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1 Introduction

Arguably the most important class in the W-hierarchy is W[1]. From a theoretical point of view,
it can be viewed as the parameterized analog of NP since it contains many parameterized variants
of classical NP-complete problems such as k-INDEPENDENT SET, k,{-LONGEST COMMON SUB-
SEQUENCE, and, most importantly, because the k-STEP HALTING PROBLEM FOR TURING MA-
CHINES OF UNLIMITED NONDETERMINISM is complete for W[1]. This is a parameterized analog of
the generic NP-complete problem used in Cook’s theorem [DFKHW94 DFS99]. From a practical
standpoint, W[1] is the most important complexity class for showing fixed-parameter intractability
results, providing an easy accessible platform for showing such results [DF95]. Indeed, since the
identification of the first complete problems for W[1], there has been a slew of fixed-parameter
intractability results, reminiscent in some sense of the early days of NP-completeness.

The key combinatorial objects used to formulate W[1] and the W-hierarchy are constant depth
logic circuits that model Boolean functions in the natural way. Their combinatorial nondeterministic
computing strength is governed by their weft, defined to be the maximum number of unbounded in-
degree gates in any path from the input gates to the output. The generic complete problem for the
Wh-hierarchy is the k-WEIGHTED WEFT-t CIRCUIT SATISFIABILITY problem, that takes as input
a constant depth weft-t circuit C' and a parameter k and asks whether C has a weight k satisfying
assignment (i.e. an assignment setting exactly k input gates to 1). The class W[¢t] is then defined to
be the class of parameterized problems which are parameterized reducible to k- WEIGHTED WEFT-{
CIRCUIT SATISFIABILITY.

In this paper, we explore an alternative, purely monotone characterization of W[1] and the
Wh-hierarchy using a different type of Boolean circuit, namely, a majority circuit. In this type of
circuit, we replace the role of logical gates by majority gates which have value 1 when more than
half of their inputs have value 1. Using a majority circuit analog of k-WEIGHTED WEFT-¢ CIRCUIT
SATISFIABILITY, we obtain the W-hierarchy. Our main results are:

Theorem 1. W[1] = W[1].
Theorem 2. W([t] C W[t] for any positive integer t.

Note that in proving Theorem 2, we use Theorem 1 for the case of ¢t = 1. This is not uncommon,
since most proofs involving the W-hierarchy require special treatment of W[1] (see [DF99,FGO6]
for many examples).

The importance of these results are twofold. First, Theorem 1 gives an alternative way of show-
ing fixed-parameter intractability results. The complete problems of W[1] are usually antimonotone
by nature, where a parameterized problem is antimonotone if when an instance with a given pa-
rameter is known to be a “yes”-instance, then it is also known to be a “yes”’-instance for smaller
parameter values (e.g. maximization problems). In circuit terms, it is known that one could use
an antimonotone weft-1 circuit to show W[1]-hardness, but this is not so for known for monotone
circuits. Majority circuits, however, are monotone circuits and so they might come in handy in
reductions for monotone problems. This is what makes the proof of Theorem 1 so combinatorially
challenging.
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Second, our results suggest a robustness in the notion of weft. Indeed, there has long been quite
a bit of informal criticism against the naturality of this notion. This work, along with another
work by almost the same set of authors [FFHMRO07], aims at showing that this is not necessarily
so. We do so, by showing that if one replaces the role of logical gates in circuits by nontrivial
combinatorial gates, then the notion of weft still generally remains the central property governing
the nondeterministic combinatorial computing power of circuits. It seems that no matter what your



favorite selection of combinatorial gates, the number of unbounded in-degree gates from the input
layer to the output will still determine the parameterized complexity of finding weight k satisfying
assignments to your circuit.

The paper is organized as follows. In the next section we briefly review basic concepts of pa-
rameterized complexity, and formally introduce the notion of majority circuits. We then proceed
in Sections 3 and 4 to prove Theorem 1, where in Section 3 we prove that W[1] C WJ[1], and in
Section 4 we prove W[l] C WI[1]. Section 5 is devoted to proving Theorem 2. In Section 6 we give
a brief summary of the paper, and discuss open problems.

