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Abstract. The Longest Common Subsequence (LCS) of two or more
strings is a fundamental well-studied problem which has a wide range of
applications throughout computational sciences. When the common sub-
sequence must contain one or more constraint strings as subsequences,
the problem becomes the Constrained LCS (CLCS) problem. In this pa-
per we consider the Restricted LCS (RLCS) problem, where our goal is
finding a longest common subsequence between two or more strings that
does not contain a given set of restriction strings as subsequences. First
we show that in case of two input strings and an arbitrary number of re-
striction strings the RLCS problem is NP-hard. Afterwards, we present
a dynamic programming solution for RLCS and we show that this al-
gorithm implies that RLCS is in FPT when parameterized by the total
length of the restriction strings. In the last part of this paper we present
two approximation algorithms for the hard variants of the problem.

1 Introduction

Given a set of strings Ay, ..., A, a common subsequence of these strings is a
string S which appears as a subsequence in each of Ay,..., A,,, i.e. it can be
obtained from each A; by deleting (possible none) letters. The Longest Common
Subsequence (LCS) problem is the problem of determining the (length of the)
longest common subsequence between a given set of strings. LCS is a funda-
mental problem in computer science, and has therefore been thoroughly studied
(see e.g. [1,5,10,11]). The problem had also been investigated on more general
structures such as trees and matrices [2], run-length encoded strings [3], and
more.

The Constrained Longest Common Subsequence (CLCS) for is an extension

of the LCS problem, where now we are given a set of constraint strings By, ..., By
in addition to the set of comparison strings, and the goal is to find the longest
common subsequence of the comparison strings that contains each of By, ..., By

* Supported by the Adams Fellowship of the Israel Academy of Sciences and Human-
ities.



as a subsequence. Quite a few results on the CLCS problem were presented
recently [4, 7-9, 14].

In this paper, we consider the “opposite” extension of the LCS problem,
namely the Restricted LCS (RLCS) problem:

Definition 1 (Restricted LCS). Given m input strings A1,..., Ay, and ¢
restriction strings B, ..., By, the Restricted LCS (RLCS) problem is the problem
of computing the (length of the) longest common subsequence of Ay, ..., Ay, that
does not contains each of By,..., By as a subsequence.

As far as we know, this extension of the LCS problem has yet been considered.
We believe that RLCS might be better suited than its counterpart CLCS for
some scenarios, e.g. biological or data-mining applications.

1.1 Related work

One of the goals of this paper is to compare the RLCS problem with CLCS. We
therefore briefly describe the state of the art of CLCS. The problem was first
introduced by Tsai [14] where he present a dynamic programming algorithm
for the simplest case of two comparison strings and a single constraint string.
Improved dynamic programming algorithms were proposed in [4,7]. In [9], fast
approximation algorithms were designed for this basic CLCS variant. In [8], it is
proven that it is NP-hard to approximate CLCS within any factor, even in case
of two input strings and an arbitrary number of constraint strings. Moreover, a
factor L approximation algorithm is presented for the case of many input
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strings and a single constraint, where n,,;, denotes the length of the shortest
comparison string, and |X| denotes the number of different letters occurring in
both the comparison and constraint strings.

1.2 Owur contribution

We focus on several different settings of RLCS. First, in section 3, we show that
the problem is NP-hard even in the case of two comparison strings and an arbi-
trary number of restrictions, each of length at most 2. Afterwards, in Section 4,
we present an O(n™**) dynamic programming solution for the RLCS problem,
where m and £ respectively denote the number of comparison and restriction
strings. We also show in this section that this algorithm implies that RLCS is in
FPT when parameterized by the total length of the restriction strings. Finally, in
Section 5, we present two simple approximation algorithms for the problem: The
first having an approximation ratio of a ﬁ, and is suited for the most general

variant of the RLCS problem, and the second having a ratio of %, and is
relevant only for instances with a constant number of input stringsfuﬁere Nomin
and k,,;n, are the lengths of the shortest input string and the shortest restriction,
respectively, and | X is the number of different letters occurring in all strings of
the instance. Section 2 is devoted to fixing some notation and simplifications.



2 Preliminaries

All strings considered in this paper are defined over some fixed alphabet X' which
can have arbitrary (including infinite) cardinality. For a string S, we use |S| to

denote the length of S. For i € {1,...,|S|}, we write S[i] for the letter at the
i’th position in S, and S[[i]] for the ¢’th prefix of S, i.e. S[[i]] = S[1]--- S[d].
We will use Ay, ..., A, and By, ..., By to denote the set of comparison and

restriction strings in our input of the RLCS problem. Typically, we will use the
letter 7 to index the comparison strings, and the letter j to index the restriction
strings. For ¢ € {1,...,m}, we write n; for |4;|, and for j € {1,...,¢}, we use k;
to denote |B;|. Finally, n is used to denote the total length of the comparison
strings, i.e. n = >..*, n;, and k to denote the total length of the restriction
strings, i.e. k = Z§:1 k;.

