
matterssimple.
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P
Proof: ObserethatjSj? - «<nIBN(X; D)j. By applyingthede nition of correlationdimen-
sionrepeatedlywe have for eachintegert , O,

P : : i P . o
wonIBn(X;D)j - 2 wonIBN (X, D=2Y)j: (4.4)
Settingt = dog,(D=R)e givestherequiredresult. [

Heace,given ary metricwith dim¢ = O(1), ary nearuniform setin the metrbc hassizeat most
O(" n), andhence, , thedoublingconstan{ GKLO3] of this metricis alsoO(" n).

At this point, it is worthwhileto mentionthatbecauseroperty(4.2) is requiredto hold for every
netof M in De nition 4.2.], it is hardto approximatehecorrelationdimensiorof agivenmetric.

Theorem4.2.4 Givena metricM = (V;d) with n points,it is NP-had to distinguishbetween
thecasedim¢c (M) = O(1) anddimc (M) = -(log n).

The proof of Theorem 4.2.4 involves a reduction from the MAXIMUM INDEPENDENT
SET [Has96 problem,andis givenin Section4.4. Obsenre thatthis resultrulesout any non-
trivial approximationof the correlationdimension;however, this doesnot necessarilyule out
usingcorrelationdimensiorfor the designof algorithms.In particular the algorithmswe design
do notrequireusto know the correlationdimensionof the input metric up-front; while the TSP
approximationalgorithm of Section4.7 seemsto requirethis informationat rst glance,this
issuecanberesolhedusingstandardguess-and-doubleteas.

4.3 Relating Doubling and Corr elation Dimensions

In this section,we study the inter-relationshipsbetweendoubling dimensionand correlation
dimension.We shaw thatthe correlationdimensionof any metricis at mostO(dimp (M )), but
thatthe corverseis nottrue.

4.3.1 Correlation DimensionGeneralizesDoubling

Let usprove thefollowing theorem.

Theorem 4.3.1(Doubling metrics have boundeddim¢) LetM = (V;d) be a metric space
Thendimc(M) - 8dimp(M) + 1.

Proof: While the proof of this theoremis somavhatlong, it is conceptuallynot very dif cult.
Supposéhe doublingdimensiondimp (M) = k and, = 2; to prove thetheoremit is enough
to shaw that X X
Bx;2n)j- 2% B(xr)j:
x2V x2V
We canthenapplythis resultto every netN p V (sincedimp(N) - 2dimp (V)) to complete
theproof of thetheorem.

We rst obtainanupperboundfor eachB (x; 2r). SupposeY is an 5-netof V. De ning Yy :=
Y\ B(x; 3r) andBy := B(y; 5), we canobsere that

B(x;2r) U [ y2v,By; (4.5)
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SinceY, is containedin a ball of radius4r centeredat x andthe inter-point distanceof Yy is
greaterthany, it follows from dimp (M) = k thatjY,j - , *. Henceif each B, weresmall i.e.,
jByj - iB(x;r)j, theright handsidewouldbe - | 4 ¢jB (x; r)j.

However, we may be unlucky and have severaly 2 Y, suchthatjB,j > jB(x;r)j. De ne
the smallcentersS, = fy 2 Y, j jB(y;5)j - jB(x;r)jg, andthe setof the large centers
Ly := Yy, nS,. NotethatjS,j;jLyj - jYxj - .* Plugginginto (4.5, we get

- - X - - X . - x - .
jB(X;2r)j - ]Byj - JByj + 1By)
)S%Yx y2 Sy X y2Lx X
B+ Byi - ,¥iB(r)j+ iBy]
y2 Sy y2Lx y2Lx

Hence summingoverall x 2 V, we have

P . . L P P P o
xov IBOG2r)) -, 2vIiBOSTI+ oy ya, 1By (4.6)

The rst termis whatwe want: we just needto boundthe secondermon theright handsideof
(4.6). CallthistermE.

Changingtheorderof summationandde ning Ny := fx 2 V 1y 2 L,g, we have
P P . P P I o
E= wov v B = oy sy Byl = oy INY) €GBy (4.7)
Soit now sufces to give anupperboundgNyj ¢jByj for every netpointy 2 Y.

A changein perspective. Now we changeour perspectieto asinglenetpointy 2 Y. Let Ny0 be
anr-netof N,. Sinceall pointsin Ny areatdistanceatmost4r fromy, it followsthathij <Ll

Moreover, x 2 Ny impliesthatjB (x; r)j < jByj. Also,wehae Ny p [ xongB(X;1). It follows
jNyj -, 3jByj. Pluggingthisinto (4.7), we get

P L
E- oy, 0Byi% (4.8)

P
For ary |z_,2 By, notethatBy = B(y;5) 4 B(z;r). ObserethatjB,j = 228, 1, andhence
jByj? - 228, iB(Z;1)j. Thisimpliesthat
3P P _ ) 3P P ) _
E- . y2Y zzsyJB(Z; I‘)j =, 22V y:z2By jB(Z;I‘)]Z (4-9)

The seconlgequalityis achangan theorderof summationWe still have to shawv this quantityis
atmost, 4, jB(x; r)j; for thisit sufces to shav thatjfy 2 Y jz 2 B,gj -

The Home Stretch. ConsideM, := fy 2 Y j z 2 Byg: wewantto shawv jM,j - , . Notethat
M is containedn aball of radius’ centeredatz andary two distinctpointsin M is morethan
5 apart. Fromthe doublingpropertyof V, M, containsat most, points! Combiningthis with

(4.6) and(4.9), we have

P . P .
v IBG2r)) - 2% Ly IB(XT)];

completingthe proof. [ |
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4.3.2 The Converseis False

Giventhatthe correlationdimensionof a metricis at most4dimp (M) + 1, onecanaskif the
two quantitiesare essentiallythe same;however, the corverseof Theoremd.3.1is nottrue. In
particular we canshawv thata metric with boundeoBorreIationdimensiondoesnot necessarily
have boundeddoubling dimension. ConsideerE “" n-lollipop” metricind%cgdby the graph
obtainedby attachinga pathmetricwith n j °_n nodesto a clique of size” n: the doubling
gimensionof this metricis clearly atleastlog, n = %Iogn. However, notethatthe quantity

(B (x;r)j startsoff atn (forr = I_Q), andis about£( nr) for arbitraryr - n. Moreover, this
alsoholdstruefor ary "-netN, with . jBn(X; r)j beingjNjforr - ", andbeingE(jNjr=")
for general ;| ". Hencethecorrelationdimensionof this metricis O(1).

Why require closure under taking nets?

Let usconsiderde ning ametricto have correlationdimensiork if
P : . « P . .
ovIBG2r)j - 2¢¢ ., JB(X r)] (4.10)

holds only for the original metric and not for all netsN. In this case,we canshaow thatthe
de nition is tooinclusive: in particular

Proposition4.3.2 GivenanymetricM = (V;d), onecan nd ametricM °= (V[ V%d9 with
the restrictiondjy = d, the numberof new pointsjVJ = jVj, andthe dimensionof M %is 2
(underthis new notionof dimension).

Hence,if we do not requirethe closureundertaking sub-netswe canrealizeany metricasa
submetricof a (slightly larger) low-dimensionametric, makingthe de nition completelyunin-
teresting(atleastfor TSP).

Proof: Withoutlossof generality let the minimuminter-point distancein V beatleastl. Let
" > 0 besmallenoughsuchthat"n ¢ 1. LetV°beapathonn new verticeswith edge-lengths
onthepathbeing", andattachit to somepointin V. If weview theoriginalmetricasacomplete
graphonV, the distancesnetric d° arethe shortest-pathlistancesn the newv graphformedby
addingthis “tail”. It is aneasycalculationto checkthattheresultingmetrichassmallcorrelation
dimension(underthis de nition of correlationdimension). [

This shavs thatthewealer de nition (without the closureundertaking subnetshaslimited ap-
plication,andmotivateswhy we needto restrictthede nition further. Takingsubnetss perhaps

theminimalrestrictionwe canaddto makeit possibleto sayinterestinghingsabouttheresulting
metrics.

4.4 Hardnessof Approximating Corr elation Dimension
In this section,we shaw thatit is NP-hardto approximatehe correlationdimensionof a metric
provesthatonly trivial approximatiorguaranteearepossibleunlessP = NP.

54



Theorem4.4.1 Givena metricM = (V;d) with n points,it is NP-had to distinguishbetween
thecasedimc (M) = O(1) anddimc (M) = -(log n).

Theproofis by reductionfrom the hardnes®f approximatiorof INDEPENDENT SET [Has9§.

Proposition4.4.2([Has9q) There exists0 < k; < k, < 1 sud that givena graph with n
vertices,it is NP-had to distinguishwhetherthe sizeof a maximumindependensetis smaller
thannk: or larger thannkz.

Proof: LetG = (V;E) beaninstanceof theindependensetproblem,namelya graphonn
verticesandlet ® G) bethesizeof amaximumindependensetin G. Wewill constructametric
M suchthatif & G) - n*: thendimc (M) = O(1), andif & G) , n*2, then®G) = -(log n).

De ne Mg to be a metricon n points,eachcorrespondindo a vertex in G, with unit distance
betweentwo pointsif thereis an edgebetweerthe correspondingerticesin G, anddistance2

otherwise.HenceM ¢ is a metric of diameter2; notethatary "-netfor Mg with " > 1is an

independensetin G, andthisis usefulfor the hardnesgroof.