2 Preliminaries

In the following we discuss notations and concepts that we use throughout the paper. In particular,
we briefly review basic concepts from parameterized complexity, and formally define pure majority
circuits, which play the leading role in this paper, and the corresponding W-hierarchy. We will
assume that the reader is familiar with basic concepts from classical complexity and graph theory.

2.1 Parameterized complexity.

A parameterized problem (or parameterized language) is a subset L C X* x N, where X' is a fixed
alphabet, X* is the set of all finite length strings over X, and N is the set of natural numbers.
In this way, an input (z, k) to a parameterized language consists of two parts, where the second
part k is the parameter. A parameterized problem L is fixed-parameter tractable if there exists an
algorithm which on a given input (z, k) € X* x N, decides whether (z,k) € L in f(k)poly(n) time,
where f is an arbitrary computable function solely in k, and poly(n) is a polynomial in the total
input length n = |(x, k)|. Such an algorithm is said to run in FPT-time, and FPT is the class of all
parameterized problems that can be solved by an FPT-time algorithm (i.e. all problems which are
fixed-parameter tractable).

A formal framework for proving fized-parameter intractability was developed over the years,
using the notion of parameterized reductions. A parameterized reduction from a parameterized
problem L to another parameterized problem L’ is a FPT-time computable mapping that maps an
instance (z, k) € X* x N to an instance (2/, k') € ¥* x N with (z,k) € L < (2/,k’) € L. Here ¥’
is required to be bounded by some function in k.

2.2 Logical circuits and the W-hierarchy.

A (logical) circuit C' is a connected directed acyclic graph with labels on its vertices, and a unique
vertex with no outgoing edges. The vertices which are of in-degree 0 are called the input gates and
they are labeled with Boolean variables 1, xs,.... All other vertices are called the logical gates
and are labeled with Boolean operators A, V, and —, where vertices which are labeled — have in-
degree 1. The unique 0 out-degree vertex is the output gate. A monotone logical circuit is a logical
circuit with no —-gates. An antimonotone logical circuit is a logical circuit where each input gate is
connected to the the rest of the circuit via a —-gate, and there are no other occurrences of —-gates
in the circuit.

An assignment X for C is an assignment of 0 or 1 to each of the input gates in C'. The weight
of X is the number of input gates that it assigns a 1. The value of a logical gate in C under X is
obtained straightforwardly according to the label of the gate and the value of its inputs. The value
C(X) of C under X is the value of the output gate of C. We say that X satisfies a logical gate in



C' if the value of this gate under X is 1, and if it satisfies the output gate of C' (i.e. C(X) = 1), we
say that X satisfies C.

It is convenient to consider the vertices of C' as organized into layers. The input gates constitute
the input layer, the logical gates which are directly connected to them are the first layer, and more
generally, a vertex is in the i’th layer of C if the length of the maximum-length path from it to
the input layer equals i. The depth of a circuit is the length of the maximum-length path from the
input layer to the output gate.

There is an important distinction between two types of logical gates in C'. Small gates are gates
which have in-degree bounded by a small constant (usually we can take this constant to be 3).
Large gates are vertices with unbounded in-degree. The maximum number of large gates on a path
between an input gate and the output of C' is the weft of C.

Constant depth logical circuits are used to define a hierarchy of fixed-parameter intractabil-
ity known as the W-hierarchy. The generic problem for this hierarchy is k-WEIGHTED WEFT-t
CIRCUIT SATISFIABILITY, where t is a problem-dependent positive integer constant. This problem
takes as input a constant depth weft-¢ circuit C' and a parameter & and asks to determine whether
C has a weight k satisfying assignment. The class W|[t] is defined to be the class of parameterized
problems which are parameterized reducible to k-WEIGHTED WEFT-t CIRCUIT SATISFIABILITY.
The W-hierarchy is then the hierarchy of classes FPT C W[1] C W[2] C ---. It is well known
that antimonotone logical circuits are sufficient to define the odd levels of the W-hierarchy, while
monotone logical circuits suffice for defining the even levels of the hierarchy [DF99]. Hence, defin-
ing k-WEIGHTED WEFT-t ANTIMONOTONE CIRCUIT SATISFIABILITY and k-WEIGHTED WEFT-t
MONOTONE CIRCUIT SATISFIABILITY in the natural manner, we get the former is complete for all
odd ¢ and the latter for all even t.