We will make two assumptions that will not introduce any loss of generality,
yet will help in simplifying matters somewhat. The first assumption that all
restriction strings have length at least 2, since if any single character appears
as a restriction, we can simply delete all its occurrences from the comparison
strings, and proceed without this restriction. The second assumption is that for
allie {1,...,¢} and all j € {1,...,£}, we have k; < n;, since otherwise we can
remove the j'th restriction as it will never appear in a common subsequence of
Aq,..., Ay Thus, k < n, and so we can think of n as the total input length.

3 Hardness Result

In this section we prove the following hardness result for RLCS:

Theorem 1. The RLCS problem in case of two comparison strings and an ar-
bitrary number of restrictions, each of length 2, is NP-hard.

Note that a valid solution to RLCS can always be easily found, as opposed to the
CLCS problem where it is NP-hard to determine whether a given instance has
any valid solutions. In this sense, proving hardness of approximation for RLCS
is somewhat more challenging in comparison to CLCS. Nevertheless, to prove
Theorem 1, we deploy a reduction which is similar to the one used for CLCS
in [8].

The reduction we use is from the 6-OCC-MAX-2SAT problem which is de-
fined as follows: Given a CNF formula ¢ with clauses of size 2, and where ev-
ery variable appears in at most 6 clauses, the goal is to find an assignment of
the variables that maximize the number of satisfied clauses in ¢. Berman and
Karpinski [6] showed that 6-OCC-MAX-2SAT is APX-hard.

Given a 6-OCC-MAX-2SAT instance ¢ with variables 1, ..., z,, and clauses
€1,...,ce, we construct an RLCS instance I, = (A1, A2, B1,..., By) over the
alphabet X' = {c1,...,c} U {s}, where s is a special padding character. The
string A, is constructed as follows: For each variable z;, if ¢;,,...,¢;, are the
clauses satisfied by setting z; = 1, and ¢;;, ... Gy, are the clauses satisfied by



setting x; = 0, we construct a pair of substrings
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The comparison strings A; and As are then constructed as

Ay = X155X,85 - S6Xn¢ and Ay = X|s5X}s0... 50X/
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where s° = ‘ssssss’. Finally, we let B; = “c;¢;” for all j € {1,...,¢}.
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Fig.1. An example of the instance I, constructed out of the 2-SAT formula ¢ =
($1 Vv CL‘Q) A (331 V $3) A (CL'_Q Vv I_4) A (fl Vv CL'Q) A\ (372 V fg) A (a73 Vv 2?4).

Note that the instance I, satisfies the requirements of the theorem and can
be constructed in polynomial time. To complete the proof of Theorem 1, we have
the following lemma:

Lemma 1. w clauses can be satisfied in ¢ iff there is an solution to I, of length
6(ng — 1) + w.

Proof. For simplicity, we assume that there are no clauses in ¢ that contains
both z; and z;.

(=) Let ¢ : {x1,...,2,} — {0,1} be some assignment satisfying w clauses
in ¢, and for each i, 1 < i < ng, let C; denote the clauses satisfied by ¢(z;).
We construct a valid solution to Iy from left to right: Assuming we have already
processed {C1,...,C;_1}, we append to our solution all clauses in C; which have
not been appended previously, concatenated by s°.

Note that since we only add clauses satisfied by x; = 0 or x; = 1, but never
both, our solution is indeed a common subsequence of A; and As. Furthermore,
notice that every clause has exactly one occurrence in our solution, therefore it
does not contain any of By, ..., By as a subsequence. Obviously, since w different



clauses are satisfied and the separator has 6(ns — 1) occurrences, the length of
our solution is 6(ng — 1) + w.

(<) Let Sy be a solution to Iy of length 6(ny — 1) + w. Since every X;
contains at most 6 letters, we can conclude that S, contains exactly 6(ny — 1)
occurrences of the padding-character s. Moreover, every clause has at most one
occurrence in Sy, by construction of the restriction strings By, ..., Be. Now, since
all padding characters are in Sy, Sy must contain exactly w different clauses,
and for each of these clauses there is an 7 with the clause selected from X; in A;
and X/ in As. By construction of X; and X/, clauses that are satisfied by z; =0
cannot be selected with clauses satisfied by z; = 1. It follows that there exists
an assignment to z1,...,z,, which satisfies w clauses of ¢. ad

4 Exact Algorithms

In this section we present an exact algorithm for the RLCS problem. We show
that the dynamic programming solution for the CLCS problem applies also for
RLCS. We begin with the special case of two input strings and one restriction
string, the variant we dub the basic RLCS problem. We then extend this algo-
rithm to the general case of m input strings and £ restriction strings. We show
that this generalization implies that RLCS is FPT when parameterized by the
total length of the restriction strings.