Letusde ne aparametet = 2(1i kj), wherek; is thesmallerconstanin the hardnessesult
for independenset,andlet K = n'; notethatl < K - n?; thiswill bethe size parameter
De ne R = 2n?; thiswill beadistanceparameter

We now de ne ametricM = (X;d), with jXj = 2nK + n?K. ThismetricM consistsof the
following three“components”pointsin differentcomponentsireat distancel On?K R from one
other

1. Superclique. This componentonsistof K copiesof themetricM g. Two pointslying
in differentcopiesof M ¢ areatdistanceR from eachother

2. Chain-of-clusters. This componentonsistf a chainof K “clusters”,with eachcluster
beinga uniform metric on n pointsandunit inter-point distance. The distancebetween
pointsfrom adjacentlustersis 2, andhencebetweerpointsin thei™ andj™ clustersis
i jj.

3. Tail. This componentonsistsof a line metric with K n? points,with adjacentpointsat
distancer from eachother

The Analysis. We now begin to examine the correlation dimension of this metric M.
ote that boundingthe correlationdimensionamountsto analyzingthe quantity Fy (r) =
«n IBn(X;1)j asa function of r, startingfrom r = 0 and checkingwhetheror not there
is asudderincreaseasr doubles.The rst claim shavsthattheonly interesting?-netsarethose
withl- 2< 2

P
Lemma4.4.3 If N isan2-netfor themetricM whee? < 1or2, 2,then , JBn(X;2r)j -
O(1) ,,nIBn(X;r)jforanyr > 0.

Proof: Letusconsider?-netsfor 2 < 1. Sincethesmallestdistancan M is 1, by the covering
propertyof a net,thenetN consistsof theentiresetX . Forr < 1, sinceeachpoint seesonly
itself, Fy (r) = jNj = £(n?K). Asr increasegastl andreache<, all the pointswithin
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eachcopy of Mg in the Supetclique,or w1th¢n eachclusterin the Chain-of-clusterganseeone
another Thisgivesacontritutionof 2K £ ') = £( K n?) toFy (r), butsinceFy (0) = £(K n?)
to begin with, the increases not large. As r increasesrom 2 to R, the quantity Fy (r) also
increasegyraduallyto £( n?K 2) dueto the chain-of-clusters.Hence,whenr reachesR, the
suddencontritution of £( n?K 2) dueto the superclique doesnot alsocauseary sudderjumps
in Fy (r). Finally, asr increasedeyondR, nothinginterestinghappens.

For2 2, atmostonepointin eachcopy of Mg andeachclusterremainin thenetN . It is easy
to checkthatin thiscaseFy (2r) = O(1) Fy(r) forallr > 0. |

Henceit sufces to consider?-netsN wherel - 2 < 2. For thesevaluesof 2, thenetN can
containonly one point from eachclusterof the chain-of-clustersmoreover, for eachcopy of
Mg in the superclique, the pointsthat remainin N correspondo an independensetin the
graphG. Asr increasedo R, the chain-of-clustersanonly give a gradualcontribution of
£( K ?) = o(n?K); hencejf thereis alarge contritutionto Fy (r) dueto the Supercliqueasthe
r reache®R, therewould be a suddenncreaséen Fy (r). Thusthe numberof netpointsin each
copy of Mg in theSuperclique(i.e.,thesizeof theindependensetsin G) becomegrucialto the
ratioFy (2r)=Fy (r) for R=2 - r < R. Thetwo following lemmasmalke thisintuition formal.

Lemma 4.4.4 Supposex maximumindependensetof G hassize®G) - n . Then,for 1 -
2 < 2,forany2-netN of M, Fy (2r) = O(1)F (r), for anyr > 0.

Proof: As before theinterestingactiontakesplacewhenR=2 - r < R. ObserethatF(r) ,
n’K = n?*!. Sincethe net pointsin eachMg correspondgo anindependensetin G, the
contritution to Fy (2r) dueto the Supercliqueis at most(n*1K )? = n%u*2! = n2*! Hence,
Fn(2r) = O(1)Fn(r). [

Lemma 4.4.5 Suppose®(G) , nk2. Then,for somel - 2 < 2, ther existsan 2-netN and
R=2- r < RsudthatFy(2r), -( n?kai k))Ey(r).

Proof: Let2 = 1:5andr = R=2. SinceG containsanindependensetof sizeat leastnk?,
for eachcopy Mg, we can pick at leastn*2 net pointsto bein N. It follows as beforethat
Fn(r) - O(n?K). Obsere thatthe superclique contritutesatleast(n*2K )2 = n?2*2! Hence,
Fn(2r)=Fn(r) . n2ke+2li 2i I) = -( n2(kai kz))_ [ |

Combiningthelemmascompleteghe proof of the hardnesseduction. [

4.5 SparseSpanners

We begin our study of metricswith small correlationdimensionwith a simple constructionof
sparsespannersthis will alsosene to introducethe readerto someof the basicconceptsve
will uselater. In this section,we showv that metricswith boundedcorrelationdimensionadmit
(1+ ")-stretchspannersvith O- (minf n'®; nlog ¢ g) edgeswhere¢ = % istheaspect

ratio of themetric. This shouldbe contrastedvith atrivial lower boundfor generametrlcs ary
spannewith stretchlessthan3 for K ., requires-( n?) edges.
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4.5.1 SparseSpanners:Upper Bound

Theorem4.5.1(SparseSpannerTheorem) Givena metricM = (V;d) withdimc(M) - Kk,
and" > 0, there existsa (1 + ")-spannemwith "1 ©) minf n5; nlog¢ g edges.

The algorithmfor constructingsparsespanner$or metricswith boundedcorrelationdimension
is the sameasthatfor doublingmetricsin Section2.2, the proofs, of course aredifferent. For
completenessye brie y describehealgorithmhereagain.

Construction for sparsespanners. Givena metric (V; d) anda parametet > 0, let usde ne
two parameters’, := 4+ 32 andp := dog,°e+ 1. Dene Y, , = V. Fori > i p, letY; bea
2 -netof Y;, 1; hencethesenetsarenested(Notethatsincetheinter-vertex distances atleast1,

Y, = Vforij p- i< 0.)ForeachnetY; in thesequenceye addedgeshetweernverticeswhich
arein thenetY; and“closetogether”.In particularfori , j p, de ne theedgesatleveli to be
Ei=f(uv)2Y,£Y j°¢2il<d(uv)-  °¢2g Theunionof all theseedgesets® = [ ;E;

is the spannereturnedby the construction.

Thefollowing lemma(appearingasLemma2.2.5in Section2.2) stateshatthe spanneﬂ*? pre-
senesdistancesvell:

Lemma4.5.2(Low Stretch) Thesetof edges@ formsa (1 + ")-spannerfor (V;d).

Hencejit sufces to shav that® hasa smallnumberof edgesWe rst shaw thatfor eachi, the
setE; containsa smallnumberof edgescomparedo the sizeof thenetY;.

Lemma 4.5.3 If themetric(V; d) hascorrelationdimensiorat mostk, thesizejE;j - 2FjY;j.

P :
Proof: Obsere thatjE;j - v2y, 1By, (v;° ¢2)j. By usingDe nition 4.2 for correlation
dimensionrepeatedlyandthefactthatp = dog, °e+ 1, it follows thatthe sumis boundedoy
2PjYij. .

We cannow prove half of Theorem4.5.1; sinceeachjY;j - n and2’ = O("i ), summingthe

above boundover all i impliesthatl? hasat mostnlog¢ ¢"i ©K) edgeswhere¢ is theaspect
ratio of themetric. However, thisboundmaybe£( n?) if theaspectatiois large,andwe have to

work harderto getabounddependingnly onn and". Thefollowing lemmashawsthatif there
aremary edgesn E;, thenalarge numberof pointsin the netY; would no longerbelongto the

netYisp.

Lemma4.5.4 LetU := Y, nY,,, bethepointsin Y; thatdo notbelongto thenetY;. ,. Then,the
numberof edgesjE;j - 3jUj(jUj + 1).

Proof: By the constructiorof the edgesetE;, notethatif (u;v) 2 E;, thend(u;v) - ° ¢2'.
Since2”? > °, at mostone of the two verticesf u; vg canstill bein 2‘+p-netYi+p, and hence
ary edgein E; musthave at leastoneendpointin U. Now considerary u 2 U. If both(x; u)
and(y; u) arein E;, thend(x;y) - ° ¢2'*1. Hence,at mostoneof f x; yg cansurvive in Y. .
Thus,for eachnodeu 2 U, therecanbeat mostoneedgein E; connectingo a pointoutsideU;
all otheredgesn E; having u als_o_laeendpointmustha/e someothervertex in U astheir other
endpoint.t followsthatjE;j - /% + jUj, which completeghe proof. n
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Figure4.2: Lower bound example for Sparse Spanners.

emma4.5.5 For anyr 2 f0;1;:::;pi 1g, theedgesin all theE;'swithi =~ r (mod p) is
ijj p+rj ' O(kazznl:s)'

Broof: De ne an upperbound function F(§ suchthat for ary jo, if jYjp«rJ = @, then

i ioJEjp+rl - F(&); wewantto nd the sharpestupperfound function F (¢ possible.
Lemma4.5.4impliesthatif jUj = b, thenF(a) - max,fIb(b+ 1)+ F(aj b)g. Notethat
the right handsideis maximizedwhenb is maximized;however, the valueof b = jUj cannot
be too large, sinceby Lemma4.5.3we have jE;,p+rj - 2Pa. Puttingthesetogetherforces
F(a) - 2Pa+ F(aj 272" @), andimpliesthatF (a) = O(2XP=?a’®). Sinceary jY;j - n, the
resultfollows. [

Applying Lemma4.5.5for eachr 2 [p] andsummingup the resultingboundsgivesusjli?j :
O(2kP=2pnt®) . (2 + 105 proving thesecondpartof Theoren¥.5.1

Note that for metricswith boundeddoublingdimension,onecangeta (1 + 2)-spannerswith
O(n"i M) edges[CGMZ05 HPMO05. However, we shov that sucha resultis not possible
with boundeccorrelationdimension andthatthe upperboundin Theoremé.5.1is indeedtight.