2.3 Majority circuits and the W—hierarchy.

A majority gate is a gate which has value 1 if and only if more than half of its inputs are set
to 1. They play the lead role in our novel characterization of W[1], via what we call (purely)
majority circuits. These circuits have majority gates instead of logical gates, and thus have different
expressive power in comparison to the ordinary logical circuits of the W-hierarchy. When speaking of
majority circuits, we use the same terminology as for their logical counterparts, where all definitions
and notions (in particular, the notion of weft) carry through to majority circuits. The only difference
is that here we allow multiple edges, where as in logical circuits these are always redundant.

We now define a hierarchy of complexity classes where majority circuits play an analogous role
to the role played by logical circuits in the W-hierarchy. This is done via the analogous generic
problem k-WEIGHTED WEFT-t MAJORITY CIRCUIT SATISFIABILITY, which asks whether a given
constant depth weft-t majority circuit C' has a k weight satisfying assignment, for parameter k. The
class W|[t] is defined to be the class of parameterized problems which are parameterized reducible
to k-WEIGHTED WEFT-t MAJORITY CIRCUIT SATISFIABILITY.

Finally, before proceeding, we show that we can always assume that when dealing with majority
circuits, we have an additional input whose value is always set to 1. The will prove handy later on
in proving both Theorem 1 and Theorem 2.

Observation 1. Without loss of generality, we can assume a weft-t majority circuit C, t > 1, is
provided with an input gate which is always assigned the value 1.

Proof. To simulate a 1 in C, we replace the output gate of C with an in-degree 2 majority gate which
is connected to the old output gate and to a new input gate. Let C’ be C after this modification.



Then C has a weight k satisfying assignment iff C” has a weight k + 1 satisfying assignment where
the new input gate is assigned a value of 1. ad

3 W[ C W]

In this section we prove the first part of the main result of this paper, namely that W[1] € W[1]. For
this, we introduce an intermediate problem which we feel might also be of independent interest, the
k-MAJORITY VERTEX COVER problem. After formally defining k-MAJORITY VERTEX COVER, we
prove that it is in W[1], and also W[1]-hard. From this, it will immediately imply that W[1] C W[1].
We begin with a formal definition of k-MAJORITY VERTEX COVER.

Definition 1. Given a graph G and a parameter k, the k-MAJORITY VERTEX COVER problem

asks whether there exists a subset of k vertices in G which covers a majority of the edges of G. That
is, whether there exists a V.C V(G) with |V| = k and |[{{u,v} € E(G) | {u,v}NV # 0} > |E(G)|/2.

Recall that a problem is in W[l] if it can be parameterically reduced to k-WEIGHTED WEFT-1
MAJORITY CIRCUIT SATISFIABILITY, which is the problem of determining whether a purely major-
ity circuit of weft 1 (and constant depth) has a weight k satisfying assignment. The above definition,
gives a clue to why k-MAJORITY VERTEX COVER is parametric reducible to k-WEIGHTED WEFT-1
MAJORITY CIRCUIT SATISFIABILITY. This is established in the following lemma.

Lemma 1. k-MAJORITY VERTEX COVER is in W][1].

Proof. Let (G, k) be an instance of k-MAJORITY VERTEX COVER. We reduce (G, k) to a weft-1
purely majority circuit C' which has a k + 1 weighted satisfying assignment iff G has a subset of k
vertices that cover a majority of its edges.

The construction of C' is as follows. Let n = |V(G)| and m = |E(G)|. The input layer of C
consists of n input gates — one input gate z, for each vertex v € V(G). In addition, we use the
construction of Observation 1 to ensure that the input layer has an additional input gate of value 1.
The first layer of C consists of m small in-degree 3 majority gates, one for each edge in G. The gate
associated with the edge {u,v} € E(G), is connected to x,, x,, and the constant 1. In this way, an
assignment to the input layer corresponds to a subset of vertices in GG, and a gate in the first layer
is satisfied iff the edge associated with this gate is incident to a vertex selected by the assignment.
The second layer consists of the output gate which is large majority gate which is connected to all
the small majority gates of the first layer.