For describing our dynamic-programming solution for basic RLCS, we define
a dynamic-programming table DP, where the entry DPJiy, iz : j1], for (i1,i2) €
{1...,nm}x{1,...,n2} and j; € {1,...,k1}, will store the length of the LCS
between A;[[i1]] and As[[iz]] restricted by Bi[[j1]]. The entry DP[ny,ng : ki)
will store the length of the LCS between A; and A, restricted by B;. The
computation of DPJiy,is : j1] is given by the following recursion:

DP[il—l,iQ—lljl—l]—‘y-l
max Dp[il,ig —1 Ijl] Al[il] = Ag[ig] = Bl [j1]7
Dpk[il — 1,i2 Ijl]

DPliv, iz = 1] = DPliy —1,ig —1:j1] +1 Aqlin] = Asliz] # Biljil,

otherwise.

max DP[’Ll — 1,i2 . .]1]
Dp[il,ig — 1 Sjl]

It is not difficult to see that the above recursion is correct. In particular, if
Ai1li1] and Aslis] are not both equal to By[ji1], then the recursion for DPJiy, 15 :
j1] follows the standard recursion for pairwise LCS, since there is no danger
in computing a solution which contains Bj[1]--- Bj[j1]. On the other hand, if
Aqli1] = Aslis] = Bilj1], then a common subsequence of A;[[i1]] and As[[iz]]
ending with the letter A;[i;] cannot contain Bi[[j; — 1]] as a subsequence, and
so its length must be equal to DP[i — 1,40 —1: j — 1] + 1.

We next extend the above recursion for the case of m comparison strings
Ayp,..., A, and £ restriction strings By, ..., By. Again, we have a dynamic



programming table DP, indexed by tuples (i1,...,%,) € {1...,n1} X --+ X
{1,...;npm}and (J1,...,J0) € {1,..., k1 }x---x{1,...,ke}, where DP[iy ... i :

J1,---,7e) is equal to the length of the LCS between Aj[[i1]],. .., Am[[im]] Te-
stricted by Bi[[i1]],- .., Bel[ic]]-

If it is not the case that Ai[i;] = .-+ = An[ig], then the recursion for
DPliy...,0m  j1,.-.,7¢] follows the standard recursion for LCS between m
strings (i.e. the restriction strings can be ignored). If Aq[i1],. .., A, [ix] all equal
some letter o, then we compute DP[i1, ... 4m : j1,--.,je] by:

DP[il—l,...,imZjl,...,jg]

max
DPli1, ... im : J1,---,j¢] = max .
DP[i1, ... im —1: 1, i

DPliy —1,... i —1:j5,...,57]

Where for all z € {1,...,m}, we set j* = j, — 1 if B.[j,] = o, and otherwise
Correctness of this recursion follows from the same arguments used for the

recursion for basic RLCS. Thus, since the dynamic programming table DP has

O(n™*%) entries, with each entry computable in constant time, we get:

Lemma 2. RLCS can be solved in O(n™+*) time.

Let k denote the total length of the restriction strings, i.e. k = Zle k;.

Observe that the number of entries in DP can also be bounded by O(2¥n™),
since the number of prefixes of the restriction strings cannot exceed 2*. Thus,
we have:

Lemma 3. RLCS is in FPT when parameterized by the total length of the re-
striction strings.

5 Approximation Algorithms

We next present two approximation algorithms for the RLCS problem. The
first algorithm provides a ﬁ approximation ratio for the case of both arbitrary
number of input strings and arbitrary number of restrictions. Here X' is the set
of letters used in the instance, i.e. the actual alphabet of the comparison and
restriction strings. Afterwards, we present an %—approximation algorithm,
where n,;, and k,,;, are the lengths of the shortest input string and the
shortest restriction, respectively. This algorithm is relevant only for the case
of fixed number input strings (and arbitrary number of restrictions). Both
algorithms are very simple. This situation should be compared with CLCS,
where in general no approximation can be sought unless P=NP, and for the
case of a single constraint string only a ratio of L is known.

V min| X



Algorithm I:

1. For every s € X and every i € {1,...,m}, compute the number of occur-
rences Occ;(s) of s in A;.
2. For every s € X' compute:
— Occ(s), the minimum between Occy ($), ..., Occm(s).
— Cons(s), the length of the shortest restriction string that does not con-
tain any symbol besides s. If no such restriction string exists, Cons(s) =
0.
— Val(s), the minimum between Occ(s) and Cons(s).
3. Find s € ¥ with maximal Val(s) and return s o),

The following lemma is easily established:

Lemma 4. There is no restricted common subsequence of A1, ..., A, that con-
tains more than Val(s) occurrences of any s € X, and thus Algorithm I returns
a ﬁ—approximate solution.

Our second algorithm is even simpler than the first:

Algorithm II:

1. Compute the LCS S of A1,...,A,,.
2. Return the prefix of length k,,,;,, — 1 of S.

Lemma 5. If the LCS of Ai, ..., Ay, is shorter than N, then Algorithm II
finds an optimal RLCS. Otherwise, it outputs an RLCS of length kpin — 1 which
yields an approzimation ratio of Emin=1

MNmin
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