4.5.2 SparseSpanners:Lower Bound

Theorem4.5.6(Lower Bound on Sparsity) Thee existsa family of metricswith boundeccor-
relation dimensionsud that for ead metricin the family, any 1.5-stretch spannerhasat least
-( n*®) edeps.

The metricin the lower boundis roughly representedby the picturein Figure4.2, notethatit
is essentiathatthis lower boundmetric hassuperpolynomialaspectatio ¢ , for we canobtain
suchaspannewith O(nlog¢) edgesrom Theorend.5.1

We give a constructiorfor a family of metricsthathasboundedcorrelationdimension but any
1:5-spannefor ary metricin thefamily musthave atleast-( n'®) edges.

LetA , 4beaparameterwhich speci esthedifferencein distancescalesn differentlevels of
therecursve construction.The constructiomalgorithmtakesanintegern, the numberof points
in the metric anda positve real® > 0, the minimum distancein the metric. We denotethe
correspondingnetricby M (n; ®). For clarity, we omit all ceilingsor oors from thedescription.
For easeof descriptiongachM (n; ®) hasa specialnodeu.

Construction for M (n; ®)
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1. If nislessthansomethresholdng (say10), thenreturna uniform metricof n pointswith
inter-point distance®; setu to beary point.

2. OtherwiseconstructM °:= M (n.j = n;®A), togethemwith the specialpoint u®. Replace
u®with auniformmetricU with = n + 1 pointshaving inter-point distance®. Eachpoint
in U hasdistanceto ary otherpointthe sameasthatfrom u®. Setthe specialpointu to be
ary pointin U.

Lemmad4.5.7 Forall n , 1, themetricM (n; 1) hascorrelationdimensiorat mostO(1).

Proof: LetN beanR-netof M (n; 1), whereA'i * . R < Al. Notethatby our construction,
we have N = M (n;;A"), for somen;. Let u; anetpointin N closestto the specialpoint of
M (n; 1). Obsenre thatu; canbe a specialpoint for the metricinducedby the pointsM (n;; A).
Consider , R=2. Therearefour simplecases:

(1) If 2r < Al, thentrivially we have
P : . P : :
wonIBNX2)j=ni =, IBN(X 1)
(2) If 2r | Al > r, thenwe have
P : N ) p__ P . .
wnIBNOG20)j= (T i+ )2+ (nii T i 1)- 3,8 1B (X1

(3) Consider2r | A > o, whgreli) > j.  Letp = jBn(u;r)j andq :=
j:BN(ui;Zr)nBN (ui;r)j. Notep, " njandqg- " nj. Hence,
pen BN (X 20)j = (p+ @)+ (nii pi @) - 2(p*+ )+ (nij pi @) - 3@+ nii p) =
3 LN IBN(XT)):
(4) ConsiderA™® > 2r > r _ A® whereP | i. Then,p := jBy(ui;2r)j = jBn (ui;r)j:
Hence, =) s}
H . N . — H . H
onIBNG2)j=ptEnii p= o oy IBN(XT):
Hencearny netof themetricM (n; 1) satis es(4.2). ]

Theorem 4.5.8 Any 1:5-spanneffor M (n; 1) musthaveat least-( n*®°) edees.

Proof: Let h(n) bethesizeof asBarsestL:S-spanneH for M (n; 1). Obsenre thatM (n; 1)
containsa uniform metricU of size” n + 1. Hencetheremustbe anedgein H betweenary
two edgesin U. Suppoae/ve contractU to a singlepointin H. TBen,the resultinggraphis a
1:5—span61erfor M(nj ~ n;A), andhencecontainatleasth(nj =~ n) edges.Hence,we have
h(n), ( n+ 1)?+ h(nj " n). Solvingtherecurrencewe have h(n) , -( n*®). m

4.6 Algorithms for Metrics with BoundedCorr elation Dimen-
sion

Having de ned the notionof correlationdimension andhaving seena simplewarm-up(obtain-

ing sparsespanners)yve now turn to devising algorithmsfor metric spaceswhoseperformance

is parameterizetdy the correlationdimensionof the underlyingmetric space.This taskis com-
plicatedby two issues:
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2 Global versusLocal Properties. The notion of correlationdimensionis global, in the
sensehatwhile theremay be poclets of “high-complity” in a metric with low dimc,
the complity is “low on the average”. Oneshouldcomparethis to previous notionsof
dimensiorik e doubling,wherethe metricwaswell-structuredn everyregionandatevery
scale,andthuslocal agumentswould usually sufce to give goodalgorithms. In sharp
contrastwe are forcedto developalgorithmsthattake into accountthis global averaging.

As an example,consi%erthe TSP:supposehe input graphconsistsof a max-SNPhard
(1; 2)-TSPinstanceon n nodeswhichis attachedo onevertex of aunit grid. If wewant
to obtaina (1 + ") approximationto TSP our algorithmwould have to clusterthe graph
into the “easy” part (the grid), andthe “complicated”part (the (1; 2)-TSPinstance) and
perhapsuna(Q)PTAS ontheformerpartanda constanapproximatioralgorithmon the
latter part. Of course the input metricwith dimc = O(1) may not have suchanohvious
clustering.

2 Doubling resultsmay not be applicable. As notedin the discussioraftsr Lemma4.2.3
metricswith dimc = O(1) cannothave nearuniform setsof size! (" n), and hence
their doublingdimensionis at most% log, n + O(1). Hence,while we canconcevably
useresultsfor doubling metrics, most of the currentresultsare no longer interesting
for that rangeof doubling dimension: e.g., the resultsfor TSP have a running time of
expf (" tlogn)°€@me)g, andhencepluggingin dimp = 3 log, n doesworsethann!, the
runningtime for an exactalgorithm. Again, our algorithmswill try to avoid this simple-
mindedreductionto doubling,eventhoughthey will rely on mary ideasdevelopedin the
doublingmetricsliterature.

In therestof the paperthetwo mainalgorithmicresultswe presentare:

2 Weak TSP Approximation & Embeddinginto Small Treewidth Graphs. We rst shav
how to solve the TSP on metricswith low correlationdimensionwithin (1 + ") in time
O W ogn)o@n e) - ag 5 by-product,we also gebTheorem4.1.2 arandomembedding
of the original metricinto a graphwith treevidth = n ¢("i * logn)©@mc)  Detailsof this
resultappeain Sectior4.6.1

To prove theseresults,we adopt,adaptand extendthe ideasof Arora [Aro02] and Tal-
war [Tal04. The mainconceptuahurdleto our resultis thatall the previous proofsuse
“O(1)-paddeddecomposition’,and metricswith small dimc may not admit suchgood
paddeddecompositionssincepaddingis a local property andour metric may have some
denseaegions.We shav how to getaroundhisrequirementwe useknown paddediecom-
positionswith poorerpaddingguaranteesandshav thatcarefully alteringthe boundaries
sufces for our purpose.

2 (1 + 2)-Approximations in Sub-exponentialTime. The ideaswe usefor the previous
algorithmarestill fairly local, andhencedo not fully usethe power of having small cor-
relation dimension. In Section4.7, we shov how to improve our partitioning scheme,
and usean improved global chaging schemeto get our main result Theorem4.1.3 an
approximatiorschemdor TSPthatrunsin sub-eponentiaktime.
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p
4.6.1 An Algorithm for TSPin Time 2°C ™

Givenanz - 1, we considerandomizedl + 2)-approximatioralgorithmsfor TSPon ametric
M = (V;d) onn pointsanddimc = k. Let OPT bethecostof theoptimal TSR

As is well-known, we can assumethe aspectratio is n=2 (see,e.g.,[Aro02, Tal04]), by the
following simpleargument. Supposet is the aspectratio of the metric M, andthe minimum
distancein the metricis 1. Let V, be an2,¢ =n-netof M. SupposeOPT, is the length of
an optimal tour for pointsin V, only. Then,it follows thatOPT, - OPT. Fromanoptimal
tour for the pointsin V,, we canconstructa tour for all pointsin V, with extra lengthat most
n ¢2e,¢ =n= 2,¢2¢ - 2,0PT. Hencewe will assumehatV, = V, andthatour metrichasan
aspectatio of at mostn=2,

Moreover, we assumehat2 > 1=n, or elsewe cansolve it exactlyin 2°¢' *109* 9)_time. We use
thefollowing mainideas which werealsousedin obtainingknown (Q)PTAS's for TSP[Aro02,
Tal04]:

(&) We nd agoodprobabilistichierarchicaldecompositionnto clusterswith geometricallyde-
creasingdiameters(b) we choosesmall setof portalsin eachclusterin this decompositiorby
taking a suitably ne netof the cluster andforce the tour to enterandleave the clusterusing
only theseportals,i.e., the tour is portal-respecting The main structurelemmashaws thatthe
expectedcostof the bestportal-respectingour is at most (1 + 2) timesits original cost. Fi-
nally, (c) we nd thebestportalrespectingour usingdynamicprogramming:for a clusterC, if

thereareonly B portalsamongall its child clusters the time to build thetablefor C is at most
BO(B) = 20(BlogB) (Seege.g.,Sectiond.6.4) Sincethetotal numberof clusterss poly(n), total
runtimeis poly(n)2°(B 1°9B) 'Notethatfor doublingmetrics,sinceeachclusterhadonly 2°0@@mo)

child clustersgachwith O(2i logn)°d@mo) portals,the runtimeis quasi-polynomia] Tal04.