The above construction clearly runs in FPT-time, and the circuit constructed is of weft 1 and
depth 2. Furthermore, its correctness can easily be verified. To see this, first assume that G has a
has a subset V of k vertices that cover a majority of its edges, and consider the assignment X which
assigns x, = 1 to each gate x, with v € V. Then X is a weight k assignment which satisfies, by
construction, any gate in the first layer associated to an edge covered by V. Therefore, it satisfies
a majority of the gates in the first layer, and also the output gate. In the other direction, if X is
a weight k assignment which satisfies C, then X satisfies more than half of the gates in the first
layer, and so the subset of k vertices V = {v € V(G) | X assigns x,, = 1} covers more than half of
the edges of G. O

The next step is to show that k-MAJORITY VERTEX COVER is W([l]-hard. This might be a
somewhat more surprising result than the previous lemma, since k-VERTEX COVER and other
closely related variants are known to be in FPT [GNWO05]. Our proof follows along a similar line
of proof used in [GNWO5] for showing that k-PARTIAL VERTEX COVER is W/[1]-hard.



Lemma 2. k-MAJORITY VERTEX COVER is W[1]-hard.

Proof. The proof is via a reduction from k-INDEPENDENT SET which is known to be W/[1]-
complete [DF95,DF99]. Recall that given a graph G and a parameter k, the k-INDEPENDENT SET
problem asks to determine whether G has a subset of k vertices which are pairwise non-adjacent.
Let (G, k) be an instance of k-INDEPENDENT SET. We may assume w.l.o.g. that k +1 < n/4, since
otherwise the trivial brute-force algorithm runs in FPT-time. We construct an instance (G', k') for
k-MAJORITY VERTEX COVER as follows.

Set n = |V(G)|, and let d(v) denote the number of vertices in G adjacent to the vertex v € V(G).
The graph G’ consists of G as a subgraph, along with additional new vertices and edges. For every
vertex v € V(G), G’ consists of v along with n — 1 — d(v) additional new degree 1 vertices which
are connected only to v. In this way, every vertex v € V(G) has degree n — 1 in G’. In addition, G’
consists of a new vertex v* which is adjacent to many new degree 1 vertices. The number of these
degree 1 neighbors is cho,which is greater than half the total number of edges in G.

To complete our construction, we let & = k + 1. Observe that this construction is indeed a
valid parametric reduction. Also, note that all edges of G are preserved in G’, and that |E(G’)| =
n(n —1)/2 4 d(v*). In the remaining part of the proof we show that G has a subset of k pairwise
non-adjacent vertices iff G’ has a subset of &’ vertices which cover more than half of its edges.

Assume V' is a subset of k' vertices in G’ which cover more than n(n — 1)/4 + d(v*)/2 edges
in G’. Then it must be that v* € V' since all other vertices have degree at most n — 1 and since
k + 1 < n/4. Furthermore, the remaining vertices V' \ {v*} must cover at least k(n — 1) edges.
Since all the vertices in V(G’) \ {v*} which have degree greater than 1 are vertices of G, it follows
that V'\ {v*} C V(G). Furthermore, V' \ {v*} must be pairwise non-adjacent in G, since otherwise
V’\ {v*} would cover less than k(n — 1) edges in G'.

Conversely, assume that G has a subset I C V(G) of k pairwise non-adjacent vertices. Then the
number of edges incident to I in G’ is exactly k(n — 1). It follows that the number of edges that
I'U{v*} cover is k(n — 1) + d(v*), which is more than half of the edges in G’ by construction. O

Corollary 1. W[1] C W[1].

4 W] C W]

We next prove that W[1] € W[1], completing the proof of the main result of this paper. In the
interests of a clearer presentation, we prove this in two steps. In the first step, we introduce a
new problem called k-MAJORITY (p, q)-DNF SATISFACTION, and show that this problem reduces
to the generic W[1]-complete k-STEP HALTING problem. Following this, we explain how this con-
struction can be altered to show that k&-WEIGHTED WEFT-1 MAJORITY CIRCUIT SATISFIABILITY
also reduces to k-STEP HALTING, proving that W[1] C W[1].

We being by introducing the k-MAJORITY (p,q)-DNF SATISFACTION problem. A monotone
(p, q)-DNF formula is a boolean formula of the form \/2_; /\;1»:1 x; j, where z; ; are positive boolean
literals which are not necessarily distinct. A family of monotone (p, q)-DNF formulas is a family D =
(D1, ..., Dy,) of monotone (p, q)-DNF formulas, with a possible overlap in their sets of variables.

Definition 2. For a given a family of monotone (p,q)-DNF formulas, and a parameter k, the k-
MAJORITY (p,q)-DNF SATISFACTION problem asks to determine whether there exists a k-weight
assignment to the variables of the family that satisfy more than half of its DNF's.

We now show that k-MULTIPLE MAJORITY DNF SATISFACTION parameterically reduces to the
k-STEP HALTING. Recall that the k-STEP HALTING problem, which is the parameterized analog



of the classical HALTING PROBLEM, asks for a given non-deterministic single tape Turing machine
(defined over an unbounded alphabet) M, and a parameter k, whether M has a computation path
on the empty string which halts after at most k£ steps. The main idea of our proof for showing

WI1] € W[1] is encapsulated in the following reduction.

Lemma 3. There is a parameterized reduction from k-MAJORITY (p,q)-DNF SATISFACTION to
k-STEP HALTING.

Proof. Let (D, k) be a given instance for k-MAJORITY (p,q)-DNF SATISFACTION, with D =
(D1, ..., Dy,) a family of (p, ¢)-DNFs over variables x1, ..., x,, and k the parameter. We construct
a Turing machine M that halts in at most k' = f(k) steps iff there exists a k weighted assignment
to the variables x1, ..., z, which satisfies more than half of the DNFs in D. Then main idea is to
encode in the state space of M all relevant information needed for determining the number of DNF's
satisfied by a given weight k assignment. For ease of notation, we will assume no DNF contains a
conjunct with identical literals.

Consider some DNF D; € D. There are p possible choices of selecting g-conjuncts of variables
to assign a 1 to, so as D; would be satisfied. We say that a subset of ¢ variables X C {z1,...,z,}
hits Dj if it is one of these possible choices. Moreover, we define the neighborhood D(X) of X to be
all DNFs in D that it hits. The information encoded in the state space of M is as follows: For every
¢ subsets of variables X1,..., Xy C {z1,...,2,}, 1 <L <pand |X;| == |Xy| = q, we encode
the size of the intersection of their neighborhoods. That is, we encode | X1 N ---N X/|, the number
of DNFs in D; hit by each of the ¢ subsets of variables. Note that this requires O(nP?) state space,
which is polynomial in n.

We next describe the computation of M on the empty string in three different phases:

1. First, M nondeterministically guesses a subset of k variables.

2. Next, M identifies all g-subsets of variables that are implicity selected by its k variable guess in
the previous step.

3. Finally, M calculates the total number of DNF's hit by all the g-subsets identified in the previous
step. If this number is more than half of the DNFs in D, M halts. Otherwise, M enters an infinite
loop.

Due to its construction, M halts in at least one of its computation paths on the empty string
iff there is a weight k assignment that satisfies more than half of the DNF's in D. To complete the
proof, we argue that M halts after &’ = f(k) steps. The first phase requires k nondeterministic steps
since we can encode each variable by a single letter in the alphabet of M. In the second step, M
identifies X = X, ..., X|y|, the set of all g-subsets of variables implicity selected by its k variable
guess. Since |X| = O(k?), this phase requires O(k?) steps. To compute the last phase, M performs
an exclusion\inclusion calculation using the information stored in its state space. Since any family
of g-subsets of size greater than p necessarily has an empty intersection, we have

| x| P
U DX =) (=17 ID(X)N--nD(X)| = > (=177 > [D(XG,)n---ND(X5))],
j=1

X, ex 7=1 1< <1, 1< <1,
J J

and so the information stored in M suffices for this computation. The last phase therefore requires
O(kP?) steps. 0

We now turn to deal with weft-1 majority circuits, and our W[l]-complete k-WEIGHTED WEFT-
1 MAJORITY CIRCUIT SATISFIABILITY problem. We show that a similar construction used in the
lemma above can be applied for reducing k-WEIGHTED WEFT-1 MAJORITY CIRCUIT SATISFIA-
BILITY to k-STEP HALTING.