Thetwo mainproblemshatwe facearethefollowing:

(i) Metricswith low correlationdimensiondo notadmitO(1)-paddeddecompositionsvhich
aretraditionallyusedin step(a) above, and

(i) While we canensurehatthe numberof portalsin any silbgleclusterareat most¥a O(Io n)
usingLemma4.2.3 eachclustermay have asmary as' n child clusters,andhencethe
sizeB of theunionof portalsfor all the child clustersmaybecloseto £( n).

To take careof theseproblemswe needto nd a new partitioningand portaling scheme&uch
that the union of the portalsin eachclusterandin all its child clustes hassizeonly O(" n);
clearly this will requireusto do the partitioningand portal-creatiorstepsin a dependentash-
ion, with eachstepguiding the other (Moreover, we will arguethatthe lack of O(1)-padded
decompositionsloesnot hurt usmuch;thiswill turnoutto betheeasypart.)

We formalizetheabore ideasin the Sections4.6.2 4.6.3and4.6.4

4.6.2 Hierarchical Decompositionand Portal-RespectingTour

In this sectionwe shav how probabilistichierarchicadecompositiorandportalassignmentan
beusedto approximatel SR In particular we show thatit is sufcient to restrictour attentionto
portal-respectingours in orderto getan(1 + 2)-approximation.
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Given a metric (V; d), we assumeunit minimum distance,and hencethe aspectratio andthe
largestdistancearedenotecdby ¢ . Recallthatwe canassumed - 2.

Hierar chical Decomposition. LetL := dogy (n=?)e be the numberof levelsin the system,
with D, := ¢ andD;, ; := D;=H, whereH , 4isaparametethatcanpossiblydependonn.
For eachi, P; will beapartitionof V suchthateachclusterhasdiameteratmostD;. Notethatif
P_ consist9f just oneclustercontainingall pointsin V, theneachpointin V formsa separate
clusterin the partition Po. The family of partitionsfP ;g is hierarchical if eachheighti cluster
is containedn someheight{i + 1) cluster

Portal Assignment. For eachO - i < L, eachheighti clusterC hasa setU(C) of points
calledportals suchthatU(C) isa D;-coveringof U(C), where0 < =~ < 1is aparameteto
be determinedater Theportalswill satisfytheconditionthatif apointis a portalfor a heighti

cluster thenit mustbea portalfor all lower heightclusters.A child portal for aclusteris aportal
in oneof its child clusters.We arelooking for atour thatsatis esthe portal condition

A pathor tour satis esthe portal condition(or is portal-respectinyif it only enters
or leavesa clusterthroughits portals.

®-Padded Decomposition. In orderto shav that the expectedlength of the restrictedtour
following the portalconditionis nottoo muchlargerthanthatof theoptimaltour, we requirethat
the randomD;-boundedpartition P; sampledrom the hierarchicaldecompositiorsatis esthe
®-paddedproperty Recallthis meanghatif asetS p V hasdiameterd, thenit is partitionedby
P;i with probabilityat most® ¢Dii. In particular thefollowing conditionmustbe satis ed.

Supposey;v 2 V. SupposéB, andB, areballsof radiusr aroundu andv respec-

tively. Then,theprobabilitythatthesetS := B, [ B, is partitionedby P; is atmost
®¢2r+ d(u;v)
D; '

GivenapartitionP andapointx, weuseP (x) to denotetheclusterin P thatcontainsx. Obsere
thata standardorobabilisticdecompositiorlik e thoseby Bartal [Bar9q andFakcharoenphaoét
al. [FRTO4] gives® = O(logn).

Lemma4.6.1 SupposéP ;g is an ®-paddedhierarchical decompositiorof (V; d), with portals
for eah clusterasdescribedabove Thenfor anyu;v 2 V, theexpectedncreasean theshortest
pathobeying the portal conditionis at most6L®  ¢d(u; v).

Proof: Considerthe eventthatu andv are separatedn P;, but not separatedn P;.;. This
probabilityis at most® ¢d(u; v)=D;. Underthis event,the shortesipathfrom u to v satisfying
the portal conditionis at most(1 + 6 D;)d(u; V), i.e., thedistancefrom u to v increasedy at
most6 D;. Theboundis 6 D;, insteadof 4 D;, becausdé might notbe possiblefor u to reach
its closestheightt portaldirectly. It might have to go throughall the lower heightportals rst.

Hence summingover all heightsi, we have shavn thatthe expectedncreasen theshortespath

betweeru andv isatmost i, ®¢XM ¢67D; - 6LE& ¢d(u; V). n

Hence,usingLemma4.6.1, we canshow thatby forcing the tour to satisfythe portal condition,
thelengthof theresultingoptimaltour doesnotincreaseoo much.
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Proposition4.6.2 SupposeOPT is the length of the optimal tour for pointsin V, satisfying
the portal conditionwith respecto the hierarchical decompositioriP ;g andthe corresponding
portalsfor eat cluster Then,E[OPTy] - (1 + 6L® )OPT.

4.6.3 A Partitioning and Portaling Algorithm

In the previous section,we shaved how a suitablehierarchicaldecompositiorand portaling
schemecanrestrictthe searchspaceof potentialtours. In this sectionwe give a concretecon-
structionof a probabilistichierarchicaldecompositiorand portalingschemesuchthat both the
paddingparamete® andthenumberB of child portalsfor eachclusteraresmall.

Obsere thatif the child portalsof eachclusterform a packing,thenusingthe boundedcorre-
lation dimensionassumptiorand Lemma4.2.3 we canshowv that B is small for eachcluster
If we usea standarchierarchicaldecompositior{(e.g. one by Bartal [Bar9q or FRT [FRT04])
andchooseanappropriatenetfor eachclusterto beits portals,thenthe child portalsof a cluster
neednotbea packing,becausgortalsnearthe boundaryof differentclustersmightbetoo close
together We resol\e this by usingBartal's decompositioriBar9q twice. After obtaininga stan-
darddecompositionyve apply the decompositiotechniqueagain to make minor adjustmento
theboundarie®f clusters Hereis themainresultthatdescribeshe propertiesof the hierarchical
decompositiorandportalingscheme.

Theorem4.6.3(Main Partition-&-P ortal Theorem) Givena metric (V;d) with dimc = Kk,
anda parameter - 1, thereis a polynomial-timeprocedue that returnsa probabilistic hier-
archical partition of the metricwith

(A1) Thediameterof a heighti clusteris guaranteedto be at mostD; + Dj; ;, whee
Di = 4i.

(A2) Theprobability of (u; v) beingsepaatedat heighti is at mostO(log? n) £ d(t‘;—lv)
Moreover, ead clusterC is equippedvith a setof portalsU(C) sud thatthefollowing proper

tieshold:

(B1) For each non-motclusterC at heighti, thesetof portalsU(C) formsa D;-covering
of C.
(B2) Moreover, thesetof portalsin C andall its childrenforma (" =4) D;; ;1-pading.

The RandomizedPartitioning and Portaling Algorithm

Considerthe metric (V; d) with unit minimum distance,and hencethe aspectratio beingthe
diameter¢ of the metric. (Moreover, ¢ - n=2, asnotedbefore.) LetH := 4, andL :=
dog, (n=?)e. SetD, := ¢, andD;; ; := D;=4, asdiscussedbefore.We will give a hierarchical
decompositiorof (V; d) suchthatfor eachheighti clusterclusterC, thesetU(C) of portalsis a
isa Dj-coveringof C andits child portalsis a %_Dii 1-packing,asdescribedn the statement
of Theorem4.6.3

1. LetP. = fVgandU(V) = ;.
2. Fori=Lj 1downto0,
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For eachheight{i + 1) clusterC 2 Pj.1,

(a) Apply Bartal's probabilisticdecompositioiBar9g on clusterC, usingn asanupper
boundon the numberof pointsin C, suchthat the diameterof eachresultingsub-
clusteris atmostD;. Thisinducesaninitial partition®; onC.

(b) BoundaryAdjustmentusingBartal's decompositioriBar9q

i. NotethatU(C) is a3 Dis1-packingandDi,; = 4D;. AugmentU(C) to a
_Di-net@(C) of C. Let Z be the setof pointsz in C that hasno point in
B(C)\ B (z) within distance D;.

i. LetW :=Z,X := C,andU(C) := ;.

iii. While W is non-empty
A. Pickary pointufromW. Letr := ~D;=4Inn. Pickz 2 [0; 2~ D;] randomly
from thedistributionp(z) := ;5 ¢te **". LetB := B(u; 3 D + 2).

B. If B containssomepointc in lQ(C), thenall pointsin B \ X aremoved
to theheighti clustercurrentlycontainingc, otherwiseaddu to U(C), and
move all pointsin B\ X to theheighti clustercurrentlycontainingu.