Let C be a weft-1 majority circuit. First, we normalize C' so that it first layer consists only of
in-degree ¢ V-gates, and its second layer consists only of in-degree p A-gates. This can be done as
follows. Consider a large gate in C' and the portion of C' which is required to evaluate one of its
inputs. Since this portion involves only small gates and has constant depth, it can be viewed as
boolean function of constant size (and over a constant number of variables). Also, this function is
necessarily monotone, since majority gates can only compute monotone functions. We can therefore
analyze its entire truth table, and convert it into a DNF using a disjunction of all the lines in the
truth table in the straightforward manner. Since the function is monotone, any variable appearing
in negation in some conjunct of the DNF, also appears in positive form in another conjunct with
similar literals, and so it can safely be removed from the DNF. From this it follows that any portion
of C which is required to evaluate one of the inputs of one of its large gates can be modeled by a
monotone DNF of constant size. Letting p and ¢ be the largest disjunction and conjunct in all these
DNFs, by an appropriate padding of 1s (recall Observation 1) and duplicate conjuncts constants,
we model each such portion by a (p, ¢)-DNF.

Let us say that a weft-1 majority circuit is simple if it has only one big majority gate as its
output gate. If C' is simple then the construction above suffices, and we can immediately apply the
same construction of M used in Lemma 3 in our reduction. Otherwise, C' is logically equivalent to
a constant size Boolean combination of simple sub-circuits. In this case, M guesses k variables, and
computes the value of these constantly many simple sub-circuits as described in Lemma 3. It then
computes in constant time the value of the Boolean combination under this assignment given by
the computed values of the simple sub-circuits.

Corollary 2. W[1] C W[1].

Combining Corollaries 1 and 2, we complete our proof of Theorem 1.

5 Higher Levels of the Hierarchies

We now turn to consider higher levels of the W-and W-hierarchies. We prove in this section that
WIt] € WJt] for all positive integers ¢. For this, we will first show that this statement holds for even
values of t. Following this, we will consider odd values greater or equal to 3, and thus by combining
1 we will obtain our desired result.

Recall that a circuit is monotone if it does not have any —-gates, and that k-WEIGHTED WEFT-¢
MONOTONE CIRCUIT SATISFIABILITY is complete for all even ¢ > 2. To show that W[t] C W]t] for
even values of ¢, we prove the following lemma.

Lemma 4. k-WEIGHTED WEFT-t MONOTONE CIRCUIT SATISFIABILITY parameterically reduces
to k-WEIGHTED WEFT-t MAJORITY CIRCUIT SATISFIABILITY.

Proof. Let (C,k) be an instance of k~-WEIGHTED WEFT-t MONOTONE CIRCUIT SATISFIABILITY,
with C a weft-t monotone logical circuit and & the parameter, and let £ be the maximum in-degree
of any gate in C. We assume w.l.o.g. that any small gate in C has in-degree at most 2.

We construct a majority circuit C” of weft ¢ as follows. First, we add - (k+1)—1 new input gates
to C' labeled with new pairwise distinct variables, and additional new input gate labeled with the
constant 1 (which we construct according to Observation 1). C” simulates the gates of C' as follows.
The simulation of a large V-gate, say of in-degree ¢/ < ¢, is straightforward: relabel so it becomes
a majority gate and add ¢ — 1 new edges coming from the input gate labeled 1. Small V-gates
can be handled similarly. Small A-gates are simply relabeled to become small majority gates. The



interesting case is what to do when g is a large A-gate. Suppose g has edges coming from g1, ..., g¢
(for some ¢ < ¢). We relabel g to a majority gate. Then for all 1 < i < ¢/, we replace each edge
from g; to g by k + 1 parallel edges. Additionally we wire ¢'(k + 1) — 1 many new inputs to g.