C. Remare pointsin B from bothX andW.
iv. Letthenew partitiononC beP;. For eachnew heighti clusterC® let U(C9 :=

Co\ (B(C)[ U(C)).
The Analysis

Lemma4.6.4(Correctness)For i < L, for anyheight{i + 1) clusterC producedby the De-
compositionAlgorithm, then (1) for any child clusterC°of C, thesetU(C9 is a ~ D;-covering
of C% and(2) theunionof U(C9's, overall thechild clustes C°0f C, isa 3~ D;-padking.

Proof: We shaw thatif for aheight{i + 1) clusterC, thesetU(C) isa %_Diﬂ-packing,then
for ary child clusterC°of C, U(C9 is a™ D;-coveringof C° andthe unionof U(C9's, overall
the child clustersC®of C, is a %_Di-packing. Then,the resultfollows by inductionon i, with
thebasecasestartingati = L, astheemptysetU(V) is trivially %_DL-separated.

SupposeC is aheight{i + 1) clusterreturnedby the algorithmandthe correspondingJ(C) is a

%_Di+1 -packing.We rst shav the coveringpropertyfor eachchild clusterC°of C.

Sincethe subsetJ(C) is a %_Diﬂ-packingandDHl = HD; , 4D;, it canbe augmentedo
bea_Di-netlD(C) for C. Obsene thatpointsin @(C) arenotreassignedo differentheight4
clustersn theboundaryadjustmenstep.

Letx beapointin C. We shav thatthereis a pointin @(C) [ U(C) thatis in the sameheighti
clusterinducedby P; andalsowithin distance D; of x. RecallthatZ is thesetof pointsz in C
thathasno pointin Lt)(C) \ B, (z) within distance D;.

Suppos« is notin Z. Then,thereis a pointv 2 L*J(C) \ B (x) suchthatd(x;v) - ~D;. Note
againthatpointsin @(C) stayin thesameclusters.Hence,if pointx is notreassignetb another
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heightt cluster thenit is still coveredby the point v after boundaryadjustment. Otherwise,
pointx isin someball B with radiusatmost D;, which containsapointin @(C)[ U(C). After
that,all pointsin B will beremovedfrom G andstayin thesameheighti clusterthroughouthe
boundaryadjustmenprocess.

If x isin Z, thenat somepoint it mustbe removed from list L. Then,by a similar argument,
at somepointx mustbein someball B with diameterat most D, which containsa pointin
@(C) [ U(C). Thesameargumentfollows.

We next shaw that® (C)[ U(C)isa %_Di -packing.First, obser‘ethatl'J(C) isa Dj-netandso
is trivially alsoa %_Di -packing.Next, obsene thatwheneer anew pointu is addedo U(C), it

mustbeatdistancenorethan%_Di from @(C) andexisting pointsin U(C). Hence thepacking
propertyfollows. [

Lemma 4.6.5(SeparationProbability) For ead level i, Pr[(u;v) sepaatedby P;]
O(log® n) 4.

To prove Lemma4.6.5 we usethe following resultswhich can be proved using techniques
in [Bar9g.

Lemma4.6.6 SupposeB, and B, are balls centeedat u;v 2 V respectivelyith radiusr.
Then,for eadh i, the probability thattheunionB,, [ B, is cutapartby B, in the r stphaseis at
mostO(log n) ¢d(“ w2,

Lemma4.6.7 Supposel; v 2 V. Then,theprobabilitythatu andv are sepaatedin thebound-

. . d(u;v) L. .
arytaorlljustmenStepls at mostO(logn) ¢ _Lg‘i’ , andthis is independenbf what happensn the
r stphase

Proof of Lemma 4.6.5 Consideru;v 2 V. Let B, andB, bethe ballscenteredat u andv
respectrely with radius%_Di. First considerthe casewhend(u;v) , D;. Notethatif the

union of B, andB, is not separatedy [, thenu andv cannotbe separatedy P;. Hence,
the probability that P; separatesi andv is upperboundedby that of the former event, which
is at mostO(logn) ¢d(”")—+D' by Lemma4.6.6 By the assumptiorthatd(u;v) , Dj, the

probabilityis at mostO(Iog n) ¢4,

Considerthe casewhend(u;v) < D;. Notethatif u andv areseparatedventually thenthe
union of B, andB, mustbe cut apartby B;. Moreover, in the boundaryadjustmenstep,the
pointsu andv mustalsobe separated.

Hence by Lemmas4.6.6and4.6.7, this probabilityis upperboundedoy
d(u;v)+ Dj d(u; d(uyv) .
O(logn) ¢4492= 21 ¢O(logn) L% . O(log? n) 452

Thus,we have analyzedooth casesandthis completeghe proof. ]

Obsenrethatwe have notusedthenotionof correlationrdimensiorsofar. In thefollowing lemma,
we usethede nition of correlationdimensionto boundthe numberof child portalsin a cluster
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Lemma 4.6.8(Small Number of Child Portals) Supposehe metric space(V;d) hascorrela-
tion dimensionat mostk. For 8” clustess C, the unionof U(C9 over all child clustes C°of C
hassizeat most(16=" + 4)**2" n.

Proof: SupposeclusterC is at heighti + 1. By Lemma4.6.4 the union S of U(C9 over
all child clustersC®of C is a %_Di-packing. Hence,it canbe extendedto a %_Di-netN for
the whole spaceV. Obsere thatfrom the constructionall pointsin C is containedin a ball
with radiusat most(D;.; + D;)=2, thoughnot necessarilycenteredat a pointin N. Since
N is a4 -net, C is containedin a ball of radiusat mostD;,; + ~D; centeredat somenet
pointu 2 N, Hence,S u BN(u;[PHl + Dj), which by Lemma4.2.3 hassize at most
(16= + 42" |Nj - (16= + 42" n, [

4.6.4 Dynamic Programming for Solving TSP

We brie y outlineadynamicprogramto solve TSR given a hierarchicaldecompositiorandits
correspondingportalsfor eachcluster The basicideais similar to the constructionsusedby
by Arnbourg and Proskuravski [AP89 and Arora [Aro02], and we give the detailshere for
completeness.

For eachclusterC with its portalsU(C), thereareentriesindexedby (J; 1), whereJ is a setof
unorderedpairsof portalsfrom U(C) andl is asubsetof U(C). Any portalthatappearsn a
pairin J doesnotappeain | . Notethatif r = jU(C)j, thenthereareat mostr !r 2 suchentries.

An entryindex by (J; ') representthescenarian whichatour visitsthenon-portalf clusterC
usingentryandexit portalsdescribedy pairsin J. Moreover, for eachpointin I , thetwo points
adjacentoit in thetourarein theclusterC. Hence thepointsin | arenotbehaing asportalsin
thesenseahatthetour doesnotenteror exit theclusterC throughthe pointsin | . For eachportal
x in U(C) thatdoesnot appearin J or |, the adjacenfointsin the tour arebothnotin U(C),
i.e., thetour entersthe clusterthroughthatportalx andleavesimmediatelyafterward. We keep
trackof thelengthof the portionof thetour thatis within the clusterC. More preciselywe only
countthe partof tour thatis betweenu andv for somepair fu;vg in J. The entryindexed by
(J;1) keepghesmallespossiblesumof thelengthsof theinternalsegmentsfor toursconsistent
with thescenariamposedby (J; 1). Notethatif we haveto constructhetour, undereachentry
we have to storetheinternalseggmentsof thetour aswell.

Thereare specialentrieseachof which is indexed by only a single portalx 2 U(C). This
correspondso the (sub-optimal)casewherewe enterthe clusterC throughx, performa tour
visiting all pointsin C, andleave throughx. The value of suchan entry correspondgo the
lengthof atourfor pointsin clusterC.

As outlinedin [AP89, for a clustersuchthatthe numberof child portalsis at mostB, thetime
to completeall entriesfor thatclusteris 2°(B 1°9B) - Note thatif this holdsfor all clustersin the
decompositionthetotal runningtime is at mostnL ¢2°(B °98) 'thoughtypically nL is absorbed
in theexponentiaterm.
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4.6.5 The First TSP Algorithm

Usingthe partitioningandportalingschemealescribedn Sectiord.6.3andthedynamicprogram
describedn Sectior4.6.4 we have analgorithmfor approximatingl SR

Theorem 4.6.9(The First TSP Algorithm) There is a randomizedalgorithm for metric TSR

which for m%tricswith dim¢c = K, returnsa tour of expectedengthat most(1 + 2)OPT in time
2(log n)=5°

Proof: Sincetheaspectatioof themetricis atmostn=2, andthehierarchicapartitiondecreases
the diameterof componentdy a constantfactorat eachlevel, the heightof the decomposition
isL = O(log 2). By Theorem4.6.3 eachedge(u; v) of the optimaltour is cut at heighti with
probability®E™) with ®= O(log? n).

Weset = 5. By Propositior4.6.2 the expectedengthof this tour (andhencethe lengthof

theoptimal portal-respectingour)is atmost(1 + 6L® ) = (1 + 2)OPT.
We needto alsoboundthe runningtime of the dynamicprogram:recallthatan upperboundB
for thenumberof portalsin eachclusterandits childrenwouldimply a B ©(®) runtime.

By Lemma4.6.§ it followsthatB - (1?)=_+ 4)"=ZIO n. Hence therunningtime of thealgorithm
isnL ¢2°(B109B) = expf (2i Llogn)©®k)

ng, asrequired. [

4.6.6 Embeddinginto Small Treewidth Graphs

Obsere that our probabilistichierarchicaldecompositiorprocedureactually gives an embed-
ding into a distribution of low treewidth graphs.Supposeve aregiven a particularhierarchical
decompositiortogetherwith the portalsfor eachcluster We startwith the completeweighted
graphconsistentwith the metric, anddeleteary edgethatis goingout of a clusterbut not via

a portal. If the numberof child portalsfor eachclusteris at mostB, thenthe treewidth of the

resultinggraphis atmostB . FromLemma4.6.1, theexpecteddistortionof thedistancebetween
ary pair of pointsis small. Usingthe sameparameterasin theproof of Theorem4.6.9 we have

thefollowing theorem.

Theorem4.6.10(Embedding into Small Treewidth Graphs) Givenanyconstant0 < 2 < 1
and k, metricswith correlation dimsnsionat mostk can be embeddednto a distribution of
graphswith treewidth ((log n)=2°® " n) anddistortion1 + 2.

4.7 A Sub-Exponential Time (1 + 2)-Approximation for TSP

In theprevioussectionwe sav how to geta (1 + 2)-approximatioralgorithmfor TSPon metrics
with boundectorrelationdimensiongssentiallyusingtheideaof randomembeddingsto small
treevidth graphs.The approaclgivesapproximationgor ary problemon metric sBaceSNhich
canbe solvedfor small-treevidth graphs:however, it is limited by the factthatthe ™ n-lollipop
graphmetrichasboundedorrelationdimensionandrandomly(1 + 2)-approximatinghis graph
requiresheuseof graphswith largetreevidth.
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In this section,we get an improved approximationfor TSP using anotheruseful obsenation.

Considerthe bad examplesin Figure4.1: the contritution to OPT dueto the densestructure
is much smallerthan that from the low-dimensionalambientstructure. For example,for the
sub-gridwith a (1;2)-TSP instancetacked onto it (Figure 4.1(b)), we canobtaina (1 + 2)-

approximatiorto TSPonthegrid (which contributesabout£( n) to OPT), anBstitch it together
with a nave 2-approximatiorto the hardinstancg(which only contritutes£( = n) to OPT). Of

course this is a simplecasewherethe clusteringis obvious; our algorithmmustdo somekind

of clusteringfor all instancesMoreover, thisindicateshatwe needto do aglobalaccountingof

cost:thesloppy approximatiorof the“hard” subproblemmeeddo bechagedto theentireOPT,

andnotjustthe optimaltour on the subproblem.

Herearesomeof theissuesve needto addresgmostof which aretied to eachother),alongwith
descriptionof how we handlethem:

2 Avoiding Large Tables. The immediatehurdleto a bett[ga[runtimeis that somecluster
may have £( n) child portalsandwe have to spendp n " time to computethe tables.
Our ideahereis to seta thresholdB g suchthatin the dynamicprogram,if a clusterhas
morethanB > B, portalsamongits children,we computejn lineartime,atouron C that
only entess and leavesC once but now we incur an extra lengthof B £ diam(C) in the
nal tour we compute.In the sequelwe call this extra lengththe “MST-loss”. This step
impliesthatwe needonly spendminf O(B); 2°(Bo09Bo) g time on ary tablecomputation.
The patchingprocedureusedhereis reminiscentof the patchingfrom [Aro96|, andis
describedn Sectiorn4.7.2

2 Paying for this Loss. In contrastto previous works, the “MST-loss” due to patching
cannotbe chagedlocally, andhencewe needto chagethisto the costof theglobal OPT.
Moreover, we may needto accountfor the MST-lossat mary clusters;hencewe needto
shawv thatOPT is large enoughandthe MST-lossis incurredinfrequentlyenough sothat
we canchageall the MST-lossesover the entirerun of thealgorithmto 20PT.

2 A Potential Charging Scheme.To be ableto chage MST-lossesn a globalmanneywe
look at the hierarchicaldecomposition.The extra lengthincurredfor patchingheighti
clustersis proportionalto the numberof child portalsof the clustersto which patchingis
applied.If theunionof all theheight{i j 1) portalsin the decompositiorsatis ed some
padcing condition we coulduseLemma4.2.3to boundthenumberof them,andhencethe
total MST-lossat heighti of the decompositiortree. However, the techniquesieveloped
sofar (in Section4.6.1) canonly ensurethatthe child portalsof a single clusterform a
packing:we clearlyneednew techniques.

2 A NewPartitioning & Portaling Procedure. Themethodin thelastsectiontookacluster
C atheight{i + 1), cutit up, andthenadjustedhe boundarief the subclustersreated
at heighti to ensurethatthe union of the portalsin thesesubclustersormeda packing.
However, the portalsin all the grand-childrerof C (i.e., all the clustersat height{i j 1)
belov C) may not form a packing: hencewe have to re-adjustthe boundariecreatedat
heightti yet again. In fact, when clustersat a certainlevel are created,the boundaries
for clustersin all higherlevels have to be readjusted.This can potentially increasethe
probability that a pair of pointsare separatect eachlevel. This is resoled by ensuring
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that clusterdiameterdall by logarithmic factorsinsteadof by constants.The detailsare
givenin Section4.7.1

2 Avoiding Computation of Corr elation Dimension. As givenin Theoren¥.2.4 it is hard
to approximatethe correlationdimensionof a given metric. However, the algorithmcan
guesghe correlationdimensionk of theinput metric. It startsfrom smallvaluesof k and
for eachnetencounteredit takespolynomialtime to verify the boundedaveragegrowth
rateproperty(4.2). Wheneer property(4.2) is violatedfor somenet,we know thecurrent
estimationof the correlationdimensionis too small. The valueof k is increasedcandthe
algorithmis restartedSincethe correlationdimensions atmostO(log n) andtherunning
time is doubly exponentialin k, the extra time incurredfor trying out smallervaluesof k

would not affectthe asymptoticunningtime.
We formalize the ideassketchedabove in the following. The generalframevork describedn

Section4.6.2of usinghierarchicaldecompositiorand portalsto approximatel SP still applies
here. We give a more sophisticatedartitioning and portaling schemein Section4.7.1, and
analyzethe MST-lossincurredfrom patchingin Sectiord.7.2

4.7.1 The Modi ed Partitioning and Portaling Algorithm

Themaindifferences thatwhenaheighti partitionis performedall higherheightpartitionsare
modi ed, in orderto ensurethatall heighti portalsform apacking.LetH , 4 beaparameter
(possiblydependingon n) thatwill be determinedater. LetL := dog, (n=?)e. SetD_ = ¢,
thediameternof (V;d); Di; 1 := Di=H.
We aregoingto give a hierarchicadecompositiorof (V; d) suchthatfor eachheighti, U; is the
setof heighti portalssuchthatfor eachheighti clusterC, thesetU; \ C of portalsis ais a
- Dj-coveringof C andU; |sa Di; 1-packing.Obsene thatonceaU; is formed,it will notbe
modi ed; moreover, oncea pomt is chosento be a portal for a cluster it will not be movedto
anothercluster

1. LetP, = fVgandU, = ;.
2. Fori=Lj ldowntoO,

(a) For eachheight{i + 1) clusterC 2 Pj.;, apply Bartal's probabilisticdecomposi-
tion [Bar9q on clusterC, usingn asanupperboundon the numberof pointsin C,
suchthat the diameterof eachresultingsub-clusteris at mostD;. This inducesa
temporarypartition®; onC.

(b) BoundaryAdJustmentusmgBartalsdecomposmoriBar9q

i. NotethatU;, |sa Dis1 -packingandDi+; = HD; 4D;. AugmentU; .,

to a Dj-netB; of V. Let Z bethe setof pointsz in V that hasno pointin
B\ B (z) within distance D;.

ii. LetW = Z,X :=V,andU; := ;.
iii. While W is non-empty

A. Pickary pointu fromW. Letr := ~D;=4Inn. Pickz 2 [0; 3™ D;] randomly
from thedistributionp(z) := ;'3 ¢}ef *™". LetB := B(u; ; D + 2).
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B. If B containssomepointcin ., thenall pointsin B\ X aremovedto the
heighti clustercurrentlycontainingc, otherwiseaddu to U;, andmove all
pointsin B\ X to theheighti clustercurrentlycontainingu.

C. Remore pointsin B from bothX andW.

iv. Obsenre thatthe partitionsP; forj > i canbemodi ed. Let the nev heighti
partitiononV beP;. SetU; ;= B[ U..

Analyzing the probability of a pair being separated

We rst analyzethe probabilitythata pair of pointsu; v areseparatedight after somepartition
P; is formedfor the rst time. Sincethe decompositiorprocedures quite sophisticatedthe
analysisis donemore carefully thanbefore. First, we rephrasea resultconcerninghe Bartal's
decompositiorjBar9q.

Fact4.7.1 Ther existst > 0 sud that any n point metric spacecan be probabilistically de-
composednto clustes with diameterat mostD sud that for all pointsu;v andr > 0, the
probabilitythatB (u;r) [ B(v;r) is partitionedis at most

d(u;v)+2r .,
tlogn ¢==5—:

Throughouthis subsectionthe parametet refersto the onethatcomesfrom Fact4.7.1 How-
ever, we prove the following lemma, which is more generaland is usedlater Recall that
Dis; = HD;. For technicalreason,we assumethatH , 4tlogn, which we shall seeis
notaproblem.