We show that for each gate g in C that an arbitrary weight k assignment for the variables of
(' satisfies g in C” iff its restriction to the variables in C satisfies g in C. We proceed inductively
on the layer g lives in (in C or C”). The rest being easy look at the case that g is a large A-gate.
Then an assignment satisfying all g1, ..., gr clearly satisfies the majority gate g. Conversely if a
weight k assignment does not satisfy all g1, ..., go then g receives at most (¢ —1)(k+ 1) times a 1
from these gates plus possibly some from the new variables, but at most k. All together, g receives
no more than (¢ — 1)(k 4+ 1) + k values 1 and this is less than half the in-degree of g which is
20'(k + 1) — 1. In total we have that an assignment of weight k to the variables of C” satisfies C’
iff its restriction to the variables of C satisfies C. It follows that C has a satisfying assignment to
its variables of weight k iff C” has a satisfying assignment to its variables of weight k. Why? To see
necessity extend an assignment for the variables of C' by setting all new variables to 0 and use the
above equivalence. For sufficiency a satisfying weight k assignment for C” restricts to one of weight
< k satisfying C' by the above equivalence; but observe that since C' is monotone it has a weight k
satisfying assignment iff it has a satisfying assignment of weight at most k. O

Corollary 3. W[t] C W[t] for any positive even integer t.

We next show that W/[t] C W[t] for odd values of t. For this, due to Theorem 1, it is enough to
consider odd t > 3. In this case, we can consider a restricted type of antimonotone circuits which
we call normalized antimonotone circuits. A normalized antimonotone circuit is an antimonotone
circuit with its first layer containing only —-gates, its second layer containing only large A-gates,
its third only large V-gates, and so on, alternating between layers of large A-gates and layers of
large V-gates. Also, each gate is required to have incoming edges only from gates in the previous
layer. It is known that for odd ¢t > 3, k-WEIGHTED WEFT-t CIRCUIT SATISFIABILITY restricted to
normalized antimonotone circuits is complete for W(t] [FGO6].

Lemma 5. k-WEIGHTED WEFT-t ANTIMONOTONE CIRCUIT SATISFIABILITY restricted to nor-
malized antimonotone circuits parameterically reduces to k-WEIGHTED WEFT-t MAJORITY CIR-
CUIT SATISFIABILITY.

Proof. Let (C,k) be an instance of k-WEIGHTED WEFT-t ANTIMONOTONE CIRCUIT SATISFIA-
BILITY restricted to normalized antimonotone circuits. We transform C' to a majority circuit as
follows: consider a large A-gate g of the second layer, i.e. one wired to only negations of input
gates, say —x1, ..., ~xy. Relabel g to become a majority gate and wire it to all inputs except those
labeled 1, ..., xy, say this yields ¢’ edges. Additionally add ¢/ — 2k + 1 many parallel edges coming
from a new input labeled with 1 — this is the smallest number a such that & + « is bigger than
half of ¢ + . This means that this gate is satisfied by a weight & assignment iff this assignment
chooses k variables whose negations are not wired into g in C, i.e. satisfies g in C. Observe that
if we replace all first and second layer gates in this manner, we end up with a monotone circuit
containing logical as well as majority gates which is equivalent to the original circuit with respect
to weight k assignments. For all other gates, we proceed as in Lemma 4. ad

Corollary 4. W[t] € W[t] for any positive odd integer t > 3.

Combining Corollaries 1, 3, and 4, we complete our proof of Theorem 2.



6 Discussion

In this paper we presented an alternative characterization of W[1], using majority circuits instead
of logical circuits. We also showed that this characterization holds in one direction for higher levels
of the hierarchy. This gives the first monotone characterization of W[1], and is perhaps a first step
in establishing a monotone characterization of the entire W-hierarchy. We believe our results may
prove useful in showing fixed-parameter intractability results for monotone problems, as well as for
other types of problems. Furthermore, our results exemplify the naturality of the notion of weft,
showing that it remains the parameter governing the combinatorial nondeterministic computing
strength of circuits, no matter what (nontrivial) type of gates they have.

The major open problem left by this paper is showing the other direction of Theorem 2, namely
that W[t] € W[t for all positive integers ¢. This, along with the results in this paper will prove that

WIt] = WJt], giving a completely monotone characterization of the W-hierarchy. We conjecture
that this is in fact the case.
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