Lemma4.7.2 Supposeay;v 2 V, and B, and B, are balls of radiusr centeedat u andv
respectivelyThen,the probability thatB, [ B, is sepaatedby P;, right after P; is formedfor
the r sttime, is at most4t? log? n ¢MX 2L,

Proof: We shav by inductiononi. Fori = L, the statements trivial becausd?, = fVg
andno pointsareseparatedrom oneanother Now considen < L. Let+:= d(u;v) + 2r and
ro:=r+ %_Di. Obserethatif P; separate8, [ B,, thenoneor both of the following events
happen.

1. EventA: ThepartitionP;.,; separate8 (u;r% [ B(v;r9 right afterit is formed.
2. EventB: ThepartitionP; separate8 (u;r9 [ B(v;r9.
The probability of eventA is, by theinductionhypothesisat most4t? log? n ¢=5——; the prob-

ability of the event B n A is at mosttlogn (I:++ Di by Fact4.7.1 Hence, observmgthat
Dis1 = HD; , 4tD;logn, theprobability of theeventA[ B is atmost

++ DI

2tlogn ¢=5PL:

Casel: £, Dj. Then,theabove probabilityis atmost4t logn ¢5-.

Case2: +< D;. Obserethatin orderfor P; to separat®,[ B,, in additiontotheeventA[ B,
theeventthatB, [ B, is separatediuring the boundaryadjustmenstepmustalsooccur Note
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thatthe probability thatthis latter eventhappengiventheeventA [ B is at mostt logn ¢%.
Hence,|t follows thattherequiredprobabilityis at most

2tlogn ¢= 2t D' ¢tlogn ¢=%- - 4t?log”n ¢35

UsingLemma4.7.2 we show thefollowing lemma.

Lemma 4.7.3 Theprobability thata pair (u; v) of pointsis sepaatedbythe nal P; is at most
(4tlogn)- ¢4 = O(logn)- ¢9E™.

Proof: Obserethatif the nal P; separates andv, thenP; mustseparates andv right after
someP;, wherej - i, is formed. Let this eventbe E;. We considerthe probability of such
eventE;. Obsere thatin orderfor thisto happenthenfor eachj - | < i, thepartitionP; has
to separatdB(u; D, 1) [ B(v; D), 1), dueto boundaryadjustmentat heightl, right after P,
is formed. Let k betheintegersuchthat2 Dy - d(u;Vv) < 2 Dy+1, andi := maxfk + 1;jg.
Hence the probability of theeventE; is atmost:

+ v V) + 2 D;.
4t2log? n AUV + 2 Diis ¢ tlogn ¢dUiv) + 2 Dy 1y ¢tlogn ¢2du:v)
D; - D, Dy
=|i
d
- ¢(4t logn)'i %2 ¢ (u: V),
Di
wherethe rst termcomedrom Lemma4.7.2 andeachsubsequertermscomesrom Fact4.7.1
appliedto eachboundaryadjustmenstep. Now, summingPr[E;] overj - i shows thatthe
probabilitythat(u; v) is cutby the nal P; is atmost(4t logn)* ¢%3). n

All portals in eachlevel form a packing

Usingthe sameargumentasin Lemmad4.6.4 we canprove thefollowing lemma.

Lemma4.7.4 For eadh heighti, thesetU; of heighti portalsis a %_Dn 1-packing andfor eath
heighti clusterC, thesetU; \ C of portalsisa D;-coveringofC.

The only thing to watchout is thatwhena point x is beingassignedo anotherclusterduring
boundaryadjustmenatheighti, how dowe know x still hasanearportalfor higherheights?The
obsenationis thatportalsarenot re-assignedo anotherclusteroncethey arechosen.Sincethe
point X is nearsomeheighti portaly, which hasall higherheightportalsnearby we conclude
thatx still hashigherheightportalsnearby

4.7.2 Handling LargePortal Setsvia Patching

Patching a singlecluster

If aclusterC hasmary child portals(sayaboutp n portals),it is too expensve to compute
the entriescorrespondingo C. In particular computingthe standardr SPtablefor this cluster
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would requireO(p ﬁp " = 20 ) time, whichin itself would dashall hopesof obtaininga sub-
exponentialtime algorithm. To avoid this, we do a two steppatchingdescribedn thefollowing.
The rst ideais simple:if wearewilling to payanextraO(B D) amountwhereB is thenumber
of portals,andD the diameterof the cluster thenwe can nd atourthatentersandleavesat a
singleportal. Indeed,we can nd atourthatentersclusterC throughsomeportalx, performsa
traveling salespersotour on pointsin clusterC, andleavesclusterC throughx.

Proposition 4.7.5(Patching to geta Single Portal) Supposecluster C has diameterD, and
that there are at mostB portalsin the clusterC. Then,givenanytour on the verticesV, the
tour can be modi ed sud that it enters and leavesthe cluster C througha single portal with
additionallengthat mostBD.

However, computingsud a tour requireswork aswell, andwe needto ensurethat this com-
putationcanbe donefast: if clusterC hastoo mary child portals,it would be too expensve to
computetheoptimaltourinsideC. Hence we needa secondpatchingstep.

Proposition4.7.6 Considerthedynamicprogramin Sectiord.6.4 andlook at a clusterC with
diameterD andB child portals Supposé is thelengthof the shortesttour for the pointsin C
thatis computablefromthe entriesin the child clustes of C (possiblyin 2 B1°9B) extra time).
Then,it is possibleto obtaina tour for clusterC, again fromthe entriesin the child clustes of
C, thathaslengthat mostl + BD, but nowonly takestime O(B).

Proof: From eachchild clusterC of C, pick the entry suchthatthe lengthl of its partial

sggmentss smallest.Notethatthelengthl of theoptimaltouronC isatleast | . Sincethere
areatmostB child portalsandthediameterof C is D, it takesanextralengthof BD to join the
partial segmentsreturnedoy eachchild clusterto form atouron C. [

Obsenrethatary portalof C is alsoachild portalof C. HenceusingPropositiongl.7.5and4.7.6
for ary clusterC with diameteD andB child portals,we cando the patchingproceduran time
O(B) fromtheentriesof its child clusters After theproceduregachentryof clusterC isindexed
by a single portaland hasa value correspondindo the lengthof sometour on clusterC. The
resultingincreasen lengthfor the overalltouris atmost2BD.

Applying Patching Techniquein Dynamic Program

We analyzetheincreasean tour lengthswhenwe applythe patchingproceduredescribedn Sec-
tion 4.7.2 RecallthatOPTj is thelengthof the optimaltour returnedby the dynamicprogram
(without patching)describedn Sectiorn4.6.4

Supposeatchingis appliedfor clusterswith morethanB g child portals,but only up to height4
clusters,and no patchingis appliedfor clustersin heighthigherthani. Let thelengthof the
optimal tour returnedin sucha way be OPT;. Obsere that OPT, is the length of the tour
returnedby thedynamicprogramif patchingis appliedwheneer appropriate.

Thefollowing lemmashaws thatthe extralengthincurredby patchingall clustersin onelevel is
small. Recallk is the correlationdimensionof the metric.

Lemma4.7.7 For0- i< L,OPTi, - OPT; + g (&)< OPT,
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Proof: SupposdC : , 2 wngis thesetof height{i + 1) clusterssuchthat eachone has
B> By child portals. Obsere thatthe setof heighti portalsis a %_Di-packing. Hence,we
canextendit toa: Dj-netN; for V.

FromSectioI54.7.2 it follows the extra lengthto patchup all appropriateheight{i + 1) clusters
is at most2 , B Di:1. Now, from the de nition of correlationdimension,we have for all
integerst, P
o BN (6 Dist )i - 2, BN (X201 8D )
By settingt := dog,(4D;+; = D;)eandrecallingD;.; = HD;, we have
P , P . . 8H \King i

B on BN (X Dis)j - ()€Nij: (4.11)

ObservinghateachB, > By, we have
o g (ENNG: (4.12)

Usingthe Caucly-Schwartzinequality we have
P p__ P
B - " jmj¢  BZ (4.13)
By substituting(4.11) and(4.12 into (4.13, we have
P -
B, - g (ENING:

Finally, observinghatOPT |, %_DijNij, we concludethatthe extralengthincurredby patching

all appropriatéheight{i + 1) clusterds at most

P
2 B Din - g(T)1OPT:

Lemmad4.7.7impliesthatthetotal extralengthincurredby patchingis small.

OPT_ - OPTo+ & (&)< OPT: (4.14)

4.7.3 The SecondTSP Algorithm

Theorem 4.7.8(Sub-exponentialtime algorithm for TSP) For any metric with correlation
dimension k, we can give a randomized (1 + 2)-approximation for TSP in time
expf (2i 12 lognloglog n)4kg = ZOz;k (ni), for anyi> 0.

Proof: We createa probabilistichierarchicaldecompositionywherethe diameterat heighti is
D; = H' for someparameteH , 4. Hencethe depthof thetreeis L := £(log ,, (n=2)). As
indicatedabove (andprovedin Lemma4.7.3, the probabilitythat(u; v) areseparatect level-i
is at most®d(“") with ® = O(logn)-. Moreover, portalsin clustersof diameterD; form a
D coverlngandsmcethereareL levels,thetotalincreasen the TSPlengthis O(® L) OPT.
To male thisatmost2=2, weset = O(?=L ®).

73



Finally, from ananalysisn Section4.7.2 thelengthincreasdrom patching(the “MST-loss”) is
& (&) "1 OPT. To male this at most?=2 aswell, we setpick B, suchthat & (8)t = 2=2,

Theonly parameteteft to bechosens H. Obsere thatthe runningtime dependon B, andso
H is choserto minimize B,. Notethat

L + +
Bo = (;)k ZO(H®) "

Obsere that H® is the dominatingterm, and also that as H increases® decreases. It

happensH1at in this casethe bestvalue is attainedwhenH = ®. This is satis ed when
logH = * log? loglogn.
It follows that it sufces to setthe thresholdB, = =2i (k*D) 221" logZloglogn  —  (2i1 ¢

2 legnloglogmy3k ‘recalling? > 1. Hence we obtainatourwith expectedength(1+ 2) timesthat
of theoptimaltourin time

nL ¢20(BlogB) — expf (2 1 ¢2p W)4kg = 20« (n*);

forany £> 0.

4.8 Summary and Conclusions

We have considered globalnotionof dimensionwhich triesto capturethe“average”comple-
ity of metrics:ournotionof corbelationdimensiomapturesnetricsthatpotentialchontainsmall
denseclusters(of sizeupto O(" n)) but have smallaveragegronth-rate. We shav thatmetrics
with alow correlationdimensiondo indeedadmitef cient algorithmsfor a variety of problems.

Many questiongemainopen: canwe improve the runningtime of our algorithmfor TSP?A
moreopen-endedjuestionis de ning othernotionsof dimensionfor metric spacesit is fairly
unlikely that one notion can capturethe compleity of metrics(both the local complexity, as
in doubling,aswell asthe global behaior). Sinceonede nition maynot t all situations,it
seemgeasonabléo considerseveral de nitions, whosepropertiescanthenbe exploited under
theappropriateircumstances.
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Chapter 5

Conclusion

We have seenin this thesisthat there are notionsof dimensionthat are usefulin measuring
the complity of a generalmetric with respecto certainproblems.Thereareotherclassef
metricsfor which goodalgorithmicguaranteesanbe obtained for instancemetricsinducedby
planargraphshave beenextensiely studied OS81 GT87, KPR93 AGK™ 98]. However, it is not
alwaysclearhow theseclasse®f metricscanbe usedto measurghe compleity of anarbitrary
metric. For example therearepolynomialtime algorithmg AGK™ 98, Kle05] for approximating
TSPfor planargraphsyet suchalgorithmsdo not applyto generaimetrics,nor do they provide
guarantees termsof the“planarness’df agivenmetric,aconceptwhichis hardto de ne or be
exploitedin the rst place.We concludehisthesisby discussingxtensionsandfuturedirections
for thework in eachchapter

5.1 Spannersfor Doubling Metrics

In this thesis,the compactnessf a spannelis measuredy the numberof edgesin the span-
ner. However, for applicationsan which a spanneiis usedfor maintainingphysical connections
betweersites,the weight of the spanneisenesasa betterobjectve thanthe numberof edges.
For ary boundeddimensionaEuclideanmetric, Narasimharand Smid [NS07 shavedthatfor
ary t > 1, thereis at-spannemwith weightO(M ST), whereM ST is theweightof a minimum
spanningree.

The constructionof low weight spannerfor Euclideanmetricsrelies highly on the geometric
propertiesof Euclideanspace. However, somestandarddeasare still applicable,suchasthe
Kruskal-like construction.

Kruskal' s algorithm for constructing low weight spanner Arrangethe edges
(u;v) in increasingorderof d(u; v) in alist. Startwith anemptyspannelandcon-
sidereachedgee = (u;V) in thelist. If thedistancebetweeru andv in the current
spanners alreadyatmostt ¢d(u; v), thendiscardtheedgee, otherwiseincludeedge
ein thespanner

Sucha constructionwould guaranteghatthe spannereturnedhasstretchat mostt. The more
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technicalpartis how to shav thatthe spannehaslow weight. It would be interestingto seeif
thegeometricassumptionsisedfor Euclideanmetricscanbereplacedoy propertiesensuredy
boundeddoublingdimensionwhich aremorecombinatoriain nature.

5.2 Low DimensionalEmbeddingsfor Doubling Metrics

In Chapter3, we shav that for embeddingdoubling metricsinto Euclideanspace,thereis
a tradeof betweenthe tarmget dimensionand the distortion of the embedding: given an n-
point metric (V; d) with doublingdimensiondimp, andary target dimensionT in the range
-(dim 5 loglagn) - T - O(logn), we shav thatthe metricembedsnto EuclideanspaceR"
with O(logn  dimp =T) distortion.

A questiononecanaskis: doesthis tradeof extendto smallervaluesof T? We know thatfor

large T = O(logn). Theresultis tight with respecto n, be%usehereexists doublingmetrics
that embedinto Euclideanspacewith distortionat least-( = logn). Yet our resultdoesnot
applywhenthetargetdimensionis small,e.g. T = O(dimp). However, from a manuscripof

Abraham BartalandNeiman,it is possibleto obtaintargetdimensionO(dimp) atthe expense
of increasinghedistortionto O(log*** n), for somesmall2 > 0. An interestingquestionwould

beif ourtradeof actuallyholdsfor smalltargetdimensionaswell. In particular is it possibleto

obtaintargetdimensionO(dimp ) with distortionO(log n)?

Anotherquestionis how goodthis tradeof 16 For example,is it possibleto embeda doubling
metricinto O(loglogn) dimensionswvith O(" logn) distortion?Obsere thatsomelower bound
for this tradeof would imply somekind of lower boundfor dimensionreductionof Euclidean
metricswith constantdoubling dimension. In particular the following ideal resultwould be
impossible.

Ideal Resultfor DimensionReductionin Euclidean Spaces Any Euclideanmet-
ric with doubling dimensiondimp can be reducedto O(dimp) dimensionswith
O(dimp) distortion.

Supposave have an arbitrarymetric (V; d) with cantamdouinng dimension.Then,it canbe
embeddednto Euclideanspacewith distortionO(" logn) (andO(logn) dimensions)Obsere
this would increasethe doublingdimensionup to at mostO(loglogn). Hence theideal result
would imply thatarl‘cy doublingmetriccanbe embeddednto Euclideanspacewith O(log logn)
dimensionsandO(" lognloglogn) distortion. Hence,the ideal resultwould be impossibleif
thereexists some2 > 0, suchthattherearedoublingmetricsfor which embeddingheminto
Euclideanspacewith O(log logn) dimensionsvould incur distortionatleast-(log %°** n).

5.3 Global Notion of Dimension

We have introducedhetcorrelationdimensiona globalnotionof dimensiorfor whichwe give a
sub-eponentialtime algorithmfor approximatingT SP on suchglobally boundedmetrics. The
guestionis whethersuchnotion of global dimensionhasapplicationto other problems. It is
concevable that a differentnotion of global dimensionneedsto be consideredor a different
problem.For instancewith respecto TSR aglobalnotionof dimensiornshouldrule outametric
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with a shorttail with linear numberof pointsasa simplemetric (seeSection4.3.2. However,
for aproblemlik e nearest-neighbaguery this metricshouldbe consideredssimple,becauséf
querypointsareuniformly sampledthenfor a constanfraction of the time, the simple part of
themetricis beingqueried.

Onecanimaginethat our techniquesould be appliedto the settingdescribedn Arora’s sur
vey on approximationschemedgor hard geometricoptimizationproblems[Aro03] to get sub-
exponentialtime algorithms,in a way analogoudo how we tackle TSP Although our de ni-
tion of correlationdimensionwas not tailoredto speci cally solve TSR in retrospecfTSP has
a nice structurewhich allows the techniquesof hierarchicaldecompositionportal assignment
anddynamicprogram(DP) to beemplgyedfor metricswith boundedcorrelationdimension.We
describesomepropertiesof TSPthatareessentiafor ourtechniquedo beapplied,andmention
how someof the othergeometrigoroblemsdo not satisfythem.

1. Eachentry in the DP can be computedin 2°(®) time, where B is the number of child
portals. For TSP eachentry can be computedin 2°(B °98) time. However, for other
problemssuchask-connectvity, thetime for computinganentryin thedynamicprogram
describedn [CLOQ] is doubly exponentialin B. Hence,evenif B is polylog(n), the
algorithmis still tooinef cient.

2. In the DP, any valid con gurations for child entries can be combinedto form a valid
con guration for the parent entry. This is essentiabecausave cannoteven afford to
coBsidermorethan one con guration per child entry becausdherecanbe asmary as
O(" n) child entries.For TSR we shav how this canbe donein Propositiord.7.6 How-
ever, in the dynamicprogramfor minimum lateng describedn [AKO1], eachcon gu-
ration carriestoo muchinformationandso arbitraryvalid con gurationsof child entries
cannotbe combinedo form a consistentalid parentcon guration.

3. In the casewhen the number B of child portals in a cluster is too large, a patching
argument should be applicable to reducethe number of active portals, at a cost of
O(BD), whereD is the diameter of the cluster in question. Perhapshisis themostre-
stricting conditionin usingour de nition of correlationdimension.This conditionallows
usto useour de nition in makinga global chaging amgument(seeSection4.7.2. How-
ever, for problemslike k-median,suchpatchingagumentcannotbe applied. Although
k-mediancanbe somehav tackledfor low-dimensionaEuclideanmetricsfARR99 with-
out reducingthe numberof portals,in our casethe numberof portalscanbe potentially
toolargeto be handledwithout any reductiontechnique.

In light of the limitations outlined above, we think that for approximatingthe hard geometric
optimizationproblemson metricsthat someha behae well globally, onewould needto nd
alternatve waysto characterizehe global behaior of a metric or employ differenttechniques
outsideArora's framewnork [Aro03, Aro02].
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